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Abstract

The application of a polymer brush in sensing, actuation, self-folding, among others
acutely depends on the tuneable bending of a brush-grafted substrate caused by the
stress in the brush. However, the stress in a stimuli-responsive brush has not been
investigated. In this work, we study the stress in the stimuli-responsive planar polymer
brushes of neutral water-soluble polymers with low to very high graft densities using
strong stretching theory (SST). First, SST with the Langevin force-extension relation
for a polymer chain is extended to the study of stimuli-responsive brushes. Stress
profile and other properties of a Poly(N-isopropylacrylamide) (PNIPAm) brush are
then obtained using the extended SST and an empirical Flory-Huggins parameter. The
model predicts that the stress in a PNIPAm brush is inhomogeneous and compressive
at all temperatures and graft densities. The resultant stress is predicted to increase
in magnitude with increasing graft density. Moreover, it decreases in magnitude with
an increase in temperature before plateauing in low graft density brushes. In contrast,
its magnitude increases weakly with increasing temperature in high density brushes.
This contrasting behavior is traced to the minimum in interaction free energy density
vs polymer volume fraction curve for PNIPAm solution at a large volume fraction, and
stiffening of chains due to finite extensibility. Furthermore, our results indicate that the
ability to tune the resultant stress by changing temperature diminishes with increasing
graft density.

1 Introduction
Polymer chains densely grafted to an impermeable substrate interact with each other and
stretch away from the grafting surface to form a polymer brush.1–8 The structure of a brush
arises from a balance between the excluded volume interaction among monomers and the elas-
tic stretching of the polymer chains with an end-grafting constraint. Brushes have promising
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applications in surface lubrication, antifouling surfaces to mention but a few.8–11 A key prop-
erty of a polymer brush is the existence of a normal stress parallel to the substrate, resulting
from the balance between chain stretching and the interaction among monomers, and tun-
able by stimuli. When grafted onto a flexible substrate, this tuneable stress can bend the
substrate allowing the application of brushes in sensing,12–15 actuation,16–18 self-folding,19–22
among others.

Recent years have witnessed a spurt in research on the applications leveraging brush in-
duced tunable substrate deformation.12–22 Polymer brushes have been shown to bring about
shape changes in two dimensional (2D) materials to achieve compact form factor which can
benefit applications such as wearable electronics, biological sensors, actuators, to name a
few.21,22 Shape change in these materials could also modify the physical and chemical prop-
erties enabling novel applications such as in energy storage, strain sensing etc.23 The key
to control and manipulate substrate deformation depends on a fundamental understanding
of the stress within a brush, and its variation upon the application of stimuli. However,
this aspect of a brush has not been fully addressed. Xu et al.21 used molecular dynam-
ics (MD) simulations to calculate PNIPAm brush mechanical properties including stress.
Unfortunately, MD simulations are computationally expensive. Manav et al.24 used strong
stretching theory (SST)4,25,26 to study the stress variation within a brush of Gaussian chains.
Their theory predicts that the stress is compressive and varies as a quartic function of dis-
tance from the grafting surface in a good solvent. An extension to high density brushes27–29
using semi-analytical SST with the Langevin force-extension relation for a chain was latter
presented.30 This work also validated the SST results on the stress variation within brushes of
low to very high graft densities using molecular dynamics simulation. It should be mentioned
here that the inhomogeneous stress within a brush has never been measured experimentally.
Earlier, the resultant stress and the elastic modulus of the brush grafted on an impermeable
substrate were obtained as a function of graft density, length of a chain, and solvent strength
using scaling theory.31 Begley et al.32 studied the deformation in a beam due to a grafted
brush layer by simplifying the brush layer as interacting beads on the surface of the beam.
A model for the large deformation of a brush grafted beam was developed by Manav et
al.24 incorporating curvature elasticity and the Young-Laplace corrections to the classical
Stoney’s equation.33

The effect of stimuli on a moderately dense brush of a classical polymer34,35 has been
studied extensively by Zhulina et al.36 using both scaling theory2,3,5 and SST.4,25 They have
shown that a brush is inhomogeneous at any solvent strength and obtained analytical ex-
pressions for polymer volume fraction and end density profiles. The volume fraction was
predicted to jump abruptly at the brush free end in a poor solvent instead of smoothly
going to zero. A planar brush of a classical polymer was shown to undergo a cooperative
transition instead of a true thermodynamic phase transition due to a change in solvent qual-
ity.36,37 Shim and Cates27 reported change in monomer density profile of a high density
brush of a classical polymer as solvent quality is varied. To model a brush of non-classical
polymers such as Poly(ethylene oxide) (PEO) and PNIPAm, a two-state model for the so-
lutions of such polymers38–41 was extended to brushes by Baulin et al.42 This model used a
Flory-Huggins parameter that depends on both temperature as well as monomer density.42,43
They elucidated the possibility of a discontinuous polymer volume fraction profile due to
vertical phase separation within the brush, which has been observed in PNIPAm brushes
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experimentally44–46 as well. Halperin et al.47 utilized this model to study the collapse of
a thermoresponsive brush as a consequence of a change in temperature and the resulting
change in protein adsorption in the brush. The applicability of the work of Baulin et al.,42
however, is limited to low to moderately dense brushes only because it assumes brushes to
be made of Gaussian chains.

The effect of stimuli on the stress distribution in a brush has never been explicitly investi-
gated. Furthermore, the effect of stimuli on high density brushes remains largely unexplored.
This work attempts to address these gaps in polymer brush literature using SST with the
Langevin force-extension relation for a polymer chain. We first obtain semi-analytical ex-
pressions for the end density profile within a brush of any graft density at an arbitrary solvent
strength. Together with the polymer volume fraction within a brush, they are then used to
calculate the stress within the brush. The two key contributions of this paper are (a) calcu-
lation of the structural and other properties of a high graft density stimuli-responsive brush,
and (b) the stress distribution in a stimuli-responsive brush. To show the effect of stimuli
on a brush, in the numerical calculations, we chose Flory-Huggins parameter for PNIPAm
reported by Afroze et al.48 The choice of PNIPAm is guided by frequent use of PNIPAm
brushes in applications involving brushes. Polymer volume fraction, end density, stress and
other properties will be evaluated and discussed for these brushes.

Rest of the paper is organized as follows. Section 2 presents an extension of the SST
framework for calculation of polymer volume fraction and end density profile of a brush of any
graft density and at any solvent strength. Calculation of stress within the SST framework in a
stimuli-responsive brush is also discussed in this section. Results on the effect of temperature,
graft density and chain length on PNIPAm brush properties is presented in Section 3 and
discussed in Section 4. The paper ends with conclusions in Section 5.

2 SST for stimuli-responsive brushes

Figure 1: The schematic shows a planar polymer brush of height H, made of the polymer
chains with effective monomer size a. Average distance between the grafting points in the
brush equals inverse square root of graft density (〈D〉 = ρ

−1/2
g ). A thin layer of infinitesimal

thickness dz at height z is also shown. Grafted monomers are shown in black color. Also,
y-axis goes into the plane following right-hand rule.

Consider a planar monodisperse brush (see Figure 1) of graft density ρg, in which each
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chain has N effective monomers of size a and volume v0. The Kuhn length of a polymer
chain is lk = rka, where rk is asymmetry parameter. The height of the brush is denoted by
H. The polymer volume fraction φ within a brush is homogeneous in any plane parallel to
the grafting surface. The total free energy of the brush is given by:

F = Fint + Fel + Finterface + Fsubstrate, (1)

where Fint is interaction free energy arising from the interaction among monomers in the
brush, and Fel is the free energy associated with the elastic stretching of the polymer chains
in the brush. Finterface is the free energy associated with the surface and interfaces in a
brush. This term accounts for the contributions made by the interface between the brush
free end and pure solvent, the brush-substrate interface, and the interface between the two
phases within the brush in case of a phase separation. Fsubstrate is strain energy of the
substrate on which the brush is grafted. Since the effect of the surface and interfaces is
localized in the vicinity of the interface in a brush with long polymer chains, we substitute
Finterface = 0 and ignore their effect in this work. Also, because substrate deformation
influences brush properties primarily by changing graft density as long as the brush with
the deformed substrate can be assumed to be planar, it is inconsequential if the substrate is
rigid or flexible (in equilibrium). Hence, we assume substrate to be rigid and ignore Fsubstrate
to simplify the problem. Note that a brush with a deformed substrate can be assumed to
be planar if the characteristic length scale of substrate deformation (such as the radius of
curvature in bending) is much larger than the brush height. Under these assumptions, the
free energy of the brush given in (1) simplifies to:

F = Fint + Fel. (2)

The structure of a brush is obtained by minimizing this free energy.36 Within a mean field
approximation, a brush can also be described using a polymer chain in a one-dimensional
self-consistent field. When the polymer chains in a brush are strongly stretched,4,25,26,49 a
chain can be described as a spring in a nonuniform stretching potential field28,35 V̄ (z̄), where
z̄ = z/Na. The chemical potential µ̄(φ̄(z̄)), where φ̄(z̄) = φ(z) is polymer volume fraction,
in the brush provides the potential field V̄ (z̄) such that

V̄ (H̄)− V̄ (z̄) = µ̄(φ̄(z̄))− µ̄(φ̄(H̄)), (3)

where H̄ = H/Na. Additionally, the local stretching force p̄ at z̄ in a chain with the end at
z̄e is related to the potential field by the following relation:28

Ē(p̄) =
1

rk

∫ p̄

0

ē(p̄′)dp̄′ = V̄ (z̄e)− V̄ (z̄), (4)

where, Ē(p̄) is complementary stretching energy, and ē(p̄′) is the local stretching in a chain
due to a stretching force p̄′ and is given by the force-extension relation for a polymer chain.
The constraint that each chain has N monomers, and the self consistency condition for a
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brush yield the following equations:28∫ z̄e

0

dz̄
Λ̄(V̄ (z̄e)− V̄ (z̄))

= 1, (5)

φ̄(z̄) =

∫ H̄

z̄

ḡ(z̄e)
Λ̄(V̄ (z̄e)− V̄ (z̄))

dz̄e, (6)

where ḡ(z̄e) is end density at z̄e. Also, Λ̄(V̄ (z̄e)−V̄ (z̄)) = ē(p̄), where p̄ is the local stretching
force at z̄ in a chain with the end at z̄e. Appendix A summarizes the derivation of the above
equations following Amoskov et al.28 and also describes the nondimensionalization scheme.

For a finitely extensible freely-jointed ideal chain model, used in this work, the force-
extension relation is given by Langevin function (L(.)).

ē(p̄) = L(p̄) = coth(p̄)− 1

p̄
, and Ē(p̄) =

1

rk
ln

(
sinh(p̄)

p̄

)
. (7)

By solving (5) for this chain model, a series solution for V̄ (z̄) was obtained.28 A rational
polynomial approximation for the same was also reported29 as:

V̄ (z̄) =
2z̄2

rk

(
2− 4

5
z̄2

1− z̄2

)
. (8)

This approximation along with an appropriate choice of chemical potential has been shown to
yield brush properties in a good solvent which quantitatively agree with the results obtained
from molecular dynamics simulation.29,30 Since (5) is independent of solvent strength and
only depends on the form of ē(p̄), we use the above expression for V̄ (z̄) in this work as well.

Once V̄ (z̄) is known, φ̄(z̄) can be obtained using (3). Then, (6) can be solved to obtain
ḡ(z̄). This has been done semi-analytically for high density swollen polymer brushes28,29
only. In this work, we solve Eq. (6) to obtain the end density in a stimuli-responsive brush
by taking into consideration the possible discontinuity in polymer volume fraction profile
induced by stimuli. Two distinct cases have been considered in the derivation. In the first
case, no vertical phase separation occurs within the brush and volume fraction profile is
continuous, though a jump in the profile at the brush free end, observed in a collapsed
brush, can occur. In this case, the end density is:

ḡ(z̄) =
dV̄ (z̄)

dz̄

(∫ z̄f

0

dR(ū− v̄)

d(ū− v̄)
dz̄′f +R(0)

dz̄f
dū

)
, (9)

where,

ū = V̄ (H̄)− V̄ (z̄) = V̄ (z̄f ), v̄ = V̄ (H̄)− V̄ (z̄e) = V̄ (z̄′f ), R(ū) = φ̄(z̄), (10)

and R(0) = φ̄(H̄). Hence, the last term in the expression for ḡ(z̄) contributes only if there
is a discontinuity in the polymer volume fraction profile at the free end of the brush like in
a collapsed brush. Also, in that case, the end density has a vertical asymptote at the free
end of brush.
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In the second case, a brush with a vertical phase separation inside the brush is considered.
For a brush with vertical phase separation at height H̄t, the end density is given by the
following expression:

ḡ(z̄) =


dV̄ (z̄)
dz̄

(∫ z̄f
0

dR(ū−v̄)
d(ū−v̄)

dz̄′f +R(0)
dz̄f
dū

)
, z̄ ≥ H̄t

dV̄ (z̄)
dz̄

(∫ z̄g
0

dS(ũ−ṽ)
d(ũ−ṽ)

dz̄′g + S(0)dz̄g
dũ

)
, z̄ < H̄t

(11)

where, for z̄ ≥ H̄t, expression is the same as in (9). Also, ũ = V̄ (H̄t) − V̄ (z̄) = V̄ (z̄g),
ṽ = V̄ (H̄t)− V̄ (z̄e) = V̄ (z̄′g), and

S(ũ− ṽ) = R(ũ− ṽ + α)−
∫ H̄

H̄t

ḡ(z̄h)
Λ̄(ũ− ṽ + α− v̄h)

dz̄h, (12)

where, α = V̄ (H̄)− V̄ (H̄t) and v̄h = V̄ (H̄)− V̄ (z̄h). Note that S(0) = φ̄(H̄t− δ)− φ̄(H̄t+ δ),
δ → 0, that is, it equals the jump in the polymer volume fraction at z̄ = H̄t. Also, since
z̄g → 0 and dũ

dz̄g
→ 0 when z̄→ H̄t, the end density diverges and has a vertical asymptote at

z̄ = H̄t within the brush. See Appendix B for the derivation of the expressions for ḡ(z̄) in
(9) and (11), and their calculation.

2.1 Free energy density and stress

Within SST framework, the free energy density at any height within a brush (f(z̄)) can be
calculated. It consists of two parts: interaction free energy density (fint(z̄)) and stretching
free energy density (fel(z̄)). Using Flory-Huggins solution theory,50 fint(z̄) for a brush of
long polymer chains is expressed as:

fint(z̄) =
[
(1− φ̄(z̄)) ln(1− φ̄(z̄)) + χφ̄(z̄)(1− φ̄(z̄))

] kBT
v0

, (13)

where χ is the Flory-Huggins interaction parameter. The stretching free energy density at
height z̄ equals:30

fel(z̄) =

∫ H

z

dFchain
dz

g(ze)dze =

∫ H̄

z̄

a

v0

dFchain
dz

ḡ(z̄e)dz̄e, (14)

where dFchain

dz is the free energy of stretching per unit length of a part of single chain inside the
thin layer in Figure 1 whose end is at height ze. For a chain with the Langevin force-extension
relation,30

dFchain
dz

=
kBT

rkaē(p̄)

(
p̄ē(p̄)− ln

(
sinh(p̄)

p̄

))
. (15)

To obtain the stress in a brush, an infinitesimally small uniform horizontal strain δεxx

is applied to the brush. The applied strain changes the free energy within a thin layer at
height z̄ shown in Figure 1. The change in the free energy equals the change in the strain
energy within the layer. Assuming all the shear stresses as well as the normal stress in the
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z-direction to be zero and plane strain condition in the y-direction (εyy = 0),

δ(f(z̄)V ) = σxxδεxxV0, (16)

where V0 is the initial volume of the layer.
A complete characterization of the stress state within a brush requires us to consider two

possible cases: first, the stress in the sections of a brush with continuous volume fraction,
and second, the stress at the interface in case of a vertical phase separation within the brush.
In the first case,24,30 the above expression simplifies to:

σxxδεxx = δf(z̄) + f(z̄)
δV

V0

, (17)

where, δV
V0

is the volumetric strain arising in the layer due to the applied δεxx. It equals
(δεxx + δεyy + δεzz) = (δεxx + δεzz), where δεzz is the strain induced in the z-direction in a
layer at z̄ shown in Figure 1. On substituting this in Eq. (17) and taking the limit δεxx → 0,
we obtain the stress distribution24 in the sections of a brush with continuous volume fraction
profile.

σxx(z̄) =
∂f(z̄)

∂εxx
+ f(z̄)

(
1 +

∂εzz(z̄)

∂εxx

)
, (18)

The first term in the above expression for stress denotes the change in the free energy density
due to the applied strain, and the second term relates to the change in the volume of the
thin layer due to the applied strain. The derivation of the expression and the calculation of
the different terms in (18) follows the approach reported in Manav et al.30 for a brush in a
good solvent and the associated calculations are described in Appendix C.

Initial

Region 1

Region 2

Deformed

Figure 2: Schematic shows the polymer volume fraction (φ̄(z̄)) vs distance from the grafting
surface (z̄) profile in the initial configuration and in the deformed configuration after the
strain δεxx is applied. Due to the applied strain, monomers in region 1 (shown by grey filling)
move to region 2 (shown by green filling). Also, the left boundary of region 1 becomes the
new interface and the left boundary of region 2. Right boundary of region 1 becomes the
right boundary of region 2 after deformation.

In case of a vertical phase separation within the brush, at the interface, δ(f(z̄)V ) in (16)
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equals the difference in the free energy contained in region 2 of the deformed brush and
region 1 of the initial configuration of the brush in Figure 2.

f2A(1 + δεxx)(δH̄t + [δūz]z̄=H̄t
− [δūz]z̄=H̄t−δH̄t

)− f1AδH̄t = σxxδεxxAδH̄t, (19)

where A is substrate surface area, and δūz = δuz/(Na) is the nondimensionalized displace-
ment of the monomers at z̄ in the z-direction due to the applied strain δεxx. f2 is the free
energy density in region 2 at right above the interface (H̄t+δ, δ → 0) in the deformed brush,
and f1 is the free energy density in region 1 at right below the interface (H̄t − δ, δ → 0) in
the initial brush. δH̄t is chosen such that on applying δεxx, the monomers at H̄t− δH̄t in the
undeformed brush lie at the new interface in the deformed brush. φ+ and φ− in Figure 2 are
the coexisting polymer volume fractions at the interface and will be discussed in the next
section. On dividing by (δεxx)2, (19) simplifies to the following in the limit of δεxx → 0:

σxx
∂H̄t

∂εxx
= lim

δεxx→0

f2(1 + δεxx)

(
∂H̄t

∂εxx
+
[
∂ūz
∂εxx

]
z̄=H̄t

−
[
∂ūz
∂εxx

]
z̄=H̄t−δH̄t

)
− f1

∂H̄t

∂εxx

δεxx
. (20)

In a brush with vertical phase separation, ∂ūz
∂εxx

is also discontinuous and
[
∂ūz
∂εxx

]
z̄=H̄t

−
[
∂ūz
∂εxx

]
z̄

equals the jump in the profile at H̄t and is finite. To find ∂H̄t

∂εxx
, we make use of mass

conservation, that is the volume of the monomers contained in region 1 and region 2 in
Figure 2 are equal.

φ−A(1 + δεxx)(δH̄t + [δūz]z̄=H̄t
− [δūz]z̄=H̄t−δH̄t

)− φ+AδH̄t = 0. (21)

On dividing the above equation by δεxx, taking the limit δεxx → 0 and simplifying, we obtain

∂H̄t

∂εxx
=

φ−

φ+ − φ−

([
∂ūz

∂εxx

]
z̄=H̄t

−
[
∂ūz

∂εxx

]
z̄=H̄t−δH̄t

)
. (22)

We substitute this in (20) to obtain the expression for the stress at the interface.

σxx(H̄t) = lim
δεxx→0

1

φ−
f2φ

+ − f1φ
−

δεxx
. (23)

See Appendix C for evaluation of the above expression for stress.

3 Calculation of PNIPAm brush properties
In this section, we present a numerical study of the effect of temperature, graft density and
chain length on PNIPAm brush properties. The effect of temperature is taken into account
in SST through Flory-Huggins parameter, χ. For a classical polymer, χ = χ(T ) = Θ

2T
, where

Θ is θ-temperature of the polymer solution, defined as the temperature at which excluded
volume vanishes.35 Notice that χ for a classical polymer depends only on temperature and
thus is incapable of describing solution properties of an LCST polymer like PNIPAm. So,
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Flory-Huggins solution theory is generalized such that χ = χ(T, φ) which is assumed to
have the following form: χ =

∑n
i=0Ci(T )(φ)i, where Ci are functions of T , and n is an

integer.38–41,51 The dependence of χ on φ may lead to a more complicated stimuli response
of a brush such as vertical phase separation into a polymer rich and a solvent rich phases
within the brush.42,47

Decades of research on the phase diagram of PNIPAm is yet to yield a definitive χ for
PNIPAm.52 Here, we use χ of PNIPAm-water solution reported by Afroze et al.48 as given
below:

χ = χ(T, φ) = C0 + C1φ+ C2φ
2, where,

C0 = −12.947 + 0.044959T,

C1 = 17.920− 0.056944T,

C2 = 14.814− 0.051419T, (24)

and T is in Kelvin. The above choice is guided by the fact that the vertical phase separation
in a PNIPAm brush predicted by this form of χ has been observed experimentally.44–46
Interaction free energy density is calculated using Eq. (13), from which chemical potential
(µ(φ)) and osmotic pressure (Π(φ)) are then obtained.

µ(φ) = v0
∂fint
∂φ

=

[
−1− ln(1− φ) + (1− 2φ)χ+ φ(1− φ)

∂χ

∂φ

]
kBT, (25)

Π(φ) = φ
∂fint
∂φ
− fint = −

[
φ+ ln(1− φ) + φ2χ− φ2(1− φ)

∂χ

∂φ

]
kBT

v0

, (26)

Figure 3 shows the variation of interaction free energy density, chemical potential and osmotic
pressure with volume fraction at different temperatures. When the interaction free energy
vs volume fraction curve at a given temperature T has nonconvex sections (equivalently, the
chemical potential curve has sections with negative slope), a homogeneous polymer solution
with the volume fraction in that section becomes thermodynamically unstable, and the free
energy is minimized by phase segregation.53 The polymer solution may segregate into a
polymer rich phase and a solvent rich phase, or it can form globules separated from pure
solvent. In the first case, the free energy is minimized when the polymer volume fractions
in the two phases simultaneously satisfy the conditions that the chemical potential and
the osmotic pressure in the two phases be equal: µ(φ+(T )) = µ(φ−(T )) and Π(φ+(T )) =
Π(φ−(T )), where φ+(T ) and φ−(T ) are the volume fractions in the polymer rich and the
solvent rich phases at temperature T , respectively. Also, in this case, the occurrence of
φ−(T ) < φ < φ+(T ) is prohibited in a thermodynamic equilibrium. In the second case, the
free energy is minimized when the polymer volume fraction in a globule satisfies the criterion
that the osmotic pressure in the globule be zero (Π(φ+(T ) = 0, where φ+(T ) is the polymer
volume fraction in the globule at temperature T ). In this case, φ < φ+(T ) cannot occur in
thermodynamic equilibrium.

Observe in Figure 3 that at temperatures below the critical temperature, Tcr = 26.36 ◦C,
the solvent is a good solvent (fint is always convex for all φ). Above 30.5 ◦C, the polymer
chains form globules. Between these two temperatures, a segregation into polymer rich and
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solvent rich phases occurs. This is visible from the negative slope in parts of the chemical
potential curve for T = 30 ◦C.
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Figure 3: The variation of the interaction free energy density, the chemical potential, and
the osmotic pressure in a PNIPAm-water solution with polymer volume fraction at different
temperatures. It can be observed that the free energy curve at 20 ◦C is convex and phase
separation is will happen at this temperature. A possible phase segregation can be inferred
from the negative slope in a part of the chemical potential curve corresponding to 30 ◦C.
Observe large concavity in the free energy curve at 39 ◦C. They lead to globule formation.

Calculation of the stress in a brush using (18) and (23) requires us to know the polymer
volume fraction and the end density which is used to calculate the free energy density, and
the strain ratio ∂εzz

∂εxx
in the brush. In the following sections, we obtain these properties for

a low, a moderate and a high graft density brush at different temperatures. We use them
to finally calculate stress and resultant properties. Note that no definitive values for the
structural parameters of a PNIPAm polymer chain are available in the literature. In the
calculations in the sections below, we assume rk = 1.

3.1 Polymer volume fraction

The polymer volume fraction within a brush can be calculated using Eq. (3). It is convenient
to use the following relation42,47 to obtain the volume fraction:

µ̄(φ̄(0))− µ̄(φ̄(z̄)) = V̄ (z̄), (27)

which is obtained by taking the difference of Eq. (3) with the equation obtained by substitut-
ing z̄ = 0 in Eq. (3). To obtain φ̄(z̄) at a given temperature T , we first choose φ̄(0) and then
use Eq.(27). Additionally, if 26.36 ◦C < T < 30.5 ◦C, φ−(T ) < φ < φ+(T ) cannot occur. If
φ̄(0) < φ−(T ), then volume fraction profile will still be smooth. However, if φ̄(0) > φ+(T ),
vertical phase separation within the brush occurs. Also, for T > 30.5 ◦C, φ < φ+(T ) is not
allowed. Hence, a jump in the volume fraction profile at the brush free end occurs. Graft
density is obtained from φ̄(z̄) by using the relation

ρg =
a

v0

∫ H̄

0

φ̄(z̄)dz̄. (28)

We nondimensionalize graft density by defining ρ̄g = ρgv0/a. Below the critical temperature
(Tcr = 26.36 ◦C), the volume fraction profile is continuous and reaches zero at the brush free
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Figure 4: The variation of the polymer volume fraction profile with temperature for three
graft densities. Notice the reversal in trend in the plot for the highest graft density plotted.

end (see Figure 4). Also, the profile is close to parabolic, like in a brush of gaussian chains,
for the lowest graft density brush shown in Figure 4. The profile changes with increasing
temperature and becomes step like at temperatures above 30.5 ◦C. In between these limiting
temperatures, a profile with a vertical phase separation may occur. Notice the drastic change
in the profile for the lower graft densities in Figure 4. Remarkably, the effect of temperature
on the profile for the highest graft density is minimal and the profile is step like away from
the brush free end even in good solvent conditions. See Appendix D for a discussion on the
effect of temperature on the brush height and the swelling ratio of different graft density
brushes.

Vertical phase separation within a brush occurs only if φ(0) > φ+(T ) at 26.36 ◦C <
T < 30.5 ◦C. Hence, although all the brushes show a vertical phase separation within the
brush above a certain temperature, the onset of such a separation depends on φ(0) and
consequently graft density as shown in Figure 5. Figure 5 also suggests that a very low graft
density brush would collapse from its swollen form with only a small change in temperature.
Therefore, a vertical phase separation in them would be difficult to observe experimentally.
Moreover, for the brushes with ρ̄g > 0.04, φ̄(0) > φ−(T ) corresponding to any temperature
> Tcr. Hence, for these brushes, boundary defining onset of phase separation is at Tcr.

10 -4 10 -3 10 -2 10 -1 10 0

26

28

30

32 Collapsed brush

Swollen brush

Vertical
phase
separation

Figure 5: Phase boundaries for PNIPAm brushes. Vertical phase separation within a brush
with ρ̄g > 0.04 starts right above the critical temperature. For ρ̄g < 0.04, it depends on graft
density with an asymptote at 30.5 ◦C. Above 30.5 ◦C, all the brushes collapse.
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3.2 End density

0 0.05 0.1 0.15 0.2 0.25

z

0

0.1

0.2

0.3

0.4

0.5

z

Vertical
Asymptotes

0 0.1 0.2 0.3 0.4

z

0

0.5

1

1.5

2

z

0 0.1 0.2 0.3 0.4 0.5 0.6

z

0

2

4

6

8

10

z

Figure 6: The variation of end density profile with temperature. Vertical asymptotes indicate
diverging end density at the location where a jump in the polymer volume fraction profile is
observed.

The end density profile at different temperatures are shown in Figure 6 for three graft
densities. At the temperatures below the critical temperature for PNIPAm, for low graft
density brushes, the profile is a smooth curve like in a Gaussian chain brush. However,
the profile has a sharp peak for the highest graft density brush even below the critical
temperature. The sharp peak is due to a sharp change in polymer volume fraction profile
(high dφ̄(z̄)

dz̄ ). At the location of discontinuity within the volume fraction profile, end density
diverges and a vertical asymptote is observed. As temperature increases further, the end
density at z̄ > H̄t decreases and becomes zero at temperatures above 30.5 ◦C.

3.3 Osmotic pressure
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Figure 7: The variation of the osmotic pressure within a brush at different temperatures for
brushes of low, moderate and high graft densities.

The osmotic pressure within a brush decreases sharply with increasing temperature up
to 33 ◦C and less so above this temperature, for low graft density brushes (see Figure 7). For
very high graft density brushes, unlike low to moderate density brushes, the osmotic pressure
shows a mild increase with an increase in temperature as seen for ρ̄g = 0.5 in Figure 7. As
expected, the osmotic pressure decreases monotonically with the distance from the grafting
surface and is continuous, though it may have a corner for a small range of temperature near
the critical temperature.
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3.4 Strain ratio ∂εzz
∂εxx
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Figure 8: The strain ratio ∂εzz
∂εxx

in a layer is plotted vs the distance from the grafting surface
for three graft densities. The discontinuity in volume fraction profile leads to a discontinuity
in ∂εzz

∂εxx
curve, which is not defined at H̄t, as denoted by circles. Note that the curves at 39 ◦C

are very close to the curves at 50 ◦C, and are not shown.

Calculation of the stress within a brush requires us to evaluate the strain δεzz in the brush
as an infinitesimal external strain δεxx is applied. Figure 8 shows the profile of ∂εzz

∂εxx
at different

temperatures for three graft densities. The discontinuity in the brush volume fraction profile
leads to a discontinuity in these curves as well. A negative value of ∂εzz

∂εxx
corresponds to

shrinking of a layer in the z-direction as the brush is stretched in the x-direction. For a low
density brush in a good solvent, ∂εzz

∂εxx
is close to −1/3, the value predicted by the Gaussian

chain SST.24 For moderate density brushes, this ratio becomes positive close to the grafting
surface, signifying an expansion of a thin layer in the z-direction as the brush is stretched in
the x-direction. For high density brushes, the curves are only weakly affected by a change in
temperature for the most of the brush, except near the brush free end, where a layer expands
instead of shrinking below 30.5 ◦C.

3.5 Stress
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Figure 9: The variation of the stress within the brushes of three graft densities at different
temperatures. Circles denote that the stress is not defined at the point.

Now we have all the brush properties needed to evaluate the stress in a brush. The
stress variation for three graft densities is shown in Figure 9. Like other brush properties,
the stress within a PNIPAm brush can be tuned by changing temperature. However, it is
always compressive, even at temperatures > 30.5 ◦C when the solvent becomes poor and the
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brush collapses. Also, unlike the volume fraction profile, which approaches step profile as
temperature is raised above 30.5 ◦C, stress retains inhomogeneity at all temperatures. The
stress profiles at temperatures above 30.5 ◦C show a monotonic decrease in the magnitude
of stress as the distance from the grafting surface increases. This however is not always true
at a temperature below 30.5 ◦C.

The variation in stress is found to be approximately a quartic function of the distance
from the grafting surface for the lowest graft density at temperatures below the critical
temperature, as predicted by the SST with Gaussian chains.24 The stress profile changes
considerably with increasing temperature up to 33 ◦C for low to moderate density brushes.
For high density brushes however, the stress profile is minimally affected by a change in
temperature in comparison to lower graft density brushes. In a brush with vertical phase
separation inside the brush, the stress profile is discontinuous. At the interface, stress in
undefined because the numerator in the expression for σxx in (23) is found to be finite in
numerical calculation.

The stress in a brush causes the bending of a flexible substrate. The bending of a substrate
much thicker than the brush is governed by the resultant stress due to the brush which is
defined in the next section. For a substrate with thickness similar to the brush height,
the resultant bending moment also affects the bending of the substrate. In the following
sections, we look at the variation of the resultant stress and the resultant moment due to
brushes of different graft densities with temperature. To demonstrate the bending of the
substrates caused by the brushes, an example of the bending of two brush grafted substrates
with thicknesses (a) similar to the maximum brush height, and (b) much greater than the
maximum brush height is also discussed.

3.5.1 Resultant stress

Resultant stress, defined as

τs = Na

∫ H̄

0

σ(z̄)dz̄, (29)

which also equals 1
A

∂
∂εxx

(A(Fint + Fel)) = −ρ̄2
g
∂
∂ρ̄g

(
Fint+Fel

ρ̄g

)
, where A is substrate surface

area, was also calculated. It is compressive and increases in magnitude nonlinearly with
increasing graft density and linearly with increasing chain length. It also exhibits rapid
decrease in magnitude up to 33 ◦C and plateaus after that for ρ̄g < 0.3. For ρ̄g > 0.3, in
contrast, τs shows a moderate increase in magnitude with increasing temperature, that is as
the solvent becomes poorer.

Furthermore, we plot stress tuneability ratio, defined as 1− [τs]50◦C/[τs]20◦C , where [τs]T
is the resultant stress at temperature T , as a function of graft density (see Figure 11). It
decreases with increase in graft density and the sharpest decline is observed near ρ̄g = 0.15.
This is in contrast with resultant stress which increases in magnitude with increasing graft
density. So, a trade off exists between the maximum compressive resultant stress and the
ability to modify it by varying temperature. Also, for ρ̄g ≥ 0.3, the ratio is negative.
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Figure 10: The variation of the resultant stress (τs) with temperature at different graft
densities. For lower graft densities (ρ̄g < 0.3), τs decreases in magnitude with increasing
temperature and reaches a plateau at 33 ◦C. For Higher graft densities, τs increases in
magnitude with increasing temperature. Note that a nonsmooth change in the τs curves at
27 ◦C results from difficulty in numerical calculation due to vertical phase separation within
the brush.
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Figure 11: On the left y-axis, stress tuneability ratio, the ability to tune stress by chang-
ing temperature from 20◦C to 50◦C, is plotted vs graft density. On the right y-axis, the
magnitude of the resultant stress at 20 ◦C is plotted.

3.5.2 Resultant bending moment

Resultant bending moment is defined as

Ms = (Na)2

∫ H̄

0

σ(z̄)z̄dz̄. (30)

Figure 12 plots the variation of the resultant moment with graft density at different tem-
peratures. Resultant moment also increases in magnitude with increasing graft density. It
increases in magnitude with square of chain length. Its temperature dependence is qual-
itatively similar to that of resultant stress. For ρ̄g < 0.3, it decreases in magnitude with
increasing temperature. Like τs, the pattern is reversed for ρ̄g > 0.3.
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Figure 12: The variation of the resultant moment with temperature at different graft densi-
ties.

3.6 Tuning of substrate bending

In this section, we discuss an example of bending of a substrate due to polymer brush, and
the change in the configuration of the substrate on changing temperature. In the first step,
we need values of monomer size, Kunh length, and monomer volume for PNIPAm. Since
the experimental measurements have not yielded a consistent value,47 we choose a = 0.5
nm, rk = 1, and v = a3 = 0.125 nm3. Also, we assume N = 1000. In one effective
monomer there will be approximately two repeat units of PNIPAm, each of molecular weight
113.16 g/mol. Hence molecular weight of a chain is ∼ 2 × 105 g/mol, which is within the
range of values seen in experiments. Then, brush height even at the maximum graft density
studied is H < 0.65Na = 325 nm. We assume that the Young’s modulus of the substrate
is E = 2 GPa and Poisson’s ratio is ν = 0.4. Also, we choose two different substrates of
thicknesses h = 500 nm and h = 50 µm. Then, using the following equation derived in
Manav et al.,24 we obtain the radius of curvature, Rc.

h

Rc

= − 6τsh+ 12Ms

Ēh2 − ν
1−ν τsh

, Ē =
E

1− ν2
, i = 1, 2. (31)

Note that in the above equation, unlike Manav et al.,24 Ms has not been ignored. However,
we ignore Young’s modulus and other material constants for polymer brush resulting in τs
andMs being independent of the state of bending. The effective Young’s modulus of a brush
layer is of the same order of magnitude as the resultant stress. Since the strain in bending
is small, the Young’s modulus has negligible effect on bending. These assumptions are valid
only for the case of small strain in the brush-substrate system, which is also required for the
validity of the above equation. Notice that the above equation is distinct from the classical
stoney equation (h/Rc = −6τs/(Ēh)). Furthermore, a brush can be assumed planar only
if H

Rc
<< 1. Figure 13 shows the variation of the radius of curvature (nondimensionalized

by dividing by substrate thickness) with graft density for the two substrates. Notice that
at ρg ≈ 1 chains/nm2, substrate curvature is unaffected by temperature change. Below this
graft density, the substrate flattens on increasing temperature from 20 ◦C to 50 ◦C. Also,
the bending moment due to brush affects the bending of a thin substrate with thickness
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comparable to the brush. For a thicker substrate however, it can be ignored.
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Figure 13: The radius of curvature (normalized by substrate thickness) of a bent substrate
for two different thicknesses. Dashed curves are obtained by substituting Ms = 0 in Eq.
(31).

Notice that the above plots show results only for graft densities > 0.3 chains/nm2. This
lower limit on graft density has been set by validity of strong stretching assumption, which
holds only when stretching parameter30,49 βs = 3

2
H2

Nrka2
= 3

2
N
rk
H̄2 is larger than a threshold

value (taken to be 15 here). For low graft density brushes in a poor solvent, stretching
parameter for N = 1000 is not sufficiently large to ensure validity of this assumption. Utz et
al.31 have argued that at low graft densities when chains in a brush form globules in a
poor solvent, lateral stress also originates from surface tension at the globule-solvent and
globule-substrate interfaces. This has not been studied in this work.

4 Discussion
Numerical results for PNIPAm brush properties suggest that the properties are strongly
affected by temperature at low graft densities. Increasing graft density leads to weakening
of the effect of temperature. For very high graft density brushes, the trend in the effect of
temperature on brush properties is reversed in comparison to lower graft density brushes.
This is a consequence of an interplay between the interaction free energy density for PNIPAm,
which has a minima at a very high polymer volume fraction, and the stiffening of chains at
large extensions due to their finite extensibility.

The polymer volume fraction profile of a low to moderate graft density brush is consid-
erably altered by a change in temperature up to 33 ◦C above which the change is small.
This results in a large swelling ratio at 20 ◦C (see Figure 15 in Appendix D). However, the
profile for a high graft density brush exhibits little change, except near the brush free end
(see Figure 4) and results in a very small swelling ratio at 20 ◦C. The volume fraction in a
high density brush is largely close to the minimum in the interaction free energy vs volume
fraction curve in Figure 3, even at 20 ◦C. When temperature rises, thermodynamic stability
forbids only smaller volume fractions and not these high values, and also the volume fraction
at which the minimum in interaction free energy occurs changes very little. As a result, the
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profile registers minimal changes on increasing temperature, except near the brush free end
where smaller volume fractions occur below 30.5 ◦C.

The ratio ∂εzz
∂εxx

in a brush, which is akin to negative of Poisson’s ratio in continuum
mechanics, shows qualitatively different behavior even at good solvent condition (T = 20 ◦C)
as graft density is increased from low to moderate to high. In a good solvent at low graft
density it is ≈ −1/3, as predicted by the SST with Gaussian chains.24 At moderate graft
density however, it is negative near the brush free end, but becomes positive close to the
grafting surface. For high density brushes, it is positive in a narrow domain close to the brush
free end, but approaches −1 in the bulk of the brush, signifying little change in volume and
hence only a small solvent movement due to the applied strain. In the case of phase separated
brushes also it is . −1 in the dense region close to the grafting surface. In contrast to a solid
material, where this ratio varies in the range [−0.5 1], in a polymer brush, the minimum value
of this ratio is −1. On the higher end, it goes far above 1. This comparison however must
be supplemented with the differences in the two systems: in a solid, no atoms or molecules
from a representative volume can move in or out, whereas solvent is allowed to move in and
out of a layer in a polymer brush.

The stress in a brush has contribution from both the interaction among the monomers and
the elastic stretching of the chains. The stress due to the interaction among the monomers
is always compressive. The stress due to the elastic stretching is found to be tensile in
some sections of a moderate to high density brush at temperatures below 30.5 ◦C. However,
summation of the two is always compressive. For a low graft density swollen brush (at
temperatures below transition temperature for the brush), the stress contribution from the
interaction among the monomers dominates. As temperature increases, the contribution
to the stress from the interaction among the monomers decays. Since brush height in a
low graft density brush also decreases with increasing temperature due to accumulation of
the monomers close to the grafting surface, the contribution to the stress from the elastic
stretching of the chains also decreases but comparatively slowly. As a result, in a collapsed
low graft density brush, the stress contribution from the elastic stretching dominates. Also,
an overall large decrease in the magnitude of the stress is observed. For high graft density
brushes, at all temperatures, the stress contribution from the elastic stretching dominates.
Since brush heights do not change appreciably for high density brushes due to a change in
temperature, the stress also shows only a small change.

The stress in a brush and the ability to tune them by changing temperature exhibit
contrasting behavior. Whereas the resultant stress increases in magnitude with increasing
graft density, the stress tuneability ratio decrease. This finding has significant implications
for the application of brushes. To get large bending of a flexible substrate, or to bend a stiffer
substrate, one needs large resultant stress. If this large resultant stress is gotten by high
graft density brushes, the ability to tune the stress and consequently the substrate bending
decreases. In many an application, the substrate is desired to go from a bent configuration
to a flat configuration as temperature is increased (or vice versa). But, for very high density
brushes, a flat configuration may not be achievable. Another way to obtain a large resultant
stress is by increasing polymer chain length. Importantly, this does not affect tuneability
ratio. However, τs varies linearly with N , whereas it shows a nonlinear sharp increase in
magnitude with increasing graft density. These trade-offs create a design space from which
appropriate graft density and molecular weight of polymer chains can be chosen depending
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on the application and the fabrication constraints.
Finally, by observing example of the radius of curvature of the deformed beams of dif-

ferent thicknesses, we find that to estimate the deformation of the substrates of thicknesses
comparable to brush thickness, knowledge of the stress distribution, which allows calculation
of resultant moment along with resultant stress, is imperative.

5 Conclusion
In this work, we have developed a semi-analytical strong stretching theory for stimuli-
responsive brushes of any arbitrary density using the Langevin force-extension relation for
an ideal chain. The theory is used to study the stress distribution in the brushes. It was ap-
plied to PNIPAM brushes, which show vertical phase separation within a brush in a narrow
range of temperature near the critical temperature for PNIPAm solution starting at a graft
density dependent transition temperature. Low to moderate graft density brushes show con-
siderable change in the polymer volume fraction profile as well as in the stress profile within
the brush with an increase in temperature from 20 ◦C to 33 ◦C. At 33 ◦C, the brush is in
the collapsed state and undergoes minimal change in the volume fraction and stress as the
temperature is increased further. For very high graft density brushes, little change in the
profiles is observed in the whole range of temperature studied. Accordingly, brush height
decreases with an increase in temperature up to 33 ◦C, after which it plateaus for small
to moderate density brushes. For high density brushes, brush height shows a mild increase
again above 33 ◦C. End density within a brush diverges as a temperature change causes a
discontinuity in the polymer volume fraction profile.

Furthermore, the theory predicts that the resultant stress and the resultant moment
due to a PNIPAM brush is compressive and increases in magnitude with increasing graft
density. For lower graft densities, they decrease in magnitude with increasing temperature
up to 33 ◦C and plateau after that. However, for very high graft density brushes, the
trend is reversed. Stress tuneability ratio, describing the ability to tune resultant stress by
varying temperature, is predicted to decrease with increasing graft density in contrast with
the magnitude of resultant stress. This has important implications in applications involving
brushes.

We have ignored substrate curvature in this study and assumed brushes to be planar.
The effect of the curvature in a deformed substrate on the stress in a brush will be studied
in the future.
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A SST formulation
Elongation of a freely jointed chain due to an end stretching force p is a function of p and is
defined as:

e(p) =
z
Na

, (32)

where z is end to end distance, and Na is contour length of a chain. For a chain in a
nonuniform field, elongation needs to be defined locally as stretching force changes along the
length of the chain. In this case,

e(p) =
1

a

dz
dn
, (33)

where dn monomers of a chain are contained in a thin layer of thickness dz at height z as
shown in Figure 1. p is local elongation force and the static equilibrium of n−th segment of
the chain yields the following relation between the potential field and stretching force:28

dp

dn
=
dp

dz
dz
dn

= −∂V (z)

∂z
. (34)

By combining (33) and (34), relation between local elongation force in a chain segment at
height z and the potential field is obtained.

E(p) = a

∫ p

0

e(p′)dp′ = V (ze)− V (z), (35)

where ze is location of the chain end. E(p) is the complementary stretching energy stored in
a portion of a chain of length of a monomer and this function depends on the model of ideal
chain. This work uses ideal chain model with force-extension relation given by Langevin
function to account for finite extensibility of a polymer chain. Also, the above equation
suggest that the stretching force in a chain at height z depends on the location of the chain
end ze.

In our monodisperse polymer chain, each chain has N monomers. Hence,
∫ N

0
dn = N .

Using (33), this relation can be expressed as:∫ N

0

dn =

∫ ze

0

dz
ae(p)

= N. (36)

Notice that using (35), p = E−1(V (ze)− V (z)), where E−1 is inverse function of E. Hence,
e(p) = Λ(V (ze) − V (z)), where Λ(·) = e(E−1(·)). The constraint in (36) can then be
expressed as follows: ∫ ze

0

dz
NaΛ(V (ze)− V (z))

= 1. (37)

The above integral equation can be solved to obtain V (z) once an appropriate model of a
polymer chain, that is the form of e(p), for the given polymer is ascertained.

Now, let g(z) define the density of chain ends within the brush. Then, the self consistency
requirement necessitates the following relation between polymer volume fraction (φ(z)) and
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end density:28

φ(z) = v0

∫ H

z

g(ze)
aΛ(V (ze)− V (z))

dze, (38)

Once V (z) is determined by solving the integral equation (37), φ(z) can be obtained by
solving (3). The above integral equation can then be solved to obtain end density g(z) in a
brush.

We nondimensionalize the system of equations using the following scheme:

z̄ =
z
Na

, H̄ =
H

Na
, V̄ (z̄) =

V (z)

kBT
, Λ̄(V̄ (z̄e)− V̄ (z̄)) = Λ(V (ze)− V (z)),

φ̄(z̄) = φ(z), ḡ(z̄′) = Nv0g(z′), µ̄(φ̄(z̄)) =
µ(φ(z))

kBT
, p̄ =

prka

kBT
, and ē(p̄) = e(p),(39)

where kB is the Boltzmann constant and T is temperature in Kelvin. Then, Eqs. (35), (37),
and (38) turn into (4), (5), and (6), respectively.

B End density distribution
At first, polymer volume fraction φ(z) for a brush is calculated using (3). Then for known
φ(z), the integral equation (6) needs to be solved to find end density distribution. Following
the approach employed by Amoskov et al.,28 we use the method of Laplace transform to
solve the equation.

Starting with (5), let us assume u = V̄ (z̄e) and v = V̄ (z̄). Using a change in variable,
(5) can be written as: ∫ u

0

dz̄
dv

dv

Λ̄(u− v)
= 1. (40)

On using Laplace transform for convolution of two functions, the above transforms to:

L

(
dz̄e
du

)
L

(
1

Λ̄(u)

)
=

1

s
. (41)

Then the potential field u can be found by wring the above as

L

(
dz̄e
du

)
=

1

s

(
L

(
1

Λ̄(u)

))−1

, (42)

and obtaining inverse Laplace transform. For a Langevin chain, a series solution for V̄ (z̄)
was obtained28 using the above and a Padé approximation of the series solution was also
reported.29

Depending on φ̄(z̄) profile, we may have distinct cases to solve to obtain end density
profile. Here, we consider two cases. In the first case, there are no discontinuities in the
polymer volume fraction profile inside the brush, though it can have a discontinuity at the
brush free end. In the second case, the brush has a discontinuity in the polymer volume
fraction profile inside the brush. Below, we first obtain the expression for end distribution
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ḡ(z̄) for the first case, followed by the second case.

B.1 No jump in the volume fraction profile inside the brush

Let us assume ū = V̄ (H̄) − V̄ (z̄) and v̄ = V̄ (H̄) − V̄ (z̄e). Then (6) transforms to the
following:

R(ū) =

∫ ū

0

q(v̄)

Λ̄(ū− v̄)
dv̄, q(v̄) = −ḡ(z̄e)

dz̄e
dv̄

, R(ū) = φ̄(z̄). (43)

By taking the Laplace transform of the above, we obtain:

L (R(ū)) = L (q(ū))L

(
1

Λ̄(ū)

)
. (44)

Using (41) in the above, we obtain:

L (q(ū)) =sL (R(ū))L

(
dz̄f
dū

)
=

(
L

(
dR(ū)

dū

)
+R(0)

)
L

(
dz̄f
dū

)
, (45)

where ū = V̄ (H̄)−V̄ (z̄) = V̄ (z̄f ). By taking inverse Laplace transform of the above equation,
we obtain:

q(ū) =

∫ ū

0

dz̄′f
dv̄

dR(v̂)

dv̂
dv̄ +R(0)

dz̄f
dū

, (46)

where v̂ = ū− v̄ and v̄ = V̄ (H̄)− V̄ (z̄e) = V̄ (z̄′f ). Then using (43), we obtain the expression
for end density.

ḡ(z̄) =
dV̄ (z̄)

dz̄

(∫ z̄f

0

dR(v̂)

dv̂
dz̄′f +R(0)

dz̄f
dū

)
. (47)

As R(0) = φ̄(H̄), the last term contributes only when the volume fraction profile has a jump
at the brush free end. Also, as z̄→ H̄, z̄f → 0 and dū

dz̄f
→ 0. Thus, end density diverges and

has a vertical asymptote at z̄ = H̄ when φ̄(H̄) 6= 0, as observed in a collapsed brush.
To calculate dR(v̂)

dv̂
, we write v̂ = ū− v̄ = V̄ (H̄)− V̄ (z̄)− V̄ (z̄′f ) = V̄ (H̄)− V̄ (z̄∗f ), where

V̄ (z̄) + V̄ (z̄′f ) = V̄ (z̄∗f ). Also, R(v̂) = φ̄(z̄∗f ) using (43). Then,

dR(v̂)

dv̂
=
dφ̄(z̄∗f )
dv̂

= −
dφ̄(z̄∗f )
dV̄ (z̄∗f )

, (48)

where φ̄(z̄∗f ) is obtained by using (3) as follows:

V̄ (H̄)− V̄ (z̄∗f ) = V̄ (H̄)− V̄ (z̄)− V̄ (z̄′f ) = µ(φ̄(z̄∗f ))− µ̄(φ̄(H̄))). (49)
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Furthermore, differentiation of the above equation yields:

−
dV̄ (z̄∗f )
dφ̄(z̄∗f )

=
dµ̄(φ̄(z̄∗f ))
dφ̄(z̄∗f )

. (50)

Since
dφ̄(z̄∗f )

dV̄ (z̄∗f )
=
(
dV̄ (z̄∗f )

dφ̄(z̄∗f )

)−1

, and µ̄(φ̄) and consequently its derivative are known for the
polymer, the above equation allows evaluation of (48).

B.2 Jump in the volume fraction profile inside the brush

If the polymer volume fraction profile has a jump at the height z̄ = H̄t inside the brush,
then (43) needs to be divided into the two following cases:

R(ū) =

{∫ ū
0

q(v̄)

Λ̄(ū−v̄)
dv̄, ū < ūt∫ ūt−

0
q(v̄)

Λ̄(ū−v̄)
dv̄ + v0

∫ ū
ūt+

q(v̄)

Λ̄(ū−v̄)
dv̄, ū > ūt

(51)

where ū|z=Ht = ūt, and ūt− = ūt− ε and ūt+ = ūt + ε, ε→ 0. In the first case, that is when
H̄t < z̄ < H̄, end density is given by (47). In this section, we obtain the end density for the
second case, that is z̄ < H̄t.

In the second case, the first integral in the expression can be calculated by using the
result from the first case. Then the equation can be transformed into the following form:

S(ũ) =

∫ ũ

0

q̃(ṽ)

Λ̄(ũ− ṽ)
dṽ, (52)

where,

S(ũ) = R(ū)−
∫ ūt−

0

q(v̄h)

Λ̄(ū− v̄h)
dv̄h

= R(ũ+ α)−
∫ ūt−

0

q(v̄h)

Λ̄(ũ+ α− v̄h)
dv̄h, (53)

and ũ = V̄ (H̄t)− V̄ (z̄) = ū−α, α = V̄ (H̄)− V̄ (H̄t), ṽ = V̄ (H̄t)− V̄ (z̄e), v̄h = V̄ (H̄)− V̄ (z̄h),
q(v̄)dv̄ = q̃(ṽ)dṽ = −ḡ(z̄e)dz̄e, and we have replaced the integration variable v̄ with v̄h. Note
that (52) has the same form as (43). So, following the same procedure as employed in solving
(43), we obtain:

q̃(ũ) =

∫ ũ

0

dz̄′g
dṽ

dS(v̌)

dv̌
dṽ + S(0)

dz̄g
dũ

, (54)

where v̌ = ũ − ṽ, and ũ = V̄ (H̄t) − V̄ (z̄) = V̄ (z̄g) and ṽ = V̄ (H̄t) − V̄ (z̄e) = V̄ (z̄′g). Then
using the relation ḡ(z̄) = −q̃(ũ)dũ

dz̄ , we obtain the expression for ḡ(z̄).

ḡ(z̄) =
dV̄ (z̄)

dz̄

(∫ z̄g

0

dS(v̌)

dv̌
dz̄′g + S(0)

dz̄g
dũ

)
. (55)
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Note that ũ = 0, when z̄ = H̄t. Hence, S(0) = φ̄(H̄t−)− φ̄(H̄t+), that is, it equals the jump
in the polymer volume fraction at z̄ = H̄t. Also, since z̄g → 0 and dũ

dz̄g
→ 0 when z̄ → H̄t,

end density diverges and has a vertical asymptote at z̄ = H̄t within the brush.
To be able to calculate ḡ(z̄), we first need to determine dS(v̌)

dv̌
. By replacing ũ with v̌ in

(53), and taking derivative, we get:

dS(v̌)

dv̌
=
dR(v̌ + α)

dv̌
+

∫ ūt−

0

q(v̄h)

(Λ̄(v̌ + α− v̄h))2

dΛ̄(v̌ + α− v̄h)
dv̌

dv̄h

=
dR(v̌ + α)

dv̌
+

∫ H̄

H̄t

ḡ(z̄h)dz̄h
(Λ̄(v̌ + α− v̄h))2

dΛ̄(v̌ + α− v̄h)
dv̌

. (56)

To calculate dR(v̌+α)
dv̌

, we write v̌ + α = V̄ (H̄) − V̄ (z̄) − V̄ (z̄′g) = V̄ (H̄) − V̄ (z̄∗g), where
V̄ (z̄) + V̄ (z̄′g) = V̄ (z̄∗g). Then R(v̌ + α) = φ̄(z̄∗g). Also,

dR(v̌ + α)

dv̌
=
dφ̄(z̄∗g)
dv̌

= −
dφ̄(z̄∗g)
dV̄ (z̄∗g)

. (57)

φ̄(z̄∗g) is obtained by solving the following equation obtained by using (3).

V̄ (H̄)− V̄ (z̄∗g) = V̄ (H̄)− V̄ (z̄)− V̄ (z̄′g) = µ̄(φ̄(z̄∗g))− µ̄(φ̄(H̄))). (58)

Afterwards differentiation of the above relation gives:

−
dV̄ (z̄∗g)
dφ̄(z̄∗g)

=
dµ̄(φ̄(z̄∗g))
dφ̄(z̄∗g)

. (59)

As dφ̄(z̄∗g)

dV̄ (z̄∗g)
=
(
dV̄ (z̄∗g)

dφ̄(z̄∗g)

)−1

, dR(v̌+α)
dv̌

can be calculated.

Evaluation of the term with integral in (56) requires us to first calculate dΛ̄(v̌+α−v̄h)
dv̌

which
can be simplified to the following form:

dΛ̄(v̌ + α− v̄h)
dv̌

= −
dΛ̄(V̄ (z̄h)− V̄ (z̄∗g))

dV̄ (z̄∗g)
. (60)

Remember that Λ̄(V̄ (z̄h)− V̄ (z̄∗g)) = ē(p̄∗g), where p̄∗g is the local stretching force at height z̄∗g
in a polymer chain with end at z̄h, and ē(p̄∗g) is local stretching in a chain due to the stretching
force p̄∗g. Also, from (4), Ē(p̄∗g) = V̄ (z̄h)− V̄ (z̄∗g). Taking derivative of this expression gives:

1

rk
ē(p̄∗g)

dp̄∗g
dV̄ (z̄∗g)

= −1, (61)

where we have used dĒ(p̄∗g)

dp̄∗g
=

ē(p̄∗g)

rk
following (4). Then substituting the above result in (60)
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yields:

dΛ̄(v̌ + α− v̄h)
dv̌

= −
dΛ̄(V̄ (z̄h)− V̄ (z̄∗g))

dV̄ (z̄∗g)
= −

dē(p̄∗g)

dp̄∗g

dp̄∗g
dV̄ (z̄∗g)

=
rk
ē(p̄∗g)

dē(p̄∗g)

dp̄∗g
. (62)

C Stress calculation
Stress calculation in the regions with continuous volume fraction profile is described first in
this section, followed by calculation of stress at the interface.

C.1 In the regions with continuous volume fraction

Evaluating stress requires us to first calculate the derivative terms ∂εzz(z̄)
∂εxx

and ∂f(z̄)
∂εxx

in (18).
We start by calculating ∂εzz(z̄)

∂εxx
, which can be written as:

∂εzz
∂εxx

=
∂

∂εxx

(
∂ūz

∂z̄

)
=

∂

∂z̄

(
∂ūz

∂εxx

)
, (63)

where ūz = uz/(Na) is the nondimensionalized displacement of a thin layer at z shown
in Figure 1 in the z-direction due to the applied strain εxx. In order to evaluate ∂ūz

∂εxx
and

subsequently ∂εzz
∂εxx

, we enforce the condition that a a thin layer within the brush as shown
in Figure 1 is defined by the monomers (total number V0φ̄/v0, where V0 is initial layer
volume) inside it, and on applying a strain, no monomer moves in or out of the layer. Hence,
∆(V0φ̄/v0) = 0, which on simplification yields24:

∂

∂z̄

(
∂ūz

∂εxx

)
= −1

φ̄

∂φ̄

∂εxx
− 1, (64)

with the boundary condition in the case of no vertical phase separation within a brush as
given below: [

∂ūz

∂εxx

]
z̄=H̄

=
∂H̄

∂εxx
. (65)

We obtain ∂φ̄
∂εxx

by taking derivative of the (3) and simplifying the resulting expression.

∂φ̄

∂εxx
=

(
dV̄ (H̄)

dH̄

∂H̄

∂εxx
− dV̄ (z̄)

dz̄
∂ūz

∂εxx

)
dµ̄(φ̄)

dφ̄
, (66)

where ∂H̄
∂εxx

= ∂H̄
∂ρg

dρg
dεxx

is obtained by numerically solving (3) for a range of graft densities and
obtaining ∂H̄

∂ρg
. Since graft density after the strain εxx is applied is ≈ ρg(1− εxx), dρg

dεxx
= −ρg.

After that, by solving (64) along with (66) and the boundary condition in (65), ∂ūz
∂εxx

is
obtained.

In the case of a vertical phase separation within a brush, domain is divided into two. For

25



the inner domain, that is z̄ < H̄t, boundary condition is as follows:[
∂ūz

∂εxx

]
z̄=0

= 0. (67)

For H̄t < z̄ ≤ H̄, (64) is solved with the following boundary condition:[
∂ūz

∂εxx

]
z̄=H̄

=
∂H̄

∂εxx
. (68)

It should be noted that this leads to a discontinuous ūz(z̄) and consequently discontinuous
∂εzz
∂εxx

. In a solid material, a discontinuous ūz results from fracture. However, here a discon-
tinuous ūz indicates that in a layer very close to H̄t, polymer volume fraction undergoes a
sudden jump as a result of the applied strain εxx.

To calculate the derivative of free energy density, the derivative of the two contributions
to the free energy density are calculated separately.

∂f(z̄)

∂εxx
=
∂fint(z̄)

∂εxx
+
∂fel(z̄)

∂εxx
. (69)

To calculate the first term, we recognize that

∂fint(z̄)

∂εxx
=
kBT

v0

µ̄(φ̄(z̄))
∂φ̄(z̄)

∂εxx
, (70)

and ∂φ̄(z̄)
∂εxx

is obtained from (66). To evaluate ∂fel(z̄)
∂εxx

, we take derivative of (14), which yields:

∂fel
∂εxx

=
kBT

v0rk

∫ H̄

z̄
log

(
sinh(p̄)

p̄

)(
1− (coth(p̄))2 + 1

p̄2

(ē(p̄))2

)
ḡ(z̄e)

∂p̄

∂εxx
dz̄e

+
kBT

v0rk

∫ H̄

z̄

(
p̄− 1

ē(p̄)
log

(
sinh(p̄)

p̄

))
∂ḡ(z̄e)
∂εxx

dz̄e, (71)

where
∂p̄

∂εxx
= − rk

ē(p̄)

∂V̄ (z̄)

∂εxx
= − 1

ē(p̄)

8

5
z̄

2z̄4 − 4z̄2 + 5

(1− z̄2)2

∂ūz

∂εxx
. (72)

Since ē(p̄) → 0 as p̄ → 0, ∂p̄
∂εxx
→ ∞. Also, in the case of phase separation, ḡ(z̄e) diverges.

These lead to improper integrals in the expression for ∂fel
∂εxx

which require appropriate variable
transformations in the expression for fel in order to numerically calculate them.
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C.2 At the interface

The free energy densities can be divided in their interaction and elastic components, which
can be written as follows using (13) and (14).

f1int =
[
(1− φ+) log(1− φ+) + χφ+(1− φ+)

] kBT
v0

,

f2int =
[
(1− φ−) log(1− φ−) + χφ−(1− φ−)

] kBT
v0

,

f1el =
kBT

v0

∫ H̄

H̄t

1

rkē(p̄)

(
p̄ē(p̄)− log

(
sinh(p̄)

p̄

))
ḡ(z̄e)dz̄e,

f2el = f1el +

[
∂fel(z̄)

∂εxx

]
z̄=H̄t

δεxx, (73)

where the expression for f2el uses continuity of fel even in case of vertical phase separation.
Note that the discontinuity in volume fraction causes only a corner in elastic free energy
density profile. f1el and

[
∂fel(z̄)
∂εxx

]
z̄=H̄t

have already been calculated in the previous section.

Substituting (73) in (23) yields:

σxx(H̄t) = lim
δεxx→0

1

φ−
(f2intφ

+ − f1intφ
−) + f1el(φ

+ − φ−)

δεxx
+
φ+

φ−

[
∂fel(z̄)

∂εxx

]
z̄=H̄t

. (74)

D Brush height and swelling ratio

Variation in brush height with graft density is also temperature dependent (H̄ ∼ ρ
n(T,ρg)
g )

and shows a nonmonotonic behavior in a narrow temperature range as shown in Figure 14.
At temperatures below 30 ◦C, n ≈ 1/3 in the low graft density regime. At very high graft
densities, n approaches 1, as expected for extremely dense brushes. In between these two
limits, n exhibits atypical behavior and approaches 0 before recovering and approaching 1.
At 33 ◦C and above, the height variation is close to ρ̄g.

Maximum polymer volume fraction in a brush occurs near the grafting surface and is
plotted as a function of graft density in Figure 14 at different temperatures. Like the volume
fraction profile, it shows a discontinuity at temperatures between 26.36 ◦C and 30.5 ◦C. At
temperatures above 30.5 ◦C, it shows minimal change with graft density for low graft density
brushes.

Swelling ratio, defined here as H̄T/H̄50◦C−1, where H̄T is the brush height at temperature
T , is plotted as a function of temperature for different graft densities in Figure 15. Swelling
ratio decreases with increasing graft density and is very small at very high graft densities.
Also, it decreases with an increase in temperature up to 33 ◦C and plateaus above this
temperature for ρ̄g ≤ 0.2. However, it shows a nonmonotonic behavior for ρ̄g > 0.2. Malham
et al.,54 and Witte et al.55 have reported that swelling ratio of a PNIPAm brush smoothly
decrease with increasing temperature, and increases with decreasing graft density. Devaux
et al.56 have reported maximum swelling ratio of 0.2 − 0.4 for polystyrene brushes with
maximum volume fraction up to 0.85. Our result is consistent with these experimental
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Figure 14: Variation of brush height and polymer volume fraction at z̄ = 0 with graft density
at different temperatures. Notice that temperature has little effect on the brush height at
very high graft densities.
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Figure 15: Swelling ratio vs temperature plot for different graft densities. It decreases with
increasing temperature monotonically, except for very high graft densities (ρ̄g > 0.2).

measurements.
Interestingly, dependence of brush height on graft density even in a good solvent condition

diminishes (n(T, ρ̄g) < 1/3) as graft density increases, before picking up again above ρ̄g & 0.3.
This engenders from mild change in interaction free energy density of PNIPAm between
volume fractions ∼ 0.4 and ∼ 0.8 (see Figure 3). In the narrow range of graft density
in which volume fraction in a large section of a brush is in this range, on increasing graft
density, brush accommodates extra monomers closer to grafting surface, incurring small
interaction energy penalty to achieve only a small increase in stretching energy in the brush.
For temperatures at which vertical phase separation is possible, n(T, ρ̄g) approaches 0 for a
range of graft densities. This is because the phase separation interface propagates upwards
towards the brush free surface with increasing graft density. Due to this, increasing amount
of monomers are packed within the dense region close to the grafting surface and brush
height does not change considerably with increasing graft density.
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