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Theoretical Modeling

Hofstadter spectrum from Continuum model We will follow the approach used in Ref. 1,2. The
continuum model Hamiltonian for TBG at K-valley (in monolayer graphene BZ) can be written in
the following matrix form

H =

(
h−(−θ/2) T (r)
T (r)† h+(+θ/2)

)
(1)

where the intralayer Hamiltonian is given by

h∓(∓θ/2) = ~vF (p̂+ qh) · σ∓θ/2, (2)

and the interlayer coupling is written as T (r) = w
∑2

j=0 Tj exp(−iqj · r). Here, q0 = kθ(0,−1),
q1 = kθ(−

√
3, 1)/2, q2 = kθ(

√
3, 1)/2, qh = kθ(

√
3/2, 0), kθ = 8π sin(θ/2)/(3a). The matrices

are defined as T0 = ησ0+σ1, T1 = ησ0+ζσ++ ζ̄σ−, T2 = ησ0+ζσ−+ ζ̄σ+, with ζ = exp(i2π/3),
where the Pauli matrices σ1,2,3, σ± = (σ1± iσ2)/2 correspond to the sublattice degree of freedom.
In the following, we choose the Fermi velocity vF = 9.38 × 106 m/s, the interlayer coupling
strength w = 110 meV, and η = 0.4 which takes into account the effects of lattice relaxation.

In the presence of perpendicular magnetic field B = Bẑ, we substitute p̂ → p̂ + eA. We
further take the Landau gaugeA = B(−y, 0).

We can rewrite the intralayer Hamiltonian as

h∓(∓θ/2) = ~ωc
(

0 apxe
±iθ/2

a†pxe
∓iθ/2 0

)
(3)

where ωc =
√

2vF/lb, lb =
√

~/eB, and

apx =
1√
2

[
((p̂x +

√
3

2
kθ)lb − y/lb)− ip̂ylb

]
(4)

a†px =
1√
2

[
((p̂x +

√
3

2
kθ)lb − y/lb) + ip̂ylb

]
(5)
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Numerically, we can diagonalize the Hamiltonian using the basis {|L, σ, n; k〉 = |k〉 ⊗
|L, σ, n, k〉} (truncated up to some index n), where L = ∓ is the layer index, σ is the sub-
lattice index, and p̂x|k〉 = k|k〉, and n labels the nth harmonic oscillator eigenstates such that
ak|n, k〉 =

√
n|n− 1, k〉, a†k|n, k〉 =

√
n+ 1|n+ 1, k〉. Moreover, we have

ak = exp(−ip̃ykl2b )a exp(ip̃ykl
2
b ), (6)

with a ≡ a0, and exp(−ip̂ykl2b )|n, 0〉 = |n, k〉.

Let us compute the matrix elements of the Hamiltonian in the above basis.

Intralayer Hamiltonian. In this basis, the annihilation operator has the following matrix elements

〈L′, σ′, n′; k′|ak|L, σ, n; k〉 =
√
n− 1δkk′δLL′δσσ′δn′,n−1 (7)

Interlayer Hamiltonian. The matrix elements of the interlayer Hamiltonian can be evaluated using

〈−, σ′, n′; k′|Tje−iqj ·r|+, σ, n; k〉 = (Tj)σ′σδk′,k−qjxe
−iqjykl2be−iqjy

√
3kθl

2
b/2eiqjxqjyl

2
b/2Fn′,n(zj) (8)

where zj =
qjx+iqjy√

2
lb.

The function Fn′,n(z) is

Fn′,n(z) =


√

n!
n′!

(−z̄)n
′−n exp(−|z|2/2)L

(n′−n)
n (|z|2) n′ ≥ n√

n′!
n!
zn−n

′
exp(−|z|2/2)L

(n−n′)
n′ (|z|2) n′ < n.

(9)

Hofstadter spectrum from the ten-band model Here, we briefly describe the ten-band model
for the TBG at magic angle, first introduced in Ref. 3.

The ten-band model is defined on a triangular lattice with basis vectors a1 = (
√

3/2,−1/2)
and a2 = (0, 1). We write the Bravais lattice sites as r = r1a1 + r2a2 or simply as r = (r1, r2),
where r1,2 ∈ Z. Within each unit cell, there are ten orbitals which are distributed on three different
sites, as indicated by the different colors in Fig. 1. Explicitly, there are three orbitals, pz, p+, and
p−, on every triangular lattice site (orange).

Each of the three kagome sites (black) within a unit cell hosts an s orbital. Finally, both A
and B sublattices of the honeycomb sites (green) have p+ and p− orbitals. Throughout this work,
these ten orbitals are ordered as cr = (τz,r, τ+,r, τ−,r, κ1,r, κ2,r, κ2,r, ηA+,r, ηA−,r, ηB+,r, ηB−,r)T ,
where τ , κ, and η denote operators on the triangular, kagome, and honeycomb sites respectively.
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Supplementary Information Figure 1 | Lattice and orbitals for the ten-band model. The orange
solid circles denote the triangular sites with pz, p+, and p− orbitals. The black solid circles cor-
respond to the three types of kagome sites, labeled as (1), (2), and (3). On each of these kagome
sites, there is an s orbital. The green empty circles indicate the honeycomb sites, either type A or
type B, with p+ and p− orbitals on each of them.

When an external perpendicular magnetic field is applied, we insert a Peierls phase exp(iθij)
with

θij =
e

~

∫ rj

ri

A · dl (10)

into the hopping amplitude from ri to rj .

When the flux per unit cell is a rational number p/q, with p, q ∈ Z, namely

Φ =
p

q
φ0, φ0 =

hc

e
, (11)

we can take the periodic Landau gauge4

A =
pφ0

2πq

[
(ξ1 − bξ1c)b2 − ξ2

∞∑
n=−∞

δ(ξ1 − n+ 0+)b1

]
, (12)

where b1 and b2 are reciprocal lattice vectors. The advantage of the periodic Landau gauge is the
system is periodic in both a1 and a2 directions, with periods a1 and qa2, respectively.
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