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Preface

The five years that have intervened since the appearance of the third edition 
of OPTICAL ELECTRONICS witnessed significant technical developments 
in the field and the emergence of some major trends. A few of the important 
developments are

1. Optical fiber communication has established itself as the key communi
cation technology.

2. The semiconductor laser and especially the longer wavelength GaInAsP/ 
InP version has emerged as the main light source for high-data-rate optical 
fiber communication systems.

3. Quantum well semiconductor lasers started replacing their conventional 
counterparts for high-data-rate long distance communication and most 
other sophisticated applications including ultra-low threshold and mode- 
locked lasers.

4. Optical fiber amplifiers are causing a minor revolution in fiber commu- 
nication due to their impact on very long distance transmission and on 
large scale optical distribution systems.

The accumulated weight of the new developments was such that when 
I last taught the course at Caltech in 1989 I found myself using a substantial 
fraction of course material that was not included in the text. The fourth 
edition brings this material into the fold. The main additions to the third 
edition, include major revisions and new chapters dealing with

1. Jones calculus and its extension to Faraday effect elements.
2. Radiometry and infrared detection.

V



vi PREFACE

3. Optical fiber amplifiers and their impact on fiber communication links.
4. Laser arrays.
5. Distributed feedback lasers, including multi-element lasers with phase 

shift sections.
6. Quantum well and ultra-low threshold semiconductor lasers.
7. Photorefractive crystals and two-beam coupling in dynamic holography 

and image processing.
8. Two-beam coupling and phase conjugation in stimulated Brillouin scat

tering.
9. Intensity fluctuations and coherence in semiconductor lasers and their 

impact on fiber communication systems.

The book continues to be aimed at the student interested in learning 
how to generate and manipulate optical radiation and how to use it to transmit 
information. At Caltech the course is taken, almost in equal proportions, by 
electrical engineering, physics, and applied physics students. About half the 
students tend to be seniors and the rest graduate students.

The prerequisites for taking the course at Caltech are a sound under- 
graduate background in electromagnetic theory—usually a one year course 
in this area—and an introduction to atomic physics.

The hands-on and research flavor of the book owes greatly to the exciting 
mix of visitors, talented students, and postdocs who bombard me continually 
with their newest findings and thoughts.

This edition includes acknowledged and unacknowledged contributions 
from Chris Harder, Kerry Vahala, Eli Kapon, Kam Lau, Pamela Derry, 
Israel Ury, Nadav Bar-Chaim, Hank Blauvelt, Michael Mittelstein, Lars 
Eng, Norman Kwong, Shu Wu Wu, Bin Zhao, and Rudy Hoffmeister. The 
Caltech Applied Physics 130 and 131 classes during 1987 and 1989, helped 
ferret out inconsistencies and insisted on clearer presentations.

My wife Fran and my administrative assistant Jana Mercado are re
sponsible for the typing and editing. To them and to all of the above, my 
gratitude.

Amnon Yariv
Pasadena, California 
January 1991
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Electromagnetic 

Theory

1.0 INTRODUCTION

In this chapter we derive some of the basic results concerning the propagation 
of plane, single-frequency, electromagnetic waves in homogeneous isotropic 
media, as well as in anisotropic crystal media. Starting with Maxwell's equa- 
tions we obtain expressions for the dissipation, storage, and transport of 
energy resulting from the propagation of waves in material media. We con
sider in some detail the phenomenon of birefringence, in which the phase 
velocity of a plane wave in a crystal depends on its direction of polarization. 
The two allowed modes of propagation in uniaxial crystals—the "ordinary" 
and "extraordinary" rays—are discussed using the formalism of the index 
ellipsoid.

1.1 COMPLEX-FUNCTION FORMALISM

In problems that involve sinusoidally varying time functions, we can save 
a great deal of manipulation and space by using the complex-function for
malism. As an example consider the function

(1.1-1)

where ω is the circular (radian) frequency1 and Φa is the phase. Defining the 
complex amplitude of a(t) by

(1.1-2)

1The radian frequency ω is to be distinguished from the real frequency v = ω/2π.

1

1



2 ELECTROMAGNETIC THEORY

we can rewrite (1.1-1) as

We will often represent a(t) by

(1.1-3)

(1.1-4)

instead of by (1.1-1) or (1.1-3). This, of course, is not strictly correct so that 
when this happens it is always understood that what is meant by (1.1-4) is 
the real part of Aexp(iωt). In most situations the replacement of (1.1-3) by 
the complex form (1.1-4) poses no problems. The exceptions are cases that 
involve the product (or powers) of sinusoidal functions. In these cases we 
must use the real form of the function (1.1-3). To illustrate the case where 
the distinction between the real and complex form is not necessary, consider 
the problem of taking the derivative of a(t). Using (1.1-1) we obtain

(1.1-5)

If we use instead the complex form (1.1-4), we get

Taking, as agreed, the real part of the last expression and using (1.1-2), we 
obtain (1.1-5).

As an example of a case in which we have to use the real form of the 
function, consider the product of two sinusoidal functions a(t) and b(t), where

(1.1-6)

and

(1.1-7)

with A = |A| exp(iΦa) and B = |B| exp(iΦb). Using the real functions, we get

Were we to evaluate the product a(t)b(t) using the complex form of the 
functions, we would get

(1.1-9)

(1.1-8)
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Comparing the last result to (1.1-8) shows that the time-independent (dc) 
term ½|A| |B| cos(Φa - Φb) is missing, and thus the use of the complex form 
led to an error.

Time-Averaging of SinusoidaI Products2

2The problem of the time average of the product of two nearly sinusoidal functions is considered 
in Problems 1.1 and 1.2.

Another problem often encountered is that of finding the time average of 
the product of two sinusoidal functions of the same frequency

(1.1-10)

where a(t) and b(t) are given by (1.1-6) and (1.1-7) and the horizontal bar 
denotes time-averaging. T = 2π/ω is the period of the oscillation. Since the 
integrand in (1.1-10) is periodic in T, the averaging can be performed over 
a time T. Using (1.1-8) we obtain directly

(1.1-11)

This last result can be written in terms of the complex amplitudes A and B, 
defined immediately following (1.1-7), as

(1.1-12)

This important result will find frequent use throughout the book.

In this section we derive the formal expressions for the power transport, 
power dissipation, and energy storage that accompany the propagation of 
electromagnetic radiation in material media. The starting point is Maxwell's 
equations (in MKS units)

(1.2-1)

(1.2-2)

and the constitutive equations relating the polarization of the medium to the 
displacement vectors

(1.2-3) 

(1.2-4)

1.2 CONSIDERATIONS OF ENERGY AND POWER IN ELECTROMAGNETIC FIELDS



4 ELECTROMAGNETIC THEORY

where i is the current density (amperes per square meter); e(r, t) and h(r, t) 
are the electric and magnetic field vectors, respectively; d(r, t) and b(r, t) 
are the electric and magnetic displacement vectors; p(r, t) and m(r, t) are 
the electric and magnetic polarizations (dipole moment per unit volume) of 
the medium; and ε0 and μ0 are the electric and magnetic permeabilities of 
vacuum, respectively. We adopt the convention of using lowercase letters 
to denote the time-varying functions, reserving capital letters for the am
plitudes of the sinusoidal time functions. For a detailed discussion of Max- 
well's equations, the reader is referred to any standard text on electromag
netic theory such as Reference [1].

Using (1.2-3) and (1.2-4) in (1.2-1) and (1.2-2) leads to

Taking the scalar (dot) product of (1.2-5) and e gives

where we used the relation

Next we take the scalar product of (1.2-6) and h:

(1.2-6)

(1.2-7)

(1.2-8)

Subtracting (1.2-8) from (1.2-7) and using the vector identity

results in

(1.2-9)

(1.2-10)

We integrate the last equation over an arbitrary volume V and use the Gauss 
theorem [1]

where A is any vector function, n is the unit vector normal to the surface S

(1.2-5)
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enclosing V, and dv and da are the differential volume and surface elements, 
respectively. The result is

(1.2-11)

According to the conventional interpretation of electromagnetic theory, the 
left side of (1.2-11), that is, 

gives the total power flowing into the volume bounded by S. The first term 
on the right side is the power expended by the field on the moving charges; 
the sum of the second and third terms corresponds to the rate of increase 
of the vacuum electromagnetic stored energy ℰvac where

(1.2-12)

Of special interest in this book is the next-to-last term 

which represents the power per unit volume expended by the field on the 
electric dipoles. This power goes into an increase in the potential energy 
stored by the dipoles as well as into supplying the dissipation that may 
accompany the change in p. We will return to it again in Chapter 5, where 
we treat the interaction of radiation and atomic systems.

DipoIar Dissipation in Harmonic Fields

According to the discussion in the preceding paragraph, the average power 
per unit volume expended by the field on the medium electric polarization 
is

(1.2-13)

(1.2-14)

where the horizontal bar denotes time-averaging. Let us assume for the sake 
of simplicity that e(t) and p(t) are parallel to each other and take their 
sinusoidally varying magnitudes as

(1.2-15)
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where E and P are the complex amplitudes. The electric susceptibility χe is 
defined by

and is thus a complex number. Substituting (1.2-14) and (1.2-15) in (1.2-13) 
and using (1.2-16) gives

(1.2-17)

where in going from the first to the second equality we used (1.1-12). Since 
χe is complex, we can write it in terms of its real and imaginary parts as

which is the desired result.
We leave it as an exercise (Problem 1.3) to show that in anisotropic 

media in which the complex field components are related by

1.3 WAVE PROPAGATION IN ISOTROPIC MEDIA

Here we consider the propagation of electromagnetic plane waves in ho
mogeneous and isotropic media so that ε and μ are scalar constants. Vacuum 
is, of course, the best example of such a "medium." Liquids and glasses 
are material media that, to a first approximation, can be treated as ho
mogeneous and isotropic.3 We choose the direction of propagation as z and, 
taking the plane wave to be uniform in the x-y plane, put ∂/∂x = ∂/∂y = 0

3The individual molecules making up the liquid or glass are, of course, anisotropic. This an
isotropy, however, is averaged out because of the very large number of molecules with random 
orientations present inside a volume ~ λ3.

(1.2-16)

(1.2-18)

which, when used in (1.2-17), gives

(1.2-19)

(1.2-20)

the application of (1.2-13) yields

(1.2-21)
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in (1.2-1) and (1.2-2). Assuming a lossless (σ = 0) medium, (1.2-1) and (1.2-2) 
become

From (1.3-7) and (1.3-8) it follows that hz and ez are both zero; therefore, a 
uniform plane wave in a homogeneous isotropic medium can have no lon
gitudinal field components. We can obtain a self-consistent set of equations 
from (1.3-3) through (1.3-8) by taking ey and hx (or ex and hy) to be zero.4 
In this case the last set of equations reduces to Equations (1.3-4) and (1.3-5). 
Taking the derivative of (1.3-5) with respect to z and using (1.3-4), we obtain

(1.3-9)

A reversal of the procedure will yield a similar equation for hy. Since our 
main interest is in harmonic (sinusoidal) time variation, we postulate a so
lution in the form of

(1.3-10)

where Ex± exp(∓ikz) are the complex field amplitudes at z. Before substi- 
tuting (1.3-10) into the wave equation (1.3-9), we may consider the nature 
of the two functions ex±. Taking first ex+: If an observer were to travel in

4More fundamentally it can be easily shown from (1.3-1) and (1.3-2) (see Problem 1.4) that, for 
uniform plane harmonic waves, e and h are normal to each other as well as to the direction of 
propagation. Thus, x and y can simply be chosen to coincide with the directions of e and h.

(1.3-1)

(1.3-2)

(1.3-3)

(1.3-4)

(1.3-5)

(13-6)

(1.3-7)

(1.3-8)
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such a way as to always exercise the same field value, he would have to 
satisfy the condition

where the constant is arbitrary and determines the field value "seen" by 
the observer. By differentiation of the last result, it follows that the observer 
must travel in the +z direction with a velocity

(1.3-11)

This is the phase velocity of the wave. If the wave were frozen in time, the 
separation between two neighboring field peaks—that is, the wavelength— 
is

(1.3-12)

The ex- solution differs only in the sign of k, and thus, according to (1.3-11), 
it corresponds to a wave traveling with a phase velocity c in the -z direction.

The value of c can be obtained by substituting the assumed solution 
(1.3-10) into (1.3-9), which results in

(1.3-13)

whereas in material media it has the value

where n = √ε/ε0 is the index of refraction.
Turning our attention next to the magnetic field hy, we can express it, 

in a manner similar to (1.3-10), in the form of

(1.3-15)

or

The phase velocity in vacuum is

(1.3-14)

Substitution of this equation into (1.3-4) and using (1.3-10) gives

Therefore, from (1.3-13),
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In vacuum η0 = √μ0/ε0 ≃ 377 ohms. Repeating the same steps with Hy- 
and Ex- gives

Power Flow in Harmonic Fields

The average power per unit area—that is, the intensity (W/m2)—carried in 
the direction of propagation by a uniform plane wave is given by (1.2-11) as

The first term on the right side of (1.3-19) gives the intensity associated with 
the positive (+z) traveling wave, whereas the second term represents the 
negative traveling wave, with the minus sign accounting for the opposite 
direction of power flow.

An important relation that will be used in a number of later chapters 
relates the intensity of the plane wave to the stored electromagnetic energy

(1.3-16)

so that for negative (-z) traveling waves the relative phase of the electric 
and magnetic fields is reversed with respect to the wave traveling in the +z 
direction. Since the wave equation (1.3-9) is a linear differential equation, 
we can take the solution for the harmonic case as a linear superposition of 
ex+ and ex-

(1.3-17)

and, similarly,

where Ex+ and Ex- are arbitrary complex constants.

(1.3-18)

where the horizontal bar denotes time averaging. Since e||x and h||y, we can 
write (1.3-18) as

Taking advantage of the harmonic nature of ex and hy, we use (1.3-17) 
and (1.1-12) to obtain

(1.3-19)
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density. We start by considering the second and fourth terms on the right 
of (1.2-11)

Using the relations

we obtain

(1.3-20)

Since we assumed the medium to be lossless, the last term must represent 
the rate of change of electric energy density stored in the vacuum as well 
as in the electric dipoles; that is,

(1.3-22)

The magnetic energy density is derived in a similar fashion using the relations

resulting in

(1.3-23)

Considering only the positive traveling wave in (1.3-17), we obtain from 
(1.3-22) and (1.3-23)

(1.3-24)

(1.3-25)

(1.3-21)

where the second equality is based on (1.1-12), and the third and fourth use 
(1.3-15). Comparing (1.3-24) to (1.3-19), we get
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where ℰ = ℰmagnetic + ℰelectric is the electromagnetic field energy and c is the 
phase velocity of light in the medium. In terms of the electric field we get

1.4 WAVE PROPAGATION IN CRYSTALS—THE INDEX ELLIPSOID

In the discussion of electromagnetic wave propagation up to this point, we 
have assumed that the medium was isotropic. This causes the induced po- 
larization to be parallel to the electric field and to be related to it by a (scalar) 
factor that is independent of the direction along which the field is applied. 
This situation does not apply in the case of dielectric crystals. Since the 
crystal is made up of a regular periodic array of atoms (or ions), we may 
expect that the induced polarization will depend in its magnitude and direc
tion, on the direction of the applied field. Instead of the simple relation 
(1.3-20) linking p and e, we have

(1.4-1)

where the capital letters denote the complex amplitudes of the corresponding 
time-harmonic quantities. The 3 × 3 array of the χij coefficients is called the 
electric susceptibility tensor. The magnitude of the χij coefficients depends, 
of course, on the choice of the x, y, and z axes relative to that of the crystal 
structure. It is always possible to choose x, y, and z in such a way that the 
off-diagonal elements vanish, leaving

(1.4-2)

These directions are called the principal dielectric axes of the crystal. In 
this book we will use only the principal coordinate system. We can, instead 
of using (1.4-2), describe the dielectric response of the crystal by means of 
the electric permeability tensor εij, defined by

(1.4-3)

From (1.4-2) and the relation
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we have

(1.4-4)

Birefringence

One of the most important consequences of the dielectric anisotropy of 
crystals is the phenomenon of birefringence in which the phase velocity of 
an optical beam propagating in the crystal depends on the direction of po- 
larization of its e vector. Before treating this problem mathematically, we 
may pause and ponder its physical origin. In an isotropic medium the induced 
polarization is independent of the field direction so that χ11 = χ22 = χ33, and, 
using (1.4-4), ε11 = ε22 = ε33 = ε. Since c = (με)-1/2, the phase velocity is 
independent of the direction of polarization. In an anisotropic medium the 
situation is different. Consider, for example, a wave propagating along z. If 
its electric field is parallel to x, it will induce, according to (1.4-2), only Px 
and will consequently "see" an electric permeability ε11. Its phase velocity 
will thus be cx = (με11)-1/2. If, on the other hand, the wave is polarized 
parallel to y, it will propagate with a phase velocity cy = (με22)-1/2.

Birefringence has some interesting consequences. Consider, as an ex- 
ample, a wave propagating along the crystal z direction and having at some 
plane, say z = 0, a linearly polarized field with equal components along x 
and y. Since kx ≠ ky, as the wave propagates into the crystal the x and y 
components get out of phase and the wave becomes elliptically polarized. 
This phenomenon is discussed in detail in Section 9.2 and forms the basis 
of the electrooptic modulation of light.

Returning to the example of a wave propagating along the crystal z 
direction, let us assume, as in Section 1.3, that the only nonvanishing field 
components are ex and hy. Maxwell's curl equations (1.3-5) and (1.3-4) re
duce, in a self-consistent manner, to

Taking the derivative of the first of Equations (1.4-5) with respect to z and 
then substituting the second equation for ∂hy/∂z gives

(1.4-6)

If we postulate, as in (1.3-10), a solution in the form

(1.4-7)

(1.4-5)
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Repeating the derivation but with a wave polarized along the y axis, instead 
of the x axis, yields ky = ω√με22.

Index Ellipsoid

As shown above, in a crystal the phase velocity of a wave propagating along 
a given direction depends on the direction of its polarization. For propagation 
along z, as an example, we found that Maxwell's equations admitted two 
solutions: one with its linear polarization along x and the second along y. If 
we consider the propagation along some arbitrary direction in the crystal, 
the problem becomes more difficult. We have to determine the directions 
of polarization of the two allowed waves, as well as their phase velocities. 
This is done most conveniently using the so-called index ellipsoid

(1.4-9)

This is the equation of a generalized ellipsoid with major axes parallel to x, 
y, and z whose respective lengths are 2√ε11/ε0, 2√ε22/ε0, and 2√ε33/ε0. The 
procedure for finding the polarization directions and the corresponding phase 
velocities for a given direction of propagation is as follows: Determine the 
ellipse formed by the intersection of a plane through the origin and normal 
to the direction of propagation and the index ellipsoid (1.4-9). The directions 
of the major and minor axes of this ellipse are those of the two allowed 
polarizations,5 and the lengths of these axes are 2n1 and 2n2, where n1 and 
n2 are the indices of refraction of the two allowed solutions. The two waves 
propagate, thus, with phase velocities c0/n1 and c0/n2, respectively, where 
c0 = (μ0ε0)-1/2 is the phase velocity in vacuum. A formal proof of this 
procedure is given in References [2-4].

5These are actually the directions of the D, not of the E, vector. In a crystal these two are 
separated, in general, by a small angle; see References [2] and [3].
6See, for example, J. F. Nye, Physical Properties of Crystals. New York: Oxford University 
Press, 1957.

To illustrate the use of the index ellipsoid, consider the case of a uniaxial 
crystal (that is, a crystal with a single axis of threefold, fourfold, or sixfold 
symmetry). Taking the direction of this axis as z, symmetry considerations 
dictate that ε11 = ε22.6 Defining the principal indices of refraction no and ne 

then Equation (1.4-6) becomes

Therefore, the propagation constant of a wave polarized along x and traveling 
along z is

(1.4-8)
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by

(1.4-10)

the equation of the index ellipsoid (1.4-9) becomes

(1.4-11)

This is an ellipsoid of revolution with the circular symmetry axis parallel to 
z. The z major axis of the ellipsoid is of length 2ne, whereas that of the x 
and y axes is 2no. The procedure of using the index ellipsoid is illustrated 
by Figure 1-1.

The direction of propagation is along s and is at an angle θ to the (optic) 
z axis. Because of the circular symmetry of (1.4-11) about z, we can choose, 
without any loss of generality, the y axis to coincide with the projection of 
s on the x-y plane. The intersection ellipse of the plane normal to s with the 
ellipsoid is shaded in the figure. The two allowed polarization directions are 
parallel to the axes of the ellipse and thus correspond to the line segments 
OA and OB. They are consequently perpendicular to s as well as to each 
other. The two waves polarized along these directions have, respectively,

Figure 1-1 Construction for finding indices of refraction and allowed polarization 
for a given direction of propagation s. The figure shown is for a uniaxial crystal 
with nx = ny = no.
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indices of refraction given by ne(θ) = |OA| and no = |OB|. The first of these 
two waves, which is polarized along OA, is called the extraordinary wave. 
Its direction of polarization varies with θ following the intersection point A. 
Its index of refraction is given by the length of OA. It can be determined 
using Figure 1-2, which shows the intersection of the index ellipsoid with 
the y-z plane.

Using the relations 

and the equation of the ellipse 

we obtain

(1.4-12)

Thus, for θ = 0o, ne(0°) = no, and for θ = 90°, ne(90°) = ne.
The ordinary wave remains, according to Figure 1-1, polarized along 

the same direction OB independent of θ. It has an index of refraction no. 
The amount of birefringence ne(θ) - no thus varies from zero for θ = 0° 
(that is, propagation along the optic axis) to ne - no for θ = 90°.

Figure 1-2 Intersection of the index ellipsoid with the z-y plane. |OA| = ne(θ) is the 
index of refraction of the extraordinary wave propagating in the direction s.
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Figure 1-3 Intersection of s-z plane with normal surfaces of a positive uniaxial 
crystai (ne > no).

NormaI (index) Surfaces

Consider the surface in which the distance of a given point from the origin 
is equal to the index of refraction of a wave propagating along this direction. 
This surface, not to be confused with the index ellipsoid, is called the normal 
surface. It is constructed using the index ellipsoid (Figure 1-1). The normal 
surface of the extraordinary ray is constructed by measuring along each 
direction s(θ, Φ) the corresponding index ne (θ, Φ), which is the distance 
OA in Figure 1-1. For a uniaxial crystal, this results in an ellipsoid of rev
olution about the z axis as illustrated by the outer line in Figure 1-3. For the 
ordinary ray we plot the distance OB = n0 (which is independent of θ, Φ), 
resulting in the inner sphere of Figure 1-3.

Many sophisticated optical systems, such as electrooptic modulators (to be 
discussed in Chapter 9) involve the passage of light through a train of po- 
larizers and birefringent (retardation) plates. The effect of each individual 
element, either polarizer or retardation plate, on the polarization state of 
the transmitted light can be described by simple means. However, when an 
optical system consists of many such elements, each oriented at a different 
azimuthal angle, the calculation of the overall transmission becomes com
plicated and is greatly facilitated by a systematic approach. The Jones cal
culus, invented in 1940 by R. C. Jones [5], is a powerful matrix method in 
which the state of polarization is represented by a two-component vector, 
while each optical element is represented by a 2 × 2 matrix. The overall 
transfer matrix for the whole system is obtained by multiplying all the in- 
dividual element matrices, and the polarization state of the transmitted light 
is computed by multiplying the vector representing the input beam by the 
overall matrix. We will first develop the mathematical formulation of the 
Jones matrix method and then apply it to some cases of practical interest.

1.5 JONES CALCULUS AND ITS APPLICATION TO PROPAGATION IN OPTICAL 
SYSTEMS WITH BIREFRINGENT CRYSTALS
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We have shown in the previous section that a unidirectional light prop
agation in a birefringent crystal generally consists of a linear superposition 
of two orthogonally polarized waves—the eigenwaves. These eigenwaves, 
for a given direction of propagation, have well-defined phase velocities and 
directions of polarization. The birefringent crystals may be either uniaxial 
(nx = ny, nz) or biaxial (nx ≠ ny ≠ nz). However, the most commonly used 
materials, such as calcite and quartz, are uniaxial. In a uniaxial crystal, these 
eigenwaves are the so-called ordinary and extraordinary waves, whose prop
erties were derived in Section 1.4. The directions of polarization for these 
eigenwaves are mutually orthogonal and are called the slow and fast axes 
of the crystal for the given direction of propagation. Retardation plates are 
usually cut in such a way that the c axis lies in the plane of the plate surfaces. 
Thus the propagation direction of normally incident light is perpendicular 
to the c axis.

Retardation plates (also called wave plates) are polarization-state con
verters, or transformers. The polarization state of a light beam can be con- 
verted to any other polarization state by using a suitable retardation plate. 
In formulating the Jones matrix method, we assume that there is no reflection 
of light from either surface of the plate and the light is totally transmitted 
through the plate surfaces. In practice, there is some reflection, though most 
retardation plates are coated to reduce the surface reflection loss. Referring 
to Figure 1.4, we consider a light beam that is incident normally on a re-

Figure 1-4 A retardation plate rotated at an angle ψ about the z axis. f("fast") and 
s("slow") are the two principal dielectric axes of the crystal for light propagating 
along z (see Section 1.4). The x and y axes are fixed in the laboratory frame. 
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tardation plate along the z axis with a polarization state described by the 
Jones column vector

(1.5-1)

where Vx and Vy are two complex numbers representing the complex field 
amplitudes along x and y. The x, y and z axes are fixed laboratory axes. To 
determine how the light propagates in the retardation plate, we need to 
resolve it into a linear combination of the fast and slow eigenwaves of the 
crystal. This is done by the coordinate transformation

(1.5-2)

Vs is the slow component of the polarization vector V, whereas Vf is the 
fast component. The slow and fast axes are fixed in the crystal. The angle 
between the fast axis and the y direction is ψ. These two components are 
eigenwaves of the retardation plate and will propagate with their own phase 
velocities and polarizations as discussed in Section 1.4. Because of the 
difference in phase velocity, the two components undergo a different phase 
delay in passage through the crystal. This retardation changes the polari- 
zation state of the emerging beam.

Let ns and nf be the refractive indices of the slow and fast eigenwaves, 
respectively. The polarization state of the emerging beam in the crystal 
coordinate system is thus given by

(15-5)

(1.5-3)

where l is the thickness of the plate and ω is the radian frequency of the 
light beam. The phase retardation is defined as the difference of the phase 
delays (exponents) in (1.5-3)

(1.5-4)

Notice that the phase retardation Γ is a measure of the relative change in 
phase, not the absolute change. The birefringence of a typical crystal retar
dation plate is small, that is, |ns — nf| << ns, nf. Consequently, the absolute 
change in phase caused by the plate may be hundreds of times greater than 
the phase retardation. Let Φ be the mean absolute phase change
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Then Equation (1.5-3) can be written in terms of Φ and Γ as

The Jones vector of the polarization state of the emerging beam in the xy 
coordinate system is given by transforming back from the crystal to the 
laboratory coordinate system

By combining Equations (1.5-2), (1.5-6), and (1.5-7), we can write the trans- 
formation due to the retardation plate as

and

(1.5-9)

(1.5-10)

The phase factor e-iΦ can usually be left out.7 A retardation plate, charac- 
terized by its phase retardation Γ and its azimuth angle ψ, is represented by 
the product of three matrices

(1.5-11)

Note that the Jones matrix of a wave plate is a unitary matrix, that is,

where the dagger † signifies the Hermitian conjugate (W*ij = (W†)ji). The 
passage of a polarized light beam through a wave plate is described math
ematically as a unitary transformation. Many physical properties are invar-

7The overall phase factor exp (-iΦ) is only important when the output field V' is combined 
coherently with another field.

(15-6)

(15-7)

(1.5-8)

where R(ψ) is the rotation matrix of (1.5-2) and W0 is the Jones matrix of 
(1.5-6) for the retardation plate. These are given, respectively, by
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iant under unitary transformations; these include the orthogonal relation 
between the Jones vectors and the magnitude of the Jones vectors. Thus, if 
the polarization states of two beams are mutually orthogonal, they will re- 
main orthogonal after passing through an arbitrary wave plate.

The Jones matrix of an ideal, homogeneous, linear, thin platelet polarizer 
oriented with its transmission axis parallel to the laboratory x axis is

where Φ is the absolute phase accumulated due to the finite optical thickness 
of the polarizer. The Jones matrix of a polarizer rotated by an angle ψ about 
z is given by

Example: A Half-Wave Retardation Plate

A half-wave plate has a phase retardation of Γ = π. According to Equation 
(1.5-4), an x-cut8 (or y-cut) uniaxial crystal will act as a half-wave plate, 
provided the thickness is t = λ/2(ne - n0). We will determine the effect of a 
half-wave plate on the polarization state of a transmitted light beam. The 
azimuth angle of the wave plate is taken as 45° and the incident beam as 
vertically (y) polarized. The Jones vector for the incident beam can be written 
as

(1.5-15)

8A crystal plate is called x-cut if its facets are perpendicular to the principal x axis.

(1.5-12)

(1.5-13)

Thus, if we neglect the (in this case unimportant) absolute phase Φ, the Jones 
matrix representations of the polarizers oriented so as to transmit light with 
electric field vectors parallel to the x and y laboratory axes, respectively, 
are given by

(1.5-14)

To find the effect of an arbitrary train of retardation plates and polarizers 
on the polarization state of polarized light, we multiply the Jones vector of 
the incident beam by the ordered product of the matrices of the various 
elements.
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and the Jones matrix for the half-wave plate is obtained by using Equation 
(1.5-11) with Γ = π, ψ = π/4

The Jones vector for the emerging beam is obtained by multiplying Equations 
(1.5-16) and (1.5-15); the result is

(1.5-17)

which corresponds to horizontally (x) polarized light. The effect of the half- 
wave plate is thus to rotate the input polarization by 90°. It can be shown 
that for a general azimuth angle ψ, the half-wave plate will rotate the po- 
larization by an angle 2ψ (see Problem l.7a). In other words, linearly po- 
larized light remains linearly polarized, except that the plane of polarization 
is rotated by an angle of 2ψ.

When the incident light is circularly polarized, a half-wave plate will 
convert right-hand circularly polarized light into left-hand circularly polar
ized light and vice versa, regardless of the azimuth angle. The proof is left 
as an exercise (see Problem 1.7). Figure l.5 illustrates the effect of a half- 
wave plate.

Figure 1-5 The effect of a half-wave plate on the polarization state of a beam.

(1.5-16)
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Example: A Quarter-Wave Plate

A quarter-wave plate has a phase retardation of Γ = π/2. If the plate is made 
of an x-cut (or y-cut) uniaxially anistropic crystal, the thickness is t = 
λ/4 (ne - n0) (or odd multiples thereof). Suppose again that the azimuth 
angle of the plate is ψ = 45° and the incident beam is vertically polarized. 
The Jones vector for the incident beam is given by Equation (1.5-15). The 
Jones matrix for this quarter-wave plate is

The Jones vector of the emerging beam is obtained by multiplying Equations 
(1.5-18) and (1.5-15) and is given by

Figure 1-6 The effect of a quarter-wave plate on the polarization state of a linearly 
polarized input wave.

(1.5-18)

(1.5-19)
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This is a left-hand circularly polarized light. The effect of a 45°-oriented 
quarter-wave plate is thus to convert vertically polarized light into left-hand 
circularly polarized light. If the incident beam is horizontally polarized, the 
emerging beam will be right-hand circularly polarized. The effect of this 
quarter-wave plate is illustrated in Figure 1-6.

Intensity Transmission

Up to this point our development of the Jones calculus was concerned with 
the polarization state of the light beam. In many cases, we need to determine 
the transmitted intensity. The combination of retardation plates and polar
izers is often used to control or modulate the transmitted optical intensity. 
Because the phase retardation of each wave plate is wavelength-dependent, 
the polarization state of the emerging beam and its intensity (when polarizers 
are present) depend on the wavelength of the light. Let us represent the field 
as a Jones vector

The intensity is taken using (1.1-12) and (1.3-24) as proportional to:

If the output beam is given by

the transmissivity of the optical system is calculated as

(1.5-21)

(1.5-22)

(1.5-23)

Example: A Birefringent Plate Sandwiched between Parallel Polarizers

Referring to Figure 1-7, we consider a birefringent plate sandwiched between 
a pair of parallel polarizers. The plate is oriented so that the slow and fast 
axes are at 45° with respect to the polarizer. Let the birefringence be ne — n0 
and the plate thickness be d. The phase retardation is then given by

(1.5-20)

(1.5-24)
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Figure 1-7 A birefringent plate sandwiched between a pair of parallel polarizers.

and the corresponding Jones matrix is, according to Equation (1.5-11), with 
ψ = 45°

(1.5-25)

The incident beam, after it passes through the front polarizer, is polarized 
parallel to y and can be represented by 

we shall take, arbitrarily, the intensity corresponding to (1.5-26) as unity. 
The Jones vector representation of the electric field vector of the transmitted 
beam is obtained as follows:

(1.5-27)

The transmitted beam is y polarized with an intensity given by

(1.5-28)

It can be seen from Equation (1.5-27) that the transmitted intensity is a 
sinusoidal function of the wave number (λ-1) and peaks at λ = (ne - n0)d, 
(ne - n0)d/2, (ne - n0)d/3, . . . . The wave-number separation between trans
mission maxima increases with decreasing plate thickness.

(1.5-26)
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Example: A Birefringent Plate Sandwiched between a Pair of Crossed Polarizers

If we rotate the analyzer shown in Figure 1-7 by 90°, then the input and 
output polarizers are crossed. The transmitted beam for this case is obtained 
as follows:

(1.5-29)

The transmitted beam is horizontally (x) polarized with an intensity relative 
to the input value given by

(1.5-30)

This is again a sinusoidal function of the wave number. The transmission 
spectrum consists of a series of maxima at λ = 2(ne - n0)d, 2(ne - n0)d/3, . . . .  
These wavelengths correspond to phase retardations of π, 3π, 5π, . . . , that 
is, when the wave plate becomes a "half-wave" plate or odd integral mul
tiples of a half-wave plate.

Circular Polarization Representation

Up to this point we represented the state of the propagating field as a vector 
V [Equation (1.5-1)] with components Vx and Vy.

(1.5-31)

The orthogonal unit vectors (basis vector set) in this representation are

(1.5-32)

The above choice is most convenient when dealing with birefringent crystals, 
since the propagating eigenmodes in this case are linearly and orthogonally 
polarized. It is often more convenient to express the field in terms of "basis" 
vectors that are circularly polarized [6]. This is the case, for example, when 
we propagate through a magnetic medium. We define a wave of unit am
plitude seen rotating in the CCW sense by an observer gazing along the +z 
axis as {10}, while {01} denotes a CW rotating wave. As in the case of the
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linearly polarized basis vectors (10) and (01), {10} and {01} constitute a 

complete set that can be used to describe a transverse field of arbitrary 
polarization. Let V be some such field. We can write

The (VxVy) and {V+V-} representations of a given vector can be derived from 

each other by a 2 × 2 matrix9

(1.5-35)

so that T = S-1. As an example, consider a (unit) field polarized along x.
Its rectangular representation is (10), while its rotating representation is

(1.5-37)

i.e., equal and in-phase admixture of the two counter-rotating eigenmodes. 
Conversely, a clockwise, circularly polarized unit wave {01}, for example, 

is expressed in the rectangular representation by

(1.5-38)

Faraday Rotation In certain optical materials containing magnetic atoms 
or ions, the natural modes of propagation are the two counter-rotating, 
circularly-polarized (CP) waves described above. The z direction is usually 
that of an applied magnetic field or that of the spontaneous magnetization. 
As in the case of a birefringent crystal, the two CP modes propagate with 
different phase velocities or, equivalently, have different indices of refrac-

9The form of T implies that at t=0 the rotating waves {10} and {01} are parallel to the x axis.

(1.5-33)

or alternatively

(1.5-34)

(1.5-36)
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tion. This difference is due to the fact that the individual atomic magnetic 
moments precess in a unique sense about the z axis and thus interact 
differently (have slightly displaced resonances) with the two CP waves. 
Using the notation of (1.5-34), we can describe the propagation of a wave 
with arbitrary transverse polarization by first resolving it, at z = 0, into its 
components {0V+(0)} and {0V-(0)} and propagating each component with 

its appropriate phase delay through the magnetic medium 

where θ± ≡ (ω/c) n±z is the phase delay for the (+) or (-) circularly polarized 
wave. Ignoring the prefactor exp[-(i/2)(θ+ + θ-)] (it is only relative phase 
delays that are of interest here) we rewrite (1.5-39) as

(1.5-40)

(1.5-41)

The reason for calling θF the Faraday rotation angle becomes clear if we 
consider the effect of a magnetic medium on an incident wave that is de
scribed in the rectangular component representation

(1.5-42)

where R(-θF) is, according to (1.5-2), the matrix representing a rotation by 
-θF about the z axis. The output field is thus rotated by -θF with respect 
to the input field.

There exists a basic difference between propagation in a magnetic me
dium and in a dielectric birefringent medium. Consider the latter case first. 
An x'-polarized eigenwave, for instance, propagating along the z direction 
in a birefringent crystal has a phase velocity c/nx, where x' is a principal 
dielectric axis. The same applies to the wave propagating in the reverse 
direction. The medium is reciprocal. In a magnetic medium the story is quite

(1.5-39)

(1.5-43)



Figure 1-8 (a) A Faraday isolator comprised of two polarizers rotated by 45° 
relative to each other on either side of a magnetic medium with θf = 45°. (b) A 
cross-sectional view of a practical commercial isolator. (Courtesy of Namiki 
Precision Jewel Company)

28
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different. Let a linearly polarized wave traveling from left to right a distance 
L (in the +z direction) undergo a (Faraday) rotation of its plane of polari- 
zation of +θ (the sign signifies the sense of the rotation about the direction 
of propagation). A wave traveling in the -z direction in the crystal will 
experience a rotation of -θ(L) about the new direction (-z) of propagation. 
This is because the magnetic field or, equivalently, the magnetic polarization 
now points in the opposite direction relative to the direction of propagation. 
(The wave can differentiate between +z and -z—something that it cannot 
do in a birefringent crystal). The medium is termed nonreciprocal. The net 
effect of a round trip through the medium of length L is that the plane of 
polarization of the beam returning to the starting, z = 0 plane, is rotated by 
2θf(L). This Faraday rotation is used to make optical isolators to block off 
back-reflected radiation. The basic configuration of a Faraday isolator is 
illustrated in Figure 1-8 (a) and (b). A linearly polarized incident wave is 
rotated by 45° in passage through the Faraday medium and then passed fully 
by the output polarizer. A reflected wave is rotated an additional 45° in the 
return trip and is thus blocked off by the input polarizer. Faraday isolators 
now form an integral part of most optical communication systems employing 
semiconductor diode lasers since such lasers are extremely sensitive to even 
small amounts of reflected light that cause instabilities in their power and 
frequency characteristics.

Problems

1.1 Consider the problem of finding the time average 

where 

and A1,2 = |A1,2|eiΦ1,2. Va(t) is called the analytical signal of a(t). Assume that 
(ω1 - ω2) ≪ ω1 and integrate over a time T, which is long compared to the 
period 2π/ω1,2 but short compared to the beat period 2π/(ω1 - ω2).10 Show 
that

10When this condition is fulfilled, a(t) consists of a sinusoidal function with a "slowly" varying 
amplitude and is often called a quasi-sinusoid.

of
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1.2 Show how we can use the analytic functions as defined by Problem 1.1 
to find the time average 

where a(t) is the same as in Problem 1.1, and the analytic function of b(t) 
is 

so that b(t) = Re[Vb(t)]. Assume that the difference between any two of the 
frequencies ω1, ω2, ω3, and ω4 is small compared to the frequencies them
selves. (Answer: a(t)b(t) = ½ Re[Va(t)V*b(t)].)

1.3 Derive Equation (1.2-21).

1.4 Starting with Maxwell's curl equations [(1.2-1), (1.2-2)] and taking i = 0, 
show that in the case of a harmonic (sinusoidal) uniform plane wave, the 
field vectors e and h are normal to each other as well as to the direction of 
propagation. [Hint: Assume the wave to have the form ei(ωt-k·r) and show 
by actual differentiation that we can formally replace the operator ▽ in 
Maxwell's equations by - ik.]

1.5 Derive Equation (1.3-19).

1.6 A linearly polarized electromagnetic wave is incident normally at z = 0 
on the x-y face of a crystal so that it propagates along its z axis. The crystal 
electric permeability tensor referred to x, y, and z is diagonal with elements 
ε11, ε22, and ε33. If the wave is polarized initially so that it has equal com
ponents along x and y, what is the state of its polarization at the plane z, 
where

Plot the position of the electric field vector in this plane at times t = 0, π/6ω, 
π/3ω, π/2ω, 2π/3ω, 5π/6ω.

1.7 Half-wave plate. A half-wave plate has a phase retardation of Γ = π. 
Assume that the plate is oriented so that the azimuth angle (i.e., the angle 
between the x axis and the slow axis of the plate) is ψ.

a. Find the polarization state of the transmitted beam, assuming that the 
incident beam is linearly polarized in the y direction.

b. Show that a half-wave plate will convert right-hand circularly polarized 
light into left-hand circularly polarized light, and vice versa, regardless 
of the azimuth angle of the plate.

c. Lithium tantalate (LiTaO3) is a uniaxial crystal with n0 = 2.1391 and 
ne = 2.1432 at λ = 1 μm. Find the half-wave-plate thickness at this wave
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length, assuming the plate is cut in such a way that the surfaces are 
perpendicular to the x axis of the principal coordinate (i.e., x-cut).

1.8 Quarter-wave plate. A quarter-wave plate has a phase retardation 
of Γ = π/2. Assume that the plate is oriented in a direction with azimuth 
angle ψ.

a. Find the polarization state of the transmitted beam, assuming that the 
incident beam is polarized in the y direction.

b. If the polarization state resulting from (a) is represented by a complex 
number on the complex plane, show that the focus of these points as ψ 
varies from 0 to ½π is a branch of a hyperbola. Obtain the equation of 
the hyperbola.

c. Quartz (α = SiO2) is a uniaxial crystal with n0 = 1.53283 and ne = 1.54152 
at λ = 1.1592 μm. Find the thickness of an x-cut quartz quarter-wave 
plate at this wavelength.

1.9 A matrix A is called unitary if 

where 1 is the unity matrix and the Hermitian conjugate A† of matrix A is 
defined by (A†)ij = A*ji. Show that if A is unitary

This property will be needed in Problem 1.10f.

1.10 Polarization transformation by a wave plate. A wave plate is char
acterized by its phase retardation Γ and azimuth angle ψ.

a. Find the polarization state of the emerging beam, assuming that the in- 
cident beam is polarized in the x direction.

b. Use a complex number to represent the resulting polarization state ob
tained in (a).

c. The polarization state of the incident x-polarized beam is represented by 
a point at the origin of the complex plane. Show that the transformed 
polarization state can be anywhere on the complex plane, provided Γ can 
be varied from 0 to 2π and ψ can be varied from 0 to ½π. Physically, this 
means that any polarization state can be produced from linearly polarized 
light, provided a proper wave plate is available.

d. Show that the focus of these points in the complex plane obtained by 
rotating a wave plate from ψ = 0 to ψ = ½π is a hyperbola. Derive the 
equation of this hyperbola.

e. Show that the Jones matrix W of a wave plate is unitary, that is,

where the dagger indicates Hermitian conjugation [see Equation (1.5-11)].
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f. Let V'1 and V'2 be the transformed Jones vectors of V1 and V2, respectively. 
Show that if V1 and V2 are orthogonal, so are V'1 and V'2. (A and B are 
orthogonal if A ∙ B* = 0.)

1.11 Show that the (Jones) matrix (in the rectangular eigenwave represen
tation) of a birefringent plate with a retardation Γ that is rotated by an angle 
ψ from the x axis is

where A(k) is an arbitrary vector lying on a plane normal to k and k2 = ω2με. 
b. Show that if E(r) is specified at some plane S, say the plane z = 0, as

E(x,y,0), then

where k = xkx + ŷky + z √k2 — k2x — k2y. [Hint: Compare Equations (1) 
and (2) with z = 0 to the integral Fourier transform relationships.]

c. Assume that at z = 0 the field is given by

Derive an expression for the intensity transmission through a system con- 
sistent of a polarizer || to x, a Faraday rotator θ, wave plate with retardation 
Γ rotated an angle ψ from the x axis, and a crossed output polarizer (|| to y).

1.12

a. Show that (AB)† = B†A†.
b. Show that if an optical element is represented by a unitary matrix, the 

intensity of an incident wave of arbitrary polarization is preserved in 
passage through the element.

c. Show that the matrix representing a train of arbitrary retardation plates 
is unitary.

1.13

a. Show that in an isotropic medium we can take the general solution of the 
wave equation of a monochromatic field

as

(1)

(2)
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and is zero everywhere else. Find the spreading angle of the beam far 
away to the right of the aperture. [Hint: Each k signifies a direction of 
propagation so that |A(k)|2 contains information about the angular spread 
of the beam to the right of the aperture.]

1.14 Consider light propagating through a sequence of λ/2 retardation plates 
(Γ = π) as shown:

Each unit cell consists of two plates whose surfaces are normal to ŷ—one 
with its f (fast) axis || to z and one rotated by Φ about x. Find the effect of 
propagation through N cells on a beam initially polarized as shown. Solve 
the problem first by simple considerations, if possible, then formally.

1.15 Show that if we define 

in a crystal, then 

a. Recall that ε is a tensor.
b. After giving the problem a real try, you may consult Optical Waves in 

Crystals, A. Yariv and P. Yeh, New York: Wiley, p. 79, 1983.

1.16 Derive the transfer matrix of a polarizer whose transmission direction 
is rotated by α from the laboratory x axis.

1.17 Prove relation (1.5-33).
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2
The Propagation 

of Rays and 

Beams

2.0 INTRODUCTION

In this chapter we take up the subject of optical ray propagation through a 
variety of optical media. These include homogeneous and isotropic materials, 
thin lenses, dielectric interfaces, and curved mirrors. Since a ray is, by 
definition, normal to the optical wavefront, an understanding of the ray 
behavior makes it possible to trace the evolution of optical waves when they 
are passing through various optical elements. We find that the passage of a 
ray (or its reflection) through these elements can be described by simple 
2 × 2 matrices. Furthermore, these matrices will be found to describe the 
propagation of spherical waves and of Gaussian beams such as those char
acteristic of the output of lasers. Gaussian beam propagation is analyzed in 
second half of the chapter.

Consider a paraxial ray1 passing through a thin lens of focal length f as 
shown in Figure 2-1. Taking the cylindrical axis of symmetry as z, denoting 
the ray distance from the axis by r and its slope dr/dz as r', we can relate

1By paraxial ray we mean a ray whose angular deviation from the cylindrical (z) axis is small 
enough that the sine and tangent of the angle can be approximated by the angle itself.

35

2.1 LENS WAVEGUIDE
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Figure 2-1 Deflection of a ray by a thin lens.

the output ray (rout, r'out) to the input ray (rin, r'in) by means of

(2.1-1)

where the first of (2.1-1) follows from the definition of a thin lens and the 
second can be derived from a consideration of the behavior of the undeflected 
central ray with a slope equal to r'in, as shown in Figure 2-1.

Representing a ray at any position z as a column matrix,

We can rewrite (2.1-1) using the rules for matrix multiplication (see Refer
ences [l]-[3]) as 

where f > 0 for a converging lens and is negative for a diverging one.
The ray matrices for a number of other optical elements are shown in 

Table 2-1.
Consider as an example the propagation of a ray through a Straight 

section of a homogeneous medium of length d followed by a thin lens of 
focal length f. This corresponds to propagation between planes a and b in 
Figure 2-2. Since the effect of the straight section is merely that of increasing 
r by dr', using (2.1-1) we can relate the output b and input (at a) rays by:

(2.1-3)

(2.1-2)
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Table 2-1 Ray Matrices for Some Common Optical Elements and Media

(1) Straight Section: 
Length d

(2) Thin Lens: 
Focal length f 
(f  > 0, converging; 
f < 0, diverging)

(3) Dielectric Interface: 
Refractive indices
n1, n2

(4) Spherical Dielectric 
Interface: 
Radius R

(5) Spherical Mirror: 
Radius of 
curvature R

(6) A medium with a 
quadratic index profile
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Notice also that the matrix corresponds to the product of the thin lens matrix 
times the straight section matrix as given in Table 2-1.

We are now in a position to consider the propagation of a ray through 
a biperiodic lens system made up of lenses of focal lengths f1 and f2 separated 
by d as shown in Figure 2-2. This will be shown in the next chapter to be 
formally equivalent to the problem of Gaussian-beam propagation inside an 
optical resonator with mirrors of radii R1 = 2f1 and R2 = 2f2 that are 
separated by d.

The section between the planes s and s + 1 can be considered as the 
basic unit cell of the periodic lens sequence. The matrix relating the ray 
parameters at the output of a unit cell to those at the input is the product 
of two matrices, one for each lens, each of which is of the form of the matrix 
in (2.1-3).

(2.1-5)

where A, B, C, and D are the elements of the matrix resulting from multi- 
plying the two square matrices in (2.1-4) and are given by

(2.1-6)

(2.1-7)

(2.1-8)

(2.1-4)

or, in equation form,

From the first of (2.1-5) we get

and thus



LENS WAVEGUIDE 39

Figure 2-2 Propagation of an optical ray through a biperiodic lens sequence.

Using the second of (2.1-5) in (2.1-8) and substituting for r's from (2.1-7) 
gives

(2.1-14)

(2.1-9)

for the difference equation governing the evolution through the lens wave- 
guide. Using (2.1-6) we can show that AD - BC = 1. We can consequently 
rewrite (2.1-9) as

(2.1-10)

where (2.1-11)

Equation (2.1-10) is the equivalent, in terms of difference equations, of 
the differential equation r" + Gr = 0, whose solution is r(z) = 
r(0)exp[±i√Gz]∙ We are thus led to try a solution in the form of

which, when substituted in (2.1-10), leads to

(2.1-12)

and therefore

(2.1-13)

where cos θ = b.
The general solution can be taken as a linear superposition of exp(isθ) 

and exp(-isθ) solutions or equivalently as
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where rmax = r0/sin α and α can be expressed using (2.1-8) in terms of r0 
and r'0.

The condition for a stable, that is, confined, ray is that θ be a real number, 
since in this case the ray radius rs oscillates as a function of the cell number 
s between rmax and -rmax. According to (2.1-13), the necessary and sufficient 
condition for θ to be real is that [5]

In terms of the system parameters, we can use (2.1-11) to reexpress (2.1-15)

or

(2.1-16)

If, on the other hand, the stability condition |b| ≤ 1 is violated, we obtain, 
according to (2.1-10), a solution in the form of

where ea± = b ± √b2 - 1, and, since the magnitude of either exp(α+) or 
exp(α-) exceeds unity, the beam radius will increase without limit as a 
function of (distance) s.

ldentical-Lens Waveguide

The simplest case of a lens waveguide is one in which f1 = f2 = f; that is, 
all lenses are identical.

The analysis of this situation is considerably simpler than that used for 
a biperiodic lens sequence. The reason is that the periodic unit cell (the 
smallest part of the sequence that can, upon translation, recreate the whole 
sequence) contains a single lens only. The (A, B, C, D) matrix for the unit 
cell is given by the square matrix in (2.1-3). Following exactly the steps 
leading to (2.1-11) through (2.1-14), the stability condition becomes

Because of the algebraic simplicity of this problem we can easily express 
rmax and α in (2.1-19) in terms of the initial conditions r0 and r'0, obtaining

(2.1-15)

(2.1-17)

(2.1-18)

and the beam radius at the nth lens is given by

(2.1-19)
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(2.1-20)

where n corresponds to the plane immediately to the right of the nth lens. 
The derivation of the last two equations is left as an exercise (Problem 2.1).

The stability criteria can be demonstrated experimentally by tracing the 
behavior of a laser beam as it propagates down a sequence of lenses spaced 
uniformly. One can easily notice the rapid escape of the beam once condition 
(2.1-18) is violated.

Another important application of the formalism just developed concerns the 
bouncing of a ray between two curved mirrors. Since the reflection at a 
mirror with a radius of curvature R is equivalent, except for the folding of 
the path, to passage through a lens with a focal length f = R/2, we can use 
the formalism of the preceding section to describe the propagation of a ray 
between two curved reflectors with radii of curvature R1 and R2, which are 
separated by d. Let us consider the simple case of a ray that is injected into 
a symmetric two-mirror system as shown in Figure 2-3(a). Since the x and 
y coordinates of the ray are independent variables, we can take them ac
cording to (2.1-19) in the form of

Reentrant RayS

If θ in (2.2-1) satisfies the condition

where v and l are any two integers, a ray will return to its starting point 
following v round trips and will thus continuously retrace the same pattern 
on the mirrors. If we consider as an example the simple case of l = 1, 
v = 2, so that θ = π/2, from (2.1-19) we obtain d = 2f = R; that is, if the 
mirrors are separated by a distance equal to their radius of curvature R, the 
trapped ray will retrace its pattern after two round trips (v = 2). This situation

(2.1-21)

2.2 PROPAGATION OF RAYS BETWEEN MIRRORS [6]

(2.2-1)

where n refers to the ray parameter immediately following the nth reflection. 
According to (2.2-1), the locus of the points xn, yn on a given mirror lies on 
an ellipse.

(2.2-2)
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Figure 2-3 (a) Path of a ray injected in plane of figure into the space between two 
mirrors. (b) Reentrant ray in confocal (d = R) mirror configuration repeating its 
pattern after two round trips.

(d = R) is referred to as symmetric confocal, since the two mirrors have a 
common focal point f = R/2. It will be discussed in detail in Chapter 4. The 
ray pattern corresponding to v = 2 is illustrated in Figure 2-3(b).

2.3 RAYS IN LENSLIKE MEDIA [7]

The basic physical property of lenses that is responsible for their focusing 
action is the fact that the optical path across them f n(r, z) dz (where n is 
the index of refraction of the medium) is a quadratic function of the distance 
r from the z axis. Using ray optics, we account for this fact by a change in 
the ray's slope as in (2.1-1). This same property can be represented by 
relating the complex field amplitude of the incident optical field Er(x, y) 
immediately to the right of an ideal thin lens to that immediately to the left 
El(x, y) by

(2.3-1)

where f is the focal length and k = 2πn/λ0.
The effect of the lens, therefore, is to cause a phase shift k(x2 + y2)/2f, 

which increases quadratically with the distance from the axis. We consider 
next the closely related case of a medium whose index of refraction n varies 
according to2

2 Equation (2.3-2) can be viewed as consisting of the first two terms in the Taylor series expansion 
of n(x, y) for the radial symmetric case.

(2.3-2)

where k2 is a constant. Since the phase delay of a wave propagating through 
a section dz of a medium with an index of refraction n is (2π dz/λ0)n, it 
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follows directly that a thin slab of the medium described by (2.3-2) will 
act as a thin lens, introducing [as in (2.3-1)] a phase shift proportional to 
(x2 + y2). The behavior of a ray in this case is described by the differential 
equation that applies to ray propagation in an optically inhomogeneous 
medium [8],

Figure 2-4 Path of a ray in a medium with a quadratic index variation. 

(2.3-3)

where s is the distance along the ray measured from some fixed position on 
it and r is the position vector of the point at s. For paraxial rays we may 
replace d/ds by d/dz and, using (2.3-2), obtain

(2.3-4)

If at the input plane z = 0 the ray has a radius r0 and slope r'0, we can write 
the solution of (2.3-4) directly as

That is, the ray oscillates back and forth across the axis, as shown in Figure 
2-4. A section of the quadratic index medium acts as a lens. This can be 
proved by showing, using (2.3-5), that a family of parallel rays entering at 
z = 0 at different radii will converge upon emerging at z = l to a common 
focus at a distance

(2.3-6) 

(2.3-5)
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from the exit plane. The factor n0 accounts for the refraction at the boundary, 
assuming the medium at z > l to possess an index n = 1 and a small angle 
of incidence. The derivation of (2.3-6) is left as an exercise (Problem 2.3).

Equations (2.3-5) apply to a focusing medium with k2 > 0. In a medium 
where k2 < 0—that is, where the index increases with the distance from the 
axis—the solutions for r(z) and r'(z) become 

so that r(z) increases with distance and eventually escapes. A section of 
such a medium acts as a negative lens.

Physical situations giving rise to quadratic index variation include:

1. Propagation of laser beams with Gaussian-like intensity profile in a slightly 
absorbing medium. The absorption heating gives rise, because of the 
dependence of n on the temperature T, to an index profile [9]. If dn/dT
< 0, as is the case for most materials, the index is smallest on the axis 
where the absorption heating is highest. This corresponds to a k2 < 0 
in (2.3-2) and the beam spreads with the distance z. If dn/dT > 0, as in 
certain lead glasses [10], the beams are focused.

2. In optically pumped solid-state laser rods, the portion of the absorbed 
pump power that is not converted to laser radiation is conducted as heat 
to the rod surface. This heat conduction requires a temperature gradient 
in which T is maximum on axis. The dependence of n on T then gives 
rise to a positive lens effect for dn/dT > 0 and a negative lens for dn/dT
< 0.

3. Dielectric waveguides made by sandwiching a layer of index n1 between 
two layers with index n2 < n1. This situation will be discussed further 
in Chapter 7 in connection with injection lasers.

4. Optical fibers produced by cladding a thin optical fiber (whose radius is 
comparable to λ) of an index n1 with a sheath of index n2 < n1. Such 
fibers are used as light pipes.

5. Optical waveguides consisting of glasslike rods or filaments, with radii 
large compared to λ, whose index decreases with increasing r. Such 
waveguides can be used for the simultaneous transmission of a number 
of laser beams, which are injected into the waveguide at different angles. 
It follows from (2.3-5) that the beams will emerge, each along a unique 
direction, and consequently can be easily separated. Furthermore, in 
view of its previously discussed lens properties, the waveguide can be 
used to transmit optical image information in much the same way as 
images are transmitted by a multielement lens system to the image plane 
of a camera [11].

(2.3-7)
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2.4 WAVE EQUATION IN QUADRATIC INDEX MEDIA

The most widely encountered optical beam in quantum electronics is one 
where the intensity distribution at planes normal to the propagation direction 
is Gaussian. To derive its characteristics we start with the Maxwell equations 
in an isotropic charge-free medium.

(2.4-1)

Taking the curl of the second of (2.4-1) and substituting the first results in

where we used ▽ × ▽ × E ≡ ▽(▽ ∙ E) - ∇2E. If we assume the field quantities 
to vary as E(x, y, z, t) = Re[E(x, y, z)eiωt] and neglect the right side of 
(2.4-2),3 we obtain

where
(2.4-3)

thus allowing for a possible dependence of ε on position r. We have also 
taken k as a complex number to allow for the possibility of losses (σ > 0) 
or gain (σ < 0) in the medium.4

We limit our derivation to the case in which k2(r) is given by

where, according to (2.4-4),

so that k2 is some constant characteristic of the medium. Furthermore, we 
assume a solution whose transverse dependence is on r = √x2 + y2 only, 
so that in (2.4-3) we can replace ∇2 by

(2.4-6)

3This neglect is justified if the fractional change of ε in one optical wavelength is ≪ 1.
4If k is complex (for example, kr + iki), then a traveling electromagnetic plane wave has the 
form of exp[i(ωt - kz)] = exp[+kiz + i(ωt - krz)].

(2.4-2)

(2.4-4)

(2.4-5)
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The kind of propagation we are considering is that of a nearly plane 
wave in which the flow of energy is predominantly along a single (for ex- 
ample, z) direction so that we may limit our derivation to a single transverse 
field component E. Taking E as

where ψ' ≡ ∂ψ/∂z and where we assume that the variation is slow enough 
that kψ' ≫ ψ" ≪ k2ψ.

Next we take ψ in the form of

(2.4-9)

that, when substituted into (2.4-8) and after using (2.4-6), gives

(2.4-10)

If (2.4-10) is to hold for all r, the coefficients of the different powers of r 
must be equal to zero. This leads to [7]

The wave equation (2.4-3) is thus reduced to (2.4-11).

2.5 GAUSSIAN BEAMS IN A HOMOGENEOUS MEDIUM

We start with Equation (2.4-11)

(2.5-1)

(2.5-4)

(2.4-7)

we obtain from (2.4-3) and (2.4-5) in a few simple steps,

(2.4-8)

(2.4-11)

In a homogeneous medium the quadratic coefficient k2 of (2.4-5) is zero so 
that

(2.5-2)

or

(2.5-3)
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where q0 is an arbitrary integration constant. From (2.4-11) and (2.5-4) we 
have

so that

(2.5-5)

(2.5-6)

where the new constant of integration was chosen as c = ilnq0
Combining (2.5-5) and (2.5-6) in (2.4-9), we obtain

(2.5-7)

We take q0 to be purely imaginary and reexpress it in terms of a new constant 
ω0 as

(2.5-8)

The choice of imaginary q0 will be found to lead to physically meaningful 
waves whose energy density is confined near the z axis. With this last sub
stitution, let us consider, one at a time, the two factors in (2.5-7). The first 
one becomes

(2.5-9)

where we used ln(a + ib) = ln√a2 + b2 + i tan-1(b/a). Substituting (2.5-8) 
in the second term of (2.5-7) and separating the exponent into its real and 
imaginary parts, we obtain

(2.5-10)

If we define the following parameters

(2.5-11)

(2.5-12)
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(2.5-13)

we can combine (2.5-9) and (2.5-10) in (2.5-7) and, recalling that E(x, y, 
z) = ψ(x, y, z)exp(-ikz), obtain

(2.5-14)

This is our basic result. We refer to it as the fundamental Gaussian-beam 
solution, since we have excluded the more complicated solutions of (2.4-3) 
(that is, those with azimuthal variation) by limiting ourselves to transverse 
dependence involving r = (x2 + y2)1/2 only. These higher-order modes will 
be discussed separately.

5Actually, it follows from (2.5-14) that, with the exception of the immediate vicinity of the 
plane z = 0. the wavefronts are parabolic since they are defined by k[z + (r2/2R)] = const. 
For r2 ≪ z2, the distinction between parabolic and spherical surfaces is not important.

From (2.5-14) the parameter ω(z), which evolves according to (2.5-11), 
is the distance r at which the field amplitude is down by a factor 1/e compared 
to its value on the axis. We will consequently refer to it as the beam spot 
size. The parameter ω0 is the minimum spot size. It is the beam spot size at 
the plane z = 0. The parameter R in (2.5-14) is the radius of curvature of 
the very nearly spherical wavefronts at z.5 We can verify this statement by 
deriving the radius of curvature of the constant phase surfaces (wavefronts) 
or, more simply, by considering the form of a spherical wave emitted by a 
point radiator placed at z = 0. It is given by

1
R

exp (2.5-15)

since z is equal to R, the radius of curvature of the spherical wave. Comparing 
(2.5-15) with (2.5-14), we identify R as the radius of curvature of the Gaussian 
beam. The convention regarding the sign of R(z) is that it is negative if the 
center of curvature occurs at z' > z and vice versa.

The form of the fundamental Gaussian beam is, according to (2.5-14), 
uniquely determined once its minimum spot size ω0 and its location—that
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Figure 2-5 Propagating Gaussian beam.

is, the plane z = 0—are specified. The spot size ω and radius of curvature 
R at any plane z are then found from (2.5-11) and (2.5-12). Some of these 
characteristics are displayed in Figure 2-5. The hyperbolas shown in this 
figure correspond to the ray direction and are intersections of planes that 
include the z axis and the hyperboloids

2.6 FUNDAMENTAL GAUSSIAN BEAM IN A LENSLIKE MEDIUM—THE ABCD LAW

We now return to the general case of a lenslike medium so that k2 ≠ 0. The
P and q functions of (2.4-9) obey, according to (2.4-11)

(2.5-16)

These hyperbolas correspond to the local direction of energy propagation.
The spherical surfaces shown have radii of curvature given by (2.5-12). For 
large z the hyperboloids x2 + y2 = ω2 are asymptotic to the cone

(2.5-17)

whose half-apex angle, which we take as a measure of the angular beam 
spread, is

(2.5-18)

This last result is a rigorous manifestation of wave diffraction according 
to which a wave that is confined in the transverse direction to an aperture 
of radius ω0 will spread (diffract) in the far field (z ≫ πω20n/λ) according to 
(2.5-18).

(2.6-1)
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If we introduce the function s defined by

(2.6-2)

we obtain from (2.6-1) 

so that

(2.6-3)

where a and b are arbitrary constants.
Using (2.6-3) in (2.6-2) and expressing the result in terms of an input 

value q0 gives the following result for the complex beam radius q(z)

The physical significance of q(z) in this case can be extracted from (2.4-9). 
We expand the part of ψ(r, z) that involves r. The result is

If we express the real and imaginary parts of q(z) by means of

(2.6-5)

we obtain 

so that ω(z) is the beam spot size and R its radius of curvature, as in the 
case of a homogeneous medium, which is described by (2.5-14). For the 
special case of a homogeneous medium (k2 = 0), (2.6-4) reduces to (2.5-4).

Transformation of the Gaussian Beam—the ABCD Law

We have derived above the transformation law of a Gaussian beam (2.6-4) 
propagating through a lenslike medium that is characterized by k2. We note 
first by comparing (2.6-4) to Table 2-1(6) and to (2.3-5) that the transformation 
can be described by

(2.6-6)

(2.6-4)
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where A, B, C, D are the elements of the ray matrix that relates the ray (r, 
r') at a plane 2 to the ray at plane 1. It follows immediately that the prop
agation through, or reflection from, any of the elements shown in Table 2-1 
also obeys (2.6-6), since these elements can all be viewed as special cases 
of a lenslike medium. For future reference we note that by applying (2.6-6) 
to a thin lens of focal length f we obtain from (2.6-6) and Table 2-1(2)

so that using (2.6-5)

(2.6-7)

(2.6-8)

These results apply, as well, to reflection from a mirror with a radius of 
curvature R if we replace f by R/2.

Consider next the propagation of a Gaussian beam through two lenslike 
media that are adjacent to each other. The ray matrix describing the first 
one is (A1, B1, C1, D1) while that of the second one is (A2, B2, C2, D2). Taking 
the input beam parameter as q1 and the output beam parameter as q3, we 
have from (2.6-6)

(2.6-9)

where (AT, BT, CT, DT) are the elements of the ray matrix relating the output 
plane (3) to the input plane (1), that is,

(2.6-10)

It follows by induction that (2.6-9) applies to the propagation of a Gaus- 
sian beam through any arbitrary number of lenslike media and elements. 
The matrix (AT, BT, CT, DT) is the ordered product of the matrices char
acterizing the individual members of the chain.

The great power of the ABCD law is that it enables us to trace the 
Gaussian beam parameter q(z) through a complicated sequence of lenslike 
elements. The beam radius R(z) and spot size ω(z) at any plane z can be

for the beam parameter at the output of medium 1 and

and after combining the last two equations,
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recovered through the use of (2.6-5). The application of this method will be 
made clear by the following example.

Example: Gaussian Beam Focusing

As an illustration of the application of the ABCD law, we consider the case 
of a Gaussian beam that is incident at its waist on a thin lens of focal length 
f, as shown in Figure 2-6. We will find the location of the waist of the output 
beam and the beam radius at that point.

At the input plane 1 ω = ω01, R1 = ∞ so that 

using (2.6-8) leads to

At plane 3 we obtain, using (2.5-4),

Since plane 3 is, according to the statement of the problem, to correspond 
to the output beam waist, R3 = ∞. Using this fact in the last equation leads 
to

(2.6-11)

as the location of the new waist, and to

(2.6-12)
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Figure 2-6 Focusing of a Gaussian beam.

for the output beam waist. The confocal beam parameter 

is, according to (2.5-11), the distance from the waist in which the input beam 
spot size increases by √2 and is a convenient measure of the convergence 
of the input beam. The smaller z01, the "stronger" the convergence.

2.7 A GAUSSIAN BEAM IN LENS WAVEGUIDE

As another example of the application of the ABCD law, we consider the 
propagation of a Gaussian beam through a sequence of thin Ienses, as shown 
in Figure 2-2. The matrix, relating a ray in plane s + 1 to the plane s = 1 is

(2.7-1)

where (A, B, C, D) is the matrix for propagation through a single two-lens, 
unit cell (∆s = 1) and is given by (2.1-6). We can use a well-known formula 
for the sth power of a matrix with a unity determinant (unimodular) to obtain

(2.7-2)
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The condition for the confinement of the Gaussian beam by the lens sequence 
is, from (2.7-4), that θ be real; otherwise, the sine functions will yield growing 
exponentials. From (2.7-3), this condition becomes |cos θ| ≤  1, or

2.8 HIGH-ORDER GAUSSIAN BEAM MODES IN A HOMOGENEOUS MEDIUM

The Gaussian mode treated up to this point has a field variation that depends 
only on the axial distance z and the distance r from the axis. If we do not 
impose the condition ∂/∂Φ = 0 (where Φ is the azimuthal angle in a cylindrical 
coordinate system (r, Φ, z)) and take k2 = 0, the wave equation (2.4-3) has 
solutions in the form of [12]

where Hl is the Hermite polynomial of order l, and ω(z), R(z), q(z), and η 
are defined as in (2.5-11) through (2.5-13).

We note for future reference that the phase shift on the axis is

(2.8-2)

where

(2.7-3)

and then use (2.7-2) in (2.6-9) with the result

(2.7-4)

(2.7-5)

that is, the same as condition (2.1-16) for stable-ray propagation.

(2.8-1)
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The transverse variation of the electric field along x (or y) is seen to be of 
the form Hl(ξ)exp(-ξ2/2) where ξ = √2x/ω. This function has been studied 
extensively, since it corresponds, also, to the quantum mechanical wave
function ul(ξ) of the harmonic oscillator [13]. Some low-order functions 
normalized to represent the same amount of total beam power are shown in 
Figure 2-7. Photographs of actual field patterns are shown in Figure 2-8. 
Note that the first four correspond to the intensity |ul(ξ)|2 plots (l = 0, 1, 2, 
3) of Figure 2-7.

2.9 HIGH-ORDER GAUSSIAN BEAM MODES IN QUADRATIC INDEX MEDIA

In Section 2.6 we treated the propagation of a circularly symmetric Gaussian 
beam in lenslike media. Here we extend the treatment to higher-order modes 
and limit our attention to steady-state (that is, q(z) = const.) solutions in 
media whose index of refraction can be described by

(2.9-1a)

(2.9-1b)

We consider some (scalar) component E of the last equation and assume 
a solution in the form

Taking ψ(x, y) = f(x)g(y) the wave equation (2.9-1b) becomes

(2.9-3)

where C is some constant. Consider first (2.9-4). Defining a variable ξ by

(2.9-5)

that is consistent with (2.4-5) if we put k2 = 2πn2/λ.
The vector-wave equation (2.4-3) takes the form

(2.9-2)

Since (2.9-2) is the sum of a y dependent part and an x dependent part, it 
follows that

(2.9-4)
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This is a well-known differential equation and is identical to the Schrödinger 
equation of the harmonic oscillator [13]. The eigenvalue C/α2 must satisfy

Figure 2-7 Hermite-Gaussian functions ul(ξ) = (π1/2l!2l)-1/2Hl(ξ)e-ξ2/2 
corresponding to higher-order beam solutions (Equation 2.8-1). The curves are 
normalized so as to represent a fixed amount of total beam power in all the modes

(2.9-4) becomes

(2.9-6)

(2.9-7)

The solid curves are the functions ul(ξ) for l = 0, 1, 2, 3, and 10. The dashed 
curves are u2l(ξ).
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and corresponding to an integer m, the solution is

(2.9-8)

Figure 2-7 (continued)

where Hm is the Hermite polynomial of order m.
We now repeat the procedure with (2.9-3). Substituting
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it becomes

Figure 2-8 Intensity photographs of some low-order Gaussian beam modes. (After 
Reference [14].)
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so that, as in (2.9-7),

(2.9-9)

and

(2.9-10)

where the "spot size" ω is, according to (2.9-5),

(2.9-11)

The total (complex) field is

(2.9-12)

(2.9-13)

The propagation constant βl,m of the l, m mode is obtained from (2.9-7) 
and (2.9-9)

The total solution for ψ is thus

Two features of the mode solutions are noteworthy. (1) Unlike the ho
mogeneous medium solution (n2 = 0), the mode spot size ω is independent 
of z. This can be explained by the focusing action of the index variation 
(n2 > 0), which counteracts the natural tendency of a confined beam to dif
fract (spread). In the case of an index of refraction which increases with 
r(n2 < 0), it follows from (2.9-11) and (2.9-12) that ω2 < 0 and no confined 
solutions exist. The index profile in this case leads to defocusing, thus rein
forcing the diffraction of the beam. (2) The dependence of β on the mode 
indices l, m causes the different modes to have phase velocities vl,m = ω/βl,m 
as well as group velocities (vg)l,m = dω/dβl,m that depend on l and m.

Let us consider the modal dispersion (that is, the dependence on l and 
m) of the group velocity of mode l, m

(2.9-14)
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(2.9-15)

If the index variation is small so that 

we can approximate (2.9-13) as

(2.9-16)

so that, according to (2.9-14),

(2.9-17)

The effect of the group velocity dispersion on pulse propagation is considered 
next.

Pulse Spreading in Quadratic Index GlaSS Fibers

Glass fibers with quadratic index profiles (2.9-1a) are excellent channels for 
optical communication systems [15, 16]. The information is coded onto trains 
of optical pulses and the channel information capacity is thus fundamentally 
limited by the number of pulses that can be transmitted per unit time [17, 
18].

There are two ways in which the group velocity dispersion limits the 
pulse repetition rate of the quadratic index channel.

1. Modal Dispersion If the optical pulses fed into the input end of the fiber 
excite a large number of modes (this will be the case if the input light is 
strongly focused so that the "rays" subtend a large angle), then each mode 
will travel with a group velocity (vg)l,m, as given by (2.9-17). If all the modes 
from (0, 0) to (lmax, mmax) are excited, the output pulse at z = L will broaden 
to

(2.9-18)

We can use (2.9-17) and the condition (n2/n)(l + m + 1)1 2/2k2 ≪ 1 to obtain

(2.9-19)

The maximum number of pulses per second that can be transmitted 
without serious overlap of adjacent output pulses is thus fmax ~ 1/∆τ. High 
data rate transmission will thus require the use of single mode excitation, 
which can be achieved by the use of coherent single mode laser excitation 
[16, 17, 18, 24].
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Example: Numerical Example

Consider a 1-km-long quadratic index fiber with n = 1.5, n2 = 5.1 × 103 
cm-2. Let the input optical pulses at λ = 1 μm excite the modes up to 
lmax = mmax = 30. Substitution in (2.9-19) gives

2. Group Velocity Dispersion The pulse spreading (2.9-19) due to multimode 
excitation can be eliminated if one were to excite a single mode, say l, m 
only. In this case pulse spreading would still result from the dependence of 
(vg)l,m on frequency. This spreading can be explained by the fact that a pulse 
with a spectral width ∆ω will spread in a distance L by

If the pulse is derived, say, by gating, from a coherent continuous source 
with a negligible spectral width, the pulse spectral width is related to the 
pulse duration τ by ∆ω ~ 2/τ and (2.9-20) becomes

(2.9-21)

If the source bandwidth Δωs exceeds τ-1, then we need to replace Δω in 
(2.9-20) by Δωs.

In order to check our semi-intuitive derivation of (2.9-21) and also as an 
instructive exercise in the mathematics of dispersive propagation, we will, 
in what follows, consider the problem of an optical pulse with a Gaussian 
envelope propagating in a dispersive channel.

The input pulse is taken as the product of a slowly varying envelope 
function exp(-αt2) and a carrier exp(iω0t)

where F(Ω), the Fourier transform of the envelope exp(-at2), is

(2.9-23)

The field at a distance z is obtained by multiplying each frequency component

and fmax ~ (Δτ)-1 = 1.25 × 108 pulses per second for the maximum pulse 
rate.

(2.9-20)

(2.9-22)
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we obtain

where

where

(2.9-25)

(2.9-27)

(ω0 + Ω) in (2.9-22) by exp[-iβ(ω0 + Ω)z]. If we expand β(ω0 + Ω) near 
ω0 as

The initial pulse width, defined as the full width at half-maximum intensity, 
is given by

(2.9-28)

(2.9-24)

The field envelope is given by the integral in (2.9-24)

After substituting for F(Ω) from (2.9-23), the last equation becomes

Carrying out the integration yields

ℰ(z, t)

(2.9-26)

The pulse duration τ at z can be taken as the separation between the two 
times when the pulse envelope squared (intensity) is smaller by a factor of 
½ from its peak value, that is,
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The pulse width after propagating a distance L can thus be expressed as

(2.9-30)

If we use the definition of the factor a [see line following (2.9-25)], the last 
expression becomes

(2.9-31)

which, within a factor of ln 2, is in agreement with (2.9-21).
The group velocity dispersion is often characterized by D ≡ L-1(dT/dλ), 

where T is the pulse transmission time through length L of the fiber. This 
definition is related to the second-order derivative of β with respect to ω as

(2.9-32)

and is related to the parameter a used above by

(2.9-33)

With this new definition, the pulse-width expression (2.9-29) can be written
as

(2.9-36)

(2.9-29)

At large distances such that aL ≫ τ20 we obtain

(2.9-34)

If DL is in units of picoseconds per nanometer, λ is in units of micrometers, 
and τ is in units of picoseconds, the pulse width can be written as

(2.9-35)

The group velocity dispersion, i.e., the dependence of vg on ω, which 
according to (2.9-31) leads to pulse broadening, is due to two mechanisms:

1. vg depends, according to (2.9-17), on ω, since k = ωn/c.
2. vg depends implicitly on ω through the dependence of the material index 

of refraction n on ω. We thus write dvg/dω = ∂vg/∂ω + ∂vg/∂n(dnldω) 
and obtain from (2.9-17)
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where in the second term we assumed (n2/2k2n)(l + m + 1)2 ≪ 1. In 
most fibers the pulse spreading is dominated by the material dispersion 
term dn/dω.

The actual index variation in a parabolic index SiO2-B2O3 fiber with a 
value of n2 ≃ 5 × 103 cm-2 is shown in Figure 2-9. The broadening of an 
optical pulse after a propagation distance of ~2.5 km is illustrated by Figure 
2-10. The input optical pulse excites a large number of (l, m) modes, and 
the broadening is of the type described by (2.9-19). The data are reproduced 
from Reference [17], which also describes the important consequence of 
intermode mixing on pulse broadening.

If we combine (2.9-26) with (2.9-24), we find that the total field at z is

(2.9-37)

The oscillation phase is thus

(2.9-38)

The local "frequency" ω(z, t) is then

(2.9-39)

and consists of the original frequency ω0 and a linear frequency sweep (chirp), 
which is proportional to the group velocity dispersion term a. The chirp can 
be understood intuitively by the fact that, due to group velocity dispersion,

Figure 2-9 Graded refractive-index profile across the core of the SiO2-B2O3 fiber.
The dashed lines describe quadratic profiles. (After Reference [17].)
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Figure 2-10 (a) Pulse shape at the input of the quadratic index fiber of Figure 2-9. 
(b) The output pulse after a propagation through 2516 m (note the change in the 
time scales). (After Reference [17].) 

different frequencies travel with different (group) velocity. According to 
(2.9-35), the broadening ratio τ(L)/τ0 for a given laser pulse will be small 
(i.e., ~ 1) provided the group dispersion-length product DL is very small 
compared to (τ0/λ)2. It is, of course, desirable to transmit light pulses at the 
condition when the group velocity dispersion is zero (D = 0). This may 
happen in optical fibers when the frequency dispersion and the material 
dispersion cancel each other at some wavelength. A nearly distortionless 
propagation of a 5-ps (5 × 10-12 s) Fourier transform limited pulse, in two 
fused-silica, single-mode fibers of 0.76 and 2.5 km length, respectively, has

Figure 2-11 Pulse broadening in 2.5-km-1ong fiber resulting from linear dispersion 
[18].
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been demonstrated at λ = 1.30 μm where the group velocity dispersion is 
zero (or almost zero) [24]. Figure 2-11 shows the measured pulse broadening. 
Some additional discussion of pulse broadening by group velocity dispersion 
in optical silica-based fibers is presented in Section 3.3.

2.10 PROPAGATION IN MEDIA WITH A QUADRATIC GAIN PROFILE

In many laser media the gain is a strong function of position. This variation 
can be due to a variety of causes, among them: (1) the radial distribution of 
energetic electrons in the plasma region of gas lasers [19], (2) the variation 
of pumping intensity in solid state lasers, and (3) the dependence of the 
degree of gain saturation on the radial position in the beam.

We can account for an optical medium with quadratic gain (or loss) 
variation by taking the complex propagation constant k(r) in (2.4-5) as

6"Steady state" here refers not to the intensity, which according to (2.10-1) is growing or 
decaying with z, but to the beam radius of curvature and spot size.

Figure 2-12 Theoretical curve showing the dependence of beam radius on 
quadratic gain constant α2. Experimental points were obtained in a xenon 3.39-μm 
laser in which α2 was varied by controlling the unsaturated laser gain. (After 
Reference [20].)

(2.10-1)

where the plus (minus) sign applies to the case of gain (loss). Assuming 
k2r2 ≪ k in (2.4-5), we have k2 = iα2. Using this value in (2.4-11) to obtain 
the steady-state ((l/q)' = 0) solution of the complex beam radius yields6

(2.10-2)
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The steady-state beam radius and spot size are obtained from (2.6-5) and 
(2.10-2)

We thus find that the steady-state solution corresponds to beams with a 
constant spot size but with a finite radius of curvature.

The general (nonsteady state) behavior of the Gaussian beam in a quad
ratic gain medium is described by (2.6-4), where k2 = iα2.

Experimental data showing a decrease of the beam spot size with in
creasing gain parameter α2 in agreement with (2.10-3) are shown in Figure 
2-12.

2.11 ELLIPTIC GAUSSIAN BEAMS

All the beam solutions considered up to this point have one feature in com
mon. The field drops off as in (2.8-1), according to

(2.11-1)

so that the locus in the x-y plane of the points where the field is down by a 
factor of e-1 from its value on the axis is a circle of radius ω(z). We will 
refer to such beams as circular Gaussian beams.

The wave equation (2.4-8) also admits solutions in which the variation 
in the x and y directions is characterized by

(2.11-2)

with ωx ≠ ωy. Such beams, which we name elliptic Gaussian, result, for 
example, when a circular Gaussian beam passes through a cylindrical lens 
or when a laser beam emerges from an astigmatic resonator—that is, one 
whose mirrors possess different radii of curvature in the z-y and z-x planes.

We will not repeat the whole derivation for this case, but will indicate 
the main steps.

Instead of (2.4-9) we assume a solution

(2.11-3)

(2.10-3)



68 THE PROPAGATION OF RAYS AND BEAMS

that results, in a manner similar to (2.4-11), in7

and

In the case of a homogeneous (k2x = k2y = 0) beam we obtain as in (2.5-4),

(2.11-6)

where Cx is an arbitrary constant of integration. We find it useful to write 
Cx as

where zx is real and q0x is imaginary. The physical significance of these two 
constants will become clear in what follows. A similar result with x → y is 
obtained for qy(z). Using the solutions of qx(z) and qy(z) in (2.11-5) gives

(2.11-8)

where

(2.11-9)

with similar expressions in which x → y for q0y, ωy, Ry.

7The parameters k2x and k2y are defined by

(2.11-4)

(2.11-5)

(2.11-7)

Proceeding straightforwardly, as in the derivation connecting (2.5-6, . . . 14), 
results in

which is a generalization of (2.4-5).
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Figure 2-13 Illustration of an elliptic beam produced by cylindrical focusing of a 
circular Gaussian beam.

The phase delay η(z) in (2.11-8) is now given by

(2.11-10)

It follows that all the results derived for the case of circular Gaussian 
beams apply, separately, to the x-z and to the y-z behavior of the elliptic 
Gaussian beam. For the purpose of analysis the elliptic beam can be con
sidered as two independent "beams." The position of the waist is not nec
essarily the same for these two beams. It occurs at z = zx for the x-z beam 
and at z = zy for the y-z beam in the example of Figure 2-13, where zx and 
zy are arbitrary.

It also follows from the similarity between (2.11-4) and (2.4-11) that the 
ABCD transformation law (2.6-9) can be applied separately to qx(z) and qy(z) 
which, according to (2.11-8), are given by

Elliptic Gaussian Beams in a Quadratic Lenslike Medium

Here we consider the steady-state elliptic beam propagating in a medium 
whose index of refraction is given by

(2.11-11)

(2.11-12)

The derivation is identical to that presented in Section 2.9, resulting in

(2.11-13)
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Figure 2-14 (a) Near-field and (b) far-field intensity distributions of the output of 
stripe contact GaAs-GaAlAs lasers. (After Reference [21].)

(2.11-14)

(2.11-15)
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The beam, as in the solution of the homogeneous case (2.11-8), possesses 
different spot sizes and radii of curvature in the y-z and x-z planes. The beam 
parameters, however, are independent of z.

Elliptic Gaussian beams have been observed experimentally in the output 
of stripe geometry gallium arsenide junction lasers [21-23]. Near-field and 
far-field experimental intensity distributions corresponding to some (0, m) 
modes are shown in Figure 2-14.

Probleme

2.1 Derive Equations (2.1-19) through (2.1-21).

2.2 Show that the eigenvalues λ of the equation 

are λ = e±iθ with exp(±iθ) given by Equation (2.1-13). Note that, according 
to Equation (2.1-5), the foregoing matrix equation can also be written as

2.3 Derive Equation (2.3-6).

2.4 Make a plausibility argument to justify Equation (2.3-1) by showing that 
it holds for a plane wave incident on a lens.

2.5 Show that a lenslike medium occupying the region 0 ≤ z ≤ 1 will image 
a point on the axis at z < 0 onto a single point. (If the image point occurs 
at z < l, the image is virtual.)

2.6 Derive the ray matrices of Table 2-1.

2.7 Solve the problem leading up to Equations (2.6-11) and (2.6-12) for the 
case where the lens is placed in an arbitrary position relative to the input 
beam (that is, not at its waist).

a. Assume a Gaussian beam incident normally on a solid prism with an index 
of refraction n as shown. What is the far-field diffraction angle of the 
output beam?
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b. Assume that the prism is moved to the left until its input face is at z = 
-l1. What is the new beam waist and what is its location? (Assume that 
the crystal is long enough that the beam waist is inside the crystal.)

2.9 A Gaussian beam with a wavelength λ is incident on a lens placed at 
z = l as shown. Calculate the lens focal length, f, so that the output beam 
has a waist at the front surface of the sample crystal. Show that (given l and 
L) two solutions exist. Sketch the beam behavior for each of these solutions.

2.10 Complete all the missing steps in the derivation of Section 2.11.

2.11 Find the beam spot size and the maximum number of pulses per second 
that can be carried by an optical beam (λ = 1 μm) propagating in a quadratic 
index glass fiber with n = 1.5, n2 = 5 × 102 cm-2, (a) in the case of a single 
mode excitation 1 = m = 0; (b) in the case where all the modes with 1, m < 
5 are excited. Using dispersion data of any typical commercial glass and 
taking n2 = 5 × 103 cm-2, lmax = 30, compare the relative contributions of 
modal and glass dispersion to pulse broadening.

2.12 Given a thick lens with radii of curvature R1 and R2 on its entrance 
and exit surfaces, an index of refraction n, and a thickness d,

a. Obtain the ABCD matrix of the lens.
b. What is its focal distance for light incident from the left?
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3.0 INTRODUCTION

The silica glass fiber has become the most important transmission medium 
for long-distance, high-data-rate optical communication. It has caused what 
can be called with very little exaggeration a revolution in the art and practice 
of communication. This success is due mostly to the prediction [1] and 
realization [2] of low-loss fibers and to the ability to drastically reduce group 
velocity dispersion in such fibers so that extremely short optical pulses 
(~5 × 10-12 s) undergo minimal spreading in propagation. Confined and 
lossless propagation in fibers is accomplished by total reflection from the 
dielectric interface between the core and the cladding. This requires that the 
index of refraction of the core be greater than that of the cladding. In this 
chapter we will investigate the mode characteristics of the circular dielectric 
waveguide. Both step-index waveguides and graded-index fibers will be ana
lyzed. The exact hybrid modes of the step-index waveguide will be derived 
first, to be followed by a treatment of the linearly polarized mode, which is 
a very useful approximation. The Wentzel-Kramers-Brillouin (WKB) method 
is used to derive the approximate solution of the field and the propagation 
constants of the graded-index fibers. Modal dispersion, chromatic dispersion, 
and fiber attenuation are also dicussed.

1Major contributions to this chapter were made by P. Yeh.
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3.1 WAVE EQUATIONS IN CYLINDRICAL COORDINATES

Since the refractive index profiles n(r) of most fibers are cylindrically sym
metric, it is convenient to use the cylindrical coordinate system. The field 
components are Er, EΦ, Ez, HΦ, Hr, and Hz. The wave equation (2.4-3) 
assumes its simple form only for the Cartesian components of the field 
vectors. Since the unit vectors ar and aΦ are not constant vectors, the wave 
equations involving the transverse components are very complicated. The 
wave equation for the z component of the field vectors, however, remains 
simple,

(3.1-1)

where k2 = ω2n2/c2 and ∇2 is the Laplacian operator given by

The problems of wave propagation in a cylindrical structure are usually 
approached by solving for Ez and Hz first and then expressing Er, EΦ, Hr, 
and HΦ in terms of Ez and Hz.

Since we are concerned with the propagation along the waveguide, we 
assume

(3.1-2)

i.e., every component of the field vector assumes the same z- and t-depen
dence of exp[i(ωt - βz)]. Maxwell's equations (3.1-1) and (3.1-2) are now 
written in terms of the cylindrical components and are given, respectively, 
by

and

(3.1-3a)

(3.1-4c)

(3.1-3b)

(3.1-3c)

(3.1-4a)

(3.1-4b)
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Using (3.1-3a), (3.1-3b), (3.1-4a), and (3.1-4b), we can solve for Er, EΦ, Hr, 
and HΦ in terms of Ez and Hz. The results are

(3.1-5)

(3.1-6)

These relations show that it is sufficient to determine Ez and Hz in order to 
specify uniquely the wave solution. The remaining components can be cal
culated from (3.1-5) and (3.1-6).

With the assumed z-dependence of (3.1-2), the wave equation (3.1-1) 
becomes

This equation is separable, and the solution takes the form

(3.1-8)

where 1 = 0, 1, 2, 3, . . . , so that Ez and Hz are single-valued functions of 
Φ. Then (3.1-7) becomes

(3.1-9)

where ψ = Ez, Hz.
Equation (3.1-9) is the Bessel differential equation, and the solutions are 

called Bessel functions of order l. If k2 - β2 > 0, the general solution of 
(3.1-9) is

(3.1-10)

where h2 = k2 - β2, c1 and c2 are constants, and Jl, Yl are Bessel functions 
of the first and second kind, respectively, of order l. If k2 - β2 < 0, the 
general solution of (3.1-9) is

(3.1-11)

where q2 = β2 - k2, c1 and c2 are constants, and Il, Kl are the modified 
Bessel functions of the first and second kind, respectively, of order 1.

(3.1-7)
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To proceed with our solution, we need the asymptotic forms of these 
functions for small and large arguments. Only leading terms will be given 
for simplicity.

For x ≪ 1:

For x ≫ 1, l:

(3.1-12)

(3.1-13)

In these formulas l is assumed to be a nonnegative integer. The transition 
from the small x behavior to the large x asymptotic form occurs in the region 
of x ~ 1.

The geometry of the step-index circular waveguide is shown in Figure 3-1. 
It consists of a core of refractive index n1 and radius a, and a cladding of 
refractive index n2 and radius b. The radius b of the cladding is usually 
chosen to be large enough so that the field of confined modes is virtually 
zero at r = b. In the calculation below we will put b = ∞; this is a legitimate 
assumption in most waveguides, as far as confined modes are concerned.

3.2 THE STEP-INDEX CIRCULAR WAVEGUIDE
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The radial dependence of the fields Ez and Hz is given by (3.1-10) or 
(3.1-11), depending on the sign of k2 - β2. For confined propagation, β must 
be larger than n2ω/c (i.e., β > n2k0 = n2ω/c). This ensures that the wave is 
evanescent in the cladding region, r> a. The solution is thus given by (3.1-11) 
with c1 = 0. This is evident from the asymptotic behavior for large r given 
by (3.1-13). The evanescent decay of the field also ensures that the power 
flow is along the direction of the z axis, i.e., no radiai power flow exists. 
Thus the fields of a confined mode in the cladding (r > a) are given by

Figure 3-1 Structure and index profile of a step-index circular waveguide.

(3.2-1)

where C and D are two arbitrary constants, and q is given by

(3.2-2)

For the fields in the core, r < a, we must consider the behavior of the 
fields as r → 0. According to (3.1-12), Yl and Kl are divergent as r → 0. Since 
the fields must remain finite at r = 0, the proper choice for the fields in the 
core (r < a) is (3.1-10) with c2 = 0. This becomes evident only when matching, 
at the interface r = a, the tangential components of the field vectors E and 
H in the core with the cladding field components derived from (3.2-1); we
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are unable to accomplish this if the radial dependence of the core fields is 
given by Il. Thus the propagation constant β must be less than n1k0, and the 
core fields are given by

(3.2-6)

(3.2-7)

(3.2-3)

where A and B are two arbitrary constants, and h is given by

(3.2-4)

In the field expressions (3.2-1) and (3.2-3), we have taken a "+" sign in 
front of lΦ in the exponents. A negative sign would yield a set of independent 
solutions, but with the same radial dependence. Physically, l plays a role 
similar to the quantum number describing the z component of the orbital 
angular momentum of an electron in a cylindrically symmetric potential field. 
Thus, if the positive sign in front of lΦ corresponds to a clockwise "circu
lation" of photons about the z axis, the negative sign would correspond to 
a counterclockwise "circulation" of photons around the axis. Since the fiber 
itself does not possess any preferred sense of rotation, these two states are 
degenerate.

Equations (3.2-1) and (3.2-3) together require that h2 > 0 and q2 > 0, 
which translates to

(3.2-5)

which can be regarded as a necessary condition for confined modes to exist. 
This is identical to the condition discussed in Section 13.1 for the slab 
dielectric waveguide and can be expected on intuitive grounds from our 
discussions of total internal reflection at a dielectric interface.

Using (3.2-1) and (3.2-3) in conjunction with (3.1-5) and (3.1-6), we can 
calculate all the field components in both the cladding and the core regions. 
The result is

Core (r < a):
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where

Cladding (r > a):

(3.2-8)

(3.2-9)

where K'l(qr) = dKl(qr)/d(qr), ε2 = ε0n22. These fields must satisfy the bound
ary conditions that EΦ, Ez, HΦ, and Hz be continuous at r = a. This leads 
to

(3.2-10)

where the primes on Jl and Kl again refer to differentiation with respect to 
their arguments ha and qa, respectively. Equations (3.2-10) yield a nontrivial 
solution for A, B, C, and D, provided the determinant of their coefficients 
vanishes. This requirement yields the following mode condition that deter
mines the propagation constant

Equation (3.2-11), together with (3.2-4) and (3.2-2), is a transcendental func- 
tion of β for each l. The function J'l(x)/xJl(x) in (3.2-11) is a rapidly varying 

(3.2-11)
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oscillatory function of x = ha. Therefore, (3.2-11) may be considered roughly 
as a quadratic equation in J'l(ha)/haJl(ha). For a given l and a given frequency 
ω, only a finite number of eigenvalues β can be found that satisfy (3.2-11) 
and (3.2-5). Once the eigenvalues have been found, we employ (3.2-10) to 
solve for the ratios B/A, C/A, and D/A that determine the six field compo
nents of the mode corresponding to each propagation constant β. These 
ratios are, from (3.2-10),

(3.2-12)

The quantity B/A is of particular interest because it is a measure of the 
relative amount of Ez and Hz in a mode (i.e., B/A = Hz/Ez). Note that Ez 
and Hz are out of phase by π/2.

Mode CharacteriSticS and Cutoff Conditions

In the treatment of slab waveguide modes in Section 13.2, we found that 
the solutions are easily separated into two classes, the TE and TM modes. 
In the circular waveguide, the solutions also separate into two classes. How
ever, these are not in general TE or TM, each having in general nonvanishing 
Ez, Hz, EΦ, HΦ, Er, and Hr components. The two classes in solutions can be 
obtained by noting that (3.2-11) is quadratic in J'l(ha)/haJl(ha), and when we 
solve for this quantity, we obtain two different equations corresponding to 
the two roots of the quadratic equation. The eigenvalues resulting from these 
two equations yield the two classes of solutions that are designated con
ventionally as the EH and HE modes.

By solving equation (3.2-11) for J'l(ha)/haJl(ha), we obtain

(3.2-13)

where the arguments of K'l and Kl are qa. We now use the Bessel function 
relations

(3.2-14) 
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and (3.2-13) becomes

EH modes:

(3.2-15a)

HE modes:

(3.2-15b)

where

(3.2-16)

Equation (3.2-15) can be solved graphically by plotting both sides as functions 
of ha, letting (qa)2 = (n21 - n2)k2a20 - (ha)2 on the right-hand side.

We consider first the special case when l = 0. At l = 0 we have ∂/∂Φ = 
0, and all the field components of the modes are radially symmetric. There 
are two families of solutions that correspond to (3.2-15a) and (3.2-15b) above. 
In the first case, the mode condition (3.2-15a) becomes

(3.2-17a)

where we used K'0(x) = -K1(x). Under condition (3.2-17a), the constants A 
and C vanish according to (3.2-10) or (3.2-12). By substituting A = C = 0 
and l = 0 in equations (3.2-6) through (3.2-9), we find that the only nonvan
ishing field components are Hr, Hz, and EΦ. These solutions are thus referred 
to as TE modes. If the eignevalues are βm, m = 1, 2, 3, . . . , the TE modes 
are designated as TE0m, m = 1, 2, 3, . . . , where the first subscript is 
l = 0.

In the second case, the mode condition (3.2-15b) at l = 0 becomes

(3.2-17b)

where we used K'0(x) = -K1(x) and J-1(x) = -J1(x). In this case the constants 
B and D vanish according to (3.2-10) or (3.2-12). By substituting B = D = 
0 and l = 0 in equations (3.2-6) through (3.2-9), we find that the only non
vanishing field components are Er, Ez, and HΦ. These solutions are thus 
referred to as TM modes and are designated as TM0m.

Now consider the graphical solution of (3.2-17a) and (3.2-17b). Confined 
modes require that q be real to achieve the exponential decay of the field in 
the cladding. Thus we need only consider ha in the range 0 ≤ ha ≤ V ≡ 
k0a(n21 - n22)1/2. The right-hand sides of (3.2-17) are always negative. Starting 
from -K1(V)/VK0( V) for TE modes at ha = 0, the right side of (3.2-17a) is 
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which diverges to -∞ at ha = V. The right side of (3.2-17b) for TM modes 
behaves identically except for a factor of n22/n21. On the left sides of (3.2-17a) 
and (3.2-17b), J1(ha)/haJ0(ha) starts from 1/2 at ha = 0 and increases mon
otonically until it diverges to ∞ at ha = 2.405, which is the first zero of 
J0(ha). Beyond ha = 2.405, J1(ha)/haJ0(ha) varies from -∞ to +∞ between 
the zeros of J0(ha). For large values of ha, J1(ha)/haJ0(ha) is a function 
resembling -(ha)-1 tan(ha - π/4), according to Figure 3-2 which shows the 
two curves describing the right and left sides of (3.2-17a), respectively. The 
normalized frequency V = k0a(n21 - n2)1/2 is assumed to be high enough so 
that two modes, marked by the circles at the intersection of the two curves, 
exist. The vertical asymptotes are given by the roots of J0(ha) = 0. If the 
maximum value of ha, (ha)max = V, is smaller than the first root of J0(x), 
2.405, there can be no intersection of the two curves for real β. If V is 
between the first and the second zero of J0(x), there will be exactly one

Figure 3-2 Graphical determination of the propagation constants of TE modes 
(l = 0) for a step-index waveguide.

a monotonically decreasing function of ha and becomes asymptotical, ac
cording to (3.1-12)

(3.2-18)
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intersection of the two curves. Thus the cutoff value (a/λ) for TE0m (or 
TM0m) waves is given by

Figure 3-3 Graphical determination of the propagation constants of l = 1 EH 
modes for a step-index fiber.

(3.2-19)

where x0m is the mth zero of J0(x). The first three zeros are

For higher zeros, the asymptotic formula

gives adequate accuracy (to at least three figures).
When l ≠ 0 in equations (3.2-15), the modes are no longer TE or TM 

but become the EH or HE modes of the waveguide. These can still be solved 
graphically in a manner similar to that outlined for the l = 0 case. For l = 
1, the two curves representing the two sides of the EH mode condition 
(3.2-15a) are shown in Figure 3-3. The normalized frequency V = k0a(n21 - 
n2)1/2 is assumed to be 8, so that there are two intersections. These are the 
EH11 and EH12 modes. The vertical asymptotes are given by the roots of 
J1(x) = 0. Figure 3-4 shows those of the HE modes. At the same value of
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Figure 3-4 Graphical determination of the propagation constants of the l = 1 HE 
modes for a step-index dielectric waveguide.

V = 8 there are three intersections that correspond to HE11, HE12, and HE13 
modes, respectively. The vertical asymptotes are also given by the roots of 
J1(x) = 0. Note that, as shown in Figure 3-4, the intersection for HE11 mode 
always exists regardless of the value of V. This means the HE11 mode does 
not have a cutoff. All other HE1m, EH1m modes have cutoff values of a/λ 
given by

(3.2-20)

where m' = m for EH1m modes and m' = m - 1 for HE1m modes; x1m is 
the mth zero of J1(x), excluding the one at x = 0. The first three zeros are

For higher zeros, the asymptotic formula 

gives adequate accuracy (to at least three figures). For l > 1, the cutoff 
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as a function of V = k0a(n2 - n22)1/2; here k0 = ω/c. Since the phase velocity 
of a mode is ω/β, n is the ratio of the speed of light in vacuum to the mode 
phase velocity (n is also called the effective mode index). Figure 3-5 shows 
n for a number of the low-order modes of the step-index circular waveguide 
[4]. We note that at cutoff, each mode has a value of (β/k0) = n2. We can 
easily understand this by recalling that as the mode approaches cutoff, the 
fields extend well into the cladding layer. Thus, near cutoff the modes are 
poorly confined and most of the energy propagates in medium 2 and thus 
n = n2. By similar reasoning, for frequencies far above cutoff, the mode is 
tightly confined to the core, and n approaches n1.

As discussed earlier, for V < 2.405, only the fundamental HE11 mode 
can propagate. This is an important result, since for many applications single 
mode propagation is required. These applications include interferometry that 
calls for well-defined stationary phase fronts and optical communications by 
transmission of very short optical pulses. In the latter case the excitation of

values for a/λ are given by [3]

(3.2-21)

(3.2-22)

where xlm is the mth zero of Jl(x) = 0, and zlm is the mth root of

(3.2-23)

If we substitute the propagation constant β for l > 1 into (3.2-12), we find 
that B/A is neither zero nor infinite. This means that both Ez and Hz are 
present in these modes. The designation of these hybrid modes is based on 
the relative contribution of Ez and Hz to a transverse component (e.g., Er 
or Eφ) of the field at some reference point. If Ez makes the larger contribution, 
the mode is considered E-like and designated EHlm, and so on. The mode 
HE11 can propagate at any wavelength, as noted earlier, since (a/λ)HE11 = 0. 
The next modes that can propagate, according to (3.2-19) are the TE01 and 
TM01 modes. Since xlm or zlm forms an increasing sequence for fixed l and 
increasing m, or for fixed m and increasing l, the number of allowed modes 
increases as the square of a/λ (see Problem 3.1).

For many applications, the important characteristic of a mode is the 
propagation constant β as a function of the frequency ω (or normalized 
frequency V). This information is often presented as the mode index of the 
confined mode

(3.2-24)
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Figure 3-5 Normalized propagation constant as a function of V parameter for a 
few of the lowest-order modes of a step-index waveguide [4].

many modes would lead to pulse broadening, since the different modes 
possess different group velocities. This limits the number of pulses, i.e., 
bits, that can be packed into a given time slot and still be separable on the 
receiving end.

The mode condition (3.2-11) and the field components (3.2-6) through (3.2-9) 
and (3.2-12) are exact solutions of the wave equation (2.4-3) for the step- 
index dielectric waveguide. These exact expressions are very complicated 
especially for those hybrid modes (EHlm, HElm) that have all six nonzero 
field components. A good approximation of the field components and mode 
condition can be obtained in most fibers whose core refractive index is only 
slightly higher than that of the cladding medium. Assuming that

(3.3-1)

the continuity condition on the tangential components of H at the interface 
between n1 and n2 becomes identical to that of the tangential components 
of the field vector E. This leads to a tremendous simplification in matching 
the field components at the core-cladding interface. Thus we may use the 
Cartesian components of the field vectors without introducing much com- 
plexity in solving the wave equation.

3.3 LINEARLY POLARIZED MODES
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This simplified solution of the linearly polarized modes for the round 
fiber using the assumption (3.3-1) is due to Gloge [5]. In the limit (3.3-1), all 
the transverse wave numbers (h, q) are much smaller compared to the prop- 
agation constant β, i.e.,

(3.3-4)

The longitudinal component of the electric field vector E is related to Hx, 
according to the Maxwell equation ▽ × H = ε ∂E/∂t

(3.3-7)

where we used (3.3-6) in arriving at the last equality. We note that the field 
components Ex and Hy are zero in this solution. The other four field com
ponents can be expressed in terms of Ey. In order to calculate Hz and Ez, 
we need to carry out the differentiation with respect to x and y, respectively, 
according to (3.3-6) and (3.3-7). Since Ey is of the form (3.3-5), we need the 
relations

(3.3-8)

(3.3-2)

We now start by solving the wave equation for the transverse Cartesian field 
components Ex, Ey, Hx, and Hy. These field components also satisfy the 
wave equations (3.1-7) and (3.1-9). For a step-index dielectric waveguide, 
the general solutions are given by (3.1-10) and (3.1-11). We now look for 
solutions where either the x or y component of the electric field vanishes. 
Since Eφ can be expressed in terms of Ex and Ev as

(3.3-3)

it is apparent that Eφ component is simply proportional to either Ex or Ey. 
Thus the continuity of Eφ becomes equivalent to the continuity of Ex or Ey 
in these new solutions. Take the E field of a y-polarized solution of the form

(3.3-5)

where A and B are constants. We assume that Ez ≪ Ev. The magnetic field 
components are then given, according to (2.4-1) and (3.1-2), by

(3.3-6)
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and

we obtain the following expressions for the field components. 

Core (r < a):

(3.3-9)

By using the definition of r and φ

(3.3-10)

(3.3-11)

we obtain

(3.3-12)

(3.3-13)

(3.3-14)

and

(3.3-15)

We now substitute (3.3-5) for Ey in (3.3-6) and (3.3-7) and carry out the 
differentiation, using equations (3.3-8) through (3.3-15). After some laborious 
algebra and using the following functional relations of the Bessel function,

(3.3-16)

(3.3-17)

(3.3-18)
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Cladding (r > a):

(3.3-20)

to ensure the continuity of Ey(Eφ ∝ Ey) at the core boundary r = a. The 
constant A is then determined by the normalization condition.

The field solution (3.3-18) and (3.3-19) is a y-polarized wave (Ex = 0). 
For a complete field description, we also need the mode with the orthogonal 
polarization (i.e., an x-polarized wave). The field components Ex and Ey of 
this orthogonal mode are taken of the form

(3.3-21)

(3.3-22)

and the other field components are, according to the Maxwell equations,

where we have assumed that Ez ≪ Ex. We note that Ey = 0 and Hx ≃ 0 in 
this solution. By substituting (3.3-21) for Ex in (3.3-23) and carrying out the 
differentiation, using equations (3.3-8) through (3.3-15), we obtain, again

(3.3-19)

In arriving at (3.3-18) and (3.3-19), we have also used β = n1k0 ≃ n2k0, since 
n2k0 < β < n1k0 and n2 → n1. Note that Ey and Hx are the dominant field 
components because in the limit (3.3-1) h, q ≪ β. In other words, the field 
is essentially transverse. The constant B is given by

(3.3-23)
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In arriving at (3.3-24) and 3.3-25), we again made the assumption that β ≃ 
n1k0 ≃ n2k0 because of (3.3-1). We note that Ex and Hy are the dominant 
field components in this solution. Therefore, the mode is again nearly trans- 
verse and linearly polarized along the x direction. The constant B is again 
given by (3.3-20) to ensure the continuity of Ex(Eφ ∝ Ex) at the core boundary 
r = a.

We have obtained the field expressions for two types of guided modes 
whose transverse fields are polarized orthogonally to each other. These field 
expressions are approximate solutions of Maxwell's equations, provided the 
tangential components of the field vectors are continuous at the dielectric 
interface r = a. The continuity of Eφ at r = a leads to B = AJl(ha)/Kl(qa) 
(3.3-20). The Hφ components are proportional to the Eφ components, ac- 
cording to the field expressions (3.3-18), (3.3-19), (3.3-24), and (3.3-25) in 
this approximation. Therefore the continuity of Eφ results in the continuity 
of Hφ.

after some laborious algebra and using the relations (3.3-16) and (3.3-17), 
the following expressions for the field amplitudes:

Core (r < a):

(3.3-24)

Cladding (r > a):

(3.3-25)
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We now consider the continuity of Ez at r = a. Since the continuity 
condition must hold for all azimuth angles φ, we must equate the coefficients 
of exp[i(l + 1)φ] and exp[i(l - 1)φ] separately. Using the field expressions 
(3.3-18) and (3.3-19) and (3.3-20), we obtain the following mode conditions:

(3.3-26)

and

(3.3-27)

The same equations result from the continuity of Hz. In addition, if we 
use the field expressions (3.3-24) and (3.3-25) for the x-polarized mode, we 
will arrive at the same mode conditions (3.3-26) and (3.3-27). This means 
that these two transversely orthogonal modes are degenerate in the propa- 
gation constant β. The mode condition (3.3-27) is mathematically equivalent 
to (3.3-26) if we use the recurrence relation of the Bessel functions (3.3-17).

The mode condition (3.3-26) obtained in this approximation is much 
simpler than the exact expression (3.2-11). The exact mode condition (3.2-11) 
has twice as many solutions as the simple one (3.3-26) because (3.2-11) is 
quadratic in J'l/Jl. This indicates that each solution of (3.3-26) is really twofold 
degenerate. In fact the propagation constants of the exact HEl+1,m and EHl-1,m 
modes are nearly degenerate [6]. They become exactly the same in the limit 
n1 → n2. This can also be seen from the expressions of the field components 
Ez and Hz in (3.3-18), (3.3-19), (3.3-24), and (3.3-25). Comparison of the 
linearly polarized mode expressions with the exact modes (3.2-3) shows that 
the linearly polarized modes are actually a superposition of HEl+1,m and 
EHl+1,m modes [6]. Two independent linear superpositions lead to the x- 
polarized and y-polarized modes. The total number of modes is the same in 
both theories. The eigenvalues obtained from (3.3-26) are labeled as βlm with 
l = 0, 1, 2, 3, . . . , m = 1, 2, 3, . . . , where the subscript m indicates the 
mth root of the transcendental equation (3.3-26). The modes are designated 
LPlm. The lowest-order mode HE11 now has the propagation constant labeled 
β01 and the mode designated LP01.

The mode conditions for those linearly polarized waves (3.3-26) or (3.3-27) 
can also be solved graphically. Figure 3-6 shows the normalized propagation 
constant as a function of the normalized frequency V. The mode cutoff 
corresponds to the condition q = 0 which, according to (3.3-27), leads to 
the condition

(3.3-28)

where

(3.3-29)
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Figure 3-6 Normalized propagation constant b as function of normalized 
frequency V for the guided modes of the optical fiber, b = (β/kc - n2)/(n1 — n2). 
(After Reference [5].)

It follows that the lowest-order mode, characterized by l = 0, has a cutoff 
given by the lowest root of the equation

Table 3-1 Cutoff Values of V for Some Low- 
Order LP Modes

V m = 1 m = 2 m = 3 m = 4

l = 0 0 3.832 7.016 10.173
l = 1 2.405 5.520 8.654 11.792
l = 2 3.832 7.016 10.173 13.323
l = 3 5.136 8.417 11.620 14.796
l = 4 6.379 9.760 13.017 16.224

(3.3-30)

Hence V = 0. In other words, the lowest-order mode does not have a cutoff. 
This is the HE11 mode and is now labeled LP01. The next mode of the type 
l = 0, cuts off when J1(V) next equals zero, that is, when V = 3.832. This 
mode is labeled LP02. The cutoff values of V for some low-order LPlm modes 
are given in Table 3-1. All these values are zeros of the Bessel function. For
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Figure 3-7 The regions of the parameter V for modes of order l = 0, 1.

Figure 3-8 Sketch of the fiber cross section and the four possible distributions of 
LP11.
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Figure 3-7 shows the regions in which a given mode is the highest one allowed 
for a given l value group, labeled in LP mode designation. Also shown in 
the figure are the associated HE, EH, TE, and TM mode notations that are 
the exact modes. Figure 3-8 shows the field distribution of the LP11 modes 
[6]. The LP01 mode has radially symmetric field distribution J0(hr) in the 
core.

One of the most important advantages of using the linearly polarized 
mode is that the modes are almost transversely polarized and are dominated 
by one transverse electric field component (Ex or Ey) and one transverse 
magnetic field component (Hy or Hx). The E vector can be chosen to be 
along any arbitrary radial direction with the H vector along a perpendicular 
radial direction. Once this mode is chosen, there exists another independent 
mode with E and H orthogonal to the first pair.

Power Flow and Power Density

We now derive expressions for the Poynting vector and the power flow in 
the core and cladding. The time-averaged Poynting vector along the wave- 
guide is, acccording to (3.1-18)

Substituting the field components from (3.3-18) and (3.3-19) or (3.3-24) and 
(3.3-25) into (3.3-32), we obtain

(3.3-33)

Note that the intensity distribution is cylindrical symmetric (i.e., no φ- 
dependence). The amount of power that is contained in the core and the 
cladding is given by, respectively,

high-order modes, the cutoff value of V is given approximately according 
to (3.3-28) and (3.1-13)

(3.3-31)

(3.3-32)

(3.3-34)

(3.3-35)
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Using the following integrals of Bessel functions [7]

the powers Pcore and Pclad can be written, respectively,

(3.3-36a)

By using (3.3-20) for B and the mode conditions (3.3-26) and (3.3-27), the 
power Pclad can be written

Figure 3-9 Fractional power contained in the cladding as a function of the 
frequency parameter V. (After Reference [5].)

(3.3-36b)

(3.3-37)

(3.3-38)

(3.3-39)

For those ha values that are allowed by the mode condition (3.3-26) or 
(3.3-27), Jl-1(ha)Jl+1(ha) is always negative, so that Pclad is always positive. 
The negativeness of Jl-1(ha)Jl+1(ha) can be seen from (3.3-26) and (3.3-27), 
since the Kl(qa)'s are always positive. According to (3.3-37) and (3.3-39),
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the total power flow is thus given by

(3.3-40)

The ratio of cladding power to the total power, Γ2 = (Pclad/P), which measures 
the fraction of mode power flowing in the cladding layer, is given, according 
to (3.3-39) and (3.3-40), by

(3.3-41)

where we used (ha)2 + (qa)2 = k20a2(n21 - n22) = V2. Figure 3-9 shows the 
ratio Pclad/P for several modes as a function of the normalized frequency V 
[5]. Note that the fundamental mode LP01 is best confined. Generally speak- 
ing, Pclad/P increases when the mode subscript lm increases.

Mode Dispersion

The propagation constant of a guided mode LPlm is obtained as a solution 
of the mode condition (3.3-26) or (3.3-27). It is often expressed in terms of 
the mode index defined as

(3.3-42)

where the mode index nlm (often called effective index of mode lm) is con- 
sidered as a function of n1, n2, and ω (see Figure 3-6). The velocity with 
which the mode energy in a light pulse travels down a waveguide is called 
the group velocity and is characterized by the expression

(3.3-43)

At a given frequency, different modes will thus have different group veloc
ities. This is the modal dispersion discussed in Section 2.9. Pulse broadening 
and distortion in multimode waveguides where the energy is carried simul- 
taneously by many modes is due mostly to modal dispersion, i.e., lm- 
dependence of vg.

In single-mode waveguides (.e.g, LP01 mode l = 0, m = 1), modal dis- 
persion is not operative, and the pulse broadening is caused by the group 
velocity dispersion alone. Dropping the subscript lm = 01, the group velocity 
in a single-mode step-index fiber can be written as

(3.3-44)

where n1 is the refractive index of the core, n2 is the refractive index of the 
cladding, and n is the mode index. The first two terms in the square bracket
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are the contribution from material dispersion, whereas the third term is a 
result of the waveguide dispersion. From the uniform dielectric perturbation 
theory, the change in the eigenvalue β2 results from a uniform dielectric 
perturbation δn21, and δn22 in the core and cladding, respectively, is given by

where Γ1 and Γ2 are the fraction of power flowing in the core and cladding, 
respectively. Using β2 = n2(ω/c)2, we obtain from (3.3-45)

(3.3-46)

The group velocity can thus be expressed as

where we put a subscript w to indicate that (∂n/∂ω)w is a waveguide disper- 
sion. In a weakly guiding fiber n1 ≃ n2, we may assume that

(3.3-48)

where the subscript m indicates material dispersion. The group velocity 
(3.3-47) can thus be written

Using ω = 2πc/λ, (3.3-49) can be written in terms of λ as

(3.3-49)

(3.3-50)

The group velocity dispersion D is thus given, according to (2.9-33) and 
(3.3-49), by

(3.3-51)

Note that both material dispersion and waveguide dispersion contribute to 
the group velocity dispersion. The second-order derivatives (∂2n/∂λ2)m,w van
ish at the point of inflection on the curve n(λ), i.e., point where (∂n/∂λ)m,w 
is minimum or maximum. For GeO2-doped silica, (∂2n/∂λ2)m passes through 
zero near λ = 1.3 μm [8, 9]. The waveguide dispersion (∂2n/∂λ2)w vanishes 
at a wavelength that depends on core diameter a as well as n1 and n2. It is 
possible to tailor the zero-dispersion wavelength in single-mode fibers by

(3.3-45)

(3.3-47)



Figure 3-10 Group velocity disperion of (a) dispersion-unshifted 1.3 μm fiber and
(b) dispersion-flattened and dispersion-shifted fibers. (After Reference [23].) 
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balancing the (negative) material dispersion against the (positive) waveguide 
dispersion [10]. Thus, by choosing a core diameter a between 4 and 5 μm 
and relative refractive index difference of (n1 - n2)/n1 > 0.004, the wave- 
length of minimum group velocity dispersion can be shifted to the 1.5- to 
1.6-μm region where the loss is lowest [11-16]. Figure 3-10(a) shows the 
waveguide and material (chromatic) contributions to the group velocity dis- 
persion of the "conventional" 1.3 μm fibers. Figure 3-10(b) plots the dis- 
persion curves for dispersion-shifted fibers.

3.4 GRADED-INDEX FIBERS

Referring to Figure 3-11, we now consider a circular waveguide in which 
the index of refraction of the core is graded. An example of such a core 
medium is the quadratic-index medium discussed in Chapter 2. Graded-index 
fibers are used in some applications because they offer a multimode prop- 
agation in a relatively large core fiber coupled with low modal dispersion. 
Consider the case of a power-law refractive index profile given by

(3.4-1)

where Δ = (n21 - n22)/2n1 ≃ (n1 - n2)/n1 and g is the power-law coefficient. 
The case of g = 2 is known as the parabolic-index profile, and is the quadratic- 
index medium discussed in Chapter 2. In the limit when g → ∞, the index 
profile becomes that of a step-index waveguide.

It was shown in Chapter 2 [see Table 2-1(6)] that light rays follow si
nusoidally varying curved paths in the quadratic-index medium (g = 2). Rays 
that do not approach the core boundary closely can be regarded as propa- 
gating in an idealized, infinitely extended graded-index medium, as indicated 
by the dashed lines in Figure 3-11. For those rays, the mode analysis of such 
fibers is greatly simplified by assuming that the graded-index profile of the

Figure 3-11 Structures and index profile of a graded-index fiber. 
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core continues indefinitely beyond the core region. For example, in the 
quadratic-index fiber [with g = 2 in (3.4-1)], the mode soIutions are Her- 
mite-Gaussian functions in a Cartesian coordinate (see Chapter 2) or La- 
guerre-Gaussian functions in cylindrical coordinates, provided the index 
profile continues its quadratic shape beyond r = a. For those well-confined 
modes that have most of their mode power flowing in the core region (r < 
a), it is a good approximation to assume that the index profile retains the 
same radial dependence beyond r = a. Even in this approximation, closed 
form solutions of the mode amplitudes can only be obtained for very few 
refractive index profiles. In general, only approximate solutions for the mode 
functions or the propagation constants can be obtained. One of the most 
powerful analytical methods for obtaining the approximate mode solutions 
and the propagation constants of graded-index fibers with arbitrary profiles 
is the WKB method. This method provides a good approximation for the 
mode amplitudes and the propagation constants whenever the index of re- 
fraction n(r) does not vary appreciably over distances on the order of one 
wavelength. In what follows we will present some important results of the 
WKB approximation that are useful in deriving the propagation constants. 
For the detailed derivation of these results, the reader is referred to Ref- 
erences [16-18].

The WKB Approximation

In the approximate WKB solution that follows, we take the transverse com
ponent of the linearly polarized electric field of the (LP) modes as 

where the direction of the magnetic field is perpendicular to the electric field 
and in such a sense that gives a positive power flow in the z direction. The 
radial function ψ(r) obeys Equation (3.1-9), which is now written as

(3.4-4)

where

(3.4-5)

p(r) may be interpreted as the local transverse wave number at r. The solution 
to the wave equation (3.4-4) is oscillatory in the region where p2(r) > 0 and 
becomes exponential in the region where p2(r) < 0. For confined modes,

(3.4-2)

The transverse component of the magnetic field is given by

(3.4-3)
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p2(r = ∞) must be negative to ensure the exponential decay of the field and 
p2(r) > 0 in some region in order to have a finite field at r = 0. Let r1 and 
r2 define a region r1 < r < r2 where p2(r) > 0, and let p2(r) < 0 elsewhere. 
For l = 0, r1 = 0, and p2(r2) = 0. For l ≠ 0, r1 > 0, and p2(r1) = p2(r2) = 0. 
In the regions outside the range r1 < r < r2, the wave is evanescent. These 
regions are "classically inaccessible," and light is totally reflected from the 
surfaces r = r1 and r = r2.

We now take ψ(r) of the form

(3.4-7)

where the prime indicates differentiation with respect to r. If we assume 
S" + S'/r ≪ S'2, we obtain the first approximation for S'

This approximation is valid, provided

(3.4-8)

(3.4-9)

By substituting (3.4-8) for S' in the first two terms in (3.4-7), we obtain the 
second approximation for S'

From (3.4-6) and (3.4-12), the general solution ψ(r) thus takes the form

(3.4-13)

where c1 and c2 are arbitrary constants. This solution (3.4-13) is not valid 
at the turning points where p(r) = 0 because at these points the assumption

(3.4-6)

where S(r) is a complex function of r. Substitution of (3.4-6) for ψ(r) in (3.4-4) 
leads to

(3.4-10)

Using (3.4-9), S' can be written

(3.4-11)

Integration of (3.4-11) leads to

(3.4-12)
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(3.4-9) fails. The true form of the solution near the turning points must be 
obtained independently by expanding p2(r) near these points as Taylor series 
and then solving the Equation (3.4-4). By matching these solutions with 
(3.4-13), the constants can be determined. The results are [17-19]

(3.4-14a)

(3.4-15a)

Since (3.4-14b) and (3.4-15a) represent the field solution in the same region, 
the uniqueness of the field requires that

Using sin[(m + 1)π - α] = (-1)m sin α, the equality (3.4-16) requires that 
the sum of their phases be an integral multiple of π, i.e.,

(3.4-17)

and C = (-1)mB. Equation (3.4-17) is often written as

(3.4-18)

The mode condition (3.4-19) again can be solved for β in closed analytical 
form only for a few simple refractive index profiles. In most general cases 
it must be solved numerically or approximately.

(3.4-15b)

(3.4-16)

and is known as the Bohr-Sommerfeld quantization rule of the old quantum 
theory [19]. By using (3.4-5), the mode condition (3.4-18) becomes

(3.4-19)

(3.4-14b)
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Example: WKB Solutions for the Propagation Constants of Quadratic-Index Fiber

We consider a fiber with parabolic-index profile

Substituting n(r) into the mode condition (3.4-19), we obtain

(3.4-20)

(3.4-21)

where r1 and r2 are roots of p2(r) = 0 (i.e., the turning points). Using the 
substitution u = r2 and the integral formula

(3.4-22)

The mode condition (3.4-21) becomes

Solving (3.4-23) for β, we obtain

(3.4-24)

The WKB value (3.4-24) of the propagation constant β of the quadratic- 
index fiber modes is identical to that given by the exact solution of the wave 
equation (2.9-13). In using (3.4-24) we must keep in mind that (3.4-24) is 
obtained by assuming an index profile of the form (3.4-20) for all r. In practice 
the parabolic-index profile is truncated at the core boundary r = a. Therefore, 
a confined mode must have its propagation constant larger than n1(1 - 
2Δ)1/2k0 (i.e., n1(1 - 2Δ)1/2k0 < β < n1k0). Thus the mode subscripts (quantum 
numbers) l and m are limited by the following condition:

(3.4-25)

where n2 is the clad refractive index n2 = n1(1 - 2Δ)1/2. Note that this n2 is 
not to be confused with n2 defined in Chapter 2 [Equation (2.9-1a)].

Probably the single most important factor responsible for the emergence of 
the silica glass optical fiber as a premium transmission medium is the low 
optical propagation losses in such fibers. Figure 3-12 shows the measured

(3.4-23)

3.5 ATTENUATION IN SILICA FIBERS
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Figure 3-12 Observed loss spectrum of a germanosilicate single-mode fiber. 
Estimated loss spectra for various intrinsic materials effects and waveguide 
imperfections are also shown. (From Reference [20].) 

losses as a function of wavelength of a high-quality, germania-doped single- 
mode fiber. The loss peak around 1.4 μm is due to residual OH contamination 
of the glass. A low value of loss ~0.2 dB/km obtains near λ = 1.55 μm. 
Consequently, this region of the spectrum is now favored for long-distance 
optical communication. Recent experiments have taken advantage of the 
small pulse spreading near the zero group velocity dispersion wavelength 
and the low losses to demonstrate high-data-rate transmission (data rate 
exceeding 400 Mb/s) over a propagation path exceeding 100 km [20, 21] at 
λ ~ 1.55 μm.

For a more detailed discussion of propagation effects in optical fibers, 
the student can consult Reference [22].

Problems

3.1 The number of confined modes that can be supported by a circular 
dielectric waveguide depends on the refractive-index profile and the wave- 
length.

a. Using the cutoff value for the LPlm mode, show that the mode subscripts 
(l, m) for a step-index fiber must satisfy the condition
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where V = k0a(n21 — n22)1/2. Show that each LPlm mode is fourfold degen- 
erate.

b. By counting the allowed mode subscripts (l, m), show that the total num
ber of confined modes that can be supported by a step-index fiber is

Show that this expression again agrees with the results obtained in (b) 
for step-index fibers (g = ∞) and in (c) for quadratic-index fibers (g = 2).

3.2 The numerical aperture (NA) is a measure of the light-gathering capa- 
bility of a fiber. It is defined as the sine of the maximum external angle of 
the entrance ray (measured with respect to the axis of fiber) that is trapped 
in the core by total internal reflection.

a. Show that

c. Using (3.4-25) show that for a truncated quadratic-index fiber

Note that the total number of modes in a truncated quadratic-index fiber 
is one-half of that of a step-index fiber.

d. Estimate the number of confined modes in a multimode step-index fiber 
with a = 50 μm, n1 = 1.52, n2 = 1.50 at a carrier wavelength of λ = 
1 μm.

e. In a general, truncated graded-index fiber with a core radius a and a 
cladding index n2, it is convenient to define an effective V number such 
that

and the number of confined modes is approximately given by

Show that this approximation agrees with (b) and (c) for step-index and 
quadratic-index fibers, respectively.

f. Show that, according to (e), the number of confined modes in a power- 
law graded-index fiber with an index profile given by (3.4-1) is

b. Show that the solid acceptance angle in air is
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c. Show that the solid angle (in air) for a single electromagnetic radiation 
mode leaving or entering the core aperture is

where 2 accounts for the two independent polarizations in air. Show that 
this estimate agrees with Problem 3.1.

e. Find the numerical aperture of a multimode fiber with n1 = 1.52 and 
N2 = 1.50.

3.3 A single-mode step-index fiber must have a V number less than 2.405; 
i.e.,

d. The total number of modes the fiber can support, couple to, and radiate 
into air is therefore

a. Show that the expression derived in Problem 3.1(b) (N ≃ 4V2/π2) still 
applies, provided we realize that a single-mode fiber supports two inde- 
pendently polarized HE01 modes (or LP01 modes).

b. With a = 5 μm, n2 = 1.50, and λ = 1 μm, find the maximum core index 
for a single-mode fiber. (Answer: n1 = 1.50195.)

c. With n1 = 1.501, n2 = 1.500, and λ = 1 μm, find the maximum core radius 
for a single-mode fiber. (Answer: a = 7 μm.)

d. Show that the confinement factor for a single-mode fiber is

where ha satisfies the mode condition (3.3-26)

e. Show that, by using the table of Bessel functions, ha = 1.647 is an 
approximate solution to the mode condition for V = 2.405. Evaluate the 
confinement factor Γ1 for the LP01 mode of this single-mode fiber (Answer: 
Γ1 = 83%). Note that this is the maximum confinement factor for a single- 
mode fiber. Compare this value with the curves in Figure 3-9.

3.4 Mode condition

a. Derive the mode condition for step-index fibers (3.2-11).
b. Derive the expressions for the constants B, C, D, in terms of A (3.2-12).
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c. Derive the mode conditions for TE and TM modes (3.2-17).
d. Show that Ez = Er = 0 for TE modes and Hz = Hr = 0 for TM modes.
e. Show that in the limit n1 - n2 ≪ n1, TE and TM modes become identical.

3.5

a. Derive (3.3-6) and (3.3-7).
b. Derive (3.3-18) and (3.3-19).
c. Derive (3.3-23).
d. Derive (3.3-24) and (3.3-25).
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4 Optical Resonators

4.0 INTRODUCTION

Optical resonators, like their low-frequency, radio-frequency, and micro- 
wave counterparts, are used primarily in order to build up large field inten- 
sities with moderate power inputs. They consist in most cases of two, or 
more, curved mirrors that serve to "trap," by repeated reflections and re- 
focusing, an optical beam that thus becomes the mode of the resonator. A 
universal measure of this property is the quality factor Q of the resonator. 
Q is defined by the relation

110

(4.0-1)

As an example, consider the case of a simple resonator formed by bouncing 
a plane TEM wave between two perfectly conducting planes of separation 
l so that the field inside is

(4.0-2)

According to (1.3-22), the average electric energy stored in the resonator is

(4.0-3)

where A is the cross-sectional area, ε is the dielectric constant, and T = 2π/ω 
is the period. Using (4.0-2) we obtain

(4.0-4)
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where V = lA is the resonator volume. Since the average magnetic energy 
stored in a resonator is equal to the electric energy [1], the total stored 
energy is

(4.0-6)

The main difference between an optical resonator and a microwave reson
ator—for example, one operating at λ = 1 cm (v = 3 × 1010 Hz)—is that in 
the latter case one can easily fabricate the resonator with typical dimensions 
comparable to λ. This leads to the presence of one, or just a few, resonances 
in the region of interest. In the optical regime, however, λ ≃ 10-4 cm, so 
the resonator is likely to have typical dimensions that are very large in 
comparison to the wavelength. Under these conditions the number of 
resonator modes in a frequency interval dv is given (see Problem 4-8 or, for 
example, Reference [2]) by

(4.0-7)

where V is the volume of the resonator. For the case of V = 1 cm3, v = 3 × 1014 
Hz and dv = 3 × 1010, as an example, (4.0-7) yields N ~ 2 × 109 modes. If 
the resonator were closed, all these modes would have similar values of Q. 
This situation is to be avoided in the case of lasers, since it will cause the 
atoms to emit power (thus causing oscillation) into a large number of modes, 
which may differ in their frequencies as well as in their spatial characteristics.

This objection is overcome to a large extent by the use of open reson- 
ators, which consist essentially of a pair of opposing flat or curved reflectors. 
In such resonators the energy of the vast majority of the modes does not 
travel at right angles to the mirrors and will thus be lost in essentially a 
single traversal. These modes will consequently possess a very low Q. If 
the mirrors are curved, the few surviving modes will, as shown below, have 
their energy localized near the axis; thus the diffraction losses caused by 
the open sides can be made small compared with other loss mechanisms 
such as mirror transmission. (This point is considered in detail in Section 
4.9. The subject of losses is also considered in Section 4.7.)

(4.0-5)

Thus, recognizing that in steady state the input power is equal to the dis- 
sipated power, and designating the power input to the resonator by P, we 
obtain from (4.0-1)

The peak field is given by
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The Fabry-Perot etalon, or interferometer, named after its inventors [3], 
can be considered as the archetype of the optical resonator. It consists of a 
plane-parallel plate of thickness l and index n that is immersed in a medium 
of index n'.1 Let a plane wave be incident on the etalon at an angle θ' to 
the normal, as shown in Figure 4-1. We can treat the problem of the trans- 
mission (and reflection) of the plane wave through the etalon by considering 
the infinite number of partial waves produced by reflections at the two end 
surfaces. The phase delay between two partial waves—which is attributable 
to one additional round trip—is given, according to Figure 4-2, by

1In practice, one often uses etalons made by spacing two partially reflecting mirrors a distance 
l apart so that n = n' = 1. Another common form of etalon is produced by grinding two plane- 
parallel (or curved) faces on a transparent solid and then evaporating a metallic or dielectric 
layer (or layers) on the surfaces.

Figure 4-1 Multiple reflections model for analyzing the Fabry-Perot etalon.

4.1 FABRY-PEROT ETALON

(4.1-1)

where λ is the vacuum wavelength of the incident wave and θ is the internal 
angle of incidence. If the complex amplitude of the incident wave is taken 
as Ai, then the partial reflections, B1, B2, and so forth, are given by

where r is the reflection coefficient (ratio of reflected to incident amplitude), 
t is the transmission coefficient for waves incident from n' toward n, and r' 
and t' are the corresponding quantities for waves traveling from n toward
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Figure 4-2 Two successive reflections, A1 and A2. Their path difference is given 
by

n'. The complex amplitude of the (total) reflected wave is Ar = B1 + B2 + 
B3 + · · ·, or

(4.1-3)

where a phase factor exp(iδ/2), which corresponds to a single traversal of 

the plate and is common to all the terms, has been left out. Adding up the 
A terms, we obtain

for the complex amplitude of the total transmitted wave. We notice that the 
terms within the parentheses in (4.1-2) and (4.1-3) form an infinite geometric 
progression; adding them, we get

(4.1-4)

and

(4.1-5)

(4.1-2)

For the transmitted wave,
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where we used the fact that r' = -r, the conservation-of-energy relation that 
applies to lossless mirrors

for the transmitted fraction. Our basic model contains no loss mechanisms, 
so conservation of energy requires that It + Ir be equal to Ii, as is indeed the 
case.

Let us consider the transmission characteristics of a Fabry-Perot etalon. 
According to (4.1-7) the transmission is unity whenever

as well as the definitions

R and T are, respectively, the fraction of the intensity reflected and trans
mitted at each interface and will be referred to in the following discussion 
as the mirrors' reflectance and transmittance.

If the incident intensity (watts per square meter) is taken as AiA*i, we 
obtain from (4.1-4) the following expression for the fraction of the incident 
intensity that is reflected:

(4.1-6)

Moreover, from (4.1-5),

(4.1-7)

(4.1-8)

Using (4.1-1), the condition (4.1-8) for maximum transmission can be written
as

(4.1-9)

where c = vλ is the velocity of light in vacuum and v is the optical frequency. 
For a fixed l and θ, (4.1-9) defines the unity transmission (resonance) fre- 
quencies of the etalon. These are separated by the so-called free spectral 
range

(4.1-10)

Theoretical transmission plots of a Fabry-Perot etalon are shown in 
Figure 4-3. The maximum transmission is unity, as stated previously. The
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Figure 4-3 Transmission characteristics (theoretical) of a Fabry-Perot etalon. 
(After Reference [4].) 

minimum transmission, on the other hand, approaches zero as R approaches 
unity.

If we allow for the existence of losses in the etalon medium, we find 
that the peak transmission is less than unity. Taking the fractional intensity 
loss per pass as (l - A), we find that the maximum transmission drops from 
unity to

(4.1-11)

The proof of (4.1-11) is left as an exercise (Problem 4-2).
An experimental transmission plot of a Fabry-Perot etalon is shown in 

Figure 4-4.

Figure 4-4 Experimental transmission characteristics of a Fabry-Perot etalon at 
6328 Å as a function of the etalon optical length with R = 0.9 and A = 0.98. The 
two peaks shown correspond to a change in the optical length Δ(nl) = λ/2. (After 
Reference [5].)



116 OPTICAL RESONATORS

4.2 FABRY-PEROT ETALONS AS OPTICAL SPECTRUM ANALYZERS

According to (4.1-8), the maximum transmission of a Fabry-Perot etalon 
occurs when

(4.2-1)

Taking, for simplicity, the case of normal incidence (θ = 0°), we obtain the 
following expression for the change dv in the resonance frequency of a given 
transmission peak due to a length variation dl

(4.2-2)

where Δv is the intermode frequency separation as given by (4.1-10). Ac- 
cording to (4.2-2), we can tune the peak transmission frequency of the etalon 
by Δv by changing its length by half a wavelength. This property is utilized 
in operating the etalon as a scanning interferometer. The optical signal to 
be analyzed passes through the etalon as its length is being swept. If the 
width of the transmission peaks is small compared to that of the spectral 
detail in the incident optical beam signal, the output of the etalon will con- 
stitute a replica of the spectral profile of the signal. In this application it is 
important that the spectral width of the signal beam be smaller than the 
intermode spacing of the etalon (c/2nl) so that the ambiguity due to simul- 
taneous transmission through more than one transmission peak can be avoided. 
For the same reason the total length scan is limited to dl < λ/2n. Figure 4-5 
demonstrates the operation of a scanning Fabry-Perot etalon; Figure 4-6 
shows intensity versus frequency data obtained by analyzing the output of

Figure 4-5 Typical scanning Fabry-Perot interferometer experimental 
arrangement.
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Figure 4-6 Intensity versus frequency analysis of the output of an He-Ne 6328 Å 
laser obtained with a scanning Fabry-Perot etalon. The horizontal scale is 250 
MHz per division.

a multimode He-Ne laser oscillating near 6328 Å. The peaks shown corre- 
spond to longitudinal laser modes, which will be discussed in Section 4-5.

It is clear from the foregoing that when operating as a spectrum analyzer 
the etalon resolution—that is, its ability to distinguish details in the spec
trum—is limited by the finite width of its transmission peaks. If we take, 
somewhat arbitrarily,2 the limiting resolution of the etalon as the separation 
Δv1/2 between the two frequencies at which the transmission is down to half 
of its peak value, from (4.1-7) we obtain

2For a more complete discussion concerning the definition of resolution, see Reference [4].

(4.2-3)

where δ1/2 is the value of 8 corresponding to the two half-power points— 
that is, the value of δ at which the denominator of (4.1-7) is equal to 2(1 - R)2. 
If we assume (δ1/2 - 2mπ) ≪ π, so that the width of the high-transmission 
regions in Figure 4-3 is small compared to the separation between the peaks, 
we obtain

(4.2-4)

or using (4.1-10) and defining the etalon finesse as

(4.2-5)
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we obtain

(4.2-6)

for the limiting resolution. The finesse F (which is used as a measure of the 
resolution of Fabry-Perot etalon) is, according to (4.2-6), the ratio of the 
separation between peaks to the width of a transmission bandpass. This ratio 
can be read directly from the transmission characteristics such as those of 
Figure 4-4, for which we obtain F ≃ 26.

Numerical Example: Design of a Fabry-Perot Etalon 

Consider the problem of designing a scanning Fabry-Perot etalon to be used 
in studying the mode structure of a He-Ne laser with the following char- 
acteristics: llaser= 100 cm and the region of oscillation = Δvgain = 1.5 × 109 
Hz.

The free spectral range of the etalon (that is, its intermode spacing) must 
exceed the spectral region of interest, so from (4.1-10) we obtain

(4.2-7)

The separation between longitudinal modes of the laser oscillation is 
c/2nllaser = 1.5 × 108 Hz (here we assume n = 1). We choose the resolution 
of the etalon to be a tenth of this value, so spectral details as narrow as
1.5 × 107 Hz can be resolved. According to (4.2-6), this resolution can be 
achieved if

(4.2-8)

To satisfy condition (4.2-7), we choose 2nleta1 = 20 cm; thus (4.2-8) is satisfied 
when

(4.2-9)

A finesse of 100 requires, according to (4.2-5), a mirror reflectivity of ap
proximately 97 percent.

As a practical note we may add that the finesse, as defined by the first 
equality in (4.2-6), depends not only on R but also on the mirror flatness 
and the beam angular spread. These points are taken up in Problems 4-3 and 
4-4.

Another important mode of optical spectrum analysis performed with 
Fabry-Perot etalons involves the fact that a noncollimated monochromatic 
beam incident on the etalon will emerge simultaneously, according to (4.1-8), 
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along many directions θ,3 which correspond to the various orders m. If the 
output is then focused by a lens, each such direction θ will give rise to a 
circle in the focal plane on the lens, and, therefore, each frequency com
ponent present in the beam leads to a family of circles. This mode of spectrum 
analysis is especially useful under transient conditions where scanning eta
lons cannot be employed. Further discussion of this topic is included in 
Problem 4-6.

4.3 OPTICAL RESONATORS WITH SPHERICAL MIRRORS

In this section we study the properties of optical resonators formed by two 
opposing spherical mirrors, see References [6] and [7]. We will show that 
the field solutions inside the resonators are those of the propagating Gaussian 
beams, which were considered in Chapter 3. It is, consequently, useful to 
start by reviewing the properties of these beams.

The field distribution corresponding to the (l, m) transverse mode is 
given, according to (2.8-1), by 

where the spot size ω(z) is

(4.3-2)

and where ω0, the minimum spot size, is a parameter characterizing the 
beam. The radius of curvature of the wavefront is

(4.3-3)

and the phase factor η is as follows:

(4.3-4)

The sign of R(z) is taken as positive when the center of curvature is to the 
left of the wavefront, and vice versa. According to (4.3-1) and (4.3-2), the 
loci of the points at which the beam intensity (watts per square meter) is a 

3Each direction θ corresponds in three dimensions to the surface of a cone with a half-apex 
angle θ.

(4.3-1)
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Figure 4-7 Hyperbolic curves corresponding to the local directions of propagation. 
The nearly spherical phase fronts represent possible positions for reflectors. Any 
two reflectors form a resonator with a transverse field distribution given by (4.3-1).

The hyperbolas generated by the intersection of these surfaces with planes 
that include the z axis are shown in Figure 4-7. These hyperbolas are normal 
to the phase fronts and thus correspond to the local direction of energy flow. 
The hyperboloid x2 + y2 = ω2(z) is, according to (4.3-1), the locus of the 
points where the exponential factor in the field amplitude is down to e-1 
from its value on the axis. The quantity ω(z) is thus defined as the mode 
spot size at the plane z.

Given a beam of the type described by (4.3-1), we can form an optical 
resonator merely by inserting at points z1 and z2 two reflectors with radii of 
curvature that match those of the propagating beam spherical phase fronts 
at these points. Since the surfaces are normal to the direction of energy 
propagation as shown in Figure 4-7, the reflected beam retraces itself; thus, 
if the phase shift between the mirrors is some multiple of 2π radians, a self- 
reproducing stable field configuration results.

Alternatively, given two mirrors with spherical radii of curvature R1 and 
R2 and some distance of separation l, we can, under certain conditions to 
be derived later, adjust the position z = 0 and the parameter ω0 so that the 
mirrors coincide with two spherical wavefronts of the propagating beam 
defined by the position of the waist (z = 0) and ω0. If, in addition, the mirrors 
can be made large enough to intercept the majority (99 percent, say) of the 
incident beam energy in the fundamental (l = m = 0) transverse mode, we 
may expect this mode to have a larger Q than higher-order transverse modes, 
which, according to Figure 2-7, have fields extending farther from the axis 
and consequently lose a larger fraction of their energy by "spilling" over 
the mirror edges (diffraction losses).

Optical Resonator Algebra

As mentioned in the preceding paragraphs, we can form an optical resonator 
by using two reflectors, one at z1 and the other at z2, chosen so that their 
radii of curvature are the same as those of the beam wavefronts at the two

given fraction of its intensity on the axis are the hyperboloids

(4.3-5)
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locations. The propagating beam mode (4.3-1) is then reflected back and 
forth between the reflectors without a change in the transverse profile. The 
requisite radii of curvature, determined by (4.3-3), are 

from which we get

(4.3-6)

For a given minimum spot size ω0 = (λz0/πn)1/2, we can use (4.3-6) to find 
the positions z1 and z2 at which to place mirrors with curvatures R1 and R2, 
respectively. In practice, we often start with given mirror curvatures R1 and 
R2 and a mirror separation l. The problem is then to find the minimum spot 
size ω0, its location with respect to the reflectors, and the mirror spot sizes 
ω1 and ω2. Taking the mirror spacing as l = z2 - z1, we can solve (4.3-6) for 
z20, obtaining

(4.3-7)

where z2 is to the right of z1 (so that l = z2 - z1 > 0) and the mirror curvature 
is taken as positive when the center of curvature is to the left of the mirror.

The minimum spot size ω0 = (λz0/πn)1/2 and its position is next deter
mined from (4.3-6). The mirror spot sizes are then calculated by the use of 
(4.3-2).

The Symmetrical Mirror Resonator

The special case of a resonator with symmetrically (about z = 0) placed 
mirrors merits a few comments. The planar phase front at which the minimum 
spot size occurs is, by symmetry, at z = 0. Putting R2 = -R1 = R in (4.3-7) 
gives

(4.3-8)

and 

(4.3-9)
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which, when substituted in (4.3-2) with z = l/2, yields the following expres- 
sion for the spot size at the mirrors:

(4.3-10)

A comparison with (4.3-9) shows that, for R ≫ l, ω ≃ ω0 and the beam spread 
inside the resonator is small.

The value of R (for a given l) for which the mirror spot size is a minimum, 
is readily found from (4.3-10) to be R = l. When this condition is fulfilled we 
have what is called a symmetrical confocal resonator, since the two foci, 
occurring at a distance of R/2 from the mirrors, coincide. From (4.3-8) and 
the relation ω0 = (λz0/πn)1/2, we obtain

(4.3-11)

so the beam spot size increases by √2 between the center and the mirrors.

Numerical Example: Design of a Symmetrical Resonator

Consider the problem of designing a symmetrical resonator for λ = 10-4 cm 
with a mirror separation l = 2m. If we were to choose the confocal geometry 
with R = l = 2m, the minimum spot size (at the resonator center) would be, 
from (4.3-11) and for n = 1 

whereas, using (4.3-12), the spot size at the mirrors would have the value

Assume next that a mirror spot size ω1,2 = 0.3 cm is desired. Using this 
value in (4.3-10) and assuming R ≫ l, we get 

whence 

so that the assumption R ≫ l is valid. The minimum beam spot size ω0 is 
found, through (4.3-2) and (4.3-8), to be

whereas from (4.3-10) we get

(4.3-12)
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Thus, to increase the mirror spot size from its minimum (confocal) value of 
0.0798 cm to 0.3 cm, we must use exceedingly plane mirrors (R = 799 me
ters). This also shows that even small mirror curvatures (that is, large R) 
give rise to "narrow" beams.

The numerical example we have worked out applies equally well to the 
case in which a plane mirror is placed at z = 0. The beam pattern is equal 
to that existing in the corresponding half of the symmetric resonator in the 
example, so the spot size on the planar reflector is ω0.

The ability of an optical resonator to support low (diffraction) loss4 modes 
depends on the mirrors' separation l and their radii of curvature R1 and R2. 
To illustrate this point, consider first the symmetric resonator with R2 = R1 = R

The ratio of the mirror spot size at a given l/R to its minimum confocal 
(l/R = 1) value, given by the ratio of (4.3-10) to (4.3-12), is

This ratio is plotted in Figure 4-8. For l/R = 0 (plane-parallel mirrors) and 
for l/R = 2 (two concentric mirrors), the spot size becomes infinite. It is 
clear that the diffraction losses from these cases are very high, since most 
of the beam energy "spills over" the reflector edges. Since, according to 
Table 2-1, the reflection of a Gaussian beam from a mirror with a radius of 
curvature R is formally equivalent to its transmission through a lens with a 

4By diffraction loss we refer to the fact that due to the beam spread [see (2.5-18)], a fraction 
of the Gaussian beam energy "misses" the mirror and is not reflected and is thus lost.

Figure 4-8 Ratio of beam spot size at the mirrors of a symmetrical resonator to its 
confocal (l/R = 1) value.

4.4 MODE STABILITY CRITERIA

(4.4-1)
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Figure 4-9 (a) Asymmetric resonator (R1 ≠ R2) with mirror curvatures R1 and R2. 
(b) Biperiodic lens system (lens waveguide) equivalent to resonator shown in (a).

Figure 4-10 Stability diagram of optical resonator. Shaded (high-loss) areas are 
those in which the stability condition 0 ≤ (1 - l/R1)(1 - l/R2) ≤ 1 is violated and 
the clear (low-loss) areas are those in which it is fulfilled. The sign convention for 
R1 and R2 is discussed in footnote 5. (After Reference [7].) 
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focal length f = R/2, the problem of the existence of stable confined optical 
modes in a resonator is formally the same as that of the existence of stable 
solutions for the propagation of a Gaussian beam in a biperiodic lens se- 
quence, as shown in Figure 4-9. This problem was considered in Section 2.1 
and led to the stability condition (2.1-16).

If, in (2.1-16), we replace f1 by R1/2 and f2 by R2/2, we obtain the 
stability condition for optical resonators5

A convenient representation of the stability condition (4.4-2) is by means 
of the diagram [7] shown in Figure 4-10. From this diagram, for example, it 
can be seen that the symmetric concentric (R1 = R2 = l/2), confocal (R1 = R2 = l), 
and the plane-parallel (R1 = R2 = ∞) resonators are all on the verge of insta
bility and thus may become extremely lossy by small deviations of the 
parameters in the direction of instability.

4.5 MODES IN A GENERALIZED RESONATOR—THE SELF-CONSISTENT METHOD

Up to this point we have treated resonators consisting of two opposing 
spherical mirrors. We may, sometimes, wish to consider the properties of 
more complex resonators made up of an arbitrary number of lenslike ele
ments such as those shown in Table 2-1. A simple case of such a resonator 
may involve placing a lens between two spherical reflectors or constructing 
an off-axis three-reflector resonator. Yet another case is that of a traveling 
wave resonator in which the beam propagates in one sense only.

In either of these cases we need to find if low-loss (that is, "stable") 
modes exist in the complex resonator, and if so, to solve for the spot size 
ω(z) and the radius of curvature R(z) everywhere.

We apply the self-consistency condition and require that a stable eigen- 
mode of the resonator is one that reproduces itself after one round trip. We 
choose an arbitrary reference plane in the resonator, denote the steady-state 
complex beam parameter at this plane as qs, and, using the ABCD law (2.6-6), 
require that

(4.5-1)

where A, B, C, D are the "ray" matrix elements for one complete round 
trip—starting and ending at the chosen reference plane.

5This causes the sign convention of R1 and R2 to be different from that used in the preceding 
sections. The sign of R is the same as that of the focal Iength of the equivaIent lens. This makes 
R1 (or R2) positive when the center of curvature of mirror 1 (or 2) is in the direction of mirror 
2 (or I), and negative otherwise.

(4.4-2)
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Solving (4.5-1) for 1/qs gives

(4.5-2)

since the individual elements in the resonator are described by unimodular 
matrices, that is, AiDi - BiCi= 1 (see Table 2-1), it follows that the matrix 
A, B, C, D, which is the product of individual matrices, satisfies

(4.5-3)

(4.5-4)

where

According to (2.5-11) the condition for a confined Gaussian beam is that 
the square of the beam spot size ω2 be a finite positive number. Recalling 
that q is related to the spot size ω and the radius of curvature R as

(4.5-5)

(4.5-7)

and (4.5-2) can, consequently, be written as

we find by comparing the last expression to (4.5-3) that the condition for a 
confined beam is satisfied by choosing θ<0 in (4.5-4), provided

and the steady-state beam parameter is

(4.5-6)

Equation (4.5-5) can thus be viewed as the generalization of the stability 
condition (4.4-2) to the case of an arbitrary resonator. When applied to a 
resonator composed of two spherical reflectors, it reduces to (4.4-2).

The radius of curvature R and the spot size ω at the reference plane are 
obtained from (4.5-6) by using (2.6-5)
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The complex beam parameter q, and hence ω and R, at any other plane can 
be obtained by applying the ABCD law (2.6-6) to qs.

Stability of the Resonator Modes

The treatment just concluded dealt with the existence of steady-state (self- 
reproducing) resonator modes. Having found that such modes do exist, we 
need to inquire whether the modes are stable. This can be done by perturbing 
the steady-state solution 1/qs as given by (4.5-6) and following the evolution 
of the perturbation with propagation [8].

We start with (2.6-6), which relates the beam parameter qout to the beam 
parameter qin, after one round trip

where A, B, C, D are the ray matrix elements for one complete round trip 
inside the optical resonator. Rewriting the last expression as

(4.5-8)

At steady state qout = qin ≡ qs

Using (4.5-6) we obtain

so that

(4.5-9)

(4.5-10)

(4.5-11)

Because confined modes require, according to (4.5-4) and (4.5-5), that 
θ be real, it follows from (4.5-11) that a small perturbation Δqin-1 of the beam

we obtain by differentiation
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parameter q-1 from the steady-state value qs-1 does not decay, since the 
perturbation after one round trip (Δqout-1) satisfies

(4.5-12)

We thus find that the theory predicts that mode perturbations in Gaussian 
mode resonators do not decay. This does not agree with experience, which 
shows that the mode characteristics of laser oscillators are highly stable, 
thus implying a strong perturbational decay, that is, |Δqout-1| < |∆qin-1|. The 
discrepancy is resolved if we include in the analysis leading to (4.5-11) the 
fact that the resonator mirrors are of finite extent. This point is considered 
in Appendix A.

Up to this point we have considered only the dependence of the spatial mode 
characteristics on the resonator mirrors (their radii of curvature and sepa- 
ration). Another important consideration is that of determining the resonance 
frequencies of a given spatial mode.

The frequencies are determined by the condition that the complete round- 
trip phase delay of a resonant mode be some multiple of 2π. This requirement 
is equivalent to that in microwave waveguide resonators where the resonator 
length must be equal to an integral number of half-guide wavelengths [1]. 
This requirement makes it possible for a stable standing wave pattern to 
establish itself along the axis with a transverse field distribution equal to 
that of the propagating mode.

If we consider a spherical mirror resonator with mirrors at z2 and z1, the 
resonance condition for the l, m mode can be written as6

6In obtaining (4.6-1) we did not allow for the phase shift upon reflection. This correction does 
not affect any of the results of this section.

4.6 RESONANCE FREQUENCIES OF OPTICAL RESONATORS

(4.6-1)

where q is some integer and ηl,m(z), the phase shift, is given according to 
(2.8-2) by

(4.6-2)

The resonance condition (4.6-1) is thus

(4.6-3)
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where d = z2 - z1 is the resonator length. It follows that

or, using k = 2πvn/c,

(4.6-4)

for the intermode frequency spacing.
Let us consider, next, the effect of varying the transverse mode indices 

l and m in a mode with a fixed q. We notice from (4.6-3) that the resonant 
frequencies depend on the sum (l + m) and not on l and m separately, so 
for a given q all the modes with the same value of l + m are degenerate 
(that is, they have the same resonance frequencies). Considering (4.6-3) at 
two different values of l + m gives

(4.6-6)

for the change Δv in the resonance frequency caused by a change Δ(l + m) 
in the sum (l + m). As an example, in the case of a confocal resonator 
(R = d) we have, according to (4.3-6), z2 = -z1 = z0; therefore, tan-1 (z2/z0) =

Figure 4-11 Position of resonance frequencies of a confocal (d = R) optical 
resonator as a function of the mode indices l, m, and q.

and, by subtraction,

(4.6-5)

and
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Figure 4-12 Resonant frequencies of a near-planar (R ≫ d) optical resonator as a 
function of the mode indices l, m, and q.

The mode grouping for this case is illustrated in Figure 4-12.
The situation depicted in Figure 4-12 is highly objectionable if the 

resonator is to be used as a scanning interferometer. The reason is that in 
reconstructing the spectral profile of the unknown signal, an ambiguity is 
caused by the simultaneous transmission of more than one frequency. This 
ambiguity is resolved by using a confocal etalon whose mode spacing is as 
shown in Figure 4-11 and by choosing d to be small enough that the intermode 
spacing c/4nd exceeds the width of the spectral region that is scanned.

An understanding of the mechanisms by which electromagnetic energy is 
dissipated in optical resonators and the ability to control them are of major 
importance in understanding and operating a variety of optical devices. For 
historical reasons as well as for reasons of convenience, these losses are 
often characterized by a number of different parameters. This book uses, in

-tan-1 (z1/z0) = π/4, and (4.6-6) becomes

(4.6-7)

Comparing (4.6-7) to (4.6-4), we find that in the confocal resonator the 
resonance frequencies of the transverse modes, resulting from changing l 
and m, either coincide or fall halfway between those resulting from a change 
of the longitudinal mode index q. This situation is depicted in Figure 4-11.

To see what happens to the transverse resonance frequencies (that is, 
those due to a variation of l and m) in a confocal resonator, we may consider 
the nearly planar resonator in which |z1| and z2 are small compared to z0 
(that is, d ≪ R1 and R2). In this case, (4.6-6) becomes

(4.6-8)

4.7 LOSSES IN OPTICAL RESONATORS
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different places, the concepts of loss per pass, photon lifetime, and quality 
factor Q to describe losses in resonators. Let us see how these quantities 
are related to each other.

The decay lifetime (photon lifetime) tc of a cavity mode is defined by 
means of the equation

(4.7-1)

where ℰ is the energy stored in the mode so that in a passive resonator 
ℰ(t) = ℰ(0) exp(-t/tc) = ℰ(0) exp(-ωt/Q). If the fractional (intensity) loss 
per pass is L and the length of the resonator is l, then the fractional loss per 
unit time is cL/nl; therefore

and, from (4.7-1),

(4.7-2)

for the case of a resonator with mirrors' reflectivities R1 and R2 and an 
average distributed loss constant α, the average loss per pass is for small 
losses L = αl - 1n√R1R2 so that

where the approximate equality applies when R1R2 ≈ 1.
The quality factor of the resonator is defined universally as

(4.7-3)

(4.7-4)

where ℰ is the stored energy, ω is the resonant frequency, and P = -dℰ/dt
is the power dissipated. By comparing (4.7-4) and (4.7-1) we obtain

The Q factor is related to the full width Δv1/2 (at the half-power points) of 
the resonator's Lorentzian response curve as ([4] and Section 5.1).

(4.7-6)

(4.7-7)

(4.7-5)

so that, according to (4.7-3)
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The most common loss mechanisms in optical resonators are the fol- 
lowing.

1. Loss resulting from nonperfect reflection. Reflection loss is unavoid
able, since without some transmission no power output is possible. In 
addition, no mirror is ideal; and even when mirrors are made to yield 
the highest possible reflectivities, some residual absorption and scatter
ing reduce the reflectivity to somewhat less than 100 percent.

2. Absorption and scattering in the laser medium. Transitions from some 
of the atomic levels, which are populated in the process of pumping, to 
higher-lying levels constitute a loss mechanism in optical resonators 
when they are used as laser oscillators. Scattering from inhomogeneities 
and imperfections is especially serious in solid-state laser media.

3. Diffraction losses. From (4.3-1) or from Figure 2-7, we find that the 
energy of propagating-beam modes extends to considerable distances 
from the axis. When a resonator is formed by "trapping" a propagating 
beam between two reflectors, it is clear that for finite-dimension reflec- 
tors some of the beam energy will not be intercepted by the mirrors and 
will therefore be lost. For a given set of mirrors this loss will be greater, 
the higher the transverse mode indices l, m, since in this case the energy 
extends farther. This fact is used to prevent the oscillation of higher- 
order modes by inserting apertures into the laser resonator whose open-

Figure 4-13 Diffraction losses for a plane-paralleI and several low-order confocal 
resonators; a is the mirror radius and l is their spacing. The pairs of numbers 
under the arrows refer to the transverse-mode indices l, m. (After Reference [6].) 
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ing is large enough to allow most of the fundamental (0, 0, q) mode 
energy through, but small enough to increase substantially the losses of 
the higher-order modes. Figure 4-13 shows the diffraction losses of a 
number of low-order confocal resonators. Of special interest is the dra
matic decrease of the diffraction losses that results from the use of 
spherical reflectors instead of the plane-parallel ones.

Optical resonators with parameters falling within the shaded regions of Fig- 
ure 4-10—that is, those violating condition 4.4-2—were found to be unstable. 
This instability was demonstrated in Section 4.4 as manifesting itself in 
a sudden and steep increase of the beam spot size at the mirrors as the 
resonator parameters approach the unstable regime. This leads to large dif- 
fraction losses.

A number of important laser applications exist where the large diffraction 
losses attendant upon operation in the unstable region are acceptable or even 
desirable. Some of the reasons are:

1. Operation in the stable regime has been shown (see example of Section 
4.3) to lead to narrow Gaussian beams. This situation is not compatible 
with the need for high-power output that requires large lasing volumes.

2. The losses in unstable resonators are dominated by diffraction (that is, 
beam power "missing" the reflectors) and are thus desirable in situations 
where the high gain prescribes large output coupling ratios (see Chapter 
6).

3. The nature of the coupling results in an output beam with a large aperture 
that is consequently well collimated without the use of telescoping op- 
tics. This point will be made clear by the following discussion.

The more sophisticated theoretical analyses of this problem make use 
of Huygen's integral method to derive the diffraction losses and field dis
tribution of the modes of the unstable resonator. In the following brief treat
ment we will use a geometrical optics analysis advanced by Siegman [9] that 
emphasizes the essential physical characteristics of the resonator and that 
yields results in fair agreement with experiments.

Referring to Figure 4-14 we assume that the right-going wave leaving 
mirror M1 is a spherical wave originating in a virtual center P1 that is not, 
in general, the center of curvature of mirror M1. This wave is incident on 
M2, from which a fraction of the original intensity is reflected as a uniform 
spherical wave coming from a virtual center P2. For self-consistency this 
wave, then, is reflected from M1 as if it originated at P1. The self-consistency 
condition is satisfied if the virtual image of P1 upon reflection from M2 is at 
P2 and vice versa.

4.8 UNSTABLE OPTICAL RESONATORS
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Figure 4-14 Spherical-wave picture of the mode in an unstable resonator. Points P1 
and P2 are the virtual centers of the spherical waves. Each wave diverges so that 
a sizable fraction of its energy spills past the opposite mirror. (After Reference 
[9].)

Applying the imaging formulas of geometrical optics to the configuration 
of Figure 4-14, the self-consistency condition becomes

(4.8-2)

(4.8-1)

where gi ≡ 1 - l/Ri (i = 1, 2), and the sign of R is as discussed in footnote 
5, so that in the example of Figure 4-14 R1 and R2 are negative.

Solving (4.8-1) for r1 and r2 gives
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The expressions (4.8-2) for r1 and r2 can be used to calculate, in the 
geometrical optics approximations, the loss per round trip of the unstable 
resonator. To demonstrate this we return to Figure 4-14 and consider first, 
for simplicity, the case of a strip geometry where the mirrors are infinitely 
long in the y direction and have curvature only along their width as shown.

The self-consistent wave, immediately following reflection from mirror 
1, is taken to have a total energy of unity. Upon reflection from M2 the total 
energy is reduced to

and for spherical mirrors (with curvature in both planes)

(4.8-4)

Figure 4-15 Loss per bounce versus Fresnel number for stable and unstable 
resonators. (After Reference [9].)

(4.8-3)

To arrive at the last result, we took into account the two-dimensional beam 
spread due to virtual emanation from P1 between M1 and M2. The total 
transmission factor per round trip due to both mirrors is thus
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and

(4.8-5)

The average fractional power loss per pass may be taken as

(4.8-6)

The unstable resonator loss is thus independent of the mirror dimensions, 
depending only on their radii of curvature and separation.

A plot of the losses of some symmetric unstable resonators that is ob- 
tained from (4.8-2) and (4.8-5) is shown in Figure 4-15.

An electromagnetic analysis of unstable resonators is given in Appendix 
A. For more detailed theoretical treatments, see References [10-12].

The approach used in this chapter to develop the formalism of optical 
resonators is to start with the electromagnetic propagating beam modes 
whose properties were derived in Chapter 3 and then "construct" the re- 
sonator by placing two spherical reflectors whose radii of curvature are 
identical to those of the beam wavefronts at the mirrors' positions. This 
approach is elegant in that it treats both beams and resonators with the same 
formalism. It also leads to closed form expressions for many of the important 
resonator quantities such as beam spot sizes, resonant frequency, and others.

There exists a second method of treating optical resonators that is based 
on the diffraction theory of electromagnetic waves. This approach was the 
one used by Fox and Li [15] to prove the existence of optical modes. It also 
lends itself in a natural manner to numerical calculations of resonator prop- 
erties and is used a great deal in the practical design of high-power laser 
systems.

According to scalar diffraction theory, the complex amplitude U2(P2) at 
some point P2 of a monochromatic electromagnetic field (frequency ω/2π) 
is related to that on some aperture Σ by the integral [13]

4.9 OPTICAL RESONATORS—DIFFRACTION THEORY APPROACH

(4.9-1)

where k = ωn/c = 2π/λ (so that λ = λvac/n is the wavelength in the medium) 
n is the unit vector normal to Σ, and the other symbols are as shown in 
Figure 4-16.

Equation (4.9-1) can be simplified in situations where the angle (n, r21) 
is very small. This is true when the distance z from the plane of observation 
to the aperture plane far exceeds the transverse dimensions (x1, y1) and (x2,
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Figure 4-16 The geometry used in Equation (4.9-1). n is the outward normal unit 
vector in the aperture plane.

y2) of interest. Under these conditions we can use the approximation

(4.9-2)

Note that we have not replaced r21 by z in the exponent, since there it is 
multiplied by ik whose magnitude at λ = 1 μm, for example, is ~107 m-1. 
Under these conditions the difference between kr21 and kz could be com
parable to or larger than 2π.

We can use Equation (4.9-1) to derive formally an integral equation for 
the modes of an optical resonator. This method is equivalent to the propa- 
gating beam method of Section 4.3. It is, however, more amenable to nu- 
merical solutions. To be specific, we will consider the modes of the generic 
resonator shown in Figure 4-17.

In deriving the modes of the resonator by the diffraction integral method, 
we assume that the mode corresponds to a wave that bounces continuously 
back and forth between reflectors 1 and 2. It is thus analogous to a trans- 
mission of the same wave through an infinite biperiodic sequence of equiv
alent lenses (f1,2 = R1,2) that are separated by L and set in opaque absorbing 
screens as shown in Figure 4-17(b). We shall seek to find whether such a 
structure possesses field solutions that repeat themselves within a complex

and replace r21 in the denominator of (4.9-1) by z. The result is
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Figure 4-17 (a) The two spherical reflectors separated by d have radii of curvature 
R1 and R2. (b) The biperiodic sequence of lenses that is equivalent to the 
resonator (a). The focal distances of the lenses are the same as those of the 
corresponding reflectors, i.e., f1,2 = R1,2/2. The spacing d of the lenses is the same 
as that of the reflectors.

multiplicative constant after each round trip. These will correspond to the 
eigenmodes of the equivalent resonator.

For r21 making a small angle with the z axis we obtain 

where the exponential factors involving R1 and R2 account for the additional 
path differences due to the sphericity of the mirrors as shown in Figure 
4-17(a).

The diffraction integral (4.9-2) becomes

(4.9-3)
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(4.9-4)

where the kernel h is defined implicitly by (4.9-4) as

(4.9-5)

The integration in (4.9-4) is limited to the area Σ1 of the aperture, thus 
assuming tacitly that the field outside it is negligibly small.

In the following we will simplify our notation by writing the address 
(x, y) of a point x so that Equation (4.9-4) can be written as

(4.9-6)

In a similar fashion we can express the field on mirror 1 due to U2(x2) as

A necessary condition for the field calculated by our technique to cor- 
respond to that of a resonator mode is that after one round trip the field on 
each mirror, say 1, returns to its original value to within some multiplicative 
constant γ. Using (4.9-7) we express this condition as

Such an integral equation can be shown to possess a discrete set of 
solutions (eigenfunctions), which we will denote by Umn. The function Umn 
can be shown [14] to approach in the limit of large Fresnel numbers (d2/aλ ≫ 1) 
the Hermite-Gaussian solutions obtained in Chapter 2 by the propagating 
beam mode method. The solution yields also the associated complex eigen-

(4.9-7)

Replacing U2 by the right side of (4.9-6) and interchanging the order of 
integration leads to

(4.9-8)

where K(x, x1), the round trip kernel 1 → 2 → 1, is given by

(4.9-9)

or, using (4.9-8) and letting U1(x) → U(x),

(4.9-10)
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Figure 4-18 (a) Relative amplitude and phase distributions of field for finite-width 
strip mirrors. (The initially launched wave has a uniform distribution.) The mirror 
height is 2a. (b) Relative steady-state amplitude and phase distributions of field 
intensity of the lowest-order even-symmetry mode for infinite strip mirrors. (After 
Reference [15].)
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value γmn. γmn corresponds physically to the factor by which the amplitude 
changes in one round trip. It we write 

then αmn = 1 - |γmn|2 is the loss in mode power per round trip, while φmn 
is the phase shift per round trip.

The oscillation frequency is determined by the requirement that the 
phase delay φmn per one round trip be some integer, say q, of 2π. Since the 
round trip kernel K contains, according to (4.9-5) and (4.9-9), the phase delay 
factor exp(-2ikd), it is convenient to define
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and write the oscillation frequency condition as 

and using kmn = 2πfmn/c, obtain

(4.9-11)

as the oscillation frequency of mode (m, n, q). The integer q corresponds 
to the number of maxima of the standing wave interference pattern between 
the two reflectors.

Equivalent Resonator Systems

Equation (4.9-3) can be rewritten as

(4.9-12)

A number of equivalence properties can be deduced directly from the 
above integral relation:

1. Since the subscripts 1 and 2 can be interchanged, the reflectors of a 
resonator can be interchanged without affecting the field distribution at 
the mirror.

2. The diffraction loss and the intensity pattern of a mode remain invariant 
if both g1 and g2 are reversed in the sign. The field eigenfunctions Um,n 
and the eigenvalues γmn are merely replaced by their complex conju- 
gates. One example for such equivalent systems is that of a planar 
parallel (g1 = g2 = 1) and concentric (g1 = g2 = -1) resonators.

Mode SoIution by Numerical lteration

The Kirchhoff-Fresnel integral formulation of the propagation of electro- 
magnetic field between two planes, Equation (4.9-3), can be used to calculate 
numerically the mode field distribution, the losses, and the round-trip phase 
shift of optical resonators. This method, first employed by Fox and Li [15], 
has played a key role in the understanding of optical resonator modes and 
in the practical design of such resonators.

The basic approach is intuitively simple. We assume some arbitrary (both 
in phase and amplitude) field distribution over one of the mirrors, say 1, of 
the resonator of Figure 4-17(a). We will call this field distribution U(0). Using 
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the integral relation (4.9-8), we can calculate the resulting field U(1) on mirror
1 after one round trip. This procedure can be repeated n times, resulting in

K being the round-trip propagation kernel as given by (4.9-9). We would 
expect that if the resonator possesses a stable fundamental mode, then after 
a large number of iterations the field U(n) will converge toward a steady state 
where the only change per iteration of the field is due to the multiplicative 
constant, i.e.,

The mode intensity loss per round trip is thus 1 - |γ|2, while φ is the phase 
shift.

The physical intuitive basis for the convergence of this procedure to the 
unique resonator mode can be, perhaps, better appreciated by reference to 
Figure 4-17. The arbitrary initial field distribution U(0) is incident on aperture 
1 of the biperiodic lens sequence. This excites a large number of the prop-

Figure 4-19 Fluctuation of field amplitude at x = 0.5a as a function of number of 
transits. (The initially launched wave has a uniform distribution.) (After Reference 
[15].)

(4.9-13)
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Figure 4-20 Power loss per transit versus N = a2/dλ for circular reflectors. (After 
Reference [15].) 

agating eigenmodes Umn of this structure [i.e., of the equivalent resonator 
Figure 4-17(b)]. Since the diffraction loss per period 1 - |γmn|2 (loss due to 
energy spreading by diffraction beyond the finite apertures of the resonators) 
of the high-order modes is larger than that of the fundamental mode, we 
expect that after a sufficiently long distance corresponding to many bounces 
in the resonator, the high-order modes will have decayed to a degree where 
the remaining field distribution is predominantly that of the lowest loss ei
genmode. This is analogous to spatial filtering in optical engineering. It also 
follows from this argument of spatial filtering that if the starting distribution 
U(0)(x) possesses odd symmetry in one plane, say x, the resulting "steady- 
state" solution will correspond to the lowest-order odd-symmetry mode 
TE10.

In Figures 4-18 to 4-20, we reproduce some of the numerical results of 
Fox and Li and their original calculation which illustrate how the procedure 
described above yields the steady-state field configuration and the corre- 
sponding eigenvalues.
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Problems

4.1 Plot Ir/Ii vs. δ of a Fabry-Perot etalon with R = 0.9.

4.2 Show that if a Fabry-Perot etalon has a fractional intensity loss per 
pass of (1 - A), its peak transmission is given as (1 -R)2A/(1 - RA)2.

4.3 Starting with the definition (4.2-6) 

for the finesse of a Fabry-Perot etalon and using semiquantitative arguments, 
show why in the case where the root-mean-square surface deviation from 
perfect flatness is approximately λ/N, the finesse cannot exceed F ≃ N/2. 
[ Hint: Consider the spreading of the transmission peak due to a small number 
of etalons of nearly equal length transmitting in parallel.]

4.4 Show that the angular spread of a beam that is incident normally on a 
plane-parallel Fabry-Perot etalon must not exceed 

if its peak transmission is not to deviate substantially from unity.

4.5 Complete the derivation of Equations (4.1-4), (4.1-5), (4.1-6), and (4.1-7).

4.6 Consider a diverging monochromatic beam that is incident on a plane- 
parallel Fabry-Perot etalon.

a. Obtain an expression for the various angles along which the output energy 
is propagating. [Hint: These correspond to the different values of θ in 
(4.1-8) that result from changing m.]

b. Let the output beam in (a) be incident on a lens with a focal length f. 
Show that the energy distribution in the focal plane consists of a series 
of circles, each corresponding to a different value of m. Obtain an expres- 
sion for the radii of the circles.

c. Consider the effect in (b) of having simultaneously two frequencies v1 
and v2 present in the input beam. Derive an expression for the separation 
of the respective circles in the focal plane. Show that the smallest sep- 
aration v1 — v2 that can be resolved by this technique is given by 
(Δv)min ~ c/2nlF.

4.7

a. Derive the phase shift between the incident and transmitted field ampli
tudes in a Fabry-Perot etalon as a function of δ. Sketch it qualitatively 
for a number of different reflectivities.
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b. Assume that the optical length of an etalon with R = 0.9 and θ = 0° is 
adjusted so that its transmission is a maximum and then modulated about 
this point according to

where c is the velocity of light in vacuum and V is the volume of the resonator. 
[Hint: Assume a cube resonator with sides equal to L having perfectly 
conducting walls.] Taking the modes' fields as proportional to 

show that in order for the fields to be zero at the boundaries, the conditions 

where l, m, and n are any (positive) integers, must be satisfied. Each new 
combination of l, m, and n specifies a mode. Show that Equation (1) follows 
from the foregoing considerations and the fact that 

so each frequency v defines a sphere in the space kx, ky, kz.

4.9 Calculate the fraction of the power of a fundamental (l = m = 0) Gaus- 
sian beam that passes through an aperture with a radius equal to the beam 
spot size.

4.10 Show that in the case of a conventional two-reflector resonator the 
stability condition [Equation (4.5-5)] reduces to Equation (4.4-2).

4.11 Consider a spherical mirror with a radius of curvature R whose reflec- 
tivity varies as 

where r is the radial distance from the center.

Show that, to first-order, the output is phase-modulated. What is the 
modulation index? [For a definition of the modulation index δ see Equa- 
tion (9.4-3).]

4.8 Show that the number of modes per unit frequency in a resonator whose 
dimensions are large compared to the wavelength is given by

(1)
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Show that the (A, B, C, D) matrix of this mirror is given by
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4.12 Given an optical resonator

a. Calculate the position of the waist of the mode at λ = 1 μm. 
b. Calculate the diameter of the waist.
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5.0 INTRODUCTION

In this chapter we consider what happens to an electromagnetic wave prop- 
agating in an atomic medium. We are chiefly concerned with the possibility 
of growth (or attenuation) of the radiation resulting from its interaction with 
atoms. We also consider the changes in the velocity of propagation of light 
due to such interaction. The concepts derived in this chapter will be used 
in the next one in treating the laser oscillator.

5.1 SPONTANEOUS TRANSITIONS BETWEEN ATOMIC LEVELS— 
HOMOGENEOUS AND INHOMOGENEOUS BROADENING

One of the basic results of the theory of quantum mechanics is that each 
physical system can be found, upon measurement, in only one of a prede- 
termined set of energy states—the so-called eigenstates of the system. With 
each of these states we associate an energy that corresponds to the total 
energy of the system when occupying the state. Some of the simpler systems, 
which are treated in any basic text on quantum mechanics, include the free 
electron, the hydrogen atom, and the harmonic oscillator. Examples of more 
complicated systems include the hydrogen molecule and the semiconducting 
crystal. With each state, the state i of the hydrogen atom say, we associate 
an eigenfunction [1]

148

(5.1-1)
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where |ui(r)|2 dx dy dz gives the probability of finding the electron, once it 
is known to be in the state i, within the volume element dx dy dz, which is 
centered on the point r. Ei is the state energy described above and ħ ≡ 
h/2π where h = 6.626 × 10-34 joule-second is Planck's constant.

One of the main tasks of quantum mechanics is the determination of the 
eigenfunctions ui(r) and the corresponding energies Ei of various physical 
systems. In this book, however, we will accept the existence of these states, 
their energy levels, as well as a number of other related results whose 
justification is provided by the experimentally proved formalism of quantum 
mechanics. Some of these results are discussed in the following.

The Concept of Spontaneous Emission

In Figure 5-1 we show a system of energy levels that are associated with a 
given physical system—an atom, say. Let us concentrate on two of these 
levels—1 and 2, for example. If the atom is known to be in state 2 at t = 0, 
there is a finite probability per unit time that it will undergo a transition to 
state 1, emitting in the process a photon of energy h v = E2 - E1. This process, 
occurring as it does without the inducement of a radiation field, is referred 
to as spontaneous emission.

Another, equivalent, way of thinking about spontaneous transitions, 
which corresponds more closely to experimental situations, is the following: 
Consider a large number N2 of identical atoms that are known to be in state 
2 at t = 0. The average number of these atoms undergoing spontaneous 
transition to state 1 per unit time is

(5.1-2)

where A21 is the spontaneous transition rate and (tspont)21 ≡ A21-1 is called the 
spontaneous lifetime associated with the transition 2 → 1. It follows from

Figure 5-1 Some of the energy levels of an atomic system. Level 0, the ground 
state, is the lowest energy state. Levels 1 and 2 represent two excited states. 
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quantum mechanical considerations that spontaneous transitions take place 
from a given state only to states lying lower in energy, so no spontaneous 
transitions take place from 1 to 2. The rate A21 can be calculated using the 
eigenfunctions of states 2 and 1. In this book we accept the existence of 
spontaneous emission A21 and regard A21 as a parameter characterizing the 
transition 2 → 1 of the given physical system.1

Lineshape Function—Homogeneous and lnhomogeneous Broadening

If one performs a spectral analysis of the radiation emitted by spontaneous 
2 → 1 transitions, one finds that the radiation is not strictly monochromatic 
(that is, of one frequency) but occupies a finite frequency bandwidth. The 
function describing the distribution of emitted intensity versus the frequency 
v is referred to as the lineshape function g(v) (of the transition 2 → 1) and 
its arbitrary scale factor is usually chosen so that the function is normalized 
according to

(5.1-3)

We can consequently view g(v) dv as the a priori probability that a given 
spontaneous emission from level 2 to level 1 will result in a photon whose 
frequency is between v and v + dv.

Another method of determining g(v) is to apply an electromagnetic field 
to the sample containing the atoms and then plot the amount of energy 
absorbed by 1 → 2 transitions as a function of the frequency. This function, 
when normalized according to (5.1-3), is again g(v).

The fact that both the emission and the absorption are described by the 
same lineshape function g(v) can be verified experimentally, and follows 
from basic quantum mechanical considerations. The proof is beyond the 
scope of this book, but we can perhaps make a plausibility argument using 
the following example. Consider an RLC circuit that is excited into oscillation 
by connecting it to a signal source of frequency v0 = 1/2π√LC. The exci- 
tation is then discontinued and the transient decay of the oscillation is ob
served. It is a straightforward problem to show that the intensity spectrum 

1The quantum mechanical derivation gives [1] 

where x, y, and z are the coordinates of the electron. n is the index of refraction.

for a dass of transitions known as electric dipoIe transitions. The parameter ε is the dielectric 
constant at ω and
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of the decaying oscillation, which is analogous to spontaneous emission since 
the total energy is decreasing, is the same as a plot of the absorption power 
vs. frequency of the same circuit, this last process being equivalent to in- 
duced absorption in the atomic system.

It will be left as an exercise to show that in the case of the RLC circuit 
the spectrum characterizing the decay or absorption is proportional to

Homogeneous and lnhomogeneous Broadening [2]

One of the possible causes for the frequency spread of spontaneous emission 
is the finite lifetime τ of the emitting state. If we consider the emission from 
the excited state as that corresponding to a damped oscillator and choose 
the decay time of the oscillator as τ, we can take the radiated field as

(5.1-6)

(5.1-7)

(5.1-4)

where Q = 2πv0CR is the quality factor of the circuit.
The formal equivalence between an atomic transition and an oscillator 

goes even further than this RLC circuit example indicates. Later in this 
chapter we will use it extensively to describe the interaction between an 
atomic system and an electromagnetic field.

(5.1-5)

where σ/2 = τ-1 is the field decay rate (the intensity decay rate is σ). The 
Fourier transform of e(t) is

where the lower limit of integration is taken as t = 0 (instead of t = -∞) to 
correspond with the start of our observation period. The spectral density of 
the spontaneous emission is proportional to |E(ω)|2. If we limit our attention 
to the vicinity of the resonant frequency ω ≃ ω0, we obtain

which is of the same form as (5.1-4).
Curves with the functional dependence of (5.1-7) are called Lorentzian. 

They occur often in physics and engineering, since, as shown, they char- 
acterize the response of damped resonant systems.
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The type of broadening (that is, the finite width of the emitted spectrum) 
described above is called homogeneous broadening. It is characterized by 
the fact that the spread of the response over a band ~Δv is characteristic 
of each atom in the sample. The function g(v) thus describes the response 
of any of the atoms, which are indistinguishable.

As mentioned above, homogeneous broadening is due most often to the 
finite interaction lifetime of the emitting or absorbing atoms. Some of the 
most common mechanisms are:

1. The spontaneous lifetime of the excited state.
2. Collision of an atom embedded in a crystal with a phonon. This may 

involve the emission or absorption of acoustic energy. Such a collision 
does not terminate the lifetime of the atom in its absorbing or emitting 
state. It does, however, interrupt the relative phase between the atomic 
oscillation (see Section 5.4) and that of the field, thus causing a broad- 
ening of the response according to (5.1-6) where τ now represents the 
mean uninterrupted interaction time.

3. Pressure broadening of atoms in a gas. At sufficiently high atomic den- 
sities, the collisions between atoms become frequent enough that lifetime 
termination and phase interruption as in the preceding mechanism dom
inate the broadening mechanism.

There are, however, many physical situations in which the individual 
atoms are distinguishable, each having a slightly different transition fre- 
quency v0. If one observes, in this case, the spectrum of the spontaneous 
emission, its spectral distribution will reflect the spread in the individual 
transition frequencies and not the broadening due to the finite lifetime of the 

The separation Δv between the two frequencies at which the Lorentzian 
is down to half its peak value is referred to as the linewidth and is given by

(5.1-8)

In the case of atomic transitions between an upper level (u) and a lower 
level (1), the coherent interaction of an atom in either state (u or 1) with the 
field can be interrupted by the finite lifetime of the state (τu, τ1) or by an 
elastic collision that erases any phase memory (τcu, τc1). We thus generalize 
(5.1-8) to read

Rewriting (5.1-7) in terms of Δv and, at the same time, normalizing it ac
cording to (5.1-3), we obtain the normalized Lorentzian lineshape function

(5.1-9)
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excited state. Two typical situations give rise to this type of broadening, 
referred to as inhomogeneous.

First of all, the energy levels, hence the transition frequencies, of ions 
present as impurities in a host crystal depend on the immediate crystalline 
surroundings. The ever present random strain, as well as other types of 
crystal imperfections, cause the crystal surroundings to vary from one ion 
to the next, thus effecting a spread in the transition frequencies.

Second, the transition frequency v of a gaseous atom (or molecule) is 
Doppler-shifted due to the finite velocity of the atom according to

(5.1-10)

where vx is the component of the velocity along the direction connecting the 
observer with the moving atom, c is the velocity of light in the medium, and 
v0 is the frequency corresponding to a stationary atom. The MaxwelI velocity 
distribution function of a gas with atomic mass M that is at equilibrium at 
temperature T is [3]

(5.1-11)

k = 1.38 × 10-23 J/°K is the Boltzmann constant, and f(vx, vy, vz) dvx dvy 
dvz is thus the fraction of all the atoms whose x component of velocity is 
contained in the interval vx to vx + dvx while, simultaneously, their y and z 
components lie between vy and vy + dvy, vz and vz + dvz, respectively. Al- 
ternatively, we may view f(vx, vy, vz) dvx dvy dvz as the a priori probability 
that the velocity vector v of any given atom terminates within the differential 
volume dvx dvy dvz centered on v in velocity space so that

(5.1-12)

According to (5.1-10) the probability g(v) dv that the transition frequency 
is between v and v+dv is equal to the probability that vx will be found 
between vx = (v - v0)(c/v0) and (v + dv - v0)(c/v0) irrespective of the values 
of vy and vz [since if vx = (v- v0)(c/v0), the Doppler-shifted frequency will 
be equal to v regardless of vy and vz]. This probability is thus obtained by 
substituting vx = (v- v0)c/v0 in f(vx, vy, vz) dvx dvy dvz, and then integrating 
over all values of vy and vz. The result is

(5.1-13)
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Using the definite integral

we obtain, from (5.1-13),

(5.1-14)

for the normalized Doppler-broadened lineshape. The functional dependence 
of g(v) in (5.1-14) is referred to as Gaussian. The width of g(v) in this case 
is taken as the frequency separation between the points where g(v) is down 
to half its peak value. It is obtained from (5.1-14) as

(5.1-15)

where the subscript D stands for Doppler. We can reexpress g(v) in terms 
of ΔvD, obtaining

(5.1-16)

In Figure 5-2 we show, as an example of a lineshape function, the spon- 
taneous emission spectrum of Nd3+ when present as an impurity ion in a 
CaWO4 lattice. The spectrum consists of a number of transitions, which are 
partially overlapping.

Figure 5-2 Emission spectrum of Nd3+: CaWO4 in the vicinity of the 1.06-μm 
laser transition. The main peak corresponds to the laser transition. (After 
Reference [4].)
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Numerical Example: The Doppler Linewidth of Ne

Consider the 6328 Å transition in Ne, which is used in the popular He-Ne 
lasers. Using the atomic mass 20 for neon in (5.1-15) and taking T = 300°K, 
we obtain

5.2 INDUCED TRANSITIONS

In the presence of an electromagnetic field of frequency v~(E2 - E1)/h, an 
atom whose energy levels are shown in Figure 5-1 can undergo a transition 
from state 1 to 2, absorbing in the process a quantum of excitation (photon) 
with energy hv from the field. If the atom happens to occupy state 2 at the 
moment when it is first subjected to the electromagnetic field, it will make 
a downward transition to state 1, emitting a photon of energy hv.

What distinguishes the process of induced transition from the sponta- 
neous one described in the last section is the fact that the induced rate for 
2 → 1 and 1 → 2 transitions is equal, whereas the spontaneous 1 → 2 (that 
is, the one in which the atomic energy increases) transition rate is zero. 
Another fundamental difference—one that, again, follows from quantum 
mechanical considerations—is that the induced rate is proportional to the 
intensity of the electromagnetic field, whereas the spontaneous rate is in- 
dependent of it. The relationship between the induced transition rate and 
the (inducing) field intensity is of fundamental importance in treating the 
interaction of atomic systems with electromagnetic fields. Its derivation fol- 
lows.

Consider first the interaction of an assembly of identical atoms with a 
radiation field whose energy density is distributed uniformly in frequency in 
the vicinity of the transition frequency. Let the energy density per unit 
frequency be p(v). We assume that the induced transition rates per atom 
from 2→ 1 and 1 → 2 are both proportional to p(v) and take them as

(5.2-2)

for the Doppler linewidth. The 10.6 μm transition in the CO2 laser has, 
according to (5.1-15), a linewidth ΔvD ≈ 6 × 107 Hz.

(5.2-1)

where B21 and B12 are constants to be determined. The total downward 
(2 → 1) transition rate is the sum of the induced and spontaneous contri- 
butions
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The spontaneous rate A21 was discussed in Section 5.1. The total upward 
(1 → 2) transition rate is

(5.2-3)

Our first task is to obtain an expression for B12 and B21. Since the magnitude 
of the coefficients B21 and B12 depends on the atoms and not on the radiation 
field, we consider, without loss of generality, the case where the atoms are 
in thermal equilibrium with a blackbody (thermal) radiation field at temper- 
ature T. In this case the radiation density is given by [5]

Since at thermal equilibrium the average populations of levels 2 and 1 are 
constant with time, it follows that the number of 2 → 1 transitions in a given 
time interval is equal to the number of 1→2 transitions; that is,

(5.2-5)

where N1 and N2 are the population densities of level 1 and 2, respectively.
Using (5.2-2) and (5.2-3) in (5.2-5), we obtain

and, substituting for p(v) from (5.2-4),

(5.2-6)

Since the atoms are in thermal equilibrium, the ratio N2/N1 is given by 
the Boltzmann factor [5] as

Equating (N2/N1) as given by (5.2-6) to (5.2-7) gives

The last equality can be satisfied only when

and simultaneously

(5.2-7)

(5.2-8)

(5.2-9)

The last two equations were first given by Einstein [6]. We can, using (5.2-10), 
rewrite the induced transition rate (5.2-1) as

(5.2-11)

(5.2-4)

(5.2-10)
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where, because of (5.2-9) the distinction between 2 → 1 and 1 → 2 induced 
transition rates is superfluous.

Equation (5.2-11) gives the transition rate per atom due to a field with 
a uniform (white) spectrum with energy density per unit frequency p(v). In 
quantum electronics our main concern is in the transition rates that are 
induced by a monochromatic (that is, single-frequency) field of frequency 
v. Let us denote this transition rate as Wi(v). We have established in Section 
5.1 that the strength of interaction is proportional to the Iineshape function 
g(v), so Wi(v) ∝ g(v). Furthermore, we would expect Wi(v) to go over into 
Wi' as given by (5.2-11) if the spectral width of the radiation field is gradually 
increased from zero to a point at which it becomes large compared to the 
transition linewidth. These two requirements are satisfied if we take Wi(v) 
as

(5.2-12)

where ρv is the energy density (joules per cubic meter) of the electromagnetic 
field inducing the transitions. To show that Wi(v) as given by (5.2-12) indeed 
goes over smoothly into (5.2-11) as the spectrum of the field broadens, we 
may consider the broad spectrum field as made up of a large number of 
closely spaced monochromatic components at vk with random phases, and 
then by adding the individual transition rates obtained from (5.2-12),

(5.2-13)

where ρvk is the energy density of the field component oscillating at vk. We 
can replace the summation of (5.2-13) by an integral if we replace ρvk by 
p(v) dv where p(v) is the energy density per unit frequency; thus, (5.2-13) 
becomes

(5.2-14)

In situations where p(v) is sufficiently broad compared with g(v), and thus 
the variation of ρ(v)/v3 over the region of interest [where g(v) is appreciable] 
can be neglected, we can pull ρ(v)/v3 outside the integral sign, obtaining 

where we used the normalization condition

This agrees with (5.2-11).
Returning to our central result, Equation (5.2-12), we can rewrite it in 



158 INTERACTION OF RADIATION AND ATOMIC SYSTEMS

terms of the intensity Iv = cρv/n (watts per square meter) of the optical wave 
as

(5.2-15)

where c is the velocity of propagation of light in vacuum, λ is the vacuum 
wavelength, and tspont ≡ 1/A21.

5.3 ABSORPTION AND AMPLIFICATION

Consider the case of a monochromatic plane wave of frequency v and in- 
tensity Iv propagating through an atomic medium with N2 atoms per unit 
volume in level 2 and N1 in level 1. According to (5.2-15) there will occur 
N2 Wi induced transitions per unit time per unit volume from level 2 to level 
1 and N1Wi transitions from 1 to 2. The net power generated within a unit 
volume is thus

This radiation is added coherently (that is, with a definite phase rela
tionship) to that of the traveling wave so that it is equal, in the absence of 
any dissipation mechanisms, to the increase in the intensity per unit length, 
or, using (5.2-15),

(5.3-1)

The solution of (5.3-1) is

(5.3-2)

where

(5.3-3)

that is, the intensity grows exponentially when the population is inverted 
(N2 > N1) or is attenuated when N2 < N1. The first case corresponds to laser- 
type amplification, whereas the second case is the one encountered in atomic 
systems at thermal equilibrium. The two situations are depicted in Figure 
5-3. We recall that at thermal equilibrium 

so that systems at thermal equilibrium are always absorbing. The inversion 
condition N2 > N1 can still be represented by (5.3-4), provided we take T as 
negative. As a matter of fact, the condition N2 > N1 is often referred to as

(5.3-4)
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Figure 5-3 Amplification of a traveling electromagnetic wave in (a) an inverted 
population (N2 > N1), and (b) its attention in an absorbing (N2 < N1) medium.

one of "negative temperature"—the "temperature" in this case serving as 
an indicator of the population ratio, in accordance with (5.3-4).

The absorption, or amplification, of electromagnetic radiation by an 
atomic transition can be described not only by means of the exponential 
gain constant γ(v) but also, alternatively, in terms of the imaginary part of 
the electric susceptibility χ"e(v) of the propagation medium. According to 
(1.2-19) the density of absorbed power is

(5.3-5)

where, since we are concerned here only with electric susceptibilities, we 
replace χe(v) by the symbol χ(v). This last result must agree with a derivation 
using the concept of the induced transition rate Wi(v) according to which

(5.3-6)

Equating (5.3-5) to (5.3-6), substituting (5.2-15) for Wi(v), and using the 
relation Iv = (c/n)ε|E|2/2 [see (1.3-26)], we obtain

(5.3-7)

where n2 ≡ ε/ε0 and λ is the wavelength in vacuum. In the case of a Lor- 
entzian lineshape function g(v), we use (5.1-9) to rewrite the last result as

(5.3-8)
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Numerical Example: The Exponential Gain Constant in a Ruby Laser

Let us estimate the exponential gain constant at line center of a ruby (Al2O3 
doped with Cr3+ ions) crystal having the following characteristics:

The interaction of an electromagnetic field with an atomic transition is ac- 
companied not only by absorption (or emission) of energy, but also by a 
dispersive effect in which the phase velocity of the incident wave depends 
on the frequency. The reason is that when the frequency ω of the wave is 
near that of the atomic transition, the atoms acquire large dipole moments 
that oscillate at ω, and the total field is now the sum of the incident and the 
field radiated by the dipoles. Since the radiated field is not necessarily in 
phase with the incident one, the effect is to change the phase velocity (με)-1/2 
of the incident wave or, equivalently, to change the real part of the dielectric 
constant ε.

In treating this problem analytically we need to solve first for the dipole 
moment of an atom that is induced by an incident field. This problem is 
usually handled by the sophisticated quantum mechanical formalism of the 
density matrix [7]. We will employ, instead, the electron oscillator model 
for the atomic transition. According to this model, which has been used by 
atomic physicists before the advent of quantum mechanics, we account for 
the dipole moments induced in a single atom by replacing the atom with an 
electron oscillating in a harmonic potential well [8]. The resonance frequency 
and absorption width of the electronic oscillator are chosen to agree with 
those of the real transition. We will also find it necessary to introduce an

Using these values in (5.3-3) gives

Thus, the intensity of a wave with a frequency corresponding to the center 
of the transition is amplified by approximately 5 percent per cm in its passage 
through a ruby rod with the foregoing characteristics.

5.4 THE ELECTRON OSCILLATOR MODEL OF AN ATOMIC TRANSITION
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additional parameter, the so-called "oscillator strength," that characterizes 
the strength of the interaction between the oscillator and the field so that 
the calculated absorption (or emission) strength agrees with the experimental 
value.

The equation of motion of the one-dimensional electronic oscillator is

(5.4-1)

where x(t) is the deviation of the electron from its equilibrium position, σ 
is the damping coefficient, kx is the restoring force, e(t) is the instantaneous 
electric field, and the electronic charge is -e. Taking the electric field e(t) 
and the deviation x(t) as

Equation (5.4-1) becomes

so that the deviation amplitude is given by

(5.4-3)

(5.4-4)

(5.4-5)

We are interested primarily in the response at frequencies near resonance. 
Thus, if we put ω ≃ ω0, (5.4-5) becomes

The dipole moment of a single electron is

(5.4-2)

respectively, and defining the resonant frequency by

Therefore, in the case of N oscillators per unit volume, there results a 
polarization (dipole moment per unit volume)

(5.4-6)

where the complex polarization P(ω) is given by

(5.4-7)
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The electronic susceptibility χ(ω) is defined as the ratio of the complex 
amplitude of the induced polarization to that of the inducing field (multiplied 
by ε0)

(5.4-8)

and is consequently a complex number. If we separate χ(ω) into its real and 
imaginary components according to

(5.4-9)

we obtain, from (5.4-6), (5.4-8), and (5.4-9),

(5.4-10)

Therefore, χ'(ω) and χ"(ω) are associated, respectively, with the in-phase 
and quadrature components of the polarization.

From (5.4-7) and (5.4-8) it follows that

(5.4-11)

and thus

(5.4-12)

(5.4-13)

Expressing χ(ω) in terms of v = ω/2π and introducing Δv = σ/2π, the 
frequency separation between the two points where χ"(v) is down to half its 
peak intensity, we obtain

(5.4-14)

(5.4-15)

By comparing (5.4-14) with (5.1-9), we find that χ"(v) has a Lorentzian shape. 
The Lorentzian was found in Section 5.1 to represent the absorption as a 
function of frequency of an RLC oscillator, so it should not come as a sur- 
prise to find, in the next section, that the power absorption of the electronic 
oscillator is also proportional to χ"(v).

A normalized plot of χ'(v) and χ''(v) is shown in Figure 5-4. The most 
noteworthy features of the plot are that the extrema of χ'(v) occur at the 
half-power frequencies and the effects of dispersion χ'(v) are also "felt" at 
frequencies at which the absorption χ"(v) is negligible, and that the magnitude 
of χ'(v) at its extrema is half the peak value of χ"(v).
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Figure 5-4 A plot of the real (χ') and (negative) imaginary (χ'') parts of the 
electronic susceptibility.

The Significance of χ(v)

According to (1.2-3) the electric displacement vector is defined by

(5.4-16)

so that the complex dielectric constant becomes

(5.4-17)

We have thus accounted for the effect of the atomic transition by modifying 
ε according to (5.4-17). Having derived χ(ω), using detailed atomic infor- 
mation, we can ignore its physical origin and proceed to treat the wave 
propagation in the medium with ε' given by (5.4-17), using Maxwell's equa- 
tions.

As an example of this point of view we consider the propagation of a 
plane electromagnetic wave in a medium with a dielectric constant ε'(ω). 
According to (1.3-17), the wave has the form of

where k = ω√με.

where the complex notation is used and the polarization is separated into a 
resonant component Ptransition due to the specific atomic transition and a 
nonresonant component P that accounts for all the other contributions to 
the polarization. We can rewrite the last equation as

(5.4-18)

where, using (1.3-13) and (5.4-17) and assuming (ε0/ε)∣χ∣ ≪ 1, we obtain
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Expressing χ(ω) in terms of its real and imaginary components as in 
(5.4-9) leads to

(5.4-19)

where n = (ε/ε0)1/2 is the index of refraction in the medium2 far away from 
resonance. Substituting (5.4-19) back into (5.4-18), we find that the atomic 
transition results in a wave propagating according to

The result of the atomic polarization is thus to change the phase delay per 
unit length from k to k + Δk, where

(5.4-21)

as well as to cause the amplitude to vary exponentially with distance ac- 
cording to e(γ/2)z, where

(5.4-22)

It is quite instructive to rederive (5.4-22) using a different approach. 
According to (1.2-13), the average power absorbed per unit volume from an 
electromagnetic field with an x component only is

(5.4-23)

where E and P are the complex electric field and polarization in the x di- 
rection, respectively, and horizontal bars denote time-averaging. Using (5.4-8) 
and (5.4-9) in (5.4-23), we obtain

(5.4-24)

The absorption of energy at a rate given by (5.4-24) must lead to a variation 
of the wave intensity I, according to

2Since the velocity of light is c = (με)-1/2, n is the ratio of the velocity of light in vacuum to 
that in the medium at frequencies sufficiently removed from resonance that the effect of the 
specific atomic transition can be ignored.

(5.4-20)

(5.4-25)

where

(5.4-26)
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Conservation of energy thus requires that

where c/n = ω/k is the velocity of light in the medium, gives

in agreement with (5.4-22).

In (5.4-14) and (5.4-15) we derived an expression for the electric susceptibility 
χ(v) of a medium made up of idealized electron oscillators. This expression 
cannot be used to represent the susceptibility of an actual atomic transition. 
This can be seen by comparing the classical expression for χ''(v) as given 
by (5.4-14) to the quantum mechanical expression

3That this assumption is correct can be shown using the Kramers-Kronig relation (see Problem 
5-3 and Reference [1], p. 160). Physically, this is attributable to the fact that both χ'(v) and 
χ"(v), as deduced from the electron oscillator model, are off by the same factor, so the ratio 
χ"(v)/χ'(v) is correct.

Using the last result in (5.4-26), as well as relation (1.3-26),

5.5 ATOMIC SUSCEPTIBILITY

(5.5-1)

which was derived in Section 5.3. We find that in the case of the electron 
oscillator, χ"(v) > 0, so power can only be absorbed from the field. In the 
quantum mechanical model, on the other hand, the sign of χ"(v) is the same 
as that of N1 - N2 so, for N2 > N1, power is actually added to the field. The 
quantum mechanical derivation also shows that the absorption (or emission) 
strength is inversely proportional to tspont, which is characteristic of a given 
transition.

We accept the quantum mechanical expression for χ"(v) given by (5.5-1) 
as a correct representation of the absorption due to an atomic transition. 
We justify this choice by its agreement with experiment. We use the classical 
analysis, however, to obtain a relationship between χ'(v) and χ"(v), assuming 
that such a relationship is correct in spite of the objections raised previously.3
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From (5.4-15) and (5.5-1) we obtain

(5.5-2)

This expression will be used to represent the dispersion of a homogeneously 
broadened transition with a Lorentzian lineshape.

In Section 5.3 we derived an expression (5.3-3) for the exponential gain 
constant due to a population inversion. It is given by

(5.6-1)

where N2 and N1 are the population densities of the two atomic levels in- 
volved in the induced transition. There is nothing in (5.6-1) to indicate what 
causes the inversion (N2 - N1), and this quantity can be considered as a 
parameter of the system. In practice the inversion is caused by a "pumping" 
agent, hereafter referred to as the pump, that can take various forms such 
as the electric current in injection lasers, the flashlamp light in pulsed ruby 
lasers, or the energetic electrons in plasma-discharge gas lasers.

Consider next the situation prevailing at some point inside a laser me
dium in the presence of an optical wave. The pump establishes a population 
inversion, which in the absence of any optical field has a value ΔN0. The 
presence of the optical field induces 2 → 1 and 1 → 2 transitions. Since N2 > N1 
and the induced rates for 2 → 1 and 1 → 2 transitions are equal, it follows 
that more atoms are induced to undergo a transition from level 2 to level 1 
than in the opposite direction and that, consequently, the new equilibrium 
population inversion is smaller than ΔN0.

The reduction in the population inversion and hence of the gain constant 
brought about by the presence of an electromagnetic field is called gain 
saturation. Its understanding is of fundamental importance in quantum elec
tronics. As an example, which will be treated in the next chapter, we may 
point out that gain saturation is the mechanism that reduces the gain inside 
laser oscillators to a point where it just balances the losses so that steady 
oscillation can result.

In Figure 5-5 we show the ground state 0 as well as the two laser levels 
2 and 1 of a four-level laser system. The density of atoms pumped per unit 
time into level 2 is taken as R2, and that pumped into 1 is R1. Pumping into 
1 is, of course, undesirable since it leads to a reduction of the inversion. In 
many practical situations it cannot be avoided. The actual "decay" lifetime

5.6 GAIN SATURATION IN HOMOGENEOUS LASER MEDIA
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Figure 5-5 Energy levels and transition rates of a four-level laser system. (The 
fourth level, which is involved in the original excitation by the pump, is not 
shown and the pumping is shown as proceeding directly into levels 1 and 2.) The 
total lifetime of level 2 is t2, where 1/t2 = 1/tspont + 1/t20.

of atoms in level 2 at the absence of any radiation field is taken as t2. This 
decay rate has a contribution t-1spont that is due to spontaneous (photon emit- 
ting) 2 → 1 transitions as well as to additional nonradiative relaxation from 
2 to 1. The lifetime of atoms in level 1 is t1. The induced rate for 2 → 1 and 
1 → 2 transitions due to a radiation field at frequency v is denoted by Wi(v) 
and, according to (5.2-15), is given by

(5.6-2)

where g(v) is the normalized lineshape of the transition and Iv is the intensity 
(watts per square meter) of the optical field.

The equations describing the populations of level 2 and 1 in the combined 
presence of a radiation field at v and a pump are:

N2 and N1 are the population densities (m-3) of levels 2 and 1 respectively. 
R2 and R1 are the pumping rates (m-3 - s-1) into these levels. N2/t2 is the 
change per unit time in the population of 2 due to decay out of level 2 to all 
levels. This includes spontaneous transitions to 1 but not induced transitions. 
The rate for the latter is N2 Wi( v) so that the net change in N2 due to induced 
transitions is given by the last term of (5.6-3). At steady state the populations 
are constant with time, so putting d/dt = 0 in the two preceding equations,

(5.6-3)

(5.6-4)
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we can solve for N1, N2, and obtain4

(5.6-5)

where δ = t2/tspont. If the optical field is absent, Wi(v) = 0, and the inversion 
density is given by

we can use (5.6-6) to rewrite (5.6-5) as

(5.6-6)

(5.6-7)

We note that in efficient laser systems t2 ≃ tspont, so δ ≃ 1, and that t1 ≪ t2, 
so φ ≃ 1. Substituting (5.6-2) for Wi(v) the last equation becomes

where Is(v), the saturation intensity, is given by

(5.6-8)

(5.6-9)

and corresponds to the intensity level (watts per square meter) that causes 
the inversion to drop to one half of its nonsaturated value (ΔN0). By using 
(5.6-8) in the gain expression (5.6-1), we obtain our final result

(5.6-10)

which shows the dependence of the gain constant on the optical intensity.
In closing we recall that (5.6-10) applies to a homogeneous laser system. 

This is due to the fact that in the rate equations (5.6-3) and (5.6-4) we 
considered all the atoms as equivalent and, consequently, experiencing the 
same transition rates. This assumption is no longer valid in inhomogeneous 
laser systems. This case is treated in the next section.

4Levels 1 and 2 are assumed to be high enough (in energy) that the role of thermal processes 
in populating them can be neglected.

where the parameter φ is defined by
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5.7 GAIN SATURATION IN INHOMOGENEOUS LASER MEDIA

In Section 5.6 we considered the reduction in optical gain—that is, satura
tion—due to the optical field in a homogeneous laser medium. In this section 
we treat the problem of gain saturation in inhomogeneous systems.

According to the discussion of Section 5.1, in an inhomogeneous atomic 
system the individual atoms are distinguishable, with each atom having a 
unique transition frequency (E2-E1)/h. We can thus imagine the inhomo- 
geneous medium as made up of classes of atoms each designated by a con- 
tinuous variable ξ.5 Furthermore, we define a function p(ξ) so that the a 
priori probability that an atom has its ξ parameter between ξ and ξ + dξ is 
p(ξ) dξ. It follows that

5The variable ξ can, as an example, correspond to the center frequency of the lineshape function 
gξ(v) of atoms in group ξ.

since any atom has a unit probability of having its ξ value between -∞ 
and ∞.

The atoms within a given class ξare considered as homogeneously broad- 
ened, having a lineshape function gξ(v) that is normalized so that

(5.7-2)

In Section 5.1 we defined the transition lineshape g(v) by taking g(v) dv 
to represent the a priori probability that a spontaneous emission will result 
in a photon whose frequency is between v and v + dv. Using this definition 
we obtain

(5.7-3)

which is a statement of the fact that the probability of emitting a photon of 
frequency between v and v + dv is equal to the probability gξ(v) dv of this 
occurrence, given that the atom belongs to class ξ, summed up over all the 
classes.

Next we proceed to find the contribution to the inversion that is due to 
a single class ξ. The equations of motion [9] are

(5.7-4)
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and are similar to (5.6-3) and (5.6-4), except that Nξ2 and Nξ1 refer to the 
upper and lower level densities of atoms in class ξ only. The pumping rate 
(atoms/m3-sec) into levels 2 and 1 is taken to be proportional to the prob
ability of finding an atom in class ξ and is given by R2p(ξ) and R1p(ξ), 
respectively. The total pumping rate into level 2 is, as in Section 5.6, R2 
since

where we made use of (5.7-1). The induced transition rate Wξ1(v) is given, 
according to (5.2-15), by

(5.7-5)

which is of a form identical to (5.6-2) except that gξ(v) refers to the lineshape 
function of atoms in class ξ. The steady-state d/dt = 0 solution of (5.7-4) 
yields

(5.7-6)

where ΔN0 and φ have the same significance as in Section 5.6. The total 
power emitted by induced transitions per unit volume by atoms in class ξ is 
thus

(5.7-7)

where the spontaneous lifetime is assumed the same for all the groups ξ.
Summing (5.7-7) over all the classes, we obtain an expression for the 

total power at v per unit volume emitted by the atoms

The stimulated emission of power causes the intensity of the traveling optical 
wave to increase with distance z according to Iv = Iv(0) exp [γ(v)z], where

(5.7-10)

where we replaced p(ξ) dξ by p(vξ) dvξ.

(5.7-8)

which, by the use of (5.7-5), can be rewritten as

(5.7-9)
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This is our basic result.
As a first check on (5.7-10), we shall consider the case in which 

Iv ≪ πn2hv/φλ2gξ(v) and therefore the effects of saturation can be ignored. 
Using (5.7-3) in (5.7-10), we obtain 

which is the same as (5.3-3). This shows that in the absence of saturation 
the expressions for the gain of a homogeneous and an inhomogeneous atomic 
system are identical.

Our main interest in this treatment is in deriving the saturated gain 
constant for an inhomogeneously broadened atomic transition. If we assume 
that in each class ξ all the atoms are identical (homogeneous broadening), 
we can use (5.1-9) for the lineshape function gξ(v), and therefore, 

where Δv is called the homogeneous linewidth of the inhomogeneous line. 
Atoms with transition frequencies that are clustered within Δv from each 
other can be considered as indistinguishable. The term "homogeneous packet" 
is often used to describe them. Using (5.7-11) in (5.7-10) leads to

(5.7-12)

In the extreme inhomogeneous cases, the width of p(vξ) is by definition very 
much larger than the remainder of the integrand in (5.7-12) and thus it is 
essentially a constant over the region in which the integrand is appreciable. 
In this case we can pull p(vξ)vξ=v = p(v) outside the integral sign in (5.7-12), 
obtaining

(5.7-13)

Using the definite integral 

to evaluate (5.7-13), we obtain

(5.7-14)

(5.7-15) 

(5.7-11)
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where Is = 4π2n2hv Δv/φλ2 is the saturation intensity. A comparison of 
(5.7-15) with (5.6-10) shows that, because of the square root, the saturation— 
that is, decrease in gain—sets in more slowly as the intensity Iv is increased 
in the case of inhomogeneous broadening.

Problems

5.1 Consider a parallel RLC circuit that is connected to a signal generator 
so that the voltage across it is

At t = 0 the circuit is disconnected from the signal generator.

a. What is the voltage v(t) for t > 0?
b. Find the Fourier transform V(ω) of v(t). Show that in the high-Q case 

(where Q = 2πv0RC) and for frequencies v ≃ v0 ≡ 1/2π√LC,

c. Obtain the expression for the amount of average power P(v) absorbed by 
the RLC circuit from a signal generator with an output current

Show that the expression for P(v) is proportional to that of |V(v)|2 obtained 
in (b).

5.2 Calculate the maximum absorption coefficient for the R1 transition in 
pink ruby with a Cr3+ concentration of 2 × 1019 cm-3. Assume that 
tspont = 3 × 10-3 second and Δv = 11 cm-1. Compare the result to the ab- 
sorption date of Figure 7-4.

5.3 Show that Equations (5.5-1) and (5.5-2) are derivable from each other 
using the Kramers-Kronig relationship. For a discussion of this relation see, 
for example, Reference [1], page 160.
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6
Theory of Laser

Oscillation

6.0 INTRODUCTION

In Chapter 5 we found that an atomic medium with an inverted population 
(N2 > N1) is capable of amplifying an electromagnetic wave if the latter's 
frequency falls within the transition lineshape. Consider next the case in 
which the laser medium is placed inside an optical resonator. As the elec
tromagnetic wave bounces back and forth between the two reflectors, it 
passes through the laser medium and is amplified. If the amplification exceeds 
the losses caused by imperfect reflection in the mirrors and scattering in the 
laser medium, the field energy stored in the resonator will increase with 
time. This causes the amplification constant to decrease as a result of gain 
saturation (see (5.6-10) and the discussion surrounding it.) The oscillation 
level will keep increasing until the saturated gain per pass just equals the 
losses. At this point the net gain per pass is unity and no further increase 
in the radiation intensity is possible—that is, steady-state oscillation obtains.

In this chapter we will derive the start-oscillation inversion needed to 
sustain laser oscillation, beginning with the theory of the Fabry-Perot etalon. 
We will also obtain an expression for the oscillation frequency of the laser 
oscillator and show how it is affected by the dispersion of the atomic medium. 
We will conclude by considering the problem of optimum output coupling 
and laser pulses.

6.1 FABRY-PEROT LASER

A two-mirror laser oscillator is basically a Fabry-Perot etalon, as studied 
in detail in Chapter 4, in which the space between the two mirrors contains 
an amplifying medium with an inverted atomic population. We can account 
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for the inverted population by using (5.4-19). Taking the propagation constant 
of the medium as

(6.1-1)

where k - iα/2 is the propagation constant of the medium at frequencies 
well removed from that of the laser transition, χ(ω) = χ'(ω) - iχ"(ω) is the 
complex dielectric susceptibility due to the laser transition and is given by 
(5.5-1) and (5.5-2). Since α accounts for the distributed passive losses of the 
medium,1 the intensity loss factor per pass is exp (-αl).

Figure 6-1 shows a plane wave of (complex) amplitude Ei that is incident 
on the left mirror of a Fabry-Perot etalon containing a laser medium. The 
ratio of transmitted to incident fields at the left mirror is taken as t1 and that 
at the right mirror as t2. The ratios of reflected to incident fields inside the 
laser medium at the left and right boundaries are r1 and r2, respectively.

The propagation factor corresponding to a single transit is exp (-ik'l) 
where k' is given by (6.1-1) and l is the length of the etalon.

Adding the partial waves at the output to get the total outgoing wave Et 
we obtain 

which is a geometric progression with a sum

(6.1-2)

1In addition to and in the presence of the gain attributable to the inverted laser transition, the 
medium may possess a residual attenuation due to a variety of mechanisms, such as scattering 
at imperfections, absorption by excited atomic levels, and others. The attenuation resulting 
from all of these mechanisms is lumped into the distributed loss constant α.

Figure 6-1 Model used to analyze a laser oscillator. A laser medium (that is, one 
with an inverted atomic population) with a complex propagation constant k'(ω) is 
placed between two reflecting mirrors.
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where we used (5.3-3), (6.1-1), and the relation k' = k + Δk + i(γ - α)/2 
with

(6.1-3)

If the atomic transition is inverted (N2 > N1), then γ > 0 and the de- 
nominator of (6.1-2) can become very small. The transmitted wave Et can 
thus become larger than the incident wave Ei. The Fabry-Perot etalon (with 
the laser medium) in this case acts as an amplifier with a power gain |Et/Ei|2. 
We recall that in the case of the passive Fabry-Perot etalon (that is, one 
containing no laser medium), whose transmission is given by (4.1-7), |Et| ≤ 
|Ei| and thus no power gain is possible. In the case considered here, however, 
the inverted population constitutes an energy source, so the transmitted wave 
can exceed the incident one.

If the denominator of (6.1-2) becomes zero, which happens when

(6.1-5)

then the ratio Et/Ei becomes infinite. This corresponds to a finite transmitted 
wave Et with a zero incident wave (Ei = 0)—that is, to oscillation. Physically, 
condition (6.1-5) represents the case in which a wave making a complete 
round trip inside the resonator returns to the starting plane with the same 
amplitude and, except for some integral multiple of 2π, with the same phase. 
Separating the oscillation condition (6.1-5) into the amplitude and phase 
requirements gives

(6.1-6)

for the threshold gain constant γt(ω) and

(6.1-7)

for the phase condition. The amplitude condition (6.1-6) can be written as

which, using (6.1-4), becomeS

(6.1-8)

(6.1-9)

(6.1-4)
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Numerical Example: Population Inversion

To get an order of magnitude estimate of the critical population inversion 
(N2 - N1)t we use data typical of a 6328 Å He-Ne laser (which is discussed 
in Section 7.5). The appropriate constants are

(The last figure is the Doppler-broadened width of the laser transition.) 
The cavity decay time tc is calculated from (6.1-10) assuming α = 0 and

R1 = R2 = 0.98. Since R1 = R2 ≃ 1, we can use the approximation 
-ln x = 1 - x, x ≃ 1, to write

Using the foregoing data in (6.1-11), we obtain

2It was derived originally by Schawlow and Townes in their classic paper showing the feasibility 
of lasers; see Reference [l].
3Consider the case in which the mirror losses and the distributed losses are all small, and 
therefore r21 ≈ 1, r22 ≈ 1 and exp (-αl) ≈ 1. A wave starting with a unit intensity will return 
after one round trip with an intensity R1R2 exp (-2αl), where R1 ≡ r21 and R2 ≡ r22 are the 
mirrors' reflectivities. The fractional intensity loss per round trip is thus 1 - R1R2 exp (-2αl). 
Since this loss occurs in a time 2ln/c, it corresponds to an exponential decay time constant tc 
(of the intensity) given by

and the threshold condition (6.1-9) becomes

(6.1-11)

where N ≡ N2 - N1 and the subscript t signifies threshold.

177

This is the population inversion density at threshold.2 It is often stated in a 
different form.3

Therefore, the energy ℰ stored in the passive resonator decays as dℰ/dt = -ℰ/tc. Since 
R1R2e-2αl ≈ 1, we can use the relation I — x ≈ -ln x, x ≈ 1, to write 1/tc as

(6.1-10)
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Figure 6-2 (a) The transmission |Et/Ei|2 versus phase shift per round trip θ = 
2(kl - mπ) of a Fabry-Perot etalon filled with an atomic medium. The different 
curves correspond to different values of gain (or loss) of the medium. Curve 
C(eγl = 1) corresponds to transparency. (b) The reflection |Er/Ei|2 of a Fabry-Perot 
etalon.
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Figure 6-2 consists of a plot (a) of the transmission factor |Et/Ei|2 and 
(b) and reflection factor |Er/Ei|2 of a Fabry-Perot etalon as a function of the 
phase delay per round trip. Each curve is for a different value of the dis- 
tributed gain constant y. We note that eγl > 1; i.e., when the net gain per 
pass exceeds unity, the transmission exceeds unity and the etalon functions 
as an amplifier.

It is especially interesting to note the narrowing of the peaks as the start 
oscillation condition eγl = 1/R = 0.9-1 is approached. The spectral distri- 
bution of the output of a laser oscillator can be viewed as made up of one 
of these peaks with the effective input being that of the spontaneous emis- 
sion. This point of view is explored further in Section 10.6.

6.2 OSCILLATION FREQUENCY

The phase part of the start oscillation condition as given by (6.1-7) is satisfied 
at an infinite set of frequencies, which correspond to the different value of 
the integer m. If, in addition, the gain condition (6.1-6) is satisfied at one or 
more of these frequencies, the laser will oscillate at this frequency.

To solve for the oscillation frequency we use (6.1-3) to rewrite (6.1-7) 
as

(6.2-1)

Introducing

(62-2)

so that it corresponds to the mth resonance frequency of the passive [N2 -
N1 = 0] resonator and, using relations (5.4-15) and (5.4-22), 

we obtain from (6.2-1)

(6.2-3)

where v0 is the center frequency of the atomic lineshape function. Let us 
assume that the laser length is adjusted so that one of its resonance fre- 
quencies vm is very near v0. We anticipate that the oscillation frequency v 
will also be close to vm and take advantage of the fact that when v ≃ v0 the 
gain constant γ(v) is a slowly varying function of v; see Figure 5-4 for χ"(v), 
which is proportional to γ(v). We can consequently replace γ(v) in (6.2-3) 
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by γ(vm), and (v0 - v) by (v0 - vm) obtaining

(6.2-4)

as the solution for the oscillation frequency v.
We can recast (6.2-4) in a slightly different, and easier to use, form by 

starting with the gain threshold condition (6.1-6). Taking, for simplicity 
r1 = r2 = √R and assuming that R ≃ 1 and α = 0, we can write (6.1-8) as4

We also take advantage of the relation 

which relates the passive resonator linewidth Δ v1/2 to R (this relation follows 
from (4.7-7) for a = 0 and R ≈ 1) and write (6.2-4) as

A study of (6.2-5) shows that if the passive cavity resonance vm coincides 
with the atomic line center—that is, vm = v0—oscillation takes place at v = 

4This result can be obtained by putting R = 1 - Δ, where Δ ≪ 1. Equation (6.1-6) becomes 
1 + γtl ≈ 1 + Δ ⇒ γt ≈ Δ/l = (1 - R)/l.

Figure 6-3 A graphical illustration of the laser frequency condition [Equation 
(6.2-1)] showing how the atomic dispersion χ'(v) "pulls" the laser oscillation 
frequency, v, from the passive resonator value, vm, toward that of the atomic 
resonance at v0.

(6.2-5)
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v0. If vm ≠ v0, oscillation takes place near vm but is shifted slightly toward 
v0. This phenomenon is referred to as frequency pulling and is demonstrated 
by Figure 6-3.

Lasers are commonly classified into the so-called "three-level" or "four- 
level" lasers. An idealized model of a four-level laser is shown in Figure 
6-4. The feature characterizing this laser is that the separation E1 of the 
terminal laser level from the ground state is large enough that at the tem
perature T at which the laser is operated, E1 ≫ kT. This guarantees that the 
thermal equilibrium population of level 1 can be neglected. If, in addition, 
the lifetime t1 of atoms in level 1 is short compared to t2, we can neglect N1 
compared to N2 and the threshold condition (6.1-11) is satisfied when

5Here we assume that because of the very fast transition rate ω32 out of level 3, the population 
of this level is negligible and N1 + N2 = N0, where N0 is the density of the active atoms.

Figure 6-4 Energy-level diagram of an idealized four-level laser.

6.3 THREE- AND FOUR-LEVEL LASERS

(6.3-1)

Therefore, laser oscillation begins when the upper laser level acquires, by 
pumping, a population density equal to the threshold value Nt.

A three-level laser is one in which the lower laser level is either the 
ground state or a level whose separation E1 from the ground state is small 
compared to kT, so that at thermal equilibrium a substantial fraction of the 
total population occupies this level. An idealized three-level laser system is 
shown in Figure 6-5.

At a pumping level that is strong enough to create a population N2 = 
N1 = N0/2 in the upper laser level,5 the optical gain γ is zero, since γ ∝ 
N2 - N1 = 0. To satisfy the oscillation condition the pumping rate has to
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Figure 6-5 Energy-level diagram of an idealized three-level laser.

be further increased until

and

(6.3-2)

so N2 - N1 = Nt. Since in most laser systems N0 ≫ Nt, we find by comparing 
(6.3-1) to (6.3-2) that the pump rate at threshold in a three-level laser must 
exceed that of a four-level laser—all other factors being equal—by

In the numerical example given in the next chapter we will find that in 
the case of the ruby laser this factor is ~100.

The need to maintain about N0/2 atoms in the upper level of a three- 
level laser calls for a minimum expenditure of power of

(6.3-3)

and of

(6.3-4)

in a four-level laser. V is the volume. The last two expressions are derived 
by multiplying the decay rate (atoms per second) from the upper level at 
threshold, which is N0V/2t2 and NtV/t2 in the two cases, by the energy hv 



POWER IN LASER OSCILLATORS 183

per transition. If the decay rate per atom t2-1 (seconds-1) from the upper 
level is due to spontaneous emission only, we can replace t2 by tspont. Ps is 
then equal to the power emitted through fluorescence by atoms within the 
(mode) volume V at threshold. We will refer to it as the critical fluorescence 
power. In the case of the four-level laser we use (6.1-11) for Nt and obtain

(6.3-5)

where Δv = 1/g(v0) is the width of the laser transition lineshape.

Numerical Example: Critical Fluorescence Power of an Nd3+: Glass Laser

The critical fluorescence power of an Nd3+: glass laser is calculated using 
the following data:

In Section 6.1 we derived an expression for the threshold population inver- 
sion Nt at which the laser gain becomes equal to the losses. We would expect 
that as the pumping intensity is increased beyond the point at which N2 - 
N1 = Nt the laser will break into oscillation and emit power. In this section 
we obtain the expression relating the laser power output to the pumping 
intensity. We also treat the problem of optimum coupling—that is, of the 
mirror transmission that results in the maximum power output.

The Nd3+: g1ass is a four-level laser system (see Figure 7-11), since level 1 
is about 2,000 cm-1 above the ground state so that at room temperature 
E1 ≈ 10kT. We can thus use (6.3-5), obtaining N, = 8.5 × 1015 cm-3 and

6.4 POWER IN LASER OSCILLATORS
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Rate Equations

Consider an ideal four-level laser such as the one shown in Figure 6-4. We 
take E1 ≫ kT so that the thermal population of the lower laser level 1 can 
be neglected. We assume that the critical inversion density Nt is very small 
compared to the ground-state population, so during oscillation the latter is 
hardly affected. We can consequently characterize the pumping intensity by 
R2 and R1, the density of atoms pumped per second into levels 2 and 1, 
respectively. Process R1, which populates the lower level 1, causes a re- 
duction of the gain and is thus detrimental to the laser operation. In many 
laser systems, such as discharge gas lasers, considerable pumping into the 
lower laser level is unavoidable, and therefore a realistic analysis of such 
systems must take R1 into consideration.

The rate equations that describe the populations of levels 1 and 2 become

ωij is the decay rate per atom from level i to j; thus the density of atoms per 
second undergoing decay from i to j is Niωij. If the decay rate is due entirely 
to spontaneous transitions, then ωij is equal to the Einstein Aij coefficient 
introduced in Section 5.1. Wi is the probability per unit time that an atom 
in level 2 will undergo an induced (stimulated) transition to level 1 (or vice 
versa). Wi, given by (5.2-15), is proportional to the energy density of the 
radiation field inside the cavity.

Implied in the foregoing rate equations is the fact that we are dealing 
with a homogeneously broadened system. In an inhomogeneously broadened 
atomic transition, atoms with different transition frequencies (E2 - E1)/h 
experience different induced transition rates and a single parameter Wi is 
not sufficient to characterize them.

In a steady-state situation we have N1 = N2 = 0. In this case we can 
solve (6.4-1) and (6.4-2) for N1 and N2, obtaining

A necessary condition for population inversion in our model is thus 
ω21 < ω10, which is equivalent to requiring that the lifetime of the upper 
laser level ω21-1 exceed that of the lower one. The effectiveness of the pumping 
is, according to (6.4-3), reduced by the finite pumping rate R1 and lifetime 
ω10-1 of level 1 to an effective value

(6.4-4)

(6.4-1)

(6.4-2)

(6.4-3)
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so (6.4-3) can be written as

(6.4-5)

Below the oscillation threshold the induced transition rate Wi is zero 
(since the oscillation energy density is zero) and N2 - N1 is, according to 
(6.4-5), proportional to the pumping rate R. This state of affairs continues 
until R = Ntω21, at which point N2 - N1 reaches the threshold value [see 
(6.1-11)]

(6.4-6)

This is the point at which the gain at v0 due to the inversion is large enough 
to make up exactly for the cavity losses (the criterion that was used to derive 
Nt). Further increase of N2 - N1 with pumping is impossible in a steady- 
state situation, since it would result in a rate of induced (energy) emission 
that exceeds the losses so that the field energy stored in the resonator will 
increase with time in violation of the steady-state assumption.

This argument suggests that, under steady-state conditions, N2 - N1 
must remain equal to Nt regardless of the amount by which the threshold 
pumping rate is exceeded. An examination of (6.4-5) shows that this is 
possible, provided Wi is allowed to increase once R exceeds its threshold 
value ω21Nt, so that the equality

is satisfied. Since, according to (5.2-15), Wi is proportional to the energy 
density in the resonator, (6.4-7) relates the electromagnetic energy stored 
in the resonator to the pumping rate R. To derive this relationship we first 
solve (6.4-7) for Wi, obtaining

This expression may be recast in a slightly different form, which we will 
find useful later on. We use expression (6.4-6) for Nt and, recalling that in

(6.4-7)

(6.4-8)

The total power generated by stimulated emission is

(6.4-9)

where V is the volume of the oscillating mode. Using (6.4-8) in (6.4-9) gives

(6.4-10)
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(6.4-11)

where

(6.4-12)

(6.4-13)

our idealized model ω21-1 = tspont, obtain

Figure 6-6 Plot of output power versus electric power input to a xenon lamp in a 
CW CaF2:U3+ laser. Mirror transmittance at 2.61 μm is 0.2 percent, T = 77 K. 
(After Reference [2].)

According to (4.0-7), p corresponds to the density (meters-3) of radiation 
modes whose resonance frequencies fall within the atomic transition line- 
width Δv—that is, the density of radiation modes that are capable of inter- 
acting with the transition.

Returning to the expression for the power output of a laser oscillator 
(6.4-11), we find that the term R/(p/tc) is the factor by which the pumping 
rate R exceeds its threshold value p/tc. In addition, in an ideal laser system, 
ω21 = tspont-1, so we can identify Ntω21hvV with the power Ps going into 
spontaneous emission at threshold, which is defined by (6.3-5). We can 
consequently rewrite (6.4-11) as
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The main attraction of (6.4-13) is in the fact that, in addition to providing 
an extremely simple expression for the power emitted by the laser atoms, 
it shows that for each increment of pumping, measured relative to the thresh- 
old value, the power increases by Ps. An experimental plot showing the 
linear relation predicted by (6.4-13) is shown in Figure 6-6.

In the numerical example of Section 6.3, which was based on an Nd3+: glass 
laser, we obtained Ps = 150 watts. We may expect on this basis that the 
power from this laser for, say (R/Rt) ≃ 2 (that is, twice above threshold) 
will be of the order of 150 watts.

6.5 OPTIMUM OUTPUT COUPLING IN LASER OSCILLATORS

The total loss encountered by the oscillating laser mode can conveniently 
be attributed to two different sources: (a) the inevitable residual loss due to 
absorption and scattering in the laser material and in the mirrors, as well as 
diffraction losses in the finite diameter reflectors; (b) the (useful) loss due 
to coupling of output power through the partially transmissive reflector. It 
is obvious that loss (a) should be made as small as possible since it raises 
the oscillation threshold without contributing to the output power. The prob- 
lem of the coupling loss (b), however, is more subtle. At zero coupling (that 
is, both mirrors have zero transmission) the threshold will be at its minimum 
value and the power Pe emitted by the atoms will be maximum. But since 
none of this power is available as output, this is not a useful state of affairs. 
If, on the other hand, we keep increasing the coupling loss, the increasing 
threshold pumping will at some point exceed the actual pumping level. When 
this happens, oscillation will cease and the power output will again be zero. 
Between these two extremes there exists an optimum value of coupling (that 
is, mirror transmission) at which the power output is a maximum.

The expression for the population inversion was shown in (6.4-5) to have 
the form

(6.5-1)

Since the exponential gain constant γ(v) is, according to (5.3-3), proportional 
to N2 - N1, we can use (6.5-1) to write it as

(6.5-2)

where γ0 is the unsaturated (Wi = 0) gain constant (that is, the gain exercised 
by a very weak field, so that Wi ≪ ω21). We can use (6.4-9) to express Wi 
in (6.5-2) in terms of the total emitted power Pe and then, in the resulting 
expression, replace NtVhvω21 by Ps. The result is

(6.5-3)
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where Ps, the saturation power, is given by (6.3-4). The oscillation condition 
(6.1-6) can be written as

where g0 = γ0l (that is, the unsaturated gain per pass in nepers). Pe, we 
recall, is the total power given off by the atoms due to stimulated emission. 
The total loss per pass L can be expressed as the sum of the residual (un- 
avoidable) loss Li and the useful mirror transmission6 T, so

(6.5-7)

The fraction of the total power Pe that is coupled out of the laser as useful 
output is thus T/(T + Li). Therefore, using (6.5-6) we can write the (useful) 
power output as

(6.5-8)

Replacing Ps in (6.5-8) by the right Side of (6.3-5), and recalling from (4.7-2) 
that for small losses

(6.5-9)

Equation (6.5-8) becomes

(6.5-10)

where A = V/l is the cross-sectional area of the mode (assumed constant) 
and Is is the saturation intensity as given in (5.6-9). Maximizing P0 with 
respect to T by setting ∂P0/∂T = 0 yields

(6.5-11)

6For the sake of simplicity we can imagine one mirror as being perfectly reflecting, whereas 
the second (output) mirror has a transmittance T.

(6.5-4)

where L = 1 - r1r2 exp (-αl) is the fraction of the intensity lost per pass. 
In the case of small losses (L ≪ 1), (6.5-4) can be written as

(6.5-5)

According to the discussion in the introduction to this chapter, once the 
oscillation threshold is exceeded, the actual gain γ exercised by the laser 
oscillation is clamped at the threshold value γt regardless of the pumping. 
We can thus replace γ by γt in (6.5-3) and, solving for Pe, obtain

(6.5-6)
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as the condition for the mirror transmission that yields the maximum power 
output.

The expression for the power output at optimum coupling is obtained 
by substituting (6.5-11) for T in (6.5-10). The result, using (5.6-9), is

(6.5-12)

where the parameter S = IsA is defined by (6.5-12) and is independent of 
the excitation level (pumping) or losses.

Theoretical plots of (6.5-10) with Li as a parameter are shown in Figure 
6-7. Also shown are experimental data points obtained in a He-Ne 6328-Å 
laser. Note that the value of g0 is given by the intercept of the Li = 0 curve 
and is equal to 12 percent. The existence of an optimum coupling resulting 
in a maximum power output for each Li is evident.

It is instructive to consider what happens to the energy ℰ stored in the 
laser resonator as the coupling T is varied. A little thinking will convince us 
that ℰ is proportional to Po/T.7 A plot of Po (taken from Figure 6-7) and

7The internal one-way power Pi incident on the mirrors is related, by definition, to Po by Po 
= PiT. The total energy ℰ is proportional to Pi.

Figure 6-7 Useful power output (Po) versus mirror transmission T for various 
values of internal loss Li in an He-Ne 6328 Å laser. (After Laures, Phys. Lett. 
10:61, 1964.)
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Figure 6-8 Power output Po and stored energy ℰ plotted against mirror 
transmission T.

6.6 MULTIMODE LASER OSCILLATION AND MODE LOCKING

In this section we contemplate the effect of homogeneous or inhomogeneous 
broadening (in the sense described in Section 5.1) on the laser oscillation.

We start by reminding ourselves of some basic results pertinent to this 
discussion:

1. The actual gain constant prevailing inside a laser oscillator at the os
cillation frequency v is clamped, at steady state, at a value 

where l is the length of the gain medium as well as the distance between 
the mirrors which are taken here to be the same.

2. The gain constant of a distributed laser medium is

(5.3-3)

ℰ ∝ Po/T as a function of the coupling T is shown in Figure 6-8. As we may 
expect, ℰ is a monotonically decreasing function of T.

(6.1-8)
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3. The optical resonator can support oscillations, provided sufficient gain 
is present to overcome losses, at frequencies8 vq separated by

Figure 6-9 (a) Single-pass gain curves for a homogeneous atomic system (A— 
below threshold; B—at threshold; C—well above threshold). (b) Mode spectrum 
of optical resonator. (c) Oscillation spectrum (only one mode oscillates). (d) 
Single-pass gain curves for an inhomogeneous atomic system (A—below 
threshold; B—at threshold; C—well above threshold). (e) Mode spectrum of 
optical resonator. (f ) Oscillation spectrum for pumping level C, showing three 
oscillating modes.

8The high-order transverse modes discussed in Section 4.5 are ignored here. 

(4.6-4)

Now consider what happens to the gain constant γ(v) inside a laser 
oscillator as the pumping is increased from some value below threshold. 
Operationally, we can imagine an extremely weak wave of frequency v 
launched into the laser medium and then measuring the gain constant γ(v) 
as "seen" by this signal as v is varied.

We treat first the case of a homogeneous laser. Below threshold the 
inversion N2 - N1 is proportional to the pumping rate and γ(v), which is 
given by (5.3-3), is proportional to g(v). This situation is illustrated by curve 
A in Figure 6-9(a). The spectrum (4.6-4) of the passive resonances is shown 
in Figure 6-9(b). As the pumping rate is increased, the point is reached at 
which the gain per pass at the center resonance frequency v0 is equal to the 
average loss per pass. This is shown in curve B. At this point, oscillation at 
v0 starts. An increase in the pumping cannot increase the inversion since
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this will cause γ(v0) to increase beyond its clamped value as given by Equa- 
tion (6.1-8). Since the spectral lineshape function g(v) describes the response 
of each individual atom, all the atoms being identical, it follows that the gain 
profile γ(v) above threshold as in curve C is identical to that at threshold 
curve B.9 The gain at other frequencies—such as v-1, v1, v-2, v2, and so 
forth—remains below the threshold value so that the ideal homogeneously 
broadened laser can oscillate only at a single frequency.

Figure 6-10 (a) Inhomogeneously broadened Doppler gain curve of the 6328 Å Ne 
transition and position of allowed longitudinal-mode frequencies. (b) Intensity 
versus frequency profile of an oscillating He-Ne laser. Six modes have sufficient 
gain to oscillate (After Reference [8].)

In the extreme inhomogeneous case, the individual atoms can be con- 
sidered as being all different from one another and as acting independently. 
The lineshape function g(v) reflects the distribution of the transition fre- 
quencies of the individual atoms. The gain profile γ(v) below threshold is 
proportional to g(v), and its behavior is similar to that of the homogeneous 
case. Once threshold is reached as in curve B, the gain at v0 remains clamped 
at the threshold value. There is no reason, however, why the gain at other 
frequencies should not increase with further pumping. This gain is due to 
atoms that do not communicate with those contributing to the gain at v0. 
Further pumping will thus lead to oscillation at additional longitudinal-mode 
frequencies as shown in curve C. Since the gain at each oscillating frequency 
is clamped, the gain profile curve acquires depressions at the oscillation 
frequencies. This phenomenon is referred to as "hole burning" [7].

A plot of the output frequency spectrum showing the multimode oscil
lation of a He-Ne 0.6328-μm laser is shown in Figure 6-10.

9Further increase in pumping, and the resulting increase in optical intensity, will eventually 
cause a broadening of γ(v) due to the shortening of the lifetime by induced emission.
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Mode Locking

We have argued above that in an inhomogeneously broadened laser, oscil
lation can take place at a number of frequencies, which are separated by 
(assuming n = 1)

Now consider the total optical electric field resulting from such multimode 
oscillation at some arbitrary point, say next to one of the mirrors, in the 
optical resonator. It can be taken, using complex notation, as 

where the summation is extended over the oscillating modes and ω0 is chosen, 
arbitrarily, as a reference frequency. φn is the phase of the nth mode. One 
property of (6.6-1) is that e(t) is periodic in T ≡ 2π/ω = 2l/c, which is the 
round-trip transit time inside the resonator

(6.6-2)

Since ω0/ω is an integer (ω0 = mπc/l),

Note that the periodic property of e(t) depends on the fact that the phases 
φn are fixed. In typical lasers the phases φn are likely to vary randomly with 
time. This causes the intensity of the laser output to fluctuate randomly10 
and greatly reduces its usefulness for many applications where temporal 
coherence is important.

10It should be noted that this fluctuation takes place because of random interference between 
modes and not because of intensity fluctuations of individual modes.

Two ways in which the laser can be made coherent are: First, make it 
possible for the laser to oscillate at a single frequency only so that mode 
interference is eliminated. This can be achieved in a variety of ways, in- 
cluding shortening the resonator length l, thus increasing the mode spacing 
(ω = πc/l) to a point where only one mode has sufficient gain to oscillate. 
The second approach is to force the modes' phases φn to maintain their 
relative values. This is the so-called "mode locking" technique, which (as 

(6.6-1)
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shown previously) causes the oscillation intensity to consist of a periodic 
train with a period of T = 2l/c = 2π/ω.

One of the most useful forms of mode locking results when the phases 
φn are made equal to zero. To simplify the analysis of this case, assume that 
there are N oscillating modes with equal amplitudes. Taking En = 1 and 
Φn = 0 in (6.6-1) gives

(6.6-4)

The average laser power output is proportional to e(t)e*(t) and is given by11

11The averaging is performed over a time that is long compared with the optical period 2π/ω0 
but short compared with the modulation period 2π/ω.

(6.6-5)

Some of the analytic properties of P(t) are immediately apparent:

1. The power is emitted in a form of a train of pulses with a period T = 
2π/ω = 2l/c, i.e., the round-trip delay time.

2. The peak power, P(sT) (for s = 1, 2, 3, . . . ), is equal to N times the 
average power, where N is the number of modes locked together.

3. The peak field amplitude is equal to N times the amplitude of a single 
mode.

4. The individual pulse width, defined as the time from the peak to the first 
zero is τ0 = T/N. The number of oscillating modes can be estimated by 
N ≃ Δω/ω—that is, the ratio of the transition lineshape width Δω to the 
frequency spacing ω between modes. Using this relation, as well as 
T = 2π/ω in τ0 = T/N, we obtain

Thus the length of the mode-locked pulses is approximately the inverse 
of the gain linewidth.

A theoretical plot of √P(t) as given by (6.6-5) for the case of five modes 
(N = 5) is shown in Figure 6-11. The ordinate may also be considered as 
being proportional to the instantaneous field amplitude.

The foregoing discussion was limited to the consideration of mode 1ock- 
ing as a function of time. It is clear, however, that since the solution of 
Maxwell's equation in the cavity involves traveling waves (a standing wave 
can be considered as the sum of two waves traveling in opposite directions),

(6.6-3)

(6.6-6)
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Figure 6-11 Theoretical plot of optical field amplitude √P(t) ∝ ∣sin (Nωt/2)/ 
sin (ωt/2)∣ resulting from phase locking of five (N = 5) equal-amplitude modes 
separated from each other by a frequency interval ω = 2π/T.

mode locking causes the oscillation energy of the laser to be condensed into 
a packet that travels back and forth between the mirrors with the velocity 
of light c. The pulsation period T = 2l/c corresponds simply to the time 
interval between two successive arrivals of the pulse at the mirror. The 
spatial length of the pulse Lp must correspond to its time duration multiplied 
by its velocity c. Using τ0 = T/N we obtain

(6.6-7)

We can verify the last result by taking the basic resonator mode as being 
proportional to sin knz sin ωnt; the total optical field is then

(6.6-8)

where, using (4.6-4), ωn = (m + n)(πc/l), kn = ωn/c, and m is the integer 
corresponding to the central mode. We can rewrite (6.6-8) as 

which can be shown to have the spatial and temporal properties described 
previously. Figure 6-12 shows a spatial plot of (6.6-9) at time t.

Methods of Mode Locking

In the preceding discussion we considered the consequences of fixing the 
phases of the longitudinal modes of a laser—mode locking. Mode locking 
can be achieved by modulating the losses (or gain) of the laser at a radian 

(6.6-9)
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Figure 6-12 Traveling pulse of energy resulting from the mode locking of N laser 
modes; based on Equation (6.6-9).

frequency ω = πc/l, which is equal to the intermode frequency spacing. The 
theoretical proof of mode locking by loss modulation (References [2, 9, and 
10]) is rather formal, but a good plausibility argument can be made as follows: 
As a form of loss modulation consider a thin shutter inserted inside the laser 
resonator. Let the shutter be closed (high optical loss) most of the time 
except for brief periodic openings for a duration of τopen every T = 2l/c 
seconds. This situation is illustrated by Figure 6-13. A single laser mode will 
not oscillate in this case because of the high losses (we assume that τopen is 
too short to allow the oscillation to build up during each opening). The same 
applies to multimode oscillation with arbitrary phases. There is one excep- 
tion, however. If the phases were "locked" as in (6.6-3), the energy distri- 
bution inside the resonator would correspond to that shown in Figure 6-12 
and would consist of a narrow (Lp ≃ 2l/N) traveling pulse. If this pulse 
should arrive at the shutter's position when it is open and if the pulse (tem- 
poral) length τ0 is short compared to the opening time τopen, the mode-locked 
pulse will be "unaware" of the shutter's existence and, consequently, will 
not be attenuated by it. We may thus reach the conclusion that loss mod
ulation causes mode locking through some kind of "survival of the fittest"

Figure 6-13 Periodic losses introduced by a shutter to induce mode locking. The 
presence of these losses favors the choice of mode phases that results in a pulse 
passing through the shutter during open intervals—that is, mode locking.
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mechanism. In reality the periodic shutter chops off any intensity tails ac- 
quired by the mode-locked pulses due to a "wandering" of the phases from 
their ideal (φn = 0) values. This has the effect of continuously restoring the 
phases.

An experimental setup used to mode-lock a He-Ne laser is shown in 
Figure 6-14; the periodic loss [11] is introduced by Bragg diffraction (see 
Sections 12.2 and 12.3) of a portion of the laser intensity from a standing 
acoustic wave. The standing-wave nature of the acoustic oscillation causes 
the strain to have a form

Figure 6-14 Experimental setup for laser mode locking by acoustic (Bragg) loss 
modulation. The loss is due to Bragg diffraction of the main laser beam by a 
standing acoustic wave. Parts A, B, C, and D of the experimental setup are 
designed to display the fundamental component of the intensity modulation, the 
power spectrum of the intensity modulation, the power spectrum of the optical 
field e(t), and the optical intensity, respectively. (After Reference [l2].)

(6.6-10)

where the acoustic velocity is va = ωa/ka. Since the change in the index of 
refraction is to first order, proportional to the strain S(z, t), we can interpret 
(6.6-10) as a phase diffraction grating (see Sections 12.2, 3) with a spatial 
period 2π/ka, which is equal to the acoustic wavelength. The diffraction loss 
of the incident laser beam due to the grating reaches its peak twice in each 
acoustic period when S(z, t) has its maximum and minimum values. The loss 
modulation frequency is thus 2ωa, and mode locking occurs when 2ωa = ω, 
where ω is the (radian) frequency separation between two longitudinal laser 
modes.



198 THEORY OF LASER OSCILLATION

Figure 6-15 shows the pulses resulting from mode locking a Rhodamine 
6G dye laser.

Mode locking occurs spontaneously in some lasers if the optical path 
contains a saturable absorber (an absorber whose opacity decreases with 
increasing optical intensity). This method is used to induce mode locking in 
the high-power pulsed solid-state lasers [13, 15] and in continuous dye lasers. 
This is due to the fact that such a dye will absorb less power from a mode- 
locked train of pulses than from a random phase oscillation of many modes 
[2], since the first form of oscillation leads to the highest possible peak 
intensities, for a given average power from the laser, and is consequently 
attenuated less severely. For arguments identical with those advanced in 
connection with the periodic shutter (see discussion following [6.6-9]), it 
follows that the presence of a saturable absorber in the laser cavity will 
"force" the laser, by a "survival of the fittest" mechanism, to lock its modes' 
phases as in (6.6-9).

Some of the shortest mode-locked pulses to date were obtained from 
dye lasers employing Rhodamine 6G as the gain medium. The mode locking 
is caused by synchronous gain modulation that is due to the fact that the 
pumping (blue-green) argon gas laser is itself mode-locked. The pump pulses 
are synchronized exactly to the pulse repetition rate of the dye laser. (This 
requires that both lasers have precisely the same optical length.) When this 
is done, the dye laser gain medium will be pumped once in each round-trip 
period so that the pumping pulse and the mode-locked pulse overlap spatially 
and temporally in the dye cell.

Figure 6-15 Power output as a function of time of a mode-locked dye laser, using
Rhodamine 6G. The oscillation is at λ = 0.61 μm. The pulse width is detector 
limited (After Reference [12].)
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Additional sharpening of the mode-locked pulses can result from the 
inclusion of a saturable (dye) absorber in the resonator.

A sketch of a synchronously mode-locked dye laser configuration is 
shown in Figure 6-16.

Additional amplification of the output pulses of the dye laser by a se- 
quence of three to four dye laser amplifier cells (consisting of Rhodamine 
6G pumped by the pulsed second harmonic of Q-switched Nd3+: YAG lasers) 
has yielded subpicosecond pulses with peak power exceeding 109 watts.

The shortest pulses obtained to date are ~30 × 10-15 s [28]. These 
pulses have been narrowed down further to ~6 × 10-15 s by the use of 
nonlinear optical techniques [30].

Ultrashort mode-locked pulses are now used in an ever-widening circle 
of applications involving the measurement and study of short-lived molecular 
and electronic phenomena. The use of ultrashort optical pulses has led to 
an improvement of the temporal resolution of such experiments by more 
than three orders of magnitude. For a description of many of these appli
cations as well as of the many methods used to measure the pulse duration, 
the student should consult References [31-33].

Mode locking in semiconductor lasers is of particular interest owing to 
the very large gain bandwidth in these media. These lasers offer potential 
operation in the 10-20 femtosecond range although present results are far 
of this goal. Of special interest is the possibility of controlling the gain and 
loss by means of multiple electrodes [36].

Figure 6-16 Synchronously mode-locked dye laser configuration. (After Reference 
[29].)
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Table 6-1 lists some of the lasers commonly used in mode locking and 
the observed pulse durations. An analysis of mode locking in homogeneously 
broadened lasers is given in Appendix B.

Table 6-1 Some Laser Systems, Their Gain Linewidth Δv, and the Length of 
Their Pulses in the Mode-Locked Operation

Laser Medium
Δv,
Hz

(Δv)-1,
Seconds

Observed Pulse Duration 
τ0, Seconds

He-Ne
(0.6328 μm)
CW

~1.5 × 109 6.66 × 10-10 ~ 6 × 10-10

Nd:YAG
(1.06 μm)
CW

~1.2 × 1010 8.34 × 10-11 ~7.6 × 10-11

Ruby 
(0.6934 μm) 
pulsed

6 × 1010 1.66 × 10-11 ~1.2 × 10-11

Nd5+: glass 
pulsed

3 × 1012 3.33 × 10-13 ~3 × 10-13

Rhodamine 6G 
(dye laser)(0.6 μm)

1013 10-13 3 × 10-14

Pulse Length Measurement

The problem of measuring the duration of mode-locked ultrashort pulses is 
of great practical and theoretical interest. Since the fastest conventional 
optical detectors possess response times of ~2 × 10-11 s, it is impossible 
to use these optical detectors to measure the short (τ < 10-11 s) mode-locked 
pulses. A number of techniques invented for this purpose all take advantage 
of some nonlinear process to obtain a spatial autocorrelation trace of the 
optical intensity pulse. The measurement of a pulse of a duration, say, of 
τ0 = 10-12 s is thus replaced with measuring the spatial extent of an auto- 
correlation trace of length cτ0 = 0.3 mm, which is a relatively simple task.

In what follows we will describe one such method, the one most widely 
used, that is based on the phenomenon of optical second harmonic gener- 
ation. The process of second harmonic generation is developed in detail in 
Chapter 8. It will suffice for the purpose of the present discussion to state 
that when an optical pulse

(6.6-11)
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A sketch of a second harmonic system for measuring the pulse length 
is shown in Figure 6-17. The laser emits a continuous stream of mode-locked 
pulses. Each individual pulse ℰ(i)eiωt is divided by a beam splitter into two 
equal intensity pulses. One of these pulses is advanced (or delayed) by τ 
seconds relative to the other. The two pulses intersect again in a nonlinear 
optical crystal. The second harmonic (2ω) pulse generated by the crystal is 
incident on a "slow" detector whose output current is integrated over a time 
long compared to the optical pulse duration.

The total optical field incident on the nonlinear crystal is the sum of the 
direct and retarded fields

Figure 6-17 The second harmonic generation autocorrelation setup for measuring 
the width of mode-locked ultrashort pulses.

is incident on a nonlinear optical crystal it generates an output optical pulse 
e2(t) at twice the frequency with

(6.6-12)

(6.6-13)
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According to (6.6-12), the second harmonic field radiated by the crystal has 
a complex amplitude that is proportional to the square of the complex am- 
plitude ℰ(t) of the incident fundamental field.

where s(τ) is composed of terms with cos ωτ and cos 2ωτ dependence. Since 
these terms fluctuate with a delay period Δτ ~ 10-15 s, a small unintentional 
or deliberate integration (smearing) over τ averages them out to near zero. 
The term s(τ) is consequently left out.

Since the temporal (t) variation of the first three terms in (6.6-15) is on 
the scale of picoseconds (or less), the much slower optical detector inevitably 
integrates the current id(t), with the result that the actual output from the 
optical detector is a function of the delay (τ) only 

where the angle brackets signify time-averaging and the intensity I(t) is 
defined12 as I(t) = ℰ1(t)ℰ*1(t). By dividing both sides of (6.6-16) by ‹I2(t)› and 
recognizing that ‹I2(t)› = ‹I2(t - τ)›, the normalized detector output becomes 

12A proportionality constant involved in this definition is left out since it cancels out in the 
subsequent division of Equation (6.6-19).

where G(2)(τ), the second-order autocorrelation function of the intensity pulse, 
is defined by

(6.6-18)

since G(2)(0) = 1 and G(2)(τ ≫ τ0) = 0.
A plot of id(τ) versus τ will consist of a peak of (normalized) height of 

3 atop a background of unity height. The central peak will have a width ~τ0.
It is important in practice to be able to distinguish between the case just 

(6.6-14)

The second harmonic field, e2(t) = Re[ℰ2(t) exp (i2ωt)] is incident next on 
the optical detector (photomultiplier, diode, etc.) whose output current id 
(see Section 11.1) is proportional to the incident intensity. Using (6.6-14) we 
can obtain

(6.6-15)

(6.6-16)

(6.6-17)

In the case of a well-behaved ultrashort coherent light pulse of duration 
τ0, we have
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discussed and that of incoherent light (such as light due to a laser oscillating 
in a large number of independent modes). In this case we have id(0) = 3 
(since even incoherent light is correlated with itself at zero delay). For 
τ > 0, or more precisely for τ longer than the coherence time of the light, 
we have

(6.6-19)

since I(t) and I(t - τ) are completely uncorrelated. For truly incoherent light 
of the type we are considering here, the time-averaging indicated in (6.6-19) 
can be replaced by ensemble averaging so that 

where p(I) is the intensity distribution function so that p(I)dI is the proba- 
bility that a measurement of I will result in a value between I and I + dI. 
For incoherent light13 

Figure 6-18 The second harmonic (averaged) integrated intensity due to two 
optical pulses as a function of time delay between them for the case (left) of an 
incoherent source and (right) coherent mode-locked optical pulses.

which when used in (6.6-20) gives 

and, returning to (6.6-17),

A plot of id(τ) versus τ in the case of incoherent light should thus consist 
of a very narrow peak of height 3 on a background of height 2. The general 
features of the coherent mode-locked pulses and the incoherent light is 
depicted in Figure 6-18.

13This follows directly from the fact that the optical field distribution function is Gaussian.

(6.6-20)
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The determination of the original pulse width from the width of the 
second harmonic correlation trace is somewhat ambiguous. We can show 
by performing the integration indicated by (6.6-18) that the width (at half- 
maximum) t0 of G(2)(τ) and τ0 of I(t) are related as in the case of the "popular" 
waveforms tabulated in the left column of Table 6-2.

We conclude this section by showing in Figure 6-19 the autocorrelation 
trace of one of the shortest optical pulses (τ0 ~ 30 × 10-15 s) produced to 
date. It is interesting to note that within such a pulse the light rises and falls 
a mere 15(!) times. With just one order of magnitude improvement we should 
thus be able to isolate a single optical cycle. There may, however, be some 
compelling reasons (and the student is encouraged to think of some) why 
this development may not take place anytime soon.

Figure 6-19 The autocorrelation trace of a mode-locked dye laser (λ ~ 6100 Å) 
pulse.

Table 6-2 Some Simple Pulse Widths
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6.7 GIANT PULSE (Q-switched) LASERS

The technique "Q-switching" is used to obtain intense and short bursts of 
oscillation from lasers; see References [16-18]. The quality factor Q of the 
optical resonator is degraded (lowered) by some means during the pumping 
so that the gain (that is, inversion N2 - N1) can build up to a very high value 
without oscillation. (The spoiling of the Q raises the threshold inversion to 
a value higher than that obtained by pumping.) When the inversion reaches 
its peak, the Q is restored abruptly to its (ordinary) high value. The gain 
(per pass) in the laser medium is now well above threshold. This causes an 
extremely rapid buildup of the oscillation and a simultaneous exhaustion of 
the inversion by stimulated 2 → 1 transitions. This process converts most 
of the energy that was stored by atoms pumped into the upper laser level 
into photons, which are now inside the optical resonator. These proceed to 
bounce back and forth between the reflectors with a fraction (1 - R) "es
caping" from the resonator each time. This causes a decay of the pulse with 
a characteristic time constant (the "photon lifetime") given in (4.7-3) as

Both experiment and theory indicate that the total evolution of a giant 
laser pulse as described above is typically completed in ~2 × 10-8 second. 
We will consequently neglect the effect of population relaxation and pumping 
that take place during the pulse. We will also assume that the switching of 
the Q from the low to the high value is accomplished instantaneously.

The laser is characterized by the following variables: Φ; the total number 
of photons in the optical resonator, n ≡ (N2 - N1)V; the total inversion; 
and tc, the decay time constant for photons in the passive resonator. The 
exponential gain constant y is proportional to n. The radiation intensity I 
thus grows with distance as I(z) = I0 exp (γz) and dI/dz = γI. An observer 
traveling with the wave velocity will see it grow at a rate 

and thus the temporal exponential growth constant is γ(c/n). If the laser rod 
is of length L while the resonator length is l, then only a fraction L/l of the 
photons is undergoing amplification at any one time and the average growth 
constant is γc(L/nl). We can thus write

(6.7-1)

where -φ/tc is the decrease in the number of resonator photons per unit 
time due to incidental resonator losses and to the output coupling. Defining 
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a dimensionless time by τ = t/tc we obtain, upon multiplying (6.7-1) by tc, 

where γt = (nl/cLtc) is the minimum value of the gain constant at which 
oscillation (that is, dφ/dτ = 0) can be sustained. Since, according to (5.3-3) 
γ is proportional to the inversion n, the last equation can also be written as

(6.7-2)

where nt = NtV is the total inversion at threshold as given by (6.1-9).
The term φ(n/nt) in (6.7-2) gives the number of photons generated by 

induced emission per unit of normalized time. Since each generated photon 
results from a single transition, it corresponds to a decrease of Δn = -2 in 
the total inversion. We can thus write directly

The coupled pair of equations, (6.7-2) and (6.7-3), describes the evolution 
of φ and n. It can be solved easily by numerical techniques. Before we 
proceed to give the results of such calculation, we will consider some of the 
consequences that can be deduced analytically.

Dividing (6.7-2) by (6.7-3) results in 

and, by integration.

Assuming that φi, the initial number of photons in the cavity, is negligible, 
we obtain

(6.7-4)

for the relation between the number of photons φ and the inversion n at any 
moment. At t ≫ tc the photon density φ will be zero so that setting φ = 0 
in (6.7-4) results in the following expression for the final inversion nf:

(6.7-5)

This equation is of the form (x/a) = exp (x - a), where x = nf/nt and a = 
ni/nt, so that it can be solved graphically (or numerically) for nf/ni as a 

(6.7-3)
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function of ni/nt.14 The result is shown in Figure 6-20. We notice that the 
fraction of the energy originally stored in the inversion that is converted into 
laser oscillation energy is (ni - nf)/ni and that it tends to unity as ni/nt 
increases.

The instantaneous power output of the laser is given by P = φhv/tc, or, 
using (6.7-4), by

(6.7-6)

Of special interest to us is the peak power output. Setting ∂P/∂n = 0 we find 
that maximum power occurs when n = nt. Putting n = nt in (6.7-6) gives

(6.7-7)

for the peak power. If the initial inversion is well in excess of the (high-Q) 

14This can be done by assuming a value of a and finding the corresponding x at which the plots 
of x/a and exp (x - a) intersect.

Figure 6-20 Energy utilization factor (ni - nf)/ni and inversion remaining after the 
giant pulse. (After Reference [19].)
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threshold value (that is, ni ≫ nt), we obtain from (6.7-7)

Since the power P at any moment is related to the number of photons φ by 
P = φhv/tc, it follows from (6.7-8) that the maximum number of stored 
photons inside the resonator is ni/2. This can be explained by the fact that 
if ni ≫ nt, the buildup of the pulse to its peak value occurs in a time short 
compared to tc so that at the peak of the pulse, when n = nt, most of the 
photons that were generated by stimulated emission are still present in the 
resonator. Moreover, since ni ≫ nt, the number of these photons (ni - nt)/2 
is very nearly ni/2.

A typical numerical solution of (6.7-2) and (6.7-3) is given in Figure 6-21.
To initiate the pulse we need, according to (6.7-2) and (6.7-3), to have 

φi ≠ 0. Otherwise the solution is trivial (Φ = 0, n = ni). The appropriate 
value of φi is usually estimated on the basis of the number of spontaneously 
emitted photons within the acceptance solid angle of the laser mode at t = 
0. We also notice, as discussed above, that the photon density, hence the 
power, reaches a peak when n = n,. The energy stored in the cavity (∝ φ) 
at this point is maximum, so stimulated transitions from the upper to the 
lower laser levels continue to reduce the inversion to a final value nf < nt.

Numerical solutions of (6.7-2) and (6.7-3) corresponding to different 
initial inversions ni/nt are shown in Figure 6-22. We notice that for ni ≫ nt

Figure 6-21 Inversion and photon density during a giant pulse. (After Reference 
[19].)

(6.7-8)
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Figure 6-22 Photon number vs. time in central region of giant pulse. Time is 
measured in units of photon lifetime. (After Reference [19].) 

the rise time becomes short compared to tc but the fall time approaches a 
value nearly equal to tc. The reason is that the process of stimulated emission 
is essentially over at the peak of the pulse (τ = 0) and the observed output 
is due to the free decay of the photons in the resonator.

In Figure 6-23 we show an actual oscilloscope trace of a giant pulse. 
Giant laser pulses are used extensively in applications that require high peak 
powers and short duration. These applications include experiments in non- 
linear optics, ranging, material machining and drilling, initiation of chemical 
reactions, and plasma diagnostics.
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Numerical Example: Giant Pulse Ruby Laser

Consider the case of pink ruby with a chromium ion density of N = l.58 × 
1019 cm-3. Its absorption coefficient is taken from Figure 7-4, where it 
corresponds to that of the Rl line at 6943 Å, and is α ≃ 0.2 cm-1 (at 300 
K). Other assumed characteristics are:

15We express the loss in terms of an effective reflectivity even though it is due to a number of 
factors, as discussed in Section 4.7.

l = length of ruby rod = 10 cm
A = cross-sectional area of mode = 1 cm2

(1 - R) = fractional intensity loss per pass15 = 20 percent
n = 1.78

Since, according to (5.3-3), the exponential loss coefficient is propor- 
tional to N1 - N2, we have

Thus, at room temperature, where N2 ≪ N1 when N1 — N2 ≅ 1.58 × 1019 
cm-3, and (6.7-9) yields α = 0.2 cm-1 as observed. The expression for the 
gain coefficient follows directly from (6.7-9):

(6.7-10)

where n is the total inversion and V = AL is the crystal volume in cm3.

Figure 6-23 An oscilloscope trace of the intensity of a giant pulse. Time scale is 
20 ns per division.

(6.7-9)
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Threshold is achieved when the net gain per pass is unity. This happens 
when

(6.7-11)

where the subscript t indicates the threshold condition.
Using (6.7-10) in the threshold condition (6.7-11) plus the appropriate 

data from above gives

(6.7-12)

Assuming that the initial inversion is ni = 5nt = 9 × 1019, we find from 
(6.7-8) that the peak power is approximately

Some of the schemes used in Q-switching are:

1. Mounting one of the two end reflectors on a rotating shaft so that the 
optical losses are extremely high except for the brief interval in each 
rotation cycle in which the mirrors are nearly parallel.

2. The inclusion of a saturable absorber (bleachable dye) in the optical 
resonator, see References [13-15]. The absorber whose opacity de- 
creases (saturates) with increasing optical intensity prevents rapid in- 
version depletion due to buildup of oscillation by presenting a high loss 
to the early stages of oscillation during which the slowly increasing 
intensity is not high enough to saturate the absorption. As the intensity 
increases the loss decreases, and the effect is similar, but not as abrupt, 
as that of a sudden increase of Q.

3. The use of an electrooptic crystal (or liquid Kerr cell) as a voltage-
controlled gate inside the optical resonator. It provides a more precise
control over the losses (Q) than schemes 1 and 2. Its operation is illus
trated by Figure 6-24 and is discussed in some detail in the following.
The control of the phase delay in the electrooptic crystal by the applied
voltage is discussed in detail in Chapter 9.

(6.7-13)

where tc = nl/c(1 - R) ≃ 2.5 × 10-9 s. 
The total pulse energy is

while the pulse duration (see Figure 6-22) ≃ 3tc ≃ 7.5 × 10-9 s.

MethodS of Q-Switching
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Figure 6-24 Electrooptic crystal used as voltage-controlled gate in Q-switching a 
laser.

During the pumping of the laser by the light from a flashlamp, a voltage 
is applied to the electrooptic crystal of such magnitude as to introduce a π/2 
relative phase shift (retardation) between the two mutually orthogonal com
ponents (x' and y') that make up the linearly polarized (x) laser field. On 
exiting from the electrooptic crystal at point f, the light traveling to the right
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is circularly polarized. After reflection from the right mirror, the light passes 
once more through the crystal. The additional retardation of π/2 adds to the 
earlier one to give a total retardation of π, thus causing the emerging beam 
at d to be linearly polarized along y and consequently to be blocked by the 
polarizer.

It follows that with the voltage on, the losses are high, so oscillation is 
prevented. The Q-switching is timed to coincide with the point at which the 
inversion reaches its peak and is achieved by a removal of the voltage applied 
to the electrooptic crystal. This reduces the retardation to zero so that state 
of polarization of the wave passing through the crystal is unaffected and the 
Q regains its high value associated with the ordinary losses of the system.

6.8 HOLE-BURNING AND THE LAMB DIP IN DOPPLER-BROADENED GAS LASERS

In this section we concern ourselves with some of the consequences of 
Doppler broadening in low-pressure gas lasers.

Consider an atom with a transition frequency v0 = (E2 - E1)/h where 2 
and 1 refer to the upper and lower laser levels, respectively. Let the com
ponent of the velocity of the atom parallel to the wave propagation direction 
be V. This component, thus, has the value

(6.8-1)

(6.8-5)

where the electromagnetic wave is described by

(6.8-2)

An atom moving with a constant velocity v, so that r = vt + r0, will ex- 
perience a field

(6.8-3)

and will thus "see" a Doppler-shifted frequency

(6.8-4)

where in the second equality we took n = 1 so that k = 2πv/c and used 
(6.8-1).

The condition for the maximum strength of interaction (that is, emission 
or absorption) between the moving atom and the wave is that the apparent 
(Doppler) frequency vD "seen" by the atom be equal to the atomic resonant 
frequency v0
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or reversing the argument, a wave of frequency v moving through an en
semble of atoms will "seek out" and interact most strongly with those atoms 
whose velocity component v satisfies

(6.8-6)

where the approximation is valid for v ≪ c.
Now consider a gas laser oscillating at a single frequency v where, for 

the sake of definiteness, we take v > v0. The standing wave electromagnetic 
field at v inside the laser resonator consists of two waves traveling in opposite 
directions. Consider, first, the wave traveling in the positive x direction (the 
resonator axis is taken parallel to the axis). Since v > v0 the wave interacts, 
according to Equation (6.8-6) with atoms having v > 0, that is, atoms with

The wave traveling in the opposite direction (-x) must also interact with 
atoms moving in the same direction so that the Doppler shifted frequency 
is reduced from v to v0. These are atoms with

We conclude that due to the standing wave nature of the field inside a 
conventional two-mirror laser oscillator, a given frequency of oscillation 
interacts with two velocity classes of atoms.

Figure 6-25 The distribution of inverted atoms as a function of vx. The dashed 
curve that is proportional to exp (-Mv2x/2kT) corresponds to the case of zero field 
intensity. The solid curve corresponds to a standing wave field at v = v0/(1 - vx/c) 
or one at v = v0/(1 + vx/c).

(6.8-7)

(6.8-8)
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where f(vx) dvx is proportional to the number of atoms (in the upper laser 
level) with x component of velocity between vx and vx + dvx. As the oscil- 
lation level is increased, say by reducing the laser losses, we expect 
the number of atoms in the upper laser level, with x velocities near vx = 
±(c/v)(v — v0), to decrease from their equilibrium value as given by (6.8-9). 
This is due to the fact that these atoms undergo stimulated downward tran- 
sitions from level 2 to 1, thus reducing the number of atoms in level 2. The 
velocity distribution function under conditions of oscillation consequently 
has two depressions as shown schematically in Figure 6-25.

If the oscillation frequency v is equal to v0, only a single "hole" exists 
in the velocity distribution function of the inverted atoms. This "hole" is 
centered on vx = 0. We may, thus, expect the power output of a laser 
oscillating at v = v0 to be less than that of a laser in which v is tuned slightly 

Consider, next, a four-level gas laser oscillating at a frequency v > v0. 
At negligibly low levels of oscillation and at low gas pressure, the velocity 
distribution function of atoms in the upper laser level is given, according to 
(5.1-11), by

(6.8-9)

Figure 6-26 The power output as a function of the frequency of a single-mode 1.15 
μm He-Ne laser using the 20Ne isotope. (After Reference [21].)
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to one side or the other of v0 (this tuning can be achieved by moving one of 
the laser mirrors). This power dip first predicted by Lamb [20] is indeed 
observed in gas lasers [21]. An experimental plot of the power versus fre- 
quency in a He-Ne 1.15-μm laser is shown in Figure 6-26. The phenomenon 
is referred to as the "Lamb dip" and is used in frequency stabilization 
schemes of gas lasers [22].

6.9 RELAXATION OSCILLATION IN LASERS

Relaxation oscillation of the intensity has been observed in most types of 
lasers [23, 24]. This oscillation takes place characteristically with a period 
that is considerably longer than the cavity decay time tc (see Section 4.7) 
or the resonator round-trip time 2l/c. Typical values range between 0.1 μs 
to 10 μs.

The basic physical mechanism is an interplay between the oscillation 
field in the resonator and the atomic inversion. An increase in the field 
intensity causes a reduction in the inversion due to the increased rate of 
stimulated transitions. This causes a reduction in the gain that, in turn, tends 
to decrease the field intensity.

In the mathematical modeling of this phenomenon, we assume an ideal 
homogeneously broadened four-level laser such as that described in Section 
6.4. We also assume that the lower-level population is negligible (that is, 
Wi ≪ ω10 ≫ ω21) and take the inversion density N ≡ N2 - N1 = N2. The 
pumping rate into level 2 (atoms/s - m3) is R and the lifetime, due to all 
causes except stimulated emission, of atoms in level 2 is τ. Taking the induced 
transition rate per atom as Wi we have

The transition rate Wi is, according to (5.2-15), proportional to the field 
intensity I and hence to the photon density q in the optical resonator. We 
can, consequently, rewrite (6.9-1) as 

where B is a proportionality constant defined by Wi ≡ Bq. Since qBN is also 
the rate (s-1 - m-3) at which photons are generated, we have

(6.9-3)

where tc is the decay time constant for photons in the optical resonator as 
discussed in Sections 4.7 and 6.1. Equations (6.9-2) and (6.9-3) describe the 
interplay between the photon density q and the inversion N [25].

(6.9-1)

(6.9-2)
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First we notice that in equilibrium, dq/dt = dN/dt = 0, the following 
relations are satisfied

From (6.9-4) it follows that when R = (Btcτ)-1, q0 = 0. We denote this 
threshold pumping rate by Rt and define the pumping factor r ≡ R/Rt16 so 
that the second of (6.9-4) can also be written as

16r is equal to the ratio of the unsaturated (q = 0) gain to the saturated gain (the saturated gain 
is the actual gain "seen" by the laser field and is equal to the loss).

Next, we consider the behavior of small perturbations from equilibrium. 
We take 

and

Substituting these relations in Equations (6.9-2) and (6.9-3) and making 
use of Equation (6.9-4), we obtain

(6.9-6)

(6.9-7)

Taking the derivative of (6.9-7), substituting (6.9-6) for dN1/dt, and using 
(6.9-4) leads to

(6.9-8)

or in terms of the pumping factor r = RBtcτ introduced above,

(6.9-9)

This is the differential equation describing a damped harmonic oscillator so 
that assuming a solution q ∝ ept we obtain

(6.9-4)

(6.9-5)
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Figure 6-27 Intensity relaxation oscillation in a CaWO4:Nd3+ laser at 1.06 μm. 
Horizontal scale = 20 μs/division. (After Reference [26].) 

with the solutions

(6.9-10)

so that q1(t) ∝ e-αt cos ωmt. The predicted perturbation in the power output 
(which is proportional to the number of photons q) is, thus, a damped sinusoid 
with the damping rate α and the oscillation frequency ωm increasing with 
excess pumping.

Although some lasers display the damped sinusoidal perturbation of 
intensity described above, in many other laser systems the perturbation is 
undamped. An example of the first is illustrated in Figure 6-27, which shows 
the output of a CaWO4:Nd3+ laser.

Numerical Example: Relaxation Oscillation 

Consider the case shown in Figure 6-27 with the following parameters

τ = 1.6 × 10-4 second
tc ≃ 10-8 second

r ≃ 2

which, using (6.9-10), gives Tm ≡ 2π/ωm ≈ 8 × 10-6 second. The period Tm 
as measured in the figure ranges between 5 and 7 μs.

The undamped relaxation oscillation observed in many cases can be 
understood, at least qualitatively, by considering Equation (6.9-9). As it 
stands, the equation is identical in form to that describing a damped, non-
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driven harmonic oscillator or equivalently, a resonant RLC circuit.17 Per
sistent, that is, nondamped, oscillation is possible when the "oscillator" is 
driven. In this case, the driving function will replace the zero on the right 
side of (6.9-9). One such driving mechanism may be due to time variation 
in the pumping rate R. In this case, we may take the pumping in the form

17The differential equation describing an oscillator is given in (5.4-1).

(6.9-11)

where R0 is the average pumping and R1(t) is the deviation.
Retracing the steps leading to (6.9-6) but using (6.9-11), we find that the 

inversion equation is now 

and that Equation (6.9-9) takes the form

(6.9-12)

Taking the Fourier transform of both sides of Equation (6.9-12), defining 
Q(ω) and R(ω) as the transforms of q1(t) and R1(t), respectively, and then 
solving for Q(ω), gives

(6.9-13)

(6.9-14)

(6.9-15)

where we notice that ωm and α correspond to the oscillation frequency and 
damping rate, respectively, of the transient case as given by (6.9-10). If we 
assume that the spectrum R(ω) of the driving function R(t) is uniform (that



THEORY OF LASER OSCILLATION

Figure 6-28 Intensity relaxation oscillation in a xenon 3.51 μm laser.

is, like "white" noise) near ω ≈ ωm, we may expect the intensity spectrum 
Q(ω) to have a peak near ω = ωm with a width Δω ≈ 2α ≡ r/τ. In addition, 
if Δω ≪ ωm, we may expect the intensity fluctuation q(t) as observed in the 
time domain to be modulated at a frequency ωm18, since for frequencies 
ω ≈ ωm, Q(ω) is a maximum.

18To verify this statement, assume that R(t) is approximated by a superposition of uncorrelated 
sinusoids R(t) ∝ Σn aneiωnt and using R(ω) ∝ ∫∞-∞ R(t)e-iωt dt, we get R(ω) ∝ Σn anδ(ω - ωn). 
From the inverse transform relation q(t) ∝ ∫∞-∞ Q(ω)eiωt dω and Equation (6.9-13), we get

Figure 6-29 The intensity fluctuation spectrum of the laser output shown in Figure 
6-28.

so that in the limit ωm ≫ α, q(t) is a quasi-sinusoidal oscillation with a frequency ωm.

220
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Figure 6-30 Same as Figure 6-29 except at increased pumping.

These conclusions are verified in experiments on different laser systems. 
In Figure 6-28 we show the intensity fluctuations of a xenon 3.5-μm laser. 
The repetition frequency is 2.5 × 106 Hz. A spectral analysis of the intensity 
yielding Q(ω) is shown in Figure 6-29. It consists of a narrow peak centered 
on fm = 2.5 × 106 Hz plus harmonics. An increase in the pumping strength 
is seen (Figure 6-30) to cause a broadening of the spectrum as well as a shift 
to higher frequencies consistent with the discussion following (6.9-15).

The problem of relaxation oscillation in semiconductor diode lasers is 
of utmost importance. These lasers, which are used as sources for optical 
communication systems in fibers, are directly (current) modulated by the 
information waveform that is to be transmitted. The highest modulation rate 
and, hence, the maximum data are limited to a value well below the relaxation 
frequency ωm since near ωm the modulation response, according to (6.9-13) 
is largely distorted, i.e., Q(ω)/R(ω) is not constant, and above ωm it drops 
sharply [34, 35]. This topic is considered in detail in Chapter 15.

Problems

6.1 Show that the effect of frequency pulling by the atomic medium is to 
reduce the intermode frequency separation from c/2l to 

where the symbols are defined in Section 6.2. Calculate the reduction for 
the case of a laser with Δv = 109 Hz, γ = 4 × 10-2 meter-1, and l = 
100 cm.

6.2 Derive Equation (6.4-3).
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6.3 Derive the optimum coupling condition (Equation 6.5-11).

6.4 Calculate the critical fluorescence power Ps of the He-Ne laser oper- 
ating at 6328 Å. Assume V = 2 cm3, L = I percent per pass, l = 30 cm, and 
Δv = 1.5 × 109 Hz.

6.5 Calculate the critical inversion density Nt of the He-Ne laser described 
in Problem 6.4.

6.6 Derive an expression for the finesse of a Fabry-Perot etalon containing 
an inverted population medium. Assume that r21 = r22 ≃ 1 and that the 
inversion is insufficient to result in oscillation. Compare the finesse to that 
of a passive Fabry-Perot etalon.

6.7 Derive an expression for the maximum gain-bandwidth product of a 
Fabry-Perot regenerative amplifier. Define the bandwidth as the frequency 
region in which the intensity gain (EtE*t)/(EiE*i) exceeds half its peak value. 
Assume that v0 = vm.

6.8

a. Derive Equation (6.6-4).
b. Show that if in (6.6-3) the phases are taken as φn = nφ, where φ is some 

constant, instead of φn = 0, the result is merely one of delaying the pulses 
by -φ/ω.

6.9

a. Describe qualitatively what one may expect to see in parts A, B, C, and 
D of the mode-locking experiment sketched in Figure 6-14. (The reader 
may find it useful to read first the section on photomultipliers in Chapter
11.)

b. What is the effect of mode locking on the intensity of the beat signal (at 
ω = πc/l) displayed by the RF spectrum analyzer in B? Assume N equal 
amplitude modes spaced by ω whose phases before mode locking are 
random. (Answer: Mode locking increases the beat signal power by N.)

c. Show that a standing wave at v0 + δ(v0 is the center frequency of the 
Doppler-broadened lineshape function) in a gas laser will burn the same 
two holes in the velocity distribution function (see Figure 6-25) as a field 
at v0 — δ.

d. Can two traveling waves, one at v0 + δ the other at v0 - δ, interact with 
the same class of atoms? If the answer is yes, under what conditions?

6.10 Design a frequency stabilization scheme for gas lasers based on the 
Lamb dip (see Figure 6-26). [Hint: You may invent a new scheme, but, 
failing that, consider what happens to the phase of the modulation in the 
power output when the cavity length is modulated sinusoidally near the 
bottom of the Lamb dip. Can you derive an error correction signal from this 
phase that will control the cavity length?]
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6.11 Verify the relations of Table 6-2.

6.12 A helium-neon laser (λ = 0.63 μm) operating in the fundamental trans- 
verse mode has mirrors separated by l = 30 cm. The Doppler width is 
ΔvD = 1.5 GHz, and the effective refractive index is n = 1. The output 
mirror is flat, and the other mirror is spherical with a radius of curvature 
16 m.

a. What is the frequency difference between longitudinal modes in the 
resonator?

b. Show that the resonator is stable.
c. What would the Doppler width become if the temperature of the laser 

medium were doubled?
d. What is the spot size at the flat mirror?
e. If the output is taken from the flat mirror, what is the spot size 16 km 

away?
f. Given that the internal cavity loss is Li = 10-1, the small signal gain 

coefficient is γ0 = 10-3 cm-1 and the reflection coefficient of the spherical 
mirror is 1.0, what is the reflection coefficient (R) of the output mirror 
that will give the maximum output power?

g. A thin lens of focal length f is placed against the output mirror. Find the 
radius of curvature of the Gaussian beam at a distance d = f from the 
lens.
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Some Specific Laser

Systems

7.0 INTRODUCTION

The pumping of the atoms into the upper laser level is accomplished in a 
variety of ways, depending on the type of laser. In this chapter we will 
review some of the more common laser systems and in the process describe 
their pumping mechanisms. The laser systems described include: ruby, 
Nd3+: YAG, Nd3+: g1ass, He-Ne, CO2, Ar+, excimer, and organic-dye 
lasers.

226

7.1 PUMPING AND LASER EFFICIENCY

Figure 7-1 shows the pumping-oscillation cycle of some (hypothetical) rep- 
resentative laser. The pumping agent elevates the atoms into some excited 
state 3 from which they relax into the upper laser level 2. The stimulated 
laser transition takes place between levels 2 and 1 and results in the emission 
of a photon of frequency v21.

It is evident from this figure that the minimum energy input per output 
photon is hv30, so the power efficiency of the laser cannot exceed

(7.1-1)

to which quantity we will refer as the "atomic quantum efficiency." The 
overall laser efficiency depends on the fraction of the total pump power that 
is effective in transferring atoms into level 3 and on the pumping quantum 
efficiency defined as the fraction of the atoms that once in 3, make a transition

7
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Figure 7-1 Pumping-oscillation cycle of a typical laser.

7.2 RUBY LASER

to 2. The product of the last two factors, which constitutes an upper limit 
on the efficiency of optically pumped lasers, ranges from about 1 percent 
for solid-state lasers such as Nd3+: YAG, to about 30 percent in the CO2 
laser, and to near unity in the GaAs junction laser. We shall discuss these 
factors when we get down to some specific laser systems. We may note, 
however, that according to (7.1-1), in an efficient laser system v21 and v30 
must be of the same order of magnitude, so the laser transition should involve 
low-lying levels.

The first material in which laser action was demonstrated [1] and still one 
of the most useful laser materials is ruby, whose output is at λ0 = 0.6943 
μm. The active laser particles are Cr3+ ions present as impurities in Al2O3 
crystal. Typical Cr3+ concentrations are ~0.05 percent by weight. The per- 
tinent energy level diagram is shown in Figure 7-2.

The pumping of ruby is usually performed by subjecting it to the light 
of intense flashlamps (quite similar to the types used in flash photography). 
A portion of this light that corresponds in frequency to the two absorption 
bands 4F2 and 4F1 is absorbed, thereby causing Cr3+ ions to be transferred 
into these levels. The ions proceed to decay, within an average time of 
ω32-1 ≃ 5 × 10-8 seconds [2], into the upper laser level 2E. The level 2E is 
composed of two separate levels 2A and E separated by 29 cm -1.1 The lower 
of these two, E, is the upper laser level. The lower laser level is the ground 

1The unit 1 cm-1 (one wavenumber) is the frequency corresponding to λ0 = 1 cm, so 1 cm-1 
is equivalent to v = 3 × 1010 Hz. It is also used as a measure of energy where 1 cm-1 corresponds 
to the energy hv of a photon with v = 3 × 1010 Hz.
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Figure 7-2 Energy levels pertinent to the operation of a ruby laser. (After 
Reference [2].) 

state, and thus, according to the discussion of Section 6.3, ruby is a three- 
level laser. The lifetime of atoms in the upper laser level E is t2 ≃ 3 × 10-3 
second. Each decay results in the (spontaneous) emission of a photon, so 
t2 ≃ tspont.

An absorption spectrum of a typical ruby with two orientations of the 
optical field relative to the c (optic) axis is shown in Figure 7-3. The two 
main peaks correspond to absorption into the useful 4F1 and 4F2 bands, which 
are responsible for the characteristic (ruby) color.

Figure 7-3 Absorption coefficient and absorption cross section as functions of 
wavelength for E||c and E⊥c. The 300 K data were derived from transmittance 
measurements on pink ruby with an average Cr ion concentration of 1.88 × 1019 
cm-3. (After Reference [3].)
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A more detailed plot of the absorption near the laser emission wavelength 
is shown in Figure 7-4. The width Δ v of the laser transition as a function of 
temperature is shown in Figure 7-5. At room temperature, Δv = 11 cm-1.

We can use ruby to illustrate some of the considerations involved in 
optical pumping of solid-state lasers. Figure 7-6 shows a typical setup of an 
optically pumped laser, such as ruby. The helical flashlamp surrounds the 
ruby rod. The flash excitation is provided by the discharge of the charge 
stored in a capacitor bank across the lamp.

The typical flash output consists of a pulse of light of duration tflash ≃ 5 
× 10-4 seconds. Let us, for the sake of simplicity, assume that the flash 
pulse is rectangular in time and of duration tflash and that it results in an 
optical flux at the crystal surface having s(v) watts per unit area per unit 
frequency at the frequency v. If the absorption coefficient of the crystal is 
α(v), then the amount of energy absorbed by the crystal per unit volume is2

2We assume that the total absorption in passing the crystal is small, so s(v) is taken to be 
independent of the distance through the crystal.

Figure 7-4 Absorption coefficient and absorption cross section as functions of 
wavelength for E||c and E⊥c. Sample was a pink ruby laser rod having a 90° c-axis 
orientation with respect to the rod axis and a Cr concentration of 1.58 × 1019 
cm-3. (After Reference [3].)

The ordinate is labeled in terms of the absorption coefficient and in terms 
of the transition cross section σ, which may be defined as the absorption 
coefficient per unit inversion per unit volume and has consequently the 
dimension of area. According to this definition, α(v) is given by

(7.2-1)
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Figure 7-5 Linewidth of the R1 line of ruby as a function of temperature. (After 
Reference [4].)

Figure 7-6 Typical setup of a pulsed ruby laser using flashlamp pumping and 
external mirrors.
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If the absorption quantum efficiency (the probability that the absorption of 
a pump photon at v results in transferring one atom into the upper laser 
level) is η(v), the number of atoms pumped into level 2 per unit volume is

(7.2-2)

Since the lifetime t2 ≃ 3 × 10-3 second of atoms in level 2 is considerably 
longer than the flash duration (~5 × 10-4 s) we may neglect the spontaneous 
decay out of level 2 during the time of the flash pulse, so N2 represents the 
population of level 2 after the flash.

Numerical Example: Flash Pumping of a Pulsed Ruby Laser * 2

Consider the case of a ruby laser with the following parameters:

N0 = 2 × 1019 atoms/cm3 (Cr3+)

t2 ≃ tspont ≃ 3 × 10-3 s

tflash = 5 × 10-4 S

If the useful absorption is limited to relatively narrow spectral regions, we 
may approximate (7.2-2) by

(7.2-3)

where the bars represent average values over the useful absorption region 
whose width is Δv.

From Figure 7-3 we deduce an average absorption coefficient of α(v) = 
2 cm-1 over the two central peaks. Since ruby is a three-level laser, the 
upper level population is, according to (6.3-2), N2 ≃ N0/2 = 1019 cm-3. 
Using v ≃ 5 × 1014 Hz, η(v) ≃ 1 (7.2-3) yields 

for the pump energy in the useful absorption region that must fall on each 
square centimeter of crystal surface in order to obtain threshold inversion. 
To calculate the total lamp energy that is incident on the crystal we need to 
know the spectral characteristics of the lamp output. Typical data of this 
sort are shown in Figure 7-7. The mercury-discharge lamp is seen to contain 
considerable output in the useful absorption regions (near 4000 Å and 5500 
Å) of ruby. If we estimate the useful fraction of the lamp output at 10 percent, 
the fraction of the lamp light actually incident on the crystal as 20 percent, 
and the conversion of electrical-to-optical energy as 50 percent, we find the 
threshold electric energy input to the flashlamp per square centimeter of
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Figure 7-7 Spectral output characteristics of two commercial high-pressure lamps. 
Output is plotted as a fraction of electrical input to lamp over certain wavelength 
intervals (mostly 200 Å) between 0.4 and 1.4 μm. (After Reference [5].) 

laser surface is

These are, admittedly, extremely crude calculations. They are included not 
only to illustrate the order of magnitude numbers involved in laser pumping, 
but also as an example of the quick and rough estimates needed to discrim
inate between feasible ideas and "pie-in-the-sky" schemes.

One of the most important laser systems is that using trivalent neodymium 
ions (Nd3+), which are present as impurities in yttrium aluminum garnet 
(YAG = Y3Al5O12); see References [6, 7]. The laser emission occurs at λ0 
= 1.0641 μm at room temperature. The relevant energy levels are shown in 
Figure 7-8. The lower laser level is at E2 ≃ 2111 cm-1 from the ground state 
so that at room temperature its population is down by a factor of exp(-E2/kT) 
≃ e-10 from that of the ground state and can be neglected. The Nd3+: YAG 
thus fits our definition (see Section 6.3) of a four-level laser.

The spontaneous emission spectrum of the laser transition is shown 
in Figure 7-9. The width of the gain linewidth at room temperature is 
Δv ≃ 6 cm-1. The spontaneous lifetime for the laser transition has been

7.3 Nd3 +: YAG LASER
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Figure 7-8 Energy-level diagram of Nd3+ in YAG. (After Reference [6].) 

measured [7] as tspont = 5.5 × 10-4 s. The room-temperature cross section 
at the center of the laser transition is σ = 9 × 10-19 cm2. If we compare 
this number to σ = 1.22 × 10-20 cm2 in ruby (see Figure 7-4), we expect 
that at a given inversion the optical gain constant γ in Nd3+: YAG is ap- 
proximately 75 times that of ruby. This causes the oscillation threshold to 
be very low and explains the easy continuous (CW) operation of this laser 
compared to ruby.

Figure 7-9 Spontaneous-emission spectrum of Nd3+ in YAG near the laser 
transition at λ0 = 1.064 μm. (After Reference [7].)
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The absorption responsible for populating the upper laser level takes 
place in a number of bands between 13,000 and 25,000 cm-1.

Numerical ExampIe: Threshold of an Nd3+: YAG Laser

Pulsed threshold First we estimate the energy needed to excite a typical 
Nd3+: YAG laser on a pulse basis so that we can compare it with that of 
ruby. We use the following data:

Using the foregoing data in (6.1-11) gives

Assuming that 5 percent of the exciting light energy falls within the useful 
absorption bands, that 5 percent of this light is actually absorbed by the 
crystal, that the average ratio of laser frequency to the pump frequency is 
0.5, and that the lamp efficiency (optical output/electrical input) is 0.5, we 
obtain 

for the energy input to the lamp at threshold.
It is interesting to compare this last number to the figure of 150 joules 

per square centimeter of surface area obtained in the ruby example of Section 
7.2. For reasonable dimension crystals (say, length = 5 cm, r = 2 mm) we 
obtain ℰlamp = 0.19 J. We expect the ruby threshold to exceed that of 
Nd3+: YAG by three orders of magnitude, which is indeed the case.

Continuous operation The critical fluorescence power—that is, the actual 
power given off by spontaneous emission just below threshoId—is given by 
(6.3-4) as
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Figure 7-10 Typical continuous solid-state laser arrangement employing an elliptic 
cylinder housing for concentrating lamp light onto laser.

which is in reasonable agreement with experimental values [6].
A typical arrangement used in continuous solid state lasers is shown in 

Figure 7-10. The highly polished elliptic cylinder is used to concentrate the 
light from the lamp, which is placed along one focal axis, onto the laser rod, 
which occupies the other axis. This configuration guarantees that most of 
the light emitted by the lamp passes through the laser rod. The reflecting 
mirrors are placed outside the cylinder.

One of the most useful laser systems is that which results when the Nd3+ 
ion is present as an impurity atom in glass [8].

The energy levels involved in the laser transition in a typical glass are 
shown in Figure 7-11. The laser emission wavelength is at λ = 1.059 μm 
and the lower level is approximately 1950 cm-1 above the ground state. As 
in the case of Nd3+: YAG described in Section 7.3, we have here a four- 
level laser, since the thermal population of the lower laser level is negligible. 
The fluorescent emission near λ0 = 1.06 μm is shown in Figure 7-12. The 
fluorescent linewidth can be measured off directly and ranges, for the glasses 
shown, around 300 cm-1. This width is approximately a factor of 50 larger

Taking the crystal diameter as 0.25 cm and its length as 3 cm and using the 
same efficiency factors assumed in the first part of this example, we can 
estimate the power input to the lamp at threshold as

7.4 NEODYMIUM-GLASS LASER
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Figure 7-11 Energy-level diagram for the ground state and the states involved in 
laser emission at 1.059 μm for Nd3+ in a rubidium potassium barium silicate glass. 
(After Reference [8].)

than that of Nd3+ in YAG. This is due to the amorphous structure of glass, 
which causes different Nd3+ ions to "see" slightly different surroundings. 
This causes their energy splittings to vary slightly. Different ions conse- 
quently radiate at slightly different frequencies, causing a broadening of the 
spontaneous emission spectrum. The absorption bands responsible for pump- 
ing the laser level are shown in Figure 7-13. The probability that the ab- 
sorption of a photon in any of these bands will result in pumping an atom 
to the upper laser level (that is, the absorption quantum efficiency) has been 
estimated [8] at about 0.4.

Figure 7-12 Fluorescent emission of the 1.06-μm line of Nd3+ at 300 K in various 
glass bases. (After Reference [8].)
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Figure 7-13 Nd3+ absorption spectrum for a sample of glass 6.4 mm thick with the 
composition 66 wt.% SiO2, 5 wt.% Nd2O3, 16 wt.% Na2O, 5 wt.% BaO, 2 wt.% 
Al2O3, and 1 wt.% Sb2O3. (After Reference [8].)

Figure 7-14 Lifetime as a function of concentration for two glass series. (After 
Reference [8].)

The lifetime t2 of the upper laser level depends on the host glass and on 
the Nd3+ concentration. This variation in two glass series is shown in Figure 
7-14.

Numerical Example: Thresholds for CW and Pulsed Operation of
Nd3+: Glass Lasers

Let us estimate first the threshold for continuous (CW) laser action in a 
Nd3+ glass laser using the following data:

Δv = 200 cm-1 (see Figure 7-12)
n = 1.5

tspont ≃ t2 = 3 × 10-4 s
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for the critical inversion. The fluorescence power at threshold Ps is thus [see 
(6.3-5)]

in a crystal volume V = 1 cm3.
We assume (a) that only 10 percent of the pump light lies within the 

useful absorption bands, (b) that because of the optical coupling inefficiency 
and the relative transparency of the crystal only 10 percent of the energy 
leaving the lamp within the absorption bands is actually absorbed, (c) that 
the absorption quantum efficiency is 40 percent, and (d) that the average 
pumping frequency is twice that of the emitted radiation. The lamp output 
at threshold is thus

If the efficiency of the lamp in converting electrical to optical energy is about 
50 percent, we find that continuous operation of the laser requires about 
5 kW of power. This number is to be contrasted with a threshold of ap
proximately 100 watts for the Nd: YAG laser, which helps explain why 
Nd: glass lasers are not operated continuously.

If we consider the pulsed operation of a Nd: glass laser by flash excitation, 
we have to estimate the minimum energy needed to pump the laser at thresh- 
old. Let us assume here that the losses (attributable mostly to the output 
mirror transmittance) are L = 20 percent.3 A recalculation of N, gives

Assuming a crystal volume V = 10 cm3 and the same efficiency factors used 
in the CW example above, we find that the input energy to the flashlamp at

3Because of the higher pumping rate available with flash pumping, optimum coupling (see 
Section 6.5) calls for larger mirror transmittances compared to the CW case. 

Using (6.1-11) we obtain

The minimum energy needed to pump Nt atoms into level 2 is then
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threshold = 2 × 1.7 × 10-2 × 10/(0.1 × 0.1 × 0.4) = 85 J. Typical Nd3+: g1ass 
lasers with characteristics similar to those used in this example are found 
to require an input of about 150-300 joules at threshold.

The first CW laser, as well as the first gas laser, was one in which a transition 
between the 2S and the 2p levels in atomic Ne resulted in the emission of 
1.15 μm radiation [9]. Since then transitions in Ne were used to obtain laser 
oscillation at λ0 = 0.6328 μm [10] and at λ0 = 3.39 μm. The operation of 
this laser can be explained with the aid of Figure 7-15. A dc (or rf) discharge 
is established in the gas mixture containing typically, 1.0 mm Hg of He and 
0.1 mm of Ne. The energetic electrons in the discharge excite helium atoms 
into a variety of excited states. In the normal cascade of these excited atoms 
down to the ground state, many collect in the long-lived metastable states

Figure 7-15 He-Ne energy levels. The dominant excitation paths for the red and 
infrared laser-maser transitions are shown. (After Reference [11].) 

7.5 He-Ne LASER
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23S and 21S whose lifetimes are 10-4 second and 5 × 10-6 second, respec- 
tively. Since these long-lived (metastable) levels nearly coincide in energy 
with the 2S and 3S levels of Ne, they can excite Ne atoms into these two 
excited states. This excitation takes place when an excited He atom collides 
with a Ne atom in the ground state and exchanges energy with it. The small 
difference in energy (~400 cm-1 in the case of the 2S level) is taken up by 
the kinetic energy of the atoms after the collision. This is the main pumping 
mechanism in the He-Ne system.

4This is not the actual gain that exists inside the laser resonator, but the one-pass gain exercised 
by a very small input wave propagating through the discharge. In the laser the gain per pass 
is reduced by saturation until it equals the loss per pass.

1. The 0.6328 μm oscillation. The upper level is one of the Ne 3S levels, 
whereas the terminal level belongs to the 2p group. The terminal (2p) 
level decays radiatively with a time constant of about 10-8 second into 
the long-lived 1S state. This time is much shorter than the 10-7 second 
lifetime of the upper laser level 3S. The condition t1 < t2 for population 
inversion in the 3S-2p transition (see Section 6.4) is thus fulfilled.

Another important point involves the level 1S. Because of its long 
life it tends to collect atoms reaching it by radiative decay from the lower 
laser level 2p. Atoms in 1S collide with discharge electrons and are 
excited back into the lower laser level 2p. This reduces the inversion. 
Atoms in the 1S states relax back to the ground state mostly in collisions 
with the wall of the discharge tube. For this reason the gain in the 0.6328 
μm transition is found to increase with decreasing tube diameter.

2. The 1.15 μm oscillation. The upper laser level 2S is pumped by resonant 
(that is, energy-conserving) collisions with the metastable 23S He level. 
It uses the same lower level as the 0.6328 μm transition and, conse- 
quently, also depends on wall collisions to depopulate the 1S Ne level.

3. The 3.39 μm oscillation. This involves a 3S-3p transition and thus uses 
the same upper level as the 0.6328 μm oscillation. It is remarkable for 
the fact that it provides a small-signal optical gain of about 50 dB/m.4 
This large gain reflects partly the inverse dependence of γ on v2 [see 
Equation (5.3-3)] as well as the short lifetime of the 3p level, which 
allows the buildup of a large inversion.

Because of the high gain in this transition, oscillation would normally 
occur at 3.39 μm rather than at 0.6328 μm. The reason is that the 
threshold condition will be reached first at 3.39 μm and, once that hap- 
pens, the gain "clamping" will prevent any further buildup of the pop- 
ulation of 3S. The 0.6328 μm lasers overcome this problem by intro- 
ducing into the optical path elements, such as glass or quartz Brewster 
windows, that absorb strongly at 3.39 μm but not at 0.6328 μm. This 
raises the threshold pumping level for the 3.39 μm oscillation above that 
of the 0.6328 μm oscillation.
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A typical gas laser setup is illustrated by Figure 7-16. The gas envelope 
windows are tilted at Brewster's angle θB, so radiation with the electric field 
vector in the plane of the paper suffers no reflection losses at the windows. 
This causes the output radiation to be polarized in the sense shown, since 
the orthogonal polarization (the E vector out of the plane of the paper) 
undergoes reflection losses at the windows and, consequently, has a higher 
threshold.

The lasers described so far in this chapter depend on electronic transitions 
between states in which the electronic orbitals (that is, charge distributions 
around the atomic nucleus) are different. As an example, consider the red 
(0.6328 μm) transition in Ne shown in Figure 7-15. It involves levels 2p55s 
and 2p53p so that in making a transition from the upper to the lower laser 
level one of the six outer electrons changes from a hydrogen-like state 5s 
(that is, n = 5, l = 0) to one in which n = 3 and l = 1.

The CO2 laser [12] is representative of the so-called molecular lasers in 
which the energy levels of concern involve the internal vibration of the 
molecules—that is, the relative motion of the constituent atoms. The atomic 
electrons remain in their lowest energetic states and their degree of excitation 
is not affected.

As an illustration, consider the simple case of the nitrogen molecule. 
The molecular vibration involves the relative motion of the two atoms with 
respect to each other. This vibration takes place at a characteristic frequency 
of v0 = 2326 cm-1, which depends on the molecular mass as well as the 
elastic restoring force between the atoms [13]. According to basic quantum 
mechanics, the degrees of vibrational excitation are discrete (that is, quan- 
tized) and the energy of the molecule can take on the values hv0(v + ½), 
where v = 0, 1, 2, 3, . . . . The energy-level diagram of N2 (in its lowest 
electronic state) would then ideally consist of an equally spaced set of levels 
with a spacing of hv0. The ground state (v = 0) and the first excited state 
(v = 1) are shown on the right side of Figure 7-17.

Figure 7-16 Typical gas laser.

7.6 CARBON DIOXIDE LASER
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Figure 7-17 (a) Some of the low-lying vibrational levels of the carbon dioxide 
(CO2) molecule, including the upper and lower levels for the 10.6 μm and 9.6 μm 
laser transitions. (b) Ground state (v = 0) and first excited state (v = 1) of the 
nitrogen molecule, which plays an important role in the selective excitation of the 
(001) CO2 level.

The CO2 molecule presents a more complicated case. Since it consists 
of three atoms, it can execute three basic internal vibrations, the so-called 
normal modes of vibration. These are shown in Figure 7-18. In (a) the mol
ecule is at rest. In (b) the atoms vibrate along the internuclear axis in a 
symmetric manner. In (c) the molecules vibrate symmetrically along an axis 
perpendicular to the internuclear axis—the bending mode. In (d) the atoms 
vibrate asymmetrically along the internuclear axis. The mode is referred to 
as the asymmetric stretching mode. In the first approximation one can as
sume that the three normal modes are independent of each other, so the 
state of the CO2 molecule can be described by a set of three integers (v1, 
v2, v3) that correspond respectively to the degree of excitation of the three 
modes described. The total energy of the molecule is thus

(7.6-1)

where v1, v2, v3 are the frequencies of the symmetric stretch, bending, and 
asymmetric stretch modes, respectively.
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Figure 7-18 (a) Unexcited CO2 molecule. (b), (c), and (d) The three normal modes 
of vibration of the CO2 molecule. (After Reference [14].)

Some of the low vibrational levels of CO2 are shown in Figure 7-17. The 
upper laser level (001) is thus one in which only the asymmetric stretch 
mode, Figure 7-18(d), is excited and contains a single quantum hv3 of energy.

The laser transition at 10.6 μm takes place between the (001) and (100) 
levels of CO2. The excitation is provided usually in a plasma discharge that, 
in addition to CO2, typically contains N2 and He. The CO2 laser possesses 
a high overall working efficiency of about 30 percent. This efficiency results 
primarily from three factors: (a) The laser levels are all near the ground 
state, and the atomic quantum efficiency v21/v30, which was discussed in 
Section 7.1, is about 45 percent; (b) a large fraction of the CO2 molecules 
excited by electron impact cascade down the energy ladder from their original 
level of excitation and tend to collect in the long-lived (001) level; (c) a very 
large fraction of the N2 molecules that are excited by the discharge tend to 
collect in the v = I level. Collisions with ground-state CO2 molecules result 
in transferring their excitation to the latter, thereby exciting them to the 
(001) state as shown in Figure 7-17. The slight deficiency in energy (about 
18 cm-1) is made up by a decrease of the total kinetic energy of the molecules 
following the collision. This collision can be represented by

(7.6-2)

and has a sufficiently high cross section that at the pressures and temper-
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atures involved in the operation of a CO2 laser most of the N2 molecules in 
the v = 1 lose their excitation energy by this process.5

5The cross section σ was defined in Section 7.2. In the present context it follows directly from 
the definition that the number of collisions of the type described by (7.6-2) per unit volume per 
unit time is equal to N(v = l)N(000)σv where N(v = 1) and N(000) are the densities of molecules 
in the states v = 1 of N2 and (000) of CO2, respectively. v is the (mean) relative velocity of the 
colliding molecules.

Carbon dioxide lasers are not only efficient but can emit large amounts 
of power. Laboratory-size lasers with discharge envelopes of a few feet in 
length can yield an output of a few kilowatts. This is due not only to the 
very selective excitation of the low-lying upper laser level, but also to the 
fact that once a molecule is stimulated to emit a photon it returns quickly 
to the ground state, where it can be used again. This is accomplished mostly 
through collisions with other molecules—such as that of He, which is added 
to the gas mixture.

7.7 Ar+ LASER

Transitions between highly excited states of the singly ionized argon atom 
can be used to obtain oscillation at a number of visible (or near visible) 
wavelengths between 0.35 and 0.52 μm; see References [15, 16]. The Ar+ 
laser is consequently one of the most important lasers in use today. The 
pertinent energy level scheme is shown in Figure 7-19. The most prominent 
transition is the one at 4880 Å.

The Ar+ laser can be operated in a pure Ar discharge that contains no 
other gases. The excitation mechanism involves collisions with energetic 
(~4-5 eV) electrons. Since the mean electron energy is small compared to 
the energy of the upper laser level (~20 eV above the ground state of the 
ion), it is clear that pumping is achieved by multiple collisions of Ar+ ground- 
state ions with electrons followed by a number of cascading paths. The de
tails of the collision and cascading processes are not clearly understood.

7.8 EXCIMER LASERS

The term excimer was introduced originally [17, 20] to describe a homopolar 
dimer such as Xe2 or Hg2 that is bound (i.e., the atoms are attracted to each 
other thus forming a stable molecule) in an excited state, but which disso- 
ciates in its ground state. The term exciplex was used to describe heteropolar 
cases such as XeF, where the constituent atoms are different.

The distinction between the two terms has been lost to a large extent, 
and bowing to popular usage we will refer to exciplex molecules as excimers.

The interest in excimer lasers principally of heavy noble gases (Xe, Kr, 
Ar) and the halogens (F, Cl, Br, I) is due to the relatively efficient production
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of their excited state by electron beam collisions and the fact that their 
emission wavelengths lie in the ultraviolet and vacuum ultraviolet (0.2 < λ 
< 0.4 μm) region of the spectrum, a region not covered well by other types 
of lasers. In what follows, we will limit our discussion to the noble gas halide 
lasers [20] which have, to date, yielded the best laser performance.

When the ionization energy (energy to remove an electron from the 
outermost shell) of an atom A is less than the sum of the electron affinity 
(energy released during electron attachment) of X, plus the electrostatic 
attraction energy between A+ and X-, the process of forming the ionic 
molecule (A+ X-) via the process (A + X) → (A+ X-) is exothermic (energy 
is released) and is favored. In the case of KrF, for example, this is when 
Kr is in an excited state (Kr*), since the ionization energy of Kr* is less 
than that of Kr. The ionization energies of Ar and Kr, as an example, are 
15.68 and 13.93 eV, respectively, while in the excited state it is ~5 eV. The 
electron affinity of Cl is ~3.75 eV, while the repulsive energy is ~1 eV. The 
Coulomb attraction is ~8 eV. It follows that the process of forming KrCl

Figure 7-19 Energy levels of the 4p → 4s Ar II laser transitions. (After Reference 
[15] with a correction supplied by the author.)
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(starting with Kr and Cl in their ground state) is endothermic and requires 
the investment of ~4 eV per molecule, while if we start with excited Kr 
(Kr*) the process is exothermic and releases some 6 eV per molecule. To 
summarize:

Figure 7-20 Potential energy curves for the ground state and an excited state of a 
typical nobel gas (A)-halide (X) molecule. The excited state is bound (i.e., 
possesses a minimum), while the ground state is repulsive. The two lowest 
vibrational states of the excimer state (AX)* are shown.

Typical generalized potential curves for an excimer molecule AX in its 
excited state (AX)* and ground state AX are shown in Figure 7-20.

The lifetime of the upper bound state in KrF is ~6-10 ns, while that of 
the lower (repulsive) state is ~10-13 s. This results in broad spontaneous 
emission with typical widths of 200-400 cm -1. The emission wavelength of 
a laser that uses the excimer as the gain medium can be tuned over most of 
the region spanned by the spontaneous emission.

The noble gas lasers offer the possibility of generating and amplifying 
the pulses (2-8 ns) to very high (~50 kJ) energies. The lasers are relatively 
efficient when pumped by energetic electron beams (e-beam). High-current 
(1-10 kA) high-voltage (0.25-2 MeV) beams are utilized. A typical e-beam 
excited KrF excimer laser configuration is shown in Figure 7-21. The basic 
kinetics of the Ar/Kr/F2 gas mixture used in KrF has been elucidated by 
Rokni et al. [18]. The main effect of the pumping e-beam is to form Kr∫ and 
F-. This is followed by the ionic recombination reaction [19]

The excited molecules KrF* thus form the inverted population gain medium.
Due to the shortness of the excited state lifetime (~6-8 × 10-9 s), the 

excimer laser is used mostly for amplifying short pulses. In a gas mixture 
of 93.5% Ar, 6% Kr, and 0.3% F2 with a total pressure of 1 atm excited by
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Figure 7-21 An excimer laser with a coaxial e-beam exciting geometry. (After 
Reference [20].)

a high-energy electron beam, as much as 30 percent of the pumping beam 
energy results in the production of KrF* excited-state molecules. Total am
plified output of ~100 kJ and overall wall plug to optical output amplifier 
efficiencies of ~8 percent appear feasible [19]. This is the main interest for 
the current high level of activity in this laser system.

7.9 ORGANIC-DYE LASERS

Many organic dyes (that is, organic compounds that absorb strongly in cer- 
tain visible-wavelength regions) also exhibit efficient luminescence, which 
often spans a large wavelength region in the visible portion of the spectrum. 
This last property makes it possible to obtain an appreciable tuning range 
from dye lasers; see References [21-30].

A schematic representation of an organic dye molecule (such as rho
damine 6G, for example) is shown in Figure 7-22.

State S0 is the ground state. S1, S2, T1, and T2 are excited electronic 
states—that is, states in which one ground-state electron is elevated to an 
excited orbit. Typical energy separation, such as S0-S1 is about 20,000 cm-1. 
In a singlet (S) state, the magnetic spin of the excited electron is antiparallel 
to the spin of the remaining molecule. In a triplet (T) state, the spins are 
parallel. Singlet → triplet, or triplet → singlet transitions thus involve a spin 
flip and are far less likely than transitions between two singlet or between 
two triplet states.

Transitions between two singlet states or between two triplet states, 
which are spin-allowed (that is, they do not involve a spin flip), give rise to 
intense absorption and fluorescence. The characteristic color of organic dyes 
is due to the S0 → S1 absorption.

The singlet and triplet states, in turn, are split further into vibrational 
levels shown as heavy horizontal lines in Figure 7-22. These correspond to
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Figure 7-22 Schematic representation of the energy levels of an organic dye 
molecule. The heavy horizontal lines represent vibrational states and the lighter 
lines represent the rotational fine structure. Excitation and laser emission are 
represented by the transitions A → b and B → a, respectively.

the quantized vibrational states of the organic molecule, as discussed in 
detail in Section 7.6. Typical energy separation between two adjacent vi- 
brational levels within a given singlet or triplet state is about 1500 cm-1. 
The fine splitting shown corresponds to rotational levels whose spacing is 
about 15 cm-1.6

6A transition between two adjacent rotational levels involves a change in the total angular 
momentum of the molecule about some axis.

In the process of pumping the laser, the molecule is first excited, by 
absorbing a pump photon, into a rotational-vibrational state b within S1. 
This is followed by a very fast decay to the bottom of the S1 group, with 
the excess energy taken up by the vibrational and rotational energy of the 
molecules. Most of the excited molecules will then decay spontaneously to 
state a, emitting a photon of energy v = (EB - Ea)/h. The lifetime for this 
process is τS.

There is, however, a small probability, approximately ωsττs, that an 
excited molecule will decay instead to the triplet state T1, where ωsτ is the 
rate per molecule for undergoing an S1 → T1 transition. Since this is a spin- 
forbidden transition, its rate is usually much smaller than the spontaneous 
decay rate τS-1, so that ωsττs ≪ 1. The lifetime τT for decay of T1 to the 
ground state is relatively long (since this too is a spin-forbidden transition) 
and may vary from 10-7 to 10-3 second, depending on the experimental
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conditions [24]. Owing to its relatively long lifetime, the triplet state T1 acts 
as a trap for excited molecules. The absorption of molecules due to a T1 → 
T2 transition is spin-allowed and is therefore very strong. If the wavelength 
region of this absorption coincides with that of the laser emission [at v ≃ 
(EB - Ea)/h], an accumulation of molecules in T1 increases the laser losses 
and at some critical value quenches the laser oscillation. For this reason, 
many organic-dye lasers operate only on a pulsed basis. In these cases fast- 
rise-time pump pulses—often derived from another laser [22]—cause a buildup 
of the S1 population with oscillation taking place until an appreciable buildup 
of the T1 population occurs.

Another basic property of molecules is that the peak of the absorption 
spectrum usually occurs at shorter wavelengths than the peak of the cor- 
responding emission spectrum. This is illustrated in Figure 7-23, which shows 
the absorption and emission spectra of rhodamine 6G, which when dissolved 
in H2O is used as a CW laser medium [26]. Laser oscillation occurring near 
the peak of the emission curve is thus absorbed weakly. But for this fortunate 
circumstance, laser action involving electronic transitions in molecules would 
not be possible.

Typical excitation and oscillation waveforms of a dye laser are shown 
in Figure 7-24. The possibility of quenching the laser action by triplet state 
absorption is evident.

A list of some common laser dyes is given in Table 7-1.
The broad fluorescence spectrum of the organic dyes suggests a broad 

tunability range for lasers using them as the active material. The spectrum

Figure 7-23 Singlet-state absorption and fluorescence spectra of rhodamine 6G 
obtained from measurements with a 10-4 molar ethanol solution of the dye. (After 
Reference [24].)
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Table 7-1 Molecular Structure, Laser Wavelength, and Solvents for Some Laser 
Dyes (After Reference [24].)

Dye Structure Solvent Wavelength

Acridine red EtOH Red 
600-630 nm

Puronin B MeOH
H2O

Yellow

Rhodamine 6G EtOH
MeOH
H2O
DMSO
Polymethyl

methacrylate

Yellow 
570-610 nm

Rhodamine B EtOH
MeOH
Polymethyl

methacrylate

Red 
605-635 nm

Na-fluorescein EtOH
H2O

Green 
530-560 nm

2,7-Dichloro-
fluorescein

EtOH Green 
530-560 nm

7-Hydroxycoumarin H2O 
(pH ~ 9)

Blue 
450-470 nm

4-Methylumbelli- 
ferone

H2O 
(pH ~ 9)

Blue 
450-470 nm

Esculin H2O 
(pH ~ 9)

Blue
450-470 nm

7-Diethylamino-
4-Methylcoumarin

EtOH Blue

Acetamidopyrene
trisulfonate

MeOH
H2O

Green- 
yellow

Pyrylium salt MeOH Green
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Figure 7-24 (a) Flashlamp pulse produced by a linear xenon flashlamp in a low- 
inductance circuit. (b) Laser pulse from a 10-3 molar solution of rhodamine 6G in 
methanol. (After Reference [23].)

in Figure 7-23, as an example, corresponds to a width of Δv ≃ 1000 cm-1. 
One elegant solution for realizing this tuning range [25] consists of replacing 
one of the laser mirrors with a diffraction grating, as shown in Figure 7-25. 
A diffraction grating has the property that (for a given order) an incident 
beam will be reflected back exactly along the direction of incidence, provided

Figure 7-25 A typical pulsed dye laser experimental setup employing a linear 
flashlamp and a wavelength-selecting diffraction-grating reflector.

(7.9-1)

where d is the ruling distance, θ is the angle between the propagation di- 
rection and its projection on the grating surface, λ is the optical wavelength 
in the medium next to the grating, and m is the order of diffraction. This 
type of operation of a grating is usually referred to as the Littrow arrange
ment. When a grating is used as one of the laser mirrors, it is clear that the 
oscillation wavelength will be that which satisfies (7.9-1), since other wave- 
lengths are not reflected along the axis of the optical resonator and will 
consequently "see" a very lossy (1ow-Q) resonator. The tuning (wavelength 
selection) is thus achieved by a rotation of the grating. It follows also that 
any other means of introducing a controlled, wavelength-dependent loss into 
the optical resonator can be used for tuning the output.
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Consider a laser medium with an inversion density of ΔN atoms/m3 at some 
transition with energy spacing near hv0. If this medium is to be used as an 
amplifier of a pulsed signal at v0, then the maximum energy that can be 
extracted by the signal, through stimulated emission, is ~ΔNhv0 joules per 
unit volume of the laser medium. It would follow straightforwardly that to 
increase the energy gain (= energy out/energy in) of the amplifier we need 
to increase the inversion density ΔN which, according to (6.4-5), can be 
done by stronger pumping.

Unfortunately, a mere increase in the pumping strength will increase, 
according to (5.6-10), the unsaturated gain γ0(v0) of the medium, which will 
lead at some point to parasitic oscillation off spurious reflections or to energy 
depletion by amplification of the spontaneous emission [27].

One way around this problem in gas lasers is to increase the density 
(and pressure) of the amplifying medium. The increase in molecular density 
causes a proportionate decrease in molecular collision time τ which, ac- 
cording to (5.1-8), causes the transition linewidth Δ v to increase. At a given 
inversion, this would cause, according to (5.6-10), a reduction in the gain 
[recall here that g(v0) = (Δv)-1]. Alternatively, if the maximum tolerable 
gain is γmax, the reduction in gain due to increased pressure makes it possible 
to increase the inversion ΔN (by increased pumping) relative to its low- 
pressure value, until the maximum allowable gain γmax is achieved. This, as 
discussed above, leads to increased stored energy density that can be "milked" 
by the signal pulse.

Let us look, somewhat more formally, at the problem of operating a 
continuous gas laser oscillator at increased pressures. Much of the work in 
this field was done on CO2 lasers so that the following discussion will refer 
to this particular system, although the considerations are quite general.

The transition linewidth of the mixture of CO2 and other gases used in 
CO2 lasers can be written according to (5.1-8) as

7.10 HIGH-PRESSURE OPERATION OF GAS LASERS

(7.10-1)

where ΔvD is the Doppler linewidth (5.1-15) and τi is the mean collision 
lifetime of a CO2 molecule with a molecule of the ith molecular species (N2, 
He, and so on) present in the mixture.

For a large range of pressures, τi-1 is proportional to the pressure [28] 
so that once ∑i(πτi)-1 > ΔvD, the transition linewidth Δv is essentially pro- 
portional to pressure. This region is referred to as the pressure-broadened 
regime and is illustrated by Figure 7-26.

Consider now the problem of maintaining the laser oscillation in a high- 
pressure discharge. First, to achieve a given gain (that is equal to the re- 
sonator loss) we need, according to (5.6-10), to increase the inversion density
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Figure 7-26 The 10.6 μm transition linewidth versus pressure for a gas mixture 
with equal partial pressures of CO2 and N2 at 300 K.

by an amount proportional to the pressure P in order to compensate for the 
increase of Δv.7 Second, since the lifetime t2 in the upper laser level varies 
as P-1, the pumping power per molecule increases, according to (6.3-4), as 
P. The result is that the pumping power, for a given gain, increases as P2. 
It follows that the output power, along with the excitation power, increases 
with P2. This conclusion follows more formally, from (6.5-10), for the power 
output 

7 Recall here that in (5.6-10) g(v0) = (∆v)-1

Figure 7-27 Output power versus total pressure under optimum pumping for
He:CO2 mixtures. (After Reference [29].)

since Δv ∝ P and t2 ∝ 1/P.
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Figure 7-28 Measured saturation intensity versus pressure in a CO2 laser. (After 
Reference [29].)

The increase of power with pressure is seen in Figure 7-27. The roll-off 
near P = 150 torr reflects the reduction in gain at the higher pressures. A 
more fundamental measure of the pressure effects is the variation of the 
saturation intensity (5.6-9)

7.11 THE Er-SILlCA LASER

One of the most important laser systems is that of Er-doped silica fibers [31- 
36] at λ = 1.55 μm. Such fibers pumped at λ = 0.98 μm or λ = 1.48 μm are 
used as in-line optical amplifiers in optical communication system and have 
major system implications [33]. They are discussed in detail in Section 11.11.

that, for the reasons given above, should increase as P2. Experimental data 
of Is versus P is shown in Figure 7-28.

High-energy pulsed operation of CO2 lasers [30] at atmospheric pressure 
has been responsible for large and simple lasers suitable for many industrial 
uses.
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Problems

7-1 Derive the expression relating the absorption cross section at v in a 
given a → b transition to the spontaneous b → a lifetime.

7-2 Derive condition (7.9-1) for the Littrow arrangement of a diffraction 
grating for which the reflection is parallel to the direction of incidence.

7-3

a. Estimate the exponential gain coefficient γ(v0) of a 10-4 molar solution 
of rhodamine 6G in ethanol by assuming the peak emission cross section 
to be comparable to the peak absorption cross section. Use the data of 
Figure 7-23.

b. Estimate the spontaneous lifetime for an S1 → S0 transition.
c. Estimate the CW pump power threshold assuming 50 percent absorption 

of pump and 100 percent pumping quantum efficiency.

References

1. Maiman, T. H., "Stimulated optical radiation in ruby masers," Nature 
187:493, 1960.

2. Maiman, T. H., "Optical and microwave-optical experiments in ruby," 
Phys. Rev. Lett. 4:564, 1960.

3. Cronemeyer, D. C., "Optical absorption characteristics of pink ruby," 
J. Opt. Soc. Am. 56:1703, 1966.

4. Schawlow, A. L., "Fine structure and properties of chromium fluores
cence." In Advances in Quantum Electronics, J. R. Singer, ed. New 
York: Columbia University Press, p. 53, 1961.

5. Yariv, A., "Energy and power considerations in injection and optically 
pumped lasers," Proc. IEEE 51:1723, 1963.

6. Geusic, J. E., H. M. Marcos, and L. G. Van Uitert, "Laser oscillations 
in Nd-doped yttrium aluminum, yttrium gallium and gadolinium gar- 
nets," Appl. Phys. Lett. 4:182, 1964.

7. Kushida, T., H. M. Marcos, and J. E. Geusic, "Laser transition cross 
section and fluorescence branching ratio for Nd3+ in yttrium aluminum 
garnet," Phys. Rev. 167:1289, 1968.

8. Snitzer, E., and C. G. Young, "Glass lasers." In Lasers, vol. 2, A. K. 
Levine, ed. New York: Marcel Dekker, Inc., p. 191, 1968.

9. Javan, A., W. R. Bennett, Jr., and D. R. Herriott, "Population inversion 
and continuous optical maser oscillation in a gas discharge containing a 
He-Ne mixture," Phys. Rev. Lett. 6:106, 1961.

10. White, A. D., and J. D. Rigden, "Simultaneous gas maser action in the 
visible and infrared," Proc. IRE 50:2366, 1962.

11. Bennett, W. R., "Gaseous optical masers," Appl. Opt., Suppl. 1, Optical 
Masers, p. 24, 1962.

12. Patel, C. K. N., "Interpretation of CO2 optical maser experiments," 



256 SOME SPECIFIC LASER SYSTEMS

Phys. Rev. Lett. 12:588, 1964; also, "Continuous-wave laser action on 
vibrational rotational transitions of CO2," Phys. Rev. 136: A1187, 1964.

13. Herzberg, G. H., Spectra of Diatomic Molecules. Princeton, N.J.: Van 
Nostrand, 1963.

14. Patel, C. K. N., "High power CO2 lasers," Sci. Am. 219:22, Aug. 1968.
15. Bridges, W. B., "Laser oscillation in singly ionized argon in the visible 

spectrum," Appl. Phys. Lett. 4:128, 1964.
16. Gordon, E. I., E. F. Labuda, and W. B. Bridges, "Continuous visible 

laser action in singly ionized argon, krypton and xenon," Appl. Phys. 
Lett. 4:178, 1964.

17. Stevens, B., and E. Hutton, Nature 186:1045, 1960.
18. Rokni, M., J. Jacob, and J. Mangano, Phys. Rev. A16:2216, 1977.
19. HoIzrichter, J. F., D. Eimerl, E. V. George, J. B. Trenholme, W. W. 

Simmons, and J. T. Hunt, "High Powered Lasers," J. Fusion Energy 
2:5, 1982.

20. Hutchinson, M. H. R., "Excimers and Excimer Lasers," Appl. Phys. 
(Springer-VerIag) 21:95, 1980.

21. Stockman, D. L., W. R. Mallory, and K. F. Tittel, "Stimulated emission 
in aromatic organic compounds," Proc. IEEE 52:318, 1964.

22. Sorokin, P. P., and J. R. Lankard, "Stimulated emission observed from 
an organic dye, chloroaluminum phtalocyanine," IBM J. Res. Dev. 
10:162, 1966.

23. Schafer, F. P., W. Schmidt, and J. Volze, "Organic dye solution laser," 
Appl. Phys. Lett. 9:306, 1966.

24. Snavely, B. B., "Flashlamp-excited dye lasers," Proc. IEEE 57:1374, 
1969.

25. Soffer, B. H., and B. B. McFarland, "Continuously tunable, narrow 
band organic dye lasers," Appl. Phys. Lett. 10:266, 1967.

26. Peterson, O. G., S. A. Tuccio, and B. B. Snavely, "CW operation of 
an organic dye laser," Appl. Phys. Lett. 17:266, 1970.

27. Yariv, A., Quantum Electronics, 3d ed. New York: Wiley, 1989.
28. Taylor, R. L., and S. Bitterman, "Survey of vibrational and relaxation 

data for processes important in the CO2-N2 laser system," Rev. Mod. 
Phys. 41:26, 1969.

29. Abrams, R. L., and W. B. Bridges, "Characteristics of sealed-off wave- 
guide CO2 lasers," IEEE J. Quant. Elec. QE-9:940, 1973.

30. Beaulieu, J. A., "High peak power gas lasers," Proc. IEEE 59:667, 
1971.

31. Simon J. C., "Semiconductor laser amplifier for single mode optical 
fiber communications," J. Opt. Commun. 4:51, 1983.

32. Mears, R. J., L. Reekie, I. M. Jauncey, and D. N. Payne, "Low noise 
Erbium-doped fiber amplifier operating at 1.54 mm," Electron. Lett. 
23:1026, 1987.

33. Hagimoto, K. et al., "A 212 km non-repeatered transmission experiment 
at 1.8 Gb/s using LD pumped Er3+-doped fiber amplifiers in an Im/direct- 



REFERENCES 257

detection repeater system." In Proc. Opt. Fiber Conf., Houston, TX, 
Postdeadline Paper PD15, 1989.

34. Olshansky, R., "Noise figure for Er-doped optical fibre amplifiers," 
Elect. Lett. 24:1363, 1988.

35. Payne, David N., "Tutorial session abstracts," Optical Fiber Com
munication (OFC 1990) Conference, San Francisco, 1990.

36. See, for example, Eisenstein, G., U. Koren, G. Raybon, T. L. Koch, 
M. Wiesenfeld, M. Wegener, R. S. Tucker, and B. I. Miller, "Large- 
signal and small-signal gain characteristics of 1.5 mm quantum well 
optical amplifiers," Appl. Phys. Lett. 56:201, 1990.



8
Second-Harmonic 

Generation and 

Parametric 

Oscillation

8.0 INTRODUCTION

In Chapter 1 we considered the propagation of electromagnetic radiation in 
linear media in which the polarization is proportional to the electric field 
that induces it. In this chapter we consider some of the consequences of the 
nonlinear dielectric properties of certain classes of crystals in which, in 
addition to the linear response, a field produces a polarization proportional 
to the square of the field.

The nonlinear response can give rise to exchange of energy between a 
number of electromagnetic fields of different frequencies. Two of the most 
important applications of this phenomenon are: (1) second-harmonic gen- 
eration in which part of the energy of an optical wave of frequency ω prop- 
agating through a crystal is converted to that of a wave at 2ω, and (2) 
parametric oscillation in which a strong pump wave at ω3 causes the simul
taneous generation in a nonlinear crystal of radiation at ω1 and ω2, where 
ω3 = ω1 + ω2. These will be treated in detail in this chapter.

The optical polarization of dielectric crystals is due mostly to the outer, 
loosely bound valence electrons that are displaced by the optical field. De- 
noting the electron deviation from the equilibrium position by x and the 
density of electrons by N, the polarization p is given by

258
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1The constant ω0 was found in Section 5.4 to correspond to the resonance frequency of the 
electronic oscillator.
2The "low" frequency assumption makes it possible to neglect the acceleration term m d2x/dt2 
in the force equation.

(8.1-4)

(8.1-5)

In symmetric crystals the potential energy of an electron must reflect the 
crystal symmetry, so that, using a one-dimensional analog, it can be written 
as

(8.1-1)

where ω20 and B are constants1 and m is the electron mass. Because of the 
symmetry V(x) contains only even powers of x, so V(-x) = V(x). The re- 
storing force on an electron is

(8.1-2)

and is zero at the equilibrium position x = 0.
The linear polarization of crystals in which the polarization is propor- 

tional to the electric field is accounted for by the first term in (8.1-1). To see 
this, consider a "low" frequency electric field E(t)—that is, a field whose 
Fourier components are at frequencies small compared to ω0. The excursion 
x(t) caused by this field is found by equating the total force on the electron 
to zero2

so that

(8.1-3)

thus resulting in a polarization p(t) = -Nex(t), which is instantaneously 
proportional to the field.

Now in an asymmetric crystal in which the condition V(x) = V(-x) is 
no longer fulfilled, the potential function can contain odd powers of x and 
thus

which corresponds to a restoring force on the electron

An examination of (8.1-5) reveals that a positive excursion (x > 0) results 
in a larger restoring force, assuming D > 0, than does the same excursion
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in the opposite direction. It follows immediately that if the electric force on 
the electron is positive (E < 0), the induced polarization is smaller than 
when the field direction is reversed. This situation is depicted in Figure 8-1.

Next consider an alternating electric field at an (optical) frequency ω 
applied to the crystal. In a linear crystal the induced polarization will be 
proportional, at any moment, to the field, resulting in a polarization oscil
lating at ω as shown in Figure 8-2(a). In a nonlinear crystal we can use Figure 
8-1(b) to obtain the induced polarization corresponding to a given field and 
then plot it (vertically) as in Figure 8-2(b). The result is a polarization wave 
in which the stiffer restoring force at x > 0 results in positive peaks (b), 
which are smaller than the negative ones (b'). A Fourier analysis of the 
nonlinear polarization wave in Figure 8-2(b) shows that it contains the second 
harmonic of ω as well as an average (dc) term. The average, fundamental, 
and second-harmonic components are plotted in Figure 8-3.

To relate the nonlinear polarization formally to the inducing field, we 
use Equation (8.1-5) for the restoring force and take the driving electric field

Figure 8-1 Relation between induced polarization and the electric field causing it; 
(a) in a linear dielectric and (b) in a crystal lacking inversion symmetry.
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Figure 8-2 An applied sinusoidal electric field and the resulting polarization; (a) in 
a linear crystal and (b) in a crystal lacking inversion symmetry.

as E(ω) cos ωt. The equation of motion of the electron F = mx is then

(8.1-6)

where, as in (5.4-1), we account for the losses by a frictional force -mσx. 
An inspection of (8.1-6) shows that the term Dx2 gives rise to a component 
oscillating at 2ω, so we assume the solution for x(t) in the form3 

where c.c. stands for "complex conjugate."
Substituting the last expression into (8.1-6) gives

'Here we must use the real form of x(t) instead of the complex one since, as discussed in 
Section 1.1, the differential equation involves x2.

(8.1-7)
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If (8.1-8) is to be valid for all times t, the coefficients of e±iωt and e±2iωt on 
both sides of the equation must be equal. Equating first the coefficients of 
eiωt, assuming that |Dq2| ≪ [(ω20 - ω2)2 + ω2σ2]1/2, gives

Figure 8-3 Analysis of the nonlinear polarization wave (a) of Figure 8.2 (b) shows 
that it contains components oscillating at (b) the same frequency (ω) as the wave 
inducing it, (c) twice that frequency (2ω), and (d) an average (dc) negative 
component.

(8.1-8)

(8.1-9)



ON THE PHYSICAL ORIGIN OF NONLINEAR POLARIZATION 263

The polarization at ω is related to the electronic deviation at ω by

(8.1-10)

where χ(ω) is thus the linear susceptibility defined by (5.4-8). By using (8.1-9) 
in (8.1-10) and solving for χ(ω), we obtain

(8.1-11)

We now proceed to solve for the amplitude q2 of the electronic motion 
at 2ω. Equating the coefficients of e2iωt on both sides of (8.1-8) leads to

In a manner similar to (8.1-10), the nonlinear polarization at 2ω is

(8.1-13)

The second of equations (8.1-13) defines the nonlinear optical coefficient 
d(2ω). If we denote the complex amplitude of the polarization as P(2ω) we 
have, from (8.1-13), 

and
(8.1-14)

that is, d(2ω) is the ratio of the (complex) amplitude of the polarization at 2ω 
to the square of the fundamental amplitude. Substituting (8.1-12) for q2 in 
(8.1-13), then solving for d(2ω), results in

(8.1-15)

Using (8.1-11) we can rewrite (8.1-15) as

(8.1-16)

Equation (8.1-16) is important since it relates the nonlinear optical coefficient 
d to the linear optical susceptibilities χ and to the anharmonic coefficient D. 

and, after substituting the solution (8.1-9) for q1, we obtain

(8.1-12)
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Estimates based on this relation are quite successful in predicting the size 
of the coefficient d in a large variety of crystals; see References [1, 2].

Relation (8.1-14) is scalar. In actual crystals we must consider the sym
metry so that the second harmonic polarization along, say, the x direction, 
is related to the electric field at ω by a third rank tensor dijk.

(8.1-17)

Similar relations give P(2ω)y and P(2ω)z. Considerations of crystal symmetry 
reduce the number of nonvanishing d(2ω)ijk coefficients—or, in certain cases 
to be discussed in the following, cause them to vanish altogether. Table 8-1 
lists the nonlinear coefficients of a number of crystals.

Crystals are usually divided into two main groups, depending on whether 
the crystal structure remains unchanged upon inversion (that is, replacing 
the coordinate r by -r) or not. Crystals belonging to the first group are 
called centrosymmetric, whereas crystals of the second group are called 
noncentrosymmetric [3]. In Figure 8-4 we show the crystal structure of NaC1, 
a centrosymmetric crystal; an example of a crystal lacking inversion sym
metry (noncentrosymmetric) is provided by crystals of the ZnS (zinc blende) 
class such as GaAs, CdTe, and others. The crystal structure of ZnS is shown 
in Figure 8-5. The lack of inversion symmetry is evident in the projection 
of the atomic positions given by Figure 8-6.

In crystals possessing an inversion symmetry, all the nonlinear optical 
coefficients d(2ω)ijk must be zero. This follows directly from the relation

(8.1-18)

which is a compact notation for relation (8.1-17). Let us reverse the direction 
of the electric field so that in (8.1-18) E(ω)j becomes -E(ω)j and E(ω)k becomes 
-E(ω)k. Since the crystal is centrosymmetric, the reversed field "sees" a 
crystal identical to the original one so that the polarization produced by it 
must bear the same relationship to the field as originally; that is, the new 
polarization is -P(2ω)i. Since the new polarization and the electric field caus- 
ing it are still related by (8.1-18), we have

(8.1-19)

Equations (8.1-18) and (8.1-19) can hold simultaneously only if the coeffi- 
cients d(2ω)ijk are all zero. We may thus summarize: In crystals possessing an 
inversion symmetry there is no second-harmonic generation.

In the actual practice and design of experiments involving second-har- 
monic generation or any second-order nonlinear optics in general, it is crucial 
to take into account the vectorial nature of the interaction and the tensorial 
aspect of the dijk coefficients. A tabulation of the symmetry properties of 
these coefficients is included in [12] as well as a detailed example of their
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Table 8-1 The Nonlinear Optical Coefficients of a
Number of Crystals*

Crystal d(2ω)ijk in Units of 1/9 × 10-22 MKS

LiIO3 d15 = 4.4
NH4H2PO4 d36 = 0.45
(ADP) d14 = 0.50 ± 0.02
KH2PO4 d36 = 0.45 ± 0.03
(KDP) d14 = 0.35
KD2PO4 d36 = 0.42 ± 0.02

d14 = 0.42 ± 0.02
KH2ASO4 d36 = 0.48 ± 0.03

d14 = 0.51 ± 0.03
Quartz d11 = 0.37 ± 0.02
AlPO4 d11 = 0.38 ± 0.03
ZnO d33 = 6.5 ± 0.2 

d31 = 1.95 ± 0.2 
d15 = 2.1 ± 0.2

CdS d33 = 28.6 ± 2
d31 = 30 ± 10
d36 = 33

GaP d14 = 80 ± 14
GaAs d14 = 72
BaTiO3 d33 = 6.4 ± 0.5

d31 = 18 ± 2
d15 = 17 ± 2

LiNbO3 d15 = 4.4
d22 = 2.3 ± 1.0

Te d11 = 517
Se d11 = 130 ± 30
Ba2NaNb5O15 d33 = 10.4 ± 0.7

d32 = 7.4 ± 0.7
Ag3AsS3 d22 = 22.5
(proustite) d36 = 13.5
CdSe d31 = 22.5 ± 3
CdGeAs2 d36 = 363 ± 70
AgGaSe2 d36 = 27 ± 3
AgSbS3 d36 = 9.5
ZnS d36 = 13

* Some authors define the nonlinear coefficient d by P = ε0dE2 
rather than by the relation P = dE2 used here.
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Figure 8-4 The crystal structure of NaCl. The crystal is centrosymmetric, since an 
inversion of any ion about the central Na+ ion. as an example, leaves the crystal 
structure unchanged.

use in the case of KH2PO4. Alternatively we can generate these "symmetry 
tables" by replacing rows by columns in Table 9-1, i.e., by applying the 
transformation rule dij ↔ rji to generate the 3 × 6 dij matrices from the 
6 × 3 rji matrices. In the following sections we will employ a simplified scalar 
approach that, although retaining most of the physical considerations, needs 
to be supplemented in practice by vectorial considerations.

As an example that illustrates this point, consider a second-harmonic 
generation experiment in KH2PO4 (KDP). The incident beam at ω propagates 
along the crystal z (optic) axis and is polarized along the x or y axis or some 
intermediate direction between the two. Since second-harmonic generation 
in KDP (see Table 16.1 in Reference [12] for class 42m crystals) is described

Figure 8-5 The crystal structure of cubic zinc sulfide.
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Figure 8-6 The atomic positions in the unit cell of ZnS projected on a cube face. 
The fractions denote height above base in units of a cube edge. The dark spheres 
correspond to zinc (or sulfur) atoms and are situated on a face-centered cubic 
(fcc) lattice, and the white spheres correspond to sulfur (or zinc) atoms and are 
situated on another fcc lattice displayed by (¼, ¼, ¼) from the first one. Note the 
lack of inversion symmetry.

uniquely by

(8.1-19a)

our choice of propagation direction is such that E(ω)z = 0. This results in the 
production of only P(2ω)z. This polarization cannot, however, radiate a wave 
at 2ω propagating along the z axis, since the field E (more exactly D) must 
be normal to the propagation direction. We thus must choose a propagation 
direction at some, hopefully large, angle with respect to the z axis. The 
choice of this direction is dictated by "phase-matching" considerations as 
discussed in Section 8.3.

It follows, by a direct extension of (8.1-19), that if the optical field at a 
point r consists of two beams

(8.1-20)

there is induced in the material a polarization at the sum frequency ω1 + ω2

It follows that the complex amplitude of the induced polarization is related

(8.1-21)

as well as at the difference frequency ω1 - ω2

(8.1-22)
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The material constants d(ω=ω1+ω2)ijk and d(ω=ω1-ω2)ijk are, in general, not equal to 
each other since the physical processes contributing to the nonlinear polar
ization are usually dependent on the frequencies involved.

8.2 FORMALISM OF WAVE PROPAGATION IN NONLINEAR MEDIA

In this section we derive the equations governing the propagation of elec
tromagnetic waves in nonlinear media. These equations will then be used 
to describe second-harmonic generation and parametric oscillation.

The starting point is Maxwell's equations (1.2-1), (1.2-2):

and

(8.2-1)

(8.2-2)

where σ is the conductivity. If we separate the total polarization p into its 
linear and nonlinear portions according to

to those of the inducing fields according to

(8.1-23)

(8.2-3)

the first of equations (8.2-1) becomes

(8.2-4)

with ε ≡ ε0(1 + χe). Taking the curl of both sides of the second of (8.2-1), 
using the vector identity,

From (8.2-4) and taking ∇ · e = 0, we get

(8.2-5)

Next we go over to a scalar notation and rewrite (8.2-5) as

(8.2-6)
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where we assumed, for simplicity, that pNL. is parallel to e. Let us limit our 
consideration to a field made up of three plane waves propagating in the z 
direction with frequencies ω1, ω2, and ω3 according to

(8.2-7)

Then the total instantaneous field is

(8.2-8)

Next we substitute (8.2-8), using (8.2-7), into the wave equation (8.2-6) and 
separate the resulting equation into three equations, each containing only 
terms oscillating at one of the three frequencies. The nonlinear polarization 
pNL(r, t) in (8.2-6) contains, according to (8.1-21) and (8.1-22), the terms 

or

These oscillate at the new frequencies (ω1 + ω2) and (ω3 - ω2) and, in general 
being nonsynchronous, will not be able to drive the oscillation at ω1, ω2, or 
ω3. An exception to the last statement is the case when

(8.2-9)

In this case the term 

oscillates at ω1 + ω2 = ω3 and can thus act as a source for the wave at ω3. 
In physical terms, we have power flow from the fields at ω1 and ω2 into that 
at ω3, or vice versa. Assuming that (8.2-9) holds, we return to (8.2-6) and, 
writing it for the oscillation at ω1, obtain

(8.2-10)

Next we observe that, in view of (8.2-7),
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where we assumed that

(8.2-11)

(8.2-12)

as

and, similarly,

(8.2-13)

Recognizing that k21 = ω21με1, we can rewrite (8.2-12) after multiplying all 
the terms by

The first experiment in nonlinear optics [5] consisted of generating the second 
harmonic (λ = 0.3470 μm) of a ruby laser beam (λ = 0.694 μm) that was 
focused on a quartz crystal. The experimental arrangement is depicted in 
Figure 8-7. The conversion efficiency of this first experiment (~10-8) was 
improved by methods to be described below to a point where about 30 
percent conversion has been observed in a single pass through a few cen- 
timeters length of a nonlinear crystal. This technique is finding important 
applications in generating short-wave radiation from longer-wave lasers.

If we use (8.2-9) and (8.2-10), and take ∂/∂t = iω1, we obtain

for the fields at ω2 and ω3. These are the basic equations describing nonlinear 
parametric interactions [4]. We notice that they are coupled to each other 
via the nonlinear constant d.

8.3 OPTICAL SECOND-HARMONIC GENERATION
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Figure 8-7 Arrangement used in first experimental demonstration of second- 
harmonic generation [5]. Ruby laser beam at λ0 = 0.694 μm is focused on a quartz 
crystal, causing generation of a (weak) beam at λ0/2 = 0.347 μm. The two beams 
are then separated by a prism and detected on a photographic plate.

In the case of second-harmonic generation, two of the three fields that 
figure in (8.2-13) are of the same frequency. We may thus put ω1 = ω2 = ω, 
for which case the first two equations are the complex conjugate of one 
another and we need to consider only one of them. We take the input field 
at ω to correspond to E1 in (8.2-13) and the second-harmonic field to E3, and 
we put ω3 = ω1 + ω2 = 2ω, neglecting the absorption, so σ1,2,3 = 0. The 
last equation becomes

The output intensity is proportional to

(8.3-3)

Here we used ε/ε0 = n2, where n is the index of refraction. If the input beam 
is confined to a cross section A(m2), then, according to (1.3-26), the power 
per unit area (intensity) is related to the field by

(8.3-1)

where

(8.3-2)

To simplify the analysis further, we may assume that the depletion of the 
input wave at ω due to conversion of its power to 2ω is negligible. Under 
those conditions, which apply in the majority of the experimental situations, 
we can take E(ω)(z) = constant in (8.3-1) and neglect its dependence on z. 
Assuming no input at 2ω—that is, E(2ω)(0) = 0—we obtain from (8.3-1) by 
integration the output field at the end of a crystal of length l:
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and (8.3-3) can be written as

(8.3-4)

(8.3-5)

for the conversion efficiency from ω to 2ω. We notice that the conversion 
efficiency is proportional to the intensity Pω/A of the fundamental beam.

Phase-Matching in Second-Harmonic Generation

According to (8.3-5), a prerequisite for efficient second-harmonic generation 
is that Δk = 0—or, using (8.3-2),

in (8.3-5). Two adjacent peaks of this spatial interference pattern are sepa- 
rated by the so-called "coherence length"

(8.3-7)

The coherence length lc is thus a measure of the maximum crystal length 
that is useful in producing the second-harmonic power. Under ordinary 
circumstances it may be no larger than 10-2 cm. This is because the index 
of refraction nω normally increases with ω so Δk is given by

(8.3-8)

where we used the relation k(ω) = ωnω/c. The coherence length is thus

where λ is the free-space wavelength of the fundamental beam. If we take 
a typical value of λ = 1 μm and n2ω — nω ≃ 10-2, we get lc ≃ 50 μm. If lc 
were to increase from 100 μm to 2 cm, as an example, according to (8.3-5) 
the second-harmonic power would go up by a factor of 4 × 104.

(8.3-6)

If Δk ≠ 0, the second-harmonic power generated at some plane, say z1, 
having propagated to some other plane (z2), is not in phase with the second- 
harmonic wave generated at z2. This results in the interference described by 
the factor

(8.3-9)
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The technique that is used widely (see [6, 7]) to satisfy the phase-match
ing requirement Δk = 0 takes advantage of the natural birefringence of 
anisotropic crystals, which was discussed in Section 1.4. Using the relation 
k(ω) = ω√με0nω, (8.3-6) becomes

(8.3-10)

so the indices of refraction at the fundamental and second-harmonic fre- 
quencies must be equal. In normally dispersive materials the index of the 
ordinary wave or the extraordinary wave along a given direction increases 
with ω, as can be seen from Table 8-2. This makes it impossible to satisfy 
(8.3-10) when both the ω and 2ω beams are of the same type—that is, when 
both are extraordinary or ordinary. We can, however, under certain circum- 
stances, satisfy (8.3-10) by making the two waves be of a different type. To 
illustrate the point, consider the dependence of the index of refraction of 
the extraordinary wave in a uniaxial crystal on the angle θ between the 
propagation direction and the crystal optic (z) axis. It is given by (1.4-12) as

(8.3-11)

Table 8-2 Index of Refraction Dispersion Data of KH2PO4 
(After Reference [8].)

Index

Wavelength, μm no (ordinary ray) ne (extraordinary ray)

0.2000 1.622630 1.563913
0.3000 1.545570 1.498153
0.4000 1.524481 1.480244
0.5000 1.514928 1.472486
0.6000 1.509274 1.468267
0.7000 1.505235 1.465601
0.8000 1.501924 1.463708
0.9000 1.498930 1.462234
1.0000 1.496044 1.460993
1.1000 1.493147 1.459884
1.2000 1.490169 1.458845
1.3000 1.487064 1.457838
1.4000 1.483803 1.456838
1.5000 1.480363 1.455829
1.6000 1.476729 1.454797
1.7000 1.472890 1.453735
1.8000 1.468834 1.452636
1.9000 1.464555 1.451495
2.0000 1.460044 1.450308
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Figure 8-8 Normal (index) surfaces for the ordinary and extraordinary rays in a 
negative (ne < no) uniaxial crystal. If n2ωe < nωo, the condition n2ωe(θ) = nωo is 
satisfied at θ = θm. The eccentricities shown are vastly exaggerated.

If n2ωe < nωo, there exists an angle θm at which n2ωe(θm) = nω0; so if the fun- 
damental beam (at ω) is launched along θm as an ordinary ray, the second- 
harmonic beam will be generated along the same direction as an extraor
dinary ray. The situation is illustrated by Figure 8-8. The angle θm is deter
mined by the intersection between the sphere (shown as a circle in the figure) 
corresponding to the index surface of the ordinary beam at ω, and the index 
surface of the extraordinary ray n2ωe(θ). The angle θm, which defines a cone, 
for negative uniaxial crystals—that is, crystals in which nωe < nωo—is that 
satisfying n2ωe(θm) = nωo or, using (8.3-11),

(8.3-12)

and, solving for θm,

(8.3-13)

NumericaI ExampIe: Second-Harmonic Generation

Consider the problem of second-harmonic generation using the output of a 
pulsed ruby laser (λ0 = 0.6940 μm) in a KH2PO4 crystal (KDP) under the
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To obtain phase-matching along this direction, the fundamental beam in the 
crystal must be polarized as appropriate to an ordinary ray in accordance 
with the discussion following (8.3-11).

We conclude from this example that very large intensities are needed 
to obtain high-efficiency second-harmonic generation. This efficiency will, 
according to (8.3-5), increase as the square of the nonlinear optical coefficient 
d and will consequently improve as new materials are developed. Another 
approach is to take advantage of the dependence of ηSHG on Pω/A and to 
place the nonlinear crystal inside the laser resonator where the energy flux 
Pω/A can be made very large.4 This approach has been used successfully 
[10] and it will be discussed in considerable detail further in this chapter.

Experimental Verification of Phase-Matching

According to (8.3-5), if the phase-matching condition Δk = 0 is violated, the 
output power is reduced by a factor

(8.3-14)

from its (maximum) phase-matched value. The phase mismatch Δkl/2 is

4The one-way power flow inside the optical resonator Pi is related to the power output Pe as 
Pi = Pe/(1 - R), where R is the reflectivity.

following conditions:

The appropriate d coefficient is, according to Table 8-1, d = d312 
cos θm × 2.5 × 10-24 MKS units. Using these data in (8.3-5) and assuming 
Δk = 0 gives a conversion efficiency of

The angle θm between the z axis and the direction of propagation for 
which Δk = 0 is given by (8.3-13). The appropriate indices are taken from 
Table 8-2, and are

Substituting the foregoing data into (8.3-13) gives
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given, according to (8.3-8), by

(8.3-15)

and is thus a function of θ. If we use (8.3-11) to expand n2ωe(θ) as a Taylor 
series near θ ≃ θm, retain the first two terms only, and assume perfect phase- 
matching at θ = θm so n2ωe(θm) = nωo, we obtain

(8.3-17)

Figure 8-9 shows an experimental plot of P2ω(θ) as well as a plot of (8.3-17).
Another phase-matching technique involves the introduction of an ar

tificial spatial periodicity Δl = 2π/Δk into the beams' path. This method is 
discussed in Problem 8.10 and the references quoted therein.

Second-Harmonic Generation with Focused Gaussian Beams

The analysis of second-harmonic generation leading to (8.3-5) is based on a 
plane wave model. In practice one uses Gaussian beams that are focused 
so as to reach their minimum radius (waist) inside the crystal. A typical 
situation is depicted in Figure 8-10. The incident Gaussian beam is char
acterized by confocal parameter z0, which according to (2.5-11) is the dis

Figure 8-9 Variation of the second-harmonic power P2ω with the angular 
departure (θ - θm) from the phase-matching angle. (After Reference [11].)

(8.3-16)

where β, as defined by (8.3-16), is a constant depending on n2ωe, n2ωo, nωo, ω, 
and l. If we plot the output power at 2ω as a function of θ we would expect, 
according to (8.3-5) and (8.3-16), to find it varying as
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Figure 8-10 Second-harmonic generation with a focused Gaussian beam.

tance from the beam waist in which the beam "area" πω2 is double that of 
the waist. We recall that z0 = πω20n/λ, where ω0 is the minimum beam radius 
(waist). If z0 ≫ l (l is the crystal length), the beam area, hence the intensity, 
of the incident wave is nearly independent of z within the crystal, and we 
may apply the plane wave result (8.3-3) to write

(8.3-18)

where E(ω)(r) is taken as

(8.3-19)

as appropriate to a fundamental Gaussian beam. Using 

as well as (8.3-19), we obtain, by integrating (8.3-18),

(8.3-20)

where we used (nω)2n2ω ≡ n3.
Equation (8.3-20) is identical to (8.3-5). We must recall, however, that 

it was derived for a Gaussian beam input with z0 ≫ l. According to (8.3-20) 
in a crystal of length l and with a given input P(ω), the output power P(2ω) 
can be increased by decreasing ω0. This is indeed the case until z0(= πω20n/λ) 
becomes comparable to l. Further reduction of ω0 (and z0) will lead to a 
situation in which the beam begins to spread appreciably within the crystal, 
thus leading to a reduced intensity and a reduced second-harmonic gener- 
ation. It is thus reasonable to focus the beam until l = 2z0. At this point 
ω20 = λl/2πn, which is referred to as confocal focusing, and (8.3-20) becomes

(8.3-21)

A more exact analysis of second-harmonic generation with focused 
Gaussian beam shows that the maximum conversion efficiency is approxi
mately 20 percent higher than the confocal result (8.3-21).
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The main difference between (8.3-21) and the plane wave result (8.3-5) 
is that the conversion efficiency in this case increases as l instead of l2. This 
reflects the fact that a longer crystal entails the use of a larger beam spot 
size ω0 so as to keep z0 ≈ l/2, which reduces the intensity of the fundamental 
beam.

5It follows from (8.3-22) that |At|2 is proportional to the photon density at ωl [see Equation 
(8.6-17)].

Example: Optimum Focusing

Consider second harmonic conversion under confocal focusing conditions, 
in KH2PO4 from λ = 1 μm to λ = 0.5 μm. Using l = 1 cm, deff = 3.6 × 
10-24 MKS, n = 1.5, we obtain from (8.3-21)

Second-Harmonic Generation with a Depleted Input

The expression (8.3-5) for the conversion efficiency in second harmonic 
generation was derived assuming negligible depletion of the fundamental 
beam at ω. It is, therefore, valid only for cases where the conversion effi
ciency is small, i.e., ηSHG ≪ 1. A study of Equation (8.2-13) or the intuitive 
understanding of parametric processes which the student may have acquired 
by now shows that, assuming phase matching and a sufficiently long crystal, 
the conversion process ω → 2ω continues with distance and that it is not 
unreasonable to expect conversion efficiencies approaching unity. To con- 
sider this possibility, we return to Equation (8.2-13), but this time, antici- 
pating pump depletion, the fundamental beams E1(z) and E2(z) are allowed 
to depend on z. We transform to a new set of field variables Al defined by5

(8.3-22)

where n2l = εl/ε0, i.e., nl is the index of refraction of wave l. See discussion 
following Equation (8.6-17) to better appreciate the transformation (8.3-22). 
The result is

(8.3-23)
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where

(8.3-24)

In the case of second-harmonic generation, A1 = A2 and (8.3-23) become

(8.3-25)

where we assumed transparent (αl = 0) media and phase matching (Δk = 
0). It follows from (8.3-25) that if we choose, without loss of generality, 
A1(0) as a real number, then A1(z) is real and (8.3-25) can be rewritten in the 
form

We note that as κA1(0)z → ∞, A'3(z) → A1(0) so that all the input photons at 
ω are converted into half (since A1 = A2) as many photons at 2ω and the 
power conversion efficiency approaches unity. In the general case

(8.3-26)

where A3 ≡ -iA'3. It follows from (8.3-26) that

(i.e., for each photon "removed" from beam 1, one photon is added to beam 
3; energy is conserved, since a photon is also removed simultaneously from 
beam 2).

Assuming no input at ω3, we have A21 + A'23 = A21(0), and the second of 
(8.3-26) becomes

leading to a solution

(8.3-27)

(8.3-28)
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Figure 8-11 Frequency doubling energy conversion efficiency. Solid curve: 
theoretical prediction of Equation (8.3-28) (recall that A1(0) ∝ √Iin). The circles 
correspond to experimental points. (After supplementary Reference [30].)

A plot of the theoretically predicted relation (8.3-28) as well as of experi- 
mental data obtained in converting from λ = 1.06 to λ = 0.53 μm is shown 
in Figure 8-11.

According to the numerical example of Section 8.3 and Figure 8-11 we need 
to use large power densities at the fundamental frequency ω to obtain ap- 
preciable conversion from ω to 2ω in typical nonlinear optical crystals. These 
power densities are not usually available from continuous (CW) lasers. The 
situation is altered, however, if the nonlinear crystal is placed within the 
laser resonator. The intensity (one-way power per unit area in watts per 
square meter) inside the resonator exceeds its value outside a mirror by 
(1 - R)-1, where R is the mirror reflectivity. If R ≃ 1, the enhancement is 
very large and since the second-harmonic conversion efficiency is, according 
to (8.3-5), proportional to the intensity, we may expect a far more efficient 
conversion inside the resonator. We will show below that under the proper 
conditions we can extract the total available power of the laser at 2ω instead 
of at ω and in that sense obtain 100 percent conversion efficiency. In order 
to appreciate the last statement, consider as an example the case of a (CW) 
laser in which the maximum power output, at a given pumping rate, is 
available when the output mirror has a (optimal) transmission of 5 percent.

8.4 SECOND-HARMONIC GENERATION INSIDE THE LASER RESONATOR
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The output mirror is next replaced with one having 100 percent reflection 
at ω and a nonlinear crystal is placed inside the laser resonator. If with the 
crystal inside the conversion efficiency from ω to 2ω in a single pass is 5 
percent, the laser is loaded optimally as in the previous case except that the 
coupling is attributable to loss of power caused by second-harmonic gen- 
eration instead of by the output mirror. It follows that the power generated 
at 2ω is the same as that coupled previously through the mirror and that the 
total available power of a laser can thus be converted to the second harmonic.

An experimental setup similar to the one used in the first internal second- 
harmonic generation experiment [10] is shown in Figure 8-12. The Nd3+: YAG 
laser (see Chapter 7 for a description of this laser) emits a (fundamental) 
wave at λ0 = 1.06 μm. The mirrors are, as nearly as possible, totally reflecting 
at λ0 = 1.06 μm. A Ba2NaNb5O15 crystal is used to generate the second 
harmonic at λ0 = 0.53 μm. The latter is coupled through the mirror—which, 
ideally, transmits all the radiation at this wavelength.

In the mathematical treatment of internal second-harmonic generation 
that follows we use the results of the analysis of optimum power coupling 
in laser oscillators of Section 6.5.

The mirror transmission Topt that results in the maximum power output 
from a laser oscillator is given by (6.5-11) as

(8.4-1)

where Li is the residual (that is, unavoidable) fractional intensity loss per 
pass and g0 is the fractional unsaturated gain per pass.6 The useful power 
output under optimum coupling is, according to (6.5-12),

6We may recall here that the residual losses include all loss mechanisms except those repre- 
senting useful power coupling. The unsaturated gain g0 is that exercised by a very weak wave 
and represents the maximum available gain at a given pumping strength.

Figure 8-12 Typical setup for second-harmonic conversion inside a laser resonator. 
(After Reference [9].)

(8.4-2)

where the saturation intensity of the laser transition IsA was given by (5.6-9)
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(8.4-3)

In the present problem the conversion from ω to 2ω can be considered, 
as far as the ω oscillation is concerned, just as another loss mechanism. We 
may think of it as due to a mirror with a transmission T' taken as equal to 
the conversion efficiency (from ω to 2ω) per pass, which, according to (8.3-5), 
is

(8.4-4)

where d is the crystal nonlinear coefficient, l its length, A its cross-sectional 
area, Δk the wave-vector mismatch, and Pω the one-way traveling power 
inside the laser. We can rewrite T' in the form

where the value of the constant κ is evident from Equation (8.4-4). The 
equivalent mirror transmission T' is thus proportional to the power.

Using the last result in (8.4-1), we find immediately that at optimum 
conversion the product κPω must have the value

7Is is, according to (5.6-8) [and putting g(v)-1 = ∆v], the optical intensity (watts per square 
meter) that reduces the inversion, hence the gain, to one-half its zero intensity (unsaturated) 
value.

as7

(8.4-5)

(8.4-6)

The total loss per pass seen by the fundamental beam is the sum of the 
conversion loss (κPω) and the residual losses, which, under optimum cou- 
pling, becomes

(8.4-7)

Our next problem is to find the internal power Pω at optimum coupling 
so that using (8.4-4) we may calculate the second-harmonic power. We start 
with the expression (6.5-6) for the total power Pe extracted from the laser 
atoms and replace the loss L by its optimum value (8.4-7) to obtain

(8.4-8)
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where to get the last equality we used relation (4.7-2) 

to relate the resonator decay time tc to the loss per pass L. The fraction of 
the total power Pe emitted by the atoms that is available as useful output is 
T'/L. This power is also given by the product PωT' of the one-way internal 
power Pω and the fraction T' of this power that is converted per pass. 
Equating these two forms gives 

and using (8.4-8) we get

(8.4-9)

for the one-way fundamental power inside the laser under optimum coupling 
conditions. The amount of second-harmonic power generated under optimum 
coupling is 

which, through the use of (8.4-6) and (8.4-9), results in

(8.4-10)

This is the same expression as the one previously obtained in (6.5-12) for 
the maximum available power output from a laser oscillator.

The nonlinear coupling constant κ was defined by (8.4-4) and (8.4-5) as

(8.4-11)

Its value under optimum coupling can be derived from (8.4-6) and (8.4-9) 
and is

(8.4-12)

and is thus independent of the pumping strength.8 It follows that once κ is 
adjusted to its optimum value Li/IsA, it remains optimal at any pumping 
level. This is quite different from the case of optimum coupling in ordinary 
lasers, in which optimum mirror transmission was found [see (6.5-11)] to 
depend on the pumping strength.

8We recall here that the pumping strength in our analysis is represented by the unsaturated 
gain g0.
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In closing we may note that apart from its dependence on the crystal 
length l, the nonlinear coefficient d, and the beam crosS section A, κ depends 
also on the phase mismatch Δkl. Since Δk was shown in (8.3-15) to depend 
on the direction of propagation in the crystal, we can use the crystal ori
entation as a means of varying κ.

Numerical Example: Internal Second-Harmonic Generation

Consider the problem of designing an internal second harmonic generator 
of the type illustrated in Figure 8-12. The Nd3+ : YAG laser is assumed to 
have the following characteristics:

λ0 = 1.06 μm = 1.06 × 10-6 meter

Δv = 1.35 × 1011 Hz (width of the spectral gain profile)
Beam diameter (averaged over entire resonator length) = 2 mm
Li = internal loss per pass = 2 × 10-2

n = 1.5

The crystal used for second-harmonic generation is Ba2NaNb5O15, whose 
second-harmonic coefficient (see Table 8-1) is d — 1.1 × 10-22 MKS units.

Our problem is to calculate the length l of the nonlinear crystal that 
results in a full conversion of the optimally available fundamental power into 
the second harmonic at λ = 0.53 μm. The crystal is assumed to be oriented 
at the phase-matching angle, so Δk = k2ω - 2kω = 0.

The optimum coupling parameter is given by (8.4-12) as κopt = Li/IsA, 
where Is is the saturation intensity defined by (8.4-3). Using the foregoing 
data in (8.4-3) gives

IsA = 2 watts

which, taking Li = 2 × 10-2, yields

κopt = 10-2

Next we use the definition (8.4-11) 

where we put Δk = 0 and take the beam diameter at the crystal as 50 μm. 
(The crystal can be placed near a beam waist so the diameter is a minimum.) 
Equating the last expression to κopt = 10-2 using the numerical data given 
above, and solving for the crystal length, results in

lopt = 0.804 cm
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A very useful point of view and one that follows directly from the quantum 
mechanical analysis of nonlinear optical processes [12] is based on the photon 
model illustrated in Figure 8-13. According to this picture, the basic process 
of second-harmonic generation can be viewed as an annihilation of two 
photons at ω and a simultaneous creation of a photon at 2ω. Recalling that 
a photon has an energy ħω and a momentum ħk, it follows that if the fun- 
damental conversion process is to conserve momentum as well as energy 
that

Optical parametric amplification in its simplest form involves the transfer of 
power from a "pump" wave at ω3 to waves at frequencies ω1 and ω2, where 
ω3 = ω1 + ω2. It is fundamentally similar to the case of second-harmonic 
generation treated in Section 8.3. The only difference is in the direction of 
power flow. In second-harmonic generation, power is fed from the low- 
frequency optical field at ω to the field at 2ω. In parametric amplification, 
power flow is from the high-frequency field (ω3) to the low-frequency fields

Figure 8-13 Schematic representation of the process of second-harmonic 
generation. Input photons (each arrow represents one photon) at ω are 
"annihilated" by the nonlinear crystal in pairs, with a new photon at 2ω being 
created for each annihilated pair. (Note that in reality both ω and 2ω occupy the 
same space inside the crystal.)

8.5 PHOTON MODEL OF SECOND-HARMONIC GENERATION

(8.5-1)

which is a generalization to three dimensions of the condition Δk = 0 shown 
in Section 8.3 to lead to maximum second-harmonic generation.

8.6 PARAMETRIC AMPLIFICATION
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at ω1 and ω2. In the special case where ω1 = ω2, we have the exact reverse 
of second-harmonic generation. This is the case of the so-called degenerate 
parametric amplification.

Before we embark on a detailed analysis of the optical case it may be 
worthwhile to review some of the low-frequency beginnings of parametric 
oscillation.

Consider a classical nondriven oscillator whose equation of motion is 
given by

The variable v may correspond to the excursion of a mass M, which is 
connected to a spring with a constant ω20M, or to the voltage across a parallel 
RLC circuit, in which case ω20 = (LC)-1 and κ = (RC)-1. The solution of 
(8.6-1) is

that is, a damped sinusoid.
In 1883 Lord Rayleigh [13], investigating parasitic resonances in pipe 

organs, considered the consequences of the following equation

(8.6-3)

This equation may describe an oscillator in which an energy storage param- 
eter (mass or spring constant in the mechanical oscillator, L or C in the RLC 
oscillator) is modulated at a frequency ωp. As an example consider the case 
of the RLC circuit shown in Figure 8-14, in which the capacitance is mod
ulated according to

The equation of the voltage across the RLC circuit is given by (8.6-1) with 
ω20 = (LC)-1.

Figure 8-14 A degenerate parametric oscillator with a sinusoidally modulated 
capacitance.

(8.6-1)

(8.6-2)

(8.6-4)
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is identical to (8.6-3).
The most important feature of the parametrically driven oscillator de- 

scribed by (8.6-3) is that it is capable of sustained oscillation at ω0. To show 
this let us assume a solution

Expanding sin ωpt in (8.6-3) in terms of exponentials, substituting (8.6-7) 
and neglecting nonsynchronous terms oscillating at (ωp + ω) leads to

(8.6-10)

where the quality factor Q = ω0RC is related to the decay rate κ by 
κ = ω0/Q.

In practice, if the capacitance of the circuit shown in Figure 8-14 is 
modulated so that condition (8.6-10) is satisfied, the circuit will break into 
spontaneous oscillation at a frequency ω0 = ωp/2. This constitutes a transfer 
of energy from ωp to ωp/2.

The physical nature of this transfer may become clearer if we consider 
the time behavior of the voltage v(t), the charge q(t), and the capacitance 
C(t) as illustrated in Figure 8-15.

Using (8.6-4) and assuming ΔC ≪ C0, (8.6-1) becomes

(8.6-5)

which, if we make the identification

(8.6-6)

(8.6-7)

(8.6-8)

From (8.6-8) it follows that steady-state oscillation is possible if

(8.6-9)

or, in words:
The pump frequency ωp is twice the oscillation frequency ω0. The os- 

cillation phase9 is φ = 0 or π and the strength of the pumping α must satisfy 
a = ωκ. The last condition is referred to as the "start-oscillation condition" 
or "threshold condition," since it gives the pumping strength (α) needed to 
overcome the losses (κ) at the oscillation threshold. In the case of the RLC 
circuit, whose capacitance is modulated according to (8.6-4), the threshold 
oscillation condition α = ωκ can be written with the aid of (8.6-6) as

9The phase φ is of fundamental importance and it is defined relative to that of the pump 
oscillation as given by (8.6-4).
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Figure 8-15 Physical model of a capacitively pumped parametric oscillator. (a) 
Square-wave capacitance variation at twice the circuit oscillation frequency. (Also 
shown is the motion of the capacitor plates, the charge, and the forces on the 
plates.) (b) The charge on one of the capacitor plates. (c) The voltage across the 
circuit. (d) Variation of the capacitance C(t) at two phases relative to that of the 
charge.
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C(t) is a parallel-plate capacitor whose capacitance is periodically varied. 
Assume first that C(t) is varied as in Figure 8-15(a) by pulling the capacitor 
plates apart and pushing them together again [C ∝ (plate separation)-1]. At 
the same time the circuit is caused to oscillate so that the charge q(t) on the 
capacitor plates varies as in Figure 8-15(b). Now, according to Figure 8-15(a), 
when the charge on the plates is a maximum, the plates are pulled apart 
slightly. The charge cannot change instantaneously, but since work must be 
done (against the Coulomb attraction of the opposite charges on the capacitor 
plates) to separate the plates, energy is fed into the capacitor and appears 
as a sudden increase in the voltage (v = q/C, ℰ = ½q2/C), as in Figure 8-15(c). 
One quarter of a period later, the charge and thus the field between the 
plates is zero and the plates can be returned to their original position with 
no energy expenditure. At the end of half a cycle, the charge has reversed 
sign and is again a maximum, so the plates are pulled apart once more. This 
process is then repeated many times, causing the total voltage to increase 
twice in each oscillation cycle. In this way, energy at twice the resonant 
frequency is pumped into the circuit where it appears as an increase in energy 
of the resonant frequency.

10The electric displacement d(t) should not be confused with the nonlinear constant d in (8.6-11).

There are two noteworthy features to this degenerate oscillator. First, 
the frequency of the pump must be very nearly twice the resonant frequency 
of the oscillator for gain to occur, in agreement with the previous conclu- 
sions, see (8.6-9). In addition, the phase of the pump relative to the charge 
on the capacitor plates must be chosen properly. Consider the case where 
C(t) = C0 ± ΔC sin 2ω0t, as in Figure 8-15(d). If we take the minus sign, 
which corresponds to the φ = 0° curve, then energy is continuously fed into 
the system as described above. If, however, the pumping phase is inverted 
(that is, the plus sign), then the capacitor plates are pushed together when 
the charge is a maximum, thus performing work, giving up energy, and 
decreasing the total voltage. Any initial oscillations that may be present will 
be damped out. The phase condition (Φ = 0) agrees with the second of 
(8.6-9).

To make a connection between the lumped-circuit parametric oscillator 
and the optical nonlinearity discussed in (8.1-14) we show that the (time) 
modulation of a capacitance at some frequency ωp which was shown to give 
rise to oscillation at ωp/2 is formally equivalent to applying a field at ωp to 
a nonlinear dielectric in which the polarization p and the electric field e are 
related by

(8.6-11)

This can be done by considering a parallel-plate capacitance of area A and 
separation s that is filled with a medium whose polarization is given by 
(8.6-11). Using the relations10

(8.6-12)
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the dielectric constant ε can be written as

and the capacitance C = εA/s as

If the electric field is given by

(8.6-13)

(8.6-14)

which is of a form identical to (8.6-4). It follows that the two points of view 
used to describe parametric processes—the one represented by (8.6-4), in 
which an energy-storage parameter is modulated, and that in which the 
electric (or magnetic) response is nonlinear, as in (8.6-11)—are equivalent.

We return now to the basic nonlinear parametric equations (8.2-13) to 
analyze the case of optical parametric amplification. We find it convenient 
as in (8.3-22) to introduce a new field variable, defined by

(8.6-15)

so that the power flow per unit area at ωl is given by

when nl is the index of refraction at ωl. The power flow Pl/A per unit area 
is related to the flux Nl (photons per square meter per second) by

the capacitance becomes

(8.6-16)

(8.6-17)

so that |Al|2 is proportional to the photon flux at ωl. The equations of motion 
(8.2-13) for the Al variables become

(8.6-18)
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where

(8.6-19)

The advantage of using the Al instead of El is now apparent since, unlike 
(8.2-13), relations (8.6-18) involve a single coupling parameter κ.

We will now use (8.6-18) to solve for the field variables A1(z), A2(z), and 
A3(z) for the case in which three waves with amplitudes A1(0), A2(0), and 
A3(0) at frequencies ω1, ω2, and ω3, respectively, are incident on a nonlinear 
crystal at z = 0. We take ω3 = ω1 + ω2, α1 = α2 = α3 = 0 (no losses), and 
Δk = k3 - k1 - k2 = 0. In addition, we assume that ω1|A1(z)|2 and ω2|A2(z)|2 
remain small compared to ω3|A3(0)|2 throughout the interaction region. This 
last condition, in view of (8.6-17), is equivalent to assuming that the power 
drained off the "pump" (at ω3) by the "signal" (ω1) and idler (ω2) is negligible 
compared to the input power at ω3. This enables us to view A3(z) as a 
constant. With the assumptions stated above, equations (8.6-18) become

(8.6-20)

where

(8.6-21)

The solution of the coupled equations (8.6-20) subject to the initial conditions 
A1(z = 0) ≡ A1(0), A2(z = 0) ≡ A2(0), A3(0) = A3*(0) is

(8.6-22)

Equations (8.6-22) describe the growth of the signal and idler waves under 
phase-matching conditions. In the case of parametric amplification the input 
will consist of the pump (ω3) wave and one of the other two fields, say, ω1. 
In this case A2(0) = 0, and using the relation Ni ∝ AiA*i for the photon flux 
we obtain from (8.6-22)

(8.6-23)
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Thus, for gz ≫ 1, the photon fluxes at ω1 and ω2 grow exponentially. If we 
limit our attention to the wave at ω1, it undergoes an amplification by a factor

(8.6-24)

Numerical Example: Parametric Amplification

The magnitude of the gain coefficient g available in a traveling-wave para
metric interaction is estimated for the following case involving the use of a 
LiNbO3 crystal.

d311 = 5 × 10-23 MKS (see Table 8-1)

v1 ≃ v2 = 3 x 1014 Hz

8.7 PHASE-MATCHING IN PARAMETRIC AMPLIFICATION

In the preceding section the analysis of parametric amplification assumed 
that the phase-matching condition

(8.7-2)

P3/Area = (pump power) = 5 × 106 W/cm2

n1 ≃ n2 = 2.2

Converting P3 to |E3|2 with the use of (8.6-16) and then substituting in 
(8.6-21), yields

g = 0.7 cm-1

This shows that traveling-wave parametric amplification is not expected to 
lead to large values of gain except for extremely large pump-power densities. 
The main attraction of the parametric amplification just described is probably 
in giving rise to parametric oscillation, which will be described in Section 
8.8.

(8.7-1)

is satisfied. It is important to determine the consequences of violating this 
condition. We start with equations (8.6-18) taking the loss coefficients 
α1 = α2 = 0:
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The solution of (8.7-2) is facilitated by the substitution

(8.7-4)

By equating the determinant of the coefficients of m1 and m2 in (8.7-4) to 
zero, we obtain the two solutions

The general solution of (8.7-2) is the sum of the two independent solutions

The coefficients m1+, m1-, m2+, m2- are next determined by requiring that at 
z = 0 the solution (8.7-6) agree with the input amplitudes A1(0) and A*2(0). 
This leads straightforwardly to the result

(8.7-7)

The last result reduces, as it should, to (8.6-22) if we put Δk = 0.
The most noteworthy feature of (8.7-5) and (8.7-7) is that the exponential 

gain coefficient b is a function of Δk and that unless

(8.7-3)

where m1 and m2 are coefficients independent of z. The exponential growth 
constant s is to be determined. Substitution of (8.7-3) in (8.7-2) leads to

(8.7-5)

(8.7-6)

(8.7-8)

no sustained growth of the signal (A1) and idler (A2) waves is possible, since 
in this case the cosh and sinh functions in (8.7-7) become

respectively, and the energies at ω1 and ω2 oscillate as a function of the 
distance z.
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The problem of phase-matching in parametric amplification is funda
mentally the same as that in second-harmonic generation. Instead of satis- 
fying the condition (8.3-6), k2ω = 2kω, we have, according to (8.7-1), to satisfy 
the condition

This is done, as in second-harmonic generation, by using the dependence 
of the phase velocity of the extraordinary wave in axial crystals on the 
direction of propagation. In a negative uniaxial crystal (ne < n0), we can, as 
an example, choose the signal and idler waves as ordinary while the pump 
at ω3 is applied as an extraordinary wave. Using (8.3-11) and the relation 
kω = (ω/c)nω, the phase-matching condition (8.7-1) is satisfied when all three 
waves propagate at an angle θm to the z (optic) axis where

(8.7-9)

In the two preceding sections we have demonstrated that a pump wave at 
ω3 can cause a simultaneous amplification in a nonlinear medium of "signal" 
and "idler" waves at frequencies ω1 and ω2, respectively, where ω3 = ω1 
+ ω2. If the nonlinear crystal is placed within an optical resonator (as shown 
in Figure 8-16) that provides resonances for the signal or idler waves (or 
both), the parametric gain will, at some threshold pumping intensity, cause 
a simultaneous oscillation at the signal and idler frequencies. The threshold 
pumping corresponds to the point at which the parametric gain just balances 
the losses of the signal and idler waves. This is the physical basis of the 
optical parametric oscillator. Its practical importance derives from its ability 

8.8 PARAMETRIC OSCILLATION11

11See References [14-16].

Figure 8-16 Schematic diagram of an optical parametric oscillator in which the 
laser output at ω3 is used as the pump, giving rise to oscillations at ω1 and ω2 
(where ω3 = ω1 + ω2) in an optical cavity that contains the nonlinear crystal and 
resonates at ω1 and ω2.
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to convert the power output of the pump laser to power at the signal and 
idler frequencies that, as will be shown below, can be tuned continuously 
over large ranges.

To analyze this situation we return to (8.6-18). We take Δk = 0 and 
neglect the depletion of the pump waves, so A3(z) = A3(0). The result is

(8.8-1)

where, as in (8.6-21),

(8.8-2)

Equations (8.8-1) describe traveling-wave parametric interaction. We 
will use them to describe the interaction inside a resonator such as the one 
shown in Figure 8-16. This procedure seems plausible if we think of prop- 
agation inside an optical resonator as a folded optical path. The magnitude 
of the spatial distributed loss constants α1 and α2 must then be chosen so 
that they account for the actual losses in the resonator. The latter will include 
losses caused by the less than perfect reflection at the mirrors, as well as 
distributed loss in the nonlinear crystal and that due to diffraction.12

12The effective loss constant αi is chosen so that exp(-αil) is the total attenuation in intensity 
per resonator pass at ωi, where l is the crystal length.

If the parametric gain is sufficiently high to overcome the losses, steady- 
state oscillation results. When this is the case,

(8.8-3)

and thus the power gained via the parametric interaction just balances the 
losses.

Putting d/dz = 0 in (8.8-1) gives

(8.8-4)

The condition for nontrivial solutions for A1 and A*2 is that the determinant 
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at (8.8-4) vanish; that is, 

and, therefore,

(8.8-5)

This is the threshold condition for parametric oscillation.
If we choose to express the mode losses at ω1 and ω2 by the quality 

factors Q1 and Q2, respectively, we have13

13This relation follows from recognizing that the temporal decay rate σ = ω/Q is related to α 
by σ = acht.

(8.8-6)

By the use of (8.8-2), condition (8.8-5) can be written as

(8.8-7)

where (E3)t is the value of E3 at threshold. This relation can be shown to be 
formally analogous to that obtained in (8.6-10) for the lumped-circuit para
metric oscillator. According to (8.6-14), ΔC/C0 = dE0/ε; therefore, apart 
from a factor of two, if we put Q1 = Q2 and ε1 = ε2, (8.8-7) is the same as 
(8.6-10).

Another useful form of the threshold relation results from representing 
the quality factor Q in terms of the (effective) mirror reflectivities as in 
(4.7-3) and (4.7-5). If, furthermore, we express E3 in terms of the power flow 
per unit area according to (8.6-16) 

we can rewrite (8.8-7) as

(8.8-8)

where l is the length of the nonlinear crystal.
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Numerical Example: Parametric Oscillation Threshold

Let us estimate the threshold pump requirement P3/A (watts per square 
centimeter) of a parametric oscillator of the kind shown in Figure 8-16, which 
utilizes an LiNbO3 crystal. We use the following set of parameters:

(1 - R1) = (1 - R2) = 2 × 10-2 (that is, loss per 
pass at ω1 and ω2 = 2 percent)

(λ)1 = (λ)2 = 1 μm

l = 5 cm (crystal length)
n1 = n2 = n3 = 1.5

d311(LiNbO3) = 5 × 10-23

Substitution in (8.8-8) yields

8.9 FREQUENCY TUNING IN PARAMETRIC OSCILLATION

We have shown above that the pair of signals (ω1) and idler frequencies that 
are caused to oscillate by parametric pumping at ω3 satisfy the condition 
k3 = k1 + k2. Using ki = ωini/c we can write it as

This is a modest amount of power so that the example helps us appreciate 
the attractiveness of optical parametric oscillation as a means for generating 
coherent optical frequency at new optical frequencies.

(8.9-1)

In a crystal the indices of refraction generally depend, as shown in Section 
8.3, on the frequency, crystal orientation (if the wave is extraordinary), 
electric field (in electrooptic crystals), and on the temperature. If, as an 
example, we change the crystal orientation in the oscillator shown in Figure 
8-16, the oscillation frequencies ω1 and ω2 will change so as to compensate 
for the change in indices, and thus condition (8.9-1) will be satisfied at the 
new frequencies.

To be specific, we consider the case of a parametric oscillator pumped 
by an extraordinary beam at a fixed frequency ω3. The signal (ω1) and the 
idler (ω2) are ordinary waves. At some crystal orientation θ0 the oscillation 
takes place at frequencies ω10 and ω20. Let the indices of refraction at ω10, 
ω20, and ω30 under those conditions be n10, n20, and n30, respectively. We
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want to find the change in ω1 and ω2 due to a small change Δθ in the crystal 
orientation.

From (8.9-1) we have, at θ = θ0,

(8.9-3)

According to our starting hypotheses the pump is an extraordinary ray; 
therefore, according to (1.4-12), its index depends on the orientation θ, giving

(8.9-4)

The signal and idler are ordinary rays, so their indices depend on the fre
quencies but not on the direction. It follows that

(8.9-5)

Using the last two equations in (8.9-3) results in

(8.9-6)

for the rate of change of the oscillation frequency with respect to the crystal

(8.9-2)

After the crystal orientation has been changed from θ0 to θ0 + Δθ, the 
following changes occur:

Since ω1 + ω2 = ω3 = constant,

that is, Δω2 = -Δω1. Since (8.9-1) must be satisfied at θ = θ0 + Δθ, we 
have

Neglecting the second-order terms Δn1Δω1 and Δn2Δω1 and using (8.9-2), 
we obtain
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orientation. Using (1.4-12) and the relation d(1/x2) = -(2/x3) dx, we obtain 

which, when substituted in (8.9-6), gives

(8.9-7)

An experimental curve showing the dependence of the signal and idler fre- 
quencies on θ in NH4H2PO4 (ADP) is shown in Figure 8-17. Also shown is 
a theoretical curve based on a quadratic approximation of (8.9-7), which 
was plotted using the dispersion (that is, n versus ω) data of ADP; see 
Reference [17].

Reasoning similar to that used to derive the angle-tuning expression 
(8.9-7) can be applied to determine the dependence of the oscillation fre- 
quency on temperature. Here we need to know the dependence of the various 
indices on temperature. This is discussed further in Problem 8-6. An ex- 
perimental temperature-tuning curve is shown in Figure 8-18.

Figure 8-17 Dependence of the signal (ω1) frequency on the angle between the 
pump propagation direction and the optic axis of the ADP crystal. The angle θ is 
measured with respect to the angle for which ω1 = ω3/2. Δ ≡ (ω1 - ω3/2)/(ω3/2). 
(After Reference [17].)
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Figure 8-18 Signal and idler wavelength as a function of the temperature of the 
oscillator crystal. (After Reference [15].)

In the treatment of the laser oscillator in Section 6.5 we showed that in the 
steady state the gain could not exceed the threshold value regardless of the 
intensity of the pump. A closely related phenomenon exists in the case of 
parametric oscillation. The pump field E3 gives rise to amplification of the 
signal and idler waves. When E3 reaches its critical (threshold) value given 
by (8.8-7), the gain just equals the losses and the device is on the threshold 
of oscillation. If the pump field E3 is increased beyond its threshold value, 
the gain can no longer follow it and must be "clamped" at its threshold 
value. This follows from the fact that if the gain constant g exceeds its 
threshold value (8.8-5), a steady state is no longer possible and the signal 
and idler intensities will increase with time. Since the gain g is proportional 
to the pump field E3, it follows that above threshold the pump field inside 
the optical resonator must saturate at its level just prior to oscillation. As 
power is conserved it follows that any additional pump power input must

8.10 POWER OUTPUT AND PUMP SATURATION 
IN OPTICAL PARAMETRIC OSCILLATORS
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Figure 8-19 Power levels and pumping in a parametric oscillator. (a) Waveforms of 
P3, the pump power passing through the oscillator. The gray waveform was 
obtained when the crystal was rotated so that oscillation did not occur; the solid 
waveform was obtained when oscillation took place. (b) Signal power and excess 
pump power. The gray waveform is the normalized difference between the 
waveforms in (a). (After Reference [19].)

be diverted into power at the signal and idler fields. Since ω3 = ω1 + ω2, it 
follows that for each input pump photon above threshold we generate one 
photon at the signal (ω1) and one at the idler (ω2) frequencies, so [18]

(8.10-1)

The last argument shows that in principle the parametric oscillator can 
attain high efficiencies. This requires operation well above threshold, and 
thus P3/(P3)t ≫ 1. These considerations are borne out by actual experiments 
[19].

Figure 8-19 shows experimental confirmation of the phenomenon of pump 
saturation; see References [18, 2l]. After a transient buildup the pump in- 
tensity inside the resonator settles down to its threshold value.
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Figure 8-19(b) shows that the signal power is proportional to the excess 
(above threshold) pump input power. This is in agreement with Equation 
(8.10-1).

between the wave vectors at the three frequencies. This point of view also 
suggests that the number of output photons at ω3 cannot exceed the input 
number of photons at ω1.

The experimental situation is demonstrated by Figure 8-20. The ω1 and 
ω2 beams are combined in a partially transmissive mirror (or prism), so they 
traverse together (in near parallelism) the length l of a crystal possessing 
nonlinear optical characteristics.

Figure 8-20 Parametric up-conversion in which a signal at ω1 and a strong laser 
beam at ω2 combine in a nonlinear crystal to generate a beam at the sum 
frequency ω3 = ω1 + ω2.

8.11 FREQUENCY UP-CONVERSION

Parametric interactions in a crystal can be used to convert a signal from a 
"low" frequency ω1 to a "high" frequency ω3 by mixing it with a strong 
laser beam at ω2, where

(8.11-1)

Using the quantum mechanical photon picture described in Section 8.5, 
we can consider the basic process taking place in frequency up-conversion 
as one in which a signal (ω1) photon and a pump (ω2) photon are annihilated 
while, simultaneously, one photon at ω3 is generated; see References 
[12, 22-25]. Since a photon energy is hω, conservation of energy dictates 
that ω3 = ω1 + ω2 and, in a manner similar to (8.5-1), the conservation of 
momentum leads to the relationship

(8.11-2)
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The analysis of frequency up-conversion starts with Equation (8.6-18). 
Assuming negligible depletion of the pump wave A2, no losses (α = 0) at ω1 
and ω3, and taking Δk = 0, we can write the first and third of these equations 
as

(8.11-3)

In the discussion following (8.6-17) we pointed out that |Al(z)|2 is proportional 
to the photon flux (photons per square meter per second) at ωl. Using this 
fact we may interpret (8.11-6) as stating that the photon flux at ω1 plus that 
at ω3 at any plane z is a constant equal to the input (z = 0) flux at ω1. If we 
rewrite (8.11-6) in terms of powers, we obtain

(8.11-7)

where, using (8.6-15) and (8.6-19) and choosing without loss of generality 
the pump phase as zero so that A2(0) = A*2(0),

(8.11-4)

where E2 is the amplitude of the electric field of the pump laser. Taking the 
input waves with (complex) amplitudes A1(0) and A3(0), the general solution 
of (8.11-3) is

(8.11-5)

In the case of a single (low) frequency input at ω1, we have A3(0) = 0. 
In this case,

(8.11-6)

therefore,
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In a crystal of length l, the conversion efficiency is thus

(8.11-8)

and can have a maximum value of ω3/ω1, corresponding to the case in which 
all the input (ω1) photons are converted to ω3 photons.

In most practical situations the conversion efficiency is small (see the 
following numerical example) so using sin x ≃ x for x ≪ 1, we get 

which, by the use of (8.11-4) and (8.6-16), can be written as

(8.11-9)

where A is the cross-sectional area of the interaction region.

Numerical Example: Frequency Up-Conversion 

The main practical interest in parametric frequency up-conversion stems 
from the fact that it offers a means of detecting infrared radiation (a region 
where detectors are either inefficient, very slow, or require cooling to cry- 
ogenic temperatures) by converting the frequency into the visible or near- 
visible part of the spectrum. The radiation can then be detected by means 
of efficient and fast detectors such as photomultipliers or photodiodes; see 
References [23-26].

As an example of this application, consider the problem of up-converting 
a 10.6-μm signal, originating in a CO2 laser to 0.96 μm by mixing it with the 
l.06-μm output of an Nd3+: YAG laser. The nonlinear crystal chosen for 
this application has to have low losses at 1.06 μm and 10.6 μm, as well as 
at 0.96 μm. In addition, its birefringence has to be such as to make phase 
matching possible. The crystal proustite (Ag3AsS3) listed in Table 8-1 meets 
these requirements [26].

Using the data

l = 10-2 meter
n1 ≃ n2 ≃ n3 = 2.6 (an average number based on 

the data of Reference [26])
deff = 1.1 × 10-22 (taken conservatively 

as a little less than half the 
value given in Table 8.1 for d22)
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indicating a useful amount of conversion efficiency.

8.2 Derive the expression for the phase-matching angle of a parametric 
amplifier using KDP in which two of the waves are extraordinary while the 
third is ordinary. Which of the three waves (that is, signal, idler, or pump) 
would you choose as ordinary? Can this type of phase-matching be accom- 
plished with ω3 = 10,000 cm-1, ω1 = ω2 = 5000 cm-1? If so, what is θm?

8.3 Show that Equations (8.6-22) are consistent with the fact that the 
increases in the photon flux at ω1 and ω2 are identical—that is, that 
A*1(z)A1(z) - A*1(0)A1(0) = A*2(z)A2(z) - A*2(0)A2(0).

8.4 Complete the missing steps in the derivation of Equation (8.7-7).

8.5 Show that the voltage v(t) across an open-circuited parallel RLC circuit 
obeys 

and is thus of the form of Equation (8.6-1).

8.6 Consider a parametric oscillator setup such as that shown in Figure 
8-15. The crystal orientation angle is θ, its temperature is T, and the signal 
and idler frequencies are ω10 and ω20, respectively, with ω10 + ω20 = ω3. 
Show that a small temperature change ΔT causes the signal frequency to 
change by

The pump is taken as an extraordinary ray, whereas the signal and idler are 
ordinary. [Hint: The starting point is Equation (8.9-3), which is valid re
gardless of the nature of the perturbation.]

we obtain, from (8.11-9),

Problems

8.1 Show that if θm is the phase-matching angle for an ordinary wave at ω 
and an extraordinary wave at 2ω, then



306 SECOND-HARMONIC GENERATION AND PARAMETRIC OSCILLATION

8.7 Using the published dispersion data of proustite (Reference [26]), 
calculate the maximum angular deviation of the input beam at v1 (from 
parallelism with the pump beam at v2) that results in a reduction by a 
factor of 2 in the conversion efficiency. Take λ1 = 10.6 μm, λ2 = 1.06 μm, 
λ3 = 0.964 μm. [Hint: A proper choice must be made for the polarizations 
at ω1, ω2, and ω3 so that phase-matching can be achieved along some angle.] 
The maximum angular deviation is that for which
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9
Electrooptic

Modulation of

Laser Beams

9.0 INTRODUCTION

In Chapter 1 we treated the propagation of electromagnetic waves in an- 
isotropic crystal media. It was shown how the properties of the propagating 
wave can be determined from the index ellipsoid surface.

In this chapter we consider the problem of propagation of optical radia- 
tion in crystals in the presence of an applied electric field. We find that in 
certain types of crystals it is possible to effect a change in the index of 
refraction that is proportional to the field. This is the linear electrooptic 
effect. It affords a convenient and widely used means of controlling the 
intensity or phase of the propagating radiation. This modulation is used in 
an ever expanding number of applications including: the impression of in- 
formation onto optical beams, Q-switching of lasers (Section 6.7) for gen- 
eration of giant optical pulses, mode locking, and optical beam deflection. 
Some of these applications will be discussed further in this chapter. Mod- 
ulation and deflection of laser beams by acoustic beams are considered in 
Chapter 12.

In Chapter I we found that, given a direction in a crystal, in general two 
possible linearly polarized modes exist: the so-called rays of propagation. 
Each mode possesses a unique direction of polarization (that is, direction
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9.1 ELECTROOPTIC EFFECT
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of D) and a corresponding index of refraction (that is, a velocity of propa- 
gation). The mutually orthogonal polarization directions and the indices of 
the two rays are found most easily by using the index ellipsoid

(9.1-1)

(9.1-2)

If we choose x, y, and z to be parallel to the principal dielectric axes of the 
crystal, then with zero applied field, Equation (9.1-2) must reduce to (9.1-1);

1If a crystal contains points (one in each unit cell) such that inversion (replacing each atom at 
r by one at -r, with r being the position vector relative to the point) about any one of these 
points leaves the crystal structure invariant, the crystal is said to possess inversion symmetry.

where the directions x, y, and z are the principal dielectric axes—that is, 
the directions in the crystal along which D and E are parallel. The existence 
of two rays (one "ordinary"; the other "extraordinary") with different in
dices of refraction is called birefringence.

The linear electrooptic effect is the change in the indices of the ordinary 
and extraordinary rays that is caused by and is proportional to an applied 
electric field. This effect exists only in crystals that do not possess inversion 
symmetry.1 This statement can be justified as follows: Assume that in a 
crystal possessing an inversion symmetry, the application of an electric field 
E along some direction causes a change Δn1 = sE in the index, where s is 
a constant characterizing the linear electrooptic effect. If the direction of 
the field is reversed, the change in the index is given by Δn2 = s(-E), but 
because of the inversion symmetry the two directions are physically equiv- 
alent, so Δn1 = Δn2. This requires that s = -s, which is possible only for 
s = 0, so no linear electrooptic effect can exist. The division of all crystal 
classes into those that do and those that do not possess an inversion sym
metry is an elementary consideration in crystallography and this information 
is widely tabulated [l].

Since the propagation characteristics in crystals are fully described by 
means of the index ellipsoid (9.1-1), the effect of an electric field on the 
propagation is expressed most conveniently by giving the changes in the 
constants 1/n2x, 1/n2y, 1/n2z of the index ellipsoid.

Following convention [1-2], we take the equation of the index ellipsoid 
in the presence of an electric field as
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therefore,

(9.1-3)

(9.1-4)

The 6 × 3 matrix with elements rij is called the electrooptic tensor. We have 
shown above that in crystals possessing an inversion symmetry (centrosym
metric), rij = 0. The form, but not the magnitude, of the tensor rij can be 
derived from symmetry considerations [1], which dictate which of the 18 rij 
coefficients are zero, as well as the relationships that exist between the 
remaining coefficients. In Table 9-1 we give the form of the electrooptic 
tensor for all the noncentrosymmetric crystal classes. The electrooptic coef
ficients of some crystals are given in Table 9-2.

The linear change in the coefficients

due to an arbitrary electric field E(Ex, Ey, Ez) is defined by

where in the summation over j we use the convention 1 = x, 2 = y, 3 = z. 
Equation (9.1-3) can be expressed in a matrix form as

where, using the rules for matrix multiplication, we have, for example,
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The symbol at the upper left corner of each tensor is the conventional symmetry group 
designation.

Centrosymmetric—All elements zero
Triclinic

Monoclinic
2 (parallel to x2) (parallel to x3)

m (perpendicular to x2) (perpendicular to x3)

Orthorhombic
222 mm2

TabIe 9-1 The Form of the Electrooptic Tensor for all Crystal Symmetry Classes

Symbols :
zero element equal nonzero elements

nonzero element equal nonzero elements, but opposite in sign
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Tetragonal

4 4 422

4mm 42m (2 parallel to x1)

Example:
KH2PO4(KDP)

Example:
(BaTiO3)

Cubic
43m, 23

Examples: (Crystals of the 
zinc blende class:
GaAs, InAs, CdTe)

432

Trigonal
3 32

Examples: (Te, quartz)

3m (m perpendicular to x1) 
standard orientation

3m (m perpendicular to x2)

Example: 
(LiNbO3
LiTaO3)

Hexagonal
6 6mm 622

Example: 
(CdS)

(same as 4mm)
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Table 9-1 (continued)

6m2 (m perpendicular to x1 standard orientation)

(m perpendicular to x2)

Example: The Electrooptic Effect in KH2PO4

Consider the specific example of a crystal of potassium dihydrogen phos- 
phate (KH2PO4), also known as KDP. The crystal has a fourfold axis of 
symmetry,2 which by strict convention is taken as the z (optic) axis, as well 
as two mutually orthogonal twofold axes of symmetry that lie in the plane 
normal to z. These are designated as the x and y axes. The symmetry group 
of this crystal is 42m.3 Using Table 9-1, we take the electrooptic tensor in 
the form of

2That is, a rotation by 2π/4 about this axis leaves the crystal structure invariant.
3The significance of the symmetry group symbols and a listing of most known crystals and their 
symmetry groups is to be found in any basic book on crystallography.

6

(9.1-5]

so the only nonvanishing elements are r41 = r52 and r63. Using (9.1-2), (9.1-4), 
and (9.1-5), we obtain the equation of the index ellipsoid in the presence of 
a field E(Ex, Ey, Ez) as

(9.1-6)
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where the constants involved in the first three terms do not depend on the 
field and, since the crystal is uniaxial, are taken as nx = ny = no, nz = ne. 
We thus find that the application of an electric field causes the appearance 
of "mixed" terms in the equation of the index ellipsoid. These are the terms 
with xy, xz, and yz. This means that the major axes of the ellipsoid, with a 
field applied, are no longer parallel to the x, y, and z axes. It becomes 
necessary, then, to find the directions and magnitudes of the new axes, in 
the presence of E, so that we may determine the effect of the field on the 
propagation. To be specific we choose the direction of the applied field 
parallel to the z axis, so (9.1-6) becomes

(9.1-8)

x', y', and z' are then the directions of the major axes of the ellipsoid in the 
presence of an external field applied parallel to z. The length of the major 
axes of the ellipsoid is, according to (9.1-8), 2nx', 2ny', and 2nz', and these 
will, in general, depend on the applied field.

In the case of (9.1-7) it is clear from inspection that in order to put the 
equation in a diagonal form we need to choose a coordinate system x', y', 
z' where z' is parallel to z, and because of the symmetry of (9.1-7) in x and 
y, x' and y' are related to x and y by a 45° rotation, as shown in Figure 9-1. 
The transformation relations from x, y to x', y' are thus

Figure 9-1 The x, y, and z axes of 42m crystals (such as KH2PO4) and the x', y', 
and z' axes, where z is the fourfold optic axis and x and y are the twofold axes of 
crystals with 42m symmetry.

(9.1-7)

The problem is one of finding a new coordinate system—x', y', z'—in which 
the equation of the ellipsoid (9.1-7) contains no mixed terms; that is, it is 
of the form
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Equation (9.1-9) shows that x', y', and z are indeed the principal axes of the 
ellipsoid when a field is applied along the z direction. According to (9.1-9), 
the length of the x' axis of the ellipsoid is 2nx', where

The General Solution

We now consider the problem of optical propagation in a crystal in the 
presence of an external dc field along an arbitrary direction.

The index ellipsoid with the dc field on is given by (9.1-2), which we 
reexpress in the quadratic form

316

which, upon substitution in (9.1-7), yield

(9.1-9)

which, assuming r63Ez ≪ no-2 and using the differential relation dn = —(n3/2) 
d(1/n2), gives for the change in nx', dnx' = -(n3o/2)r63Ez so that

(9.1-10)

and, similarly,

(9.1-11)

(9.1-12)

(9.1-13)

so that S11 = (1/n2)1, S32 = S23 = (1/n2)4, and so on. We also use the con- 
vention of summation over repeated indices. Our problem consists of finding 
the directions and magnitudes of the principal axes of the ellipsoid (9.1-13).

Before proceeding we need remind ourselves of one basic result of vector 
calculus. If the vector from the origin to a point (x1, x2, x3) on the ellipsoid 
(9.1-13) is denoted by R(x1, x2, x3), then the vector N with components

(9.1-14)

is normal to the ellipsoid at R.
We next apply the last result to determine the directions and magnitudes 

of the principal axes of the ellipsoid (9.1-13). Since the principal axes are 
normal to the surface, we can determine their point of intersection (x1, x2, 
x3) with the ellipsoid by requiring that at such points the radius vector be
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with similar results for X" and X'". The lengths of the principal axes of the 
index ellipsoid are thus 2(S')-1/2, 2(S")-1/2, and 2(S"')-1/2. If we then express 
the equation of the index ellipsoid in terms of a Cartesian coordinate system 
whose axes are parallel to X', X", and X''', it becomes

parallel to the normal, that is,

(9.1-15)

where S is a constant independent of i.
Writing out (9.1-15) in component form for i = 1, 2, 3 gives

(9.1-16)

(9.1-16) constitutes a system of three homogeneous equations for the un- 
knowns x1, x2, and x3. The condition for a nontrivial solution is that deter
minant of the coefficients vanish, that is,

(9.1-17)

This is a cubic equation in S. For real Sij, which is the case with lossless 
crystals, the three roots S', S", and S'" of (9.1-17) are real numbers. Having 
solved (9.1-17) we use the three roots, one at a time, in (9.1-16) to solve, 
to within a multiplicative constant, for the radius vector (x1, x2, x3) to the 
point of intersection of the principal axis with the ellipsoid. The first vector, 
obtained by using S', is denoted by X'(x'1, x'2, x'3), the second by 
X"(x"1, x"2, x"3), and the third, obtained from S'", is X'"(x"'1, x"'2, x"'3). Since the 
vectors satisfy (9.1-15), we have

(9.1-18)

with a similar relation applying to x"i and x"'i.
It is an easy task to prove that the three principal axis vectors X', X", 

X'" are mutually orthogonal.
So far we have solved for the directions of the principal axes. Next we 

obtain their magnitudes. We multiply (9.1-18) by x'i

(9.1-19)

But the left side of (9.1-19) is, according to (9.1-13), equal to unity since the 
point (x'1, x'2, x'3) is on the ellipsoid (9.1-13). We can thus write

(9.1-20)

where the unit vectors x', y', and z' here are taken as parallel to X', X", and 
X"', respectively.
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The bit of mathematics starting with (9.1-13) is referred to as the trans- 
formation of a quadratic form to a principal coordinate system. An equivalent 
description of this transformation is by the term matrix diagonalization. The 
original matrix being the ordered array of the coefficients Sij

(9.1-21)

The set of S', S", and S'", which are the roots of (9.1-17), are the eigenvalues 
of the matrix S, while the vectors X', X", and X'" are its eigenvectors. The 
term matrix diagonalization follows from the fact that if we express the 
quadric surface 

whose coefficients form the matrix S of (9.1-21), in terms of a Cartesian 
coordinate system whose axes are X', X", and X'", it assumes the form (9.1-20) 
with the diagonal form of the matrix S as

(9.1-22)

Example: Electrooptic Field in KH2PO4

To illustrate the method of matrix diagonalization, we use the example of 
KH2PO4(KDP) with a dc field along the crystal z axis, which was solved 
above in a somewhat less formal fashion.

The index ellipsoid is given by (9.1-7) as

(9.1-23)

The Sij matrix is thus

(9.1-24)
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The eigenvalues are given according to (9.1-17) as the roots of the equation

The roots are

(9.1-25)

(9.1-26)

in agreement with (9.1-9). These roots are used, one at a time, in the equation

to obtain the eigenvectors. Starting with S' we have

(9.1-27)

(9.1-28)

which upon evaluation is

The first two equations above are satisfied by x'1 = 0 and x'2 = 0, while the 
third is satisfied by any value of x'3. The eigenvector X' corresponding to 
S'(=1/n2e) is thus parallel to the z axis. In a like fashion we substitute the 
value of S" into (9.1-27) and find that the corresponding eigenvector X''' is 
parallel to the direction x + y while using S'" shows that X'" is parallel to 
x - y. Referring to the last two eigenvector directions as x' and y', we can 
rewrite the equation of the index ellipsoid in the x', y ', z (principal) coordinate 
system as

(9.1-29)
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where the quantities in parentheses are the eigenvalues given by (9.1-26).
Equation (9.1-29) is the same as (9.1-9).

The index ellipsoid for KDP with E applied parallel to z is shown in Figure 
9-2. If we consider propagation along the z direction, then according to the 
procedure described in Section 1.4 we need to determine the ellipse formed 
by the intersection of the plane z = 0 (in general, the plane that contains 
the origin and is normal to the propagation direction) and the ellipsoid. The 
equation of this ellipse is obtained from (9.1-9) by putting z = 0 and is

Figure 9-2 A section of the index ellipsoid of KDP, showing the principal 
dielectric axes x', y', and z due to an electric field applied along the z axis. The 
directions x' and y' are defined by Figure 9-1.

9.2 ELECTROOPTIC RETARDATION

(9.2-1)

One quadrant of the ellipse is shown shaded in Figure 9-2, along with its 
minor and major axes, which in this case coincide with x' and y', respectively. 
It follows from Section 1.4 that the two allowed directions of polarization 
are x' and y' and that their indices of refraction are nx' and ny', which are 
given by (9.1-10) and (9.1-11).

We are now in a position to take up the concept of retardation. We 
consider an optical field that is incident normally on the x'y' plane with its 
E vector along the x direction. We can resolve the optical field at z = 0 
(input plane) into two mutually orthogonal components polarized along x' 
and y'. The x' component propagates as

which, using (9.1-10), becomes

(9.2-2)
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while the y' component is given by

(9.2-3)

The phase difference at the output plane z = l between the two components 
is called the retardation. It is given by the difference of the exponents in 
(9.2-2) and (9.2-3) and is equal to

(9.2-4)

where V = Ezl and φx' = (ωnx'/c)l.
Figure 9-3 shows ex'(z) and ey'(z) at some moment in time. Also shown 

are the curves traversed by the tip of the optical field vector at various points 
along the path. At z = 0, the retardation is Γ = 0 and the field is linearly 
polarized along x. At point e, Γ = π/2; thus, omitting a common phase factor, 
we have

(9.2-5)

and the electric field vector is circularly polarized in the counterclockwise 
sense as shown in the figure. At point i, Γ = π and thus 

and the radiation is again linearly polarized, but this time along the y axis— 
that is, at 90° to its input direction of polarization.

The retardation as given by (9.2-4) can also be written as

(9.2-7)

where λ = 2πc/ω is the free space wavelength. Using, as an example, the 
value of r63 for ADP as given in Table 9-2, we obtain from (9.2-7)

(9.2-6)

where Vπ, the voltage yielding a retardation Γ = π,4 is

4Vπ is referred to as the "half-wave" voltage since, as can be seen in Figure 9-3c(i), it causes 
the two waves that are polarized along x' and y' to acquire a relative spatial displacement of 
∆z = λ/2, where λ is the optical wavelength.



Figure 9-3 An optical field that is linearly polarized along x is incident on an 
electrooptic crystal having its electrically induced principal axes along x' and y'. 
(This is the case in KH2PO4 when an electric field is applied along its z axis.) (a) 
The component ex at some time t as a function of the position z along the crystal. 
(b) ey' as a function of z at the same value of t as in (a). (c) The ellipses in the 
x'-y' plane traversed by the tip of the optical electric field at various points (a 
through i) along the crystal during one optical cycle. The arrow shows the 
instantaneous field vector at time t, while the curved arrow gives the sense in 
which the ellipse is traversed. (d) A plot of the polarization ellipse due to two 
orthogonal components ex' = cos ωt and ey' = cos (ωt - π/6). Also shown are the 
instantaneous field vectors at (1) ωt = 0°, (2) ωt = 60°, (3) ωt = 120°, (4) ωt = 
210°, and (5) ωt = 270°.

326
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9.3 ELECTROOPTIC AMPLITUDE MODULATION

An examination of Figure 9-3 reveals that the electrically induced birefrin
gence causes a wave launched at z = 0 with its polarization along x to acquire 
a y polarization, which grows with distance at the expense of the x component 
until at point i, at which Γ = π, the polarization becomes parallel to y. If 
point i corresponds to the output plane of the crystal and if one inserts at 
this point a polarizer at right angles to the input polarization—that is, one 
that allows only Ey to pass—then with the field on, the optical beam passes 
through unattenuated, whereas with the field off (Γ = 0), the output beam 
is blocked off completely by the crossed output polarizer. This control of 
the optical energy flow serves as the basis of the electrooptic amplitude 
modulation of light.

A typical arrangement of an electrooptic amplitude modulator is shown 
in Figure 9-4. It consists of an electrooptic crystal placed between two 
crossed polarizers, which, in turn, are at an angle of 45° with respect to the 
electrically induced birefringent axes x' and y'. To be specific, we show how 
this arrangement is achieved using a KDP crystal. Also included in the optical 
path is a naturally birefringent crystal that introduces a fixed retardation, so 
the total retardation Γ is the sum of the retardation due to this crystal and 
the electrically induced one. The incident field is parallel to x at the input 
face of the crystal, thus having equal-in-phase components along x' and y' 
that we take as 

or, using the complex amplitude notation,

Figure 9-4 A typical electrooptic amplitude modulator. The total retardation Γ is 
the sum of the fixed retardation bias (ΓB = π/2) introduced by the quarter-wave 
plate and that is attributable to the electrooptic crystal.
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Upon emerging from the output face z = l, the x' and y' components have 
acquired, according to (9.2-4), a relative phase shift (retardation) of Γ radians, 
so we may take them as

(9.3-4)

The second equality in (9.3-4) was obtained from (9.2-6). The transmission 
factor (lo/li) is plotted in Figure 9-5 against the applied voltage.

The process of amplitude modulation of an optical signal is also illus
trated in Figure 9-5. The modulator is usually biased6 with a fixed retardation 
Γ = π/2 to the 50 percent transmission point. A small sinusoidal modulation 
voltage would then cause a nearly sinusoidal modulation of the transmitted 
intensity as shown.

To treat the situation depicted by Figure 9-5 mathematically, we take

(9.3-5)

5We recall here that the time average of the product of two harmonic fields Re [Beiωt] and 
Re [Ceiωt] is equal to ½ Re [BC*].
6This bias can be achieved by applying a voltage V = Vπ/2 or, more conveniently, by using a 
naturally birefringent crystal as in Figure 9-4 to introduce a phase difference (retardation) of 
π/2 between the x' and y' components.

The incident intensity is thus5

(9.3-1)

(9.3-2)

The total (complex) field emerging from the output polarizer is the sum of 
the y components of Ex'(l) and Ey'(l)

(9.3-3)

which corresponds to an output intensity

where the proportionality constant is the same as in (9.3-1). The ratio of the 
output intensity to the input is thus
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Figure 9-5 Transmission factor of a cross-polarized electrooptic modulator as a 
function of an applied voltage. The modulator is biased to the point Γ = π/2, 
which results in a 50 percent intensity transmission. A small applied sinusoidal 
voltage modulates the transmitted intensity about the bias point.

where the retardation bias is taken as π/2, and Γm is related to the amplitude 
Vm of the modulation voltage Vm sin ωmt by (9.2-6); thus, Γm = π(Vm/Vπ).

Using (9.3-4) we obtain

(9.3-6) 

(9.3-7)

which, for Γm ≪ 1, becomes

(9.3-8)

so that the intensity modulation is a linear replica of the modulating voltage 
Vm sin ωmt. If the condition Γm ≪ 1 is not fulfilled, it follows from Figure 
9-5 or from (9.3-7) that the intensity variation is distorted and will contain 
an appreciable amount of the higher (odd) harmonics. The dependence of 
the distortion of Γm is discussed further in Problem 9.3.

In Figure 9-6 we show how some information signal f(t) (the electric 
output of a phonograph stylus in this case) can be impressed electrooptically 
as an amplitude modulation on a laser beam and subsequently be recovered 
by an optical detector. The details of the optical detection are considered 
in Chapter 11.
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Figure 9-6 An optical communication link using an electrooptic modulator.

9.4 PHASE MODULATION OF LIGHT

In the preceding section we saw how the modulation of the state of polar- 
ization, from linear to elliptic, of an optical beam by means of the electrooptic 
effect can be converted, using polarizers, to intensity modulation. Here we 
consider the situation depicted by Figure 9-7, in which, instead of there being 
equal components along the induced birefringent axes (x' and y' in Figure 
9-4), the incident beam is polarized parallel to one of them, x' say. In this 
case the application of the electric field does not change the state of polar- 
ization, but merely changes the output phase by 

where, from (9.1-10),

(9.4-1)

If the bias field is sinusoidal and is taken as

(9.4-2)

then an incident optical field, which at the input (z = 0) face of the crystal 
varies as ein = A cos ωt, will emerge according to (9.2-2) as



PHASE MODULATION OF LIGHT 331

Figure 9-7 An electrooptic phase modulator. The crystal orientation and applied 
directions are appropriate to KDP. The optical polarization is parallel to an 
electrically induced principal dielectric axis (x').

where l is the length of the crystal. Dropping the constant phase factor, 
which is of no consequence here, we rewrite the last equation as

where
(9.4-3)

is referred to as the phase modulation index. The optical field is thus phase- 
modulated with a modulation index δ. If we use the Bessel function identities

(9.4-6)

(9.4-4)

and

(9.4-5)

we can rewrite (9.4-3) as
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which form gives the distribution of energy in the sidebands as a function 
of the modulation index δ. We note that, for δ = 0, J0(0) = 1 and Jn(δ) = 
0, n ≠ 0. Another point of interest is that the phase modulation index δ as 
given by (9.4-4) is one half the retardation Γ as given by (9.2-4).

In the examples of electrooptic retardation discussed in the two preceding 
sections, the electric field was applied along the direction of light propaga
tion. This is the so-called longitudinal mode of modulation. A more desirable 
mode of operation is the transverse one, in which the field is applied normal 
to the direction of propagation. The reason is that in this case the field 
electrodes do not interfere with the optical beam, and the retardation, being 
proportional to the product of the field times the crystal length, can be 
increased by the use of longer crystals. In the longitudinal case the retar- 
dation, according to (9.2-4), is proportional to Ezl = V and is independent 
of the crystal length l. Figures 9-1 and 9-2 suggest how transverse retardation 
can be obtained using a KDP crystal with the actual arrangement shown 
in Figure 9-8. The light propagates along y' and its polarization is in the 
x'—z plane at 45° from the z axis. The retardation, with a field applied along 
z, is, from (9.1-10) and (9.1-12),

Figure 9-8 A transverse electrooptic amplitude modulator using a KH2PO4 (KDP) 
crystal in which the field is applied normal to the direction of propagation.

9.5 TRANSVERSE ELECTROOPTIC MODULATORS

(9.5-1)

where d is the crystal dimension along the direction of the applied field. We 
note that Γ contains a term that does not depend on the applied voltage. 
This point will be discussed in Problem 9-2. A detailed example of transverse 
electrooptic modulation using 43m, cubic zinc-blende type crystals is given 
in Appendix C.
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In the examples considered in the three preceding sections, we derived 
expressions for the retardation caused by electric fields of low frequencies. 
In many practical situations the modulation signal is often at very high 
frequencies and, in order to utilize the wide frequency spectrum available 
with lasers, may occupy a large bandwidth. In this section we consider some 
of the basic factors limiting the highest usable modulation frequencies in a 
number of typical experimental situations.

Consider first the situation described by Figure 9-9. The electrooptic 
crystal is placed between two electrodes with a modulation field containing 
frequencies near ω0/2π applied to it. Rs is the internal resistance of the 
modulation source and C represents the parallel-plate capacitance due to 
the electrooptic crystal. If Rs > (ω0C)-1, most of the modulation voltage 
drop is across Rs and is thus wasted, since it does not contribute to the 
retardation. This can be remedied by resonating the crystal capacitance with 
an inductance L, where ω20 = (LC)-1, as shown in Figure 9-9. In addition, 
a shunting resistance RL is used so that at ω = ω0 the impedance of the 
parallel RLC circuit is RL, which is chosen to be larger than Rs so most of 
the modulation voltage appears across the crystal. The resonant circuit has 
a finite bandwidth—that is, its impedance is high only over a frequency 
interval Δω/2π ≃ 1/2πRLC (centered on ω0). Therefore, the maximum mod
ulation bandwidth (the frequency spectrum occupied by the modulation sig
nal) must be less than 

if the modulation field is to be a faithful replica of the modulation signal.
In practice, the size of the modulation bandwidth Δω/2π is dictated by 

the specific application. In addition, one requires a certain peak retardation 
Γm. Using (9.2-4) to relate Γm to the peak modulation voltage Vm = (Ez)ml, 
we can show, with the aid of (9.6-1), that the power V2m/2RL needed in KDP-

Figure 9-9 Equivalent circuit of an electrooptic modulation crystal in a parallel- 
plate configuration.

9.6 HIGH-FREQUENCY MODULATION CONSIDERATIONS

(9.6-1)
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type crystals to obtain a peak retardation Γm is related to the modulation 
bandwidth Δv = Δω/2π as

(9.6-2)

where n0l is the length of the optical path in the crystal, A is the cross- 
sectional area of the crystal normal to l, and ε is the dielectric constant at 
the modulation frequency ω0.

Transit-Time Limitations to High-Frequency Electrooptic Modulation

According to (9.2-4) the eIectrooptic retardation due to a field E can be 
written as

(9.6-5)

where Γ0 = a(c/n)τdEm = alEm is the peak retardation, which obtains when 
ωmτd ≪ 1. The factor

(9.6-6)

gives the decrease in peak retardation resulting from the finite transit time. 
For r ≃ 1 (that is, no reduction), the condition ωmτd ≪ 1 must be satisfied, 
so the transit time must be small compared to the shortest modulation period. 
The factor r is plotted in Figure 11-17.

(9.6-3)

where a = ωn30r63/c and l is the length of the optical path in the crystal. If 
the field E changes appreciably during the transit time τd = nl/c of light 
through the crystal, we must replace (9.6-3) by

(9.6-4)

where c is the velocity of light and e(t') is the instantaneous electric field. 
In the second integral we replace integration over z by integration over time, 
recognizing that the portion of the wave that reaches the output face z = l 
at time t entered the crystal at time t - τd. We also assumed that at any 
given moment the field e(t) has the same value throughout the crystal.

Taking e(t') as a sinusoid

we obtain from (9.6-4)
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If, somewhat arbitrarily, we take the highest useful modulation fre- 
quency as that for which ωmrd = π/2 (at this point, according to Figure 11-17, 
∣r∣ = 0.9) and we use the relation τd = nl/c, we obtain

(9.6-7)

which, using a KDP crystal (n ≃ 1.5) and a length l = 1 cm, yields 
(vm)max = 5 × 109 Hz.

Traveling-Wave Modulators

One method that can, in principle, overcome the transit-time limitation, 
involves applying the modulation signal in the form of a traveling wave [3], 
as shown in Figure 9-10. If the optical and modulation field phase velocities 
are equal to each other, then a portion of an optical wavefront will exercise 
the same instantaneous electric field, which corresponds to the field it en- 
counters at the entrance face, as it propagates through the crystal and the 
transit-time problem discussed above is eliminated. This form of modulation 
can be used only in the transverse geometry that was discussed in the pre- 
ceding section, since the RF field in most propagating structures is predom- 
inantly transverse.

Consider an element of the optical wavefront that enters the crystal at 
z = 0 at time t. The position z of this element at some later time t' is

Figure 9-10 A traveling-wave electrooptic modulator.

(9.6-9)

(9.6-8)

where c/n is the optical phase velocity. The retardation exercised by this 
element is given similarly to (9.6-4) by
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where e[t', z(t')] is the instantaneous modulation field as seen by an observer 
traveling with the phase front. Taking the traveling modulation field as

(9.6-11)

where Γ0 = alEm = a(c/n)τdEm is the retardation that would result from a 
dc field equal to Em.

The reduction factor

is of the same form as that of the lumped-constant modulator (9.6-6) except 
that τd is replaced by τd(1 - c/ncm). If the two phase velocities are made 
equal so that c/n = cm, then r = 1 and maximum retardation is obtained 
regardless of the crystal length.

The maximum useful modulation frequency is taken, as in the treatment 
leading to (9.6-7), as that for which ωmτd(1 - c/ncm) = π/2, yielding

(9.6-13)

which, upon comparison with (9.6-7), shows an increase in the frequency 
limit or useful crystal length of (1 - c/ncm)-1. The problem of designing 
traveling wave electrooptic modulators is considered in References [4-6].

For a more detailed treatment of electrooptic modulation including the 
traveling-wave and high-frequency cases, the student should consult Ref
erence [11] as well as the treatment of Section 9.9.

9.7 ELECTROOPTIC BEAM DEFLECTION

The electrooptic effect is also used to deflect light beams [7]. The operation 
of such a beam deflector is shown in Figure 9-11. Imagine an optical wave- 
front incident on a crystal in which the optical path length depends on the 
transverse position x. This could be achieved by having the velocity of 
propagation—that is, the index of refraction n—depend on x, as in Figure 
9-11. Taking the index variation to be a linear function of x, the upper ray

we obtain, using (9.6-8),

(9.6-10)

Recalling that km = ωm/cm, where cm is the phase velocity of the modulation 
field, we substitute (9.6-10) in (9.6-9) and, carrying out the simple integration, 
obtain

(9.6-12)
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Figure 9-11 Schematic diagram of a beam deflector. The index of refraction varies 
linearly in the x direction as n(x) = no + ax. Ray B "gains" on ray A in passing 
through the crystal axis, thus causing a tilting of the wavefront by θ.

A "sees" an index n + Δn and hence traverses the crystal in a time

The difference in transit times results in a lag of ray A with respect to B of

which corresponds to a deflection of the beam-propagation axis, as measured 
inside the crystal, at the output face of

(9.7-1)

where we replaced Δn/D by dn/dx. The external deflection angle θ, measured 
with respect to the horizontal axis, is related to θ' by Snell's law

A simple realization of such a deflector using a KH2PO4(KDP) crystal 
is shown in Figure 9-12. It consists of two KDP prisms with edges along the 
x', y', and z directions.7 The two prisms have their z axes opposite to one

7These are the principal axes of the index ellipsoid when an electric field is applied along the 
z direction as described in Section 9.1 and in the example of Section 9.5.

The lower portion of the wavefront (that is, ray B) "sees" an index n and 
has a transit time

which, using (9.7-1) and assuming sin θ ≃ θ ≪ 1 yields

(9.7-2)
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Figure 9-12 Double-prism KDP beam deflector. Upper and lower prisms have their 
z axes reversed with respect to each other. The deflection field is applied parallel 
to z.

another, but are otherwise similarly oriented. The electric field is applied 
parallel to the z direction, and the light propagates in the y' direction with 
its polarization along x'. For this case the index of refraction "seen" by ray 
A, which propagates entirely in the upper prism, is given by (9.1-10) as 

while in the lower prism the sign of the electric field with respect to the z 
axis is reversed so that

Using (9.7-2) with Δn = nB - nA, the deflection angle is given by

(9.7-3)

According to (2.5-18), every optical beam has a finite, far-field divergence 
angle that we call θbeam. It is clear that a fundamental figure of merit for the 
deflector is not the angle of deflection θ that can be changed by a lens, but 
the factor N by which θ exceeds θbeam. If one were, as an example, to focus 
the output beam, then N would correspond to the number of resolvable spots 
that can be displayed in the focal plane using fields with a magnitude up to 
Ez.

To get an expression for N we assume that the crystal is placed astride 
the "waist" of a Gaussian (fundamental) beam with a spot size ω0. According 
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to (2.5-18) the far-field diffraction angle in air is

Such a beam can be passed through a crystal with height D = 2ω0 so that, 
using (9.7-3), the number of resolvable spots is

(9.7-4)

It follows directly from (9.7-4), the details being left as a problem, that 
an electric field that induces a birefringent retardation (in a distance l) 
ΔΓ = π will yield N ≃ 1. Therefore, fundamentally, the electrooptic ex
tinction of a beam, which according to (9.3-4) requires Γ = π, is equivalent 
to a deflection by one spot diameter.

The deflection of an optical beam by diffraction from a sound wave is 
discussed in Chapter 12. Electrooptic modulation in thin dielectric wave- 
guides [8-10] is discussed in Chapter 14.

9.8 ELECTROOPTIC MODULATION—COUPLED WAVE ANALYSIS

The analysis of electrooptic modulation in Section 9.3 was based on an 
approach that requires one to determine the propagating electromagnetic 
eigenmodes of the crystal in the presence of the (low-frequency) electric 
field. In Section 9.2, we found as a special case the two eigenmodes and 
their indices in the presence of a dc field Êm = êzEz for propagation along 
the z axis of KH2PO4.

The formalism of this section uses a different point of view, that of the 
coupled modes approach, in which the modulation field is viewed as a per
turbation that causes exchange of power, coupling, between the eigenmodes 
of the crystal in the absence of an applied modulating field. The two ap- 
proaches are, of course, formally equivalent as will be shown in Section 
13.9. The author, however, prefers the coupled-mode approach since it dis- 
penses with the need to diagonalize, as in (9.1-25), the permeability tensor. 
In addition, it lends itself more easily to an accurate analysis in situations 
in which the modulation field is a high-frequency field and the transit time 
of the optical field is not small compared to the modulation period.

We start with Equation (1.2-9), which using (1.2-3) can be written as

Using the Gaussian theorem (1.2-10a) to integrate the last equation over an
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arbitrary volume V

where S is the surface bounding V. If we further assume that the material 
medium is linear (i.e., ε and μ are independent of the field strengths), we 
can rewrite the last result as

(9.8-1)

The usual interpretation of (9.8-1) is that the left side represents the elec- 
tromagnetic power of flowing into V, the term (e · i) represents the losses 
due to conduction (ohmic losses), while the last term represents the temporal 
rate of change of the electromagnetic energy stored in V. It follows that the 
energy density (J/m3) due to the electric field is

(9.8-2)

where to conform with the notation of this section we changed e → E, 
h → H. In a linear (but not necessarily isotropic) medium we can write

This equation is identical to that of the optical indicatrix (9.1-2), provided

(9.8-3)

so that

(9.8-4)

Let

so that the last equation becomes

which, after adopting the Voigt notation

(9.8-5)

becomes

(9.8-6)
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we associate

(9.8-7)

So that the definition (9.1-3) of the linear electrooptic effect can be written 
as ε0Δηi = rikE(0)k or, restoring the full subscript 1abeling,

(9.8-10)

which is our principal result. It expresses the linear electrooptic effect as 
the first-order perturbation in the elements of the dielectric tensor.

Now consider the effect of applying a low-frequency field E(0)k to a crystal 
in the presence of an optical field E(ω)j (r, t) using

(9.8-11)

so that a perturbation Δeij causes a perturbation in the medium optical po
larization of

(9.8-12)

The effect of the dc (low-frequency) field E(0)k on the optical field prop
agating through the crystal is now represented by an effective optical po- 
larization. The latter can now be used in Maxwell's equations to investigate 
the effect of the dc field on optical propagation.

(9.8-8)

where E(0)k is a dc or low-frequency field and summation over repeated indices 
is assumed.

Returning for a moment to (9.8-3), we will assume that ε and η are 
expressed initially in the principal dielectric coordinate system where, with 
no applied field, E(0)k = 0, εij, ηij are zero when i ≠ j. We use the rule for 
matrix inversion to obtain

(9.8-9)

and after combining (9.8-8) and (9.8-9)

or
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The Wave Equation

Starting with Maxwell's equations as in Section 8.2, we have

The polarization vector P is taken as the sum

Substitution of the last equation in (9.8-15) gives

(9.8-17)

(9.8-13)

where χ is the second-rank linear susceptibility tensor and ΔP the pertur- 
bation in P as given by (9.8-12). Using the last expression in (9.8-13) leads 
to

(9.8-14)

defining the dielectric tensor

the wave equation (9.8-13) becomes

(9.8-15)

Most of the scenarios of electrooptic modulation may be described as 
an exchange of power between two optical fields. These can be two mutually 
orthogonal transverse polarizations of a field propagating along, say, the ζ 
direction. As a result we take the total field as

(9.8-16)

where A1 and A2 are the "slowly" varying complex amplitudes of the fields 
that are polarized along the ê1 and ê2 directions normal to ζ.
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where we assume that ê1 and ê2 are unit vectors along the principal dielectric 
axes (this is the case in nearly all experimental situations) and used

Recognizing that k21 ≡ ω21μ0ε11, ni = √εii/ε0 (i = 1, 2), and making the slowly 
varying envelope approximation ∂2/∂ζ2 ≪ k∂/∂ζ and ∂2/∂t2 ≪ ω∂/∂t, we obtain

(9.8-18a)

The subscript 1 on the right side signifies that we need only consider that 
part of ΔP that contains the factor exp[i(ωt - k1ζ)]. The rest average out to 
zero.

In this case we have a traveling modulation field with some polarization, 
say, k, so that in (9.8-12) we take

(9.8-18b)

These are our basic working equations. They can be used to analyze most 
of the situations arising in electrooptic or acoustooptic modulation.

We will next show how Equations (9.8-18) are used in the important 
cases of electrooptic phase and amplitude modulation with a traveling mod
ulation field.

9.9 PHASE MODULATION

(9.9-1)

For pure phase modulation of, say, wave 1, it is necessary that the pertur- 
bation polarization (ΔP)1 involve only A1 and not A2. This polarization is 
then given by (9.8-12) as

(9.9-2)

So that Equation (9.8-18a) becomes

(9.9-3)

(9.9-4)

In deriving (9.9-3) we took advantage of the fact that ω >>> ωm (typically
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ω ~ 1015, ωm < 1011), and replaced ∂2/∂t2 on the right side of (9.8-17) by 
-ω2.

Equation (9.9-3) is a first-order linear partial differential equation and 
can be integrated by a change of variables

Using

Equation (9.9-3) becomes (A1 ≡ A).

(9.9-5)

(9.9-6)

(9.9-7)

By treating u and v as independent variables, an integration of (9.9-7) yields

(9.9-8)

where C is an arbitrary function and nm = ckm/ωm is the index of refraction 
at ωm. The boundary condition at the input (ζ = 0) face of the crystal is

(9.9-9)

where A0 is an arbitrary constant. This condition requires that the function 
C be of the form

(9.9-10)

The mode amplitude A(ζ, t) is then, according to Equations (9.9-8) and 
(9.9-10), given by

By using the trigonometric identity

(9.9-11)
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the amplitude at the output face (ξ = L) of the crystal can be written

where

(9.9-12)

(9.9-13)

(9.9-14)

If there is no further perturbation beyond ξ = L, then the emerging beam 
can be written (using 9.8-16)

This is a phase-modulated wave with a modulation index δ. The value of δ 
given by Equation (9.9-13) for this case is no longer proportional to the 
length of the crystal, L, and is reduced from its maximum value βL by a 
factor

where

(9.9-16)

in which v0 = c/n1 and vm = c/nm are the phase velocities of the light and 
modulating wave, respectively. Physically, this reduction factor is due to 
the mismatch of the phase velocities of the waves. In the event that the light 
wave and the modulating wave are traveling with the same phase velocities, 
then the light wave will experience a constant modulating field as it prop- 
agates through the electrooptic crystal. The reduction factor in this case is 
unity; that is, there is no reduction in the modulation index δ. The modulation 
index in this case is linearly proportional to the length of the crystal. When 
the phase velocities are not equal, δ becomes a periodic function of the 
length of the crystal. A plot of δ versus L is shown in Figure 9-13. The 
maximum δ occurs at the condition when

(9.9-17)

(9.9-15)
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Figure 9-13 The modulation index δ versus the length L of the crystal.

with the maximum modulation index, δmax, given by

(9.9-18)

Example: LiNbO3 Phase Modulator

Referring to Figure 9-14, we consider a rectangular LiNbO3 rod with its input 
and output planes perpendicular to the y axis. The z direction is a principal 
dielectric axis of the crystal. An RF field with an E vector parallel to the z 
axis is applied to the crystal. Both the RF field and the optical beam are 
propagating in the y direction. An input polarizer in front of the input plane 
ensures that the light is polarized along the z direction of the crystal. The 
modulation index δ is given, according to Equation (9.9-13), by

(9.9-19)
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Figure 9-14 A LiNbO3 rod used as the electrooptic crystal for phase modulation. 
The modulating RF field is polarized along the z axis and is propagating along the 
y axis.

where ne is the extraordinary index of refraction of the crystal, L is the 
length of the crystal, and r33 is the relevant electrooptic coefficient. Let 
nm/2π = 6 GHz, nm = 1.84, and ne = 2.2; then the maximum modulation 
occurs at L = 6.8 cm according to Equation (9.9-17). The symmetry group 
of LiNbO3 is 3 m. From Table 9.2 it follows that the relevant electrooptic 
coefficient for the structure shown in Figure 9-14 is r33.

(9.9-21)

Amplitude Modulation (advanced topic)

We now consider the case when the orthogonally polarized normal modes 
A1 and A2 are coupled (i.e., exchange power) by the applied modulation 
electric field. This occurs when the perturbation polarization (ΔP1) in (9.8-18) 
is proportional to A2 while, at the same time, ΔP2 is proportional to A1. In 
this case, electromagnetic energy is exchanged between the coupled modes 
as the wave propagates in the crystal. The magnitudes of the mode ampli- 
tudes are therefore functions of space and time. The mode amplitudes satisfy 
the coupled-mode equation (9.8-18). We will now consider a case of pure 
amplitude modulation. Again we assume that a traveling modulation wave 
Emk sin (ωmt - kmζ) yielding the coupled-mode equations (9.8-18). In our 
new language of mode coupling, amplitude modulation takes place when the 
presence of a modulation field

(9.9-20)

causes power exchange between the modes 1 and 2. An inspection of the 
coupled-mode equations (9.8-18) shows that this coupling occurs when the 
presence of Emod creates a perturbation Δeij(i ≠ j), since this, according to 
(9.8-13), will couple mode i(1) to j(2) and vice versa. Using (9.8-13), the 
condition for pure amplitude modulation is that the set of conditions
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be satisfied for some Cartesian direction k. If we take the modulation field 
as in (9.9-1), the coupled-mode equations (9.8-18) become

(9.9-22)

where

(9.9-23)

and summation over k is assumed. In the case when n1 = n2, the coupled 
equations become

(9.9-24)

with

(9.9-25)

The solutions of the coupled mode-equations (9.9-22) for the general 
case (n1 ≠ n2) are very complicated and will not be discussed here. For the 
case when n1 = n2 = n, the general solution of the coupled-mode equations 
is given by 

where C1 and C2 are arbitrary functions. Let the boundary condition at the 
input (ζ = 0) face of the crystal be

These conditions correspond to the case where the input polarizer is parallel 
to ê1 (one of the unperturbed principal axes).

(9.9-26)

(9.9-27)
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Let ζ = 0 in Equation (9.9-26), then the boundary condition (9.1-27) 
becomes

(9.9-28)

This gives at ζ = 0

(9.9-29)

Equation (9.9-29) gives the functions C1 and C2 at ζ = 0. Since C1 and C2 
are, in general, functions of ζ - (c/n)t, they are given by

(9.9-30)

Substituting Equation (9.9-30) into Equation (9.9-26), the mode amplitudes 
become

(9.9-31)

Using next the trigonometric identity 

and the relation km = (ωm/c)nm, the mode amplitudes at the output plane 
(ξ = L) of the crystal become

(9.9-32)
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Problems

9.1 Derive the equations of the ellipses traced during one period by the 

optical field vector as shown in Figure 9-3(c) for

where

(9.9-33)

and Φ is given by Equation (9.9-14). We notice that δ in Equation (9.9-33) 
is identical to the phase modulation index (9.9-13) in its dependence on the 
length of the crystal L. Therefore, all the discussion of the phase-velocity 
matching for phase modulation can also be applied to amplitude modulation. 
In particular, maximum modulation occurs when condition (9.9-17) is sat
isfied and the maximum modulation depth is given by

(9.9-34)

It is interesting to compare the final result (9.9-32) with our previous 
formalism that led to (9.3-2) and (9.3-3). We associate the direction x of 
Figure 9-4 with the direction "1" of this section and y with "2." Using 
Γ(t) = Γm sin ωmt after reverting to real-time notation

(9.9-35)

(9.9-36)

If we use the definition (9.2-4), we have Γm/2 = κL. It follows that Equations 
(9.9-35, 9.9-36) reduce to the form of (9.9-32) for the phase-matched case 
n = nm, where δ = κL = Γm/2. Equations (9.9-35, 9.9-36), however, account 
accurately for the important case when n ≠ nm, i.e., the phase velocity of 
the modulation field is different from that of the optical wave. The "exact" 
analysis also gives us the correct form of the phase delay φ.

9.2 Discuss the consequence of the field-independent retardation (ωl/c0) 
(n0 - ne) in Equation (9.5-1) on an amplitude modulator such as that shown 
in Figure 9-4.

9.3 Use the Bessel-function expansion of sin [a sin x] to express (9.3-7) in 
terms of the harmonics of the modulation frequency ωm. Plot the ratio of
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the third harmonic (3ωm) of the output intensity to the fundamental as a 
function of Γm. What is the maximum allowed Γm if this ratio is not to exceed 
10-2? (Answer: Γm < 0.5.)

9.4 Show that, if a phase-modulated optical wave is incident on a square- 
law detector, the output contains no alternating currents.

9.5 Using References [4] and [5], design a partially loaded KDP traveling 
wave phase modulator that operates at vm = 109 Hz and yields a peak phase 
excursion of δ = π/3. What is the modulation power?

9.6 Derive the expression [similar to Equation (9.6-2)] for the modulation 
power of a transverse 43m crystal electrooptic modulator of the type de- 
scribed in the Appendix C.

9.7 Derive an expression for the modulation power requirement [corre- 
sponding to Equation (9.6-2)] for a GaAs transverse modulator.

9.8 Show that if a ray propagates at an angle θ(<l) to the z axis in the 
arrangement of Figure 9-4, it exercises a birefringent contribution to the 
retardation.

which corresponds to a change in index

9.9 Derive an approximate expression for the maximum allowable beam- 
spreading angle in Problem 9.8 for which ΔΓbirefringent does not interfere with 
the operation of the modulator. Answer:

9.10 Consider the index ellipsoid S defined by

Show that the vector N defined by 

is perpendicular to S at the point (x1, x2, x3) on S.

9.11 Consider the case of a KH2PO4(KDP) crystal with an applied field along 
the x axis. Show that in the new principal dielectric axes coordinate system 
(x', y', z'), x' coincides with x while y' and z' are in the y-z plane, but 
rotated from their original positions by θ, where
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Show that in the x, y', z' system the equation for the index ellipsoid is

c. Obtain the (approximate) optical spectrum of the output beam.
d. Derive the intensity modulation characteristics

for the general case.
e. Using the results from d, determine how we can obtain a nearly linear 

modulation response in which the detected photocurrent, Idet ∝ |Erec|2, is 
proportional to the modulation signal δcosωmt.

9.13 In Section 9.1 show that the three principal vectors X', X", and X'" are 
perpendicular to each other.

9.14 Let x, y, z be the principal dielectric axes of a crystal with dielectric 
tensor elements exx, eyy, ezz. Consider a new coordinate system ξ, η, z where 
ξ and η are rotated at an angle θ about the z axis (the z axis is the same in 
both systems). Show that the ε tensor in the new system is

ξ η z

ξ εxx + δ sin2 θ δ/2 sin (2θ) 0
η δ/2 sin (2θ) εxx + δ cos2 θ 0
z 0 0 εzz

9.12 An optical beam with amplitude E0 and frequency ω/2π is split, equally, 
in two. One of the beams is left as is, white the other is phase modulated 
according to

The two beams are then recombined coherently (the whole procedure can 
be accomplished by a Michelson-Morley, or a Mach-Zehnder, interfer
ometer with a phase modulator placed in one arm).

a. Express the recombined field in the form

b. Show that for a = π/2, δ ≪ 1
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where δ ≡ εyy - εxx.

9.15 Consider a crystal with principal dielectric axes x, y, z and correspond
ing εxx, εyy, εzz. Let the application of an electric field (or strain) cause an 
off-diagonal element εzy to appear.

a. Show the new principal dielectric axes are rotated about the x axis by an 
angle

b. Describe how you will use the waveguide as: (1) an amplitude modulator, 
(2) a phase modulator. Calculate the requisite modulation voltage assum- 
ing a width in the z direction of 5 μm and λ = 0.6328 μm.

9.17

a. Design a polarization switch (mode coupler) TE→TM using LiNbO3, the 
crystal geometry of problem 9.15, and a dc field parallel to the x axis. 
Show how you can overcome the velocity mismatch problem (n0 ≠ ne) 
by using a spatially periodic dc field

b. Show that in KDP the application of a dc field E = êxEx causes a rotation 
β of the z and y principal axes about the x axis where

9.16

a. Design an electrooptic waveguide modulator in a LiTaO3 crystal as shown.

Show that the phase retardation Γ ≡ θΤΕ — θΤΜ is given by

with a proper choice of the period Λ.
b. What is the value of Λ at 1 = 1.15 μm? (See Table 9-2 for dispersion 

data.)
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10
Noise in Optical

Detection and 

Generation

10.0 INTRODUCTION

In this chapter we study the effect of noise in a number of important physical 
processes. We will take the term noise to represent random electromagnetic 
fields occupying the same spectral region as that occupied by some "signal." 
The effect of noise will be considered in the following cases.

1. Measurement of optical power. In this case the noise causes fluctua
tions in the measurement, thus placing a lower limit on the smallest 
amount of power that can be measured.

2. Linewidth of laser oscillators. The presence of incoherent spontaneous 
emission power will be found to be the cause for a finite amount of 
spectral line broadening in the output of single-mode laser oscillators. 
This broadening manifests itself as a limited coherence time.

3. Optical communication system. We will consider the case of an optical 
communication system using a binary pulse code modulation in which 
the information is carried by means of a string of 1 and 0 pulses. The 
presence of noise will be shown to lead to a certain probability that any 
given pulse in the reconstructed train pulse is in error.

In this chapter we consider optical detectors utilizing light-generated 
charge carriers. These include the photomultiplier, the photoconductive de- 
tector, the p-n junction photodiode, and the avalanche photodiode. These 
detectors are the main ones used in the field of quantum electronics, because 
they combine high sensitivity with very short response times. Other types 
of detectors, such as bolometers, Golay cells, and thermocouples, whose 

355
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operation depends on temperature changes induced by the absorbed radia- 
tion, will not be discussed.1

Two types of noise will be discussed in detail. The first type is thermal 
(Johnson) noise, which represents noise power generated by thermally ag- 
itated charge carriers. The expression for this noise will be derived by using 
the conventional thermodynamic treatment as well as by a statistical analysis 
of a particular model in which the physical origin of the noise is more 
apparent. The second type, shot noise (or generation-recombination noise 
in photoconductive detectors), is attributable to the random way in which 
electrons are emitted or generated in the process of interacting with a ra- 
diation field. This noise exists even at zero temperature, where thermal 
agitation or generation of carriers can be neglected. In this case it results 
from the randomness with which carriers are generated by the very signal 
that is measured. Detection in the limit of signal-generated shot noise is 
called quantum-limited detection, since the corresponding sensitivity is that 
allowed by the uncertainty principle in quantum mechanics. This point will 
be brought out in the next chapter.

1The interested reader will find a good description of these devices in Reference [6].

10.1 LIMITATIONS DUE TO NOISE POWER

Measurement of Optical Power

Consider the problem of measuring an optical signal field

(10.1-1)

in the presence of a noise field. The instantaneous noise field that adds to 
that of the signal can be taken as the sum of an in-phase component and a 
quadrature component according to

(10.1-2)

where VNC(t) and VNS(t) are slowly [compared to exp (iωt)] varying random 
uncorrelated quantities with a zero mean. The total field at the detector 
v(t) = vS(t) + vN(t) can be written as

(10.1-3)

(10.1-4)

The total (signal plus noise) field phasor V(t) is shown in Figure 10-1.
In most situations of interest to optical detection the sources of noise 

are due to the concerted action of a large number of independent agents. In 
this case the central limit theorem of statistics [1] tells us that the probability 
function for finding VNC(t) at time t between VNC and VNC + dVNC is de
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Figure 10-1 A phasor diagram showing the total (signal plus noise) field phasor V(t) 
at time t. The instantaneous field is given by the horizontal projection of 
V(t) exp (iωt).

scribed by a Gaussian

(10.1-5)

and by a similar expression in which VNS replaces VNC for p(VNS). Since 
VNC(t) has a unity probability of having some value between -∞ and ∞, it 
follows that

(10.1-6)

It follows from (10.1-5) that VNC, the ensemble average2 (denoted by a 
horizontal bar) of VNC, is zero,3 whereas the mean square value is

2The ensemble average A(t) of a quantity A(t) is obtained by measuring A simultaneously at 
time t in a very large number of systems that, to the best of our knowledge, are identical. 
Mathematically, 

where An(t) denotes the observation in the nth system. In a truly random phenomenon, the 
time averaging and ensemble averaging lead to the same result, so the ensemble average is 
independent of the time t in which it is performed and can also be obtained from

where p(A) is the probability function, in the sense of (10.1-5), of the variable A.
3The reason for VNC(t) = 0 can be appreciated from Figure 10-1. VNC(t) has an equal probability 
of being in phase with Vs as of being out phase, thus averaging out to zero.
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Figure 10-2 The intermingling of noise power with that of a signal causes the total 
power to fluctuate. The rms fluctuation ΔP limits the accuracy of power 
measurements.

(10.1-7)

The "power" in v(t) is obtained using (1.1-12) as

(10.1-8)

where use has been made of the fact that VNC = 0 and of (10.1-7).
The physical significance of the time-varying power P(t) and its long- 

time (or ensemble) average P is illustrated by Figure 10-2.
It is clear from the fluctuating nature of P(t) that any measurement of 

this power is subject to an uncertainty due to the random nature of VNC and 
VNS in (10.1-8). As a measure of the uncertainty in power measurement, we 
may reasonably take the root mean square (rms) power deviation

The ensemble average (or long time average) of P(t) is

(10.1-8a)

Using (10.1-8) and (10. 1-8a), we obtain after some algebra

(10.1-9)

Using (10.1-5) we obtain

(10.1-10)

so that using V2NC = V2NS = σ2 in (10.1-9) results in

(10.1-11)

where according to (10.1-8) we may associate Ps = V2S with the signal power
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that is, the power that would be measured if VNC and VNS were, hypothet
ically, rendered zero.

A question of practical importance involves the minimum signal power 
that can be measured in the presence of noise. We may, somewhat arbitrarily, 
take this power Plimit to be that at which the uncertainty ΔP becomes equal 
to the signal power Ps. At this point we have from (10.1-11)

(10.2-4)

or, after solving for Plimit,

(10.1-12)

where PN = 2σ2 = V2NC + V2NS is the noise power. Widespread convention 
chooses to define the minimum detectable signal power as equal to PN instead 
of 2.414 PN, as obtained above. This simplification is understandable, since 
our choice of the limit of detectability ΔP = Ps was somewhat arbitrary. In 
any case the main conclusion to remember is that near the limit of detectivity, 
the rms power fluctuation is comparable to the signal power. The next task, 
which will be taken up in this chapter and in Chapter 11, is to find out the 
main sources of noise power and consequently ways to minimize them. 
Before tackling this task, however, we need to develop some mathematical 
tools for dealing with random processes.

10.2 NOISE—BASIC DEFINITIONS AND THEOREMS

A real function v(t) and its Fourier transform V(ω) are related by

(10.2-1)

and (10.2-2)

In the process of measuring a signal v(t), we are not in a position to use 
the infinite time interval needed, according to (10.2-1), to evaluate V(ω). If 
the time duration of the measurement is T, we may consider the function 
v(t) to be zero when t ≤ — T/2 and t ≥ T/2 and, instead of (10.2-1), get

(10.2-3)

Since v(t) is real, it follows that

T is usually called the resolution or integration time of the system.



360 NOISE IN OPTICAL DETECTION AND GENERATION

Let us evaluate the average power P associated with v(t). Taking the 
instantaneous power as v2(t), we obtain4

4It may be convenient for this purpose to think of v(t) as the voltage across a one-ohm resistance.

(10.2-5)

Using (10.2-3) and (10.2-4) in the last equation and interchanging the order 
of integration leads to

(10.2-6)

or

(10.2-7)

where we used

If we define the spectral density function Sv(ω) of v(t) by

(10.2-8)

then, according to (10.2-7), Sv(ω)dω is the portion of the average power of 
v(t) that is due to frequency components between ω and ω + dω. According 
to this physical interpretation, we may measure Sv(ω) by separating the 
spectrum of v(t) into its various frequency classes as shown in Figure 10-3 
and then measuring the power output Sv(ωi)Δωi of each of the filters [2].

Wiener-Khintchine Theorem

We will next derive another formal result involving the spectral density 
function.

Consider the time average of the product of some field quantity v(t) with 
its delayed version v(t + τ)

(10.2-9)

The function Cv(τ) is termed the autocorrelation function of v(t). We use 
(10.2-2) to carry out the integration indicated in (10.2-9)

(10.2-10)
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Figure 10-3 Diagram illustrating how the spectral density function ST(ω) of a signal 
v(t) can be obtained by measuring the power due to different frequency intervals.

In the limit T → ∞,

(10.2-11)

so that

(10.2-12)

The quantity 4π|VT(ω)|2/T is, according to (10.2-8), the spectral density func
tion of Sv(ω) of v(t), so that

(10.2-13)

so that using (10.2-1)

(10.2-14)

The last two equations state that the spectral density function Sv(ω) and the
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autocorrelation function Cv(τ) form a Fourier transform pair. This result is 
one of the more important theoretical and practical tools of information 
theory and of the mathematics of random processes, and it is known, after 
the American and Russian mathematicians who, independently, formulated 
it, as the Wiener-Khintchine theorem. Its main importance for our purposes 
lies in the fact that it is often easier to obtain, experimentally or theoretically, 
Cv(τ) rather than Sv(ω), so that Sv(ω) is derived by a Fourier transformation 
of Cv(τ).

Consider a time-dependent random variable i(t) made up of a very large 
number of individual events f(t - ti) that occur at random times ti.5 An 
observation of i(t) during a period T will yield

5This means that the a priori probability that a given event will occur in any time interval is 
distributed uniformly over the interval, or equivalently, that the probability p(n) for n events 
to occur in an observation period T is given by the Poisson distribution function [2]

where n is the average number of events occurring in T.

6We assume that the individual event f (t - ti) is over in a short time compared to the observation 
period T, so the integration limits can be taken as —∞ to ∞ instead of 0 to T.

10.3 THE SPECTRAL DENSITY FUNCTION OF A TRAIN 
OF RANDOMLY OCCURRING EVENTS

(10.3-1)

where NT is the total number of events occurring in T. Typical examples of 
a random function i(t) are provided by the thermionic emission current from 
a hot cathode (under temperature-limited conditions), or the electron current 
caused by photoemission from a surface. In these cases f(t - ti) represents 
the current resulting from a single electron emission occurring at ti.

The Fourier transform of iT(t) is given according to (10.2-3) by

(10.3-2)

where Fi(ω) is the Fourier transform6 of f(t - ti)

(10.3-3)
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The fast result is known as Carson's theorem and its usefulness will be 
demonstrated in the following sections where we employ it in deriving the 
spectral density function associated with a number of different physical 
processes related to optical detection.

Equation (10.3-7) was derived for the case in which the individual events 
f(t - ti) were displaced in time but were otherwise identical. There are 
physical situations in which the individual events may depend on one or 
more additional parameters. Denoting the parameter (or group of parameters) 
as α, we can clearly single out the subclass of events fα(t - ti) whose α is 
nearly the same and use (10.3-7) to obtain directly

(10.3-8)

for the contribution of this subclass of events to S(v). Fα(ω) is the Fourier 
transform of fα(t), and thus N(α)Δα is the average number of events per 
second whose α parameter falls between α and α + Δα.

From (10.3-2) and (10.3-3) we obtain

(10.3-4)

If we take the average of (10.3-4) over an ensemble of a very large number 
of physically identical systems, the second term on the right side of (10.3-4) 
can be neglected in comparison to NT, since the times ti are random. This 
results in

(10.3-5)

where the horizontal bar denotes ensemble averaging and where N is the 
average rate at which the events occur so that NT = NT. The spectral density 
function ST(ω) of the function iτ(t) is given according to (10.2-8) and (10.3-5) 
as

(10.3-6)

In practice, one uses more often the spectral density function S(v) defined 
so that the average power due to frequencies between v and v + dv is equal 
to S(v) dv. It follows then, that S(v) dv = S(ω) dω; thus, since ω = 2πv,

(10.3-7)
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The probability distribution function for α is p(α) = N(α)/N; therefore,

(10.3-9)

where the bar denotes averaging over α. Equation (10.3-10) is thus the 
extension of (10.3-7) to the case of events whose characterization involves, 
in addition to their time ti, some added parameters. We will use it further 
in this chapter to derive the noise spectrum of photoconductive detectors 
in which case α is the lifetime of the excited photocarriers.

Let us consider the spectral density function of current arising from random 
generation and flow of mobile charge carriers. This current is identified with 
"shot noise." To be specific, we consider the case illustrated in Figure 10-4, 
in which electrons are released at random into the vacuum from electrode

Figure 10-4 Random electron flow between two electrodes. This basic 
configuration is used in the derivation of shot noise.

Summing (10.3-8) over all classes a and weighting each class by the prob- 
ability p(α) Δα of its occurrence, we obtain

(10.3-10)

10.4 SHOT NOISE [3]
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A to be collected at electrode B, which is maintained at a slight positive 
potential relative to A.

The average rate N of electron emission from A is N = I/e, where I is 
the average current and the electronic charge is taken as -e. The current 
pulse due to a single electron as observed in the external circuit is

(10.4-1)

(10.4-3)

where x is the position of the charged sheet measured from the left electrode. 
The current in the external circuit due to a single electron is thus

(10.4-4)

in agreement with (10.4-1).

Figure 10-5 Induced charges and field lines due to a thin charge layer between the 
electrodes.

where v(t) is the instantaneous velocity and d is the separation between A 
and B. To prove (10.4-1), consider the case in which the moving electron is 
replaced by a thin sheet of a very large area and of total charge -e moving 
between the plates, as illustrated in Figure 10-5.

It is a simple matter to show (see Problem 10.1), using the relation 
▽ ⋅ E = ρ/e, that the charge induced by the moving sheet on the left electrode 
is

(10.4-2)

and that on the right electrode is
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The Fourier transform of a single current pulse is

(10.4-5)

where ta is the arrival time of an electron emitted at t = 0. If the transit time 
of an electron is sufficiently small that, at the frequency of interest ω,

(10.4-6)

i.e., ie(t) ∝ δ(t), we can replace exp (-iωt) in (10.4-5) by unity and obtain

(10.4-7)

since x(ta) is, by definition, equal to d. Using (10.4-7) in (10.3-7) and recalling 
that I = eN gives

(10.4-8)

The power (in the sense of 10.2-5) in the frequency interval v to v + Δv 
associated with the current is, according to the discussion following (10.2-8), 
given by S(v) Δv. It is convenient to represent this power by an equivalent 
noise generator at v with a mean-square current amplitude

(10.4-9)

The noise mechanism described above is referred to as shot noise.
It is interesting to note that e in (10.4-9) is the charge of the particle 

responsible for the current flow. If, hypothetically, these carriers had a 
charge of 2e, then at the same average current I the shot-noise power would 
double. Conversely, shot noise would disappear if the magnitude of an in- 
dividual charge tended to zero. This is a reflection of the fact that shot noise 
is caused by fluctuations in the current that are due to the discreteness of 
the charge carriers and to the random electronic emission (for which the 
number of electrons emitted per unit time obey Poisson statistics [2]). The 
ratio of the fluctuations to the average current decreases with increasing 
number of events.7

Another point to remember is that, in spite of the appearance of I on 
the right side of (10.4-9), i2N(v) represents an alternating current with fre- 
quencies near v.

7More precisely, for events obeying Poisson statistics we have (Reference [1] or derivable 
directly from footnote 5) 

where N is the number of events in an observation time, N is the average value of N, and 
(ΔN)2 ≡ (N - N)2.
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Johnson, or Nyquist noise describes the fluctuations in the voltage across a 
dissipative circuit element; see References [4, 5]. These fluctuations are most 
often caused by the thermal motion of the charge carriers.8 The charge 
neutrality of an electrical resistance is satisfied when we consider the whole 
volume, but locally the random thermal motion of the carriers sets up fluc- 
tuating charge gradients and, correspondingly, a fluctuating (ac) voltage. If 
we now connect a second resistance across the first one, the thermally 
induced voltage described above will give rise to a current and hence to a 
power transfer to the second resistor.9 This is the so-called Johnson noise, 
whose derivation follows.

Consider the case illustrated in Figure 10-6 of a transmission line con- 
nected between two similar resistances R, which are maintained at the same 
temperature T. We choose the resistance R to be equal to the characteristic 
impedance Z0 of the lines, so that no reflection can take place at the ends. 
The transmission line can support traveling voltage waves of the form

8We use the word "carriers" rather than "electrons" to include cases of ionic conduction or 
conduction by holes.
9The same argument applies to the second resistor, so at thermal equilibrium the net power 
leaving each resistor is zero.
10This seemingly arbitrary type of boundary condition is used extensively in similar situations 
in thermodynamics to derive the blackbody radiation density, or in solid-state physics to derive 
the density of electronic states in crystals.

Figure 10-6 Lossless transmission line of characteristic impedance Zo connected 
between two matched loads (R = Z0) at temperature T.

10.5 JOHNSON NOISE

(10.5-1)

where k = 2π/λ and the phase velocity is c = ω/k.
For simplicity we require that the allowed solutions be periodic in the 

distance L,10 so if we extend the solution outside the limits 0 ≤ z ≤ L we
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and the number of modes having their k values somewhere between zero 
and +k is11

or, using k = 2πv/c, we obtain

for the number of positively traveling modes with frequencies between zero 
and V.

The number of modes per unit frequency interval is

(10.5-5)

Consider the power flowing in the +z direction across some arbitrary 
plane, A - A' say. It is clear that due to the lack of reflection this power 
must originate in R2. Since the power is carried by the electromagnetic modes 
of the system, we have

We find, taking the velocity of light as c, that the power P due to frequencies 
between v and v + Δv is given by

or

(10.5-6)

11Negative k values correspond, according to (10.5-1), to waves traveling in the -z direction. 
Our bookkeeping is thus limited to modes carrying power in the +z direction.

obtain

This condition is fulfilled when

(10.5-2)

Therefore, two adjacent modes differ in their value of k by

(10.5-3)

(10.5-4)
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where we used the fact that in thermal equilibrium the energy of a mode is 
given by [7]

(10.5-7)

This result is also obtained in Appendix D from a different point of view. 
An equal amount of noise power is, of course, generated in the right resistor 
and is dissipated in the left one, so in thermal equilibrium the net power 
crossing any plane is zero.

The power given by (10.5-6) represents the maximum noise power avail- 
able from the resistance, since it is delivered to a matched load. If the load 
connected across R has a resistance different from R, the noise power de
livered is less than that given by (10.5-6). The noise-power bookkeeping is 
done correctly if the resistance R appearing in a circuit is replaced by either 
one of the following two equivalent circuits: a noise generator in series with 
R with mean-square voltage amplitude

(10.5-8)

or a noise current generator of mean square value

(10.5-9)

in parallel with R. The noise representations of the resistor are shown in 
Figure 10-7. There are numerous other derivations of the formula for Johnson 
noise. For derivations using lumped-circuit concepts and an antenna ex- 
ample, the reader is referred to References [6, 7], respectively.

Statistical Derivation of Johnson Noise

The derivation of Johnson noise leading to (10.5-6) leans heavily on ther
modynamic and Statistical mechanics considerations. It may be instructive 
to obtain this result using a physical model for a resistance and applying the

Figure 10-7 (a) Voltage and (b) current noise equivalent circuits of a resistance.
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mathematical tools developed in this chapter. The model used is shown in 
Figure 10-8.

The resistor consists of a medium of volume V = Ad, which contains 
N free electrons per unit volume. In addition, there are N positively charged 
ions, which preserve the (average) charge neutrality. The electrons move 
about randomly with an average kinetic energy per electron of

where m is the mass of the electron.13 The sample dc resistance is thus

(10.5-12)

while its ac resistance R(ω) is md(1 + ω2τ2)/Ne2τ0A.
We apply next the results of Section 10.3 to the problem and choose as 

our basic single event the current pulse ie(t) in the external circuit due to 
the motion of one electron between two successive scattering events. Using 
(10.4-1), we write

(10.5-13)

12The derivation of (10.5-11) can be found in any introductory book on solid-state physics.
13In a semiconductor we use the effective mass of the charge carrier.

Figure 10-8 Model of a resistance used in deriving the Johnson-noise formula.

(10.5-10)

where v2x = v2y = v2z refer to thermal averages. A variety of scattering mech
anisms including electron-electron, electron-ion, and electron-phonon col
lisions act to interrupt the electron motion at an average rate of τ0-1 times 
per second. τ0 is thus the mean scattering time. These scattering mechanisms 
are responsible for the electrical resistance and give rise to a dc conductivity12

(10.5-11)
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where vx is the x component of the velocity (assumed constant) and where 
τ is the scattering time of the electron under observation. Taking the Fourier 
transform of ie(t), we have

(10.5-14)

from which

(10.5-15)

According to (10.3-10) we need to average |Ie(ω, τ, vx)|2 over the parameters 
τ and vx. We assume that τ and vx are independent variables—that is, that 
the probability function

The second averaging over v2x is particularly simple, since it results in the 
replacement of v2x in (10.5-17) by its average v2x, which, for a sample at thermal 
equilibrium, is given according to (10.5-10) by v2x = kT/m. The final result 
is then

(10.5-18)

14If the collision probability per carrier per unit times is 1/τ0 and q(t) is the probability that an 
electron has not collided by time t, we have:

Taking g(τ) dτ as the probability that a collision will occur between τ and τ + dτ, it follows

as in (10.5-16).

is the product of the individual probabilities [1]—and take g(τ) as14

(10.5-16)

and, performing the averaging over τ, obtain

(10.5-17)

and thus
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The average number of scattering events per second N is equal to the total 
number of electrons NV divided by the mean scattering time τ0

thus, from (10.3-10), we obtain

and, after using (10.5-12) and limiting ourselves as in (10.4-6) to frequencies 
where ωτ0 ≪ 1, we get

(10.5-20)

in agreement with (10.5-9).

Another type of noise that plays an important role in quantum electronics 
is that of spontaneous emission in laser oscillators and amplifiers. As shown 
in Chapter 5, a necessary condition for laser amplification is that the atomic 
population of a pair of levels 1 and 2 be inverted. If E2 > E1, gain occurs 
when N2 > N1. Assume that an optical wave with frequency v ≃ (E2 - E1)/h 
is propagating through an inverted population medium. This wave will grow 
coherently due to the effect of stimulated emission. In addition, its radiation 
will be contaminated by noise radiation caused by spontaneous emission 
from level 2 to level 1. Some of the radiation emitted by the spontaneous 
emission will propagate very nearly along the same direction as that of the 
stimulated emission and cannot be separated from it. This has two main 
consequences. First, the laser output has a finite spectral width. This effect 
is described in this section. Second, the signal-to-noise ratio achievable at 
the output of laser amplifiers [7] is limited because of the intermingling of 
spontaneous emission noise power with that of the amplified signal. (See 
Figure 10-9 and Appendix D.)

Returning to the case of a laser oscillator, we represent it by an RLC 
circuit, as shown in Figure 10-10. The presence of the laser medium with

Figure 10-9 An atomic transition with N2 > N1 providing gain for laser oscillation.

(10.5-19)

10.6 SPONTANEOUS EMISSION NOISE IN LASER OSCILLATORS
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negative loss (that is, gain) is accounted for by including a negative con- 
ductance -Gm while the ordinary loss mechanisms described in Chapter 6 
are represented by the positive conductance G0. The noise generator asso- 
ciated with the losses G0 is given according to (10.5-9) as

where T is the actual temperature of the losses. Spontaneous emission is 
represented by a similar expression15

where the term (-Gm) represents negative losses and Tm is a temperature 
determined by the population ratio according to

Since N2 > N1, then Tm < 0, (i2N) in (10.6-1) is positive definite.
Although a detailed justification of (10.6-1) is outside the scope of the 

present treatment, a strong case for its plausibility can be made by noting 
that since Gm ∝ N2 — N1, (i2N) in (10.6-1) can be written, using (10.6-2), as16

(10.6-3)

and is thus proportional to N2. This makes sense, since spontaneous emission 
power is due to 2 → 1 transitions and should consequently be proportional 
to N2.

15The 2π factor appearing in the denominators of i2N is due to the fact that here we use i2N(ω) 
instead of i2N(v) with

(10.6-1)

(10.6-2)

16The proportionality of Gm to N2 - N1 can be justified by noting that in the equivalent circuit 
(Figure 10-10) the stimulated emission power is given by v2Gm where v is the voltage. Using 
the field approach, this power is proportional to E2(N2 - N1) where E is the field amplitude. 
Since υ is proportional to E, Gm is proportional to N2 - N1.
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Returning to the equivalent circuit, its quality factor Q is given by

(10.6-4)

where ω20 = (LC)-1. The circuit impedance is

(10.6-5)

so the voltage across this impedance due to a current source with a complex 
amplitude I(ω) is

(10.6-6)

which, near ω = ω0, becomes

(10.6-7)

The current sources driving the resonant circuit are those shown in Figure 
10-10; since they are not correlated, we may take |I(ω)|2 as the sum of their 
mean-square values

(10.6-8)

where in the first term inside the square brackets we used (10.6-2). In the 
optical region, λ = 1 μm say, and for T = 300°K we have ħω/kT ≃ 50; thus, 
since near oscillation Gm ≃ G0, we may neglect the thermal (Johnson) noise 
term in (10.6-8), thereby obtaining

between the half-intensity points. The trouble is that, though correct, (10.6-10) 
is not of much use in practice. The reason is that according to (10.6-4), Q-1 
is equal to the difference of two nearly equal quantities neither of which is 
known with high enough accuracy. We can avoid this difficulty by showing 
that Q is related to the laser power output, and thus Δω may be expressed 
in terms of the power.

(10.6-9)

Equation (10.6-9) represents the spectral distribution of the laser output. If 
we subject the output to high-resolution spectral analysis, we should, ac- 
cording to (10.6-9), measure a linewidth

(10.6-10)
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The total optical oscillation power extracted from the atoms comprising 
the laser is

Since the integrand peaks sharply near ω ≃ ω0, we may replace ω in the 
numerator of (10.6-11) by ω0 and after integration obtain

(10.6-12)

which is the desired result linking P to Q. In a laser oscillator the gain very 
nearly equals the loss, or in our notation, Gm ≃ G0. Using this result in 
(10.6-12), we obtain

which, when substituted in (10.6-10), yields

(10.6-13)

where Δv1/2 is the full width of the passive cavity resonance given in (4.7-6) 
as Δv1/2 = v0/Q0 = (1/2π)(G0/C). It is worthwhile to recall here that Δv 
represents, in the quantum limit, the laser field spectral width. The expres- 
sion (10.6-13) is known as the Schawlow-Townes linewidth after the two 
American co-inventors of the laser [18] who first derived it.

Equation (10.6-13) does not predict an inverse dependence of Δv on P, 
as may be deduced at a first glance, because of the dependence of N2 on P. 
For very large powers, P → ∞, N2 is proportional to P, while N2 - N1 
remains clamped at its threshold value. This leads to a residual power in- 
dependent value of Δv. To appreciate this argument qualitatively, we note 
that unless the lifetime t1 of the lower laser level is zero, as P increases, N1 
must increase since the increased (net)-induced transition rate into level 1 
must equal in steady state N1/t1, the rate of emptying of level 1. This causes 
the population N2 to increase in order to keep N2 - N1 and thus the gain, 
a constant. At sufficiently high values of P, N2 becomes and stays propor- 
tional to P and the ratio N2/P in (10.6-13) approaches a constant value, thus 
leading to a residual power independent linewidth.

To obtain the power dependence of the factor

(10.6-11)

we solve the rate equations for the atomic populations plus the equation for
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the photon number p(p = number of photons in the optical resonator)

(10.6-14)

(10.6-15)

where the subscript "th" indicates the value at threshold. The power output, 
including "wall losses" of the laser, is

(10.6-17)

which, when used together with (10.6-19) in (10.6-13) gives

(10.6-18)

where Δvgain is the linewidth of atomic transition responsible for the laser 
gain. V is the mode volume. In obtaining (10.6-18), we use

(10.6-19)

which is obtained from (6.1-11) if we put Δvgain = 1/g(v). The first term on 
the right-hand side of (10.6-18) is the conventional Schawlow-Townes 
expression containing the inverse P dependence. The second term is power 
independent and corresponds to a residual linewidth as P → ∞.

To get an idea of the magnitudes involved, we consider the case of a

The first two equations are similar to (5.6-3) and (5.6-4) with R1 = 0, 
t2 → tspont, R2 → R, Wi is the induced transition rate and N2, N1, representing 
the total atomic populations of the laser transition levels 2 and 1, respec- 
tively. The third equation is a conservation equation for the total number 
of photons. Wi is the induced transition rate. The photon lifetime tc is related 
to the cavity linewidth Δv1/2 by Δv1/2 = (2πtc)-1. At equilibrium, d/dt = 0, 
we can solve (10.6-14) to obtain

so that

(10.6-16)
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0.6328 μm He-Ne laser with mirror reflectivities of R = 0.99, a resonator 
length of 1 = 30 cm, and take t1/t2 = 0.1. We obtain

The derivation of the laser linewidth in Section 10.6 takes advantage of the 
highly sophisticated and efficient concepts and phenomena represented by 
the seemingly simple circuit model of a laser oscillator. The price we pay 
when taking this approach is a certain loss of physical insight into the mech- 
anisms whereby spontaneous emission affects the laser linewidth.

In this section we will derive the expression (10.6-13) for the laser 
linewidth using a different approach. This is done not only for pedagogic 
purposes, but because some of the interim results involving phase fluctua
tions are useful in their own right.

The Phase Noise

An ideal monochromatic radiation field can be written as

where ω0 the radian frequency, E0 the field amplitude, and θ are constant. 
A real field including that of lasers undergoes random phase and amplitude 
fluctuations that can be represented by writing

and

The residual linewidth thus dominates at power levels exceeding a few mil
liwatts.

10.7 PHASOR DERIVATION OF THE LASER LINEWIDTH

(10.7-1)

(10.7-2)

where E(t) and θ(t) vary only "slightly" during one optical period.
There are many reasons in a practical laser for the random fluctuation 

in amplitude and phase. Most of these can be reduced, in theory, to incon- 
sequence by various improvements such as ultrastabilization of the laser 
cavity length and the near elimination of microphonie and temperature vari- 
ations. There remains, however, a basic source of noise that is quantum 
mechanical in origin. This is due to spontaneous emission that continually 
causes new power to be added to the laser oscillation field. The electro- 
magnetic field represented by this new power, not being coherent with the 
old field, causes phase, as well as amplitude, fluctuations. These are re-
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sponsible ultimately for the deviation of the evolution of the laser field from 
that of an ideal monochromatic field, i.e., for the quantum mechanical noise.

Let us consider the effect of one spontaneous emission event on the 
electromagnetic field of a single oscillating laser mode. A field such as (10.7-1) 
can be represented by a phasor of length E0 rotating with an angular (radian) 
rate ω0. In a frame rotating at ω0 we would see a constant vector E0. Since 
E20 ∝ n, the average number of quanta in the mode, we shall represent the 
laser field phasor before a spontaneous emission event by a phasor of length 
√n as in Figure 10-11. The spontaneous emission adds one photon to the 
field, and this is represented, according to our conversion, by an incremental 
vector of unity length. Since this field increment is not correlated in phase 
with the original field, the angle φ is a random variable (i.e., it is distributed 
uniformly between zero and 2π). The resulting change Δθ of the field phase 
can be approximated for n ≫ 1 by

Figure 10-11 The phasor model for the effect of a single spontaneous emission 
event on the laser field phase.

(10.7-3)

Next consider the effect of N spontaneous emissions on the phase of the 
laser field. The problem is one of random walk, since φ may assume with 
equal probability any value between 0 and 2π. We can then write

(10.7-4)

and from (10.7-3)

where ( ) denotes an ensemble average taken over a very large number of 
individual emission events.

Equation (10.7-4) is a statement of the fact that in a random walk problem 
the mean squared distance traversed after N steps is the square of the size
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of one step times N. The mean deviation (Δθ(N)) after N spontaneous 
emissions is, of course, zero. Any one experiment, however, will yield a 
nonzero result. The mean squared deviation is thus nonzero and is a measure 
of the phase fluctuation. To obtain the root-mean-square (rms) phase devia- 
tion in a time t, we need to calculate the average number of spontaneous 
emission events N(t) into a single laser mode in a time t.

The total number of spontaneous transitions per second into all modes 
is N2/tspont, where N2 is the total number of atoms in the upper laser level 
2 and tspont is the spontaneous lifetime of an atom in 2. The total number of 
transitions per second into one mode is thus 

is the number of modes interacting with the laser transition, i.e., partaking 
in the spontaneous emission. V is the mode volume, and Δ v is the linewidth 
of the atomic transition responsible for the laser gain. We can rewrite (10.7-5) 
as

(10.7-9)

We recall here that in an ideal four-level laser N1 = 0 and ΔNt = N2, i.e., 
μ = 1. In a three-level laser, on the other hand, μ can be appreciably larger 
than unity. In a ruby laser at room temperature, for example (see Section 
7.3), μ ≃ 50. This reflects the fact that for a given gain the total excited 
population N2 of a three-level laser must exceed that of a four-level laser 
by the factor μ, since gain is proportional to N2 - N1. Equation (10.7-8) is

(10.7-5)

where

(10.7-6)

(10.7-7)

where ΔN, is the population inversion (N2 - N1) at threshold. Next we use 
the result (6.1-11)

where tc is the photon lifetime in the resonator, and obtain

(10.7-8)

The number of spontaneous transitions into a single mode in a time τ is thus
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also equivalent to stating that above threshold there are μ spontaneously 
emitted photons present in a laser mode.

Using (10.7-9) in (10.7-4), we obtain for the root-mean-square phase 
deviation after τ seconds

The maximum time t available for such an experiment is the integration 
time T of the measuring apparatus so that

(10.7-10)

The rms frequency excursion caused by Δθ is

(10.7-11)

We can cast the last result in a more familiar form by using the relations

(10.7-11a)

Here Pe is the power emitted by the atoms (i.e., the sum of the useful power 
output plus any power lost by scattering and absorption), and B is the band- 
width in hertz of the phase-measuring apparatus. The result is

From the experimental point of view (Δω)RMS is the root-mean-square 
deviation of the reading of an instrument whose output is the frequency 
ω(t) ≡ dθ/dt. We will leave it as an exercise (Problem 10.11) for the student 
to design an experiment that measures (Δω)RMS.

Ring laser gyroscopes sense rotation by comparing the oscillation fre- 
quencies of two counter-propagating modes in a rotating ring resonator. Their 
sensitivity, i.e., the smallest rotation rate that they can sense, is thus limited 
by any uncertainty Δω in the laser frequency. Experiments have indeed 
demonstrated a rotation measuring sensitivity approaching the quantum limit 
as given by (10.7-12).

The Laser Field Spectrum

Next we address the case where one measures directly the spectrum of the 
optical field

(10.7-13)

(10.7-12)
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using, say, a scanning Fabry-Perot etalon. If the etalon has a sufficiently 
high spectral resolution, the measurement should yield the spectral density 
function Sε(ω) of the laser field. We will, consequently, proceed to obtain 
an expression for this quantity. We make use of the Wiener-Khintchine 
theorem (10.2-14) according to which Sε(ω) is the Fourier integral transform 
of the field autocorrelation function Cε(τ)

(10.7-14)

(10.7-15)

where the symbol ( ) represents an ensemble, or time, average. 
Using (10.7-13) we obtain

since it corresponds to averaging a signal oscillating at twice the optical 
frequency over many periods. So if we keep only the slowly varying terms 
in Cℰ(τ), we obtain

(10.7-18)

(10.7-21)

(10.7-16)

Now, for example,

(10.7-17)

(10.7-19)

The main contributions to the laser noise are due to fluctuations of the 
phase θ(t) and not the amplitude E(t), since the amplitude fluctuations are 
kept negligibly small by gain saturation. Taking advantage of this fact, we 
write ‹E*(t)E(t + τ)› = ‹E2› ≈ constant so that

(10.7-20)

Given a (normalized) probability distribution function for Δθ, g(Δθ), the 
expectation value of exp {iΔθ(t, τ)} is obtained from
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Since the total phase excursion Δθ is the net result of many small and 
statistically independent (spontaneous transitions) excursions, the central 
limit theorem of statistics applies, and g(Δθ) is a Gaussian, which we write 
as

(10.7-22)

where

(10.7-23)

Using (10.7-22) in (10.7-21), we obtain

(10.7-24)

where in order to obtain the last result, we used (10.7-10) with T = τ. Using 
(10.7-24) in (10.7-20),

(10.7-25)

The spectral density function of the laser field Sℰ(ω), the quantity ob- 
served by a spectral analysis of the field, is given according to (10.7-14) and 
(10.7-25) by

(10.7-27)

We have defined in (10.2-7) the spectral density function in such a way 
that only positive frequencies need to be considered. For ω > 0 the second 
term on the right side of (10.7-27) contributes negligibly so that

(10.7-28)

which corresponds to a Lorentzian-shaped function centered on the nominal 
laser frequency ω0 with a full width at half-maximum of

Recalling that the total power emitted by the electrons is P = nħω0/tc 
and defining the passive resonator linewidth Δ v1/2 = (2πtc)-1, we can rewrite 
(10.7-29) using (10.7-1 la) as

(10.7-26)

(10.7-29)
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(10.7-30)

which, recalling the definition (10.7-8) of μ, is identical to (10.6-13).

Numerical Example: Linewidth of a He-Ne Laser and a Semiconductor Diode Laser

To obtain an order of magnitude estimate of the linewidth (Δv)laser predicted 
by (10.7-30), we will calculate it in the case of two largely different types of 
CW lasers: (1) a He-Ne laser and (2) a semiconductor GaInAsP laser.

1. He-Ne laser.

v = 4.741 × 1014 Hz (λ = 6328 Å)

l (distance between reflectors) = 100 cm
Loss = (1 - R) = 1% per pass

From these numbers we get

(i.e., tc = 3.2 × 10-7 s) and from (10.7-30), assuming μ = 1 (i.e., N1 ≪ 
N2),

(Δv)laser ≅ 2 × 10-3 Hz

at a power level P = 1 mW.
The predicted linewidth is thus so small as to be completely masked 

in almost all experimental situations by contributions due to extraneous 
causes, such as vibrations and temperature fluctuations.

2. Semiconductor laser. We use as a typical example the case of a GaInAsP 
(λ = 1.55 μm) laser with the following pertinent characteristics:

P = 3 mW
v = 1.935 × 1014 (λ0 = 1.55 μm)

R (reflectivity) = 30%
l = 300 μm

n = 3.5
μ = 3 (at T = 300 K)
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This results in Δv1/2 ~ 3 × 1010 (i.e., tc = 1/(2πΔv1/2) = 5 × 10-12 s) 
and

(Δv)laser = 0.817 × 106 Hz

The experimental curve of Figure 10-12 shows the predicted [Equation 
(10.7-30)] P-1 dependence of (Δv)laser, but the measured values of the line- 
width are larger by a factor of ~70 than those predicted by the analysis. 
This discrepancy has been studied by a number of investigators [20-22], 
who have shown that the analysis leading to (10.7-30) ignores the modulation 
of the index of refraction of the laser medium, which is due to fluctuations 
of the electron density caused by spontaneous emission. When this effect 
is included, the result is to multiply Equation (10.7-30) by the factor 

where Δn' and Δn" are, respectively, the changes in the real and imaginary 
parts of the index of refraction "seen" by the laser field due to some change 
in the electron density. The factor 1 + (Δn'Δn")2 can be calculated from 
measured parameters of the laser or measured directly [6]. Its value is ~30 
in typical cases, enough to reconcile the observed data of Figure 10-12 and 
the prediction of Equation (10.7-30).

Figure 10-12 The measured dependence of the spectral linewidth of a 
semiconductor laser on the power output. (After Reference [19].)

(10.7-31)
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The big difference, over nine orders of magnitude, between the limiting 
linewidth of conventional, say gas lasers and semiconductor lasers, is due 
mostly to the very short photon lifetime tc in semiconductor laser resonators. 
At a given power output we have from (10.7-30) (Δv)laser ∝ (Δv1/2)2 ∝ tc-2. In 
the above examples we obtained tc ≃ 3 × 10-8 s in the case of the He-Ne 
laser, and tc ≃ 5 × 10-12 s in the semiconductor laser. Since tc ~ ln/c(1 - 
R), the main hope for increasing tc in a semiconductor laser, thus decreasing 
the linewidth (Δv)laser, is to increase l by placing the laser in an external 
resonator and by using high reflectance mirrors R ~ 1. Semiconductor laser 
linewidths in the kilohertz regime are obtainable.

An actual (measured) GaAs/GaAlAs semiconductor laser, Lorentzian 
field spectrum is shown in Figure 10-13.

Figure 10-13 The measured Lorentzian field spectrum Sε(ω) of a semiconductor 
laser. (After Reference [19].)

(10.8-1) 

10.8 COHERENCE AND INTERFERENCE

In Section 10.7 [Equation (10.7-25)] we have derived the following expression 
for the autocorrelation function of the single-mode laser field
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where n is the number of photons inside the resonator, μ = N2/(N2 - N1) 
and tc is the photon lifetime (the decay time constant for the mode optical 
energy if the gain mechanism were turned off).

The parameter τc is called the coherence time of the laser field. According 
to (10.7-29) it is equal to 2/(Δω)laser where (Δω)laser is the laser output field 
linewidth. In practical terms it is the time duration during which we can 
count on the laser to act as a well-behaved sinusoidal oscillator with a well- 
defined phase. If we try and correlate (by means to be discussed below) the 
laser field with itself using a time delay exceeding τc, the result approaches 
zero. One form of a field ℰ(t) that will display this behavior is shown in 
Figure 10-14. The field undergoes a phase memory loss on the average every 
τc seconds. It is intuitively clear that performing the autocorrelation oper- 
ation as defined by the first equality of (10.8-1) will yield a result whose 
rough features agree with the form (cos ω0τ)e-τ/τc.

Next we will consider how the autocorrelation function Cℰ(τ) is obtained 
in practice. The configuration used most often is the Michelson interfer
ometer illustrated in Figure 10-15. An input field ℰi(t) is split into two com
ponents. One of these fields is delayed relative to the second by a time delay

The two fields are then incident on a square-law detector whose current 
constitutes the useful output of the experiment.

Assuming equal division of power, the total optical field at the detector 
plane is

Figure 10-14 A sinusoidal field whose phase coherence is interrupted on the 
average every τc seconds.

(10.8-2)

(10.8-3)

According to the discussion of Section 11.1, which the student is advised 
to preview at this point, the output current of the detector is

(10.8-4)

a is some constant that is irrelevant in the present discussion, and the bar
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Figure 10-15 A Michelson interferometer "splits" an input beam into a two- 
component beam and then recombines them with a controlled time delay τ = 
2(L1 - L2)/c.

indicates, as it does throughout this book, time-averaging. The duration of 
this averaging depends on the detector and its associated electrical circuitry 
and in the very fastest detectors may be as short as 10-11 s. It is thus always 
very long compared to the optical field period which is ~10-15 s.

The detector output is then

(10.8-7)

(10.8-5)

since ℰ2(t) = ℰ2(t + τ) ≡ ℰ2. The output current from the detector is thus 
made up of a dc component 2aℰ2 and a component 2aℰ(t)ℰ(t + τ). The ratio 
of these two current components is, according to (10.2-9), the (normalized) 
autocorrelation function of the optical field ℰ(t).

(10.8-6)

The spectral density function Sℰ(ω) is obtained, according to (10.2-14), by 
a Fourier transformation
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The above scheme for obtaining the spectrum (spectral density function) 
of optical fields is termed Fourier transform spectroscopy, and the config- 
uration of Figure 10-15 is representative of commercial instruments designed 
for this purpose. These instruments are popular especially in the far infrared 
(say λ > 10 μm), since the relative inefficiency of detectors in this wavelength 
region can be compensated to some degree by a slow scanning rate (of τ) 
that allows for long integration times and better noise averaging.

A basic result of the Fourier integral transform relationships (10.2-13) 
and (10.2-14) between Cℰ(τ) and Sℰ(ω) is that in order to resolve Sℰ(ω) to 
within, say, δω, i.e., to discern structure in Sℰ(ω) on the scale of δω, we 
need to employ time delays τ > π/δω. If we were, as an example, to employ 
interference spectroscopy to measure the output spectrum of a commercial 
semiconductor laser with a linewidth of (Δω)laser = 2π × 106 Hz, we would 
need a delay time τ that could be varied from 0 to 5 × 10-7 s.

In the case of lasers the finite spectral width of the optical field is due 
predominantly to phase, rather than amplitude, fluctuations. In this case a 
rather simple technique that involves mixing (heterodyning) the laser field 
with a delayed version of itself is sufficient to obtain the laser spectrum. 
This method, which employs a fixed delay instead of the variable delay of 
the Fourier transform method, is described next.

Delayed Self-Heterodyning of Laser FieldS

Consider the configuration of Figure 10-16. An optical field is split into two 
components that, after a relative path delay td, are recombined at a detector. 
The spectrum of the resulting photocurrent is displayed by a spectrum ana- 
1yzer. This detection method is referred to as delayed self-heterodyning since 
it involves a "mixing" of the field with a delayed version of itself.

Since the main fluctuation of laser fields is that of the phase and not the 
amplitude (see comment following Equation 10.7-19), we can approximate 
the field at the detector by the (complex) phasor

(10.8-8)

This field is illustrated in Figure 10-17. For delays td that are considerably 
shorter than the phase coherence time τc of the laser field (defined by Equa- 
tion (10.7-24)), θ(t + td) ≃ θ(t) and the magnitude of the total field phasor 
is a constant as shown in Figure 10-17. Although the phase angle θ(t) varies 
randomly, the angle α that determines the magnitude of Etotal depends only 
on the difference θ(t + td) - θ(t) and, in the limit td ≪ τc, does not change 
with time. The output current from the detector is constant, and nothing can 
be learned from it about the laser field spectrum. It is clear that we need to
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Figure 10-16 An interferometric arrangement employing a fiber delay for obtaining 
the spectrum Sℰ(ω) of the laser field. (After Reference [23].) 

consider the case of td ≫ τc. In what follows we will consider the general 
case of arbitrary td.

The output current id is proportional to the time average of the square 
of the total optical field incident on the detector. It is thus proportional (see 
Equation 1.1-2) to the product of the complex amplitude of this field and its 
complex conjugate. Using (10.8-8) leads to

(10.8-9) 

(10.8-10)

Figure 10-17 Construction showing the total optical field at the detector. For short 
delays, td ≪ τc, θ(t + td) = θ(t) so that α and, consequently, the total field 
amplitude are constant.
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where S is a constant depending on the detector. We will derive the spectrum 
of id by employing the Wiener-Khintchine theorem (Equation 10.2-14) so 
that first we need to obtain the autocorrelation function of Cid(τ) of the current 
id. Defining as in Equation (10.7-19)

(10.8-11)

We have reasoned in the last section (see discussion following Equation 
10.7-21) that Δθ(t, τ) is a random Gaussian variable. It follows that the 
difference Δθ(t, τ) - Δθ(t + td, τ) is also a Gaussian variable so that, in a 
manner identical to that used to derive Equation (10.7-24), we obtain

Special Case td ≫ τc
In the special, but important, long delay case td ≫ τc, we have

(10.8-16)

and

(10.8-17)

(10.8-12)

Now

(10.8-13)

where we used

From the equation preceding (10.7-10) and putting t = τ

(10.8-14)

Using (10.8-13) and (10.8-14) in (10.8-12) and (10.8-10), we obtain

(10.8-15)
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Employing (10.7-14) or using directly the results of (10.7-28), we obtain the 
following expression for the spectral density of the current id

(10.8-18)

The spectrum thus consists of a dc, 4πδ(Ω), term plus a Lorentzian distri- 
bution centered (if we count negative frequencies Ω < 0) on Ω = 0 with a 
full width at half maximum of

The last equality, derived from (10.7-29) states that the width of the spectrum 
of the photo-detected current in the limit td ≫ τc is twice that of the laser 
field.

The rigorous treatment of the general case involving arbitrary values of 
the delay td is beyond the scope of this book, since it requires a knowledge 
of the function ‹Δθ(t, τ)Δθ(t + td, τ)›. The derivation of this function in
volves the solution of the nonlinear, noise-driven laser equation. The result 
is (see Reference [22])

(10.8-20)

where min(τ, td) signifies the smallest of τ and td. The last result together 
with (10.8-13, 10.8-20) when substituted in (10.8-15) give

(10.8-21)

(10.8-22)

The integration leading to (10.8-22) is long but straightforward. Equation 
(10.8-22) reduces, as it should, to (10.8-18) when td/τc → ∞. In summation,

(10.8-19)
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Figure 10-18 The spectral density Sid(Ω), as given by Equation (10.8-22) of the 
photocurrent in a delayed self-heterodyne detection of the output of a laser. The 
ratio of the delay time (td) to the laser field coherence time (τc) is a parameter. 
The frequency abcissa is in units of τc-1. τc = (Δv)-1laser.

we recall that only in the case td/τc ≫ 1, i.e., a long relative delay, is the 
spectrum Sid(Ω) a Lorentzian. A typical spectrum of a semiconductor laser 
obtained with a setup similar to that of Figure 10-16 is shown in Figure 10-13. 
A plot of the theoretical spectra of (10.8-22) for the cases td/τc = ∞, 1, 0.2 
is contained in Figure 10-18.

10.9 ERROR PROBABILITY IN A BINARY PULSE CODE MODULATION SYSTEM

The simplicity and reliability of digital processing by integrated electronic 
circuits has made it increasingly attractive to transmit information in the 
form of binary pulse trains. For optical communication systems, the analog 
data to be transmitted are coded into a train of 1 and 0 electrical pulses so 
that each pulse carries one bit of information. The electrical signal thus 
generated is impressed, say, by means of a modulator, on an optical beam, 
resulting in an optical train pulse. The optical signal having propagated 
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through air or on optical fiber, is detected in the receiving end, thus yielding 
an electrical train of pulses.

Now, ideally, the reconstructed train of electrical pulses should be an 
exact replica of (or, more generally, constitute an exact analog of) the input 
train. The intermingling of noise at the detector output with the signal makes 
this perfect reconstruction impossible. A figure of merit used to describe the 
"quality" of the reconstructed signal is the error probability, EP, which is 
defined as the probability that any given pulse in the detected train does not 
agree with the corresponding pulse in the input train.

Figure 10-19 shows part of a pulse sequence containing three "1" pulses 
and two "0" pulses. An ideal noiseless detection should yield the sequence 
[Figure 10-19(a)] where the pulse height (say in amperes) is is. The presence 
of noise, however, introduces random fluctuations so that the detected signal 
may appear as in Figure 10-19(b).

A threshold decision circuit is usually employed that samples the signal 
[Figure 10-19(b)] once each period, yielding a 1 pulse if the sample exceeds 
a predetermined value kis (k < 1) and a 0 pulse if the measured sample is 
smaller than kis [14]. In the case shown in Figure 10-19(b) the choice of the 
indicated threshold value will lead to a correct reconstruction of all pulses, 
except the last one, where a negative noise fluctuation has conspired to keep 
the pulse below the threshold value.

Figure 10-19 An ideal noiseless pulse train (a) is contaminated by noise as in (b). A 
reconstruction using a threshold decision level kis leads to (c). Note that the 
reconstruction of the last "1" pulse is in error because of a large negative noise 
fluctuation.
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If a given pulse is a "1," then an erroneous reconstruction would result 
if during the sampling the noise current iN is negative and such that 

since in this case iS + iN is smaller than the threshold value kis and "0" will 
result. In a like manner the reconstruction of a "0" pulse will be in error if

On the average, half the pulses are 0 and half are 1 so that the probability 
of a wrong reconstruction of any given pulse is the bit error rate (BER)

If the noise current iN is a random Gaussian variable, which is the case 
in most applications, we can use (10.1-5) to evaluate the error probability. 
In this case σ is the root mean square (rms) value of the noise current iN, 
so that σ2 = i2N is the mean square noise current, as derived in Sections 
10.4, 10.5, and 10.6. To simplify the result, let us choose k = ½. Using the 
fact that, according to (10.1-5), p(iN) = p(-iN) (10.9-1) becomes

(10.9-2) 

(10.9-3)

Using the definition of the error function 

we can write (10.9-3) as

(10.9-4)

where ‹iN› ≡ σ(= (i2N)1/2) is the rms noise current.
A theoretical plot of BER as a function of the (peak) signal-to-noise ratio 

iS/‹iN› is shown in Figure 10-20. We recall that S represents the electrical 
signal power at the detector output and not the optical power. It is interesting 
to note the extremely small error probabilities resulting from even moderate 
signal-to-noise power ratios. As an example, BER = 10-9 when iS/‹iN› = 
11.89 (21.5 db).

(10.9-1)
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Figure 10-20 Plot of Equation (l0.9-4) for the error probability (BER) as a function 
of the (peak) signal to noise current ratio at the detector output.

Experimental measurement of error probability in a detected optical 
pulse train is described by Reference [15]. Other pertinent discussions are 
to be found in References [16, 17].

A detailed example using the results of this section in designing a binary 
optical fiber communication system appears at the end of Chapter 11.

Problems

10.1 Derive Equations (10.4-3) and (10.4-4). [Hint: Apply the relation 

to a differential volume containing the charge sheet.]

10.2 Derive the shot-noise formula without making the restriction (Equation 
10.4-6) ωta ≫ 1. Assume the carriers move between the electrodes at a 
constant velocity.

10.3 Derive Equation (10.5-11).

10.4 Complete the missing steps in the derivation of Equation (10.5-20).

10.5 Estimate the scattering time τ0 of carriers in copper at T = 300°K using 
a tabulated value for its conductivity. At what frequencies is the condition 
ωτ0 ≪ 1 violated?

10.6 Repeat Problem 10.5 for a material with a carrier density of 1022 cm-3 
and σ = 10-5 (ohm-cm)-1.
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10.7 What is the change Δ v in the resonant frequency of a laser whose cavity 
length changes by Δl?

10.8

a. Estimate the frequency smearing Δ v of a laser in which fused-quartz rods 
are used to determine the length of the optical cavity in an environment 
where the temperature stability is ±0.5 K. [Caution: Do not forget the 
dependence of n on T.]

b. What temperature stability is needed to reduce Δv to less than 103 Hz?

10.9 Derive expression (10.5-9), i2N(v) = 4kTΔv/R, for the Johnson noise by 
considering a high-Q parallel RLC circuit that is shunted by a current source 
of mean-square amplitude i2N(v). The magnitude of i2N(v) is to be chosen so 
that the resulting excitation of the circuit corresponds to a stored electro- 
magnetic energy of kT. [Hint: Since the magnetic and electric energies are 
equal, then 

where V2N(v) = i2N(v)|Z(v)|2. Also assume that i2N(v)/Δv is independent of 
frequency.]

10.10 Derive and plot the error probability as a function of iS/‹iN› for (a) 
k = 0.75, (b) k = 0.25.

10.11 Design an experimental system for measuring the root-mean-square 
deviation of the laser frequency (Δω)RMS ≡ ‹(ω(t) - ω0›2)1/2.

10.12

a. Please write a short report on the fundamentals of laser gyroscopes and 
of the Sagnac interferometer rotation sensor. You may, for example, look 
up the 1979-1990 December issues of the Journal of Quantum Electronics 
index section for listing of articles on "gyroscopes."

b. What is the minimum rotation rate detectable by each of the two types 
of interferometers when the laser field spectral purity is limited by the 
quantum effects discussed in Section 10.7?
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11
Detection of

Optical Radiation

11.0 INTRODUCTION

The detection of optical radiation is often accomplished by converting the 
radiant energy into an electric signal whose intensity is measured by con- 
ventional techniques. Some of the physical mechanisms that may be involved 
in this conversion include

1. The generation of mobile charge carriers in solid-state photoconductive 
detectors

2. Changing through absorption the temperature of thermocouples, thus 
causing a change in the junction voltage

3. The release by the photoelectric effect of free electrons from photo- 
emissive surfaces

In this chapter we consider in some detail the operation of four of the 
most important detectors:

1. The photomultiplier
2. The photoconductive detector
3. The photodiode
4. The avalanche photodiode

The limiting sensitivity of each is discussed and compared to the theoretical 
limit. We will find that by use of the heterodyne mode of detection the 
theoretical limit of sensitivity may be approached.

399
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A common feature of all the optical detection schemes discussed in this 
chapter is that the electric signal is proportional to the rate at which electrons 
are excited by the optical field. This excitation involves a transition of the 
electron from some initial bound state, say a, to a final state (or a group of 
states) b in which it is free to move and contribute to the current flow. For 
example, in an n-type photoconductive detector, state a corresponds to 
electrons in the filled valence band or localized donor impurity atoms, while 
state b corresponds to electrons in the conduction band. The two levels 
involved are shown schematically in Figure 11-1. A photon of energy hv is 
absorbed in the process of exciting an electron from a "bound" state a to 
a "free" state b in which the electron can contribute to the current flow.

An important point to understand before proceeding with the analysis 
of different detection schemes is the manner of relating the transition rate 
per electron from state a to b to the intensity of the optical field. This rate 
is derived by quantum mechanical considerations.1 In our case it can be 
stated in the following form: Given a nearly sinusoidal optical field2

(11.1-2)

1More specifically, from first order time-dependent perturbation theory; see, for example. 
Reference [1].
2By "nearly sinusoidal" we mean a field where E(t) varies slowly compared to exp(iω0t) or, 
equivalently, where the Fourier spectrum of E(t) occupies a bandwidth that is small compared 
to ω0. Under these conditions the variation of the amplitude E(t) during a few optical periods 
can be neglected.
3V(t) is referred to as the "analytic signal" of e(t). See Problem 1.1.

Figure 11-1 Most high-speed optical detectors depend on absorption of photons of 
energy hv accompanied by a simultaneous transition of an electron (or hole) from 
a quantum state of low mobility (a) to one of higher mobility (b).

11.1 OPTICALLY INDUCED TRANSITION RATES

(11.1-1)

where V(t) = E(t) exp(iω0t),3 the transition rate per electron induced by this 
field is proportional to V(t)V*(t). Denoting the transition rate as Wa→b, we 
have
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We can easily show that V(t)V*(t) is equal to twice the average value of 
e2(t), where the averaging is performed over a few optical periods.

To illustrate the power of this seemingly simple result, consider the 
problem of determining the transition rate due to a field

The photomultiplier, one of the most common optical detectors, is used to 
measure radiation in the near ultraviolet, visible, and near infrared regions 
of the spectrum. Because of its inherent high current amplification and low 
noise, the photomultiplier is one of the most sensitive instruments devised 
by man and under optimal operation—which involves long integration time, 
cooling of the photocathode, and pulse-height discrimination—has been used 
to detect power levels as low as about 10-19 watt [2].

A schematic diagram of a conventional photomultiplier is shown in Fig- 
ure 11-2. It consists of a photocathode (C) and a series of electrodes, called 
dynodes, that are labeled 1 through 8. The dynodes are kept at progressively 
higher potentials with respect to the cathode, with a typical potential dif- 
ference between adjacent dynodes of 100 volts. The last electrode (A), the 
anode, is used to collect the electrons. The whole assembly is contained 
within a vacuum envelope in order to reduce the possibility of electronic 
collisions with gas molecules.

The photocathode is the most crucial part of the photomultiplier, since 
it converts the incident optical radiation to electronic current and thus de- 
termines the wavelength-response characteristics of the detector and, as will

(11.1-3)

taking ω1 - ω0 ≡ ω ≪ ω0. We can rewrite (11.1-3) as

(11.1-4)

and, using (11.1-1), identify V(t) as

thus, using (11.1-2), we obtain

(11.1-5)

This shows that the transition rate has, in addition to a constant term 
E20 + E21, a component oscillating at the difference frequency ω with a phase 
equal to the difference of the two original phases. This coherent "beating" 
effect forms the basis of the heterodyne detection scheme, which is discussed 
in detail in Section 11.4.

11.2 PHOTOMULTIPLIER
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be seen, its limiting sensitivity. The photocathode consists of materials with 
low surface work functions. Compounds involving Ag-O-Cs and Sb-Cs are 
often used; see References [2, 3]. These compounds possess work functions 
as low as 1.5 eV, as compared to 4.5 eV in typical metals. As can be seen 
in Figure 11-3, this makes it possible to detect photons with longer wave- 
lengths. It follows from the figure that the low-frequency detection limit 
corresponds to hv = φ. At present the lowest-work-function materials make 
possible photoemission at wavelengths as long as 1-1.1 μm.

Spectral response curves of a number of commercial photocathodes are 
shown in Figure 11-4. The quantum efficiency (or quantum yield as it is 
often called) is defined as the number of electrons released per incident 
photon.

The electrons that are emitted from the photocathode are focused elec- 
trostatically and accelerated toward the first dynode, arriving with a kinetic

Figure 11-3 Photomultiplier photocathode. The vacuum level corresponds to the 
energy of an electron at rest an infinite distance from the cathode. The work 
function φ is the minimum energy required to lift an electron from the metal into 
the vacuum Ievel, so only photons with hv > φ can be detected.

Figure 11-2 Photocathode and focusing dynode configuration of a typical 
commercial photomultiplier. C = cathode; 1-8 = secondary-emission dynodes; 
A = collecting anode. (After Reference [3].)
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Figure 11-4 Photoresponse versus wavelength characteristics and quantum 
efficiency of a number of commercial photocathodes. (After Reference [3], p. 228.)

energy of, typically, about 100 eV. Secondary emission from dynode surfaces 
causes a multiplication of the initial current. This process repeats itself at 
each dynode until the initial current emitted by the photocathode is amplified 
by a very large factor. If the average secondary emission multiplication at 
each dynode is δ (that is, δ secondary electrons for each incident one) and 
the number of dynodes is N, the total current multiplication between the 
cathode and anode is

which, for typical values4 * of δ = 5 and N = 9, gives G — 2 × 106.

4The value of δ depends on the voltage V between dynodes, and values of δ ≃ 10 can be
obtained (for V ≃ 400 volts). In commercial tubes, values of δ ≃ 5, achievable with V ≃ 100
volts, are commonly used.
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where ic is the average current emitted by the photocathode due to the 
signal power that is incident on it. The current id is the so-called dark 
current, which is due to random thermal excitation of electrons from 
the surface as well as to excitation by cosmic rays and radioactive 
bombardment.

2. Dynode shot noise, which is the shot noise due to the random nature 
of the secondary emission process at the dynodes. Since current origi- 
nating at a dynode does not exercise the full gain of the tube, the con- 
tribution of all the dynodes to the total shot noise output is smaller by 
a factor of ~δ-1 than that of the cathode; since δ — 5 it amounts to a 
small correction and will be ignored in the following.

3. Johnson noise, which is the thermal noise associated with the output 
resistance R connected across the anode. Its magnitude is given by 
(10.5-9) as

(11.3-2)

Minimum Detectable Power in Photomultipliers—Video Detection

Photomultipliers are used primarily in one of two ways. In the first, the 
optical wave to be detected is modulated at some low frequency ωm before 
impinging on the photocathode. The signal consists then, of an output current 
oscillating at ωm, which, as will be shown below, has an amplitude propor- 
tional to the optical intensity. This mode of operation is known as video, or 
straight, detection.

In the second mode of operation, the signal to be detected, whose optical 
frequency is ωs, is combined at the photocathode with a much stronger optical 
wave of frequency ωs + ω. The output signal is then a current at the offset 
frequency ω. This scheme, known as heterodyne detection, will be consid- 
ered in detail in Section 11-4.

The optical signal in the case of video detection may be taken as

11.3 NOISE MECHANISMS IN PHOTOMULTIPLIERS

The random fluctuations observed in the photomultiplier output are due to

1. Cathode shot noise, given according to (10.4-9) by

(11.3-1)

(11.3-3)

where the factor (1 + m cos ωmt) represents amplitude modulation of the
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carrier.5 The photocathode current is given, according to (11.1-2), by

To determine the proportionality constant involved in (11.3-4), consider the 
case of m = 0. The average photocathode current due to the signal is then6

(11.3-5)

where vs = ωs/2π, P is the average optical power, and η (the quantum 
efficiency) is the average number of electrons emitted from the photocathode 
per incident photon. This number depends on the photon frequency, the 
photocathode surface, and in practice (see Figure 11-4) is found to approach 
0.3. Using (11.3-5), we rewrite (11.3-4) as

The signal output current at ωm is

(11.3-6)

(11.3-7)

If the output of the detector is limited by filtering to a bandwidth Δv centered 
on ωm, it contains a shot-noise current, which, according to (11.3-1), has a 
mean-squared amplitude

(11.3-9)

5The amplitude modulation can be due to the information carried by the optical wave or, as 
an example, to chopping before detection.
6P/hvs is the rate of photon incidence on the photocathode; thus, if it takes 1/η photons to 
generate one electron, the average current is given by (11.3-5).

(11.3-4)

(11.3-8)

where ic is the average signal current and id is the dark current.
The noise and signal equivalent circuit is shown in Figure 11-5, where 

for the sake of definiteness we took the modulation index m = 1. R represents 
the output load of the photomultiplier. Te is chosen so that the term 4kTeΔv/R 
accounts for the thermal noise of R as well as for the noise generated by 
the amplifier that follows the photomultiplier.

The signal-to-noise power ratio at the output is thus
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Figure 11-5 Equivalent circuit of a photomultiplier.

Due to the large current gain (G ≃ 106), the first term in the denominator 
of (11.3-9), which represents amplified cathode shot noise, is much larger 
than the thermal and amplifier noise term 4kTeΔv/R. Neglecting the term 
4kTeΔv/R, assuming id ≫ ic, and setting S/N = 1, we can solve for the 
minimum detectable optical power.

(11.3-10)

Consider a typical case of detecting an optical signal under the following 
conditions:

vs = 6 × 1014 Hz (λ = 0.5 μm)

η = 10 percent

Δv = 1 Hz

id = 10-15 ampere (a typical value of the dark photocathode current)

Substitution in (11.3-10) gives

Pmin = 3 × 10-16 watt

The corresponding cathode signal current is ic ~ 10-17 ampere, so the as- 
sumption id ≫ ic is justified.

(11.3-11)

Numerical Example: Sensitivity of Photomultiplier

Signal-Limited Shot Noise

If one could, somehow, eliminate the Johnson noise and the dark current 
altogether, so that the only contribution to the average photocathode current 
is ic, which is due to the optical signal, then, using (11.3-5) and (11.3-9) to 
solve self-consistently for Pmin,



HETERODYNE DETECTION WITH PHOTOMULTIPLIERS 407

This corresponds to the quantum limit of optical detection. Its significance 
will be discussed in the next section. The practical achievement of this limit 
in video detection is nearly impossible since it depends on near total suppres
sion of the dark current and other extraneous noise sources such as back- 
ground radiation reaching the photocathode and causing shot noise.

The quantum detection limit (11.3-11) can, however, be achieved in the 
heterodyne mode of optical detection. This is discussed in the next section.

In the heterodyne mode of optical detection, the signal to be detected 
Es cos ωst is combined with a second optical field, referred to as the 
local-oscillator field, EL cos(ωs + ω)t, shifted in frequency by ω(ω ≪ ωs). 
The total field incident on the photocathode is therefore given by

Figure 11-6 Schematic diagram of a heterodyne detector using a photomultiplier.

11.4 HETERODYNE DETECTION WITH PHOTOMULTIPLIERS

(11.4-1)

The local-oscillator field originates usually at a laser at the receiving end, 
so that it can be made very large compared to the signal to be detected. In 
the following we will assume that

(11.4-2)

A schematic diagram of a heterodyne detection scheme is shown in Figure
11-6. The current emitted by the photocathode is given, according to (11.1-2) 
and (11.4-1), by
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which, using (11.4-2) can be written as

(11.4-3)

where Ps and PL are the signal and local-oscillator powers, respectively. The 
proportionality constant a in (11.4-3) can be determined as in (11.3-6) by 
requiring that when Es = 0 the direct current be related to the local-oscillator 
power PL by ic = PLηe/hvL,7 so taking v ≈ vL

The mean-square signal current at the output is, according to (11.4-4),

The signal-to-noise power ratio at the output is given by

where, as in (11.3-9), the last term in the denominator represents the Johnson 
(thermal) noise generated in the output load, plus the effective input noise 
of the amplifier following the photomultiplier. The big advantage of the 
heterodyne detection scheme is now apparent. By increasing PL the S/N 
ratio increases until the denominator is dominated by the term G22ePLeη/hv. 
This corresponds to the point at which the shot noise produced by the local 
oscillator current dwarfs all the other noise contributions. When this state 
of affairs prevails, we have, according to (11.4-8),

(11.4-9)

7This is just a statement of the fact that each incident photon has a probability η of releasing 
an electron.

(11.4-4)

The total cathode shot noise is thus

(11.4-5)

where id is the average dark current while PLeη/hv is the dc cathode current 
due to the strong local-oscillator field. The shot-noise current is amplified 
by G, resulting in an output noise

(11.4-6)

(11.4-7)

(11.4-8)
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which corresponds to the quantum-limited detection limit. The minimum 
detectable signal—that is, the signal input power leading to an output sig
nal-to-noise ratio of 1—is thus

Numerical Example: Minimum Detectable Power with a Heterodyne System

It is interesting to compare the minimum detectable power for the heterodyne 
system as given by (11.4-10) with that calculated in the example of Section 
11.3 for the video system. Using the same data,

v = 6 × 1014 Hz(λ = 0.5 μm)

8A detection system that is limited in bandwidth to ∆v cannot resolve events in time that are 
separated by less than ~(∆v)-1 second. Thus (Δv)-1 is the resolution time of the system.

η = 10 percent

Δv = 1 Hz

we obtain

(Ps)min ≃ 4 × 10-18 watt

to be compared with Pmin ≃ 3 × 10-16 watt in the video case.

Limiting Sensitivity as a Result of the Particle Nature of Light

The quantum limit to optical detection sensitivity is given by (11.4-10) as

(11.4-10)

This power corresponds for η = 1 to a flux at a rate of one photon per (Δ v)-1 
seconds—that is, one photon per resolution time of the system.8

(11.4-11)

This limit was shown to be due to the shot noise of the photoemitted current. 
We may alternatively attribute this noise to the granularity—that is, the 
particle nature—of light, according to which the minimum energy increment 
of an electromagnetic wave at frequency v is hv. The power average P of 
an optical wave can be written as

(11.4-12)

where N is the average number of photons arriving at the photocathode per 
second. Next assume a hypothetical noiseless photomultiplier in which ex-
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actly one electron is produced for each η-1 incident photon. The measure
ment of P is performed by counting the number of electrons produced during 
an observation period T and then averaging the result over a large number 
of similar observations.

The average number of electrons emitted per observation period T is

9This follows from the assumption that the photon arrival is perfectly random, so the probability 
of having N photons arriving in a given time interval is given by the Poisson law

is the average N.

(11.4-13)

If the photons arrive in a perfectly random manner, then the number of 
photons arriving during the fixed observation period obeys Poissonian 
statistics9. Since in our ideal example, the electrons that are emitted mimic 
the arriving photons, they obey the same statistical distribution law. This 
leads to a fluctuation

Defining the minimum detectable number of quanta as that for which the 
rms fluctuation in the number of emitted photoelectrons equals the average 
value, we get

or

(11.4-14)

If we convert the last result to power by multiplying it by hv and recall that 
T-1 ≃ Δv, where Δ v is the bandwidth of the system, we get

(11.4-15)

in agreement with (11.4-10).
The above discussion points to the fact that the noise (fluctuation) in 

the photo current can be blamed on the physical process that introduces the

The mean-square fluctuation is given by

where
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The operation of photoconductive detectors is illustrated in Figure 11-7. A 
semiconductor crystal is connected in series with a resistance R and a supply 
voltage V. The optical field to be detected is incident on and absorbed in 
the crystal, thereby exciting electrons into the conduction band (or, in p-type 
semiconductors, holes into the valence band). Such excitation results in a 
lowering of the resistance Rd of the semiconductor crystal and hence in an 
increase in the voltage drop across R, which, for ΔRd/Rd ≪ 1, is proportional 
to the incident optical intensity.

To be specific, we show the energy levels invoked in one of the more 
popular semiconductive detectors—mercury-doped germanium [7]. Mercury 
atoms enter germanium as acceptors with an ionization energy of 0.09 eV. 
It follows that it takes a photon energy of at least 0.09 eV (that is, a photon 
with a wavelength shorter than 14 μm) to lift an electron from the top of the 
valence band and have it trapped by the Hg (acceptor) atom. Usually the 
germanium crystal contains a smaller density ND of donor atoms, which at 
low temperatures find it energetically profitable to lose their valence elec- 
trons to one of the far more numerous Hg acceptor atoms, thereby becoming 
positively ionized and ionizing (negatively) an equal number of acceptors.

Since the acceptor density NA ≫ ND, most of the acceptor atoms remain 
neutrally charged.

An incident photon is absorbed and lifts an electron from the valence 
band onto an acceptor atom, as shown in process A in Figure 11-8. The 
electronic deficiency (that is, the hole) thus created is acted upon by the 
electric field, and its drift along the field direction gives rise to the signal

Figure 11-7 Typical biasing circuit of a photoconductive detector.

randomness. In the case of Poissonian photon arrival statistics (as is the 
case with ordinary lasers) and perfect photon emission (η = 1), the fluctua
tions are due to the photons. The opposite, hypothetical, case of no photon 
fluctuations but random photoemission (η < 1) corresponds to pure shot 
noise. The electrical measurement of noise power will yield the same result 
in either case and cannot distinguish between them.

11.5 PHOTOCONDUCTIVE DETECTORS
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Figure 11-8 Donor and acceptor impurity levels involved in photoconductive 
semiconductors.

current. The contribution of a given hole to the current ends when an electron 
drops from an ionized acceptor level back into the valence band, thus elim
inating the hole as in B. This process is referred to as electron-hole recom- 
bination or trapping of a hole by an ionized acceptor atom.

By choosing impurities with lower ionization energies, even lower-energy 
photons can be detected, and, indeed, photoconductive detectors commonly 
operate at wavelengths up to λ = 50 μm. Cu, as an example, enters into Ge 
as an acceptor with an ionization energy of 0.04 eV, which would correspond 
to long-wavelength detection cutoff of λ ≃ 32 μm. The response of a number 
of commercial photoconductive detectors is shown in Figure 11-9.

It is clear from this discussion that the main advantage of photocon
ductors compared to photomultipliers is their ability to detect long-wavelength 
radiation, since the creation of mobile carriers does not involve overcoming 
the large surface potential barrier. On the debit side we find the lack of 
current multiplication and the need to cool the semiconductor so that pho- 
toexcitation of carriers will not be masked by thermal excitation.

Consider an optical beam, of power P and frequency v, that is incident 
on a photoconductive detector. Taking the probability for excitation of a 
carrier by an incident photon—the so-called quantum efficiency—as η, the 
carrier generation rate is G = Pη/hv. If the carriers last on the average τ0 
seconds before recombining, the average number of carriers Nc is found by

LEGEND: electron
hole (an electron Vacancy)
neutral donor atom (still in possession of its electron)
neutral acceptor
positively ionized donor atom (stripped of its valence electron)
negatively ionized acceptor atom (which has trapped an electron)
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Figure 11-9 Relative sensitivity of a number of commercial photoconductors. 
(Courtesy Santa Barbara Research Corp.) 

equating the generation rate to the recombination rate (Nc/τ0), so

(11.5-1)

Each one of these carriers drifts under the electric field influence10 at a 
velocity v giving rise, according to (10.4-1), to a current in the external 
circuit of ie = ev/d, where d is the length (between electrodes) of the semi
conductor crystal. The total current is thus the product of ie and the number 
of carriers present, or, using (11.5-1),

10The drift velocity is equal to μE, where μ is the mobility and E is the electric field.

(11.5-2) 
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where τd = d/v is the drift time for a carrier across the length d. The factor 
(τ0/τd) is thus the fraction of the crystal length drifted by the average excited 
carrier before recombining.

Equation (11.5-2) describes the response of a photoconductive detector 
to a constant optical flux. Our main interest, however, is in the heterodyne 
mode of photoconductive detection, which, as has been shown in Section 
11.4, allows detection sensitivities approaching the quantum limit. In order 
to determine the limiting sensitivity of photoconductive detectors, we need 
first to understand the noise contribution in these devices.

(11.5-4)

According to (10.3-10) we need to average |Ie(ω, τ)|2 over τ. This is done in 
a manner similar to the procedure used in Section 10.5. Taking the probability  *

11The parameter τ0 appearing in (11.5-2) is the value of τ averaged over a large number of 
carriers.

so that

which has a Fourier transform

Generation Recombination Noise in Photoconductive Detectors

The principal noise mechanism in cooled photoconductive detectors reflects 
the randomness inherent in current flow. Even if the incident optical flux 
were constant in time, the generation of individual carriers by the flux would 
constitute a random process. This is exactly the type of randomness involved 
in photoemission, and we may expect, likewise, that the resulting noise will 
be shot noise. This is almost true except for the fact that in a photoconductive 
detector a photoexcited carrier lasts τ seconds11 (its recombination lifetime) 
before being captured by an ionized impurity. The contribution of the carrier 
to the charge flow in the external circuit is thus e(τ/τd), as is evident from 
inspection of (11.5-2). Since the lifetime τ is not a constant, but must be 
described statistically, another element of randomness is introduced into the 
current flow.

Consider a carrier excited by a photon absorption and lasting τ seconds. 
Its contribution to the external current is, according to (10.4-1)

(11.5-3)

(11.5-5)
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function12 g(τ) = τ0-1 exp(-τ/τ0), we average (11.5-5) over all the possible 
values of τ according to

12g(τ) dτ is the probability that a carrier lasts between τ and τ + dτ seconds before recombining.
13This relation follows from the fact that the average charge per carrier flowing through the 
external circuit is e(τ0/τd), which, when multiplied by the generation rate N, gives the current.

(11.5-6)

The spectral density function of the current fluctuations is obtained using 
Carson's theorem (10.3-10) as

(11.5-7)

where we used τd = d/v and where N, the average number of carriers 
generated per second, can be expressed in terms of the average current I 
by use of the relation13

(11.5-8)

leading to

Therefore, the mean-square current representing the noise power in a fre- 
quency interval v to v + Δv is

(11.5-9)

which is the basic result for generation-recombination noise.

Numerical Example: Generation Recombination Noise in Hg Doped Germanium 
Photoconductive Detector

To better appreciate the kind of numbers involved in the expression for i2N 
we may consider a typical mercury-doped germanium detector operating at 
20 K with the following characteristics:

d = 10-1 cm

τ0 = 10-9 s
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(11.5-10)

V (across the length d) = 10 volts ⇒ E = 102 V/cm

μ = 3 × 104 cm2/V-s

The drift velocity is v = μE = 3 × 106 cm/s and τd = d/v = 3.3 × 10-8 
second, and therefore τ0/τd = 3 × 10-2. Thus, on the average, a carrier 
traverses only 3 percent of the length (d = 1 mm) of the sample before 
recombining. Comparing (11.5-9) to the shot-noise result (10.4-9), we find 
that for a given average current I the generation recombination noise is 
reduced from the shot-noise value by a factor

which, in the foregoing example, has a value of about 1/15. Unfortunately, 
as will be shown subsequently, the reduced noise is accompanied by a 
reduction by a factor of (τ0/τd) in the magnitude of the signal power, which 
wipes out the advantage of the lower noise.

Heterodyne Detection in Photoconductors

The situation here is similar to that described by Figure 11-6 in connection 
with heterodyne detection using photomultipliers. The signal field

is combined with a strong local-oscillator field

so the total field incident on the photoconductor is

(11.5-11)

The rate at which carriers are generated is taken, following (11.1-2), as 
aV(t)V*(t) where a is a constant to be determined. The equation describing 
the number of excited carriers Nc is thus

(11.5-12)

where τ0 is the average carrier lifetime, so Nc/τ0 corresponds to the carrier's 
decay rate. We assume a solution for Nc(t) that consists of the sum of dc 
and a sinusoidal component in the form of

(11.5-13)

where c.c. stands for "complex conjugate." 
Substitution in (11.5-12) gives

(11.5-14)
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where we took Es and EL as real. The current through the sample is given 
by the number of carriers per unit length Nc/d times ev, where v is the drift 
velocity

(11.5-15)

which, using (11.5-14), gives

(11.5-16)

where φ = tan-1(ωτ0).
The current is thus seen to contain a signal component that oscillates at 

ω and is proportional to Es. The constant a in (11.5-16) can be determined 
by requiring that, when Ps = 0, the expression for the direct current predicted 
by (11.5-16) agree with (11.5-2). This condition is satisfied if we rewrite 
(11.5-16) as

(11.5-17)

where Ps and PL refer, respectively, to the incident-signal and local-oscillator 
powers and η, the quantum efficiency, is the number of carriers excited per 
incident photon. The signal current is thus

(11.5-18)

while the dc (average) current is

Since the average current I appearing in the expression (11.5-9) for the 
generation recombination noise is given in this case by 

we can, by increasing PL, increase the noise power i2N and at the same time, 
according to (11.5-18), the signal i2s until the generation recombination noise 
(11.5-9) is by far the largest contribution to the total output noise. When this 
condition is satisfied, the signal-to-noise ratio can be written, using (11.5-9), 
(11.5-18), and (11.5-19) and taking PL ≫ Ps, as

The minimum detectable signal—that which leads to a signal-to-noise ratio 

(11.5-19)

(11.5-20)
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of unity—is found by setting the left side of (11.5-20) equal to unity and 
solving for Ps. It is

Numerical Example: Minimum Detectable Power of a Heterodyne Receiver Using a 
Photoconductor at 10.6 μm

Assume the following:
λ = 10.6 μm

Δv = 1 Hz

η ≃ 1
Substitution in (11.5-21) gives a minimum detectable power of

(Ps)min ≃ 10-19 watt
Experiments ([8, 9]) have demonstrated that the theoretical signal-to- 

noise ratio as given by (11.5-20) can be realized quite closely in practice; 
see Figure 11-10.

Figure 11-10 Signal-to-noise ratio of heterodyne signal to Ge:Cu detector at a 
heterodyne frequency of 70 MHz. Data points represent observed values. (After 
Reference [8].)

(11.5-21)

which, for the same η, is twice that of the photomultiplier heterodyne de- 
tection as given by (11.4-10). In practice, however, η in photoconductive 
detectors can approach unity, whereas in the best photomultipliers η ≃ 30 
percent.
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11.6 THE p-n JUNCTION

Before embarking on a description of the p-n diode detector, we need to 
understand the operation of the semiconductor p-n junction. Consider the 
junction illustrated in Figure 11-11. It consists of an abrupt transition from 
a donor-doped (that is, n-type) region of a semiconductor, where the charge 
carriers are predominantly electrons, to an acceptor-doped (p-type) region, 
where the carriers are holes. The doping profile—that is, the density of 
excess donor (in the n region) atoms or acceptor atoms (in the p region)— 
is shown in Figure 11-11(a). This abrupt transition results usually from dif
fusing suitable impurity atoms into a substrate of a semiconductor with the 
opposite type of conductivity. In our slightly idealized abrupt junction we 
assume that the n region (x > 0) has a constant (net) donor density ND and 
the p region (x < 0) has a constant acceptor density NA.

The energy-band diagram at zero applied bias is shown in Figure 11-11(b). 
The top (or bottom) curve can be taken to represent the potential energy of 
an electron as a function of position x, so the minimum energy needed to 
take an electron from the n to the p side of the junction is eVd. Taking the 
separations of the Fermi level from the respective band edges as φn and φp 
as shown, we have 

where the charge of the electron is -e and the dielectric constant is ε. The 
boundary conditions are

(11.6-3)

Vd is referred to as the "built-in" junction potential.
Figure 11-11(c) shows the potential distribution in the junction with an 

applied reverse bias of magnitude Va. This leads to a separation of eVa 
between the Fermi levels in the p and n regions and causes the potential 
barrier across the junction to increase from eVd to e(Vd + Va). The change 
of potential between the p and n regions is due to a sweeping of the mobile 
charge carriers from the region -lp < x < ln, giving rise to a charge double 
layer of stationary (ionized) impurity atoms, as shown in Figure 11-11(d).

In the analytical treatment of the problem we assume that in the depletion 
layer (-lp < x < ln) the excess impurity atoms are fully ionized and thus, 
using ∇⋅E = ρ/ε and E = -∇V, where V is the potential, we have

(11.6-2)

(11.6-1)
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Figure 11-11 The abrupt p-n junction. (a) Impurity profile. (b) Energy-band diagram 
with zero applied bias. (c) Energy-band diagram with reverse applied bias. (d) Net 
charge density in the depletion layer. (e) The electric field. The circles in (b) and 
(c) represent ionized impurity atoms in the depletion layer.
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The solutions of (11.6-1) and (11.6-2) conforming with the arbitrary choice 
of V(0) = 0 are

so the double layer contains an equal amount of positive and negative charge. 
Condition (11.6-5) gives

which, together with (11.6-8) leads to

and, therefore, as before,

Differentiation of (11.6-6) and (11.6-7) yields

(11.6-9)

The field distribution of (11.6-13) is shown in Figure 11-11(e). The maximum 
field occurs at x = 0 and is given by

(11.6-14)

(11.6-4)

(11.6-5)

(11.6-6)

(11.6-7)

which, using (11.6-4), gives

(11.6-8)

(11.6-10)

(11.6-11)

(11.6-12)

(11.6-13)
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Figure 11-12 Equivalent circuit of a p-n junction. In typical back-biased diodes, 
Rd ≫ Rs and RL and RL ≫ Rs, so the resistance across the junction can be taken 
as equal to the load resistance RL.

The presence of a charge Q = -eNAlp per unit junction area on the p side 
and an equal and negative charge on the n side leads to a junction capacitance. 
The reason is that lp and ln depend, according to (11.6-10) and (11.6-11), on 
the applied voltage Va, so a change in voltage leads to a change in the charge 
eNAlp = eNDln and hence to a differential capacitance per unit area,14 given 
by 

14The capacitance is defined by C = Q/Va, whereas the differential capacitance Cd = dQ/dVa 
is the capacitance "seen" by a small ac voltage when the applied bias is Va.

which, using (11.6-10) and (11.6-11), can be shown to be equal to

(11.6-16)

as appropriate to a parallel-plate capacitance of separation l = lp + ln. The 
equivalent circuit of a p-n junction is shown in Figure 11-12. The capacitance 
Cd was discussed above. The diode shunt resistance Rd in back-biased junc- 
tions is usually very large (>106 ohms) compared to the load impedance RL 
and can be neglected. The resistance Rs represents ohmic losses in the bulk 
p and n regions adjacent to the junction.

Semiconductor p-n junctions are used widely for optical detection: see Ref- 
erences [10-12]. In this role they are referred to as junction photodiodes. 
The main physical mechanisms involved in junction photodetection are il

(11.6-15)

11.7 SEMICONDUCTOR PHOTODIODES
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lustrated in Figure 11-13. At A, an incoming photon is absorbed in the p 
side creating a hole and a free electron. If this takes place within a diffusion 
length (the distance in which an excess minority concentration is reduced 
to e-1 of its peak value, or in physical terms, the average distance a minority 
carrier traverses before recombining with a carrier of the opposite type) of 
the depletion layer, the electron will, with high probability, reach the layer 
boundary and will drift under the field influence across it. An electron tra- 
versing the junction contributes a charge e to the current flow in the external 
circuit, as described in Section 10.4. If the photon is absorbed near the n 
side of the depletion layer, as shown at C, the resulting hole will diffuse to 
the junction and then drift across it again, giving rise to a flow of charge e 
in the external load. The photon may also be absorbed in the depletion layer 
as at B, in which case both the hole and electron that are created drift (in 
opposite directions) under the field until they reach the p and n sides, re- 
spectively. Since in this case each carrier traverses a distance that is less 
than the full junction width, the contribution of this process to charge flow 
in the external circuit is, according to (10.4-1) and (10.4-7), e. In practice 
this last process is the most desirable, since each absorption gives rise to a 
charge e, and delayed current response caused by finite diffusion time is 
avoided. As a result, photodiodes often use a p-i-n structure in which an 
intrinsic high resistivity (i) layer is sandwiched between the p and n regions. 
The potential drop occurs mostly across this layer, which can be made long 
enough to ensure that most of the incident photons are absorbed within it. 
Typical construction of a p-i-n photodiode is shown in Figure 11-14.

Figure 11-13 The three types of electron-hole pair creation by absorbed photons 
that contribute to current flow in a p-n photodiode.
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Figure 11-14 A p-i-n photodiode. (After Reference [13].)

It is clear from Figure 11-13 that a photodiode is capable of detecting 
only radiation with photon energy hv > Eg, where Eg is the energy gap of 
the semiconductor. If, on the other hand, hv ≫ Eg, the absorption, which 
in a semiconductor increases strongly with frequency, will take place entirely 
near the input face (in the n region of Figure 11-14) and the minority carriers 
generated by absorbed photons will recombine with majority carriers before 
diffusing to the depletion layer. This event does not contribute to the current 
flow and, as far as the signal is concerned, is wasted. This is why the 
photoresponse of diodes drops off when hv > Eg. Typical frequency response 
curves of photodiodes are shown in Figure 11-15. The number of carriers 
flowing in the external circuit per incident photon, the so-called quantum 
efficiency, is seen to approach 50 percent in Ge.

Frequency Response of Photodiodes

One of the major considerations in optical detectors is their frequency re
sponse—that is, the ability to respond to variations in the incident intensity 
such as those caused by high-frequency modulation. The three main mech
anisms limiting the frequency response in photodiodes are:

1. The finite diffusion time of carriers produced in the p and n regions.
This factor was described in the last section, and its effect can be min
imized by a proper choice of the length of the depletion layer.

2. The shunting effect of the signal current by the junction capacitance Cd 
shown in Figure 11-12. This places an upper limit of

(11.7-1)

on the intensity modulation frequency where Re is the equivalent re- 
sistance in parallel with the capacitance Cd.

3. The finite transit time of the carriers drifting across the depletion layer.
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Figure 11-15 Quantum efficiencies for silicon and germanium photodiodes 
compared with the efficiency of the S-1 photodiode used in a photomultiplier tube. 
Emission wavelengths for various lasers are also indicated. (After Reference [13].)

To analyze first the limitation due to transit time, we assume the slightly 
idealized case in which the carriers are generated in a single plane, say point 
A in Figure 11-13, and then drift the full width of the depletion layer at a 
constant velocity v. For high enough electric fields, the drift velocity of 
carriers in semiconductors tends to saturate, so the constant velocity as
sumption is not very far from reality even for a nonuniform field distribution, 
such as that shown in Figure 11-11(e), provided the field exceeds its satu- 
ration value over most of the depletion layer length. The saturation of the 
whole velocity in germanium, as an example, is illustrated by the data of 
Figure 11-16.

The incident optical field is taken as

Thus, the amplitude is modulated at a frequency ωm/2π. Following the dis- 
cussion of Section 11.1 we take the generation rate G(t); that is, the number 
of carriers generated per second, as proportional to the average of e2(t) over 
a time long compared to the optical period 2π/ω. This average is equal to

(11.7-2)

where

(11.7-3)
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Figure 11-16 Experimental data showing the saturation of the drift velocity of holes 
in germanium at high electric fields. (After Reference [14].)

½V(t)V*(t), so the generation rate is taken as

(11.7-4)

where a is a proportionality constant to be determined. Dropping the term 
involving cos 2ωmt and using complex notation, we rewrite G(t) as

(11.7-5)

A single carrier drifting at a velocity v contributes, according to (10.4-1), an 
instantaneous current

(11.7-6)

to the external circuit, where d is the width of the depletion layer. The 
current due to carriers generated between t' and t' + dt' is (ev/d)G(t') dt' 
but, since each carrier spends a time τd = d/v in transit, the instantaneous 
current at time t is the Sum of contributions of carriers generated between 
t and t - τd



SEMICONDUCTOR PHOTODIODES 427

The factor (1 - e-iωmτd)/iωmτd represents the phase lag as well as the reduction 
in signal current due to the finite drift time τd. If the drift time is short 
compared to the modulation period, so ωmτd ≪ 1, it has its maximum value 
of unity, and the signal is maximum. This factor is plotted in Figure 11-17 
as a function of the transit phase angle ωmτd. We can determine the value 
of the constant a in (11.7-7) by requiring that (11.7-7) agree with the ex- 
perimental observation according to which in the absence of modulation, 
m = 0, each incident photon will create η carriers. Thus the dc (average) 
current is

(11.7-8)

where P is the optical (signal) power when m = 0. Using (11.7-8), we can 
rewrite (11.7-7) as

(11.7-9)

To evaluate the effect of the other limiting factors on the modulation fre- 
quency response of a photodiode, we refer to the diode equivalent ac circuit 
in Figure 11-18. Here Rd is the diode incremental (ac) resistance, Cd the 
junction capacitance, Rs represents the contact and series resistance, Lp the

Figure 11-17 Phase and magnitude of the transit-time reduction factor 
(1 — e-iωmτd)/iωmτd.

and, after integration,

(11.7-7)
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Figure 11-18 The equivalent high-frequency circuit of a semiconductor photodiode.

parasitic inductance associated mostly with the contact leads, and Cp, the 
parasitic capacitance due to the contact leads and the contact pads.

Recent advances [20-22, 24] have resulted in metal-GaAs (Schottky) 
diodes with frequency response extending up to 10" Hz. Figure 11-19 shows 
a schematic diagram of such a diode. This high-frequency limit was achieved 
by using a very small area (5 μm × 5 μm) that minimizes Cd, by using 
extremely short contact leads to reduce Rs and Lp, by fabricating the diode 
on semi-insulating GaAs substrate [20] to reduce Cp, and by using a thin 
(0.3 μm) n- GaAs drift region to reduce the transit time. The resulting mea
sured frequency response is shown in Figure 11-20. The measurement of the 
frequency response up to 100 GHz is by itself a considerable achievement. 
This was accomplished by first obtaining the impulse response of the pho- 
todiode by exciting it with picosecond pulses (which, for the range of fre-

Figure 11-19 (a) Planar GaAs Schottky photodiode. (b) Cross section along A-A. 
The n- GaAs layer (0.3 μm thick) and the n+ GaAs (0.4 μm thick) are grown by 
liquid-phase epitaxy on semi-insulating GaAs substrate. The semitransparent 
Schottky consists of 100 Å of Pt (After Reference [22].)
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Figure 11-20 The modulation frequency response of the Schottky photodiode 
shown in Figure 11-19. (After Reference [22].)

quencies of interest, may be considered as delta functions) from a mode-locked 
laser [21]. The diode response, which is only a few picoseconds long, is 
measured by a new electrooptic sampling technique [23, 24]. The frequency 
response, as plotted in Figure 11-20, is obtained by taking the Fourier trans- 
form of the measured impulse response.

Numerical Example: Modulation Response of a GaAs p-n Junction Photodiode

Let us calculate the upper limit on the frequency response of the diode 
shown in Figure 11-19. The following data apply.

Area = 5 μm × 5 μm

ε = 12.25 ε0

d = 0.3 μm (= thickness of drift region)

v = 107 cm/s (saturation velocity of electron in GaAs)

Rs ≈ 10 ohms

The transit-time limit fm is obtained from the condition 2πfmτd = 2. This, 
according to Figure 11-17, is the frequency where the response is down to 
84 percent of its maximum (zero-frequency) value. The result is

The junction capacitance, based on the above data, is ~10-14 farad. The
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parasitic capacitance can be kept in this case to ~10-13 farad. Since the 
resistance Rd of the reverse-biased junction is very large, it is usually ne- 
glected.

The circuit limit to the frequency response is fm ~ 1/(2πRsCp) = 
1.59 × 1011 Hz. Since this value is larger than the transit-time limit, we 
conclude that the frequency response is transit-time limited to a value ~1011 
Hz, which is in agreement with the value obtained from Figure 11-20.

Detection Sensitivity of Photodiodes

We assume that the modulation frequency of the light to be detected is low 
enough that the transit time factor is unity and that the condition

(11.7-10)

is fulfilled and, therefore, according to (11.7-1), the shunting of signal current 
by the diode capacitance Cd can be neglected. The diode current is given 
by (11.7-9) as

(11.7-11)

The noise equivalent circuit of a diode connected to a load resistance RL is 
shown in Figure 11-21. The signal power is proportional to the mean-square 
value of the sinusoidal current component, which, for m = 1, is

(11.7-12)

Two noise sources are shown. The first is the shot noise associated with the 
random generation of carriers. Using (10.4-9), this is represented by a noise 
generator i2N1 = 2eI Δv, where I is the average current as given by the first

Figure 11-21 Noise equivalent circuit of a photodiode operating in the direct (video) 
mode. The modulation index m is taken as unity, and it is assumed that the 
modulation frequency is low enough that the junction capacitance and transit-time 
effects can be neglected. The resistance RL is assumed to be much smaller than 
the shunt resistance Rd of the diode, so the latter is neglected. Also neglected is 
the series diode resistance, which is assumed small compared with RL.
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term on the right side of (11.7-11). Taking m = 1, we obtain

(11.7-13)

where PB is the background optical power entering the detector (in addition 
to the signal power) and id is the "dark" direct current that exists even when 
Ps = Pb = 0. The second noise contribution is the thermal (Johnson noise) 
generated by the output load, which, using (10.5-9), is given by

(11.7-14)

where Te is chosen to include the equivalent input noise power of the amplifier 
following the diode.15 The signal-to-noise power ratio at the amplifier output 
is thus

(11.7-15)

In most practical systems the need to satisfy Equation (11.7-10) forces one 
to use small values of load resistance RL. Under these conditions and for 
values of P that are near the detectability limit (S/N = 1), the noise term 
(11.7-14) is much larger than the shot noise (11.7-13) and the detector is 
consequently not operating near its quantum limit. Under these conditions 
we have

(11.7-16)

15In practice it is imperative that the signal-to-noise ratio take account of the noise power 
contributed by the amplifier. This is done by characterizing the "noisiness" of the amplifier 
by an effective input noise "temperature" TA. The amplifier noise power measured at its output 
is taken as GkTA∆v, where G is the power gain. (A hypothetical noiseless amplifier will thus 
be characterized by TA = 0.) This power can be referred to the input by dividing by G, thus 
becoming kTA∆v. The total effective noise power at the amplifier input is the sum of this power 
and the Johnson noise kTΔv due to the diode load resistance; that is, k(T + TA)Δv ≡ kTeΔv. 
The amplifier noise temperature TA is related to its "noise figure" F by the definition

It follows that the noise power generated within the amplifier and measured at its output is

where T0 = 290. The ratio of the signal-to-noise power ratio at the input of the amplifier to the 
same ratio at the output is thus

This ratio becomes equal to the "noise figure" F when the temperature T of the detector output 
load is equal to T0. (Note that the choice T0 = 290 is a matter of, universal, convention.)
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The "minimum detectable optical power" is by definition that yielding 
S/N = 1 and is, from (11.7-16),

(11.7-17)

which is to be compared to the theoretical limit of hv∆v/η, which, according 
to (11.3-11), obtains when the signal shot-noise term predominates. In prac- 
tice, the value of RL is related to the desired modulation bandwidth Δv and 
the junction capacitance Cd by

which, when used in (11.7-16), gives

(11.7-18)

(11.7-19)

This shows that sensitive detection requires the use of small area junctions 
so that Cd will be at a minimum.

Numerical Example: Minimum Detectable Power in the Case of Amplifier Limited 
Detection

Assume a typical Ge photodiode operating at λ = 1.4 μm with Cd = 1 pF, 
Δv = 1 GHz, and η = 50 percent. Let the amplifier following the diode have 
an effective noise temperature Te = 1200 + 290 = 1490 K (see footnote 15) 
[14-15]. Substitution in (11.7-19) gives

Pmin ≃ 3.34 × 10-7 watt

for the minimum detectable signal power.

By increasing the reverse bias across a p-n junction, the field in the depletion 
layer can increase to a point at which carriers (electrons or holes) that are 
accelerated across the depletion layer can gain enough kinetic energy to 
"kick" new electrons from the valence to the conduction band, while still 
traversing the layer. This process, illustrated in Figure 11-22, is referred to 
as avalanche multiplication. An absorbed photon (A) creates an elec
tron-hole pair. The electron is accelerated until at point C it has gained 
sufficient energy to excite an electron from the valence to the conduction

11.8 THE AVALANCHE PHOTODIODE
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Figure 11-22 Energy-position diagram showing the carrier multiplication following 
a photon absorption in a reverse-biased avalanche photodiode.

band, thus creating a new electron-hole pair. The newly generated carriers 
drift in turn in opposite directions. The hole (F) can also cause carrier 
multiplication as in G. The result is a dramatic increase (avalanche) in junc- 
tion current that sets in when the electric field becomes high enough. This 
effect, discovered first in gaseous plasmas and more recently in p-n junctions 
(References [15, 16]), gives rise to a multiplication of the current over its 
value in an ordinary (nonavalanching) photodiode. An experimental plot of 
the current gain M as a function of the junction field is shown in Figure 
11-23.16

16If the probability that a photo-excited electron-hole pair will create another pair during its 
drift is denoted by p, the current multiplication is

Avalanche photodiodes are similar in their construction to ordinary pho- 
todiodes except that, because of the steep dependence of M on the applied 
field in the avalanche region, special care must be exercised to obtain very 
uniform junctions. A sketch of an avalanche photodiode is shown in Figure 
11-24.

Since an avalanche photodiode is basically similar to a photodiode, its 
equivalent circuit elements are given by expressions similar to those given 
above for the photodiode. Its frequency response is similarly limited by 
diffusion, drift across the depletion layer, and capacitive loading, as dis- 
cussed in Section 11.7.

A multiplication by a factor M of the photocurrent leads to an increase 
by M2 of the signal power S over that which is available from a photodiode
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Figure 11-23 Current multiplication factor in an avalanche diode as a function of 
the electric field. (After Reference [16].)

Figure 11-24 Planar avalanche photodiode. (After Reference [13].)
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where P is the optical power incident on the diode. This result is reminiscent 
of the signal power from a photomultiplier as given by the numerator of 
(11.3-9), where the avalanche gain M plays the role of the secondary electron 
multiplication gain G. We may expect that, similarly, the shot-noise power 
will also increase by M2. The shot noise, however, is observed to increase 
as Mn, where 2 < n < 3.17 Experimental observation of a near ideal M2.1 
behavior is shown in Figure 11-25.

The signal-to-noise power ratio at the output of the diode is thus given, 
following (11.7-15), by

17A theoretical study by McIntyre [17] predicts that if the multiplication is due to either holes 
or electrons, n = 2, whereas if both carriers are equally effective in producing electron-hole 
pairs, n = 3.

Figure 11-25 Noise power (measured at 30 MHz) as a function of photocurrent 
multiplication for an avalanche Schottky-barrier photodiode. (After Reference 
[18].)

so that, using (11.7-12), we get

(11.8-1)

(11.8-2)

The advantage of using an avalanche photodiode over an ordinary photo- 
diode is now apparent. When M = 1, the situation is identical to that at the 
photodiode as described by (11.7-15). Under these conditions the thermal 
term 4kTe∆v/RL in the denominator of (11.8-2) is typically much larger than
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the shot-noise terms. This causes S/N to increase with Μ. This improvement 
continues until the shot-noise terms become comparable with 4kTe∆v/RL. 
Further increases in M result in a reduction of S/N since n > 2, and the 
denominator of (11.8-2) grows faster than the numerator. If we assume that 
M is adjusted optimally so that the denominator of (11.8-2) is equal to twice 
the thermal term 4kTe∆v/RL, we can solve for the minimum detectable power 
(that is, the power input for which S/N = 1) obtaining

(11.8-3)

where M' is the optimum value of M as discussed previously. The improve
ment in sensitivity over the photodiode result (11.7-16) is thus approximately 
M'. Values of M' between 30 and 100 are commonly employed, so the use 
of avalanche photodiodes affords considerable improvement in sensitivity 
over that available from photodiodes.

The power output from lasers is ever fluctuating. This fluctuation may be 
due to temperature variations, acoustic vibrations, and other man-made 
causes. Even if all of these extraneous effects are eliminated, there remains 
a basic (quantum mechanical) contribution that is due to spontaneous emis- 
sion of radiation into the laser mode by atoms dropping from the upper 
transition level into the lower levels. The field due to this spontaneous 
emission is not coherent with that of the laser mode, thus causing phase and 
amplitude fluctuations [1]. Since these fluctuations are random, they are 
described and quantified in terms of the statistical noise tools developed 
earlier in this chapter and in Chapter 10.

Let the power output of the laser be

18In this section, we will use f to denote "low" (rf) frequencies and v for optical frequencies.

11.9 POWER FLUCTUATION NOISE IN LASERS

(11.9-1)

where the time-averaging value of the fluctuation is zero.

so that P0 is the average optical power. Using (10.2-6) and (10.2-8) we char
acterize the "power" of the fluctuation via the mean of the squared deviation18

(11.9-2)

S∆P(f) is related to the spectral density function S∆P(ω), defined by (10.2-8) 
and (10.2-14), by

(11.9-3)
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If an optical field at frequency v with a power P(t) is incident on a detector 
whose quantum efficiency (electrons per photon) is η, the output current is

so that according to Equation (11.9-1) the optical power fluctuation ΔP(t) 
causes a fluctuating current component Δi(t) = eη∆P(t)/hv with a mean 
square

(11.9-4)

where Δf is the bandwidth of the electronic detection circuit.
The relative intensity noise (RIN), is defined as the relative fluctuation 

"power" in a Δf = 1 Hz bandwidth

(11.9-5)

A single-mode semiconductor laser might possess a value of RIN ≈ 10-16 
(or -160 db). Assuming that the detector circuit has a bandwidth of, say, 
Δf = 109 Hz, the relative mean-squared fluctuation in the detected current 
is

The RMS value of the power fluctuation is thus

Example: Optical Fiber Link Design

Our task here is to determine the maximum allowed repeater spacing for an 
optical fiber communication link. We will assume that the optical source is 
a 1.3 μm GaInAsP laser (v = c/λ = 2.31 × 1014 Hz) and that the fiber

The mean-squared noise current in the output of the detector due to these 
fluctuations is given by (11.9-4)

(11.9-6)

Assuming as an example that λ = 1.3 μm, P0 = 3 mW, RIN = 10-16 Hz-1, 
Δf = 109 Hz, and η = 0.6, we obtain
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possesses an attentuation of 0.3 db/km (corresponding to an attenuation 
constant α = 0.3/4.343 = 0.0691 (km)-1). The optical power launched into 
the fiber is P0 = 3 mW. The channel is to transmit 109 bits/s so that the 
bandwidth of the detector circuit is taken as Δf = 1/period = 109 Hz. The 
system considerations dictate that the bit error probability at the detector 
output not exceed 10-10. The detector output impedance is Rl = 1,000 Ω, 
and the amplifier (following the detector) noise figure is 6 db, i.e., F = 4 
(see footnote 15).

From Figure 10-20 we determine that the signal-to-noise power ratio at 
the amplifier output must exceed 22 db to assure a bit error probability upon 
detection that is smaller than 10-10 . Our task is thus to calculate the signal 
power i2s and the total noise power i2N at the output of the detector as a 
function of the length L of the link.

The signaI power is obtained from (11.7-11), assuming a modulation index 
m = 0.5, as

(11.9-7)

The total noise power at the output of the amplifier referred to its input is

(11.9-8)

The first noise term is that due to power fluctuation (11.9-6); the second is 
the shot noise associated with the average current at the output of the 
detector Id0 = ηP0e exp(-αL)/(hv). The third term represents, as in (11.7-15), 
both the Johnson noise of the output resistor Rl as well as the amplifier 
output noise power (referred to its input, see footnote 15). If the temperature 
of the output resistor RL is T = 290 K, TE = T + (F - 1)290 = 1160 K.

Figure 11-26(a) shows the main elements of an optical fiber link. Figure 
11-26(b) shows a plot of i2s, i2NL, i2NS, and i2NA as well as the total noise power

Figure 11-26 (a) An optical fiber communication link consisting of a laser, an 
optical coupling system c, a fiber L/(km long), a detector D, an output resistance 
RL and an amplifier A with a current gain G and a noise figure F. (b) The signal 
(i2s) laser fluctuation (i2NL) detector shot noise (i2NS), combined Johnson-amplifier 
noise (i2NA), and the total noise 

currents as a function of the link length L. The currents are referred to the 
amplifier input plane S, i.e., they correspond to output currents divided by the 
current gain G of the output amplifier.
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as a function of the link length L. The important thing to note is the relative 
change of the various powers with distance. The distance L0, where the 
detected signal-to-noise power ratio is down to 22 db, is read off as L0 = 87 
km.19 This distance is thus chosen as the link length. Notice, as an example, 
that the dominant noise contribution at L > 33 km is the amplifier-detector 
noise i2NA. If the latter were reduced by, say, 3 db, the link length could be 
increased by 5 km, as indicated by the dashed line.

19That is, 10 log (i2S/i2N) = 22.

The signal-to-noise power ratio of a p-n diode detector is given by (11.7-16) 
in the case where the dominant contributions to the noise power are the 
amplifier noise and the Johnson (thermal) noise of the load resistance RL in 
the diode output circuit. The mean-square noise current is then

(11.9-9)

The signal peak current is given by (11.7-8) as

(11.9-10)

where Ps is the peak pulsed optical power incident on the detector. The 
signal-to-noise current ratio at the amplifier output (see footnote 15) is thus

(11.9-12)

where C is the total output capacitance given as 3 × 10-12 f. Using the 
above value of Δf and C, we obtain

We return now to (11.9-11), which, using η = 0.5, λ = 1.35 μm, iS/(i2N)1/2 =
12.59, yields 

for the minimum power input to the photodiode.
The total transmission loss in the 50 km fiber is 20 dB. We will assume 

(11.9-11)

Our next prob1em_is that of finding the minimum value of the signal 
power Ps so that is/(i2N)1/2 in (11.9-11) exceeds the needed value of 12.59. 
We thus need to know Te, RL, and Δf. Te is obtained from the given value 
of the amplifier noise figure (F = 6 dB). Taking T = 290 K, we obtain, using 
footnote 15, Te = 290 + (4 - 1)290 = 1160. In order to achieve this bandwidth, 
the load resistance Rl must not exceed (see 11.7-18) the value
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that an additional 4 dB loss is caused by coupling the laser output to the 
fiber and at the fiber output so that the total loss is 24 dB (that is, 251). The 
laser power output must thus exceed

Plaser = 6 × 10-3 watt

which is a reasonable power level for CW diode lasers.
If the fiber had been substantially lossier than in the above example, we 

could still have met our design specifications by using an avalanche pho- 
todiode.

11.10 INFRARED IMAGING AND BACKGROUND-LIMITED DETECTION [25—28]

Arrays of cooled infrared detectors based mostly on photoconductive semi- 
conductors such as mercury cadmium telluride (HgCdTe) have become in
creasingly important elements in the fast developing technology of infrared 
imaging and detection. The application areas served by this new technology 
include tumor detection, the mapping of earth resources by orbiting satellites, 
"spy" satellites, and nighttime "seeing." We will not concern ourselves 
here with the system aspects of these applications but rather with the basic 
noise physics of a single element that is prerequisite to system considera- 
tions. The concepts involved here are the same as those we have encountered 
in the early sections of this chapter, but the operational considerations merit 
a dedicated treatment. To be specific, we will focus our discussion to doped, 
say, n-type, photoconductors, such as HgCdTe, in which the optical input 
field causes excitation of electrons to the conduction band so that the signal 
current is due to the drift of the excited carriers.

Consider the photoconductive detector shown in Figure 11-27. The de- 
tected radiation is incident on the "face" whose area is A. The thickness 
of the detector is t. The optical signal power input to the detector is Ps. This 
power gives rise to a signal current given according to (11.5-2) by

(11.10-1)

is the transit 

time for a carrier with a velocity v. vopt is the frequency of the optical beam. 
η is the fraction of the incoming photons that are usefully absorbed in the 
photoconductor. τ0 is the average lifetime of a photo-excited carrier. In 
addition to the signal current, we have two other major sources of noise 
currents that are not related to the signal.

The first is the shot noise associated with the drift under the influence 
of the applied external field of thermally excited (minority) carriers, while 
the second is the shot noise due to carriers excited by the ever present 
incoming background optical radiation. Referring to Figure 11-27(b), we

where τ0 is the lifetime of the photo-excited carriers,
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Figure 11-27 (a) A schematic diagram of an infrared detecting element intercepting 
radiation from an acceptance angle θ. (b) A detailed view of the photoconductor.

(11.10-3)

distinguish in our photoconductor three populations of carriers: ns (cm-3) 
due to the signal, nt due to thermal excitation, and nB due to incoming 
background radiation. The density nB of carriers excited by the background 
radiation is

(11.10-2)

This last expression can be obtained by setting the rate of photon absorption 

per unit volume equal to the rate of minority carrier recombi-

nation. The incident background power PB is most often that of the back- 
ground blackbody radiation, in which case
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where A is the cross-sectional area of the detector, Δv is the optical band- 
width of the radiation allowed into the detector, -TB is the background 
temperature, white θ is the angle [see Figure 11-27(a)] within which radiation 
is accepted by the detector. In practice the acceptance angle θ and the 
background temperature T are dictated by the application. A reasonable 
strategy in such a case is to cool the detector to the point where nt < nB. 
This renders the contribution of n, to the shot noise equal to that of nB so 
that additional cooling will not materially improve the signal-to-noise ratio 
at the output. Since the signal-to-noise ratio under this condition is deter- 
mined by the background radiation, it is referred to as background limited 
infrared performance (BLIP).

Let us assume that a BLIP condition has been achieved and calculated 
the resulting detector performance. From (11.5-9) the mean-squared output 
noise current is (in the limit vτ0 ≪ 1)

Using (11.10-1) and (11.10-5) we can solve for the minimum detectable power 
when the main noise contribution is due to the background radiation, i.e., 
nt < nB

When the detector is coded sufficiently so that it is background limited, D*

(11.10-4)

Where IB = nBevA is the average current due to the background radia- 
tion-excited carriers and Δf is the bandwidth of the (electronic) detection 
circuit. Substituting for nB from (11.10-2) gives

(11.10-5)

The minimum detectable signal, also known as the noise equivalent power 
(NEP) of the detector, is that value of the signal power Ps for which

(11.10-6)

A common figure of merit used in the infrared imaging community to describe 
detector sensitivity is the specific peak detectivity D* ("Dee" star) defined 
as
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(11.10-11)

where L is the width of the unit cell in Figure 11-28(a), m* is the carrier 
(electron) effective mass, EF the Fermi energy of the material, and V the 
depth of the quantum well. Using the data of Figure 11-28(b) and m* =

becomes

(11.10-6a)

where, to remind us, the B subscript stands for the background limited 
condition and Δf is bandwidth of the detection circuit including the pho- 
toconductive element.

In a detector limited by thermal excitation of carriers, i.e., one where 
nt > nB we have

(11.10-7)

(11.10-8)

Equating i2Nt to i2s as in (11.10-6), we obtain

and

(11.10-9)

where, in the last expression, we used τd ≡ t/v.
It is obvious that the condition nt ≤ nB is equivalent to

(11.10-10)

A key issue in infrared detection is to determine to what temperature a 
detector element need be cooled to be background limited. To answer this 
question we need to know nB and the dependence of nt on the material 
parameters and the temperature.

As an example consider an infrared detector as shown in Figure 11-28(a) 
in which the photoconductive medium is a GaAs/GaAlAs superlattice [29]. 
It is based on excitation of electrons from a confined "quantum-well" state 
(see Section 16.1) to continuum (unconfined) states where they are free to 
conduct. These wells consist of thin layers (~100 Å) of crystalline GaAs 
layers sandwiched between higher energy gap Ga1-xAlxAs crystalline layers.

In this case [25],
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Figure 11-28 Schematic illustration of a typical quantum well detector structure 
(only two wells are shown) with the relavant energies. In the upper part of the 
figure (a), the quantum well detector under bias is shown. The second part of the 
figure (b) shows the relevant distances and energies. The sub-band levels are given 
by E1 and E2.

, we can use (11.10-9) to plot D*t vs.

the detector temperature T. The result is shown in Figure 11-29(a).
To use this curve we need first to obtain a value for D*B using (11.10-3) 

and (11.10-6a). We then find the temperature in Figure 11-29(a) where 
D*t = D*B. As an example, given D*B = 1012 we find from the figure that the 
quantum-well detector needs to be cooled to T < 48 K in order to become 
background limited.20 Figure 11-29 curve (b) is a plot based on Equations 
(11.10-3, 11.10-6, 11.10-9) of the acceptance angle θB for which D*B is equal 
to D*t. Further increases of θB will thus cause the detector to be background 
limited. In the figure we used a background temperature TB = 300 K,

20In practice cooling the detector below the liquid N2 temperature, 77.7oK, is expensive and is 
reserved to very demanding applications.
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Figure 11-29 Curve (a) is a plot of the thermal-excitation-limited detectivity D*t at 
λ = 10 μm vs. temperature of the GaAs quantum well detector. Curve (b) is a plot 
of the acceptance angle θB which results in D*B = D*t (BLIP) for the background 
conditions stated in the figure.

vopt = 3 × 1013 (λ = 10 μm), Δv = 0.13 vopt. As an example, if our detector 
has a D*t of 1012, then the BLIP condition obtains when θB = 4.6°.

We can also use the curves of Figure 11-29 in reverse to find D*B for 
a given θB. For instance, for θB = 4.6° we follow the sequence W → X → 
Y → Z to find D*B = 1012; in the process we also learn that the detector 
temperature must be below 48 K in order to be background limited.

The most widely used material for infrared imaging near λ = 10 μm is 
the semiconductor HgCdTe [28] (MCT) whose composition can be adjusted 
to yield an energy of a photon with λ ~ 10 μm. The photoconduction in this 
case is due to excitation across the energy gap of the semiconductor. Typical 
MCT photoconductive detectors use N-type material so that the carriers 
responsible for the signal (and noise) are the (minority) holes. Our theoretical 
discussion up to this point applies if we merely take nB, nt, and ns, respec- 
tively, as the density of holes excited by the background radiation, thermal 
process, and the "signal" radiation.

The most important task that confronts the infrared detector scientist is 
to develop materials that enable background-limited performance at the high
est possible temperature. The background limit condition nt = nB can be
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written using (11.10-2) as

(11.10-12)

Since nt invariably increases with T, it follows from (11.10-12) that the tem
perature for background-limited operation increases with the carrier lifetime 
τ0. In the example given above, the temperature T for background-limited 
detection condition nt = nB is given, according to (11.10-11), by the condition 
nB = nt i.e., by the value of T satisfying

(11.10-13)

In a typical HgCdTe at 77 K, the carrier lifetime is τ0 ~ 10-6 s while in 
our quantum well detector τ0 ~ 10-11 s [the time for an excited carrier to 
drop in energy below the top of the well thus becoming immobile (trapped). 
This happens after the emission of only a few optical-branch phonons by 
the excited carrier.]

It follows that HgCdTe is background limited and thus has an NEP, 
described by (11.10-6), at a higher temperature than a GaAs/GaAlAs detector 
used in the above example. To illustrate this point, we show in Figure 11-30 
a plot of the thermal generation current that is the rate of decay (per unit 
of incidence area) of thermally excited carriers21

21This rate is equal, at thermal equilibrium, to the rate at which the "thermal" carriers are 
generated.

(11.10-14)

where nt is the density of thermally excited carriers (for HgCdTe it is the 
minority carrier density [26-28]). It-g is commonly used in the infrared 
imaging community to compare different materials since at the background 
limit (BLIP) it is equal to the rate ηℐB/hvopt of (absorbed) background pho- 
tons (per cm2) incident on the detector. Since the latter rate is determined 
by system considerations (see Equation 11.10-3 and the following discus- 
sion), given the background absorbed photon flux ηℐB/hvopt we can deter
mine at a glance the temperature to which our detector needs to be cooled 
to achieve BLIP condition or, equivalently, the temperature to which the 
detector needs to be cooled for BLIP operation at a given background photon 
flux.

We note by comparing Figure 11-30(a) to 11-30(b) that at given T, It-g 
in HgCdTe is ~6 orders of magnitudes smaller than in the GaAs/GaA1As 
detector, reflecting mainly the difference in carrier lifetime τ0. It is 
~10-11 s in GaAs/GaAlAs [25] and ~10-6 s in HgCdTe. As an example con- 
sider a system subject to a background photon flux near λ = 10 μm of 3 ×
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Figure 11-30 (a) Thermal equivalent current for HgCdTe IR devices. On the left 
ordinate it is expressed in A/cm2 while on the right ordinate it is expressed in the 
equivalent arrival rate of (10 μm) photons/cm2. (b) Thermal equivalent generation 
current for GaAs/AlGaAs.

1013 cm-2 - s-1. The HgCdTe detector becomes, according to Figure 11-30(a), 
background limited at ~80 K while the GaAs/GaAlAs detector [Figure (b)] 
needs to be cooled to ~45 K. If we calculate the D*t corresponding to this 
incoming background flux, we obtain using, for example, Figure 11-29(a) at 
45 K, D*t = 2.2 × 1013 cm-Hz1/2-W-1.
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11.11 OPTICAL AMPLIFICATION IN FIBER LINKS

Optical amplification in fiber links [31-33] has recently been recognized as 
having major system implications for very long distance transmission of 
information (>1000 km) using optical fibers and for distribution systems 
involving a large number of subscribers. These purely optical repeaters may, 
in most cases, obviate the need for the repeater stations currently used that 
involve detection, electronic amplification, and remodulation of a (new) 
launched optical beam.

The raison d'être for the optical amplifiers is that they make it possible 
to maintain the optical power at sufficiently high levels along the path so 
that the signal-to-noise ratio (SNR) degradation due to signal shot noise and 
receiver noise is reduced to practical inconsequence.

A new and dominant noise source, amplified spontaneous emission, 
however, is introduced by the optical amplifier [35], and its effect on the 
signal-to-noise ratio (SNR) of the detected signal current will be considered 
below. Before doing so, we will briefly review the relevant physics of the 
amplifier.

The most common amplifier uses a transition at λ = 1.535 μm in an 
E3+r ion introduced as a dopant into the present in a silica fiber [34, 35]. The 
pertinent energy levels are shown in Figure 11-31(a).

The laser transition can be pumped by radiation at λ ~ 0.98 μm or λ ~ 
1.49 μm as shown. This pumping field is usually obtained from semiconductor 
lasers and is coupled into the amplifying fiber whose length is typically 
between a few meters and a few tens of meters. A schematic diagram of the 
amplifier configuration is shown in Figure 11-31(b). The fiber amplifier section 
can be spliced smoothly into the fiber transition. A plot of the gain vs. signal 
wavelength is shown in Figure 11-32.

The main effect of the optical amplifier on the SNR of the detected signal 
is to add, upon detection, a noise current component, at frequencies near 
that of the signal current. This noise is due to beating between the amplified 
(optical) spontaneous emission (ASE) power of the amplifier and the signal 
optical field. We first need to obtain an expression for the optical spontaneous 
emission power at the output of an optical amplifier. This topic is the subject 
of Appendix D. The main result, Equation D-8, is that the (amplified) spon- 
taneous emission power in a single mode with a spectral bandwidth Δvopt 
at the output of an optical amplifier is [36]

(11.11-2)

is the atomic inversion factor of the transition. It accounts for the larger

(11.11-1)

where G is the power gain of the optical amplifier and
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Figure 11-31 (a) The pertinent energy level diagram of E3+r in silica. For pumping at 
λ = .98 μm (preferred). (b) A schematic diagram showing the amplifying fiber 
spliced into the transmission fiber and the method for coupling the pump radiation 
into the fiber.

Figure 11-32 Noise factor and gain spectrum of the silica E3+r fiber amplifier for a 
constant pump power of 34.2 mW at 0.98 μm. (After Reference [35].) 
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value of N2, and hence larger spontaneous emission power, in atomic (am
plifier) systems in which N1 ≠ 0.22

Figure 11-33 An optical amplifier with a power gain G and an input signal power
S0. F is the total power of the amplified spontaneous emission (ASE) at the output 
of the amplifier in the appropriate bandwidth ∆v.

If we denote the optical power at ω2 as S and that of the spontaneous 
emission at ω1 as F, then the beat current component with a frequency 
ωm = ω2 - ω1 is (see Equation 11.4-4)

(11.11-3)

where Φase and φs are the phases of the ASE field and the signal optical 
field, respectively. The mean-squared beat current is then

(11.11-4)

which, using (11.11-1) and putting Δvopt = 2Δfsig, yields23

(11.11-5)

In the remainder we will drop the subscript "sig" and use Δf only.
Consider an optical in-line amplifier as shown in Figure 11-33. The input 

signal power is S0, and it enters the amplifier in a single transverse (usually 
the fundamental) fiber mode. The amplified output signal is GS0, while F0, 
as given by ( 11.11-1 ), represents the (optical) amplified spontaneous emission 
power at the output, which is generated within the amplifier in a band Δv. 
If we were to detect the signal at the input to the amplifier, the main noise 
contribution would, in an ideal case, i.e., a noiseless receiver, be that of the 
signal shot noise so that the signal-to-noise power ratio (SNR) at the input

22In a laser the gain per pass is given by G = exp[a(N2 - N1)Lamp] where Lamp is the length 
and a is a constant depending on the atoms. A large N1 thus causes a larger N2 for a given 
gain. The SE power is proportional to N2.
23Two ASE frequency bands, each with a width ∆vsig, one above and one below the signal 
frequency contribute incoherently to the beat power so that the effective Δ vopt = 2∆fsig.
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to the amplifier is

(11.11-6)

The detected signal "power"24 at the output is

(11.11-7)

while the noise power is that of the ASE-signal noise (11.11-5) and the shot 
noise

(11.11-8)

The noise current component that is due to beating of ASE frequencies with 
themselves is proportional to F20 and can be made to be negligible compared 
to the ASE-signal current if the signal power S(z) is not allowed to drop too 
far and/or by optical filtering. We have neglected for similar reasons the shot 
noise due to the ASE. The (S/N) ratio at the output of the amplifier is thus

where we assumed a 100 percent detector quantum efficiency. For large gain 
G ≫ 1, the second term in the denominator of (11.11-9), dominates, and

which in an ideal, four-level (N1 = 0, μ = 1) amplifier is equal to 2. The 
single high-gain optical amplifier will thus degrade the SNR of the detected 
output by a factor of 2 (3 db). We recall that this degradation is tolerated 
only in order to save the signal from the, far worse, fate of succumbing, in 
its attenuated state, to the noise of the receiver. An experimental verification 
of the SNR result is shown in Figure 11-32.

24The "power" everywhere is taken as the mean square of the current. Since our final results 
involve only (signal-to-noise) power ratios, this procedure is justified.

(11.11-9)

(11.11-10)

The ratio of the input (SNR) to the output value is thus
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In a very long (100 km) fiber link, we will need to amplify the signal a 
number of times. We will consequently develop in what follows a formalism 
for treating systematically cascades of amplifiers.

A generalization of the expression (11.11-9) for the SNR of the detected 
signal at an arbitrary point z along the link is to write

(11.11-12)

S(z) is the signal power at z, while F(z) is the total ASE power at z originating 
in all the preceding amplifiers (z' < z).

Let us next consider the realistic scenario of a long fiber with amplifiers 
employed serially at fixed and equal intervals (z0), as illustrated in Figure 
(11-34).

The signal power level S(z) at the fiber input and at the output of each 
amplifier is S0. The signal is attenuated by a factor of L ≡ exp(-αz0) in 
the distance z0 between amplifiers and is boosted back up by the gain G = 
L-1 = eαz0 at each amplifier to the initial level S0. The spontaneous emission 
power F(z) is attenuated by a factor L between two neighboring amplifiers 
and increases by an increment of F0 at the output of each amplifier. We 
employ Equation 11.11-1 to calculate the SNR of the detected current at the 
output of the nth amplifier. Assuming G ≫ 1, the result is

Figure 11-34 A fiber link with periodic amplification. 

(11.11-11)

where the last term in the denominator represents the mean-squared thermal 
noise current of the receiver (at point z) whose effective noise temperature 
is Te. R is the output impedance of the detector including the receiver's 
input impedance. Equation (11.11-11) neglects, again, the shot noise due to 
the ASE, the ASE-ASE beat noise, and intensity fluctuation noise of the 
source laser. If the signal power S(z) can be maintained above a certain level 
by repeated amplification, we can neglect the receiver noise term. Under 
these realistic circumstances, the SNR expression (11.11-11) becomes

(11.11-13)
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where, because of the high signal and ASE levels, we neglected the thermal 
receiver noise. When exp(αz0) = G ≫ 1, we find az-1 (more exactly an n-1) 
dependence of the SNR rather than the exp(-αz) dependence of a fiber 
without amplification in which the main noise mechanism is shot noise. The 
physical reason for this difference is that the repeated amplification keeps 
the signal level high as well as the level of the signal-ASE beat noise. The 
latter is kept well above the signal shot noise. A fixed amount of beat noise 
power is thus added at each stage leading to the inverse distance dependence 
of the SNR.

Equation (11.11-13) suggests that the SNR at z can be improved by 
reducing z0, i.e., by using smaller intervals between the amplifiers which, 
of course, entails reducing the gain G = exp(αz0) of each. Let us take the 
limit of Equation (11.11-13) as z0 → 0, i.e., the separation between amplifiers 
tends to zero. In this limit the whole length of the fiber acts as a distributed 
amplifier with a gain constant g = α, just enough to maintain the signal at 
a constant value. Since S(z) is a constant, we need only evaluate the ASE 
optical power F(z) in order to obtain, using (11.11-12), an expression for the 
SNR at z. To find how much noise power is added by the amplifying fiber, 
we consider a differential length dz. It may be viewed as a discrete amplifier 
with a gain of exp(gdz) so that its contribution to F(z) is given by (11.11-1) 
as

(11.11-14)

or

(11.11-15)

where, since no spontaneous emission is present at the input, we used
F(0) = 0. Using 11.11-15 in (11.11-11) and taking S(z) = S0, g = a results 
in

(11.11-16)

We can also obtain (11.11-16) as the limit of (11.11-13) when z0 → 0. It is 
interesting to compare the (ideal) distributed amplifier to the discrete am
plifier case of Equation (11.11-13)

(11.11-17)

where we used G = exp(αz0) and n = z/z0.
Figure 11-35 shows plots of the ideal continuous amplification case de- 

scribed by Equation (11.11-16) as well as two cases of discrete amplifier 
cascades [Equation (11.11-13)]. The advantage of continuous amplification
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Figure 11-35 A universal plot of the degradation of the SNR compared to the 
initial (z = 0) value in the cases of (a) continuous amplification (g = α), (μ = 1);
(b) periodic amplification every z0 = α-1 (z' = 1, 2, 3, . . .), (μ = 1), (curve is to 
be read only at z' = 1, 2, 3 . . .); and (c) periodic amplification every z0 = 2α-1 
(z' = 2, 4, 6, . . .), (μ = 1), (curve is to be read only at z' = 2, 4, 6, . . .).

compared to, say, amplification every α-1 is seen to be less than 2 db so 
that the latter may be taken as a practical optimum configuration. In a low- 
loss optical fiber, say with a = 0.2 db/km, the distance between amplifiers 
that are placed every α-1 km would be 21.7 km. Figure 11-36 shows the 
SNR of the detected signal along a realistic link for the case of (a) continuous 
amplification; (b) discrete amplifiers spaced by z0 = α0-1: and (c) for the case 
of no amplification at all. The launched power is P0 = ρ mW, λ = 1.55 μm, 
Δf = 109 Hz, and α = 0.2 db/km. Curve (b) is to be read only at multiples 
of z = α-1 = 21.7 km, which are the output planes of the optical amplifiers. 
Curve (c) assumes detection with a receiver with Te = 725 K (F = 4 db) 
and an input impedance of 1000 Ω.

We note that if, for example, we need to maintain a SNR exceeding 50 
db, we must use a fiber link shorter than 100 km if no amplifier is used, but 
if laser amplifiers are used every, say, z0 = α-1 ( = 21.7 km), fiber length in 
excess of 1000 km can be employed.

Serious consideration has also been devoted to the use of semiconductor 
(SC) laser amplifiers [31]. These are identical in their construction to semi- 
conductor laser oscillators, which are discussed in Chapter 15, except that 
the facets are coated with antireflection layers to reduce optical feedback 
and thus prevent oscillation from taking place. The main advantage is the 
possibility of very large gains, > 20 db in a short (< ~400 μm) semiconductor 
chip. The main disadvantages of the SC amplifier compared to the fiber
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Figure 11-36 SNR of detected signal in a fiber link with (a) a continuous amplifier 
g = α, (μ = 1); (b) discrete amplifiers employed every absorption length α-1 = 
21.7 km (0.2 db/km fiber loss), (μ = 1) (curve is to be read only at multiples of 
21.7 km); and (c) no optical amplification and detection with a receiver with a 
noise figure of 4 db. The power launched into the fiber is 5 mW, the fiber loss is 
0.2 db/km, λ = 1.55 μm, the detection bandwidth is Δf = 109, and the detector 
load impedance is 1000 ohms.

amplifier is the presence of residual reflections and the resulting need for 
optical isolators. The presence of even minute reflection (R < 10-5) can 
give rise to instabilities and excess noise in the source laser oscillator. Im- 
pressive results, however, have been demonstrated [36].

The above discussion centers on the use of optical amplification in long 
distance transmission of data. A second class of applications, no less im- 
portant, is that of distribution systems with a very large number of sub
scribers. The use of optical amplifiers makes it possible to maintain the power 
arriving at a subscriber's premises at sufficiently high levels so as not to be 
degraded by the receiver noise. The number of subscribers that can thus be 
served by a single laser can be increased by anywhere from 1 to 3 orders 
of magnitude. This topic is the subject of Problem 11.13.

Problems

11.1 Show that the total output shot-noise power in a photomultiplier in- 
cluding that originating in the dynodes is given by 

where δ is the secondary-emission multiplication factor and N is the number 
of stages.
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11.2 Calculate the minimum power that can be detected by a photoconductor 
in the presence of a strong optical background power PB. Answer:

11.3 Derive the expression for the minimum detectable power using a pho
toconductor in the video mode (that is, no local-oscillator power) and as
suming that the main noise contribution is the generation-recombination 
noise. The optical field is given by e(t) = E(1 + cos ωmt) cos ωt, and the 
signal is taken as the component of the photocurrent at ωm.

11.4 Derive the minimum detectable power of a Ge:Hg detector with char- 
acteristics similar to those described in Section 11.7 when the average cur- 
rent is due mostly to blackbody radiation incident on the photocathode. 
Assume T = 295 K, an acceptance solid angle Ω = π and a photocathode 
area of 1 mm2. Assume that the quantum yield η for blackbody radiation at 
λ < 14 μm is unity and that for λ > 14 μm, η = 0. [Hint: Find the flux of 
photons with wavelengths 14 μm > λ > 0 using blackbody radiation formulas 
or, more easily, tables or a blackbody "slide rule."]

11.5 Find the minimum detectable power in Problem 11.4 when the input 
field of view is at T = 4.2 K.

11.6 Derive Equations (11.6-15) and (11.6-16).

11.7 Show that the transit time reduction factor (1 - e-iωmτd)/iωmτd in Equa
tion (11.7-7) can be written as 

where

Plot a and β as a function of ωmτd.

11.8 Derive the minimum detectable optical power for a photodiode operated 
in the heterodyne mode. (Answer: Pmin = hv Δv/η.)

11.9 Discuss the limiting sensitivity of an avalanche photodiode in which 
the noise increases as M2. Compare it with that of a photomultiplier. What 
is the minimum detectable power in the limit of M ≫ 1, and of zero back- 
ground radiation and no dark current?

11.10  Derive an expression for the magnitude of the output current in a 
heterodyne detection scheme as a function of the angle θ between the signal 
and local-oscillator propagation directions. Taking the aperture diameter (see 
Figure 11-6) as D, show that if the output is to remain near its maximum 
(θ = 0°) value, θ should not exceed λ/D. [Hint: You may replace the lens
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in Figure 11-6 by the photoemissive surface.] Show that instead of Equation 
(11.4-4) the current from an element dx dy of the detector is

The propagation directions lie in the z-x plane. The contribution of dx dy to 
the (complex) signal current is thus

11.11 Show that for a Poisson distribution (footnote 9)(ΔN)2 = N.

11.12 Calculate the smallest temperature microment that can be measured 
by an infrared detector "looking" at an object at T = 350 K with a back- 
ground temperature of T = 300 K. The detector has a D*λ = 1011 cm 
(Hz)1/2/W and responds to Δλ ~ 0.1λ centered on λ = 10 μm. The output 
circuit bandwidth is Δf = 103 Hz.

11.13 Assume a fiber distribution network fed by a single semiconductor laser 
at λ = 1.55 μm with a power output P0 = 10 mW. The power is divided 
into N branches, amplified (in each branch) and then divided again into M 
branches.

Determine the maximum number of "subscribers" NM that can be ser- 
viced by the system assuming: Δf = 109 Hz; R (receiver input impedance) 
is 103 ohms, Te = 1000 K; and a minimum SNR at the subscriber of 42 db. 
The maximum power level at the output of the amplifiers is 10 mW.
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12
Interaction of 

Light and Sound

12.0 INTRODUCTION

Diffraction of light by sound1 waves was predicted by Brillouin in 1922 [1] 
and demonstrated experimentally some ten years later [2]. Recent devel
opments in high-frequency acoustics [3] and in lasers caused a renewed 
interest in this field because the scattering of light from sound affords a 
convenient means of controlling the frequency, intensity, and direction of 
an optical beam. This type of control enables a large number of applications 
involving the transmission, display, and processing of information [4].

A sound wave consists of a sinusoidal perturbation of the density of the 
material, or strain, that travels at the sound velocity vs, as shown in Figure 
12-1. A change in the density of the medium causes a change in its index of 
refraction, which, to first order, is proportional to it.2 We can, consequently, 
represent the sound wave shown in Figure 12-1 by

1In this chapter we use the word sound to describe acoustic waves with frequencies that in 
practice may range through the microwave region (f ≃ 1010 Hz).
2This is easily understood in the case where each atom (or molecule) contributes a constant 
amount to the index, n, so the latter is proportional to the material density.
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(12.1-1)

where ωs/ks = vs.
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Figure 12-1 Traveling sound wave "frozen" at some instant of time. It consists of 
alternating regions of compression (dark) and rarefaction (white), which travel at 
the sound velocity vs. Also shown is the instantaneous spatial variation of the 
index of refraction that accompanies the sound wave.

Next consider an optical beam incident on a sound wave at an angle θi 
as in Figure 12-2. For the purpose of the immediate discussion, we can 
characterize the sound wave as a series of partially reflecting mirrors,3 sep- 
arated by the sound wavelength λs, that are moving at a velocity vs. Ignoring, 
for the moment, the motion of the mirrors, let us consider the diffracted 
wave and take the diffraction angle as θr. A necessary condition for diffrac
tion in a given direction is that all the points on a given mirror contribute 
in phase to the diffraction along this direction. Considering the diffraction 
from two points, such as C and B in Figure 12-2, it is then necessary that 
the optical path difference AC - BD be some multiple of the optical wave-

3This is due to the fact that the index of refraction is higher in the compressed portions of the 
sound wave and lower in the rarefied regions. Since a change in index causes reflection, the 
mirrors' analogy follows.
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Figure 12-2 Diffraction of an incident optical beam from an array of equispaced 
reflectors.

length λ/n for diffraction along θr to occur. This condition takes the form

4The reader may justly wonder why path differences of 2λ/n, 3λ/n, and so on, do not lead to 
maximum diffraction as well as a path difference of λ/n. This point is considered in Problem 
12.6.

(12.1-2)

where m = 0, ±1, ±2, . . . . The only way in which (12.1-2) can be satisfied 
simultaneously for all points x along a given reflector is if m = 0, from which 
it follows that

(12.1-3)

In addition to the requirement that the different parts of a given acoustic 
phase front interfere constructively, which leads to (12.1-3), we require that 
the diffraction from any two acoustic phase fronts add up in phase along the 
direction of the reflected beam. The path difference, AO + OB shown in 
Figure 12-3, of a given optical wavefront resulting from reflection from two 
equivalent acoustic wavefronts (that is, planes separated by λs) must thus 
be equal to the optical wavelength λ. Using (12.1-3) and Figure 12-3 we find 
that this condition can be written as4

(12.1-4)

where θi = θr = θ.
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Figure 12-3 The reflections from two equivalent planes in the sound beam (that is, 
planes separated by the sound wavelength λs), which add up in phase along the 
direction θ if the optical path difference AO + OB is equal to one optical 
wavelength.

12.2 PARTICLE PICTURE OF BRAGG DIFFRACTION OF LIGHT BY SOUND

Many of the features of Bragg diffraction of light by sound can be deduced 
if we take advantage of the dual particle-wave nature of light and of sound. 
According to this picture a light beam with a propagation vector k5 and 
frequency ω can be considered to consist of a stream of particles (photons) 
with momentum ħk and energy ħω. The sound wave, likewise, can be thought 
of as made up of particles (phonons) with momentum ħks and energy ħωs. 
The diffraction of light by an approaching sound beam illustrated in Figure 
12-3 can be described as a series of collisions, each of which involves an 
annihilation of one incident photon at ωi and one phonon and a simultaneous 
creation of a new (diffracted) photon at a frequency ωd, which propagates 
along the direction of the scattered beam. The conservation of momentum 
requires that the momentum ħ(ks + ki) of the colliding particles is equal to 
the momentum ħkd of the scattered photon, so

5The beam is of the form cos(ωt - k · r). so it propagates in a direction parallel to k with a 
wavelength 2π/k.

(12.2-1)

The diffraction of light that satisfies (12.1-4) is known as Bragg diffraction 
after a similar law applying in X-ray diffraction from crystals. To get an idea 
of the order of magnitude of the angle θ, consider the case of diffraction of 
light with λ = 0.5 μm from a 500-MHz sound wave. Taking the sound velocity 
as vs = 3 × 105 cm/sec, we have λs = vs/vs = 6 × 10-4 cm and, from (12.1-4),
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From (12.2-2) we learn that the diffracted beam is shifted in frequency by 
an amount equal to the sound frequency. Since the interaction involves the 
annihilation of a phonon, conservation of energy decrees that the shift in 
frequency is such that ωd > ωi and the phonon energy is added to that of 
the annihilated photon to form a new photon. Using this argument it follows 
that if the direction of the sound beam in Figure 12-3 were reversed so that 
it was receding from the incident optical wave, the scattering process could 
be considered as one in which a new photon (diffracted photon) and a new 
phonon are generated while the incident photon is annihilated. In this case, 
the conservation-of-energy principle yields

Figure 12-4 The momentum-conservation relation, Equation (12.2-1), used to 
derive the Bragg condition 2λs sin θ = λ/n, for an optical beam that is diffracted 
by an approaching sound wave. θ is the angle between the incident or diffracted 
beam and the acoustic wavefront.

The conservation of energy takes the form

(12.2-2)

The relation between the sign of the frequency change and the sound prop- 
agation direction will become clearer using Doppler-shift arguments, as is 
done at the end of this section.

The conservation-of-momentum condition (12.2-1) is equivalent to the 
Bragg condition (12.1-4). To show why this is true, consider Figure 12-4. 
Since the sound frequencies of interest are below 1010 Hz and those of the 
optical beam are usually above 1013 Hz, we have

and the magnitude of the two optical wave vectors is taken as k (see also
Problem 12.4). The magnitude of the sound wave vector is thus

(12.2-3)

Using ks = 2π/λs, this equation becomes

(12.2-4)

which is the same as the Bragg-diffraction condition (12.1-4).
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Doppler Derivation of the Frequency Shift

The frequency-shift condition (12.2-2) can also be derived by considering 
the Doppler shift exercised by an optical beam incident on a mirror moving 
at the sound velocity vs at an angle satisfying the Bragg condition (12.1-4). 
The formula for the Doppler frequency shift of a wave reflected from a 
moving object is

where ω is the optical frequency and v is the component of the object velocity 
that is parallel to the wave propagation direction. From Figure 12-3 we have 
v = vs sin θ, and thus

and, therefore, ωd = ω + ωs.
If the direction of propagation of the sound beam is reversed so that, in 

Figure 12-3, the sound recedes from the optical beam, the Doppler shift 
changes sign and the diffracted beam has a frequency ω - ωs.

12.3 BRAGG DIFFRACTION OF LIGHT BY ACOUSTIC WAVES—ANALYSIS

In treating the diffraction of light by acoustic waves, we assume a long 
interaction path so that higher diffraction orders [5] are missing and the only 
two waves coupled by the sound are the incident wave at ωi and a diffracted 
wave at ωd = ωi + ωs or at ωi - ωs, depending on the direction of the Doppler 
shift as discussed in Section 12.2.

According to the discussion in Section 12.1, the sound wave causes a 
traveling modulation of the index of refraction given by

6Equation (12.3-1) can be derived using the relations d = ε0e + p = εe, p ≡ ε0χe, and n2 ≡ 
ε/ε0. This leads to p = ε0(n2 - 1)e, whence Equation (12.3-1).

(12.2-5)

Using (12.1-4) for sin θ we obtain

(12.2-6)

This modulation interacts with the fields at ωi and ωd to give rise to additional 
electric polarization in the medium, which is given by6

(12.3-1)

where e(r, t) is the sum of the fields at ωi and ωd. The polarization term Δne
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in (12.3-1) will be shown, in what follows, to cause exchange of power 
between the fields at ωi and ωd.

We start with the wave equation (8.2-5) modified for the case of no losses 
(σ = 0).

where ki and kd are parallel to the direction of propagation of the incident 
and diffracted waves, respectively. Two differentiations of the first of Equa- 
tions (12.3-4) lead to

Assuming "slow" variation of Ei(ri) so that ∇2Ei << kidEi/dri, we combine 
(12.3-3) with the last equation and, recalling that k2i = ω2iμε, obtain

(12.3-5)

Using the relation Δp = 2√εε0 Δn(r, t) · [ei(r, t) + ed(r, t)], (Δp)i is given 
by

Note that in taking the product Δn(r, t)e(r, t) we assumed that ωi = ωs + 
ωd and therefore neglected nonsynchronous terms with frequencies ωd — ωs 
and ωi ± ωs. Substituting (12.3-6) for (Δp)i in (12.3-5) leads to

(12.3-7)

(12.3-2)

PNL(r, t) is given in our case by Δp(r, t). Equation (12.3-2) must be satisfied 
separately for the fields at ωi and ωd. Writing it for the former case and 
assuming that both the incident and diffracted fields are linearly polarized 
results in

(12.3-3)

where ei is the magnitude of the vector ei and (Δp)i is the component of 
Δp(r, t) parallel to ei, which oscillates at a frequency ωi. The polarization 
components oscillating at other frequencies are nonsynchronous, and their 
contribution to ei averages out to zero. The total field e(r, t) is taken as the 
sum of two traveling waves

(12.3-4)

(12.3-6)
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and similarly 

with

(12.3-8)

where c is the velocity of light in vacuum. An inspection of (12.3-7) reveals 
that a prerequisite for continuous cumulative interaction between the inci- 
dent field (Ei) and the diffracted field (Ed) is that

(12.3-9)

Otherwise, it follows from (12.3-7) that contributions to Ei, as an example, 
from different path elements do not add in phase and no sustained spatial 
growth of Ei is possible.

Equation (12.3-9) is, as shown in Section 12.2, the Bragg condition for 
scattering of light by sound. The difference between (12.3-9) and (12.2-1) is 
due to the fact that the latter was derived for the case of diffraction from 
an approaching sound beam so that ωd = ωi + ωs resulting in a "momentum" 
condition kd = ki + ks, while in the treatment leading to (12.3-9) we recall 
that the sound wave is taken as receding from the incident field so that 
ωd = ωi - ωs.

Assuming that the Bragg condition (12.3-9) is satisfied, (12.3-7) becomes

(12.3-10)

where, since ωi ≈ ωd, we took ηi = ηd ≡ η.
Equations (12.3-10) are our main result. An apparent difficulty in solving 

(12.3-10) is the fact that they involve two different spatial coordinates ri and 
rd measured along the two respective ray directions. This difficulty can be 
resolved by transforming to a coordinate ξ measured along the bisector of 
the angle formed between ki and kd, as shown in Figure 12-5. Defining the 
values of rd and ri, which correspond to a given ζ as the respective projections 
of ζ along kd and ki, we have

(12.3-11)

so that (12.3-10) become

(12.3-12)
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Figure 12-5 The directions and angles appearing in the diffraction equations 
(12.3-12).

so that the total optical power carried by both waves is conserved.
If the interaction distance between the two beams is such that ηri = 

ηrd = π/2, the total power of the incident beam is transferred into the 
diffracted beam. Since this process is used in a large number of technological 
and scientific applications, it may be worthwhile to gain some appreciation 
for the diffraction efficiencies possible using known acoustic media and 
conveniently available acoustic power levels.

The fraction of the power of the incident beam transferred in a distance 
l into the diffracted beam is given, using (12.3-8) and (12.3-14), by

(12.3-16)

whose solutions are

Using the correspondence between ξ, ri, and rd defined above, we can rewrite 
the solutions as

(12.3-13)

which is the desired result. It is of sufficient generality to describe the 
interaction between two input fields at ωi and ωd with arbitrary phases [Ei(0) 
and Ed(0) are complex], and arbitrary amplitudes as long as the Bragg con- 
dition (12.3-9) and the frequency condition ωi = ωs + ωd are fulfilled. In the 
special case of a single frequency input at ωi, Ed(0) = 0, and

(12.3-14)

we note that

(12.3-15)
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It is advantageous to express the diffraction efficiency (12.3-16) in terms 
of the acoustic intensity Iacoustic(W/m2) in the diffraction medium. First we 
relate the index change Δn to the strain s (see Section 12.1) by [4-5]

(12.3-17)

where p, the photoelastic constant of the medium,7 is defined by (12.3-17). 
The strain s is related to the acoustic intensity Iacoustic by8

(12.3-18)

where vs is the velocity of sound in the medium and p is the mass density
(kg/m3). Combining (12.3-7) and (12.3-18) in (12.3-16) we obtain

(12.3-19)

and using the following definition for the diffraction figure of merit

(12.3-20)

(12.3-19) becomes

(12.3-21)

7In the case of interactions using crystals, (12.3-17) becomes a tensor relation and p becomes 
a fourth rank tensor. In this case we can often simplify the problem in such a way that only 
one tensor element is important so that (12.3-17) can be used.
8The (elastic) potential energy per unit volume due to an instantaneous strain s(t) is

which is the result stated in (12.3-18).

where T is the bulk modulus (elastic stiffness constant). The time averaged energy per unit 
volume due to the propagation of a sound wave with a strain amplitude s is the sum of the 
(equal) average potential and kinetic energy densities

since s2(t) = ½s2, the bar denoting time-averaging. Using the relation Iacoustic = vsℰ/vol and 
T/ρ = v2s, where p is the mass density and vs the velocity of sound, we get

or
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Taking water as an example, an optical wavelength of λ = 0.6328 μm, and 
the constants (taken from Table 12-1)

n = 1.33

p = 0.31

vs = 1.5 × 103 m/s

p = 1000 kg/m3

Equation (12.3-21) gives

(12.3-22)

For other materials and at other wavelengths we can combine the last two 
equations to obtain a convenient working formula

(12.3-23)

where Mω = Mmaterial/MH2O is the diffraction figure of merit of the ma- 
terial relative to water. Values of M and Mω for some common materials 
are listed in Tables 12-1 and 12-2.

Table 12-1 A List of Some Materials Commonly Used in the Diffraction of Light 
by Sound and Some of Their Relevant Properties. ρ Is the Density, vs the Velocity 
of Sound, n the Index of Refraction, p the Photoelastic Constant as Defined by 
Equation (12.3-7), and Mω Is the Relative Diffraction Constant Defined Above 
(After Reference [4].)

Material
P

(mg/m3)
vs

(km/s) n p Mω

Water 1.0 1.5 1.33 0.31 1.0
Extra-dense flint glass 6.3 3.1 1.92 0.25 0.12
Fused quartz (SiO2) 2.2 5.97 1.46 0.20 0.006
Polystyrene 1.06 2.35 1.59 0.31 0.8
KRS-5 7.4 2.11 2.60 0.21 1.6
Lithium niobate (LiNbO3) 4.7 7.40 2.25 0.15 0.012
Lithium fluoride (LiF) 2.6 6.00 1.39 0.13 0.001
Rutile (TiO2) 4.26 10.30 2.60 0.05 0.001
Sapphire (Al2O3) 4.0 11.00 1.76 0.17 0.001
Lead molybdate (PbMO4) 6.95 3.75 2.30 0.28 0.22
Alpha iodic acid (HIO3) 4.63 2.44 1.90 0.41 0.5
Tellurium dioxide (TeO2) 5.99 0.617 2.35 0.09 5.0
(SIow shear wave)
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According to (12.3-19), at small diffraction efficiencies, the diffracted 
light intensity is proportional to the acoustic intensity. This fact is used in 
acoustic modulation of optical radiation. The information signal is used to 
modulate the intensity of the acoustic beam. This modulation is then trans- 
ferred, according to (12.3-19), as intensity modulation onto the diffracted 
optical beam.

Calculate the fraction of 0.633 μm light that is diffracted under Bragg con- 
ditions from a sound wave in PbMO4 with the following characteristics

Acoustic power = 1 watt

Acoustic beam cross section = 1 mm × 1 mm

l = optical path in acoustic beam = 1 mm

Mω (from Table 12-1) = 0.22

Substituting these data into (12.3-23) yields

One of the most important applications of acoustooptic interactions is in the 
deflection of optical beams. This can be achieved by changing the sound 
frequency while operating near the Bragg-diffraction condition. The situation 
is depicted in Figure 12-6 and can be understood using Figure 12-7. Let us 
assume first that the Bragg condition (12.1-4) is satisfied. The momentum 
vector diagram originally introduced in Figure 12-4 is closed, and the beam 
is diffracted along the direction θ as given by (12.1-4). Now let the sound 
frequency change from vs to vs + Δvs. Since ks = 2πvs/vs, this causes a 
change of Δks = 2π(Δvs)/vs in the magnitude of the sound wave vector as 
shown. Since the angle of incidence remains θ and the magnitude of the 
diffracted k vector is unchanged,9 so its tip is constrained to the circle locus 
shown in Figure 12-7, we can no longer close the momentum diagram and 
thus momentum is no longer strictly conserved. The beam will be diffracted

9The small change in the diffracted wave vector that is attributable to the frequency change is 
typically about ∆k/k ≃ 10-7 and is neglected. (See Problem 12.4.)

Numerical Example: Scattering in Fused Quartz

12.4 DEFLECTION OF LIGHT BY SOUND
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Figure 12-6 A change of frequency of the sound wave from vs to vs + ∆vs causes a 
change ∆θ in the direction of the diffracted beam, according to Equation (12.4-1).

along the direction that least violates the momentum conservation.10 This 
takes place along the direction OB, causing a deflection of the beam by Δθ. 
Recalling that the angles θ and Δθ are all small and that ks = 2πvs/vs, we 
obtain

10The violation of momentum conservation is equivalent to destructive interference in the 
diffracted beam, so the beam intensity will be less than under Bragg conditions, where mo- 
mentum is conserved. The diffracted beam will thus have its maximum value along the direction 
in which the destructive interference is smallest. This corresponds to the direction that mini- 
mizes the momentum mismatch, as shown in Figure 12-7.

Figure 12-7 Momentum diagram, illustrating how the change in sound frequency 
from vs to vs + Δ vs deflects the diffracted light beam from θ to θ + Δ θ.

(12.4-1)

so that the deflection angle is proportional to the change of the sound fre- 
quency.
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As in the case of electrooptic deflection, we are not interested so much 
in the absolute deflection Δθ as we are in the number of resolvable spots— 
that is, the factor by which Δθ exceeds the beam divergence angle. If we 
take the diffraction angle as ~λ/nD, where D is the beam diameter,11 the 
number of resolvable spots is

(12.4-2)

where τ = D/vs is the time it takes the sound to cross the optical-beam 
diameter.

Numerical Example: Beam Deflection

Consider a deflection system using flint glass and a sound beam that can be 
varied in frequency from 80 MHz to 120 MHz; thus, Δvs = 40 MHz. Let 
the optical beam diameter be D = 1 cm. From Table 12-1 we obtain vs =
3.1 × 105 cm/s; therefore, τ = D/vs = 3.23 × 10-6 seconds and the number 
of resolvable spots is N = Δvsτ ≃ 130.

Bragg interactions have recently been demonstrated [15] between sur- 
face acoustic waves and optical modes confined in thin film dielectric wave- 
guides. Since the modulation efficiency depends, according to (12.3-19), on 
the acoustic intensity, the confinement of the acoustic power near the surface 
(to a distance ~ λs) leads to low modulation or switching power.

Figure 12-8 shows an experimental setup in which both the acoustic 
surface wave and the optical wave are guided in a single crystal of LiNbO3. 
The dielectric waveguide is produced by out-diffusion from a layer of ~ 10 
μm near the surface, which raises the index of refraction.

For a more advanced treatment of the subject of light and sound inter- 
action in crystals and for some new devices that are based upon it, the 
student should consult Reference [17].

"According to (3.2-18), θbeam = λ/πnω0 is the half-apex diffraction angle, so the full-beam 
diffraction angle can be taken as 

where D = 2ω0 is the Gaussian spot diameter.
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Figure 12-8 Guided-wave acoustooptic Bragg diffraction from two tilted surface 
acoustic waves. (Reference [16].)

Problems

12.1 Derive the expression of the frequency shift, under Bragg conditions, 
from a receding sound wave.

12.2 Design an acoustic modulation system for transferring the output of a 
magnetic-cartridge phonograph onto an optical beam with λ0 = 0.6328 μm 
and Iincident = 10-3 watt. Specify the power levels involved and the essential 
characteristics of all the key components. [Hint: Use the audio output of 
the cartridge to modulate a high-frequency (100 MHz, say) carrier, which is 
then used to transduce an acoustic beam.]

12.3 What happens in Bragg diffraction of light from a standing sound wave? 
Describe the frequency shifts and direction of diffraction.

12.4 Show that under Bragg conditions the change in wave vector of the 
diffracted wave is

12.5 Consult the literature (see References [4, 5], for example) and describe 
the difference between Bragg diffraction and Debye-Sears diffraction. Under 
what conditions is each observed?

12.6 Bragg's law for diffraction of X-rays in crystals is [7]



REFERENCES

References

1. Brillouin, L., "Diffusion de la lumière et des rayons X par un corps 
transparent homogène," Ann. Physique 17:88, 1922.

2. Debye, P., and F. W. Sears, "On the scattering of light by supersonic 
waves," Proc. Nat. Acad. Sci. U.S. 18:409, 1932.

3. Dransfeld, K., "Kilomegacycle ultrasonics," Sci. Am. 208:60, 1963.
4. See, for example, Robert Adler, "Interaction between light and sound," 

IEEE Spectrum 4, May 1967:42.
5. Born, M., and E. Wolf, Principles of Optics. New York: Pergamon, 

1965, Chap. 12.
6. Dixon, R. W., "Photoelastic properties of selected materials and their 

relevance for applications to acoustic light modulators and scanners," 
J. Appl. Phys. 38:5149, 1967.

7. Kittel, C., Introduction to Solid State Physics, 3d ed. New York: Wiley, 
1967, p. 38.

8. Quate, C. F., C. D. W. Wilkinson, and D. K. Winslow, "Interactions 
of light and microwave sound," Proc. IEEE 53:1604, 1965.

9. Cohen, M. G., and E. I. Gordon, "Acoustic beam probing using optical 
frequencies," Bell Syst. Tech. J. 44:693, 1965.

10. Cummings, H. Z., and N. Knable, "Single sideband modulation of co- 
herent light by Bragg reflection from acoustical waves," Proc. IEEE 
51:1246, 1963.

11. Yariv, A., Quantum Electronics. New York: Wiley, 1967, Equation 
(25.4-14).

12. Gordon, E. I., "A review of acousto-optical deflection and modulation 
devices," Proc. IEEE 54:1391, 1966.

477

where d is the distance between equivalent atomic planes, θ is the angle of 
incidence, and λ/n is the wavelength of the diffracted radiation. Bragg dif- 
fraction of light from sound [see Equation (12.1-4)] takes place when

Thus, if we compare it to the X-ray result and take λs = d, only the case of 
m = 1 is allowed. Explain the difference. Why don't we get light diffracted 
along directions θ corresponding to m = 2, 3, . . . ? [Hint: The diffraction 
of X-rays takes place at discrete atomic planes, which can be idealized as 
infinitely thin sheets, whereas the sound wave is continuous in z; see Figure 
12-3.]

12.7 Design an acoustic deflection system using LiTaO3 to be used in scan- 
ning an optical beam in a manner compatible with that of commercial tele- 
vision receivers.
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13.0 INTRODUCTION

In this chapter we discuss a number of topics that involve propagation of 
optical modes in dielectric films with thicknesses comparable to the wave- 
length.

The ability to generate, guide, modulate, and detect light in such thin 
film configurations [1-3] opens up new possibilities for monolithic "optical 
circuits" [4]—an endeavor going under the name of integrated optics [5].

We will first consider the basic problem of TE and TM mode propagation 
in slab dielectric waveguides. A coupled-mode formalism is then developed 
to describe situations involving exchange of power between modes. These 
include (a) periodic (corrugated) optical waveguides and filters, (b) distrib
uted feedback lasers, (c) electrooptic mode coupling, and (d) directional 
couplers.

A prerequisite to understanding guided wave interactions is a knowledge of 
the properties of the guided modes. A mode of a dielectric waveguide at a 
(radian) frequency ω is a solution of the wave equation
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13.1 WAVEGUIDE MODES—A GENERAL DISCUSSION

(13.1-1)

where k20 ≡ ω2με0 = (2π/λ)2 and n is the index of refraction. The solutions 
are subject to the continuity of the tangential components of E and H at the
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Figure 13-1 A slab (∂/∂y = 0) dielectric waveguide.

dielectric interfaces. In (13.1-1) the form of the field is taken as

(13.1-2)

so that (13.1-1) becomes

(13.1-3)

The basic features of the behavior of dielectric waveguides can be elucidated 
with the help of a slab (planar) model in which no variation exists in one 
(for example, y) dimension. Channel waveguides, in which the waveguide 
dimensions are finite in both the x and y directions, approach the behavior 
of the planar guide when one dimension is considerably larger than the other 
[6, 7]. Even when this is not the case, most of the phenomena of interest 
are only modified in a simple quantitative way when going from a planar to 
a channel waveguide. Because of the immense mathematical simplification 
that results, we will limit most of the following treatment to planar wave- 
guides such as the one shown in Figure 13-1.

Putting ∂/∂y = 0 in (13.1-3) and writing it separately for regions I, II, 
and III yields

Region I (13.1-4a)

Region II (13.1-4b)

Region III (13.1-4c)

where E(x, y) is a Cartesian component of E(x, y). Before embarking on a 
formal solution of (13.1-4), we may learn a great deal about the physical 
nature of the solutions by simple arguments. Let us consider the nature of 
the solutions as a function of the propagation constant β at a fixed frequency 
ω. Let us assume that n2 > n3 > n1. For β > k0n2 [that is, regime (a) in 
Figure 13-2], it follows directly from (13.1-4) that (1/E)(∂2E/∂x2) > 0 every- 
where, and E(x) is exponential in all three layers (I, II, III) of the waveguides. 
Because of the need to match both E(x) and its derivatives at the two in- 
terfaces, the resulting field distribution is as shown in Figure 13-2(a). The
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Figure 13-2 (top) The different regimes (a, b, c, d, e) of the propagation constant, 
β, of the waveguide shown in Figure 13-1. (middle) The field distributions 
corresponding to the different value of β. (bottom) The propagation triangles 
corresponding to the different propagation regimes.

field increases without bound away from the waveguide so that the solution 
is not physically realizable and thus does not correspond to a real wave.

For k0n3 < β < k0n2, as in points (b) and (c), it follows from (13.1-4) 
that the solution is sinusoidal in region II, since (1/E)(∂2E/∂x2) < 0, but is 
exponential in regions I and III. This makes it possible to have a solution 
E(x) that satisfies the boundary conditions while decaying exponentially in 
regions I and III. Two such solutions are shown in Figure 13-2(b) and (c). 
The energy carried by these modes is confined to the vicinity of the guiding 
layer II, and we will, consequently, refer to them as confined, or guided, 
modes. From the above discussion it follows that a necessary condition for 
their existence is that k0n1, k0n3 < β < k0n2 so that confined modes are 
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possible only when n2 > n1, n3; that is, the inner layer possesses the highest 
index of refraction.

Mode solutions for k0n1 < β < k0n3, regime (d), correspond according 
to (13.1-4) to exponential behavior in region I and to sinusoidal behavior in 
regions II and III as illustrated in Figure l3-2(d). We will refer to these 
modes as substrate radiation modes. For 0 < β < k0n1, as in (e), the solution 
for E(x) becomes sinusoidal in all three regions. These are the so-called 
radiation modes of the waveguides.

A solution of (13.1-4) subject to the boundary conditions at the interfaces 
given in the next section shows that while in regimes (d) and (e) β is a 
continuous variable, the values of allowed β in the propagation regime 
k0n3 < β < k0n2 are discrete. The number of confined modes depends on 
the width, t, the frequency, and the indices of refraction n1, n2, n3. At a 
given wavelength the number of confined modes increases from 0 with in- 
creasing t. At some t, the mode TE1 becomes confined. Further increases 
in t will allow TE2 to exist as well, and so on.

A useful point of view is one of considering the wave propagation in the 
inner layer 2 as that of a plane wave propagating at some angle θ to the 
horizontal axis and undergoing a series of total internal reflections at the 
interfaces II-I and II-III. This is based on (13.1-4b). Assuming a solution 
in the form of E ∝ sin (hx + α) exp (-iβz), we obtain

Confined Modes in a Symmetric Slab Waveguide

Before considering the more general, and difficult, case of asymmetric wave- 
guides, we will solve in some detail the case of the symmetric slab waveguide 
where n1 = n3. The guiding layer of index n2 > n1 occupies the region 
-d < X < d, as in Figure 13-3.

We consider the case of harmonic time behavior in the form of exp (iωt) 
and in infinite slab geometry so that there is no variation in the y directions 
(∂/∂y = 0). Maxwell's equations (1.2-1) and (1.2-2) become

(13.1-5)

The resulting right-angle triangles with sides β, h, and k0n2 are shown in 
Figure 13-2. Note that since the frequency is constant, k0n2 ≡ (ω/c)n2 is the 
same for cases (b), (c), (d), and (e). The propagation can thus be considered 
formally as that of a plane wave along the direction of the hypotenuse with 
a constant propagation constant k0n2. As β decreases, θ increases until, at 
β = k0n3, the wave ceases to be totally internally reflected at the interface 
III-II. This follows from the fact that the guiding condition β > k0n3 leads, 
using β = k0n2 cos θ, to θ < cos-1 (n3/n2) = θc, where θc is the total internal 
reflection angle at the interface between layers II-III. Since n3 > n1, total 
internal reflection at the II-III interface guarantees total internal reflection 
at the I-II interface.
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Figure 13-3 A symmetric slab waveguide.

(13.1-6a)

Next we assume that the modes propagate in the z direction with the z 
dependence in the form of exp (-iβz) so that in (13.1-6) we can replace ∂/∂z 
by -iβ. An inspection of (13.1-6) reveals that we may obtain two self-consistent 
types of solutions. The first contains only Ey, Hx, and Hz and is referred to 
as transverse electric (TE) modes, since the electric field (Ey) is restricted 
to the transverse (that is, normal to the direction of propagation) plane. 
Maxwell's equations (13.1-6) for the TE modes reduce to

(13.1-7a)

The second type of mode is transverse magnetic (TM) and involves Hy, 
Ex, and Ez. These are related, according to (13.1-6), by

(13.1-8a)

(13.1-6b)

(13.1-6c)

(13.1-6d)

(13.1-6e)

(13.1-6f)

(13.1-7b)

(13.1-8b)
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The solutions for the TE and TM modes are basically similar, so that in 
order to be specific we will consider the case of TE modes. Since the wave- 
guide is symmetric about the plane x = 0, the mode solutions must be either 
even or odd in x, that is,

in the case of even modes and

for the odd modes. The solution for the even modes is taken in the form

and

(13.1-9)

(13.1-10)

where p and h are positive real constants to be determined. From (13.1-7b) 
we obtain

the (-) sign is used with x ≥ d and ( + ) for x ≤ -d

(13.1-11)

(13.1-12)

Next we require that the tangential field components Ey and Hz be con- 
tinuous across the interfaces.1 The continuity of Ey at x = ±d leads according 
to (13.1-9) and (13.1-10) to

while the continuity of Hz results in

(13.1-13)

Since the field solutions (13.1-9) and (13.1-10) must satisfy the wave 
equation (13.1-4a,b), the following relations are obeyed

(13.1-16)

1The reasons for these conditions are discussed in any elementary text on electromagnetic 
theory.

(13.1-14)

From (13.1-13) and (13.1-14) it follows that

(13.1-15)
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The propagation constants p and h of a given mode need to satisfy, 
simultaneously, (13.1-15) and (13.1-17). A straightforward graphical solution 
is illustrated by Figure 13-4 and consists of finding the intersections in the 
pd-hd plane of the circle (pd)2 + (hd)2 = (n2 - n21)k20d2 with the curve pd = 
hd tan (hd). Each intersection with a p > 0 corresponds to a confined mode. 
The propagation constant β of a given mode can be obtained, once p and h 
are given, from (13.1-16).

To appreciate the nature of the solutions, let us consider what happens 
in a given waveguide (that is, fixed n1, n2, and d) as the frequency increases 
gradually from zero. Since k0 = ω/c, the effect of increasing the frequency 
is to increase the radius of the circle (pd)2 + (hd)2 = (n22 - n21)k20d2. At low 
frequencies such that

Figure 13-4 Plot of eigenvalue equations pd = hd tan (hd) for even TE modes, 
pd = -hd cot (hd) for odd TE modes, and the supplementary relationship (pd)2 + 
(hd)2 = (n22 - n21)(k0d)2 ≡ u2. (After Reference [8].)

The last two equations can be combined to give
(13.1-17)

(13.1-18)
only one intersection (point A) exists between the circle and the curve 
pd = hd tan (hd) with p > 0. This is evident from an inspection of Figure 
13-4. The mode is designated as TE1 and has a tranverse h parameter falling 
within the range

(13.1-19)

so that it has no zero crossings in the interior of the slab ∣x∣ ≤ d.
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When the parameter u ≡ √n22 - n21k0d falls within the range

(13.1-20)

we obtain two intersections with p > 0. One (point B) corresponds to a value 
of hd < π/2 and is thus that of the lowest order TE1 mode. In the second 
mode (point C)

(13.1-21)

and consequently this mode has two zero crossings (that is, points where 
Ey = 0) in the region |x| < d. This is the so-called TE3 mode (m = 3 in Figure 
13-4). Both of these modes correspond to the same frequency and can thus 
be excited simultaneously by the same input field. We notice, however, that 
the TE1 mode has a larger value of p (that is, p1 > p3) and is therefore more 
highly confined to the interior slab. It also follows from (13.1-16) that 
β1 > β3, so that the phase velocity v1 = ω/β1 of the TE1 mode is smaller 
than that of the TE3 mode.

From (13.1-19) and (13.1-21) one would conclude that no mode exists 
with π/2 < hd < π. This is due to the fact that up to this point, we considered 
only modes with even x symmetry as in (13.1-10). Another family of modes— 
the odd TE modes—exists and is described by

(13.1-22) 

(13.1-23)

Applying the continuity conditions at ∣x∣ = d leads to

(13.1-24)

instead of (13.1-15). The mode solutions correspond to the intersection of 
(13.1-24) with the circle (13.1-17). Reference to Figure 13-4 shows that the 
corresponding values of h do indeed fill the gaps "avoided" by the even TE 
modes.

The lowest order odd TE mode is designated TE2 (m = 2), since its h 
parameter h2 satisfies

(13.1-25)

thus falling between h1 (of TE1) and h3. We can now generalize and state 
that the mth (TE or TM) mode satisfies

(13.1-26)

and has m - 1 zero crossings in the internal region ∣x∣ ≤ d. The modes 1,
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3, 5, . . . are even symmetric, while those with m = 2, 4, 6 . . . are odd. 
We note that all the modes except the fundamental (m = 1) can exist (that 
is, are confined) only above a "cutoff" frequency. The higher the mode 
index, the higher its cutoff frequency. The fundamental mode can exist at 
any frequency, as is evident from Figure 13-4. If the dielectric waveguide 
is asymmetric (n1 ≠ n3), the lowest order (m = 1) modes also possess a 
cutoff frequency. This case will be taken up in the next section.

The general features of TM modes are similar to those of TE modes 
except that the corresponding values of p are somewhat smaller, indicating 
a lesser degree of confinement. A larger fraction of the total TM mode power 
thus propagates in the outer media compared to a TE mode of the same 
order. This point is taken up in Problem 13.7.

13.2 TE AND TM MODES IN AN ASYMMETRIC SLAB WAVEGUIDE

In this section we will derive the mode solutions for the general asymmetric 
(n1 ≠ n3) slab waveguide shown in Figure 13-1. We limit the derivation to 
the guided modes that according to Figure 13-2 have propagation con- 
stants β

TE modes

The field component Ey of the TE mode obeys the wave equation

(13.2-2)

where, to be specific, n3 > n1.

(13.2-1)

where i refers to the layer and the (real) electric field is given by

For waves propagating along the z direction and for ∂/∂y = 0 we have

The transverse function ℰyi(x) is taken as

(13.2-3)
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Applying (13.2-1) to (13.2-3) results in

(13.2-4)

The acceptable solutions for ℰy and ℋz = (i/ωμ)(∂ℰy/∂x) should be con- 
tinuous at both x = 0 and x = -t. The choice of coefficients in (13.2-3) is 
such as to make ℰy continuous at both interfaces as well as (∂ℰy/∂x) at 
x = 0. By imposing the continuity requirement on ∂ℰy/∂x at x = -t, we get 
from (13.2-3) 

or

(13.2-5)

In the symmetric case (n1 = n3) the field (13.2-3) must be odd or even 
about the midplane x = -t/2. This special case was treated in Section 13.1 
and leads to the eigenvalue equations (13.1-15) and (13.1-24). The last equa- 
tion in conjunction with (13.2-4) is used to obtain the eigenvalues β for the 
confined TE modes. An example of such a solution is shown in Figure 13-5.

The constant, C, appearing in (13.2-3) is arbitrary, yet for many appli- 
cations, especially those in which propagation and exchange of power in
volve more than one mode, it is advantageous to define C in such a way 
that it is simply related to total power in the mode. This point will become 
clear in Section 13.3. We choose C so that the field ℰy(x) in (13.2-3) cor- 
responds to a power flow of one watt (per unit width in y direction) in the 
mode. A mode for which Ey = Aℰy(x) will thus correspond to a power flow 
of |A|2 watts/m. The normalization condition becomes

(13.2-6)

where the symbol m denotes the mth confined TE mode [corresponding to 
the mth eigenvalue of (13.2-5)] and Hx = -i(ωμ)-1 ∂Ey/∂z.

Using (13.2-3) in (13.2-6) leads, after substantial but straightforward 
calculation, to

(13.2-7)
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Figure 13-5 Dispersion curves for the confined modes of ZnO on sapphire 
waveguide n1 = 1. (After Reference [10].)

Since the modes ℰ(m)y are orthogonal (see Problem 13.6), we have

(13.2-8)

TM modes

The derivation of the confined TM modes is similar in principle to that of 
the TE modes. Using (13.1-6) the field components are

(13.2-9)

The transverse function, ℋv(x), is taken as

(13.2-10)
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The continuity of Hy and Ez at the two interfaces leads, in a manner 
similar to (13.2-5), to the eigenvalue equation

where

The normalization constant, C, is chosen so that the field represented by 
(13.2-9) and (13.2-10) carries one watt per unit width in the y direction

or, using n2i ≡ ℇi/ℇ0,

Carrying out the integration using (13.2-10) gives

(13.2-12)

(13.2-13)

The general properties of the TE and TM mode solutions are illustrated 
in Figure 13-5. In general a mode becomes confined above a certain (cutoff) 
value of t/λ. At the cutoff value p = 0, and the mode extends to x = -∞. 
For increasing values of t/λ, p > 0, and the mode becomes increasingly 
confined to layer 2. This is reflected in the effective mode index βλ/2π that, 
at cutoff, is equal to n3, and which, for large t/λ, approaches n2. In a sym- 
metric waveguide (n1 = n3) the lowest order modes TE0 and TM0 have no 
cutoff and are confined for all values of t/λ. The selective excitation of 
waveguide modes by means of prism couplers and a determination of their 
propagation constants βm are described in Reference [11].

In Section 13.2 we obtained solutions for the confined modes supported by 
a slab dielectric waveguide such as that shown in Figure 13-1. An increasingly 
large number of experiments and devices involve coupling between such 
modes [12, 13, 17]. Typical examples are TM-to-TE mode conversion by

(13.2-11)

13.3 A PERTURBATION THEORY OF COUPLED MODES IN 
DIELECTRIC OPTICAL WAVEGUIDES
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(13.3-1)

The total medium polarization can be taken as the sum

(13.3-2)

where

(13.3-3)

(13.3-4)

(13.3-5)

where m indicates the mth discrete eigenmode of (13.2-5), which satisfies

(13.3-6)

(13.3-7)

First we note that in view of (13.3-6) the sum of the first three terms in

the electrooptic or acoustooptic effect [12] or coupling of forward- 
to-backward modes by means of a corrugation in one of the waveguides 
interfaces [15, 16]. In this section we will develop a formalism for describing 
such coupling.

We start with the Maxwell wave equation in the form

is the polarization induced by E(r, t) in the unperturbed waveguide whose 
dielectric constant is ε(r). The perturbation polarization Ppert (r, t) is then 
defined by (13.3-2) and represents any deviation of the polarization from that 
of the unperturbed waveguide. Using (13.3-2) and (13.3-3) in (13.3-1) gives

and similar expressions for Ex and Ez.
Ignoring the possibility of coupling to the continuum of radiation modes, 

regimes d and e in Figure 13-2, we expand the total field in the "perturbed" 
waveguide as a superposition of confined modes

where ε(r) = ε0n2(r).
Substitution of (13.3-5) in (13.3-4) leads to
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(13.3-7) is zero. We assume "slow" variation so that

and obtain from (13.3-7)

We take the product of (13.3-8) with ℰ(s)y(x) and integrate from -∞ to ∞. The 
result, using (13.2-8), is

The presence of two terms on the left side of Equation (13.3-9) is due to the 
fact that the summation over m in (13.3-8) contains two terms involving 
ℰ(m)y(x) for each value of m—one, designated as (-), traveling in the -z 
direction, and the other (+), traveling in the +z direction.

Equation 13.3-9 can be used to treat a large variety of mode interactions 
[12]. Each physical example involves, in general, a different perturbation 
polarization Ppert (r, t). They all, however, lead to the same set of "coupled 
mode" equations of the form of Equation (13.5-1). Some important examples 
are considered in the following sections.

Consider a periodic dielectric waveguide in which the periodicity is due to 
a corrugation of one of the interfaces as shown in Figure 13-6. Such periodic 
waveguides are used for optical filtering [16] as well as in the distributed 
feedback laser [17-19]. These two applications will be described further 
below.

The corrugation is described by the dielectric perturbation Δ ε(r) ≡ ε0Δ n2(r) 
such that the total dielectric constant is

ε'(r) = ε(r) + Δε(r)

The perturbation polarization is from (13.3-2) and (13.3-3)

(13.3-8)

(13.3-9)

13.4 PERIODIC WAVEGUIDE

(13.4-1)

Since Δn2(r) is a scalar, it follows, from (13.3-4), that the corrugation 
couples only TE to TE modes and TM to TM, but not TE to TM.

To be specific consider TE mode propagation. Using (13.3-5) in (13.4-1)
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Figure 13-6 A corrugated periodic waveguide.

gives

(13.4-2)

which, when used in (13.3-9), leads to

(13.4-3)

We may consider the right side of (13.4-3) as a source wave term driving 
the forward wave A(+)s exp [i(ωt - βsz)] and the backward wave A(-)s exp 
[i(ωt + βsz)] on the left side. In order for a wave to be driven by a source, 
both source wave and driven wave must have the same frequency so that 
the interaction will not average out to zero over a long time (long compared 
to a period of their difference frequency). Equally important: Both source 
and wave need to have nearly the same phase dependence exp (iβz) so that 
the interaction does not average out to zero with distance of propagation z. 
If, for example, it is desired that the forward wave A(+)s exp [i(ωt - βsz] be 
excited, it is necessary that at least one term on the right side of (13.4-3), 
say the lth one, vary as exp [i(ωt - βz)] with β ≈ βs. If no other terms on 
the right side of (13.4-3) satisfy this condition, we simplify the equation by 
keeping only the forward wave on the left side and the lth on the right. We 
describe this situation by saying that the perturbation Δn2(x, z) couples the 
forward (+s) mode to the lth mode and vice versa.

To be specific, let us assume that the period Λ in the z direction of the 
perturbation Δn2(x, z) is so chosen that ℓπ/Λ ≈ βs for some integer l. We
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can expand Δn2(x, z) of a square wave perturbation as a Fourier series

(13.4-4)

The right side of (13.4-3) now contains a term (q = l, m = s) proportional 
to A(+)s exp [i(2lπ/Λ - βs)z]. But

so that this term is capable of driving synchronously the amplitude A(-)s exp 
(iβsz) on the left side of (13.4-3) with the result

The coupling between the backward A(-)s and the forward A(+)s by the lth 
harmonic of Δn2(x, z) can thus be described by

and reciprocally

where

(13.4-7)

We note that the total power carried by both modes is conserved, since

(13.4-9)

Let us consider the specific "square-wave" corrugation of Figure 13-6. In 
this case the periodicity (period = Λ) in the z direction is accounted for by 
taking

(13.4-10)

(13.4-5)

(13.4-6)

(13.4-8)
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and for l odd we obtain from (13.4-7) and (13.4-10)

(13.4-12)

In practice the period Λ is chosen so that, for some particular l, Δβ ≈
0. We note that for Δβ = 0

(13.4-13)

where λ(s)g = 2π/βs is the guide wavelength of the sth mode.
We can now use the field expansion (13.2-3) plus (13.4-11) to perform 

the integration of (13.4-12).

(13.4-14)

Although the integral can be calculated exactly using (13.2-3) and (13.2-5), 
an especially simple result follows if we consider that operation is sufficiently 
above propagation cutoff, t(n2 - n3)/sλ ≫ 1 so that from (13.2-4) and (13.2-5)

(13.4-15)

(13.4-16)

where

(13.4-11)

so that

The results can be verified using (13.2-4) and (13.2-5). In addition since 
qs ≫ hs, we have, from (13.2-7),
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in the well-confined regime and for hsa ≪ 1 the integral of (13.4-14) becomes

13.5 COUPLED-MODE SOLUTIONS

Let us return to the coupled-mode equations (13.4-6). For simplicity let us 
put A(-)s ≡ A, A(+)s ≡ B and write them as

Consider a waveguide with a corrugated section of length L as in Figure 
13-6. A wave with an amplitude B(0) is incident from the left on the corrugated 
section.

The solution of (13.5-1) for this case subject to A(L) = 0 is

(13.5-2)

where

(13.5-3)

Under these matching conditions Δβ = 0, we have

(13.5-4)

A plot of the mode powers |B(z)|2 and |A(z)|2 for this case is shown in 
Figure 13-7. For sufficiently large arguments of the cosh and sinh functions

and, using (13.4-15),

(13.4-17)

The problem of two-wave coupling by a corrugation has thus been re- 
duced to a pair of coupled differential equations (13.4-6) and an expression 
(13.4-17) for the coupling constant.

(13.5-1)
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Figure 13-7 (upper) A corrugated section of a dielectric waveguide. (lower) The 
incident and reflected intensities inside the corrugated section.

in (13.5-4), the incident mode power drops off exponentially along the per- 
turbation region. This behavior, however, is due not to absorption but to 
reflection of power into the backward traveling mode, A.

From (13.3-5) and (13.5-2) we find that the z dependent part of the wave 
solutions in the periodic waveguide are exponentials with propagation con- 
stants

(13.5-5)

where we used Δβ ≡ β - β0, β0 ≡ πl/Λ.
We note that for a range of frequencies such that Δβ(ω) < κ, β' has an 

imaginary part. This is the so-called "forbidden" region in which the eva- 
nescence behavior shown in Figure 13-7 occurs and which is formally anal- 
ogous to the energy gap in semiconductors where the periodic crystal po- 
tential causes the electron propagation constants to become complex. Note 
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that for each value of l, l = 1, 2, 3 . . . , there exists a gap whose center 
frequency ω0l satisfies β(ω0l) = lπ/Λ. The exceptions are values of l for which 
κ is zero. We can approximate β(ω) near its Bragg value (πl/Λ) by β(ω) ≈ 
(ω/c)neff (neff is an effective index of refraction). The result is

(13.5-6)

Figure 13-8 Dependence of the real and imaginary parts of the mode propagation 
constant, β', of the modes in a periodic waveguide. At frequencies ω1 < ω < ωu, 
Im(β') ≠ 0 and the modes are evanescent. At these frequencies, Re β' = lπ/Λ.

Figure 13-9 Transmission and reflection characteristics of a corrugated section of 
length L, as a function of the detuning ΔβL ≈ [(ω - ω0)L/c]neff (κL = 1.84). 



COUPLED-MODE SOLUTIONS 499

where ω0, the midgap frequency, is the value of ω for which the unperturbed 
β is equal to β0 ≡ lπ/Λ.

A plot of Re β' and Im β' (for l = 1) versus ω, based on (13.5-6), is 
shown in Figure 13-8. We note that the height of the "forbidden" frequency 
zone is 

where κ is according to (13.4-17) a function of the integer l. It follows from 
(13.5-6) that

Figure 13-10 Illustration of a corrugation filter in a thin-film waveguide, plot (solid 
line) of reflectivity of filter versus wavelength deviation from the Bragg condition, 
and calculated response of filter (dotted line) |A(0)/B(0)|2 using (13.5-2). (After 
Reference [16].)

(13.5-7)

(13.5-8)
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A short section of a corrugated waveguide thus acts as a high reflectivity 
mirror for frequencies near the Bragg value, ω0. The transmission

and reflection

of such a filter are obtainable directly from (13.5-2) and are plotted in Figure 
13-9. Actual transmission characteristics of a corrugated waveguide are shown 
in Figure 13-10.

13.6 DISTRIBUTED FEEDBACK LASERS

If a periodic medium is provided with sufficient gain at frequencies near the 
Bragg frequency ω0 where (lπ/Λ ≈ β), oscillation can result without the 
benefit of end reflectors. The feedback is now provided by the continuous 
coherent backscattering from the periodic perturbation. In the following 
discussion we will consider two generic cases: (1) the bulk properties of a 
medium are perturbed periodically [17]; (2) the boundary of a waveguide 
laser is perturbed periodically [18]. Both cases will be found to lead to the 
same set of equations.

Bulk Periodicity

Consider a medium with a complex dielectric constant so that the prop- 
agation constant, k, is given by

2γ used here is thus one-half of that appearing in (5.4-22).

(13.6-1)

so that k0 is the propagation constant in vacuum and (for γ ≪ k0) γ is the 
amplitude exponential gain constant.2

In a case where the index n(z) and the gain γ(z) are harmonic functions 
of z, we can write

(13.6-2)

Using (13.6-2) in (13.6-1) and limiting ourselves to the case n1 ≪ n, γ1 ≪ γ, 
we obtain from (13.6-1)
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The propagation constant in the unperturbed and lossless case (γ1 = 0, 
n1 = 0) is β = k0n. If, in addition, we define a constant κ by

(13.6-3)

where λ is the vacuum wavelength, we can rewrite the expression for k2(z) 
as

(13.6-4)

For a small fractional variation of k2 per wavelength it was shown in 
Section 3.1 that the scalar wave equation can be written as

(13.6-5)

or using (13.6-4)

In the discussion following (13.4-3), it was pointed out that a spatially 
modulated parameter varying as cos 2β0z can couple a forward-traveling 
wave exp(-iβz) and a backward exp(iβz) wave of the same frequency pro- 
vided β0 ≅ β. When this (Bragg) condition is nearly satisfied, it is impossible 
to describe the field E(z) by a single traveling wave, but to a high degree of 
approximation we can take the total complex field amplitude as a linear 
superposition of both oppositely traveling waves

(13.6-6)

where β' is the propagation constant of the uncoupled (κ = 0) waves

(13.6-7)
Using (13.6-6) and

in (13.6-5), assuming "slow" variation so that d2A'/dz2 ≪ β'dA'/dz, gives

(13.6-8)

For operation near the Bragg condition, β0 ≈ β, we can separately equate 
terms with nearly equal phase variation (that is, synchronous), thus ignoring
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the last two terms in (13.6-8). We obtain

Corrugated Waveguide Laser

The case of a passive corrugated waveguide is described by (13.5-1). If the 
guiding medium possesses gain we simply need to modify these equations 
by adding gain terms so that when κ = 0 the two independent solutions, 
A(z) and B(z), correspond to exponentially growing waves along the -z and 
the +z directions, respectively. We thus replace (13.5-1) by

(13.6-9)

We will next derive a similar set of equations to describe a corrugated 
waveguide laser.

(13.6-10)

where κ is given by (13.4-12) and y is the exponential gain constant of the 
medium. Defining A'(z) and B'(z) by

(13.6-11)

Equations 13.6-10 become

(13.6-12)

and are thus in a form identical to that of (13.6-9) derived for the case of a 
bulk periodic medium with index modulation.

Equations 13.6-12 become identical to (13.5-1) provided we replace

(13.6-13)

With this substitution we can then use (13.5-2) to write directly the solutions 
for the incident wave, Ei = B'(z)exp[(-iβ + γ)z], and the reflected wave
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Er = A(z)eiβz = A'(z)[iβ-γ]z, within a section of length L in the case of a single 
mode with amplitude B(0) incident on the corrugated section at z = 0.

where

(13.6-14a)

The fact that S now is complex makes for a qualitative difference between 
the behavior of the passive periodic guide (13.5-2) and the periodic guide 
with gain (13.6-14). To demonstrate this difference consider the case when 
the condition

(13.6-15)

is satisfied. It follows from (13.6-14) that both the reflectance, Er(0)/Ei(0), 
and the transmittance, Ei(L)/Ei(0), become infinite. The device acts as an 
oscillator, since it yields finite output fields Er(0) and Ei(L) with no input 
[Ei(0) = 0]. Condition (13.6-15) is thus the oscillation condition for a dis- 
tributed feedback laser [17]. For the case of γ = 0 it follows, from (13.5-2), 
that ∣Ei(L)/Ei(0)∣ < I and ∣Er(0)/Ei(0)∣ < 1 as appropriate to a passive device 
with no internal gain.

For frequencies very near the Bragg frequency ω0(Δβ ≅ 0) and for 
sufficiently high gain constant γ so that (13.6-15) is nearly satisfied, the guide 
acts as a high gain amplifier. The amplified output is available either in 
reflection with a ("voltage") gain

or in transmission with a gain

(13.6-16)

(13.6-17)

The behavior of the incident and reflected field for a high gain case is sketched 
in Figure 13-11. Note the qualitative difference between this case and the 
passive one depicted in Figure 13-7.

The reflection gain, ∣Er(0)/Ei(0)∣2, and the transmission gain, ∣Ei(L)/Ei(0)∣2, 
are plotted in Figures 13-12 and 13-13, respectively, as a function of Δβ and 
γ. Each plot contains four infinite gain singularities at which the oscillation 
condition (13.6-15) is satisfied. These are four longitudinal laser modes. 
Higher orders exist but are not shown.

(13.6-14)
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Figure 13-12 Reflection gain contours in the ΔβL-γL plane. Δβ is defined following 
(13.6-9) and is proportional to the deviation of the frequency ω from the Bragg 
value ω0 ≡ πc/Λn.

Figure 13-11 Incident and reflected fields inside an amplifying periodic waveguide.
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Figure 13-13 Transmission gain contours in the ΔβL-γL plane.

Oscillation Condition

The oscillation condition (13.6-15) can be written

(13.6-18)

so that

(13.6-19)

Equating the phases on both sides of (13.6-19) results in

and (13.6-18) becomes

(13.6-20)

In general, one has to resort to a numerical solution to obtain the thresh- 
old values of Δβ and y for oscillation [17]. In some limiting cases, however, 
we can obtain approximate solutions. In the high-gain γ ≫ κ case we have 
from the definition of S2 = κ2 + (γ - iΔβ)2
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In the limit γm ≫ (Δβ)m, κ, the oscillating mode frequencies are given by 

which is approximately the same as in a two-reflector resonator of length 
L.

The threshold gain value ym is obtained from the amplitude equality in 
(13.6-19)

(13.6-24)

indicating an increase in threshold with increasing mode number m. This is 
also evident from the numerical gain plots (Figures 13-12 and 13-13). An 
important feature that follows from (13.6-24) is that the threshold gain for 
modes with the same ∣ω - ω0∣, or equivalently the same ∣Δβ∣, is the same. 
Thus two modes will exist with the lowest threshold, one on each side of 
ω0. This property of DFB lasers is usually undesirable, and methods for 
obtaining single-mode operation are discussed in the last part of this section.3

3High speed (data rate) optical communication requires that the optical source put out a single 
frequency.

A diagram of a distributed feedback laser using a GaAs-GaA1As struc- 
ture is shown in Figure 13-14. The waveguiding layer as well as that providing 
the gain (active layer) is that of p-GaAs. The feedback is provided by cor- 
rugating the interface between the p-Ga.93Al.07As and p-Ga .7Al.3As, where 
the main index discontinuity responsible for the guiding occurs.

The increase in threshold gain with the longitudinal mode index m pre
dicted by (13.6-24) and by the plots of Figures 13-12 and 13-13 manifests 
itself in a high degree of mode discrimination in the distributed feedback 
laser.

A result that, at first, seems surprising is that there exists no laser 
oscillation at the Bragg frequency ω0, that is, with Δβ = 0. As a matter of 
fact, it follows from (13.6-22) and (13.6-24) that the two lowest threshold

(13.6-21)

and since Δβ ≡ β - β0 ≈ (ω — ω0)neff/c

(13.6-22)

We note that no oscillation can take place exactly at the Bragg frequency 
ω0. The mode frequency spacing is

(13.6-23)
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Figure 13-14 A GaAs-GaAlAs cw injection laser with a corrugated interface. The 
insert shows a scanning electron microscope photograph of the layered structure. 
The feedback is in third order (l = 3) and is provided by a corrugation with a 
period Λ = 3λg/2 = 0.345 μm. The thin (0.2 μm) p-Ga.83A.17As layer provides a 
potential barrier which confines the injected electrons to the active (p-GaAs) 
layer, thus increasing the gain. (After Reference [19].)

modes are those with m = 0 and m = -1 and that they are situated sym
metrically on either side of the Bragg frequency ω0 just outside the bandgap.

To understand why the basic DFB laser of Figure 13-11 does not oscillate 
at the Bragg frequency, consider Figure 13-15(a). Let the reflection coeffi- 
cient of a wave (at ω) incident from the left on the plane z = 0 be r2 and for 
a wave incident from the right r1. The reflectivity r1, for example, is given 
by (13.6-16) as

(13.6-25)

where n is the modal index of refraction near ω and ω0 = πc/nΛ is the Bragg 
frequency. It is obvious from the definition of r1 and r2 that the laser oscil
lation condition can be written as

(13.6-26)

which can be viewed as a condition that a wave launched at z = 0 in one 
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direction return to the starting plane after one "round trip" with the same 
amplitude and the same phase (modulo m2π). At ω = ω0 the parameter S 
in (13.6-25) is a real number so that since Δβ = 0, r1,2 = κab multiplied by 
a real number. The phase of κab can be determined from Equations (13.4-10, 
13.4-11, 13.4-12). For our choice of the plane z = 0 in Figure 13-15(a), the 
first term in the Fourier expansion (13.4-10)4 is

Figure 13-15 A periodic waveguide model used to derive Equation (13.6-26). (a) A 
periodic (DFB) waveguide laser. (b) The spontaneous emission spectrum below, 
but near, threshold of a DFB laser showing the mode gap. (c) A DFB laser with a 
phase shift section. (d) A "quarter wavelength shifted" DFB laser. (e) The 
spontaneous emission spectrum below threshold of a λ/4-shifted DFB laser. 
(Courtesy of P. C. Chen, ORTEL Corporation)

(13.6-27)

4Note that in Figure 13-6 and in the treatment of Section 13.4 we chose a plane z = 0 as a 
plane of antisymmetry. Our present choice of z = 0 as the plane of symmetry merely simplifies 
the proof and is not essential.



DISTRIBUTED FEEDBACK LASERS 509



510 PROPAGATION, MODULATION, AND OSCILLATION IN OPTICAL DIELECTRIC WAVEGUIDES

(13.6-28)

The product r1(ω0)r2(ω0) is a negative number so that, according to (13.6-26), 
no modes exist and no oscillation can take place at the Bragg frequency ω0. 
This subtle theoretical point is corroborated by the form of the spontaneous 
emission spectrum of a DFB laser just below oscillation threshold. Such a 
spectrum is shown in Figure 13-15(b). The excited DFB modes can be seen 
on both sides of the forbidden gap that is centered at 15,253 Å.

The lack of a single preferred oscillation mode cannot be tolerated in 
lasers that are used in long-haul, high-data-rate fiber communication. The 
existence of more than one frequency in these systems gives rise to severe 
pulse broadening in transmission through a long fiber [22] (see discussion in 
Section 2.9) and thus to a reduced data rate. One method of enabling the 
laser to oscillate at ω0, and only at ω0, is to change the phase of the reflection 
coefficients r1(ω0) and r2(ω0) at z = 0, each, by π/2 (or -π/2) so that the 
product r1(ω0)r2(ω0) becomes a real number. The simplest way to achieve 
this is to add a uniform section of length ΔL = Λ/2 = λg/4 [20] where λg = 
2π/β is the "guide" wavelength. This is shown in Figure 13.15(c). The 
expression for the reflection coefficient r1(ω) [and r2(ω)] referred to the new 
midplane z = 0 is given by multiplying (13.6-25) by the additional round-trip 
delay factor exp(-iβΔL) = exp(-iπ/2). This causes the reflectances r1,2(ω0) 
to become real numbers so that condition (13.6-26) can be satisfied and 
oscillation at ω0 is possible.

Another approach is to change the phase of κab. If the phase of κab is 
zero or π, then, according to (13.6-25), r1(ω0) is a real number and oscillation 
can take place at ω0. This can be achieved by skipping half a period of the 
corrugation as shown in Figure 13-15(d). The fundamental harmonic of the 
corrugation can be written in this case as

(13.6-29)

The extra (!) factor in Δn2(z), compared to (13.6-27), causes κab to become 
a real number as required.

A comparison of Figure 13-15(c) and 13-15(d) shows that conceptually 
these two methods are similar although we were led to them from somewhat 

so that

and

We thus obtain
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different points of views. The commercial DFB lasers that employ this method 
are called "quarter-wave shifted" DFB lasers.

Figure 13-15(e) shows the spontaneous emission spectrum below thresh- 
old of a "λ/4-shifted" [as in Figure 13-15(d)] GaInAsP 1.3 μm laser. Note 
the existence of a single mode at the center of the grating "forbidden" gap.

13.7 ELECTROOPTIC MODULATION AND MODE COUPLING 
IN DIELECTRIC WAVEGUIDES

One of the most important applications of thin film waveguiding is in optical 
modulation and switching. The reason is twofold: (l) The confinement of 
the optical radiation to dimensions comparable to λ makes it possible to 
achieve the magnitude of electric fields that is necessary for modulation (see 
Section 9.5) with relatively small applied voltages. This leads to smaller 
modulation powers. (2) The absence of diffraction in a guided optical beam 
makes it possible to use longer modulation paths (see discussion in Section 
14.1).

The main principle of electrooptic modulation in dielectric waveguides 
involves the diversion of all or part of the power from an input TE (or TM) 
mode to an output TM (or TE) mode that is caused by an applied dc (that 
is, low-frequency) field. To be specific we consider next the case of TM → 
TE mode conversion. This coupling is due to a perturbation polarization5

5This follows from the wave equation (13.3-1) or (13.3-9), according to which a TE mode with 
a field Ey can be excited by Py. An input TM mode with a field Ex can thus excite the TE wave 
(Ey ≠ 0) if the medium has an off-diagonal εyx dielectric tensor component that generates P, = 
εyxEx. In the electrooptic case εyx is induced by and is proportional to the applied dc field E(0) 
as in (13.7-1).
6The origin of relation (13.7-3) is as follows: From the basic definition of the electrooptic tensor 
elements (1/n2)ij in (1.4-1) and from (1.4-9), it follows that a change in the indicatrix constant

(13.7-1)

caused by the TM mode at ω whose field is E(ω)x(x) in the presence of the dc 
field E(0). The symbol r is an appropriate linear combination of electrooptic 
coefficients, which will be discussed below. This polarization, acting as a 
source, can excite, according to (13.3-9), a TE wave A(+)s. The application 
of a dc field thus causes a TM → TE power transfer.

The complex amplitude of the y polarization at ω produced by the TM 
field

(13.7-2)

in the presence of a dc field E(0) is6

(13.7-3)
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Using (13.2-9) we take the TM input field E(ω)x(x)exp[i(ωt - βΤΜz)] as 
that of the lth mode

(1/n2)ij is related to the corresponding change in the elements of the dielectric tensor εij by

Using (9.1-3) we thus relate ∆εij to an applied dc field E(0)k by

(13.7-4)

where ℋ(l)y(x) is given by (13.2-10) and |Bl|2 is the mode power per unit width
in the y direction. The polarization (13.7-3) can thus be written as

(13.7-5)

Substitution of (13.7-5) into the wave equation (13.3-9) leads to

(13.7-6)

If β™l ≈ βTEm, the coupling excites only the A(+)m wave, that is, it is 
codirectional. Dropping the plus and minus superscripts we can rewrite 
(13.7-6) as

(13.7-7)

(13.7-8)

Equation (13.7-8) is general enough to apply to a large variety of cases. The 
dependence of E(0) and r(x, z) on x accounts for coupling by electrooptic 
material in the guiding or in the bounding layers. The z dependence allows

where rijk is the electrooptic tensor and where we sum over repeated indices. From the relation 
Di = εijEj + Pi we obtain

for the change in the ith component of the complex amplitude of the polarization at ω induced 
by an optical field with amplitude E(ω)j at ω in the presence of a dc field E(0)k. This last relation 
appears above in the form of (13.7-3) where the z and x dependence of E(ω)j are expressed 
explicitly and where
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for situations where E(0) or r depends on the longitudinal position. To be 
specific, we consider first the case where the guiding layer -t < x < 0 is 
uniformly electrooptic and where E(0) is uniform over the same region so 
that the integration in (13.7-8) is from -t to 0. In that case, the overlap 
integral of (13.7-8) is maximum when the TE(m) and TM(l) modes are well 
confined and of the same order so that l = m. Under well-confined conditions, 
p, q ≫ h and the expressions (13.2-3), (13.2-7) for ℰ(m)y(x), (13.2-10) and 
(13.2-13) for ℋ(m)y(x) in the guiding layer become

where for well-confined mode β™l ≃ βTEm ≡ β ≈ k0n2. In this case the overlap 
integral in (13.7-8) becomes

the coupling coefficient (13.7-8) achieves a maximum value of

The coupling is thus described by

(13.7-9)

and (13.7-10)

The second equation of (13.7-10) can be obtained by a process similar to 
that leading to the first equation or by invoking the conservation of total 
power [12], which shows that the above expression for dBm/dz is needed to 
satisfy

For the phase-matched condition β™m = βTEm the solution of (13.7-10) in 
the case of a single input (Bm(0) ≡ B0, Am(0) = 0) is

Using (13.7-9) we can show that the field length product E(0)L for which 
κL = π/2, which is necessary to effect a complete TM ↔ TE power transfer

(13.7-11)



514 PROPAGATION, MODULATION, AND OSCILLATION IN OPTICAL DIELECTRIC WAVEGUIDES

in a distance L, is the same as that needed to go from "on" to "off" in the 
bulk modulator shown in Figure 9-4. This result applies only in the limit of 
tight confinement. In general the coupling coefficient κ is smaller than the 
value given by (13.7-9), and the E(0)L product needed to achieve a complete 
power transfer is correspondingly larger.

When β™m ≠ βTEm, the solution of (13.7-10), subject to boundary con- 
ditions Bm(0) = B0, Am(0) = 0, is

where

(13.7-12)

(13.7-13)

In contrast to the phase-matched case (13.7-11), the maximum fraction 
of the power that can be coupled from the input mode, B, to A is

and becomes negligible once δ ≫ κ.
A plot of the mode power for the phase-matched (δ = 0) and δ ≠ 0 case 

is shown in Figure 13-16.
A deliberate periodic variation of E(0)(z) or r(z), in this case, with a 

period 2π/(βTEm - βTMm) can be used, according to (13.7-8), to compensate 
for the mismatch factor exp [-i(βTMm - βTEm)z] in (13.7-10), thus leading again 
to a phase-matched operation.

To appreciate the order of magnitude of the coupling, consider a case where 
the guiding layer is GaAs and λ = 1 μm. In this case (see Table 9-2)

(13.7-14)

Example: GaAs Thin-Film Modulator at λ = 1 μm

Assuming an applied field E(0) = 106 volt/m, we obtain, from (13.7-9),

for the coupling constant and the power-exchange distance, respectively.
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Figure 13-16 Power exchange between two coupled modes under (a) 
phase-matched conditions (βTMm = βTEm) as described by Equation (13.7-11); 
(b) βTMm ≠ βTEm, Equation (13.7-12).

An experimental setup used in one of the earliest demonstrations [3] of 
electrooptic thin film modulation is depicted in Figure 13-17. The modulation 
scheme is identical to that illustrated in Figure 9-8 and depends on an elec- 
trooptic induced phase retardation (9.5-1)

(13.7-15)

where V is the applied voltage, t and l are the height and length of the 
waveguide, respectively.

The ratio of the transmitted to the input intensities is given by (9.3-4), 
or, equivalently by (13.7-11) [note that Γ of (9.2-4) is the same as κ in (13.7-9)] 
as

An experimental transmission plot is shown in Figure 13-18.

(13.7-16)
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Figure 13-17 Electrooptic modulator in a GaAs epitaxial film. The modulation field 
is due to a reverse-bias voltage applied to the metal semiconductor junction [3].

Figure 13-18 Transmittance of the waveguide, placed between crossed polarizers, 
as a function of the applied reverse voltage [3].
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Another form of electrooptic thin film modulation utilizes two-dimensional 
Bragg diffraction of a waveguide mode from a spatially periodic modulation 
of the index of refraction. A periodic electric field set up by an interdigital 
electrode structure as in Figure 13-19 gives rise to the periodic variation of 
the index of refraction. The situation is equivalent formally to that of Bragg 
scattering from a sound wave, discussed in Chapter 12, where the index 
modulation was caused by the acoustic strain.

A necessary condition for diffraction from a mode with a propagation 
vector βi into a mode with βd is, in analogy to (12.2-1),

Figure 13-19 Schematic diagram of an electrooptic grating modulator in a 
LiNbxTa1-xO3-LiTaO3 waveguide. The input mode, which is coupled into the 
waveguide via a prism, is deflected through an angle 2θB when a voltage is applied 
to the interdigital electrode structure. Λ = 7.6 μm and l = 0.3 cm. The curves 
show percentages of light diffracted as a function of voltage. Open squares 4976 Å 
(He-Ne laser), crosses 5598 Å (He-Ne laser), and solid circles 6328 Å (He-Ne 
laser). The solid curves are plots of sin2 (BV0) normalized to the data at 75 
percent. (After J. Hammer and W. Phillips, Appl. Phys. Lett. 24:545, 1974.) 

(13.7-17)
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where Λ is the period of the spatial modulation and aG is a unit vector normal 
to the equi-index lines (that is, normal to the electrodes in Figure 13-19). 
The vectors βi and βd are in the plane of the waveguide.

The "momentum" diagram corresponding to (13.7-17) is shown in Figure 
13-20 for the case of m = 1.

We take advantage of the formal equivalence of this case to that of Bragg 
diffraction from sound waves to write the diffraction efficiency, as in (12.3-16), 
in the form

(13.7-18)

where Δn is the amplitude of the index modulation and is related to the 
appropriate spatial Fourier component (m = 1 for first order Bragg diffrac
tion), E1 of the low-frequency electric field by (9.1-10), that is

(13.7-19)

where r is a suitable electrooptic tensor element that depends on the crystal 
orientation. Combining the last two equations leads to

(13.7-20)

Since E1 is proportional to the applied voltage V0 the diffraction efficiency, 
(13.7-20) can be written as 

with B inversely proportional to the optical wavelength λ.
The experimental transmission curves in Figure 13-19 are in agreement 

with (13.7-21).

Figure 13-20 (a) A "momentum" diagram for diffraction of an input mode (βi) into 
the direction βd by setting up (electrooptically) an index grating with a period Λ. 
(b) A top view of the waveguide plane showing the direction of the incident (βi), 
diffracted (βd) beams as well as the grating planes.

(13.7-21)
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13.8 DIRECTIONAL COUPLING

Exchange of power between guided modes of adjacent waveguides is known 
as directional coupling. Waveguide directional couplers perform a number 
of useful functions in thin-film devices, including power division, modulation, 
switching, frequency selection, and polarization selection.

Waveguide coupling can be treated by the coupled-mode theory. Con- 
sider the case of the two planar waveguides illustrated in Figure 13-21. 
Refractive index distributions for the two guides in the absence of coupling 
are given by na(x) and nb(x). The transverse electric field distribution for a 
particular guided mode of waveguide a alone and a particular mode of wave- 
guide b alone will be denoted by ℰ(a)y(x) and ℰ(b)y(x), and their propagation 
constants by βa and βb. The field in the coupled-guide structure with an 
index nc(x) (for propagation in the positive z direction) is approximated by 
the sum of the unperturbed fields

(13.8-3)

Figure 13-21 Spatial variation of the refractive index for uncoupled waveguides 
na(x) and nb(x) and for a parallel waveguide structure n,.(x).

(13.8-1)
In the absence of coupling—that is, if the distance between guides a and b 
were infinite—A(z) and B(z) do not depend on z and will be independent of 
each other, since each of the two terms on the right side of (13.8-1) satisfies 
the wave equation (13.3-1) separately.

The perturbation polarization responsible for the coupling is calculated 
by substituting (13.8-1) into (13.3-2) and (13.3-3). The result is

(13.8-2)

where nc(x) is the index profile of the two-guide structure. Substituting 
(13.8-2) in (13.3-9) and integrating over x gives
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where P0 = |B(0)|2 is the input power to guide b. Complete power transfer 
from b to a occurs in a distance L = π/2κ provided δ = 0 (that is, equal 
phase velocities in both modes). For δ ≠ 0, the maximum fraction of power 
that can be transferred is from (13.8-7)

The coupling constant κ is given by (13.8-4). It can be evaluated straight- 
forwardly using the field expressions (13.2-3) in the case of TE modes. In 
the special case of identical waveguides, h1 = h2 and p1 = p2 in Figure 13-21, 
one obtains

(13.8-9)

The extension to channel waveguide couplers that are confined in the 
y, as well as in the x, direction is straightforward. In the well-confined case

where

(13.8-4)

(13.8-5)

The terms Ma and Mb represent a small correction to the propagation con- 
stants βa and βb, respectively, due to the presence of the second guide. So 
if we take the total field as

instead of (13.8-1), Equations (13.8-3) become

(13.8-6)

where

The solution of (13.8-6) subject to a single input at guide b (B(0) = B0,
A(0) = 0) is given by (13.7-12). In terms of powers Pa = AA* and Pb = BB* 
in the two guides, the solution in the case κba = κba becomes

(13.8-7)

(13.8-8)
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w ≫ 2/p and (13.8-9) simplifies to

(13.8-10)

A typical value of κ obtained at λ ~ 1 μm with w, s ~ 3 μm, and Δn ~ 
5 × 10-3 is κ ~ 5 cm-1 so that coupling distances are of the order of 
magnitude of κ-1 ≈ 2 mm.

A form of an electrooptic switch based on directional coupling [23] is 
as follows.

The length L of the coupler is chosen so that for δ = 0 (that is, syn- 
chronous case) κL = π/2. From (13.8-7) it follows that all the input power 
to guide b exits from guide a at z = L. The switching is achieved by applying 
an electric field to guide a (or b) in such a way as to change its propagation 
constant until

(13.8-11)

that is, δ = √3κ. It follows from (13.8-7) that at this value of δ 

that is, the power reappears at the output of guide b. A control of δ can thus 
be used to achieve any division of the powers between the outputs of guides 
a and b.

In practice a convenient way to control 8 is to fabricate the directional 
coupler in an electrooptic crystal. In this case, according to (9.1-11), the 
application of an electric field E across one of the two waveguides will cause 
the index of refraction to change by 

where r is the appropriate electrooptic tensor element. The change Δn will 
give rise to a change in propagation constant

The control of the power output from both arms of a directional coupler 
by means of an applied voltage is illustrated in Figure 13-22. The electrode 
geometry for applying a field to the waveguide is illustrated in Figure 13-23.

One of the interesting applications for electrooptically switched direc- 
tional couplers is in the area of very high-frequency (>5 × 109 Hz) sampling 
and of multiplexing and demultiplexing of optical binary pulse trains. An 
example of the latter is demonstrated by Figure 13-23. Two independent, 
but synchronized, data pulse trains A and B are fed into legs a and b, 
respectively, of a directional coupler. The length of the coupling section 
satisfies the power transfer condition κL = π/2. The phase mismatch 8 
between the two waveguides is controlled, as discussed above, by an electric



522 PROPAGATION, MODULATION, AND OSCILLATION IN OPTICAL DIELECTRIC WAVEGUIDES

Figure 13-22 The dependence of the power output from the arms of a directional 
coupler as a function of the (voltage-controlled) phase constant mismatch δ. (After 
Reference [24].) 

field applied across one of the waveguides. This electric field is due to a 
microwave signal at a frequency ωm. The resulting peak phase constant 
mismatch, which occurs at the maxima and minima of the applied voltage, 
satisfies the condition (13.8-11)

(13.8-12)

so that the B pulses, which are synchronized to arrive during the extrema 
of the microwave signal, exit from arm b. Pulses A, on the other hand, arrive 
when the applied field, hence δ is zero, and since κL = π/2, cross over and

Figure 13-23 Multiplexing and demultiplexing in a directional coupling 
configuration.
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Figure 13-24 (a) Sketch of channel optical waveguide directional coupler showing 
flow of light energy into adjacent channels. (b) Measured guided-light intensity 
profiles at various lengths. The profiles have been displayed relative to the sketch 
at the proper value of z. Intensity scale is arbitrary. The guides were produced by 
proton implantation into p+-GaAs crystal. (After Reference [23].)

exit from guide b. The result is that both pulse trains A and B are interleaved, 
or in the electrical engineering parlance, multiplexed in the output of guide 
b. The (combined) output from b can be fed into the input of a second 
directional coupler fed with a signal at 2ωm and multiplexed thereby with a 
second data train, and so on.

The device can, of course, be operated in reverse, right to left in the 
figure, and act as a demultiplexer for separating the dense bit train A + B 
entering b into the individual trains A and B.

A multiguide directional coupler such as that shown in Figure 13-23 is 
described by a set of equations

(13.8-13)

which is an obvious extension of (13.8-6) to the multimode synchronous case 
(δ = 0) when only adjacent channels couple to each other. The solution of 
(13.8-13) in the case of a single input, that is, An(0) = 1, n = 0, An(0) = 0 
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n ≠ 0 is [23]

(13.8-14)

where Jn is the Bessel function of order n.
A directional coupler based on this principle is shown in Figure 13-24(a). 

The predicted Bessel function distribution of the intensity at various prop- 
agation distances is shown in Figure 13-24(b).

13.9 THE EIGENMODES OF A COUPLED WAVEGUIDE SYSTEM (supermodes)

In the preceding section we treated the important case of directional coupling 
between two parallel waveguides (Figure 13-21) by means of the cou
pled-mode formalism. The same problem may be approached from a differ
ent, and equivalent, point of view that is better suited for the treatment of 
certain important classes of experimental and device configurations. In this 
new point of view, we seek to obtain the propagating eigenmodes of the 
two-waveguide (in general, the multiwaveguide) system shown in Figure 
13-21. The eigenmode is, by definition, that propagating field solution of the 
waveguiding structure that, except for a propagation delay factor, does not 
depend on the propagation coordinate z. We can obtain these mode solutions 
by a straightforward extension of the formalism of Section 13.1 to the more 
complex waveguide whose index profile nc(x) is given at the bottom of Figure 
13-21. This procedure, although exact, is laborious and does not submit itself 
readily to the intuitive understanding that characterizes the method of so
lution that starts with the coupled-mode equations. The following analysis 
follows closely that of Reference [12].

We recall that, according to (13.8-6), the normalized, individual wave- 
guide, mode amplitudes obey the coupled-mode equations

(13.9-1)

These equations are equivalent to (13.8-6) except that here κ ≡ -iκab. These 
equations subject to boundary conditions A(0) and B(0) at z = 0 specify a'la 
(13.8-1), the total field in terms of the individual waveguides' fields.

with m and l denoting the transverse mode order. Since the individual mode 
field profiles ℰ(m)y(x) and ℰ(l)y(x) are known as well as βa, βb, Ma, Mb, and the 
frequency ω, the total field is specified once the (complex) amplitudes A(z)

(13.9-2)
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and B(z) are given. We thus may uniquely describe the field at z by means 
of a column vector7

with

(13.9-3)

The evolution of E(z) is obtained from equations (13.9-1) as

with the matrix C given by

(13.9-5)

Since an eigenmode depends on z only through a propagation phase factor, 
we postulate a solution

(13.9-6)

This is a standard matrix algebra eigenvalue problem [note similarity to 
Problem 2.2 and to Equation (2.1-12)], where E is the eigenvector and iγ is 
the eigenvalue of the matrix C. To determine E and γ, we write out the two 
equations represented by (13.9-7)

7The term vector is due merely to the fact that E(z) has two components and can thus be viewed 
formally as a vector in a two-dimensional space.

(13.9-4)

Combining (13.9-4) and (13.9-6) results in

(13.9-7)

(13.9-8)

The condition for nontrivial solutions for E1 and E2 is the vanishing of the 
determinant of the coefficients in ( 13.9-8). The solution of the resulting quad- 
ratic equation yields the eigenvalues

(13.9-9)

(13.9-10)
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The two values γ1 and γ2 are substituted, one at a time, in (13.9-8) to obtain, 
to within an arbitrary constant, the corresponding eigenvectors. The result 
is

(13.9-11a)

(13.9-11b)

We note that, as expected, E1 · E*2 = 0, i.e., the eigenmodes are normal. 
The mode norms E12 · E*12 = 1 + |κ|2/(δ ± S)2 are proportional to the respective 
(eigen) mode powers and are thus a constant. The two components iκ*/ 
(δ ± S) and 1 of each eigenvector represent, respectively, the normalized 
amplitudes of the individual waveguide modes, ℰ(l)y(x) in guide b and ℰ(m)y(x) 
in guide a, which together make up the eigenmode of the two-waveguide 
system. The ratio of the power in waveguides b and a in these two "super- 
modes" is thus |κ|2/(δ ± S)2. In the limit κ/δ → 0, the "velocity mismatch" 
limit, E1 and E2 become

(13.9-12)

to within a multiplicative constant, i.e., the super- (eigen) modes become 
the uncoupled single-waveguide modes.

Another important situation occurs when the two individual waveguide 
modes have the same phase velocity, i.e., δ = 0. In this case

(13.9-13)

The admixture is 50-50 percent and each waveguide carries half of the total 
power. In the case of identical waveguides at δ = 0 and for l = m (i.e., same 
order modes), the coupling constant κ is a negative imaginary number [see 
Equations (13.8-3) and (13.8-4)] so that the two eigenvectors [of (13.9-13)] 
take the form
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(13.9-14)

E1(z) is thus the odd symmetric mode while E2(z) is even symmetric as 
depicted in Figure 13-25.

According to (13.9-11) the admixture, hence the profile of the supermode, 
depends on the phase velocity mismatch parameter δ. A situation may exist 
where the uncoupled dispersion curves of the individual guides may cross 
each other at some frequency ω0, as shown in Figure 13-26. In the vicinity 
of ω0 the supermode profile is thus a strong function of δ and, hence, of ω. 
If we approximate the mismatch parameter near ω0 by δ = const (ω - ω0), 
then the supermode's dispersion curves γ1(ω) and γ2(ω) are as shown in the 
figure. Also shown are the (super) mode profiles at ω0 and at a frequency ω 
where δ(ω) ≫ κ.

Since the supermode (i.e., eigenmode) description of the waveguide 
problem is formally equivalent to one that is based on individual waveguide 
coupled modes, it is instructive to consider how we might, for example, 
describe the phenomenon of directional coupling [see (13.8-7)] by means of 
our new point of view. To simplify matters, we assume δ = 0 (phase-matching) 
and, referring to Figure 13-25, consider the case where at z = 0 power is 
fed into guide a (on the left) only. This boundary condition can be satisfied 
by expanding the total field at z = 0 as an equal admixture of the two

Figure 13-25 The transverse (x) field distribution of the two supermodes at the 
phase velocity matching (δ = 0) condition of the parallel two-guide structure 
whose index of refraction profile is shown at the top.
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Figure 13-26 Some field distributions and the dispersion curves of the two lowest 
order "supermodes of a two-waveguide configuration near the phase-matching 
frequency (ω0). The dashed curves correspond to the guide's dispersion at the 
absence of coupling.

supermodes (13.9-14) taken

(13.9-15)

It is also clear that if one were to add algebraically the fields of Figure 13-25, 
they would reinforce each other on the left and cancel each other on the 
right leading to the column vector in (13.9-15). Having established in (13.9-15) 
the proper admixture that satisfies the boundary condition at z = 0, we can 
determine the field at any z by simply inserting the z-dependence of each 
supermode.

(13.9-16)

At a distance z where
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the total field is

(13.9-17)

so that the power is completely in the right waveguide. This exchange of 
power between the two guides takes place every Δz = π/2|κ| just as predicted 
by the coupled-mode solution (13.8-7). Using the present point of view, 
however, we attribute the sloshing of power between guides to the difference 
of the phase constants γ2 - γ1 = 2|κ| of the two supermodes leading to the 
factor exp(-i2∣κ∣z) in the last term of (13.9-16).

13.10 LASER ARRAYS [25, 26]

In Section 13.9 we showed that starting with the coupled-mode equations 
(13.8-6) for two adjacent and interacting waveguides we can obtain the su- 
permode, i.e., the mode of the two-waveguide system. The same approach 
can be applied to the problem of finding the modes of an N-waveguide 
system. Semiconductor laser arrays [25, 26] are now widely used to increase 
the power output relative to that which is available from a single waveguide 
laser.

Consider a structure consisting of N adjacent waveguides as shown in 
Figure 13-27. For simplicity we assume that each waveguide can support

Figure 13-27 A three-channel semiconductor laser array. The active amplifying 
regions are GaAs quantum wells. The elliptical spots correspond to the near-field 
intensity pattern. (After Reference [27].) 
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one mode only. If we label the waveguides by 1, 2, . . . , N and take the 
normalized electric field mode solution of the isolated mth waveguide as 
Amℰm(x, y)e-iβmz, we can describe the total field at some arbitrary plane z 
as

(13.10-1)

where the z dependence of Am reflects the possible amplitude and phase 
coupling between the "individual" waveguide modes. If the waveguides 
were perfectly isolated from each other, the Am's would be constant and 
independent of each other. The individual waveguide modes are subject to 
a normalization condition (13.2-6) 

so that the total power in the mth guide is |Am∣2. The total field at z can be 
represented uniquely by the column vector

(13.10-3)

If we assume that each mode couples only to its immediate neighbors, then, 
in the manner of (13.9-1), the mode amplitudes Am(z) obey

From its definition in (13.10-3) and from (13.10-4), it follows that the com
ponent Em(z) of the vector E(z) obeys

(13.10-5)

where, according to (13.9-1) and (13.8-3),

(13.10-6)

The set of coupled equations (13.10-5) can be expressed, using the vector

(13.10-4)

(13.10-2)
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definition of Equation (13.10-3), as

(13.10-7)

(13.10-8)

A propagating supermode, by definition, is a field solution that except for a 
phase factor exp(iγz) to be determined, is independent of the propagation 
coordinate z. We can express it as

(13.10-9)

which combined with (13.10-7) results in

(13.10-10)

where I is the identity N × N matrix. Equation (13.10-10) is a generalization 
of (13.9-7). If written out in detail, it becomes

(13.10-11)

(13.10-12)

These are N homogeneous equations with N unknowns (E1, . . . , EN) similar 
to Equation (13.9-8). The method of solution involves first finding the roots 
of the determinantal equation
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for the N eigenvalues iγ1, . . . , iγN. Each eigenvalue, say, iγv, is then used 
in ( 13.10-11 ) to obtain the corresponding eigenvector EV, which thus satisfies 

where, we recall, Evℓ is the complex field amplitude in waveguide ℓ corre
sponding to supermode v as in Equation (13.10-14). -γv, is, according to 
(13.10-9) the propagation constant of supermode v.

Theoretical plots of a four-waveguide supermodes are shown in Figure 
13-28. We note that only the fundamental v = 0 mode, in which all the 
channel fields possess the same phase, has a far-field consisting (mostly) of 
a single lobe centered on θ = 00.

Semiconductor laser arrays of the type illustrated in Figure 13-27 have 
received a great deal of attention during the last few years due to their 
potential for combining coherently the power outputs of many lasers [25, 
26]. Many different approaches to "encourage" the semiconductor laser 
array to oscillate only in its desirable (in-phase) fundamental mode have not 
been entirely successful [26].

To appreciate the connection between the near-field, say, at the output 
facet, and the far-field, we recall that according to (13.10-14) we can write 
the near field of the vth supermode measured at the output plane z = L in 
the form of a phase-locked superposition of individual waveguide modes

(13.10-13)

The vth supermode (sometimes called the array mode) thus consists of a 
unique linear superposition of the individual waveguide modes ℰm(x, y) with 
a fixed relative phase between any two of them. This combination propagates 
together with a single phase factor exp(iγvz). The total field of the vth array 
mode (supermode) can be written using (13.10-11), (13.10-3), and (13.10-9) 
as

(13.10-14)

The simple case of identical waveguides that are equally spaced deserves 
some special attention. In this case we have β1 = β2 · · · = βN ≡ β. We 
also have from (13.8-6)

(13.10-15)

Using the last relation we obtain directly from (13.10-12) and (13.10-11)

(13.10-16)

(13.10-17)

(13.10-18)
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The amplitudes Evℓ = Evℓ(0) are the solution of (13.10-11) for the vth mode. 
Let Eℓ(θ) be the far field of the ℓth channel by itself when Evℓ = 1 while 
Evm = 0 and m ≠ ℓ. With θ measured from the normal to the exit plane in 
the x-z plane, it follows from (13.10-18) by superposition that the far field 
of the vth supermode is

(13.10-19)

Figure 13-28 The four supermodes of an index-guided four-channel waveguide: (a) 
The lowest order (highest β) v = 0, mode. (b), (c), (d) The next three modes in 
decreasing order of β. The upper figure in each case shows the near field in 
relation to the channel array. The lower figure is that of the far-field intensity. The 
individual channel waveguides can support a single mode (each) only. (Courtesy 
of C. Lindsey)
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Figure 13-28 (continued) 

where S is the separation between two channels so that k0Ssin θ is the extra 
phase delay in the far field between the fields arriving from two adjacent 
channels. From the last two equations

The far-field intensity pattern is

(13-10.21)

In the, special but important, case of identical channels, we have

(13.10-20)
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with

(13.10-22)

The "grating function" Gv(θ) is periodic in sinθ (for θ ≪ 1 we can consider 
it to be periodic in θ) with a period Δ(sinθ) = 2π/(k0S). It corresponds 
physically to the radiation pattern in the far field of N point (i.e., "δ-function") 
sources spaced by S whose relative amplitudes are proportional to Evℓ. The 
grating function G0(θ) of the fundamental (v = 0, i.e., +++++) mode of a 
five-element (N = 5) array is shown in Figure 13-29(a). The solid curve is 
based on amplitudes E0ℓ obtained from a solution of (13.10-11). The dashed 
curve is a plot of Gv(θ) with Evℓ = 1, i.e., equal and in-phase amplitudes. 
The remaining curves show Gv(θ) of the high order supermodes. The limited

Figure 13-29 The grating functions Gv of the five supermodes of a five-channel 
array. The dashed curve in (a) corresponds to an array of five equal amplitude 
(Ei = 1) radiators. (After Reference [25].) 
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angular spread of the optical beam as described by Fv(θ) is due to the finite 
angular extent of the single aperture radiation pattern ∣E0(θ)∣2 which is a 
factor in Fv(θ). In Problem 13.12 we show that to obtain a single-lobed, 
far-field pattern it is sufficient to have an aperture whose width satisfies 
W ≳ S/2.

Problems

13.1 Derive Equation (13.2-7).

13.2 Show that the form of Equation (13.7-10) is consistent with the con- 
servation of the modes' power.

13.3 Derive the equations in (13.7-12).

13.4 Derive an expression for the modulation power of a transverse elec
trooptic waveguide modulator of length L and cross section 2λ × 2λ (λ is 
the vacuum wavelength of the light). Compare to the bulk result ([9], p. 547). 
Estimate the power requirement for a LiNbO3 modulator at λ = I μm, 
L = 5 mm.

13.5 Derive the condition for distributed feedback laser oscillation for the 
case of gain perturbation, that is, γ1 ≠ 0, n1 = 0. Compare with the result 
of Reference [17].

13.6 Prove the orthogonality relation Equation (13.2-8). What happens to 
this relation if ε is complex?

13.7 Compare the ratio of the power propagating in the regions with an index 
n1 to that of the total power for a TEm and TMm mode.

13.8 Show that in the case of electrooptic mode coupling in which βTMm 
≠ βTEm [see Equation (13.7-10)], one can use a z periodic electrooptic constant 
or electric field to obtain phase matched operation. How would you accom
plish this in practice? (Be bold and invent freely.)

13.9 Show that in the case of coupling between modes that carry power in 
opposite directions the conservation of total power condition becomes 

which can be satisfied if instead of (13.7-10) we have 
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Compare these equations with the contradirectional coupling case described 
by Equation (13.5-1).

13.10 Find the eigenmodes, as in (13.9-11), of a two-channel (waveguide) 
system with individual exponential gain constants γa and γb in each guide.

13.11 Referring to Figure 13-27 assume that the regions between the optical
waveguides are highly absorbing. Explain qualitatively why the desirable 
(+ + · · · +) supermode has a smaller modal gain at a given injection current 
than the (+-+- · · · +) supermode.

13.12

a. Plot the array function G0(θ) of a six-channel in-phase (+ + + + + +) su
permode taking E0ℓ = 1.

b. Using the diffraction result Equation (4.9-2), derive the far-field distri- 
bution E0(θ) due to a single channel, say channel 0, whose near field is

c. Plot the far-field intensity distribution function ∣F0(θ)∣2 of the mode as
suming k0S = 6π and (1) W = 0.05S, (2) W = 0.2S, and (3) W = 0.6S. 
(S is the distance between the centers of two nearest-neighbor channels.) 
Obtain an approximate relation between the number of lobes in the far 
field and the ratio W/S.

13.13 Repeat Problem 13.12 for the (+ - + - +) mode, i.e., E0 = E2 = 
E-2 = 1, E1 = E-1 = -1.

13.14 Estimate the coupling constant κ of the laser whose spontaneous emis- 
sion spectrum is given in Figure 13-15(e).

13.15

a. Using a computer program ("Mathematica" will do nicely), plot the re- 
flection coefficient [see Equation (13.6-16)] of a periodic amplifying wave- 
guide as a function of ΔβL, assuming κL = 0.4. Let γL be the parameter 
and generate plots with γL = 2, 2.9, 3.5, and 3.8.

b. Plot the equigain contours in the γL - ΔβL plane as in Figure 13-12.
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14
Two Laser

Applications

14.1 DESIGN CONSIDERATIONS INVOLVING AN OPTICAL COMMUNICATION SYSTEM

One potential area of application for lasers is that of communication between 
satellites. One reason is that in this case the problem of atmospheric ab- 
sorption and distortion of laser beams is of no concern. In addition, the high 
directionality available with laser beams can be utilized effectively.

To be specific, we will consider a communication link between a system 
of three synchronous (24-h orbit) satellites, as shown in Figure 14-1. Each 
satellite should be able to transmit and receive simultaneously.

Specifically, we agree on the following operating conditions:

1. The operating wavelength is λ = 0.53 μm. This wavelength, which can 
be obtained by doubling the output of a Nd3+: YAG laser (see Section 
7.3), is chosen because of the high quantum efficiency of photomultiplier 
tubes at this wavelength (see Figure 11-4).

2. The detection will be performed by a photomultiplier tube operating in 
the video (that is, no local oscillator) mode, as described in Section 11.3.

3. The modulation signal will be impressed on the optical beam by an 
electrooptic modulator. The modulation signal will consist of a micro- 
wave subcarrier with a center frequency of vm = 3 × 109 Hz and sidebands1

1The information signal f(t), which may consist of, as an example, the video output of a vidicon 
television-camera tube, is impressed as modulation on the microwave signal. This modulation 
can take the form of AM. FM, PCM, or other types of modulation. The modulated microwave 
carrier is then applied to the electrooptic crystal to modulate the optical beam in one of the 
ways discussed in Chapter 9.

540
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Figure 14-1 The disposition of three earth satellites with synchronous (24-h) orbits.

(caused by the information modulation) between vmin = 2.5 × 109 Hz 
and vmax = 3.5 × 109 Hz. The information bandwidth is thus Δv = 
109 Hz.

4. The electrooptic crystal modulator will be used in the transverse mode 
(see Section 9.5) and will have an electrooptic coefficient of r ≃ 4 × 
10-11 MKS and a microwave dielectric constant of ε = 55ε0. The peak 
modulation index is Γm = π/3.

5. The collimating lens and the receiving lens will have radii of 10 cm.
6. The signal-to-noise power ratio at the output of the amplifier following 

the receiver photomultiplier tube should be 103.

Our main concern is that of calculating the total primary (dc) power that 
the satellite must supply in order to meet the foregoing performance spec
ifications. We will calculate first the optical power level of the transmitted 
beam and then the modulation power needed to meet these performance 
criteria.

Synchronous Satellites

A synchronous satellite has an orbiting period of 24 h, so its position relative 
to the earth is fixed. To find the distance from the earth to the satellite, we 
equate the centrifugal force caused by the satellite's rotation to the gravi- 
tational attraction force

(14.1-1)

where v is the satellite's velocity, m its mass, g the gravitational acceleration 
at the earth's surface, RE-S the distance from the center of the earth to the 
satellite, and Rearth the earth's radius. The synchronous orbit constraint (that
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is, a 24-hour period) is

We use it in (14.1-1) to solve for RE-S, obtaining RE-S = 42,222 km.
We employ three satellites so as to obtain coverage of the earth's surface, 

as shown in Figure 14-1. The distance between two satellites is R = 
73,128 km.

Calculation of the Transmitted Power

First we will derive an expression relating the received power to the trans- 
mitted power as a function of the transmitted beam diameter, the receiving 
aperture diameter, and the distance R between the transmitter and the re- 
ceiver.

If the transmitted power PT is beamed into a solid angle Ωτ and if the 
receiving aperture subtends a solid angle ΩR at the transmitter, the power 
received is

(14.1-2)

The transmitted beam diffracts with a half-apex angle θbeam, as shown in 
Figure 14-2. This angle is related to the minimum beam radius ω0 (spot size) 
by (2.5-18):

(14.1-3)

The corresponding solid angle is Ωτ = π(θbeam)2. If we choose ω0 to be equal 
to the radius aT of the transmitting lens, we obtain

(14.1-4)

Figure 14-2 An optical communication link consisting of a laser oscillator, an 
electrooptic modulator, a collimating (transmitting) lens, a transmission medium, a 
receiving lens, and a receiver using a photomultiplier.
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The receiving solid angle is

(14.1-5)

where aR is the radius of the receiving lens and R is the distance between 
transmitter and receiver. Using (14.1-4) and (14.1-5) in (14.1-2) leads to

Calculation of the Modulation Power

In Section 9.6 we derived an expression for the power dissipated by an 
electrooptic modulator operated in the parallel RLC configuration shown in 
Figure 9-9. This power is given by (9.6-2)

(14.1-8)

where Γm is the peak electrooptic retardation, d the length of the side of the 
(square) crystal section, l the crystal length, r the appropriate electrooptic 
coefficient, Δv the modulation bandwidth, and ε the dielectric constant of 
the crystal at the modulation frequency. To ensure frequency-independent 
response of the crystal, the crystal length l is limited by transit-time con- 
siderations discussed in Section 9.6 to a length

where n is the index of refraction and vmax is the highest modulation fre- 
quency. Using vmax = 3.5 × 109 Hz and n = 2.2, we obtain l < 1 cm. We

(14.1-6)

According to ( 11.3-5) and ( 11.3-9), the signal-to-noise power ratio at the 
output of a photomultiplier operating in the quantum-limited region (that is, 
the main noise contribution is the shot noise generated by the signal itself) 
is

(14.1-7)

where PR is the optical power. Using λ = 0.53 μm, η = 0.2, Δv = 109 Hz, 
and the required S/N value of 103, we obtain

The required transmitted power is then calculated using (14.1-6), and R =
7.31 × 107 meters, yielding
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will consequently choose a crystal length of l = 1 cm. Having fixed l we 
may be tempted by (14.1-8) to use a crystal with a minimum thickness d. 
The choice of d is dictated, however, by the fact that we must be able to 
focus the laser beam into the crystal in such a way that its spread due to 
diffraction inside the crystal does not exceed the transverse dimension d. 
The situation is illustrated by Figure 14-3. If the beam is focused so that its 
waist occurs at the crystal midplane (z = 0), its radius at the two crystal 
faces (z = -l/2 and l/2) is given by (2.5-11) as

(14.1-9)

Our problem is one of determining the value of ω0 for which ω(z = l/2) is a 
minimum. The dimension d will then be chosen to be slightly larger than the 
minimum value of 2ω(z = l/2). Setting the derivative of (14.1-9) (with respect 
to ω0) equal to zero yields 

and 

so that choosing doptimum as equal to 2ω(z = l/2)min

(14.1-10)

Substituting the last result for d2/l in (14.1-8) yields an expression for the 
minimum modulation power

(14.1-11)

Using Γm = π/3, n = 2.2, r = 4 × 10-11 (MKS), λ = 0.53 μm, ε = 55ε0,

Figure 14-3 The problem of confining a fundamental Gaussian beam within a 
crystal of length l and height (and width) d. A decrease of the minimum beam 
radius from ω01 in (a) to ω02 in (b) causes the beam to expand faster and "escape" 
from the crystal.
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for the microwave modulation power under optimum focusing conditions.
We have thus determined that the laser power output should be ap

proximately 3 watts and the modulation power around 0.0238 watt. If we 
assume that the efficiency of conversion of primary (dc) power to laser power 
is about 1 percent, each satellite will be required to supply approximately 
300 watts of primary power.

14.2 HOLOGRAPHY2 

2Chapters 17 and 18 deal with the more advanced topic of dynamic holography in nonlinear
optical media. The treatment of this section is mostly kinetic. It tells us when and how things
happen but does not address the magnitudes involved. It is meant as an introduction to the
major concepts of holography.

Figure 14-4 A hologram of an object can be made by exposing a photosensitive
medium at the same time to coherent light, which is reflected diffusely from the
object, and a plane-parallel reference beam, which is part of the same beam that is
used to illuminate the object.

One of the most important applications made practical by the availability of 
coherent laser radiation is holography, the science of producing images by 
wavefront reconstruction; see References [1-8]. Holography makes possible 
true reconstruction of three-dimensional images, magnified or reduced in 
size, in full color. It also makes possible the storage and retrieval of a large 
amount of optical information in a small volume.

Figure 14-4 illustrates the experimental setup used in making a simple 

and Δ v = 109 yields
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hologram. A plane-parallel light beam illuminates the object whose hologram 
is desired. Part of the same beam is reflected from a mirror (at this point we 
refer to it as the reference beam) and is made to interfere within the volume 
of the photosensitive medium with the beam reflected diffusely from the 
object (object beam). The photosensitive medium is then developed and 
forms the hologram.

The image reconstruction process is illustrated in Figure 14-5. It is per- 
formed by illuminating the hologram with the same wavelength laser beam 
and in the same relative orientation that existed between the reference beam 
and the photosensitive medium when the hologram was made. An observer 
facing the far side (B) of the hologram will now see a three-dimensional 
image occupying the same spatial position as the original object. The image 
is, ideally, indistinguishable from the direct image of the laser-illuminated 
object.

The Holographic Process Viewed as Bragg Diffraction

To illustrate the basic process involved in holographic wavefront reconstruc
tion, consider the simple case in which the two beams reaching the photo- 
sensitive medium in Figure 14-4 are plane waves. The situation is depicted 
in Figure 14-6. We choose the z axis as the direction of the bisector of the 
angle formed between the two propagation directions k1 and k2 of the ref- 
erence and object plane waves inside the photosensitive layer. The x axis 
is contained in the plane of the paper. The electric fields of the two beams 
are taken as

Figure 14-5 Wavefront reconstruction of the original image is usually achieved by 
illuminating the hologram with a laser beam of the same wavelength and relative 
orientation as the reference beam making it. An observer on the far side (B) sees a 
virtual image occupying the same space as the original subject.

(14.2-1)
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Figure 14-6 A sinusoidal "diffraction grating," produced by the interference of 
two plane waves inside a photographic emulsion. The density of black lines 
represents the exposure and hence the silver-atom density. The z direction is 
chosen as that of the bisector of the angle formed between the directions of 
propagation inside the photographic emulsion. It is not necessarily perpendicular 
to the surface of the hologram.

From Figure 14-6 and the fact that ∣k1∣ = ∣k2∣ = k, we have

(14.2-2)

where k = 2π/λ, and ax and az are unit vectors parallel to x and z, respectively. 
The total complex field amplitude is the sum of the complex amplitudes 

of the two beams, which, using (14.2-1) and (14.2-2), can be written as

If the photosensitive medium were a photographic emulsion, the exposure 
to the two beams and subsequent development would result in silver atoms 
developed out at each point in the emulsion in direct proportion to the time 
average of the square of the optical field. The density of silver in the 
developed hologram is thus proportional to E(x, z)E*(x, z), which, using 
(14.2-3), becomes

(14.2-3)

(14.2-4)

The hologram is thus seen to consist of a sinusoidal modulation of the silver 
density. The planes x = constant (that is, planes containing the bisector and 
normal to the plane of Figure 14-6) correspond to equidensity planes. The 
distance between two adjacent peaks of this spatial modulation pattern is,
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according to (14.2-4),

(14.2-5)

In the process of wavefront reconstruction, the hologram is illuminated 
with a coherent laser beam. Since the hologram consists of a three-dimen
sional sinusoidal diffraction grating, the situation is directly analogous to the 
diffraction of light from sound waves, which was analyzed in Section 12.1. 
Applying the results of Bragg diffraction and denoting the wavelength of the 
light used in reconstruction (that is, in viewing the hologram) as λR, a dif
fracted beam exists only when the Bragg condition (12.1-4)

Figure 14-7 Bragg diffraction from a sinusoidal volume grating. The grating 
periodic distance d is the distance in which the grating structure repeats itself. In 
the case of a hologram we may consider the vertical lines in the figure as an edge- 
on view of planes of maximum silver density.

(14.2-6)

is fulfilled, where θB is the angle of incidence and of diffraction as shown in 
Figure 14-7 nR is the index of refraction. Substituting for d its value according 
to (14.2-5), we obtain

(14.2-7)

In the special case when λR = λ—that is to say, when the hologram is viewed 
with the same laser wavelength as that used in producing it—we have

so that wavefront reconstruction (that is, diffraction) results only when the 
beam used to view the hologram is incident on the diffracting planes at the 
same angle as the beam used to make the hologram. The diffracted beam 
emerges along the same direction (k1) as the original "object" beam, thus 
constituting a reconstruction of the latter.
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We can view the complex beam reflected from the object toward the 
photographic emulsion when the hologram is made, as consisting of a "bun
dle" of plane waves each having a slightly different direction. Each one of 
these waves interferes with the reference beam, creating, after development, 
its own diffraction grating, which is displaced slightly in angle from that of 
the other gratings. During reconstruction the illuminating laser beam is cho- 
sen so as to nearly satisfy the Bragg condition (14.2-6) for these gratings. 
Each grating gives rise to a diffracted beam along the same direction as that 
of the object plane wave that produced it, so the total field on the far side 
of the hologram (B) is identical to that of the object field.

Basic Holography Formalism

The point of view introduced above, according to which a hologram may be 
viewed as a volume diffraction grating, is extremely useful in demonstrating 
the basic physical principles. A slightly different approach is to take the total 
field incident on the photosensitive medium as

(14.2-8)

where A1(r) may represent the complex amplitude of the diffusely reflected 
wave from the object while A2(r) is the complex amplitude of the reference 
beam. A2(r) is not necessarily limited to plane waves and may correspond 
to more complex wavefronts.

The intensity of the total radiation field can be taken, as in (14.2-4), to 
be proportional to

(14.2-9)

The first term A1A*1 is the intensity I1 of the light arriving from the object. 
If the object is a diffuse reflector, its unfocused intensity I1 can be regarded 
as essentially uniform over the hologram's volume. A2A*2 is the intensity I2 
of the reference beam. The change in the amplitude transmittance of the 
hologram Δ T can be taken as proportional to the exposure density so that

The reconstruction is performed by illuminating the hologram with the ref- 
erence beam A2 in the same relative orientation as that used during the 
exposure. Limiting ourselves to the portion of the transmitted wave modified 
by the exposure, we have

(14.2-10)

The first term corresponds to a wavefront proportional to the reference beam. 
The second term, not being proportional to A1, may be regarded as unde- 
sirable "noise." Since I2 is a constant, the third term I2A1 corresponds to 
a transmitted wave that is proportional to A1 and is thus a reconstruction of 
the object wavefront.
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Some additional aspects of holography, which follow straightforwardly 
from the formalism introduced above, are treated in the problems.

Holographic Storage

The use of holography for the storage of a large number of images and for 
their retrieval can be best understood using the Bragg diffraction point of 
view.

We consider, for the sake of simplicity, the problem of recording (storing) 
holographically and then reconstructing two objects. The storage of a larger 
number of images is then accomplished by repeating the procedure used in 
recording the two images.

An exposure of the photosensitive medium is performed using the beam 
reflected from the first object and the reference beam is illustrated in Figure 
14-4. Next, the first object is replaced by the second one, the photosensitive 
plate is rotated by a small angle Δθ, and another exposure is taken. The 
plate is now developed and forms the hologram.

During exposure each object gave rise to a "diffraction grating" pattern. 
The two sets of diffraction planes are not parallel to each other, since the 
plate was rotated between the two exposures. A reconstruction of the first 
object is obtained when the hologram is illuminated with a laser beam in 
such a direction as to satisfy the Bragg condition with respect to first dif
fraction grating. If the same wavelength is used in making the hologram and 
in the image reconstruction, the image of the first object is reconstructed 
when the laser beam is incident on the hologram at the same angle as that 
of the reference beam (during exposure). A rotation Δθ of the hologram will 
cause the second set of diffraction planes (that due to the second object) to 
satisfy the Bragg condition with respect to the incident laser beam, thus 
giving rise to a reconstructed image of the second object.

Problems

14.1 Show that if a hologram is made using a wavelength λ but is recon- 
structed with a wavelength λR, the reconstructed image is magnified by a 
factor of λR/λ with respect to the original object. [Hint·. Consider the process 
of forming a real image by placing a lens on the output side (B) of the 
illuminated hologram and then determining the linear scale of the image in 
view of Equation (14.2-7).]

14.2 By considering a complex waveform as a superposition of plane waves, 
show that a complex wave A*(r) is that obtained from A by making it retrace 
its path; that is, the wavefronts are identical but their direction of propagation 
is reversed. A* is called the conjugate (waveform) of A.
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14.3

a. Show that if the hologram is illuminated with a plane wave A*2 instead of 
A2 the reconstructed image is A*1 instead of A1.

b. Show that the reconstructed image A*1 is real—that is, A*1 actually con
verges to an image. [Hint: Consider what happens to a bundle of rays 
originally emanating from a point on the object.]

c. Show that the reconstructed image A1 observed when the hologram is 
illuminated by A2 is virtual; that is, rays corresponding to a given image 
point do not cross unless imaged by a lens.

14.4 Consider the problem of making a hologram in which the reference and 
object beam are incident on the emulsion from two opposite sides. Draw 
the equidensity planes for the case where the beams are nearly antiparallel. 
Show that the viewing (reconstructing) of this beam is performed in the 
reflection mode: that is, the viewer faces the side of the emulsion that is 
illuminated by the beam.

14.5 Show that in an infinitely thin hologram both virtual and real images 
can be reconstructed simultaneously. [Hint: Consider the problems of light 
scattering from a surface grating (as opposed to a volume grating).]

14.6 Calculate the reconstruction angle sensitivity dθΒ/dλR for transmission 
holograms (as described in the text) and in reflection holograms (as described 
in Problem 14.4). θb is the Bragg angle, and λR is the wavelength used in 
reconstruction. Show that dθB/dλR is much larger in the case of the trans- 
mission hologram. Which hologram will yield better results when illuminated 
by white light?
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15
Semiconductor 

Lasers—Theory 

and Applications

15.0 INTRODUCTION

The semiconductor laser invented in 1961 [1-3] is the first laser to make the 
transition from a research topic and specialized applications to the mass 
consumer market. It is, by economic standards and the degree of its appli
cations, the most important of all lasers.

The main features that distinguish the semiconductor laser are

1. Small physical size (300 μm × 10 μm × 50 μm) that enables it to be 
incorporated easily into other instruments.

2. Its direct pumping by low-power electric current (15 mA at 2 volts is 
typical), which makes it possible to drive it with conventional transistor 
circuitry.

3. Its efficiency in converting electric power to light. Actual operating 
efficiencies exceed 50 percent.

4. The ability to modulate its output by direct modulation of the pumping 
current at rates exceeding 20 GHz. This is of major importance in 
high-data-rate optical communication systems.

5. The possibility of integrating it monolithically with electronic field effect 
transistors, microwave oscillators, bipolar transistors, and optical com
ponents in III—V semiconductors to form integrated optoelectronic cir- 
cuits.

6. The semiconductor-based manufacturing technology, which lends itself 
to mass production.

7. The compatibility of its output beam dimensions with those of typical 

552
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In this section we will briefly develop some of the basic background material 
needed to understand semiconductor lasers. The student is urged to study 
the subject in more detail, using any of the numerous texts dealing with the 
wave mechanics of solids (Reference [6], for example).

The main difference between electrons in semiconductors and electrons 
in other laser media is that in semiconductors all the electrons occupy, thus 
share, the whole crystal volume, while in a conventional laser medium, ruby, 
for example, the Cr3+ electrons are localized to within 1 or 2 Å of their 
parent Cr3+ ion and electrons on a given ion, for the typical Cr doping levels 
used, do not communicate with those on other ions.

In a semiconductor, on the other hand, because of the spatial overlap 
of their wavefunctions, no two electrons in a crystal can be placed in the 
same quantum state, i.e., possess the same eigenfunction. This is the so-called 
Pauli exclusion principle, which is one of the more important axiomatic 
foundations of quantum mechanics. Each electron thus must possess a unique 
spatial wavefunction and an associated eigenenergy (the total energy asso- 
ciated with the state). If we plot a horizontal line, as in Figure 15-1, for each 
allowed electron energy (eigenenergy), we will discover that the energy levels 
cluster within bands that are separated by "energy gaps" ("forbidden" 
gaps). A schematic description of the energy level spectrum of electrons in 
a crystal is shown in Figure 15-1.

The manner in which the available energy states are occupied determines 
the conduction properties of the crystal. In an insulator the uppermost oc- 
cupied band is filled up with electrons while the next highest band is com
pletely empty. The gap between them is large enough, say, ~3 eV, so that 
thermal excitation across the gap is negligible. If we apply an electric field 
to such an idealized crystal, no current will flow, since the electronic motion 
in a filled band is completely balanced and for each electron moving with a 
velocity v there exists another one with —v.

If the gap between the uppermost filled band—the valence band—and 
the next highest—the conduction band—is small, say, <2 eV, then thermal 
excitation causes partial transfer of electrons from the valence band to the

silica-based optical fibers and the possibility of tailoring its output wave- 
length to the low-loss, low-dispersion region of such fibers.

From the pedagogic point of view, understanding how a modern semi- 
conductor laser works requires, in addition to the basic theory of the inter- 
action of radiation with electrons that was developed in Chapter 5, an un- 
derstanding of dielectric waveguiding [4, 5] (Section 13.1) and elements of 
solid-state theory of semiconductors [6, 7]. The latter theory will be taken 
up in the next few sections.

15.1 SOME SEMICONDUCTOR PHYSICS BACKGROUND
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Figure 15-1 The energy levels of electrons in a crystal. In a given material these 
levels are usually occupied, in the ground state, up to some uppermost level. The 
energy EF that marks in the limit of T → 0, the transition from fully occupied 
electron states (E < EF) to empty states (E > EF), is called the Fermi energy. It 
does not, except accidentally, correspond to an eigenenergy of an electron in the 
crystal.

conduction band and the crystal can conduct electricity. Such crystals are 
called semiconductors. Their degree of conductivity can be controlled not 
only by the temperature but by "doping" them with impurity atoms.

The wavefunction of an electron in a given band, say, the valence, is 
characterized by a vector k and a corresponding (Bloch) wavefunction

(15.1-2)

The vector k can only possess a prescribed set of values (i.e., it is quantized), 
which is obtained by requiring that the total phase shift k∙r across a crystal 
with dimensions Lx, Ly, Lz be some multiple integer of 2π.

1This is true if the value of k is taken in the extended (i.e. not reduced) k space.

(15.1-1)

The function uvk possesses the same periodicity as the lattice. The factor 
exp(ik∙r) is responsible for the wave nature of the electronic motion and is 
related to the de Broglie wavelength λe of the electron by1

(15.1-3)
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where i = x, y, z. We can thus divide the total volume in k space into cells 
each with a volume

where ħω = E. A similar expression but with mc replaced by mv, the effective 
mass in the valence band, applies to the valence band.

Figure 15-2 depicts the energy-k relationship of a direct gap semicon
ductor, i.e., one where the conduction band minimum and the valence band

(15.1-4)

and associate with each such differential volume a quantum state (two states 
when we allow for the two intrinsic spin states of each electron). The number 
of such states within a spherical shell (in k space) of radial thickness dk and 
radius k is then given by the volume of the shell divided by the volume 
(15.1-4) ΔVk. per state

(15.1-5)

so that p(k) is the number of states per unit volume of k space. (A factor of 
2 for spin was included.)

The energy, measured from the bottom of the band, of an electron k in, 
say, the conduction band (indicated henceforth by a subscript c) is

(15.1-6)

where mc is the effective mass of an electron in the conduction band. In the 
simplest and idealized case, which is the one we are considering here, the 
energy depends only on the magnitude k of the electron propagation vector 
and not its direction.

We often need to perform electron counting, not in k space but as a 
function of the energy. The density of states function p(E) (the number of 
electronic states per unit energy interval per unit crystal volume) is deter
mined from the conservation of states relation

which with the use of (15.1-5) and (15.1-6) leads to

or

(15.1-7)
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Figure 15-2 A typical energy band structure for a direct gap semiconductor with 
mc < mv. The uniformly spaced dots correspond to electron states.

maximum occur at the same value of k. The dots represent allowed (not 
necessarily occupied) electron energies. Note that, following (15.1-3), these 
states are spaced uniformly along the k axis.

The Fermi-Dirac Distribution Law

The probability that an electron state at energy E is occupied by an electron 
is given by the Fermi-Dirac law [6, 7] 

where EF is the Fermi energy and T is the temperature. For electron energies 
well below the Fermi level such that EF - E ≫ kT, f (E) → 1 and the electronic 
states are fully occupied, while well above the Fermi level E - EF ≫ kT, 
f(E) ∝ exp(-E/kT) and approaches the Boltzmann distribution. At T = 0 
f(E) = 1, for E < EF, and f(E) = 0, for E > EF so that all levels below the 
Fermi level are occupied while those above it are empty. In thermal equi
librium a single Fermi energy applies to both the valence and conduction 
bands. Under conditions in which the thermal equilibrium is disturbed, such 
as in a p-n junction with a current flow or a bulk semiconductor in which a 
large population of conduction electrons and holes is created by photoex
citation, separate Fermi levels called quasi-Fermi levels are used for each 
of the bands. The concept of quasi-Fermi levels in excited systems is valid 
whenever the carrier scattering time within a band is much shorter than the 
equilibration time between bands. This is usually true at the large carrier 
densities used in p-n junction lasers.

In very highly doped semiconductors, the Fermi level is forced into 
either (1) the conduction band for donor impurity doping or (2) into the 
valence band for acceptor impurity doping. This situation is demonstrated 
by Figure 15-3. According to (15.1-8) at 0 K, all the states below EF are filled 
while those above it are unoccupied as shown in the figure. In this respect 
the degenerate semiconductor behaves like a metal in which case the con-

(15.1-8)
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Figure 15-3 (a) Energy band of a degenerate n-type semiconductor at 0 K. (b) A 
degenerate p-type semiconductor at 0 K. The cross-hatching represents regions in 
which all the electron states are filled. Empty circles indicate unoccupied states 
(holes).

ductivity does not disappear at very low temperatures. The unoccupied states 
in the valence band [unshaded area in Figure 15-3(b)] are called holes, and 
they are treated exactly like electrons except that their charge, corresponding 
to an electron deficiency, is positive and their energy increases downward 
in the diagram. The number of holes in the semiconductor depicted by Figure 
l5-3(b) is the number of electron states falling within the unshaded area at 
the top of the valence band. The process of exciting an electron from state 
a to state b [Figure 15.3(b)] in the valence band can also be viewed as one 
whereby a hole is excited from b to a. The advantage of this point of view 
is the symmetry in the language and mathematical description that it brings 
to the discussions of current flow due to electrons in the conduction band 
and those in the valence band.

To better appreciate the role of the quasi-Fermi level, consider a non- 
thermal equilibrium situation in which electrons are excited into the con- 
duction band of a degenerate p-type semiconductor at a very high rate. This 
can be done by injecting electrons into the p region across a p-n junction or 
by subjecting the semiconductor to an intense light beam with hv > Eg, so 
that for each absorbed photon an electron is excited into the conduction 
band from the valence band. This situation is depicted in Figure 15-4. Fol- 
lowing this excitation, electrons relax, by emitting optical and acoustic pho
nons, to the bottom of the conduction band in times of ~ 10-12 s while their 
relaxation across the gap back to the valence band—a process referred to 
as electron-hole recombination—is characterized by a time constant of

τ ~ 3 - 4 × 10-9 s

It is important in analyzing the process of light amplification in semicon-
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Figure 15-4 Electrons are injected at a rate of I/eV per unit volume (I = total 
current) into the conduction band of a semiconductor.

ductors to determine the quasi-Fermi level EFc for a given rate of excitation. 
Assuming that the relaxation to the bottom of the band into which the carriers 
are excited is instantaneous, we have

(15.1-9)

where Nc is the density (m-3) of electrons in the conduction band, I the 
injection current (in amperes), τ is the electron relaxation time back to the 
valence band (electron-hole recombination time), and V is the volume into 
which the electrons are confined following injection. The density of electrons 
with energies between E and E + dE is the product of ρc(JE)—the density 
of allowed electron states—and the occupation probability fc(E) of these 
states.

Using (15.1-7) and (15.1-8),

(15.1-10)

For a given injection current I the only unknown quantity in (15.1-10) is the 
conduction quasi-Fermi level EFc. We can thus invert, in practice by nu
merical methods, (15.1-10) and solve it for EFc(T) as a function of I, or 
equivalently of Nc. We shall make use, later, of this fact. At T = 0 the 
integral is replaced by
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Another fact that we need before proceeding to the subject of optical 
gain in semiconductors is that when an electron makes a transition (induced 
or spontaneous) between a conduction band state and one in the valence 
band, the two states involved must have the same k vector. This is due to 
the fact that according to quantum mechanics the rate of such a transition 
is always proportional to an integral over the crystal volume that involves 
the product of the initial state wavefunction and the complex conjugate of 
that of the final state. Such an integral would, according to (15.1-1), be 
vanishingly small except when the condition

Figure 15-5 An optical beam at ω0 with intensity I(ω0) is incident on a pumped 
semiconductor medium characterized by quasi-Fermi levels EFc and EFv A single 
level pair a-b with the same k value is shown. The induced transition a → b 
contributes one photon to the beam.

yielding

(15.1-11)

(15.1-12)

is satisfied. In band diagrams such as that of Figure 15-4, the transitions are 
consequently described by vertical arrows.

15.2 GAIN AND ABSORPTION IN SEMICONDUCTOR (laser) MEDIA

Consider the semiconductor material depicted in Figure 15-5 in which by 
virtue of electron pumping a nonthermal equilibrium steady state is obtained 
in which simultaneously large densities of electrons and holes coexist in the 
same space. These are characterized by quasi-Fermi levels EFc and EFv, 
respectively, as shown.
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Let an optical beam at a (radian) frequency ω0 travel through the crystal. 
This beam will induce downward a → b transitions that lead to amplification 
as well as b → a absorbing transitions. Net amplification of the beam results 
if the rate of a → b transitions exceeds that of b → a.

As discussed in the previous section, only transitions in which the upper 
and lower electron states have the same k vector are allowed. The pair of 
levels a and b in Figure 15-5 are thus characterized by some k value. Let 
us consider a group of such levels with nearly the same k value and hence 
with nearly the same transition energy

(15.2-1)

(In the following the k dependence of ω will be omitted but understood.) 
The density of such level pairs whose k values fall within a spherical shell 
of thickness dk is, according to (15.1-5), p(k) dk/V.

Before proceeding let us remind ourselves of some results developed in 
connection with conventional laser media. The gain constant γ(ω0) is given 
by (5.4-22) as

(15.2-2)

(15.2-5) 

where χ"(ω0), the imaginary part of the electric susceptibility, is

(15.2-3)

Combining the last two equations and defining the "relaxation time" T2 by 
T2 = (πΔv)-1 leads to

(15.2-4)

In semiconductors T2 is the mean lifetime for coherent interaction of k elec- 
trons with a monochromatic field and is of the order of the phonon-electron 
collision time. Numerically T2 ~ 10-12 s. Given an electron in an upper state 
"a," the lower state "b" with the same k value may be occupied by another 
electron. The downward rate of transitions is thus proportional to

i.e., to the product of the probabilities fc(Ea) that the upper (conduction) 
state is occupied and the probability (1 - fv) that the lower (valence) state 
is empty. The functions fv,c(E) are given, according to (15.1-8), by
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allowing for the fact that under pumping conditions EFc ≠ EFv.
In translating to the case of semiconductors the results that were de- 

veloped for conventional lasers, the population inversion density (N2 - N1) 
is thus replaced by the effective inversion due to electrons and holes within 
dk.

(15.2-7)

Equation (15.2-7) is of central importance and is a capsule statement of the 
difference between the population inversion in a conventional laser medium 
where the level occupation probability obeys Boltzmann statistics and that 
of a semiconductor medium governed by Fermi-Dirac statistics.

Returning to the gain expression (15.2-4), we use (15.2-7) to rewrite it 
as

The differential designation dγ(ω0) is to remind us that only electrons with 
k vectors within dk are included here. We have also replaced, to agree with 
popular usage, the term spontaneous lifetime (rspont) by the recombination 
lifetime τ for an electron in the conduction band with a hole in the valence 
band. To obtain the gain constant, we must add up the contributions from 
all the electrons

(15.2-9)

We will find it easier to carry out the indicated integration in (15.2-9) in the 
ω domain [ħω being the separation Ea(k) - Eb(k)]. If we refer to Figure 15-5, 
we find that there exists a one-to-one correspondence

(15.2-10)

(15.2-11)

(15.2-6)

(15.2-8)
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between ω and k. Using the relations

In most situations we can replace the normalized function

which is merely a statement of the fact that its width Δω ~ T2-1 is narrower 
than other spectral features of interest. In this case the integration (15.2-12) 
leads to

(15.2-13)

The condition for net gain γ(ω0) > 0 is thus

(15.2-14)

so that only frequencies whose photon energies ħω0 are smaller than the 
quasi-Fermi levels separation are amplified. Condition (15.2-16) was first 
derived by Basov, et al. [1], Bernard and Duraffourg [8]. The general features 
of the gain dependence γ(ω0) on the frequency ω0 are illustrated by Figure 
15-6. The gain is zero at ħω < Eg, since no electronic transitions exist at 
these energies. The gain becomes zero again at the frequency where ħω0 = 
EFc - EFv. At higher frequencies the semiconductor absorbs.

Figure 15-7 shows calculated plots based on (15.2-12) with the density 
of the (injected) electrons as a parameter. The curves are based on the 
following physical constants of GaAs: mc = 0.067me, mv = 0.48me, T2 ~ 0.5 
ps, τ ≃ 3 × 10-9 s, Eg = 1.43 eV. We note that the minimum density to

the expression (15.2-9) for γ(ω0) becomes

(15.2-12)

which is the equivalent, in a semiconductor, of the conventional inversion 
condition N2 > N1. Using (15.2-5) and (15.2-6), the gain condition (15.2-14) 
becomes

(15.2-15)

Recalling that Ea — Eb = ħω0, (15.2-15) is satisfied provided

(15.2-16)
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Figure 15-6 A typical plot of gain γ(ω0) as a function of frequency for a fixed 
pumping level N. (After Reference [9].)

Figure 15-7 A plot based on (15.2-12) of the photon energy dependence of the 
optical gain (or loss = negative gain) of GaAs with the injected carrier density as 
a parameter. (After Reference [9].) 
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achieve transparency (y = 0) is Ntr ~ 1.55 × 1018 cm-3. The peak gain 
corresponding to a given inversion density Nc is plotted in Figure 15-8.

It follows from Figure 15-8 that semiconductor media are capable of 
achieving very large gain ranging up to a few hundred cm-1. In a laser the 
amount of gain that actually prevails is clamped by the phenomenon of 
saturation (see Section 5.6) to a value equal to the loss. In a typical semi- 
conductor laser this works out to 20 < γ < 80 cm-1. In this region we can 
approximate the plot of Figure 15-8 by a linear relationship

Figure 15-8 A plot of the peak gain γmax of Figure 15-7 as a function of the 
inversion density at T = 300 K.

(15.2-17)

The constant B fitting the data of Figure 15-8 is B ~ 1.5 × 10-16 cm2 and 
is typical of GaAs/GaA1As lasers at 300 K. The gain constant B increases 
with the decrease of the temperature T. This is due to the narrowing of the 
transition regions of the Fermi functions fc(ω) and fv(ω) in (15.2-12). At 77 
K, B ~ 5 × 10-16 cm2. Figure 15-8 shows that the semiconductor diode is 
capable of producing extremely large incremental gains, with only moderate
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increases of the inversion density, hence the current, above the transparency 
value (Ntr ~ 1.55 × 1018 cm-3 in the figure). It is thus possible to obtain 
oscillation in a semiconductor laser with active regions that are only a few 
tens of microns long. Commercial diode lasers have typical lengths of ~250 
μm.

For additional background material on semiconductor lasers, the student 
is advised to consult References [10-12].

15.3 GaAs/Ga1-xAlxAs LASERS

The two most important classes of semiconductor lasers are those that are 
based on III-V semiconductors. The first system is based on GaAs and 
Ga1-xAlxAs. The active region in this case is GaAs or Ga1-xAlxAs. The 
subscript x indicates the fraction of the Ga atoms in GaAs that are replaced 
by Al. The resulting lasers emit (depending on the active region molar frac- 
tion x and its doping) at 0.75 μm < λ < 0.88 μm. This spectral region is 
convenient for the short-haul (<2 km) optical communication in silica fibers.

The second system has Ga1-xInxAs1-yPy as its active region. The lasers 
emit in the 1.1 μm < λ < 1.6 μm depending on x and y. The region near 
1.55 μm is especially favorable, since, as shown in Figure 3-12, optical fibers 
are available with losses as small as 0.15 dB/km at this wavelength, making 
it extremely desirable for long-distance optical communication.

In this section we will consider GaAs/Ga1-xAlxAs lasers. A generic laser 
of this type, depicted in Figure 15-9, has a thin (0.1-0.2 μm) region of GaAs 
sandwiched between two regions of GaA1As. It is consequently called a 
double heterostructure laser. The basic layered structure is grown epitaxially 
on a crystalline GaAs substrate so that it is uninterrupted crystalographically.

The favored crystal growth techniques are liquid-phase epitaxy and 
chemical vapor deposition using metallo-organic reagents (MOCVD) [11, 13, 
14]. Another important technique—molecular beam epitaxy [11, 13, 15, 16]— 
uses atomic beams of the crystal constituents in ultra-high vacuum to achieve 
extremely fine thickness and doping control.

The thin active region is usually undoped while one of the bounding 
Ga1-xAlxAs layers is doped heavily p-type and the other n-type. The dif
ference 

between the indices of refraction of GaAs and the ternary crystal with a 
molar fraction x gives rise to a three-layered dielectric waveguide of the type 
illustrated in Figure 13-1. At this point the student should review the basic 
modal concepts discussed in Chapter 13. The lowest-order (fundamental) 
mode has its energy concentrated mostly in the GaAs (high index) layer. 
The index distribution and a typical modal intensity plot for the lowest-order
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Figure 15-9 A typical double heterostructure GaAs-GaAlAs laser. Electrons and 
holes are injected into the active GaAs layer from the n and p GaAlAs. 
Frequencies near v = Eg/h are amplified by stimulating electron-hole 
recombination.

mode are shown in Figure 15-10. When a positive bias is applied to the 
device, electrons are injected from the n-type Ga1-xAlxAs into the active 
GaAs region while a density of holes equal to that of the electrons in the 
active region is caused by injection from the p side.

The electrons that are injected into the active region are prevented from 
diffusing out into the p region by means of the potential barrier due to the 
difference ΔEg between the energy gaps of GaAs and Ga1-xAlxAs. The 
x-dependence of the energy gap is approximated by [13] 

and is plotted in Figure 15-11.
The total discontinuity ΔEg of the energy gap at a GaAs/GaAlAs inter- 

face is taken up mostly (60 percent) by the conduction band edge, while 40 
percent is left to the valence band, so that both holes and electrons are 
effectively confined to the active region. This double confinement of injected 
carriers as well as of the optical mode energy to the same region is probably 
the single most important factor responsible for the successful realization 
of low-threshold continuous semiconductor lasers [17-19]. Under these con- 
ditions we expect the gain experienced by the mode to vary as d-1, where 
d is the thickness of the active (GaAs) layer, since at a given total current 
the carrier density, hence the gain, will be proportional to d-1. To quantify
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Figure 15-10 (a) The energy band edges of a strongly forward-biased 
(near-flattened) double heterostructure GaAs/GaAlAs laser diode. Note trapping 
of electrons (holes) in the potential well formed by the conduction (valence) band 
edge energy discontinuity ΔEc (ΔEv.). (b) The spatial (z) profile of the index of 
refraction which is responsible for dielectric waveguiding in the high index (GaAs) 
layer. (c) The intensity profile of the fundamental optical mode in a slab 
waveguide.



568 SEMICONDUCTOR LASERS—THEORY AND APPLICATIONS

Figure 15-11 The magnitude of the energy gap in Ga1-xAlxAs as a function of the
molar fraction x. For x > 0.37 the gap is indirect. (After Reference [11].) 

the last statement, we start with the basic definition of the modal gain

(15.3-1)

where γ is the gain constant experienced by a plane wave in a medium whose 
inversion density is equal to that of the active medium. γ is given by (15.2-12) 
and (15.2-17). αn is the loss constant of the unpumped n-Ga1-xAlxAs and is 
due mostly to free electron absorption. αp is the loss (by free holes) in the 
bounding p-Ga1-yAlyAs region. We note that as d → ∞, g → γ.

It is convenient to rewrite (15.3-1) as

(15.3-2)

(15.3-3b)

(15.3-3a)
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(15.3-3c)

Γa is very nearly the fraction of the mode power carried within the active 
GaAs layer, while Γn and Γp are, respectively, the fraction of the power in 
the n and p regions. As long as Γa ~ 1, i.e., most of the mode energy is in 
the active region, the gain g is inversely proportional to the active region 
thickness d since decreasing d, for example, increases the optical intensity 
for a given total beam power and, consequently, the rate of stimulated 
transitions. As d decreases, an increasing fraction of the mode intensity is 
carried outside the active region as can be seen from the modal waveguide 
solution plotted in Figure 15-12 [11]. The resulting decrease of the confine
ment factor Γa eventually dominates over the d-1-dependence and the gain 
begins to decrease with further decrease of d [22]. A plot of the threshold 
current dependence on d is depicted in Figure 15-13. The bottoming out and 
eventual increase of Jth for d < 0.1 μm is due to the decrease of the con
finement factor Γa and the increase of the relative role of the losses in the

Figure 15-12 Calculated near field intensity distribution of the step discontinuity 
waveguide for various values of the guiding layer thickness. (After Reference 
[11].)



Figure 15-13 (a) Calculated and experimental values of the threshold current 
density as a function of the active layer thickness d for broad-area 500-μm-long 
AlGaAs DH diode lasers of "undoped" active layers. Notable exceptions are the 
experimental data for Δx ≃ 0.25, which were obtained from diodes with 
heavy-Ge-doped active layers. (After Reference [11].) (b) Calculated and 
experimental values of the threshold current density as a function of active layer 
thickness d for stripe-geometry (20- and 40-μm-wide stripe contacts) 300-μm-long 
AlGaAs DH diode lasers (∆x = 0.25) of "undoped" and low-Si-doped active 
layers (x = 0.05). (After Reference [21].)

570
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p and n GaAlAs bounding layer as Γn and Γp increase, i.e., as an increasing 
fraction of the mode intensity is carried within these lossy unpumped regions 
as shown in Figure 15-12.

Numerical Example: Threshold Current Density in Double Heterostructure Lasers

Consider the case of a GaAs/GaAlAs laser of the type illustrated in Figure 
15-10. We will use the following parameters: τ ~ 4 × 10-9 s, L = 500 μm. 
The threshold gain condition is (15.3-2)

The successful epitaxial growth of Ga1-xAlxAs on top of GaAs (and vice 
versa), which is the main reason for the success of double heterostructure

(15.3-4)

where the term αs accounts for scattering losses (mostly at heterojunction 
interfacial imperfections). The largest loss term in lasers with uncoated faces 
is usually L-1 ln R. In our case, taking R = 0.31 as due to Fresnel reflectivity 
at a GaAs (n = 3.5) air interface, we obtain

The rest of the loss terms are assumed to add up to ~ 10 cm-1 so that taking 
Γa ~ 1 the total gain needed is 33.4 cm-1. This requires, according to Figure 
15-8, an injected carrier density of N ~ 1.7 × 1018 cm-3. Under steady-state 
conditions the rate at which carriers are injected into the active region must 
equal the electron-hole recombination rate

Using the above data we obtain

This value of J/d is in reasonable agreement with the measured value of 
~ 5 × 103 in Figure 15-13. If we use this value to estimate the lowest threshold 
current density which from Figure 15-13 occurs when d ~ 0.08 μm, we 
obtain

again, close to the range of observed values.
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Figure 15-14 III-V compounds: Lattice constants versus energy band gaps and 
corresponding wavelengths. The solid lines correspond to direct-gap materials and 
the dashed lines to indirect-gap materials. The binary-compound substrates that 
can be used for lattice-matched growth are indicated on the right. [After 
Reference [11].) 

lasers, is due to the fact that their lattice constants are the same, to within 
a fraction of a percent, over the range 0 ≤ x ≤ 1. This can be seen from the 
plot of Figure 15-14, which shows the lattice constant corresponding 
to various compositions of III-V semiconductors as a function of the band 
gap energy. We note that the line connecting the AlAs (x = 1) and the 
GaAs(x = 0) is nearly horizontal, which corresponds to a (very nearly) 
constant lattice constant over this compositional range.

The double heterostructure lasers discussed in Section 15.3 lack the means 
for confining the current and the radiation in the lateral (y) direction. The 
outcome is that typical broad area lasers can support more than one trans- 
verse (y) mode, resulting in unacceptable mode hopping as well as spatial 
and temporal instabilities. To overcome these problems, modern semicon
ductor lasers employ some form of transverse optical and carrier confine
ment. A typical and successful example of this approach is the buried het- 
erostructure laser [20] shown in Figure 15-15. To fabricate these lasers, the 
first three layers: n-Ga1-xAlxAs, GaAs, and p-Ga1-yAlyAs are grown on a 
n-GaAs crystalline substrate by one of the epitaxial techniques described 
above. The structure is then etched through a mask down to the substrate

15.4 SOME REAL LASERS
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Figure 15-15 A buried heterostructure laser [20].

level, leaving stand a thin (~3 μm) rectangular mesa composed of the original 
layers. A "burying" Ga1-zAlzAs layer is then regrown on both sides of the 
mesa, resulting in the structure shown in Figure 15-15.

The most important feature of the buried heterostructure laser is that 
the active GaAs region is surrounded on all sides by the lower index GaAlAs, 
so that electromagnetically the structure is that of a rectangular dielectric 
waveguide. The transverse dimensions of the active region and the index 
discontinuities (i.e., the molar fractions x, y, and z) are so chosen that only 
the lowest-order transverse mode can propagate in the laser waveguide. 
Another important feature of this laser is the confinement of the injected 
carriers at the boundaries of the active region due to the energy band dis- 
continuity at a GaAs/GaAlAs interface as discussed in the last section. These 
act as potential barriers inhibiting carrier escape out of the active region. 
GaAs semiconductor lasers utilizing this structure have been fabricated, see 
Chapter 16, with threshold currents of less than 1 milliampere [38]; more 
typical lasers have thresholds of ~20 milliamperes.

Power Output of Injection Lasers

The considerations of saturation and power output in an injection laser are 
basically the same as that of conventional lasers, which were described in 
Section 5.5. As the injection current is increased above the threshold value, 
the laser oscillation intensity builds up. The resulting stimulated emission 
shortens the lifetime of the inverted carriers to the point where the magnitude 
of the inversion is clamped at its threshold value. Taking the probability that
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an injected carrier recombine radiatively within the active region as ηi,2 we 
can write the following expression for the power emitted by stimulated 
emission:

2The reason for a quantum efficiency ηi that is less than unity is, mostly, the existence of a 
leakage current component that bypasses the active p-n junction region.

Part of this power is dissipated inside the laser resonator, and the rest is 
coupled out through the end reflectors. These two powers are, according to 
(15.3-4), proportional to the effective internal loss α ≡ αnΓn + αpΓp + αs 
and to -L-1 ln R, respectively. We can thus write the output power as

The external differential quantum efficiency ηex is defined as the ratio of the 
photon output rate that results from an increase in the injection rate (carriers 
per second) to the increase in the injection rate:

(15.4-3)

Using (15.4-2) we obtain

(15.4-4)

By plotting the dependence of ηex on L we can determine ηi, which in GaAs 
is around 0.9-1.0.

Since the incremental efficiency of converting electrons into useful out- 
put photons is ηex, the main remaining loss mechanisms degrading the con- 
version of electrical to optical power is the small discrepancy between the 
energy eVappl supplied to each injected carrier and the photon energy hv. 
This discrepancy is due mostly to the series resistance of the laser diode. 
The efficiency of the laser in converting electrical power input to optical 
power is thus

(15.4-5)

In practice eVappl ~ 1.4Eg and hv ≃ Eg. Values of η ~ 30 percent at 300 K 
have been achieved.

We conclude this section by showing in Figures 15-16 and 15-17 typical 
plots of the power output versus current and the far field of commercial 
low-threshold GaAs semiconductor lasers.

(15.4-1)

(15.4-2)
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Figure 15-16 Power versus current plot of a low-threshold (~ 14 milliamperes) 
commercial DH GaAs/GaAlAs laser. (After Reference [23].)

Figure 15-17 Far-field angular intensity distribution of a low-threshold commercial
DH GaAs/GaAlAs laser. (After Reference [23].) 
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Semiconductor lasers that utilize an active region of the quaternary semi- 
conductor Ga1-xInxAs1-yPy and bounding layers of InP are of great tech- 
nological importance [24]. A drawing of a buried heterostructure laser based 
on this system is shown in Figure 15-18. According to Figure 15-14, it is 
possible to match the lattice constant of the InP substrate to that of 
Ga1-xInxAs1-yPy over the (equivalent band gap energy) wavelength region 
1.0 μm < λ < 1.7 μm. From the absorption data of silica fiber in Figure 
3-12, we see that this wavelength regime includes some of the low-loss 
regions of silica fibers.

Another fortunate circumstance favoring optical communication in this 
wavelength region is the possibility of designing fibers in such a way that 
the chromatic (n versus λ) and waveguide dimensional group velocity dis- 
persion cancel each other to first order in the 1.3-μm (or 1.5-μm) region so 
that extremely short optical pulses can propagate long distances with minimal 
spreading as discussed in Section 3.6. This has made GaInAsP/InP semi- 
conductor lasers the preferred optical sources for long-distance optical com
munication via fibers [26].

Recent experiments have demonstrated optical links ~150 km long with
out repeaters in the 1.55-μm region. For a review of this important area, the 
reader should consult Reference [26] and the many citations quoted therein.

15.6 DIRECT-CURRENT MODULATION OF SEMICONDUCTOR LASERS

Since the main application of semiconductor lasers is as sources for optical 
communication systems, the problem of high-speed modulation of their out- 
put by the high-data-rate information is one of great technological impor- 
tance.

Figure 15-18 An embedded crescent-shaped active region GaInAsP/InP laser. 
(After Reference [25].)

15.5 GaInAsP LASERS
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where N0 and P0 are the dc solutions of (15.6-2).

A unique feature of semiconductor lasers is that, unlike other lasers that 
are modulated externally (see Chapter 9), the semiconductor laser can be 
modulated directly by modulating the excitation current. This is especially 
important in view of the possibility of monolithic integration of the laser and 
the modulation electronic circuit, as will be discussed in Section 15.7. The 
following treatment follows closely that of Reference [27].

If we denote the photon density inside the active region of a semicon
ductor laser by P and the injected electron (and hole) density by N, then 
we can write

(15.6-1)

where I is the total current, V the volume of the active region, τ the spon- 
taneous recombination lifetime, τp the photon lifetime as limited by absorp- 
tion in the bounding media, scattering and coupling through the output mir
rors.

The term A(N - Ntr)P is the net rate per unit volume of induced tran- 
sitions. Ntr is the inversion density needed to achieve transparency as defined 
by (15.2-17), and A is a temporal growth constant that by definition is related 
to the constant B defined by (15.2-17) by the relation A = Bc/n. Γa is the 
filling factor defined by (15.3-3), and its presence here is merely a matter of 
bookkeeping to ensure that the total number, rather than the density variables 
used in (15.6-1), of electrons undergoing stimulated transitions is equal to 
the number of photons emitted. The contribution of spontaneous emission 
to the photon density is neglected since only a very small fraction (~10-4) 
of the spontaneously emitted power enters the lasing mode.

By setting the left side of (15.6-1) equal to zero, we obtain the steady-state 
solutions N0 and P0

(15.6-2)

We consider the case where the current is made up of dc and ac com
ponents (iωmt)

(15.6-3)

and define the small-signal modulation response n1 and p1 by

(15.6-4)
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Using (15.6-3), (15.6-4), and the result A(N0 - Ntr) = (τpΓa)-1 from 
(15.6-2) in (15.6-1) leads to the small-signal algebraic equations

(15.6-5)

Figure 15-19 (a) CW light output power versus current characteristic of a laser of 
length = 120 μm. (b) Modulation characteristics of this laser at various bias points 
indicated in the plot. (c) Measured relaxation oscillation resonance frequency of 
lasers of various cavity lengths as a function of √P, where P is the cw output 
optical power. The points of catastrophic damage are indicated by downward 
pointing arrows. (After Reference [27].)
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Our main interest is in the modulation response p1(ωm)/i1(ωm) so that from 
(15.6-5) we obtain

(15.6-6)

A typical measurement of p1(ωm) is shown in Figure 15-19(b). The response 
curve is flat at small frequencies peaks at the "relaxation resonance fre- 
quency" ωR and then drops steeply. The peaking is due to the same mech
anism as that causing the relaxation resonance of conventional lasers that 
was discussed in Section 6.9. The expression for the peak frequency is 
obtained by minimizing the magnitude of the denominator of (15.6-6)

(15.6-7)

In a typical semiconductor laser with L = 300 μm, we have from (4.7-3) 
τp ≃ (n/c)(α - (1/L) ln R)-1 ~ 10-12 s, τ ~ 4 × 10-9 s, and AP0 ~ 109 s-1 
so that to a very good accuracy

(15.6-8)
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The last result is extremely useful, since it suggests that to increase ωR and 
thus increase the useful linear region of the modulation response p1(ωm)/i1(ωm), 
we need to increase the optical gain coefficient A, decrease the photon 
lifetime τp, and operate the laser at as high internal photon density P0 as 
possible. A detailed discussion of the optimum strategy for maximizing ωR 
is given in Reference [27].

It is somewhat tedious but straightforward to show that (15.6-8) can also 
be written as

(15.6-9)

a result that is cast in a form similar to that of (6.9-14) except that here 
AτpΓNtr > 1.

Numerical Example: Modulation Bandwidth in GaAs/GaAlAs Lasers

Here, using (15.6-8), we will estimate the uppermost useful modulation fre- 
quency ωR of a typical GaAs/GaAlAs laser. We shall assume a typical laser 
emitting 5 × 10-3 watt from a single face with an active area cross section 
of 3 μm × 0.1 μm, a facet reflectivity of R = 0.31 and an index of refraction 
n0 = 3.5. Solving for P0 from the relationship 

which for L = 120 μm, αab = 10 cm-1, and R = 0.31 yields τp ~ 1.08 
× 10-12 s. Combining these results gives

This value is in the range of the experimental data shown in Figure 15-19, 
which was obtained on a laser with characteristics similar to that used in 
our example. The square root law dependence of ωR on the photon density 
(or power output) predicted by (15.6-8) is verified by the data of Figure 
15-19(c).

we obtain P0 = 1.21 × 1015 photons/cm3 for the photon density in the laser 
cavity. The constant A has a typical value of 2 × 10-6 cm3/s. [This can be 
checked against the relationship A = Bc/n0, where B is the spatial gain 
parameter of (15.2-17).] The photon lifetime τp is obtained from (4.7-3)
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The above example indicates the feasibility of direct modulation of semi- 
conductors at up to microwave frequencies and hence of sending microwave 
signals riding piggyback on optical beams in fibers or space [28].

Density Modulation and Dynamic Frequency Chirping
In the first part of this section we found that a modulation of the injection 
current

The amplitude n1 of the carrier density fluctuations is obtained from (15.6-5) 
and (15.6-6)

(15.6-12)

Recalling the definition ω2R = AP0/τp and using the numerical values for AP0, 
τp, and τ given above, we can write, for ω2R ≫ ωm/τ, ωmAP0

The general behavior of n1(ωm) is shown in Figure 15-20(a). n1(ωm) peaks at 
ωm = ωR.

Figure 15-20 (a) A theoretical plot of the carrier density modulation n1 as a 
function of the current modulation frequency ωm. (b) (1) A scanning Fabry-Perot 
spectrum of a GaInAsP (λ = 1.31 μm) DFB laser with no current modulation. (2) 
The spectrum of the same laser when the current is modulated at fm = 550 MHz, 
horiz. scale = 1 GHz/div. (Courtesy of H. Blauvelt, P. C. Chen, and N. Kwong 
of ORTEL Corporation, Alhambra, California)

(15.6-10)
of a semiconductor laser leads to a modulation of the carrier density so that

(15.6-11)

(15.6-13)
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Since the index of refraction of the active medium depends on the carrier 
density, a modulation n1eiωmt of the carrier density of the semiconductor 
causes a modulation of the index of refraction n0 of the active medium. 
Taking the index as

(15.6-14)

Figure 15-20 (continued)
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The carrier modulation as in (15.6-11) leads in first order to

(15.6-15)

where Δn'0 and Δn"0 are the (complex) amplitudes of the modulation of the 
real and imaginary parts of n0, respectively. Assuming that the oscillation 
frequency adjusts instantaneously to the value of n'0, we can express the 
change of the oscillation frequency due to a change Δn'0

(15.6-16)

where the filling factor, Γa ≈ volume of active region/mode volume, accounts 
in an obvious way for the dependence of Δv on the volume of the active 
region. Now consider a perturbation Δn in the carrier density. A little thought 
and scribbling shows that the differential gain constant A can be written as

(15.6-17)

Another key parameter of semiconductor lasers is the a parameter de- 
fined in Section 10.7. It is the ratio of the change in the real part of n0 to 
that of the imaginary part.

(15.6-18)

α can be viewed as a material parameter that depends on temperature 
as well as on the carrier density. Its value in typical room temperature 
semiconductor lasers is 3 < ∣α∣ < 6 [34]. Combining the last two results we 
obtain

(15.6-19)

for the relation between the changes in the carrier density (Δn) and the index 
n'0. In the case of the sinusoidal current modulation, we define Δn = n1 
exp(iωmt) so that [34, 35] using (15.6-16),

(15.6-20)

In most practical situations the applied modulation frequency ωm satisfies 
the condition ωm ≪ ωR (≡ √AP0/τp). Since this condition leads to a flat 
amplitude modulation response [see Figure 15-19(b)], in this case (15.6-20) 
becomes

(15.6-21)
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The sinusoidal current modulation i1 exp (iωmt) thus causes, to first order, 
a frequency modulation. The sinusoidal frequency modulation should cause 
the optical spectrum to acquire (FM) sidebands occupying a spectral width

(15.6-22)

Example: Chirp Linewidth in a Modulated Semiconductor Laser

To estimate the spectral broadening expected in a semiconductor laser under 
typical current modulation conditions, consider the following case:

λ = 0.84 μm n'0 = 3.5

P = 5 × 10-3 watts per facet
Cross section of active region 3 μm × 0.1 μm
R = facet reflectivity = 0.31 αabs = 10 cm-1

A = 2 × 10-6 cm3/s = 2 × 10-12 m3/s
Length of active region 120 μm

These data were used earlier in this section to obtain the following 
results:

P0 = 1.21 × 1015 photons/cm3

Figure 15-20(b) shows the field spectrum of a semiconductor laser with 
and without current modulation. Note the nearly order-of-magnitude in- 
crease of the spectral region occupied by the laser field with modulation. 
This increase in spectral width conspires with the group velocity dispersion 
of fibers and causes broadening of pulses propagating in these fibers. This 
limits the maximum rate of data transmission as discussed in Section 2.9. 
The quest for a spectrally narrow semiconductor laser is an active area of 
research.

If we assume in addition α = 4, Γa = 0.5, with a modulation current of 
i1 = 5 mA at a modulation frequency of ωm/2π = 5 × 108 Hz, we obtain 
from (15.6-21) that the chirped linewidth is
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15.7 INTEGRATED OPTOELECTRONICS

In one of its rare moments of cooperative spirit, nature has endowed the 
III-V semiconductors based on GaAs/GaAlAs and InP/GaInAsP with a dou
ble gift. These are, as discussed above, the materials of choice for semi- 
conductor lasers, but in addition it is possible to use them, especially 
GaAs/GaAlAs, as base materials for electronic circuits in a manner similar 
to that in silicon.3

3 A completely new electronic technology based on GaAs/GaAlAs is now emerging [29]. It takes 
advantage of the large mobility of electrons in GaAs for very high switching speeds.

Figure 15-21 A GaAs n-channel field-effect transistor integrated monolithically with 
a buried heterostructure GaAs/GaAlAs laser. The application of a gate voltage is 
used to control the bias current of the laser. This voltage can oscillate and 
modulate the light at frequencies > 10 GHz. (After Reference [31].)

It was pointed out in 1971 [30] that it should be possible to bring together 
monolithically in a III-V semiconductor the two principal actors of the mod
ern communication era—the transistor and the laser—in new integrated 
optoelectronic circuits. This new technology is now taking its first tentative 
steps from the laboratory to applications.

The basic philosophy, as well as an example of an integrated optoelec
tronic device, is shown in Figure 15-21, which shows a buried heterostructure 
GaAs/GaAlAs laser, similar to that illustrated in Figure 15-15, fabricated 
monolithically on the same crystal as a field-effect transistor (FET). The 
output current of the FET (see arrows) supplies the electron injection to the 
active region of the laser. This current and thus the laser power output can 
be controlled by a bias voltage applied to the gate electrode.

An example of a feasibility model of an integrated optoelectronic optical 
repeater, which incorporates a detector, a FET current preamplifier, a FET 
laser driver, and a laser, is shown in Figure 15-22. The main reason for the 
accelerating drive toward an integrated optoelectronic circuit technology 
[33] derives from the reduction of parasitic reactances that are always as-
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Figure 15-22 A monolithically integrated optoelectronic repeater containing a 
detector, transistor current source, a FET amplifier, and a laser on a single crystal 
GaAs substrate. (After Reference [32].)

Figure 15-23 A monolithic circuit containing a tunable multisection InGaAsP/InP 
1.55 μm laser employing multiquantum well gain section, a passive waveguide for 
an external input optical wave, and a directional coupler switch for combining the 
laser output field and that of the external input at the output ports. (After 
Reference [34].)
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Figure 15-24 An optoelectronic integrated circuit composed of three ~ 1.5 μm 
InGaAs/InP distributed feedback lasers each tuned to a slightly different 
wavelength. The three wavelengths are fed into a single waveguide and amplified 
in a single amplifying section. (After Reference [35].) 

sociated with conventional wire interconnections, plus the compatibility with 
the integrated electronic circuits technology that makes it possible to apply 
the advanced techniques of the latter to this new class of devices. More 
recent examples of optoelectronic integrated circuits are demonstrated in 
Figures 15-23 and 15-24.

Problems

15.1 Derive Equations (15.6-12) and (15.6-17).

15.2 Using the theory of phase modulation, show that the frequency mod
ulation (15.6-21) leads to a spectral width as given by (15.6-22). [Hint: Use 
the fact that if E(t) = E0 cos (ωt + δ cos ωmt) the Bessel series expansion 
of E(t) contains appreciable sidebands up to order n ≈ δ.]

15.3 Assume a fiber with L = 10 km and a group velocity dispersion param- 
eter of 10 psec/nm-km (see Section 3.3). Calculate the maximum data rate 
through the fiber in bits/s if we use a semiconductor laser with characteristics 
similar to those used in the example of Section 15.6. For the purpose of this 
calculation, assume that a data rate of N bits/s is equivalent to a current 
modulation frequency of ωm/2π = N.

15.4 Derive relation (15.6-20).
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15.5 Evaluate and plot:

(a) The gain γ(ω) of an inverted GaAs crystal under the following conditions:

Nelec = Nhole = 3 × 1018 cm-3

mc 0.07 melectron

mh 0.4 melectron

T = 0 K
Eg = 1.45 eV

T2 = ∞

(b) Comment qualitatively on the changes in γ(ω) as the temperature is 
raised.

(c) What is the effect of a finite T2 on γ(ω)?

15.6 Consider the effect on the modulation response p1(ωm)/i1(ωm) of the 
inclusion of a nonlinear gain term bP in the rate equations (15.6-1)

(1) 

(2)

(See Section 15.6.)

15.8 Assume ε = ε0 - aN, a is a constant and that the instantaneous fre- 
quency of the semiconductor laser obeys 

find the form of the laser optical field due to the current modulation. What 
is the (phase) modulating index of the field?

15.9 Using the data of Figure 15-7, what is the total current needed to render 
the active medium of a semiconductor laser transparent? Assume an active 
volume of 300 × 2 × 0.2 (μm3) and a recombination lifetime of τ = 3 × 10-9 
seconds.

15.10 If the thickness of the active region in Problem 15.9 were reduced to 

where bP ≪ 1. Show that the main effect is a damping of the resonance peak 
at ωR.

15.7 Solve for the carrier density modulation N = N0 + N1eiωmt in a semi- 
conductor laser whose current is modulated at

(3)
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100 Å, can we obtain enough gain from a semiconductor laser to overcome 
a distributed loss constant of α = 20 cm-1 and R = 0.9? What will be the 
transparency current? What will be the threshold current? Assume a mode 
height normal to the interfaces of t = 4000 A and
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During the last few years a new type of a semiconductor laser, the quantum 
well (QW) laser, has come to the fore [l]. It is similar in most respects to 
the conventional double heterostructure laser of the type shown in Figure 
15-10 except for the thickness of the active layer. In the quantum well it is 
~50-100 Å, while in conventional lasers it is ~1,000 Å. This feature leads 
to profound differences in performance. The main advantage to derive from 
the thinning of the active region is almost too obvious to state—a decrease 
in the threshold current that is nearly proportional to the thinning. This 
reduction can be appreciated directly from Figure 15-7. The carrier density 
in the active region needed to render the active region transparent is ~1018 
cm-3. It follows that just to reach transparency we must maintain a total 
population of Ntransp ~ Va × 1018 electrons (holes) in the conduction (valence) 
band of the active region where Va(cm3) is the volume of the active region. 
The injection current to sustain this population is approximately

(16.0-1)

and is proportional to the volume of the active region. A thinning of the 
active region thus reduces Va and Itransp proportionately. In a properly de- 
signed laser, the sum of the free carrier, scattering, and mirror (output) 
coupling can be made small enough so that the increment of current, above 
the transparency value, needed to reach threshold is small in comparison to

1A basic, first-year knowledge of quantum mechanics is assumed in this chapter.
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Itransp. The reduction of the transparency current that results from a small 
Va thus leads to a small threshold current.

We consider the electron in the conduction band of a QW to be free (with 
an effective mass mc) to move in the x and y directions, but to be confined 
in the z (normal to the junction planes) as shown in Figure 16-1. The potential 
barrier ΔEc was given in Section 15.3 for the GaAs/Ga1-xAlxAs system as 
ΔEc ~ 1.25 × (eV). For the sake of simplification, we shall take ΔEc as 
infinite. (This is a close approximation for barriers >100 Å and x > 0.3.) 
The wavefunction u(r) of the electrons in this well obeys a differential equa
tion—the Schrödinger equation [2].

Figure 16-1 The layered structure and the band edges of a GaAlAs/GaAs/GaAlAs 
quantum well laser.

16.1 CARRIERS IN QUANTUM WELLS

(16.1-1)

E is the energy of the electron while V(z) = Ec(z) is the potential energy 
function confining the electrons in the z direction. We will measure the energy 
relative to that of an electron at the bottom of the conduction band in the 
GaAs active region as shown in Figure 16-1. The eigenfunction u(r) can be 
separated into a product

(16.1-2)
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which, when substituted in (16.1-1), leads to

(16.1-3)

where Ez is a separation constant to be determined. Since we agreed to take 
the height of V(z) in the well region as infinite, u(z) must vanish at z = 
± Lz/2.

(16.1-4)

(16.1-5)

Using (16.1-3, 16.1-4, and 16.1-5) in (16.1-1) leads to

(16.1-6)

We can take ψ(r⊥) as a two-dimensional Bloch wavefunction (see 15.1-1).

(16.1-7)

where uk⊥(r⊥) possesses the crystal periodicity. The wavefunction Ψ(r⊥) 
obeys the Schrodinger equation 

and from (15.7-6) and (15.7-7)

(16.1-9)

where the zero energy is taken as the bottom of the conduction band as in 
Figure 15-5.

uk⊥(r⊥) is periodic in the lattice (two-dimensional) periodicity. Similar 
results with mc → mv apply to the holes in the valence band. We recall that 
the hole energy Ev is measured downward in our electronic energy diagrams 
so that 

measured (downward) from the top of the valence band. The complete wave- 
functions are then

(16.1-11)

(16.1-8)

(16.1-10)
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for electrons and

for holes. We defined CS(x) ≡ cos(x) or sin(x) in accordance with (16.1-4). 
The lowest-lying electron and hole wavefunctions are

(16.1-12)

and are shown along with the next higher level in Figure 16-2. In a real 
semiconducting quantum well, the height ΔEc of the confining well (see 
Figure 15-10) is finite, which causes the number of confined states, i.e., 
states with exponential decay in the z direction outside the well. The math
ematical procedure for solving (16.1-3) is similar to that used in Section 13.1 
to obtain the TE modes of a dielectric waveguide that obeys a Schrödinger- 
like equation (13.3-1). As a matter of fact, to determine the number of

Figure 16-2 (a) The first two n = 1, n = 2 quantized electron and hole states and 
their eigenfunctions in an infinite potential well. (b) A plot of the volumetric 
density of states (1/ALz/[dN(E)/dE] (i.e., the number of states per unit area (A) 
per unit energy divided by the thickness z of the active region) of electrons in a 
quantum well and of a bulk semiconductor. (Courtesy of Μ. Mittelstein, The 
California Institute of Technology, Pasadena, California) 
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confined eigenmodes as well as their eigenvalues we use a procedure identical 
to that of Figure 13-4.

The Density of States

The considerations applying here are similar to those of Section 15.1. Since 
the electron is "free" in the x and y directions, we apply two-dimensional 
quantization by assuming the electrons are confined to a rectangle LxLy. 
This leads, as in Equation (15.1-3), to a quantization of the component of 
the k vectors.

The area in k⊥ space per one eigenstate is thus Ak = π2/LxLy ≡ π2/A⊥. We 
will drop the subnotation from now on so that k ≡ k⊥. The number of states 
with transverse values of k less than some given less than k is obtained by 
dividing the area πk2/4 by Ak (the factor 1/4 is due to the fact that k⊥ and 
-k⊥ describe the same state). The result is 

where a factor of two for the two spin orientations of each electron was 
included.

The number of states between k and k + dk is

(16.1-13)

and is the same for the conduction or valence band. The total number of 
states with total energies between E and E + dE number

(16.1-14)

The number of states per unit energy per unit area is thus 

so that the two-dimensional density of states (per unit energy and unit area)

from (16.1-9) with k⊥ → k, ℓ = 1, and limiting the discussion to the conduction 
band, the relation between the electron energy at the lower state ℓ = 1 and 
its k value is
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Recall that this is the density of electron (or hole) states. The actual density 
of electrons depends on the details of occupancy of these states as is dis- 
cussed in the next section. An expression similar to (16.1-15) but with 
mc → mv applies to the valence band. In the reasoning leading to (16.1-15), 
we considered only one transverse u(z) quantum state with a fixed ℓ quantum 
number (see Equation 16.1-15). But once E > E2c, as an example, an electron 
of a given total energy E can be found in either ℓ = 1 or ℓ = 2 state so that 
the density of states at E = E2c doubles. At E = E3c it triples, and so on. 
This leads to a staircase density of states function. The total density of states 
thus increases by mc/πħ2 at each of the energies Eℓc of (16.1-5), which is 
expressed mathematically as

is

(16.1-15)

(16.1-16)

where H(x) is the Heaviside function that is equal to unity when x > 0 and 
is zero when x < 0.

The first two steps of the staircase density of states are shown in Figure 
16-2. In the figure we plotted the volumetric density of states of the quantum 
well medium ρQW/Lz so that we can compare it to the bulk density of states 
in a conventional semiconductor medium. It is a straightforward exercise to 
show that in this case, the QW volumetric density of states equals the bulk 
value ρ3D(E) at each of the steps, as shown in the figure.

The Selection Rules Consider an amplifying electron transition from an 
occupied state in the conduction band to an unoccupied state in the valence 
band. The states ℓ = 1 in the conduction band have the highest electron 
population. (The Fermi law Equation (15.1-8) shows how the electron oc- 
cupation drops with energy.) The same argument shows that the highest 
population of holes is to be found in the ℓ = 1 valence band state. It follows 
that, as far as populations are concerned, the highest optical gain will result 
from an ℓ = 1 to ℓ = 1 transition. The gain constant is also proportional to 
the (square of) the integral involving the initial and final states and the 
polarization direction x, y, or z or the optical field. Since the lowest lying 
electron and hole wavefunctions have, according to Equation (16.1-12), a z 
dependence that is proportional to cos(πz/Lz) and since

it follows that the optical field must be x or y polarized. The optical E vector 
thus must lie in the plane of the quantum well. A field polarized along the
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z direction does not stimulate any transitions between the two lowest lying 
levels and thus does not exercise gain (or loss).

16.2 GAIN IN QUANTUM WELL LASERS [3]

(16.2-1)

(16.2-2)

where ρQW(k) is given by (16.1-15) and is independent of k. The effective 
inversion population density due to carriers between k and k + dk is thus

(16.2-4)

To obtain an expression for the gain of a quantum well medium, we follow 
a procedure identical to that employed in the case of a bulk semiconducting 
medium that was developed in Section 15.2. An amplifying transition at 
some frequency ħω0 is shown in Figure 16-2. The upper electron state and 
the lower hole state (the unoccupied electron state in the valence band) have 
the same ℓ and k values (see discussion of selection rules in Section 16.1) 
so that the transition energy is

ℓ = 1, 2, . . . is the quantum number of the z dependent eigenfunction ui(z) 
as in Equation (16.1-4). We start again with (15.2-4) but this time in the 
correspondence of Equation (15.2-7) replace ρ(k)/V by the equivalent quan
tum well ρQW(k)/Lz volumetric carrier density

(16.2-3)

The division of ρQW by Lz is due to the need, in deriving the gain constant 
to use the volumetric density of inverted population consistent with the 
definition of N1 and N2 in (15.2-4). Ec and Ev, are, respectively, the upper 
and lower energy carriers involved in a transition. We use (15.2-4) and 
(16.2-3) to write the contribution to the gain due to electrons within dk and 
in a single, say ℓ = 1, sub-band as
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where τ is the electron-hole recombination lifetime assumed to be a constant. 
We find it more convenient to transform from the k variable to the transition 
frequency ω (see Section 16.2-1). From (16.2-1) it follows that 

so that (16.2-4) becomes

(16.2-5)

where we used the convention that fc(ω) is the Fermi function at the upper 
transition (electron) energy Ec, while fv(ħω) is the valence band Fermi func- 
tion at the lower transition energy. To include, as we should, the contri- 
butions from all other sub-bands (ℓ = 2, 3, . . .) we replace, using (16.1-16)

(16.2-6)

where ħωℓ is the energy difference between the bottom of the ℓ sub-band in 
the conduction band and the ℓ. sub-band in the valence band.

(16.2-7)

To get an analytic form for Equation (16.2-5) we will assume that the phase 
coherence "collision" time T2 is long enough so that

(16.2-8)

which simplifies (16.2-5) to

Equations 16.2-5 and 16.2-9 constitute our key result. They contain most 
of the basic physics of gain in quantum well media. Consider, first, the 
dependence of the gain on the Fermi functions fc, fv. An increase in the 
pumping current leads to an increase in the density of injected carriers in 
the active region and with it to an increase in the quasi-Fermi energies EFc 
and EFv. This leads to a larger region of ω0 where the gain condition (Equation 
15.2-14)

(16.2-10)

is satisfied. This situation is depicted in Figure 16-3. The solid curves (a), 
(b), and (c) show the gain of a typical GaAs quantum well laser at three 
successively increasing current densities. The dashed curve corresponds to 
the gain available at infinite current density (fv(ħω0) = 0, fc(ħω0) = 1) and

(16.2-9)
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Figure 16-3 Gain (solid curves) and the joint density-of-states function (dashed 
lines) in a graded index, separate confinement heterostructure single quantum well 
laser (GRINSCH-SQW), and a conventional double heterostructure (DH) laser. 
The gain curves (a), (b), and (c) are for successively larger injection current 
densities, and curve (d) applies to the DH with the same current density as the 
QW laser curve (a). To meaningfully compare the density of states of a quantum 
well laser and the bulk (DH) laser we divided the former by the width W = 4Lz of 
the optical confinement distance. This, in addition to rendering the dimensions 
identical, makes both curves proportional to the maximum (available) modal gain. 
(Courtesy of D. Mehuys, The California Institute of Technology) 
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thus, the gain in this case according to 16.2-9, is proportional to den- 
sity-of-states function

(16.2-11)

The first frequency ω0 to experience transparency, then gain, as the current 
is increased, according to the idealized staircase density of states model, is 
ω0 where 

ħω0 is thus the energy difference between the ℓ = 1 (k = 0) conduction 
band state and the ℓ = 1 (k = 0) valence band state. The inversion factor 
fc(ħω0) - fv(ħω0) is always larger at this frequency than at larger ω0. As the 
current is increased, and with it the density of electrons (holes) in the con- 
duction (valence) band, the Fermi levels (EFc, EFv) move deeper into their re- 
spective bands. There now exists a range of frequencies between the value 
given by (16.2-12) and ω0 = 1/ħ(Eg + EFc + EFv) where the gain condition 
(16.2-10) is satisfied. At even higher pumping the contribution from the 
ℓ = 2 sub-band [see Figure 16.3(b)] adds to that from ℓ = 1 and the maxi- 
mum available gain doubles to 2γ0. Curve (d) in Figure 16-3 shows the gain 
of a conventional double heterostructure laser. The density-of-states function 
(dashed DH curve) for the DH laser involves the factor Lz (see Figure 16-3 
caption) so that in both the SQW and DH cases we are comparing the density

Figure 16-4 A theoretical plot of the exponential (modal) gain constant vs. 
wavelength of a quantum well Iaser. (Courtesy of Michael Mittelstein, The 
California Institute of Technology) 

(16.2-12)
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of carriers (and current) per unit area. We note that equal increments of 
current will yield larger increments of gain in the SQW case, that, at low 
currents, the SQW gain tends to saturate at γ0, and that the width of the 
spectral region that experiences gain is much larger in SQW case compared 
to DH lasers.

A theoretical plot of the exponential (modal) gain constant as a function 
of photon energy, or wavelength, is shown in Figure 16-4. The parameter is 
the injection current density. The interesting feature is the leveling off of 
the gain at the lower photon energies with increasing current and the ap- 
pearance of a second peak at the higher current due to the population of the 
ℓ = 2 well state. An experimental measurement of the gain vs. λ is discussed 
and illustrated in Section 16.3.

Figure 16-5 shows the layered structure of a single quantum well 
GaAs/GaAlAs laser. The 80 Å wide quantum well is bounded on each side 
with a graded index region. This graded index (and graded energy gap) region

Figure 16-5 Schematic drawing of the conduction band edge and doping profile of 
a single quantum well, graded index separate confinement heterojunction lasers 
(GRINSCH). (Courtesy of H. Chen, The California Institute of Technology) 
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is grown by tapering the Al concentration from 0% to 60% in a gradual 
fashion as shown. The graded region functions as both a dielectric waveguide 
and as a funnel for the injected electrons and, not shown, the holes, herding 
them into the quantum well.

16.3 ULTRA-LOW THRESHOLD LASERS

The increasing use of semiconductor lasers as optoelectronic components 
has led to recent efforts to substantially lower the threshold current of these 
lasers. In addition, future computer interconnect circuitry (board-to-board, 
chip-to-chip) envisages the use of very large numbers of such lasers, on-chip, 
so that a major reduction of their power requirement is of prime importance.

We can conceptually view the current supplied to an operating semi- 
conductor laser as the sum of three components:

1. The current needed to render the normally absorbing, semiconductor 
active medium transparent—the transparency current

2. The current needed to compensate for end-mirror and scattering losses 
as well as for the residual absorption in the media bounding the active 
region—the loss current

3. The incremental current needed to obtain the desired power output— 
the incremental power current.

The threshold current of the semiconductor laser is the sum of the first two 
components.

The strategy for reducing the threshold current of the laser is to reduce 
the transparency current to a minimum and then reduce the losses. Let us 
consider the transparency current first. We will refer to the geometry of 
Figure 16-6. In the case of a conventional bulk (double heterostructure, DH) 
the transparency current is given by

Figure 16-6 The basic geometry used in the analysis of a quantum well laser 
threshold current.

(16.3-1)
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where τ is the recombination lifetime of electrons and holes in the active 
region. Vactive = LLyLz is the volume of the active volume and Nbulktransp is the 
density of excited electrons and holes needed to overcome the absorption 
of the bulk (intrinsic) semiconductor medium. This density is a property of 
the semiconductor material and the temperature. To get an idea of the mag
nitude of the transparency current in a conventional laser, i.e., not a quantum 
well, consider a typical GaAs/GaAlAs laser with Lz = 0.1 μm, Nbulktransp = 
1.6 × 1018 cm-3, Ly = 1 μm, L = 300 μm, τ = 4 × 10-9 s. Sub- 
stituting in 16.3-1 yields

An obvious strategy to reduce Ibulktransp would be to reduce the value of 
Lz, the thickness of the active region. This will be true until Lz < 150 Å, at 
which point the quantum confinement physics becomes important. This hap- 
pens when the majority of the carriers occupies the n = 1 well state. At this 
point, as was shown in Section 16.2, the density that determines the trans
parency is the area density NQWtransp of carriers per unit area, and not unit 
volume. (The electrons exist in an essentially two-dimensional universe.)

Using the value of NQWtransp = 1.5 × 1012 cm-2 (see Section 16.2) and the 
experimental value τ ~ 4 × 10-9 s, we obtain

We recall that a similar calculation above for conventional DH lasers yielded 
Jtransp = 800 A/cm2.

Thus there exists a difference of more than order of magnitude between 
the calculated transparency current densities of the two types of lasers. From 
Equations (16.2-3, 16.2-5) it follows that from the dimensional point of view 
the modal gain of the (mode in) quantum well laser is of the form

(16.3-2)

where C is a constant that depends on temperature and material parameters 
only, not on the well thickness Lz. N is the (area) density of carriers in the 
well. Since the injection current density (A/cm2) is equal to (Ne/τ), we can 
take the gain near transparency as

(16.3-3)

where A, again, is a constant depending on material parameters and the 
temperature. From theoretical plots based on (16.2-5) and Figure 16-4, we 
have A ≡ 0.7 A-1-cm in GaAs/GaAlAs quantum wells.

Using (16.3-3) we can write the laser threshold condition (we drop the 
QW superscript)
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as 

so that

(16.3-4)

where αscatt is the loss constant due to waveguide scattering and residual 
absorption. To get an idea of the magnitudes involved we use the typical 
values used above: A = 0.7A-1 · cm, Jtransp = 60A cm-2. This leads to

(16.3-5)

To estimate the magnitudes of the three terms in (16.3-5) consider the case 
of GaAs/GaAlAs with R1 = R2 = 0.31 (cleaved uncoated facets), L = 2 × 
10-2 cm, αscatt = 3 cm-1. The result is

The threshold current is thus dominated by the mirror loss term (3). If 
we increase the mirror reflectivity to, say, R1 = R2 = 0.8, the last term 
(3) becomes 15.9 (A/cm2), and the main component of Jth is that due to 
transparency (1). The optimal strategy thus would be to increase the 
mirror's reflectivity so as to reduce term (3) while reducing the area of the 
quantum well so that Ith = Jth × area is reduced. Figure 16-7 shows exper
imental light-current data on two identical quantum well lasers, one un- 
coated and the second coated with facets (R ~ 0.8). The coating of these 
lasers reduces the threshold of short (l20-μm long) lasers from 5.5 mA to 
0.55 mA. Shorter lasers and increased reflectivity can thus lead to arbitrarily 
small threshold currents. Driving the threshold current to ever lower values 
will, at some point, yield diminishing returns. This happens when the thresh- 
old current becomes small in comparison to the increment of current needed 
to obtain the optical power P0. This current component is given by (15.4-3) 
as

To obtain, as an example, a useful power of P0 = 10-4 watt in a laser with 
ηex = .5 at λ = 1.3 μm requires, according to (16.3-6), I - Ith = 0.2 mA. A 
reduction of Ith much below this value is thus not justified.

(16.3-6)
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Figure 16-7 Light output vs. current for a 120 μm wide buried GRINSCH 100 Å 
SQW (Al,Ga)As laser with (a) ~80% high reflectivity coated end facets and (b) 
uncoated end facets. Both curves are for the same Iaser. (After Reference [7].)

Problems

16.1 Solve the one-dimensional Schrödinger equation (16.1-3) in the case of 
a potential well.

16.2 Assume that as we scale the length L of a quantum well laser we 
maintain the differential quantum efficiency ηex constant by increasing R.

a. Derive the expression relating R (mirror reflectivity) to L.
b. Show that Ithreshold is proportional to L.

16.3 Show qualitatively that for a given mc and injection current the max
imum gain obtains when mv = mc.
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17
Phase Conjugate 

Optics—Theory 

and Applications

17.0 INTRODUCTION AND BACKGROUND

The field of phase conjugate optics can be traced to early (1967-1971) ex
periments [1-4] in transient holography. Application, starting in 1976 [5-11], 
of the theoretical and experimental tools of nonlinear optics caused a re- 
newed interest and an ever-increasing activity in the field. Most of this 
interest can be traced to potential applications in image processing and in 
dynamic (real-time) compensation for distortion inside laser resonators.

Phase conjugate optics in its most basic form deals with situations in 
which some input monochromatic optical field

1That is, the change of ψ(r) in one optical wavelength is negligibly small.

608

(17.0-1)

is converted in real time, by means to be discussed later, to a new field that 
is proportional to

(17.0-2)

In most situations of interest, the spatial dependence of the envelope function 
ψ(r) is "slow"1 compared to exp(ikz) so (17.0-1) represents a nearly plane 
wave propagating in the z direction. Amplitude and phase deviations from 
the plane wave are represented by the (complex) function ψ(r). These may 
be due, for example, to distortions in the wave path, to finite aperture effects 
(diffraction), or to spatial information impressed on the beam. We note that 
E2 can be obtained from E1 by replacing the spatial part of the analytic 
function (the part inside the [] brackets) by its complex conjugate but leaving
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Figure 17-1 The dashed curves represent the wavefronts of a monochromatic 
optical beam E1 propagating to the right, while the solid wavefronts are those of 
the phase conjugate replica of E1. For generality we include some lossless 
distorting "blob" in the path.

the factor exp(iωt) as is.2 We refer to the field E2 defined by (17.0-2) as the 
phase conjugate replica of E1.

2We can also write (17.1-2) as E2 = Re[ψ(r)ei[ω(-1)-kz]] so that E2 can be viewed as the 
"time-reversed" (t → -t) replica of E1.

Let us consider the implication of the relationship between E1 and its 
phase conjugate replica E2. If we took a picture of the wavefronts of E1 and 
E2, we would not be able to tell them apart. The two sets of wavefronts 
coincide everywhere. To differentiate between them, we will need to go back 
to the time domain. We will then find that the family of wavefronts of E1 
moves to the right (+z), while those of E2 move to the left, all the while 
evolving so that at any one moment the two families of wavefronts are 
identical. This situation is depicted in Figure 17-1.

17.1 THE DISTORTION CORRECTION THEOREM

The wave picture of Figure 17-1 suggests an important theorem, the distortion 
correction theorem [12], which may be stated as follows: "If a (scalar) wave 
E1(r) propagates from left to right through an arbitrary dielectric (but lossless) 
medium, then if we generate in some region of space (say, near z = 0) its 
phase conjugate replica E2(r), then E2 will propagate backward from right 
to left through the dielectric medium remaining everywhere the phase con- 
jugate of E1." An immediate consequence of this theorem can be appreciated 
with reference to Figure 17-1. Let the "blob" represent some optical dis- 
tortion that causes the near spherical Gaussian-beam wavefronts incident 
from the left to be distorted as shown. The phase conjugate wave generated 
to the right of the distortion traverses it in reverse, regaining to the left of
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the distorting "blob" its original waveform. This healing property of phase 
conjugation can be utilized in numerous ways, some of which will be de- 
scribed further on.

The proof of the distortion correction theorem follows. We take the 
(scalar) right-going wave E1 as

17.2 THE GENERATION OF PHASE CONJUGATE WAVES

In the last section we have shown that if a phase conjugate replica of an 
input wave can be generated, this new wave will propagate in reverse through 
the dielectric medium, regaining everywhere the original form of the input

3See Section 3.1 for the limitation imposed by the paraxial approximation.

(17.1-1)

where k is taken as a real constant. In the paraxial limit E1 obeys the wave 
equation (3.1-1)

(17.1-2)

where ε(r) represents the spatial dependence of the dielectric constant of 
the medium including distortions. Using (17.1-1) the paraxial3 wave equation 
(17.1-2) becomes

(17.1-3)

Taking the complex conjugate of (17.1-3) leads to

(17.1-4)

Had we started, instead of with E1, with a backward-propagating wave

(17.1-5)

then instead of (17.1-3) we would obtain

(17.1-6)

But when ε(r) = ε*(r), i.e., a lossless (and gainless) medium, Equations 
(17.1-6) and (17.1-4) are identical in that the waves ψ2 and ψ*1 obey the same 
differential equation. It follows immediately that if ψ2 = aψ*1 (a being an 
arbitrary constant) over some plane (say, z = 0), then, due to the uniqueness 
property of the solutions to second-order linear differential equations, 
ψ2(x, y, z) = aψ*1(x, y, z) at all x, y, z < 0. This completes the proof. All 
that is required now is to find some means for rendering the phase conjugate 
of an electromagnetic wave.
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wave. In this section we will show how a phase conjugate wave is generated 
by means of nonlinear optical techniques.

In Chapter 8, and specifically in the treatment involving relations (8.1-14) 
and (8.1-17), we discussed the second-order optical nonlinearity P ∝ E2 that 
gives rise to the phenomena of harmonic generation, parametric amplifica
tion, and frequency addition and subtraction. Symmetry considerations re- 
stricted these phenomena to noncentrosymmetric crystals.

The next order of optical nonlinearity involves the third power of the 
electric field P ∝ E3. This leads to the phenomena of optical third-harmonic 
generation, optical Kerr effect, and the phenomenon whereby a material 
medium that is subjected to waves at frequencies ω1, ω2, and ω3 radiates a 
fourth wave at ω1 + ω2 - ω3. The latter effect, called four-wave mixing, is 
used in phase conjugation.

To be specific, we assume that a material medium is irradiated simul
taneously by three optical fields:

It follows directly from (17.2-2) that

(17.2-1)

There is induced in the medium a nonlinear (NL) polarization

(17.2-2)

where i, j, k, l refer to Cartesian coordinates, χ(3)ijkl is a fourth-rank tensor 
characteristic of the medium [13] that depends on the input frequencies ω1, 
ω2, ω3. If we apply to (17.2-2) the argument leading to (8.1-19), we can 
convince ourselves that, unlike the phenomenon of second-harmonic gen- 
eration, the third-order optical effects considered here exist in all media, 
including noncentrosymmetric crystals. The form of χijkl but not its magni- 
tude is determined by the symmetry properties of the medium that are dis- 
cussed and tabulated in Reference [13].

We can, equivalently, express (17.2-2) as a relationship between the 
complex amplitude of the induced polarization and the complex amplitudes 
of the inducing fields

(17.2-2a)

A list of the nonlinear coefficients of some optical materials is included 
in Table 17-1. We also include in the table a listing of the Kerr constant [13] 
n2. This constant, which is often tabulated, describes the dependence of the 
index of refraction of an isotropic medium on the peak optical field E ac- 
cording to
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*See Equation (17.3-23) for conversion from esu to MKS units.

TabIe 17-1 Nonlinear Constant χijkl for Some Common Materials

Material
lndex of

Refraction
Nonlinear Constant 

(esu units)*
n2

(esu units)

CS2 1.5 χ1221 ≃ 2.7 × 10-13
χ1111 ≃ 3.9 × 10-13 0.97 × 10-11

2-Methyl-4-nitroaniline (MNA) 1.8 χ1111 ≃ 1.19 × 10-11 25 × 10-11
PTS Polydiacetylene 1.88 χ1111 ≅ 4.0 × 10-11 80 × 10-11

The relatively large value of χ1111 in MNA is due to large charge separation 
(of the order of 30 Å) and hence large induced dipoles that can obtain in 
certain organic molecules.

In this section we will consider the wave mixing shown in Figure 17-2. We 
will find that the result is a new wave generated in and radiated by the 
nonlinear medium. This new wave 3 will be shown to be the phase conjugate 
of input wave 4. The nonlinear medium is traversed simultaneously by four 
beams of the same frequency.

17.3 THE COUPLED-MODE FORMULATION OF PHASE CONJUGATE OPTICS [8]

(17.3-1)

Waves 1 and 2 propagate along the directions k1 and k2, respectively. In the 
analysis that follows, these two waves correspond to the pump beams and 
their amplitudes ∣A'1∣ and ∣A'2∣ will be taken as much larger than ∣A(∣ and 
∣A'4∣ and thus will be scarcely affected by the interaction so that they will be 
taken as constant throughout the interaction volume. We will further take 
∣A'1∣ = ∣A'2∣. This causes the effect of each one of these two waves on the 
phase velocity of the other to be the same so that k2 = k1 [14]. Furthermore, 
the pump waves 1 and 2 are made to propagate through the nonlinear medium
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Figure 17-2 The "canonical" geometry of phase conjugation by four-wave mixing.

in opposite directions so that

Wave 4 corresponds to the input beam4 and in what follows wave 3, which 
is generated by the interaction of beams 1, 2, and 4, is the (desired) phase 
conjugate replica of 4.

We start with the wave equation

Since the physical situation considered here is one where only four beams 
with well-separated spatial directions are involved, we can apply (17.3-3) to 
each beam separately. Starting with E4 and using

in (17.3-3) leads to

(17.3-5)

Using ω2με ≡ k2 and the assumed "slow" variation d2A'4i/dz2 ≪ k dA'4i/dz, 
the last equation becomes

The choice of P(NL)i in (17.3-6) requires some judicious reasoning. First, 
since we assumed that A'4i is not time dependent, P(NL)i must contain the 
exponential time factor exp(iωt) to match that of the left side of the equation. 
Second, in order that A'4i(z) not vary significantly on the scale of one optical 
wavelength (i.e., "slow" variation), P(NL)i need also include the factor exp(-ikz) 
so that we must look for polarization terms that contain the wave factor 
exp[i(ωt - kz)].

4In the applications this is the wave that is to be conjugated.

(17.3-2)

(17.3-3)

(17.3-4)

(17.3-6)
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(17.3-11)

(17.3-12)

(17.3-13)

Recalling that k1 + k2 = 0, it follows from (17.2-2) that the only third- 
order products of the fields E1, E2, E3, and E4 that contain the factors 
exp[±i(ωt - kz)] are

(17.3-7)

In what follows we will drop the tensorial notation and limit ourselves 
to cases where a single χijkl is involved. This will correspond in practice to 
situations where all the fields have the same polarization in which case only 
χiiii is involved, or when waves 1 and 2 have one polarization while 3 and 4 
possess the orthogonal polarization. In this case χijji(j ≠ l) is used. We will 
refer to the first as case (a) and to the second as case (b). Next we define

(17.3-8)

Furthermore, we will neglect the last two terms on the right side of (17.3-7) 
since ∣A'3∣, ∣A'4∣ ≪ ∣A'1∣, ∣A'2∣. Using (17.3-7) in the wave equation (17.3-6) results 
in

(17.3-9)

We note that the first term on the right side of (17.3-9), acting alone, merely 
modifies the propagation phase constant of wave 4 from k to k + 
(ω/2)√μ/εχ(3) (∣A'1∣2 + ∣A'2∣2). (This is the optical Kerr effect [13].) We can 
thus simplify the analysis by introducing a new set of field amplitudes As 
that are defined by

(17.3-10)

s = I, 2, 3, 4. The new amplitudes As are thus related to the set A's by a 
mere phase factor. The wave equation (17.3-10) becomes

A similar derivation for wave 3 would lead to

Defining
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and taking the complex conjugate of (17.3-11), (17.3-12) results in our final 
form of the coupled-mode equations for phase conjugate optics [8]

(17.3-14)

The student is urged to ponder at this point how a relatively complex 
physical experiment involving four optical beams interacting through the 
nonlinear electronic response of a material medium can be described by 
equations as simple as (17.3-14). This is possible through a "ruthless," but 
justifiable, elimination of mathematical terms whose effects are physically 
negligible but whose inclusion will have rendered the analysis intractable. 
This is an essential difference between mathematics and physics.

Since wave 4 propagates in the +z direction, while wave 3 propagates 
in the —z direction, we can specify their complex amplitudes at their re
spective input planes z = 0 and z = L (see Figure 17-2). These are taken as 
A4(0) and A3(L). Subject to these boundary conditions, the solution of (17.3-14) 
is

(17.3-15)

In the basic phase conjugate experiments, there is but a single input, 
A4(0) (the "pump" beams A1 and A2 are considered here as part of the 
"apparatus" and are lumped in our analysis into the coupling constant κ). 
Putting A3(L) = 0, we obtain from (17.3-15) for the reflected wave at the 
input,

(17.3-16)

while at the output (z = L)

(17.3-17)

We note that ∣A4(L)∣ > A4(0), i.e., the device acts as a phase coherent optical 
amplifier with a gain of (cos ∣κ∣L)-1. When

(17.3-18)

the result ∣A3(0)∣ > ∣A4(0)∣ obtains, so that the reflectivity of the phase con
jugate mirror exceeds unity. The intensity distribution of the two waves
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Figure 17-3 The intensity distribution inside the interaction region corresponding 
to the amplifier case π/4 < |κ|L < π/2.

inside the nonlinear medium for a value of |κ|L satisfying (17.3-18) is shown 
in Figure 17-3.

Of particular interest is the condition ∣κ∣L = π/2. In this case,

(17.3-19)

that is, both the transmission gain [A4(L)/A4(0)] and the reflection gain 
[A3(0)/A4(0)] become infinite so that finite outputs A3(0) and A4(L) can result 
even when the input A4(0) is zero. This corresponds to oscillation. This 
oscillation takes place without the benefit of mirror feedback. The feedback 
process that is essential to oscillation is provided by the fact that waves 3 
and 4 propagate in opposite directions, so that A4(z1), for example, is influ- 
enced by A4(z2) even when z2 > z1, the information being carried from z2 to 
z1 by the backward-going wave 3. The intensity distribution corresponding 
to the oscillation condition is shown in Figure 17-4.

Figure 17-4 The intensity distribution inside the interaction region when the 
oscillation condition ∣κ∣L = π/2 is satisfied.
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Another point of physical interest is that of the source of the power. 
Since energy is conserved, it follows that the increase in the output powers 
of beams 3 and 4 relative to their input values must come at the expense of 
the "pump" beams I and 2. A more exact analysis that does not neglect the 
spatial dependence of beams 1 and 2 shows that this indeed is the case. A 
quantum mechanical description of this process [14] shows that on the atomic 
scale the basic process is one where, simultaneously, two photons, one from 
beam 1 and one from beam 2, are annihilated while two photons are created— 
one of these photons is added to beam 3 and the second to beam 4.

We have strayed somewhat from our main purpose, which is to show 
that the four-wave mixing geometry of Figure 17-2 is capable of rendering 
in real time the phase conjugate replica of an input beam. Returning to our 
basic plane wave result (17.3-16),

(17.3-20)

it follows that the amplitude A3 of the backward wave 3 at the input plane 
z = 0 is proportional to the complex amplitude A*4(0) of the input wave 4 at 
the same plane. It follows directly that since an input wave with an arbitrarily 
complex wave front A4(x, y, z) can be expanded in terms of plane wave 
components (which in the paraxial limit adopted here will span a small solid 
angle centered about the +z axis), we can extend (17.3-20) to each plane 
wave component individually [8] to obtain

(17.3-21)

This is the basic result of phase conjugation by four-wave mixing. It shows 
that the reflected beam A3(r) to the left of the nonlinear medium (z < 0) is 
the phase conjugate of the input beam A4(r).

Some Consideration of Units

As in the rest of this book, our analysis of phase conjugation employs the 
MKS system of units. Much of the research literature, unfortunately, uses 
the esu system. The relations that follow should facilitate the translation 
from one system to another. These are 

(17.3-22)
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where n = √ε/ε0 is the index of refraction and where for nonmagnetic 
material we put μ = μ0.

Another useful relation is

Numerical Example: Phase Conjugation in CS2

Many of the first experiments in phase conjugate optics were performed in 
carbon disulfide, CS2. In the case when the waves A1 and A2 are polarized 
along one direction that we will call y, while A3 and A4 are polarized along 
x, the relevant nonlinear coefficient is χ1221, which in MKS units has the 
value [obtained from Table 17-1 and Equation (17.3-23)] 

and from the last of (17.3-22), ∣κ∣ = 1.2m-1.
It follows that in CS2 we need to use pump intensities of the order of 

megawatts per square centimeter with path lengths of the order of magnitude 
of I m in order to satisfy the condition |κ|L ~ 1 needed according to (17.3-17) 
for appreciable (~l) phase conjugate reflectivities. Experiments in CS2, which 
are discussed in detail in Section 17.4, verify the basic feature with the value 
calculated above.

17.4 SOME EXPERIMENTS INVOLVING PHASE CONJUGATION

Probably the two main features of interest to an experimentalist embarking 
for the first time on the field of phase conjugate optics would be (1) the 
verification of the basic phase conjugation equations (17.3-16), and (2) the 
demonstration that the backward-going wave A3 is indeed the phase con- 
jugate replica of the incident A4. The latter can be achieved by introducing 
some distortion or passive optical element, say a lens, and seeing if A3 in 
its reverse propagation assumes everywhere the same wavefronts as A4, i.e., 
is "healed" of the distortion.

(17.3-23)

The coefficient χ(3) used in our analysis, we recall, is according to (17.3-8) 
equal to 6χ1221. We will further assume that the experiment is carried out 
with waves at λ = 10-6 m and that the two pump beams are of equal 
intensities with I1 = I2 = 5 × 1010 watts/m2 (i.e., 5 × 106 watts/cm2). The 
index of refraction of CS2 is n ≃ 1.5. Using these data we obtain
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An experiment verifying both of the above points is illustrated in Figure 
17-5. The collimated pump beam A1 (λ = 0.694 μm) is polarized in the plane 
of the figure (↑) and originates in a Q-switched ruby laser. The 
counter-propagating pump beam A2 is generated by reflection from a mirror 
on the extreme left. A small part of the incident ( ↑ ) energy is converted to 
the orthogonal ⊙ polarization by the birefringent plate P. This radiation is 
separated spatially from the main beam by polarizing prism A to yield the 
input-probing beam A4. A spherical mirror C focuses the collimated beam 
A4 to point x in the CS2 cell. This focusing constitutes the "distortion." (One 
person's focusing is another person's distortion.)

The reflected beam A3 generated by the mixing of A1, A2, and A4 thus 
corresponds to (17.3-8) case (b) and consequently is ⊙ polarized and can 
be photographed and/or read off beam splitter D.

The measurement of the reflection coefficient ∣A3/A4∣2 for various pump 
intensities is shown in Figure 17-6. The solid curve is a plot of the theoretical 
expression (17.3-16)

The verification of the phase conjugate relationship between A3 and A4 is 
provided by the fact that, after reflection from C, beam 3 is collimated. Beam
3 thus emanates from point source x, which is the very point on which beam
4 is converging. It follows that the wavefronts of these two beams are iden- 
tical.

The prediction of oscillation for ∣κ∣L = π/2 is verified by eliminating the 
input beam A4(0), say by removing mirror D, and observing the simultaneous 
emergence of ⊙ polarized beams 3 and 4 with further increase of the pump 
intensity.

Figure 17-5 The experimental arrangement of a basic phase conjugation 
experiment. (After Reference [8].)
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Figure 17-6 A plot of the reflection power coefficient versus pump pulse energy in 
(millijoules) for the experimental setup of Figure I7-5. Data points [·] include 
oscillation (∣A3/A4∣2 = ∞). The solid curve is least square fit to R = tan2(CI). (After 
Reference [8].)

One of the more interesting consequences of phase conjugate optics involves 
optical resonators where one of the two conventional reflectors is replaced 
by a phase conjugate mirror [14], henceforth referred to as a PCM. The 
situation is demonstrated in Figure I7-7.

Consider some arbitrary transverse Gaussian beam with transverse 
quantum numbers m, n (of the type considered in Section 4.3). Let the phase 
shift of this beam due to propagation between the two mirrors (spacing l) 
be φl(m, n). The phase shift upon reflection from the conventional reflector 
is taken as φR while that of the PCM is α. We shall now derive the resonance 
frequency condition for the resonator in the vein of the reasoning used in 
Section 4.6 by requiring that the phase of the internally shuttling beam

17.5 OPTICAL RESONATORS WITH PHASE CONJUGATE REFLECTORS
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Figure 17-7 An optical resonator formed between a conventional reflector and a 
phase conjugate mirror (PCM).

reproduce itself after a given number of round trips to within an integer 
multiple of 2π. We designate the arbitrary starting phase of, say, a 
left-propagating beam at some plane A, as φ1. Without loss of generality we 
take A to lie just to the right of the reflector.

The phases of the beam at the various stages are given by

Notice sign inversion of Φ3 due to phase conjugation

(17.5-1)

The self-consistent condition φ9 = φ1 is thus satisfied automatically. The 
phase conjugate resonator has a resonance at the frequency of the pump 
beams. (This follows since no allowance was made for a frequency shift 
upon reflection from the PCM, which would be the case if the resonant mode 
frequency did not equal that of the pump) and the resonance condition is 
satisfied independently of the length l of the resonator or the transverse 
order (m, n) of the Gaussian beam. This requires two complete round trips. 
By tracing the arrows of Figure 17-8, we can verify that the radius of cur- 
vature of the Gaussian beam will also reproduce itself after two round trips. 
It follows that the phase conjugate resonator is stable (in the sense defined 
in Sections 4.4 and 4.5) regardless of the radius of curvature R of the mirror 
and the spacing l.
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Figure 17-8 A self-consistent beam solution inside a phase conjugate resonator 
reproduces its wavefront curvature after two round trips.

17.6 THE ABCD FORMALISM OF PHASE CONJUGATE OPTICAL RESONATORS

In this section we extend the ABCD Gaussian mode formalism that we 
employed in Section 4.5 to the case of a phase conjugate resonator. The 
analysis follows closely that of Reference [15].

The ABCD Matrix of a Phase Conjugate Mirror

Consider a Gaussian field Ei propagating along the z axis, to be incident 
upon the PCM. In this case, using (4.3-1),

(17.6-1)

where ℰi(r) is the complex amplitude of Ei, and ρ and w are the radius of 
curvature and the spot size of the incident field, respectively. This field can 
also be written as

(17.6-2)

The complex radius of curvature qi is defined by (2.4-9) and (2.6-5)

(17.6-3)

The effect of the PCM is to "reflect" such an incident field as to yield its 
conjugate replica, leaving the wavefront and the spot size unchanged. The 
reflected field is thus

(17.6-4)

which can also be expressed as

(17.6-5)

The reflected field complex radius of curvature subject to (17.6-3) and (17.6-4)
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is given by

(17.6-6)

An observer traveling with the beam will find the spot size unchanged after 
phase conjugate reflection but will see an opposite sign for the curvature of 
the wavefront.

If we introduce the ray matrix formalism of Section 2.1, the effect of 
the PCM can thus be represented by the matrix

(17.6-7)

with the output and input q parameters related by

(17.6-8)

Note the conjugation operation upon qi, as opposed to the conventional 
formalism (Section 2.1), where the input field is not conjugated. We note 
that this matrix also describes the reflection of rays from the conjugate 
mirror.

It follows directly that the ordinary ABCD formalism for treating the 
propagation of Gaussian beams through a sequence of lenslike media (Section 
2.7) can be applied also in the case when one of the elements is a PCM. The 
matrix representing the PCM is given by (17.6-7). The q parameter at any 
plane following the PCM is related to the input q by

(17.6-9)

where the subscript T implies that the matrix elements correspond to that 
of the resultant matrix for the given sequence of optical elements, including 
that of the PCM. Since all the matrices are assumed to be real, the conjugation 
operation imposed by (17.6-9) can be performed at any plane.

Consider next the situation sketched in Figure 17-9. The resonator is 
bounded on one end by a mirror having a radius of curvature R, containing 
arbitrary intracavity optical components described collectively by an A'B'C'D' 
matrix M' for optical propagation from left to right and again by an A"B"C"D" 
matrix M" for propagation from right to left. The resonator is bounded on 
the other end by a PCM. In order to investigate the stability criterion for 
such a cavity, we apply the standard self-consistent condition whereby we 
require that the complex radius of curvature of the beam reproduce itself 
after two round trips. Choosing a plane to the immediate right of the real 
mirror, we trace a beam that propagates to the right and get, after one round 
trip, the following matrix product:
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Figure 17-9 The phase conjugate resonator (PCR). This general resonator is 
formed by placing some arbitrary optical components, represented collectively by 
an equivalent A'B'C'D' ray matrix, between a "real" mirror (of radius R) on one 
end, and a phase conjugate mirror (PCM) on the other end. In the case of 
degenerate modes, which is considered here, δ = 0.

which can be shown straightforwardly, using the reciprocity property of the 
group of optical elements represented by M' (or M"), where M is given by 
(17.6-7). Equation (17.6-10) is merely a reaffirmation of the fact that an 
arbitrary sequence of passive and lossless optical elements followed by a 
PCM is equivalent to the PCM alone. This is due to the "time reversal" 
occurring at the PCM and the reciprocity of the passive components.

We have already established in Section 17.5 that the self-consistent 
phase condition of a mode in a phase conjugate resonator is satisfied auto
matically after two round trips. The ABCD matrix describing the effect of 
two round trips on the complex beam radius is M2 = (M1)2, where M1, given 
by (17.6-10), is the single round-trip Gaussian beam evolution matrix. Using 
(17.6-10) we obtain

(17.6-10)

where we have used the relation

(17.6-11)

(17.6-12)

where I is the identity matrix. It follows that any Gaussian beam (i.e., one 
with an arbitrary waist location, waist size, and transverse mode order 
m, n) is a proper mode solution as far as shape reproducibility (after two
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round trips) is concerned. This, coupled with the above demonstration (17.5-1) 
concerning the phase condition, completes the proof that any arbitrary Gaus- 
sian beam with a frequency equal to that of the pump beams is a proper 
mode solution of a phase conjugate resonator independent of the resonator 
length and the radius of curvature of its one spherical mirror.

For a discussion of this topic including the problem of modes whose 
resonant frequencies differ from that of the pump waves, one should consult 
References [15-17].

17.7 DYNAMIC DISTORTION CORRECTION WITHIN A LASER RESONATOR

One of the more interesting practical applications of phase conjugate optics 
is in dynamic real-time correction of distortion in optical resonators. The 
situation is depicted in Figure 17-10. A laser oscillator consists of a gain 
medium, a mirror, a phase conjugate mirror, and a distortion. The distortion 
may be due to the gain medium itself or to "bad" optics. Let us assume, 
for a moment, that the wave incident on the distortion from the left corre- 
sponds to a perfect Gaussian beam whose radius of curvature at the left 
mirror matches that of the mirror. The beam is distorted in passage through 
the distortion, but after reflection from the PCM and the reverse propagation 
through the distortion it regains, according to the distortion correction theo
rem of Section 17.1, its original undistorted form with the reflected (left-going) 
wavefronts coinciding in space with those of the right-going beam. It follows 
immediately by repeating the above scenario that the situation depicted in 
Figure 17-10 is self-reproducing and self-consistent (if not necessarily unique). 
It should thus be possible to extract the full available power of a laser 
oscillator in the form of a near ideal Gaussian beam, i.e., the output on the 
left side of Figure 17-10, in the presence of considerable and even time-varying 
distortion inside the resonator, corresponds to that of a Gaussian beam.

An experimental demonstration [18] of a laser oscillator with dynamic 
phase conjugate distortion correction is illustrated in Figure 17-11. The phase

Figure 17-10 A phase conjugate reflector compensates in real time for a 
time-varying distortion inside an optical resonator.
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Figure 17-11 (a) An argon laser gain tube with a distortion D. a (photorefractive) 
phase conjugating crystal C and a feedback mirror M2. (b) The highly degraded 
output beam from M3 when C is replaced by a conventional mirror. (c) The beam 
regains its diffraction limited shape in the presence of the distortion when the 
configuration (a) is used.

conjugate mirror utilizes a crystal of barium titanate. The gain medium is a 
commercial argon laser tube and the distortion is an acid-etched glass flat.

17.8 HOLOGRAPHIC ANALOGS OF PHASE CONJUGATE OPTICS

The analogy between phase conjugate optics and holography is interesting 
both from the formal and the practical points of view and suggests that nearly 
all of the applications envisaged or demonstrated with conventional holog- 
raphy can be performed using phase conjugate optics. The main attraction 
in the use of phase conjugate optics to replace conventional holography is 
the real-time aspect of the former that obviates the need to develop the 
hologram (see Chapter 14). To appreciate this analogy we use the expression
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(17.8-3)

(17.3-16) for the reflectivity of a phase conjugate mirror

To simplify the discussion, consider the case of small reflectivity |A3(0)/A4(0)∣2 
≪ 1. The last relation simplifies to

where L is the thickness of the phase conjugating medium. Using (17.3-14) 
we obtain

(17.8-1)

(17.8-2)

The placement of the brackets in (17.8-1) is to suggest that we may view 
the process of phase conjugation as the reflection of beam A1 from the 
stationary holographic grating formed by the interference of A2 and A4. This 
situation is depicted in Figure 17-12(b). We may, likewise, using the grouping 
of (17.8-2), view the process as the reflection of A2 from the grating formed 
by beams A1 and A4. This situation is depicted in Figure 17- 12(c).

It should be emphasized here that the grating point of view used above 
is employed mostly for pedagogic reasons and contains no new physics. 
Both sets of "gratings" [Figures 17-12(b) and (c)] are accounted for auto- 
matically in the electromagnetic formulation of phase conjugation in Section 
17.3.

The multiplication property

of the phase conjugate optical configuration of Figure 17-12(a) is the basis 
for numerous "real-time holographic applications" [22-25]. We will describe 
in what follows two generic applications: (1) image transmission through a 
distortion and (2) real-time image processing with emphasis on the operations 
of correlation and convolution.

This task may become easier if we refer back to our discussion of the 
grating formation in conventional holography leading up to Equation (14.2-4). 
If we simply relabel E1 → A1 (= "reference" wave) and E2 → A4 (= "picture" 
wave) and take the total field at the hologram plane as in (14.2-4) as the sum 
of both these waves
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Figure 17-12 (a) The conventional geometry of phase conjugate optics. (b) Beams 2 
and 4 interfere to form a grating A2A*4. Beam 1 is Bragg diffracted from the 
grating to yield the output phase conjugate (to A4) beam A3 ∝ (A2A*4)A1. (c) Beams 
1 and 4 interfere to form a grating A1A*4. Beam 2 is Bragg diffracted from the 
grating to yield the phase conjugate beam A3 ∝ (A1A*4)A2.

then the stationary hologram, say the modulation of the index of refraction, 
is proportional to the temporal average of E2:

(17.8-4)

The holographic grating thus consists of the term containing the factor 
A1A*4 as in (17.8-2). To complete the analogy we "illuminate" the grating 
(17.8-4) with a field E2 traveling in the opposite sense to E1, i.e.,

(17.8-5)

The result is a new (diffracted) field that is proportional to the product of
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the grating function Δn and E25

5In the case of a "thin" index grating ∆n of thickness t, a field E2 passing through it will emerge 
as E2e-i(ω/c)(Δn)t ≈ E2(1 - i(ω/c) ∆nt) so that E4 ≡ ΔE2 ≈ -iE2(ω/c) ∆n.

Figure 17-13 The configuration for propagating an image from plane (3) through a 
distorting medium to plane (!) with no distortion. (After References [18, 19].)

To illustrate how real-time holography, or more fundamentally, the three-wave 
multiplication (17.8-1) and (17.8-2) can be used for distortion correction, we 
refer to the experimental configuration of Figure 17-13. The object here is 
to transmit the transparency image f(x") from plane (3) to plane (1) passing 
in the process a "thin" (but not necessarily weak) phase distorter that is 
characterized by the added (distorting) phase shift Φ(x').

Let us start with an intuitive approach. Wave A2 starts as a plane wave, 
passes through the transparency f(x) and continues on to the nonlinear 
medium. At the same time a "spy" plane wave A1 that is temporally coherent 
with A2 passes through and samples the distortion and is then imaged (here 
we use the precise optics definition of imaging) on the nonlinear medium 
that, for the sake of this discussion, will be taken to have negligible thickness 
in the z direction. A third wave A3 (plane or spherical) arrives from the left 
(we recall here that three input waves are needed in four-wave mixing). 
These three waves "mix" by multiplication in the medium to generate a 
product wave that contains both the transparency information f(x) as well 
as the distortion information. The phase of the distortion, however, is re- 
versed due to complex conjugation. This new wave with the negative dis-

17.9 IMAGING THROUGH A DISTORTED MEDIUM
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tortion passes in reverse (from right to left) through the distortion and is 
healed.

The more rigorous mathematical treatment of this is quite formal and 
complicated. A somewhat simplified analysis can, however, capture much 
of the relevant physics.

The "spy" wave A1 just to the right of the distortion is of the form

6To satisfy ourselves that this wave travels to the left, we need merely reinsert the propagation 
factors exp(±ikz) of the input waves E*1, E2, and A3.

(17.9-1)

(We leave out everywhere the propagation factor e±ikz.) It is, next, imaged 
by the lens onto the nonlinear medium at z = 0 where it regains, according 
to the law of imaging [21], its complex field distribution

Let the picture wave E2 at z = 0 have the form E2(x) while the third wave 
is taken as a plane wave with amplitude E3(z = 0, x) = A3. We note that 
apart from spatial modulation of the wavefronts by the information f(x) and 
the distortion, the three waves incident on the nonlinear medium are arrayed 
as in the canonical four-wave mixing geometry of Figure 17-12(a). The result 
of the mixing is a new, left-traveling wave6

(17.9-2)

Notice the change from φ(x) in E1 to - φ(x) in E4 due to complex conjugation. 
This wave is next imaged on plane (2) where it merely replicates the distri- 
bution (17.9-2). The passage from right to left through the distortion causes 
the wave to be multiplied by the factor exp[iφ(x)] so that it emerges in plane 
(1) with the form

i.e., beam 4 at the x' plane to the left of the distortion is, apart from the 
constant factor A3A*1, identical to the image bearing field E2 at z = 0. We 
have thus, in effect, imaged the information f(x) through the distortion while 
compensating perfectly for the latter. Figure 17-14 shows the results of an 
experimental demonstration of the one-way imaging through a distortion 
using the scheme of Figure 17-13 with a crystal of BaTiO3 as the nonlinear 
medium.
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Figure 17-14 (a) Original transparency, (b) seen through distortion (no correction), 
(c) seen through distortion-phase conjugate window combination using 
configuration of Figure 17-13, and (d) seen through phase conjugate window (no 
distortion).

17.10 IMAGE PROCESSING BY FOUR-WAVE MIXING

Before embarking on the topic of this section, we will provide some needed 
background results. The first involves the Fourier transform of a product of 
Fourier transforms. If we denote the Fourier transform of g(x, y) by

so that

Then it follows straightforwardly that the Fourier transform of the product

(17.10-2) 

(17.10-1)
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where * stands for the spatial correlation integral. Stating the last result in 
words, "The Fourier transform of the product of the transforms f and g* 
is the correlation of the original functions f and g."

The second result to be stated here (see Appendix E) concerns the spatial 
Fourier transformation property of lenses. It is a basic result of the theory 
of optical [20] diffraction that the relation between the coherent (complex) 
field distributions in plane (2) distance f to the right of a lens and plane (1) 
a distance f to the left is one of Fourier transformation. Referring to Figure 
17-15, the "output" field at plane (2) is related to the incident field at (1) by

(17.10-3)

We can now use (17.10-2) and (17.10-3) to explain the operation of a 
real-time image processor based on four-wave mixing. Referring to Figure 
17-16, collimated laser beams 1 and 4 from the left are modulated spatially 
by transparencies (or other means) placed at distance f(=focal length) to 
the left of lens L1. The resulting spatially modulated fields are denoted by 
u1 and u4, respectively. Similarly, beam 2 is collimated by passing through 
a pinhole in plane z and then through lens L2 resulting in a plane wave ũ2. 
The three beams are then incident on a nonlinear medium (a crystal of BSO 
in the original experiment). Using the Fourier transformation property of a 
lens [see Equation (17.10-3)], the three fields incident on the nonlinear me
dium are ũ1, ũ4, and ũ2 ( = const) where ũ1 and ũ4 are, according to (17.10-3), 
the spatial Fourier transforms of u1 and u4, respectively.

The multiplication property (17.8-2) of the nonlinear medium causes a 
field

(17.10-4)

to be radiated to the left by the nonlinear medium. This field is thus pro- 
portional as indicated to the product of the Fourier transforms of u1 and u4.* 
A distance f to the left of L1 in plane (3), one obtains according to ( 17.10-3)

Figure 17-15 A transformation of a coherent field between the front and back focal 
planes of a thin lens.
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Figure 17-16 A setup for real-time image processing. In the experiment described 
above u2(x) = δ(x), i.e., a pinhole so that ũ2 = constant and u3 = u1*u4.

the Fourier transform of E3 or according to (17.10-2)

The field u3 is thus proportional to the two-dimensional correlation of the 
images u1 and u4. Note that this complicated mathematical operation is 
performed in real time. The result of a correlation experiment based on the 
geometry of Figure 17-16 is shown in Figure 17-17.

Much of the present research in phase conjugate optics centers on the 
use of noncentrosymmetric photorefractive crystals such as barium titanate 
and strontium barium niobate [23-25]. In these crystals a standing optical 
wave pattern, such as that produced by the interference of two beams, A1 
and A4, generates, by excitation and retrapping of impurity atom electrons, 
a corresponding spatially alternating electric field grating. This leads, via the 
electrooptic effect, to a spatial grating of the indices of refraction. Because 
of the diffusion and drift of the electrons responsible for the electric field, 
the index grating is displaced spatially with respect to the optical intensity 
pattern. This can cause power exchange between the very two beams, A1 
and A4, that "write" the grating. This possibility does not exist in the con- 
ventional four-wave mixing, treated in this chapter, where no corresponding 
spatial shift exists.

(17.10-5)
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Figure 17-17 The results of the four-wave image processing experiment sketched in 
Figure 17-16. The input fields are transparencies u1, u2, u4, while the output is u3. 
Rows (a) through (c) illustrate correlation while row (d) illustrates convolution. 
(After Reference [22].)

This phenomenon of power exchange has been used to perform phase 
conjugation experiments without the need to supply externally the pump 
waves A1 and A2 [26]. It forms the main subject of Chapter 18.

Problems

17.1 Show, using the arguments of Section 8.1, that third-order optical effects 
as defined by (17.3-2) can exist in all homogeneous media.

17.2 Show that the reflection of the holograms (b) and (c) in Figure 17-12 
each satisfy the Bragg condition.

17.3 Derive the coupled-mode equations in a manner similar to that leading 
to (17.3-12, 17.3-13) for the case where the frequency of the incident wave
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ω4 is related to that of the pump beams (ω) by
ω4 = ω — δ

a. Show that the reflected wave frequency is ω3 = ω + δ.
b. Solve the coupled-mode equations for the reflection coefficient ∣A3(0)/A4(0)∣2. 

Plot it as a function of the frequency offset δ.

17.4
a. Solve the degenerate (ω1 = ω2 = ω3 = ω4) coupled-mode equations (17.3-14) 

as modified for (ordinary) optical losses. The new equations are 

where α is the optical amplitude loss coefficient (assumed the same for 
all four beams).

b. Plot the reflection coefficient ∣A3(0)/A4(0)∣2 as a function of (κL) for αL = 
0.1, 0.5, 1, 2. Discuss qualitatively the effect of the losses.

17.5 Invent an optical AND gate using phase conjugate optics.

17.6 Justify the image processing demonstrated in rows (a), (b), and (d) of 
Figure 17-17.
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18
Two-Beam 

Coupling and 

Phase Conjugation 

in Photorefractive 

Media

18.0 INTRODUCTION

which has the same form as (18.0-1).

In Chapter 17 we investigated the exchange of power among four optical 
waves at frequencies ω1, ω2, ω3 that is mediated via the nonlinear optical 
response of the medium [see (17.2-2)]

637

(18.0-1)

where Asm(s = 1, 2, 3) is the complex amplitude of the mth Cartesian com
ponent of the sth wave. The coefficient χ(3)ijkℓ characterizes the nonlinear 
polarization response of the material medium (atoms, molecules). Relation 
(18.0-1) is local (it involves field quantities at the point r only), and the 
coefficient χ(3)ijkℓ can, in principle, be obtained by solving for the (local) non- 
linear response of the atoms or molecules [2]. There exists a very important 
class of nonlinear interactions in which the response is nonlocal. Among 
these the photorefractive effect and stimulated Brillouin scattering are the 
most important since they both lead to large effects. Both of these cases can 
be described by a scenario in which two of the incident waves, say 1 and 
3, "write" an index of refraction grating in the medium that is proportional 
to their (spatially and temporally varying) intensity interference pattern.

The third wave at ω2 is Bragg-scattered from the grating, resulting in the 
fourth wave
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Before considering this dynamic case, we take up the simpler situation 
of a fixed index grating.

18.1 TWO-WAVE COUPLING IN A FIXED GRATING

We consider a two-wave optical field at a radian frequency ω

(18.1-1)

so that the complex amplitudes of the beams are A1,2. The beam polarization 
is taken, for simplicity, to be perpendicular to the plane of the paper.

The two waves are propagating in a medium with a spatially periodic 
stationary index distribution ("grating")

where the dielectric constant now has a contribution from the grating

(18.1-4)

Substituting (18.1-1) and (18.1-2) in (18.1-3) leads to

where we neglected

(18.1-5)

We observe by inspection that spatially cumulative exchange of power takes 
place when the (Bragg) condition

1When condition (18.1-6) is not satisfied the power exchange reverses sign every ∆ℓ = 
π/(∣k2 - k1 - K∣). When (18.1-6) is satisfied the product term in (18.1-5) contains synchronous 
terms with factors exp(-ik1 · r) and exp(-ik2 · r).

(18.1-2)

as shown in Figure 18-1.
The paraxial wave equation that is obeyed by the field (see 17.1-2) is

(18.1-3)

(18.1-6)

is satisfied.1 Keeping only synchronous terms (terms with similar exponents)
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Figure 18-1 (a) Coupling between beam 1 propagating along k1 and beam 2 (k2) 
caused by a fixed index grating with a grating vector K. (b) The Bragg condition 
diagram k = k2 - k1.

and recalling that in an isotropic medium k1 = k2 = ω με0n0 helps us simplify 
(18.1-5)

(18.1-7)

where loss terms -(α/2) A1,2 were added phenomenologically to account for 
absorption and λ = 2π/(ω√με0n20) is the wavelength in the medium. 2θ is 
the angle between k1 and k2, and z is the distance measured along the bisector, 
so that z = r1,2 cosθ. Expressing the amplitudes in terms of magnitudes and 
phases by using the definition Aj ≡ √Ij exp(-iφj) leads to (in what follows
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we take k1 - k2 + K = 0, i.e., the Bragg condition is satisfied)

(18.1-8)

This formula, first obtained by Kogelnik [1], is very useful in interpreting a 
large variety of experimental data involving fixed volume gratings and ho
lograms.

We are now ready to consider the more interesting and varied case of 
dynamic scattering where the grating is not fixed but is generated in "real 
time" by the very two waves that scatter from it.

18.2 THE PHOTOREFRACTIVE EFFECT—TWO-BEAM COUPLING

In Section 18.1 we discussed the phenomenon of two-beam coupling (or 
diffraction) in a fixed hologram. In this section we will discuss the two-beam 
coupling by a hologram that is formed by the intensity interference pattern 
of the two (coupled) beams themselves. Under such circumstances the "writ
ing" of the hologram by the two beams and the coupling of the (same) beams

Note that the coupling at a point r depends on the local phase ψ ≡ (φ1 — 
φ2 + φ). If the phase ψ is zero, no power exchange takes place. If ψ = 
±π/2, the exchange is maximum. The case ψ = ±π/2 according to Equa- 
tions (18.1-1) and (18.1-2) corresponds to a grating that is displaced by a 
quarter period with respect to the intensity interference pattern of waves 1 
and 2. In the most common scenario, a single wave, say 1, is incident on 
the grating and wave 2 is the diffracted wave. In this case it follows from 
the second equation of (18.1-7) that wave 2 is generated with a phase φ2 = 
φ1 + φ + π/2, i.e. ψ = -π/2, which results, according to the second equation 
of (18.1-8), in a maximum positive value for the power exchange dI2/dz.

The solution of (18.1-8) in the case of ψ = -π/2 becomes

(18.1-9)

so that in a grating of length ℓ the diffraction efficiency is

(18.1-10)
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by the hologram cannot be considered separately, as was done in Section 
18.1, and need be treated self-consistently. The phenomenon is known var- 
iously as two-beam coupling, dynamic holography, and real-time holography. 
The two most important classes of interactions that give rise to two-beam 
coupling are stimulated Brillouin scattering and the photorefractive coupling 
(to be discussed in Section 18.3).

The photorefractive effect can be defined as a change in the index of 
refraction (n) of a material medium that is proportional to the intensity pattern 
of the light. It thus follows that since every material possesses a nonlinear 
optical response of the type given by Equation (17.3-7)

(18.2-1)

the material also displays a photorefractive effect since for the case of a 
single beam, i.e., putting i = j = k = ℓ, we can obtain from (18.2-1) the 
relation Δn = (1/2) χ(3)∣E∣2/(nε0) where n is the index of refraction when the 
field amplitude is zero. The nonlinear coefficient χ(3) (see Table 17-1) in most 
materials is very small so that one requires very large optical intensities such 
as are available from pulsed lasers or from guided waves in small cross- 
sectional optical waveguides to affect appreciable (Δn > 10-5) changes of 
the index of refraction. The cases of stimulated Brillouin scattering and that 
of the photorefractive effect are an exception to the rule and lead to a very 
strong effects. In each of these two cases, however, the interaction is me
diated by a nonlocal effect—a traveling hypersonic wave in the case of 
Brillouin scattering, and of a traveling, or stationary, spatially periodic charge 
distribution in the photorefractive case. This gives rise to index changes that 
are orders of magnitude larger than those due to local atomic (or molecular) 
nonlinear response of the type described by (18.2-1). We will start with a 
description of the photorefractive effect.

This effect takes place in impurity-doped electrooptic crystals (i.e., crys
tals lacking inversion symmetry as discussed in Section 8.1). Let such a 
crystal be subject to a sinusoidal intensity distribution.

(18.2-2)

caused by the interference of two, mutually coherent, optical beams as shown 
in Figure 18-2. The optical intensity causes carriers, say electrons, to be 
excited from occupied donor states (the N0D states of Figure 18-3) to the 
conduction band. Once excited the now highly mobile electrons will migrate 
away under the influence of diffusion and any internal or external electric 
fields until captured by a trapping center N+D, usually an empty donor (i.e., 
a donor that has lost its outer valence electrons either by excitation to the 
conduction band or to a deep acceptor NA). It follows that at steady state 
the high intensity regions will lose electrons while those of low intensity will 
acquire an excess of electrons.

The resultant space charge distribution ρsc is shown in Figure 18-2. Also 
shown is the electric field Esc = ∫ρsc dx that results from the charge sepa-



Figure 18-2 The photorefractive mechanism. Two coherent light beams intersect in 
an electrooptic crystal, forming an interference pattern. Electrons are excited 
where the intensity is large and migrate to regions of low intensity. The electric 
field associated with the resultant space charge operates through the electrooptic 
effect to produce a refractive index grating. φ is the phase shift (in radians) 
between the light interference pattern and the index grating. 
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ration. Since the crystal is electrooptic, an index grating Δn ∝ rEsc. is induced 
in the crystal by this field where r is the appropriate electrooptic coefficient. 
This index grating is displaced by a quarter period with respect to the charge 
distribution. This shift is due to the relation ∇·Esc = ρsc/ε. To analyze the 
physics of the grating formation we refer to Figure 18-3. The photorefractive 
crystal contains two species of atoms, the donor atoms whose density is 
ND(cm-3) and acceptor atoms (NA). Since the energy of a valence electron 
in the acceptor atom state is lower than that of the donor, each acceptor 
atom has deprived a donor atom of an electron. This leaves behind a density 
‹N+D› = NA of ionized donors (the () brackets represent a spatial average). 
The remainder (ND - N+D) of the donor atoms are candidates for excitation 
by the optical field. Each such excitation generates a free (mobile) electron 
in the conduction band while, simultaneously, converting a unionized donor 
atom whose density is (ND - N+D) into an ionized N+D site. Electrons can 
be trapped by the N+D ions, returning them in the process into the unionized 
state. While in the conduction band the electrons are free to drift under the 
influence of the local electric field and diffuse.

In the above discussions we took the mobile charge carrier to be an 
electron. In some crystals it could be a hole. Simultaneous existence of 
electrons and holes is also possible. Also, the charge designation, N+D and 
N0D(=ND - N+D), for example, is meant to represent the change in the charge 
state of the atom and not its true state. In some cases, BaTiO3 for example, 
the Nβ state could be that of a Fe3+ ion, in which case N0D will represent 
the Fe2+ state. This will be discussed further on in this section.

The density concentration of electrons in the conduction band is denoted 
by ne. The three species listed above coexist in the presence of the interaction 
with the optical field as well as the diffusion, drift, and trapping processes. 
The process indicated in Figure 18-3 converts the donor (N0D) atom into an 
electron trap (N+D) while the trap, having gained an electron, becomes an 
N0D atom so that the spatial average of each species remains constant while

Figure 18-3 The deep impurity levels involved in the charge migration and trapping 
of a photorefractive crystal.
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the local concentration may vary. The acceptor atoms NA are fully occupied 
by electrons at all times so that in the dark ‹N+D› = NA where ‹ › stands for 
spatial averaging. The main role of the deep acceptors NA is to ensure that 
there exists everywhere a large population of traps (N+D) ≅ NA that can 
readily capture mobile electrons. Otherwise electrons could be trapped only 
at the sites from which they were excited, which would not give rise to the 
desired charge separation (i.e., grating).

The rate equation for the donor atom density is

and the Gauss relation

(18.2-6)

We will first solve for n(x, t), ρ(x, t), and Ex(x, t) by assuming that the spatial 
modulation is small so that it can be represented by the first two harmonics 
(n = 0, n = 1) of the spatial Fourier amplitudes

(18.2-7)

(18.2-8)

(18.2-9)

Since the crystal is charge-balanced, it follows that

where ‹› denotes averaging over x. In addition, E0, the average value of the 
internal field Ex, is equal to the externally applied electric field, if one exists.

The following approximations that are justified by the actual numerical 
values in real crystals are made

(18.2-3)

where αD is the absorption cross section of the N0D = ND - N+D donor state 
atoms. γD is the recombination coefficient of a free electron at an N+D site. 
γD is related to the commonly used recombination cross section σD by 
γD = σdvth where vth is the mean thermal velocity of the free electrons.

The current density Jx(A/m2) is the sum of a drift and a diffusion term

(18.2-4)

where we use e ≡ ∣e∣ and the Einstein relation eD = kBTμ relating the electron 
diffusion coefficient D to the Boltzmann constant kB the mobility μ, and 
the temperature T. The current continuity relation ∇·J = -∂ρ/∂t becomes

(18.2-5)
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We note that the interference term I1 is zero when the two beams are mutually 
orthogonal. We have also assumed that in general ω1 ≠ ω2.

We substitute (18.2-4) into (18.2-5) and eliminate ne0, E0, ne1, D0, and 
D1 using (18.2-3) and (18.2-6). We take advantage of the inequalities and 
neglect the product of second-order terms, and after a good deal of algebra, 
obtain [3]

2The temporal averaging < >time is over a few optical periods so that "slow" variations such 
as exp[i(ω1 - ω2)t] survive. The spatial averaging is over a few optical wavelengths.

The electric fields of the two interfering beams are

(18.2-10)

The squared magnitude of the field is thus2

(18.2-11)

Comparing the last result to (18.2-2) leads to

(18.2-11a)

(18.2-12)

E0 = externally applied field,

The steady-state response is obtained at t ≫ τ, at which time the transient 
term exp(-t/τ) can be neglected. Under typical conditions using a grating 
period 2πK-1 = 2 μm and the above approximate values ND, N+D, and NA, 
we estimate in BaTiO3

If no applied field is present E0 = 0, and the steady-state internal field 
(18.2-12) is
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(18.2-13)

If we take the steady-state limit of Equation (18.2-12) in the case ω1 = 
ω2 (Ω = 0) and no external field (E0 = 0), we obtain

(18.2-14)

A few basic features of fundamental importance for practical applications 
stand out:

1. The factor (-i) represents a quarter period shift of the index grating 
with respect to the intensity pattern.

2. Esc1 (and Δn) depend not on the total intensity but on the fractional 
modulation I1/I0.

3. The space charge field tends toward the smaller of the EN and Ed (mul
tiplied by I1/I0).

These last two conclusions merit some further discussion: The total amount 
of separable charge is limited. The maximum separation would result when 
approximately all the traps in the low intensity regions are full, while all the 
traps in the high intensity regions are emptied. Since the initial density of 
such traps is N+D = NA, the resulting charge density can be approximated

From the Gauss law ▽ · E = ρ/ε, we obtain, using complex notation,

(18.2-15)

We thus identify EN with the maximum space charge field that results from 
full separation (by half the grating period λ/2 = π/K) of the available charge 
(eNA per unit volume).

The question then arises as to why the internal field is prevented from 
reaching a value ~EN and is limited, instead, to a value of ~ED = kBTK/e 
when EN > Ed. To answer this question, consider the electron current re
sulting from the excitation of some initial distribution of mobile carriers into 
the conduction band in the presence of a space charge field E1sc (due to earlier 
charge separation). From (18.2-4)
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Since the initial distribution ne mimics the (negative) of the intensity 
(18.2-2), we can write

The fundamental component of the current density becomes

It follows that the electron current vanishes when the space charge field 
Esc1 reaches a value

and no further charge separation takes place. The internal space periodic 
field Esc1 thus gets arrested at a value ~ED and cannot achieve the charge- 
limited value of EN. This situation changes in the presence of an external 
field E0 that can "overpower" the internal space charge field so that Esc1 
tends, according to (18.2-12), to a value of ~ -i(Ii/I0)EN, corresponding to
full charge separation. Figure 18-4 shows the theoretical dependence of the 
space charge field Esc1 on the external field E0. Of special interest is the 
change of Esc1 from an initial value smaller than the smallest of EN and ED

Figure 18-4 A theoretical plot of the amplitude Esc1 of the spatially periodic internal 
electric field in photorefractive crystals [see Equation (18.2-12)] with Ω = 0, t → ∞ 
as a function of the externally applied field Eo. The characteristic fields are: ED = 
103 V/cm and (a) EN = 5 × 102 V/cm, (b) EN = 2 × 103 V/cm. (Private 
communication K. Sayano, The California Institute of Technology and R. R. 
Neurgaonkar, Rockwell International Corp.) 
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to a final value approaching EN. In this particular example a large trap 
concentration NA leading to a limiting field of EN2 = 2 × 103 V/cm should 
give, according to curve (b), a fourfold increase in the internal space charge 
field with the application of an external field E0 ~ 104 V/cm. Figure 18-5 
shows experimental data from two strontium barium niobate SrxBa1-xNb2O6 
(SBN:x = 60%) crystals doped with Cr. An increase in the space charge 
field by about a factor of three is seen for E0 ~ 104 V/cm. Experimental 
data of the dependence of Esc1 on E0 is shown in Figure 18-5. The values of 
Esc1 are deduced from two-beam coupling experiments that are discussed 
later.

Figure 18-5 Experimental data of the two-beam coupling gain Γ ∝ Esc1 as a function 
of applied electric field E0 in two doped SBN:60 crystals. (After Reference [4].)

Two of the most important features of the analysis are the dependence 
of the internal field Esc1 on the grating period λg and the dependence of τ on 
intensity [6]. If we use the above definitions of ED and EN, we can rewrite 
Esc1 of (18.2-12) as

(18.2-16)

so that the limits of K → 0 (λg → ∞) and K → ∞ (λg → 0), Esc1 → 0. Experimental 
evidence illustrating the dependence of E1 on the grating period is shown in 
Figure 18-6, which shows an experimental plot of a quantity proportional to 
the internal field as a function of the grating period λg = 2πK-1. Figure 18-7 
shows the measured dependence of τ on the intensity I0.



THE PHOTOREFRACTIVE EFFECT—TWO-BEAM COUPLING 649

Figure 18-6 Two-beam coupling coefficient versus grating wavelength for E0 = 0.
The coupling coefficient Γ is proportional to the internal field Esc1 of Equation 
(18.2-16). (After Reference [5].)

Figure 18-7 Photorefractive response time of the BaTiO3 crystal versus intensity 
for λ = .605 μm, λg = 1.4 μm. (After Reference [5].)
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The Grating Formation

Now that we have determined the space-periodic electric field created by 
two interfering optical beams (18.2-12), we will derive an expression for the 
resulting refractive index grating induced by this field.

The change in the optical indicatrix due to a (low frequency) electric 
field Ek is given according to (9.2-1) by 

where rijk is the electrooptic tensor element. This corresponds to a change 
in the index of refraction experienced by a propagating wave

(18.2-17a)

where E is the low-frequency electric field, and reff is some linear combination 
of the electrooptic tensor elements rijk. that depends on the crystal orientation 
and the field direction. We describe the spatial dependence of the index of 
refraction as

(18.2-17b)

where I0 = ∣A1∣2 + ∣A2∣2, I1 = ê1 · ê2A1A*2 so that, using (18.2-17a), n1 is defined 
by

(18.2-18)

We take n1 as real so that φ is the phase shift between the intensity pattern 
and that of the index n(x). The quantity n1 is thus the index modulation 
amplitude (within a factor I1/I0). From (18.2-13) in the case ω1 = ω2 
(Ω = 0)

We note from (18.2-17) and (18.2-19) that the index modulation does not 
depend on the absolute intensity but only on the spatial modulation index 
I1/I0 ≡ ∣ê1 · ê2A1A*2∣/I0. This reflects the fact that the role of the optical field 
is only to redistribute the electronic charge so that the maximum space charge 
field and Δn are limited, as discussed above, only by diffusion processes 
and by the total available charge, but not by the intensity.

Refractive Two-Beam Coupling The index grating registered by beams E1 
and E2 in a photorefractive medium causes power transfer by coupling E1 
and E2 to each other. The coupling is due to simultaneous Bragg scattering 
of both beams from the grating into each other. Since the grating is due to

(18.2-19)
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the interference of the two beams, the Bragg condition K = k1 - k2 is 
automatically satisfied and ensures that beam 1 is diffracted exactly in the 
direction of beam 2 and vice versa, hence the coupling between the two 
beams. What's more, in the case where ω1 ≠ ω2, the grating moves with 
just the right velocity ((ω2 - ω1)/K) so that the Doppler-shifted frequency 
of the incident beam 1, i.e., ω1 + ΔωDoppler, is equal to that of beam 2 (ω2) 
and vice versa. The analysis starts with the wave equation (6.5-3).

The field E is the sum of the two fields E1 and E2 (18.2-10) that "write" 
the grating. If we substitute E into (18.2-21) and for simplicity replace the 
vector E by a scalar E [this requires the use of the proper electrooptic 
coefficient, or combination of coefficients, reff in (18.2-18)], the result is

(18.2-22)

, neglecting the second derivative terms com

pared to those involved in the first derivatives (this is the slowly varying 
amplitude approximation), and equating separately terms with the same ex
ponential factors lead to the coupled wave equations

(18.2-23)

where θ1 and θ2 are the angles between k1 and k2 and the normal to the 
crystal input face, taken as z = 0. The loss term α was added phenome
nologically to account for absorption in the crystal.

Before considering some exact consequences of (18.2-23), we might 
contemplate some qualitative features. Using (18.2-19) in the limit EN ≫ ED, 
E0 = 0 and φ = π/2, we can recast (18.2-23) in the form of

(18.2-20)

Using Equation (18.2-18) for n(r), assuming n1 ≪ n0, and putting ω2με0 = 
ω2/c2 lead to

(18.2-21)

Recognizing that
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(18.2-24)

which for reff > 0 indicates the growth of A2 at the expense of A1 with an 
initial exponential growth constant

(18.2-25)

The direction of power flow depends on the sign of reff and thus can be 
reversed by inverting the crystal orientation. Defining normalized intensities 
as ℐ1 = ∣A1∣2, ℐ2 = ∣A2∣2, we obtain directly from (18.2-23)

(18.2-26)

A similar analysis for ordinary nonlinear transparent materials that are 
characterized by a real χ(3) will lead to φ = 0 (I(x) and n(x) "in step") so 
that, according to (8.2-26), no power exchange takes place. In a photore
fractive material, on the other hand, where n(x) is given by Equation (18.2-17, 
18.2-19), φ = ±π/2 is possible and the power transfer is maximum. By 
adding the last two equations, we obtain 

which in the case of α = 0 amounts to conservation of total power.

Two-Beam Coupling—Symmetric Geometry

In the case of θ1 = -θ2 ≡ θ, illustrated in Figure 18.8, Equation (18.2-26) 
can be solved exactly. If we define J1,2 ≡ ℐ1,2eαr, r1 = r2 ≡ r = z/cosθ is 
the distance measured along the beams' propagation directions

(18.2-27)

(18.2-28)
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Figure 18-8 The symmetric two-beam coupling configuration.

These equations can be integrated directly. The result, when expressed 
in terms of the original intensity variables, is

(18.2-29)

In the case of ℐ2(O) ≪ ℐ1(O)e-2Γr, the last equation becomes

(18.2-30)

This predicted power exchange has been observed first by Staebler and 
Amodei in 1972 (Reference [7]).

Numerical Example: Two-Beam Coupling in BaTiO3

BaTiO3 is an electrooptic crystal with a perovskite structure that is ferro- 
electric at room temperature (its electrooptic constants are listed in Table 
9-2), which possesses an extremely large electrooptic coefficient. The par- 
ticular coefficient that comes into play in the two-beam coupling is r51 = 
r42 = 16.4 × 10-10 m/V. Using the following data n0 = 2.5, reff ≈ r42/2, 
Esc1 ~ ED ≃ 5 × 102 V/cm, λ = 0.5 μm. φ = π/2, ê1 = ê2. α = 0, I1 = I2 = 
I0/2, and using Equations (18.2-28) and (18.2-18)

This is a very large gain constant. To put it in perspective we may recall 
that most laser media provide gain of good deal less than 1 cm-1. As a matter 
of fact, only in semiconductor lasers do we encounter similar gains. 

The analogy of photorefractively induced gain to ordinary laser gain is 
quite fundamental since in the presence of gain all we need do to obtain 
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oscillation is to provide optical feedback. A whole new class of optical 
devices has sprung over the last few years that depends on photorefractively 
pumped oscillators [11, 12]. Some of these devices will be described in the 
remainder of this chapter. Reference [15] contains a number of review articles 
on photorefractive topics.

The large optical amplification by two-beam coupling in photorefractive crys
tals can be used to "pump" a new class of optical oscillators, and these in 
turn can perform a variety of tasks. Most of these tasks involve passive 
phase-conjugate reflectors, that is, phase-conjugating mirrors that do not 
require externally supplied pump beams [9, 10]. To illustrate this principle, 
consider the configuration of Figure 18-9.

An input beam 4 provides gain, by two-beam coupling, to beam 1 in a 
photorefractive crystal placed inside a two-mirror (R1, R2) optical resonator. 
If this gain is sufficient to overcome the crystal and mirror losses, an oscil
lating optical field builds up inside the resonator. The two traveling beams 
1 and 2 that make up the oscillating field then play the role of the conventional 
pump beams as in the canonical four-wave phase-conjugation geometry of 
Figure 17-2, resulting in a reflected beam 3 that is the phase-conjugate replica 
of the input beam 4.

The possibility of phase conjugation without externally provided pump 
beams, the so-called "self-phase conjugation," opens up a new area of 
practical applications involving image processing and distortion correction. 
Before we move on to discuss these applications, we show in Figure 18-10 
an impressive demonstration of correction for propagation distortion follow
ing passive (self-pumped) phase conjugation by J. Feinberg [10]. The feed- 
back for the photorefractive oscillation in this case is provided not by ex
ternal reflectors, as in Figure 18-9, but by total internal reflection in the

Figure 18-9 A photorefractively pumped optical oscillator.

18.3 PHOTOREFRACTIVELY PUMPED OSCILLATORS AND SELF-PUMPED 
PHASE CONJUGATION (advanced topic)
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Figure 18-10 Images of a cat reflected from a self-pumped phase conjugate mirror 
(SPPCM) of BaTiO3, a combination of a distorter and a SPPCM, an ordinary 
mirror, and an ordinary mirror plus a distorter. (Courtesy of J. Feinberg, 
University of Southern California [10].)

photorefractive (BaTiO3 crystals). The point to appreciate here is the com
parison of the distorted image (image + distorter) to the distorted and (phase) 
conjugated image (conjugator + distorter).

To analyze the general case of oscillation in a photorefractive medium 
[11, 12] we refer to the model of Figure 18-11. Our basic method of analysis 
will be to assume an oscillating mode "a" inside the resonator and find the 
polarization set up inside the photorefractive crystal due to the interaction 
of field a and the input field. We shall then insist self-consistently that the 
resonator mode that is excited by this polarization is the same mode a 
assumed at the outset. We take the known input field as

(18.3-1)

where Ei0(r) contains the propagation factor as well as describing the effect 
of distortion and of information (spatial) modulation of the beam. The os- 
cillating beam, which establishes itself in the ring oscillator, is taken as 
E(r, t), and our immediate task is to solve for the oscillation condition and
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Figure 18-11 A distorted optical beam, i.e., a beam with a complicated wavefront, 
reflecting its propagation history, of frequency ω0 and spatial mode profile Ei(r) is 
incident on an optical resonator that can support spatial modes Ea(r).

the oscillation frequency of this beam. The resonator field can be expanded 
in the (complete) set of the resonator modes Ea(r) [13, 14].

(18.3-2)

where Ea(r) and Ha(r) are the spatial mode functions for the electric and 
magnetic fields. ε and μ are electric and magnetic permittivities, respectively. 
In addition,

(18.3-3)

where ka = ωa√ωε. The quantity pa(t), for example, contains the temporal 
information of mode a, including that of the frequency. In addition, the 
modal functions Ea and Ha are orthonormal

The resonator contains a distributed polarization field PNL(r, t), to be speci
fied later, due to the photorefractive two-beam coupling so that Maxwell's
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equations can be written as

(18.3-4)

σ is the effective conductivity that is introduced to account for the losses. 
If we use (18.3-2) and (18.3-3), (18.3-4) becomes

(18.3-5)

Taking the scalar product of (18.3-5) and E1, integrating over the resonator 
volume, and using the orthonormality condition (17.3-4) leads to

(18.3-6)

From (18.3-2), the second equation in (18.3-3), and (18.3-4) we obtain

where in accordance with (4.7-5) we replaced σ/ε by ω1/Q1. Q1 is the quality 
factor of the resonator for mode 1. From Equation (18.3-8) we identify ω1 
as the resonance frequency of a mode 1 in the no-loss (Q1 → ∞) limit. The 
distributed nonlinear polarization term PNL(r, t) driving the oscillation of the 
resonator field is that produced by the incidence of the input field Ei(r, t) 
on the index grating created photorefractively by the interaction of the field 
Ei(r, t) and the ring-oscillator field E1(r, t).

The nonlinear polarization PNL is given by

(18.3-10)

(18.3-7)

so that (18.3-7) becomes

(18.3-8)

(18.3-9)

Referring to the derivation of the index grating equations (18.2-17, 18.2-18, 
18.2-19), we identify



658 TWO-BEAM COUPLING AND PHASE CONJUGATION IN PHOTOREFRACTIVE MEDIA

The grating equations (18.2-17, 18.2-18) thus lead to

(18.3-11)

where from (18.2-17, 18.2-18) and (18.2-12)

ω and ω0, we recall, are the frequency (as yet unknown) of the oscillating 
mode 1 and that of the pump beam, respectively. If there is no applied 
electric field E0 = 0, we can express γ in the form

where

and

(18.3-13)

We note that the sole time dependence of PNL(r, t) is that of a mode I, i.e., 
of the term p1(t). The time dependence of the input mode Ei(r, t) has dis- 
appeared since Ei appears in Equation (18.3-9) multiplied by its complex 
conjugate. An equivalent way to explain this fact is that the index grating 
produced by the interference of Ei and E1 (the cavity field) is moving since 
ω ≠ ω0 and this velocity is just the right one to Doppler shift the incident 
frequency ω0 to that of the oscillating mode ω.

Returning to the oscillation equation (18.3-8), we take p1(t) as the product 
of a slowly varying amplitude p10(t) and an optical oscillation term exp(iωt):

(18.3-12)
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In addition, we use Equation (18.3-9) to obtain in the process

(18.3-14)

At steady state p10 and p10 vanish, ∂/∂t → iω, and p10(t) = p10 = constant. 
The oscillation condition (18.3-14) becomes

(18.3-15)

where in the second equality we used the zero-external-field (E0 = 0) form 
for y given by (18.3-12) and f is given by

(18.3-16)

so that it is dimensionless and real.
The left-hand side of Equation (18.3-15) is a complex number that de- 

pends only on passive resonator parameters and the (yet unknown) oscil- 
lation frequency ω. The phase of the right-hand side of Equation (18.3-15) 
depends on (ω - ω0). The frequency ω will thus adjust itself relative to ω0 
to satisfy (18.3-15). Separating the real and imaginary parts of Equation 
(18.3-15) yields

and

(18.3-17a)

(18.3-17b)

Since ω ≈ ω1 ≈ ω0, Equation (l8.3-17a) can be approximated to a high degree 
of accuracy by

In the limit t1 ≪ τ, where t1 = Q1/ω1 is the decay time constant of the photon 
density in the mode (with no photorefractive interaction), we can solve 
Equation (18.3-18) for ω and, using Equation (18.3-17b), obtain

(18.3-18)
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This is our main result. It predicts a shift between the frequency of oscillation 
(ω) and that of the pumping field (ω0). The frequency shift predicted by 
(18.3-19) was verified in a ring resonator pumped photorefractively as shown 
in Figure 18-12(a). A shift of the position of one of the mirrors changes the 
resonant frequency ω1 of the ring resonator and causes a (near) linear shift 
of the oscillation frequency ω. The linewidth of γ is of the order of 1/τ ~ 1 
Hz in BaTiO3 so that the frequency pulling (ω - ω0) observed is of the order 
of a few Hz. A plot of the frequency shift ω - ω0 vs. the mirror displacement 
for two different spatial modes is shown in Figure 18.12(b). The dependence 
of this shift on the parameters indicated in the equation was verified exper-

Figure 18-12 (a) Unidirectional ring resonator with two-beam gain provided by a 
photorefractive BaTiO3 crystal pumped by an incoming beam Ei. (b) The observed 
frequency shift (ω — ω0) as a function of mirror displacement measured in 
wavelengths.

(18.3-19)
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imentally and is shown in Figure 18-12 in a ring resonator pumped photo- 
refractively.

Let us return next to the threshold condition (18.3-19). The parameter 
f is given by Equation (18.3-16) and can be written as

(18.3-20)

(18.3-21)

where we used the first equation of (18.3-2) to write the oscillating electric 
field of the resonator mode as

and () to denote spatial averaging over the crystal volume. We can now 
rewrite f as

where

(18.3-22)

(18.3-25)

and does not depend on the pumping intensity ∣Eio∣2. The threshold value of 
γ0 is smallest when ω = ω0 and when the input mode is matched to the 
resonator mode, Ei0(r) ∝ Eosc(r), a condition leading to a maximum value 
for f0.

(18.3-23)

and (18.3-18) becomes

(18.3-24)

where t1 = Q1/ω1 is the resonator-mode decay time constant. At the transient 
start of oscillation, the right-hand side of (18.3-24) with ∣Eosc∣ = 0 must be 
larger than (or equal to) the left-hand side. Once oscillation starts, the term 
∣Eosc∣2 will grow until both sides are equal. The start-oscillation (threshold) 
condition is thus
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Equation (18.3-24) can be solved for the oscillating-field intensity inside 
the resonator

(18.3-26)

Before moving on we might recall the main result of this section. We 
have shown that two-beam coupling can be used to obtain oscillation when 
the amplified beam is a mode of a resonator. The oscillation frequency adjusts 
so as to satisfy the resonance phase conditions and consequently is not, in 
general, the same as that of the input pump wave. Another basic and im- 
portant property is that the spatial profile of the input beam only plays a 
role, through the overlap integral (18.3-23), in the magnitude of the gain 
"seen" by the oscillating mode but does not, to the first order, affect its 
shape, which is determined by the resonator. We thus have a means of 
transferring power from a spatially "dirty" beam to a well-defined, "clean" 
resonator mode. In practice we can use this effect to increase the apparent 
brightness of a beam (watt-cm-2-sr-1) by orders of magnitudes [21].

In this section we will describe some generic applications of photorefractive 
oscillators. In principle almost any application that uses "conventional" 
phase conjugate reflectors, i.e., ones that depend on externally supplied 
pump waves (A1 and A2 in Figure 17-10) can also use a self-pumped phase 
conjugate mirror [16]. As a matter of fact, the dynamic distortion correction 
of a laser mode demonstrated in Figure 17-11 employs a self-pumped phase 
conjugate mirror consisting of the crystal c and the single mirror M2.

Rotation Sensing

As a representative example of the applications of phase conjugate mirrors 
we take up the case of fiber rotation sensors [17, 18]. A rotation sensor 
based on the Sagnac effect is shown in Figure 18-13. The basic principle of 
such a sensor is that light propagating in a coiled fiber (coil radius = R) will 
undergo an extra phase shift

(18.4-1)

where L is the length of the fiber, c, λ are the vacuum value of the velocity 
of light and the wavelength, respectively, and Ω the angular rotation rate 
(rad/s) about an axis normal to the plane of the loop. Ω > 0 when the light 
propagates in the same sense as the rotation and is negative otherwise. Note 
that φ is independent of the refractive index n of the fiber material [17].

18.4 APPLICATIONS OF PHOTOREFRACTIVE OSCILLATORS
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Figure 8-13 The generic configuration of an interferometric fiber rotation sensor 
employing the Sagnac effect and a self-pumped phase conjugate mirror.

The derivation of φ is based on relativistic considerations. The correct 
result, however, can be obtained almost rigorously, from a consideration of 
the effective elongation (shortening) of a fiber experienced by light propa- 
gating in the same (opposite) sense as the rotation.

In the interferometric arrangement of Figure 18-14 a beam splitter sends 
one part of the input beam through a coiled fiber (sensing arm) while the 
other portion of the split beam enters the "reference" uncoiled arm. Both 
beams are then reflected from a self-pumped phase conjugate mirror, re- 
traverse their original path and recombine interferometrically at detector D. 
Consider first the beam in the sensing arm. On its forward path between 
planes A and B it undergoes a phase shift

(18.4-2)

where k = 2πn/λ, and φR2(t) accounts for random ("noise") phase fluctua
tions in the sensing leg that are "slow" on the time scale of a round trip 
(these could be due, for example, to strain or temperature variations). The 
phase of the beam after reflection from the conjugator at point B is the 
reverse of the input phase plus an additional phase φc

(18.4-3)

The last term φc in (18.4-3) is of fundamental importance. In the case of a 
single input (i.e., with the reference arm blocked-off) φc = 2kL2 and the 
overall phase delay φ1 + φ2 due to L2 is 2kL2, as required by causality. In
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Figure 18-14 Experimental fiber-optic gyroscope setup using a self-pumped phase 
conjugate mirror. Instead of the two fibers in Figure 18-13, the experimental setup 
of this figure uses the two polarization modes of a polarization preserving fiber. 
(After Reference [18].) 

the case of more than one input beam, the phase delay term φc is the same 
for all of them3 [19], so that the relative phases of the beams are reversed, 
as required for phase conjugation, while the absolute phases are not. After 
retracing the original path, the sensing beam returns to A with a phase 

note that the phase shift due to Ω has the opposite sign on the return trip 
since the sense of rotation relative to the beam is now reversed.

Repeating the same procedure in the case of the reference beam leads 
to a phase of the reflected beam at plane A

3The crystal "regards" the multiplicity of input beams, which are coherent relative to each 
other, as a single, albeit complex, beam. The phase φ.. is thus due to the complex but single 
grating "written" in the crystal by this composite beam.

(18.4-4)

(18.4-5)
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The interference output signal at D thus involves the phase difference 

from which the extraneous effects of phase fluctuations φR1 φR2, that usually 
limit the sensitivity of such sensors, disappeared.

A basic point that should have emerged from the preceding discussion 
is that although a passive (self-pumped) phase conjugate mirror does not 
reverse the absolute4 phase of an incoming beam, it does reverse the relative 
phases of the Fourier components (partial plane waves) that make up the 
beam. This property is sufficient to guarantee wavefront reversal and enable 
various sensor applications [19]. Further discussion of this point is included 
in Problem 5 at the end of this chapter.

Mathematical and Logic Operations on Images

We have already discussed in Chapter 17 how nonlinear optical techniques 
can be used to perform spatial correlation, convolution, and other operations. 
In the following we will discuss some new mathematical operations that can 
be performed with passive (or externally pumped) phase conjugate mirrors.

Consider the configuration shown in Figure 18-15. A plane wave with

4"AbsoIute phase" here is taken to mean the phase relative to some coherent reference wave.

Figure 18-15 An experimental arrangement to demonstrate image subtraction (the 
"exclusive or" operation). (After Reference [20].)

(18.4-6)
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amplitude Ein is split by a lossless beam splitter BS1 whose reflection and 
transmission coefficients are equal to r and t, respectively. Let r' and t' be 
the amplitude reflection and transmission coefficients for waves incident 
from the opposite side of the beam splitter. Each of the two resulting (split) 
waves passes through a transparency with amplitude transmittance T1 for 
beam 1 and T2 for beam 2. The two beams are then reflected by a self-pumped 
phase conjugate mirror (PPCM) with phase conjugate amplitude reflectivity 
R. The phase conjugate beams recombine interferometrically at beam splitter 
BS1 to form an output field. The total field at D1 is

The intensity at D1 becomes

where O represents the Boolean "exclusive or" operation. The field at D1 
is thus the difference (squared) of the intensity pattern of the two transpar
encies. Similarly the field intensity I' at D2 is

(18.4-7)

where we took advantage of the time reversibility condition (see Problem
9),

(18.4-8)

(18.4-9)

(18.4-10)

Note that when T1 = eiθ1(xt) and T2 = eiθ2(xt), i.e., pure phase modulation, 
Iout = 0. This is at first sight, an amazing result. A little thought, however, 
will convince us that this is as it should be. When the transparencies are 
lossless (which is the case for T1.2 = exp[iθ1.2(xt)]) a "time reversal" by the 
conjugator should result in a return field at the beam splitter BS1 that is a 
time-reversed (phase conjugate) replica of the incoming field. Since no field 
entered BS1 from the direction of D1, none can emerge that propagate toward 
BS1. Since in this case ∣T1∣ = ∣T2∣ = constant, the vanishing of the field 
propagating toward D1 comes about by destructive interference, point by 
point, of the two fields as expressed by (18.4-7). When T1 and T2 are, each, 
spatially intensity modulated the point by point destructive interference is 
no longer operative. A dark area in T1 cannot, obviously, interfere with a 
bright spot on T2. More globally, the path becomes lossy (or amplifying) 
and, except for the trivial case of uniform and equal, ∣T1∣ = ∣T2∣, the time 
reversibility property of phase conjugation (see Section 17-1) does not hold. 
The striking advantage of the phase-conjugating interferometer described 
above is that the system works without any need to balance L1 and L2 or 
to maintain their path difference constant to within a small fraction of λ as 
is usually required with conventional interferometers.
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Figure 18-16 The results of image subtraction using the setup of Figure 18-15 (see 
text for details). (After Reference [20].)

Figure 18-16 shows the result of experiments using the setup of Figure 
18-15. Figure 18-16(a) shows the image at D2 of a semicolon transparency 
place at T1 with beam 2 blocked and in (b) the image of a colon placed T2 
with path 1 blocked. Figure 18- 16(c) shows the result of "subtraction" as 
observed at D1, while (d) shows the image at D2.

Problems

18.1 Obtain the expression for the diffraction efficiency of a fixed hologram 
as in (18.1-9) when a slight deviation from the Bragg condition exists, i.e., 
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Consider the effects on the diffraction efficiency of:

a. A small angular departure (δ) of the incident beam from that of the Bragg 
condition.

b. A small deviation of the wavelength. [Hint: Using Figure 18-1(b) show 
that for δ ≪ 1 (k2 - k1 - K) · r ≈ kδ(sinθ)z.]

18.2

a. Obtain an expression for the diffraction efficiency of a transmission ho- 
logram (Figure 18-1) as a function of Δℓ where Δ is defined by
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and ℓ is the length of the hologram (in the z direction).
b. Plot the diffraction efficiency of a fixed hologram as a function of λ for 

a fixed incidence angle. Assume Δ = 0 at some nominal λ0.

18.3 Derive an expression for the diffraction efficiency ∣A1(0)/A2(0)∣2, of a 
reflection hologram as shown in the accompanying figure.
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19 Two-Beam Coupling, 

Amplification, and 

Phase Conjugation 

by Stimulated 

Brillouin Scattering

19.0 INTRODUCTION

In Chapter 18 we analyzed the phenomenon of two-beam coupling and phase 
conjugation in photorefractive media. There exists a fundamental similarity 
between that effect and the phenomenon of stimulated Brillouin scattering 
(SBS) [1, 2]. Instead of a space-charge grating and the attendant index grating 
as in the photorefractive case, we encounter in SBS a traveling index (Δn) 
grating that is due to a hypersonic wave. This latter wave is generated inside 
a material medium via the electrostrictive effect (stress ∝ square of the optical 
field). The frequency difference of the two optical waves that are coupled 
to each other by the interaction is equal to that of the hypersonic wave. The 
modulation of the index of refraction due to the hypersonic wave in turn 
couples the two optical waves to each other and, as in the photorefractive 
effect, makes possible the amplification of one of the two beams at the 
expense of the other. This interaction can also lead to phase conjugation of 
optical wave incident on the material medium and thus enables the whole 
array of image processing applications described in Chapter 18.

We start with a basic introduction to stimulated Brillouin scattering.

We begin by considering how two optical waves present in a material medium 
can drive a hypersonic wave.

To derive the equation of motion for the hypersonic wave, consider a 
differential volume dxdydz as shown in Figure 19-1 inside the medium sub

670

19.1 TWO-BEAM COUPLING VIA STIMULATED BRILLOUIN SCATTERING
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Figure 19-1 A differential volume of unit cross section (ΔzΔy = 1) and length Δx 
used to derive the equation of motion of an electrostrictively driven hypersonic 
wave.

jected to an electric field E. Let the deviation of a point x from its equilibrium 
position be u(x, t) so that the one-dimensional strain is ∂u/∂x. We introduce, 
phenomenologically, a constant γ that describes the change in the optical 
dielectric constant induced by the strain through the relation

(19.1-1)

since the electric energy density is (1/2)εE2, the presence of strain ∂u/∂x in 
a material medium changes the stored electrostatic energy density by 
-(1/2)γ(∂u/∂x)E · E which leads to a pressure. This pressure (p) is found by 
equating the work p(∂u/∂x) done while straining a unit volume (here we take 
ΔxΔyΔz = 1) to the change -(1/2)γ(∂u/∂x)E · E of the energy density. This 
results in

(19.1-2)

γ is the so-called electrostrictive constant of the medium. By comparing 
(19.1-1) to relation (12.3-17) and recalling that the strain s is equal, in our 
present notation, to ∂u/∂x and that ε = ε0n2, we obtain

The equation of motion for u(x, t) is thus

(19.1-4)

where η is a dissipation constant accounting phenomenologically for acoustic 
losses, whereas T and p are the elastic constant (bulk modulus) and the mass 
density, respectively [3].

(19.1-3)

where p is the photoelastic constant (in practice some linear combination of 
photoelastic tensor elements) as found in Tables 12-1 and 12-2.

The net electrostrictive force in the positive x direction acting on a unit 
volume is thus
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Next we assume that the two electric fields that together make up E and 
the hypersonic wave are in the form of plane waves traveling along three 
arbitrary directions and take them in the form

(19.1-5)

where r1, r2, and rs are the algebraic distances measured along the respective 
directions of propagation k1, k2, and ks, so that ri = ki · r/ki.

Returning to the wave equation (19.1-4), we use the last of Equation 
(19.1-5), and replacing x by rs, we obtain1

(19.1-6)

where we assumed

It follows from (19.1-6) that

and

(19.1-7)

(19.1-8)

(19.1-9)

1T-1 = (1/ρ) (dρ/dρ) where p is the pressure.

With these substitutions, the right side of (19.1-6) can be written as

so that the complete equation becomes
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where we assumed 

and took ê1,2 as unit vectors along E1 and E2, respectively.
In most experimental situations the spatial attenuation of the hypersound 

wave is so strong that the condition (ηωs/ρ)us ≫ ksv2s dus/drs is satisfied. 
Since the absorption coefficient for a free hypersound wave (E2 = E1 = 0) 
is, according to (19.1-6), αs = -η/ρvs, the last inequality can be written as

(19.1-10)

It is necessary to check our final result against this condition. When (19.1- 
10) is satisfied, we can solve for us in terms of the local E2 and E1 fields

(19.1-11)

Using the third of (19.1-5) as well as (19.1-7 and 19.1-8) leads to

(19.1-12)

Using the last relation in (19.1-5) and recalling that 

and that 

we obtain

(19.1-13)

In the case of stimulated scattering, only one wave, say 2, is incident on the 
interaction volume while the second wave, 1, is generated by the two-beam 
coupling mechanism. The effective input needed to get the interaction "off 
the ground" in this case could be that of thermally excited hypersonic waves 
and/or the residual (zero point vibrations) vacuum waves at frequencies near 
ω1. The new wave (1) is generated in a way that maximizes the power transfer
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from 2 to 12. This follows according to (19.1-13) when

This expression is similar to that for the photorefractive index grating 
(18.2-17 and 18.2-18) reproduced here as

In the case of no applied external field (E0 = 0), we obtain from (18.2-18) 
and (18.2-13)

(19.1-16)

so that

(19.1-17)

We see that the form of ΔnPR (19.1-17) is similar to that of the Brillouin case 
(19.1-15). The fundamental point of this similarity is the "holographic" term 
A2A*1 exp[-iKx + i(ω2 — ω1)t] with K → ks and x → rs. Apart from the 
different physical origin of the interactions in the Brillouin and photorefrac
tive case, the main difference is that in the Brillouin case the index "grating" 
oscillates at ω2 - ω1 = ωs, the sound frequency, which is typically in solids 
~2π × 1011 Hz. In the photorefractive case the frequency shift ω2 - ω1 ≤ 
1 Hz. This difference reflects the physical difference of the gratings. In the 
case of SBS the grating is a collective excitation in the medium, i.e., a 
hypersonic wave, and thus moves with the velocity of sound (vs ~ 3 × 105 
cm/s in solids) while the photorefractive grating crawls along with velocities 
ranging from zero for ω2 = ω1, to ~ 10-5 cm/s. (If this velocity seems small, 
recall that the corresponding Doppler shift is only ≤ 1 Hz.)3

2One way to visualize this is to consider the residual input 1 as made up of all possible frequencies 
ω1 and directions k1. The particular combination ω1, k1 satisfying the Bragg condition and 
(19.1-14), grows fastest. Also see footnote accompanying equation (18.1-6).
3 One consequence of the collective excitation in the case of SBS is that given ω2 and ω1, and 
thus the "sound" frequency ω5 = ω2 — ω1, the "sound" wavelength is determined by the 
"sound" dispersion law λs = 2πvs/ωs. This leads to the Bragg condition k2 - k1 = ks. In the 
case of a photorefractive grating, arbitrary k2 and k1 can be used provided the material response 
is fast enough.

(19.1-14)

so that Equation (19.1-13) can be written as

(19.1-15)
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We find that both the Brillouin-index grating (19.1-15 and the photore
fractive index grating [Equation (19.1-17) when ω1 = ω2] are out of phase 
by π/2 with respect to A2A*1 (or E2E*1), i.e., are shifted spatially by a quarter- 
grating period with respect to the optical intensity interference pattern. This, 
as we have found above [Equation (18.2-28) with φ = ±π/2], is the prereq- 
uisite for maximum power exchange between the two interacting beams.

To analyze the energy exchange between the two beams we need to 
solve the wave equation

where (PNL) is the new polarization due to the index grating. We assume 
that the two beams have the same polarization ê1 = ê2 ≡ ê since this leads, 
according to (19.1-15), to maximum Δn and thus to maximum Brillouin gain. 
The field E is taken as the sum of two traveling waves

Substituting (19.1-19) into (19.1-18) we obtain

(19.1-20)

where ∇⊥ is the transverse (to the direction of propagation) gradient operator. 

We neglected

(19.1-21)

From the form of Δn(r, t) as given by (19.1-15), (PNL) contains terms os- 
cillating at ω1 as well as ω2. We can thus separate (19.1-20) into two equa- 
tions, one where all the terms contain the factor exp(iω1t), the second where 
all terms contain the factor exp(iω2t).

In the first case we make use of (19.1-15) and (19.1-21) to obtain

(19.1-21a)

4In a crystal Equation (19.1-21) will be replaced by a slightly more complicated tensorial 
expression (PNL)i = ∆εij (r, t) Ej (r, t).

(19.1-18)

(19.1-19)

. The nonlinear polarization (PNL) is approxi

mated by the scalar form4
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Substituting the last expression in (19.1-20), recognizing that ω21με = k21, 
leads to

(19.1-22)

where r1 is the distance measured along k1. A similar procedure involving 
exp(iω2t) terms leads to

(19.1-23)

The terms -(α/2)E1 and —(α/2)E2 were added phenomenologically to account 
for optical absorption.

As a first approximation we assume that the exchange of power between 
E2 and E1 is not sufficient to affect ∣E2∣ appreciably and so we take ∣E2∣2 as 
a constant. This is referred to as the nondepleted pump approximation. We 
also assume plane wave propagation so that ∇2⊥E1,2 = 0. (This assumption 
will be discarded in the treatment of phase conjugation where the transverse 
variation of the distorted wavefront is important.) The solution of (19.1-22) 
in this case is

(19.1-24)

i.e., exponential growth with an exponential (intensity) gain coefficient

(19.1-25)

which is proportional to the intensity of beam 2. We made use of the relation 
p = γ/(n4ε0) where p is the photoelastic constant. We also used the Bragg 
relation (19.1-8), which in the case of an isotropic medium can be written 
as ks = 2ksin(θ/2), where θ is the angle between k1 and k2 and k ≡ ∣k1∣ ≈ 
∣k2∣. The gain gB can then be written as

(19.1-26)

where λ is the wavelength in vacuum and is the intensity

at ω2.

Numerical Example: Stimulated Brillouin Gain in Fused Quartz

Consider the experimental situation depicted by Figure 19-2. The problem 
is to calculate the gain gB experienced by a backward-propagating weak
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Figure 19-2 The output of a Q-switched Nd3+: YAG at λ2 = 1.06 μm is focused 
onto a fused quartz block. The problem is to calculate the gain constant 
experienced, due to Brillouin scattering, by a backward-propagating beam at 
(ω1 - ωs). The peak intensity inside the crystal is taken as I = 100 mW/cm2.

probe beam. Using the data in the figure as well as

and the data from Tables 12-1 and 12-2

the frequency shift is

In addition, we take

The result using (19.1-26) is an intensity gain coefficient

This (calculated) gain is very substantial and helps explain the ready oc- 
currence of stimulated Brillouin scattering. The latter is observed in exper- 
imental situations similar to that shown in Figure 19-2 except that in these 
cases no input beam at ω1 is provided. There always exists, however, some 
residual, unintentional reflectivities, R1 and R2, at the two ends. Since a 
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wave at ω1 (we will ignore for a moment the question of the origin of such 
a wave) is amplified in going from right to left in the figure [see Equation 
(19.1-26)], oscillation at ω1 will ensue provided that the gain is big enough 
to make up for distributed and reflection (end) losses, that is if

19.2 PHASE CONJUGATION BY STIMULATED BRILLOUIN SCATTERING

We have pointed out in Section 19.1 the formal similarity between stimulated 
Brillouin scattering (SBS) and photorefractive two-beam coupling. This sim
ilarity can be appreciated by comparing the coupled-wave equations of Bril
louin scattering (19.1-22, 19.1-23) to the corresponding equations of two- 
beam photorefractive coupling (18.2-23). This formal analogy suggests that 
SBS can be used as well for passive phase conjugation. As a matter of fact, 
the first passive phase conjugation was demonstrated by Zeldovich and his 
collaborators using SBS [4]. The experimental setup used in this first ex- 
periment is shown in Figure 19-3. It consists of a single input beam (ω2) 
focused onto a nonlinear medium (usually a liquid or compressed gas), the 
backward stimulated wave is at ω1. In the experiment depicted in Figure 19- 
3, a ruby laser beam was incident on a cell filled with pressurized methane 
gas. The backward-propagating stimulated beam passes in reverse through 
the distorting plate and emerges from it with an undistorted wavefront which

Figure 19-3 The experimental configuration used by Zeldovich et al. to 
demonstrate phase conjugation in amplified Brillouin scattering. (After Reference 
[4].) 

This is reminiscent of conventional lasers where the presence of gain at the 
laser wavelength plus reflection feedback gives rise to oscillation.
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is nearly identical to that of the pumping beam before impinging on the 
distorting plate.

A similar experiment was performed by Wang and Giuliano [5]. They 
verified the distortion compensation by accurate measurements of the beam 
divergence before and after the compensation. The results of this experiment 
are shown in Figure 19-4.

The exact theoretical explanation for the phase conjugation in the back- 
ward-scattering process is somewhat complicated [4,2,6]. The essence of 
this theory is that a backward-scattered beam will most effectively milk the 
incident (forward) beam of power when the two beams are phase conjugate 
replicas of each other. To appreciate this argument we may consider the 
random field fluctuations at ω1, that serve as the effective input beams to be 
amplified (by SBS), as made up of all possible field configurations, including 
the phase conjugate field. The latter field will grow fastest and win out over 
all the other configurations.

To illustrate this point consider the power transfer per unit volume 
P2→1 at some point r from a distorted input beam

(19.2-1)

to a backward wave

(19.2-2)

Figure 19-4 The intensity distribution of the aberrated uncorrected beam and the 
phase conjugated (Brillouin scattered) beam. (After Reference [5].)
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Using (1.2-13) and (1.2-17) and assuming that both waves have the same 
polarization, we obtain

5This insures that zeros of ∣E1(r)∣, as an example, overlap those of ∣E2∣, thus minimizing the 
number of locations where P2→1 is zero.

(19.2-3)

(19.2-4)

where the super bar denotes time averaging. Using Equation (19.2-1) in (19.1- 
21a) with r1 = -z leads to

(19.2-5)

It follows from (19.2-5) that for the local power transfer to be maximum, 
we do not require that E1 ∝ E*2, but only5

(19.2-6)

In order to obtain a maximal power transfer between the two beams, we 
need to ensure that condition (19.2-6) is satisfied throughout the whole in
teraction volume. This can only happen when

(19.2-7)

everywhere since this condition satisfies the local maximum power transfer 
condition (19.2-6) as well as the wave equation. The mathematical proof of 
(19.2-7) starts with the wave equations obeyed by the backward-propagating 
"signal" beam E1 and the forward pump beam E2 inside the nonlinear me- 
dium.

Let

(19.2-8)

where z is the nominal direction of propagation of the pump beam. The 
deviations of both beams from plane wave form are represented by the r⊥ 
dependence of complex amplitudes ℇ1 and ℇ2. The basic configuration is that 
used already to analyze stimulated Brillouin scattering in Section 19.1. We 
rewrite Equation (19.1-22) taking r1 = -z, r2 = z, α = 0 (no loss)

(19.2-9)

(19.2-10)
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If the intensity ∣f0(r⊥, z)∣2 of the laser field fluctuates strongly as a function 
of r⊥, then it follows from (19.2-18) that, in general, the partial overlap of 
maxima and minima of ∣f0(r⊥, z)∣2 and f*(r⊥, z)fk(r⊥, z) as well as the com
plex nature of these functions will cause gik to be a small number except for 
goo, since

(19.2-19)

where from (19.1-22, 19.1-25)

(19.2-11)

where vs = velocity of sound, αs = sound absorption coefficient, p = mass 
density, and p = photoelastic constant. Since ω2 - ω1 ≪ ω2, ω1, we will 
input k2 = k1 ≡ k in (19.2-9,19.2-10). Consider a system of orthonormal 
function fk(r⊥, z) such that

(19.2-12)

and

(19.2-13)

We choose the function f*0 such that it coincides within a constant B with 
the input (pump) field

(19.2-14)

The remaining members of the set fk are generated starting from the or
thogonality relation (19.2-13). The sought field ε1(r⊥, z) is expanded in the 
form of

(19.2-15)

Substituting (19.2-15) in (19.2-9) yields

(19.2-16)

The sum of the second and third terms is zero by virtue of (19.2-12). We 
next multiply (19.2-16) by f*i (r⊥, z). Using (19.2-13) leads to

(19.2-17)

with

(19.2-18)
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and no cancellation occurs. It follows that under these conditions, the coef
ficient C0 grows (with distance) more rapidly than the other Ci so that, after 
a sufficient distance, the field ξ1, is given, according to (19.2-15)

Figure 19-5 (a) The experimental setup (see text for explanation). (b) Far-field 
beam pictures. (c) Far-field intensity distribution. (d) Interferometric near-field 
fringe patterns. (Courtesy of J. Menders, G. Koop, Μ. Valley, and.R. Moyer, 
TRW Corp.)

(19.2-20)

that is, the back-scattered ℇ1 field generated by stimulated Brillouin scattering 
is the complex conjugate of the incident laser field and is thus in the proper 
form to correct in its backward travel for the phase distortions undergone 
by the laser field.

We note that if f0(r⊥, z) is not a strongly fluctuating function of r⊥, then 
goo and gii will be of the same order of magnitude and the preferential growth 
of C0 (z), which leads to phase conjugation, will not take place. The intro- 
duction of additional phase aberration in front of the Brillouin cell may thus 
improve the phase conjugation. This is indeed observed in practice.

In the above derivation, no initial boundary values for the Ci(z) coeffi- 
cients were specified, since no input exists. It is assumed that the input fields 
are due to zero point vibrations of the electromagnetic field at the Stokes' 
frequency.
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Figure 19-5 (continued)

The area of phase conjugation by stimulated Brillouin and Raman scat- 
tering is playing an increasing role in high-laser-power applications. Figure 
19-5 shows the results of phase conjugation by stimulated Brillouin scattering 
on the phase front and far-field spreading angle of a beam reflected from a 
multi(l9) segment mirror, used to simulate the distortion, followed by SBS 
and a second reflection from the segmented mirror. The phase conjugation 
process accompanying the SBS corrects for the position error ("piston" 
error) as well as the tilt error of the individual segments. This correction is 
evidenced by both the far-field images (b), intensity plots (c), as well as the 
inteferometric fringe patterns (d).
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A
Unstable

Resonators— 

Electromagnetic 

Analysis

Unstable resonators are, according to (4.4-2), resonators operating in the 
region of the stability diagram where 

which causes the Gaussian beam radii to become infinite. Clearly, in this 
regime the end reflectors cannot be assumed to be infinite in extent, an 
assumption highly justified in the "stable" regime where the beam spot radius 
at the mirror is typically very small (see numerical example in Section 4.3) 
compared to the mirror radius.

One way to account qualitively for the finite extent of real-life mirrors 
is to simulate analytically the abrupt drop of the reflectivity to zero at the 
mirror's edge by some tapering of the reflectivity. If we choose a Gaussian 
tapering function, we find, not too surprisingly, that we can apply the self- 
consistent ABCD method of Section 4.5 to the case of unstable resonators.

Consider a Gaussian beam incident on a mirror with a radius of curvature 
R whose reflectivity is given by

685

(A-1)

where r is the radius measured from the center of the mirror. Let the incident 
beam possess a spot size ωi and a radius of curvature Ri at the mirror position 
and let the medium through which it propagates have an index n. The com-
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plex beam parameter at the mirror is, according to (2.6-5)

(A-2)

The reflected beam has a radius of curvature R0 and spot size ω0 where, 
using (2.6-8)

(A-3)

By multiplying the incident field distribution exp(-r2/ω2i by ρ(r) we find that 
the 1/e Gaussian spot size is modified from ωi to ω0, where

(A-4)

The Gaussian tapered mirror thus modifies not only the beam radius of 
curvature but the spot size ω0 as well. In a uniform reflectivity mirror (a2 = 
∞), the mirror spot size does not change upon reflection.

The transformation properties (A-3) and (A-4) would follow from the 
ABCD law (2.6-9) 

provided we take the A, B, C, D, matrix as

(A-5)

so that the tapered reflectivity mirror is characterized by a complex radius 
of curvature r where

(A-6)

To obtain the mode characteristics in this case we apply the self-con- 
sistent formalism of Section 4.5, replacing the ABCD parameters repre- 
senting the mirrors by (A, B, C, D) matrices in the form of (A-5). The tapering 
function of the left mirror is represented by a21 and that of the right mirror 
by a22. The (ABCD) matrix relating the beam parameter q1 following reflection 
from the left mirror (mirror 1) to the beam parameter at the same position 
one complete round trip "earlier" is obtained from (2.1-6) after replacing 
f1,2 by (1/2)r1,2. The result is



UNSTABLE RESONATORS—ELECTROMAGNETIC ANALYSIS 687

(A-7)

(A-8)

(A-9)

(A-10)

so that

(A-11)

and

(A-12)

where

(A-13)

(A-14)

where the arrow denotes the direction of beam travel and

Once α and β are determined, we substitute them in (A-11) to determine 
the beam parameter q1. The resulting expression is extremely complicated 

so it may be advantageous to consider the special case where only one mirror,

The solution for the steady-state beam parameter q1 immediately following 

reflection from mirror 1 is given by (4.5-3) as

a and β are real.
Using (A-7) and (A-9) we have

According to (A-10) and (A-11) the parameters α and β are determined 
implicitly by means of the equations

(A-15)



688 UNSTABLE RESONATORS—ELECTROMAGNETIC ANALYSIS

say 1, has a positive reflectivity taper (t1 > 0), and to assume a uniform 
reflectivity for the second mirror (t2 = 0). By putting t2 = 0 in (A-15) and 
using the result in (A-13) we obtain

1An exception is the case g2 = 0 for which ω21 = 0.

Figure A-1 Behavior of mirror spot size as a function of g in a symmetric 
resonator (g1 = g2 = g) for various degrees of reflectivity tapering (t).

(A-16)

In a confined beam it is necessary that ω1-2 be finite and positive (that 

is, the left-going beam before reflection from mirror 1 has a finite spot size). 
Using (A-4) and (A-14) this last requirement translates into lλ/πω21n > 2t1. 

This condition is indeed satisfied, according to (A-16) by ω21 provided β < 

0. We are always free to choose β < 0, since for each (α, β) satisfying (A- 
9) (α and β real), the pair (-α, -β) is an equally valid solution. The solution 
with β < 0 is thus seen to lead to a confined beam regardless of g1(= 1 - 
L/R1) and g2(=1 - L/R2).1

We note, in contrast, that the stability (confinement) condition (4.4-2) 
for uniform reflectivity mirrors (t1 = t2 = 0) can be written as

(A-17)
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and is to be contrasted with the unconditional stability of the resonator with 
positive tapered (t1,2 > 0) mirrors.

It can be shown that for t1 > 0 and t2 > 0 the beam modes are stable 
for any combination of g1 and g2.2 The beam parameters are then determined 
from (A-1). A plot using (A-12) and (A-15) of ω1 versus g with t as a parameter 

in a symmetric (g1 = g2, t1 = t2) resonator is shown in Figure A-1. We note 
that when t = 0, that is, both mirrors possess uniform reflectivity, ω1 becomes 
infinite at g = ± 1, while for t > 0, ω1 is finite everywhere.

2A. Yariv and P. Yeh, "Confinement and stability in optical resonators employing mirrors with 
Gaussian reflectivity tapers," Opt. Commun. 13:370-374, April 1975.

The perturbation stability analysis of Section 4.5 can be used to derive the 
stability of the modes of the tapered mirror resonators. Using (A-9) in (4.5- 
11) leads to

(A-18)

It was shown in the discussion following (A-16) that confined (ω1-2 finite and 

positive) modes solutions require that we choose the β < 0 branch of (A- 
9). With this choice it follows from (A-18) that

(A-19)

so that the beam perturbation decays progressively with each passage. The 
effect of positive reflectivity tapering (α2 > 0) is thus to replace the neutral 
stability of (4.5-12) by the absolute stability of (A-19).

PERTURBATION STABILITY



B
Mode Locking in 

Homogeneously 

Broadened Laser 

Systems

The analysis of mode locking in inhomogeneous laser systems in Section 
6.6 assumed that the role of internal modulation was that of locking together 
the phases of modes that, in the absence of modulation, oscillate with random 
phases. In the case of homogeneous broadening, only one mode can normally 
oscillate. Experiments, however, reveal that mode locking leads to short 
pulses in a manner quite similar to that described in Section 6.6. One way 
to reconcile the two points of view and the experiments is to realize that in 
the presence of internal modulation, power is transferred continuously from 
the high gain mode to those of lower gain (that is, those which would not 
normally oscillate). This power can be viewed simply as that of the sidebands 
at (ω0 ± nω) of the mode at ω0 created by a modulation at ω. Armed with 
this understanding we see that the physical phenomenon is not one of mode 
locking but one of mode generation. The net result, however, is that of a 
large number of oscillating modes with equal frequency spacing and fixed 
phases, as in the inhomogeneous case, leading to ultrashort pulses.

The analytical solution to this case [1,2] follows an approach used 
originally to analyze short pulses in traveling wave microwave oscillators 
[3].

Referring to Figure B-1, we consider an optical resonator with mirror 
reflectivities R1 and R2 that contains, in addition to the gain medium, a 
periodically modulated loss cell. The method of solution is to follow one 
pulse through a complete round trip through the resonator and to require 
that the pulse reproduce itself. The temporal pulse shape at each stage is 
assumed to be Gaussian.

690
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Figure B-1 The experimental arrangement assumed in the theoretical analysis of 
mode locking in homogeneously broadened lasers.

Before proceeding, we need to characterize the effect of the gain medium 
and the loss cell on a traveling Gaussian pulse.

TRANSFER FUNCTION OF THE GAIN MEDIUM

Assume that an optical pulse with a field Ein(t) is incident on an amplifying 
optical medium of length l. Taking the Fourier transform of Ein(t) as Ein(ω), 
the amplifier can be characterized by a transfer function g(ω) where

(B-1)

is the Fourier transform of the output field. Equation (B-1) is a linear rela
tionship and applies only in the limit of negligible saturation.

Using (6.1-1), (5.5-1), and (5.5-2) we have 

where k = ωn/c and l is the length of the amplifying medium and we define 
T2 = (π Δv)-1. The approximation is good for (ω - ω0)T2 ≪ 1. We recall 
that ΔN0 < 0 for gain. Since the pulse is making two passes through the 
cell, we take

The imaginary terms in the exponent correspond to a time delay (due to the
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1The finite propagation delay affects the round-trip pulse propagation time that must be equal 
to the period of the loss modulation.

finite group velocity of the pulse) of

We are considering here only the effect on the pulse shape so that, ignoring 
the imaginary term,1 we obtain

(B-2)

TRANSFER FUNCTION OF THE LOSS CELL

Here we need to express the effect of the cell on the pulse in the time 
domain.

Assume that the single pass amplitude transmission factor T(t) of the 
loss cell is given by

where Δvaxial, the longitudinal mode spacing, is given by

where lc is the effective optical length of the resonator. The transmission 
peaks are thus separated by 2lc/c sec so that a mode-locked pulse can pass 
through the cell on successive trips with minimum loss. Since the pulses 
pass through the cell centered on the point of maximum transmission, we 
approximate the expression for Eout(t) by

(B-3)

We can view the form of (B-3) as the prescribed transmission function 
of the cell. The form, however, is suggested by physical considerations. In 
the case of an electrooptic shutter with a retardation (see Section 9.3) Γ(t) 
= Γmsin ωmt, the transmission factor is T(t) = cos2(Γ(t)/2)). Near the trans- 
mission peaks Γ(t) ≪ 1 and T(t) is given by

where ωm = πΔvaxial and Γm = 2√2δl.
We now return to the main analysis. The starting pulse f1(t) in Figure 

B-1 is taken as
(B-4)

corresponding to a "chirped" frequency

(B-5)
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A double pass through the amplifier and one mirror reflection (r1) are ac- 
counted for by multiplying F1(ω) by the transfer factor [g(ω)]2r1

where

(B-9)

(B-8)

A reflection from mirror 2 and a passage through the loss cell lead according 
to (B-3) to

(B-10)

For self-consistency we require that f3(t) be a replica of f1(t). We thus equate 
the exponent of (B-10) to that of (B-4)

(B-11)

Using (B-9), the second equation of (B-11) gives

Its Fourier transform is

(B-6)

(B-7)

where g0 ≡ γmaxl and [g(ω)]2 is given by (B-2). Transforming back to the 
time domain
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Figure B-2 A schematic drawing of the mode-locking experiment in a high pressure 
CO2 laser. (After Reference [4].) 

so that a self-consistent solution requires that

that, assuming

(B-12)

Figure B-3 The dependence of the pulse width on the gain linewidth, Δv, that is 
controlled by varying the pressure (Δv = 8 × 108 at 150 torr). (After Reference 
[4].)

that is, no chirp. With β1 = 0 the first of (B-11), becomes

results in
(B-13)
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Figure B-4 The mode-locked pulse width as a function of the modulation 
parameter, δ2l. (After Reference [4].)

The pulse width at the half intensity points is from (B-4) 

so that the self-consistent pulse has a width

(B-14)

where Δv ≡ (πT2)-1. The condition (B-13) can now be interpreted as re- 
quiring that τp ≫ 2√g0T2, which is true in most cases.

An experimental setup demonstrating mode locking in a pressure broad- 
ened CO2 laser is sketched in Figure B-2. The inverse square root dependence 
of τp on Δv is displayed by the data of Figure B-3, while the dependence on 
the modulation parameter δl is shown in Figure B-4.

MODE LOCKING BY PHASE MODULATION

Mode locking can be induced by internal phase, rather than loss, modulation. 
This is usually done by using an electrooptic crystal inside the resonator 
oriented in the basic manner of Figure 9-7 such that the passing wave under- 
goes a phase delay proportional to the instantaneous electric field across the 
crystal. The frequency of the modulating signal is equal, as in the loss 
modulation case, to the inverse of the round-trip group delay time, that is, 
to the longitudinal intermode frequency separation.
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We employ an analysis similar to that of the homogeneous case except 
that the transfer function through the modulation cell is taken, instead of 
(B-2), as

(B-15)

For pulses passing near the extrema of the phase excursion, we can ap
proximate the last equation as

(B-16)

An analysis identical to that leading to (B-14) yields

(B-17)

In this case self-consistency leads to a chirped pulse with

(B-18)

The upper and lower signs in (B-16) and (B-18) correspond to two possible 
pulse solutions, one passing through the cell near the maximum of the phase 
excursion and the other near its minimum.

We note that (B-17) is similar to the loss modulation result (B-14) except 
that δφ appears instead of δ2l. The difference can be traced into a difference 
between (B-3) and (B-15). The choice of notation in both cases is such that 
δ corresponds to the retardation induced by the electrooptic crystal.
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C
The Electrooptic

Effect in Cubic

43m Crystals

As an example of transverse modulation1 and of the application of the elec
trooptic effect we consider the case of crystals of the 43m symmetry group. 
Examples of this group are: InAs, CuCl, GaAs, and CdTe. The last two are 
used for modulation in the infrared since they remain transparent beyond 
10 μm. These crystals are cubic and have axes of fourfold symmetry along 
the cube edges (‹100› directions) and threefold axes of symmetry along the 
cube diagonals ‹111›.

To be specific, we apply the field in the ‹111› direction—that is, along 
a threefold-symmetry axis. Taking the field magnitude as E, we have

(C-1)

where e1, e2, and e3 are unit vectors directed along the cube edges x, y, and 
z, respectively. The three nonvanishing electrooptic tensor elements are, 
according to Table 9-1 [see 43m tensor], r41, r52 = r41, and r63 = r41. Thus, 
using Equations (9.1-2) through (9.1-4), with 

we obtain

1"Transverse modulation" is the term applied to the case when the field is applied normal to 
the direction of propagation.

697 

(C-2)
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as the equation of the index ellipsoid. One can proceed formally at this point 
to derive the new directions x', y', and z' of the principal axes of the ellipsoid. 
A little thought, however, will show that the ‹111› direction along which the 
field is applied will continue to remain a threefold-symmetry axis, whereas 
the remaining two orthogonal axes can be chosen anywhere in the plane 
normal to ‹111›. Thus (C-2) is an equation of an ellipsoid of revolution about 
‹111›. To prove this we choose ‹111› as the z' axis, so

(C-3)

and take

(C-4)

Therefore

(C-5)

Substituting (C-5) in (C-2), we obtain the equation of the index ellipsoid in 
the x', y', z' coordinate system as

(C-6)

so the principal indices of refraction become

(C-7)

It is clear from (C-6) that other choices of x' and y', as long as they are 
normal to z' and to each other, will work as well since x' and y' enter 
(C-6) as the combination x'2 + y'2, which is invariant to rotations about 
the z' axis. The principal axes of the index ellipsoid (C-6) are shown in 
Figure C-1.

An amplitude modulator based on the foregoing situation is shown in 
Figure C-2. The fractional intensity transmission is given by (9.3-4) as
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Figure C-1 The intersection of the index ellipsoid of 43m crystals (with E parallel 
to ‹111›) with the planes x' = 0, y' = 0, z' = 0. The principal indices of refraction 
for this case are nx', ny', and nz'.

where the retardation, using (C-7), is

(C-8)

An important difference between this case where the electric field is applied 
normal to the direction of propagation and the longitudinal case (9.2-4) is 
that here Γ is proportional to the crystal length l.

Figure C-2 A transverse electrooptic modulator using a zinc-blende-type (43m) 
crystal with E parallel to the cube diagonal ‹111› direction.
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A complete discussion of the electrooptic effect in 43m crystals is given 
in C. S. Namba, J. Opt. Soc. Am., vol. 51, p. 76, 1961. A summary of his 
analysis is included in Table C-1.

TabIe C-1 Electrooptical Properties and Retardation in 43m (zinc-blende structure) Crystals 
for Three Directions of Applied Field (After C. S. Namba, J. Opt. Soc. Am., vol. 51, p. 76, 
1961.)

E⊥(001) plane E⊥(110) plane E⊥(111) plane

Index ellipsoid 

n'x 

n'y 

n'z 

x' y' z' coordinates

Directions of optical 
path and axes of 
crossed polarizer

Retardation phase 
difference Γ(V = 
Ed)



D
Noise in Laser

Amplifiers

In Section 10.6 we discussed the effect of spontaneous emission power on 
the spectral width of the laser output. In this appendix we will derive the 
effect of spontaneous emission noise on a laser amplifier in which the gain 
medium, with no mirrors, is used to amplify a weak input field. The basic 
engineering problem is to find the degradation of the signal-to-noise power 
that is caused by the (inevitable) addition of some spontaneous emission 
(noise) power to the amplified signal. A typical experimental situation is 
shown in Figure D-1.

An inverted atomic medium with population densities N2 and N1 in the 
upper and lower transition levels occupies the space between z = 0 and z 
= L. An optical beam with power P is focused through an aperture with an 
area A1 into the gain medium and exits through an aperture A2. The coherent 
amplification of the input beam power P due to stimulated emission is given 
by

(D-1)

where γ, the exponential gain constant, is given by (5.3-3) as

(D-2)

Let us consider next the details of how spontaneous radiation (noise) is 
emitted, amplified, and mixes with the signal beam to degrade its signal-to- 
noise ratio.
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Figure D-1 A laser amplifier consisting of an inverted atomic medium contained 
between two screens. The signal beam is injected so that its waist coincides with 
the front screen.

An element dz at z with area A emits spontaneously

(D-3)

watts of power. Since this power is emitted isotropically over the 4π solid 
angle, only a fraction dΩ/4π of the total is fed into the solid angle dΩ 
subtended by the laser beam and ultimately intercepted by the detector. 
Similarly, it follows from the definition in Section 5.1 of the line-shape 
function g(v) that only a fraction g(v)Δv of the total spectrum of the spon- 
taneous radiation falls within the transmission bandpass Δv of the filter. The 
total noise power emitted by the elemental volume A dz within the spectral 
region Δv and solid angle dΩ allowed into the detector is thus

(D-4)

where the factor ½ in front accounts for the polarizer that can remove half 
of the (isotropically polarized) noise without affecting the (linearly polarized) 
signal power. The smallest solid angle dΩ that we can use without sacrificing 
signal power is that subtended by the beam

(D-5)

where A = πω21 and θb = λ/πω1n is the far-field diffraction angle of the signal 
beam as shown in Figure D-1. The value λ2/n2A is often referred to as the 
solid angle per mode.

Using (D-1) and (D-5), we rewrite (D-4) as

(D-6)
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The total evolution of beam power including the induced and sponta- 
neous transitions is thus given by the sum of the emitted powers. (If the two 
contributions were coherent we would add their fields.)

The solution of (D-7) subject to the boundary condition P(0) = P0 is

(D-8)

where

(D-10)

(D-11)

which for an ideal four-level gain medium (μ = 1) and high gain (G ≫ 1) 
becomes

If the laser amplifier were to be employed as a preamplifier in an optical 
receiver, then the minimum detectable power in the sense defined in Section 
11.4 is given by

(D-12)

which is the same as that obtained in (11.4-10) in the case of a heterodyne 
detection scheme with unity quantum efficiency (η = 1). The laser pream- 
plifier is thus an "ideal" quantum limited receiver.1

The approach leading to (D-7) is quite general and should apply also to 
an atomic medium that is in thermal equilibrium (at T) and hence is absorbing. 
We can use (D-7) in this case, provided we put γ(v) → -α(v), α (being the

1A practical note: To achieve the minimum detectable signal power, we need, according to 
(D-12), to reduce the bandwidth ∆v as much as possible. This is more easily done at the radio 
frequencies of the heterodyne signal than at optical frequencies. The practical advantage thus 
lies with heterodyne reception.

(D-7)

is the population inversion factor. The signal-to-noise power ratio at the 
output of the amplifier is

G ≡ exp(γL) is the one-pass gain. From the point of view of power book- 
keeping, the effect of spontaneous emission is seen to be equivalent to a 
noise input power
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medium absorption coefficient) and (N2/N1) = exp(-hv/kT) as appropriate 
to a medium in thermal equilibrium.

The result is

(D-13)

whose solution is

whose solution is

(D-14)

If the medium is "black" e-αL ≪ 1 (i.e., all incident radiation is absorbed), 
the output power is

(D-15)

independent of L and the input. This result is the same as the Johnson noise 
formula (10.5-6) which was obtained using quite a different point of view.

If the laser medium contains a transition, other than that responsible for 
the gain, that causes an absorption coefficient a and is characterized by a 
temperature T (this would be the temperature appearing in the Boltzmann 
ratio of the populations involved), then we must add the spontaneous emis- 
sion from the upper to lower level of this transition to that from the upper, 
amplifying, laser level. Using (D-7) and (D-13) we obtain

(D-16)

(D-17)

At optical frequencies where hv ≫ kT, the contribution of the first term 
in the brackets, which represents spontaneous emission due to atomic levels 
involved in the absorbing transitions, is, in most cases, negligible compared 
to the second term, which is due to spontaneous emission in the lasing 
transition. At lower, say microwave, frequencies the loss contribution may 
become appreciable.



E
Transformation 

of a Coherent 

Electromagnetic 

Field by a Thin 

Lens

In this appendix we will derive one of the most important results of the 
theory of coherent optics, which deals with the transformation of a coherent 
monochromatic field by a lens. A special case of this derivation was stated 
as Equation (17.10-3).

Consider the propagation of an optical beam 

from an "input" plane z = 0 through a lens at z and then to the back focal 
"output" plane at z + f as shown in Figure E-1. u(x) is thus the complex 
amplitude of the field, and f is the focal length of the lens.

We use Equation (4.9-2) to transform the input beam at z = 0 to the 
plane 1.

(E-1)

705

We use

to rewrite (E-1) as

(E-2)

(E-3)
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Figure E-1 A lens at z transforms an "input" beam u(x, y) at z = 0 to an "output" 
at z + f. The lens plane is designated as ∑1 and assumed infinite in its transverse 
dimensions so that truncation effects are neglected.

In (E-2) and the rest of this appendix, s.y. stands for "similar terms with x 
→ y." As an example [(x1 - x)2 + s.y.] ≡ [(x1 - x)2 + (y1 - y)2]. Relation 
(E-3), which results from using the approximate form of (E-2), is called the 
Kirchhoff diffraction integral. The approximation is valid when the neglected 
terms in (E-2) multiplied by k( = 2π/λ) are small compared to 2π. The field 
at plane Σ2 is obtained by multiplying the field at u1 at 1 by the lens transfer 
function (2.3-1)

(E-4)

Next we apply (E-3) again to "propagate" from plane 2 to 3

(E-5)

We rearrange the sum of all of the terms in the exponents of (E-5). The 
result is



TRANSFORMATION OF A COHERENT ELECTROMAGNETIC FIELD BY A THIN LENS 707

Changing the order of integration, we rewrite (E-5) as

(E-6)

Considering the apertures Σ0, Σ2 as infinite and using the definite integral 

the integral over Σ2 is equal to -i2πz/k so that recalling that kλ = 2π, 
(E-6) becomes

(E-7)

Recalling the definition (17.10-1) of the Fourier transform, we can rewrite 
(E-7) as

(E-8)

F{u(x, y)} is the double (x, y) Fourier transform of u(x, y) and is a function 
of the variables p and q. An especially simple form results if the plane Σ0 
is the front focal plane, i.e., z = f. In this case

(E-9)

The output field u3(x3, y3, 2f ) is thus the (scaled) Fourier transform of 
the input field u(x, y). Equation (E-9) was stated in the book as Equation 
(17.10-3).





Index

ABCD law, 125
Absorption: of light, 158; in semiconductors, 559
Absorption quantum efficiency, 231
Acoustooptic materials, 472
Ag-O-Cs photoconductive material, 402
Amplification: of light, 158; in semiconductors, 

559
Amplified spontaneous emission, 449
Amplifier limited detection, 432
Amplifier (optical) noise, 701
Amplitude modulation (AM) of light, 327
Analytic signal, 29
Ar+ laser, 244
Array mode, supermode, 533
Asymmetric slab waveguide, 488
Atomic susceptibility, 165
Attenuation in fibers, 104
Autocorrelation, 200; of coherent light, 203, 360
Avalanche photodiode, 432

Background limited detection, 441
Background limited infrared performance (BLIP), 

443
Background radiation, 442
Basis vector, 25
Beam amplification, 670
Beam modes, 53, 55, 56
Bessel differential equation, 76
Bessel functions, 76, 77, 81, 89, 96; modified, 76
Biperiodic lens sequence, 39
Birefringence, 12, 310

Bragg condition, Bragg resonance, 502
Bragg diffraction, 464, 466; by stimulated

Brillouin scattering, 674
Bragg frequency, 501
Broadening, spectral, 150
Built-in junction potential, 419
Bulk modulus, 470
Buried heterostructure laser, 572

Carbon dioxide laser, 241
Carrier multiplication, 433
Carson's theorem, 363
Centrosymmetric crystals, 266
Chirp, 64
Circular polarization, 25
CO2 laser, 241-243
Coherence length, 272; time, 386
Complex-function formalism, 1
Conduction band, 553
Confined guided modes, 486
Confinement condition, unstable resonator, 688
Confocal resonator, 42, 123, 124, 129
Conversion efficiency in second-harmonic 

generation, 272
Corrugated waveguide, 493
Coupled mode: equations, 493, 525; theory, 520
Coupling, two beam, 670
Coupling constant, 497, 521
Coupling distances, coupling length, 522
Critical fluorescence power, 183
Cross section, 229

709
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Current multiplication factor, 434
Cutoff conditions of waveguide modes, 81
Cutoff frequency, 488

D* (D-star), 443
Dark current, 404, 405, 431
Deflection of light by sound, 473
Degenerate parametric amplification, 286
Degenerate semiconductor, 556
Demultiplexing, 522
Density of states: function, 555, 596; in quantum 

well, 596
Depletion layer, 419, 423
Detection of optical radiation, 399
Detection sensitivity, 430
Detectivity, 443
Diagonalization of optical propagation tensor, 12
Dielectric waveguide, 480
Differential quantum efficiency, 574
Diffraction: of light by sound, 461; losses, 111
Diffraction efficiency from volume grating, 640
Diffraction grating reflector, 251
Diffraction theory, 136
Diffusion length, 423
Dipolar dissipation in harmonic fields, 5
Direct-current modulation of semiconductor 

lasers, 576
Directional coupling, 528; waveguide directional 

couplers, 520
Distributed feedback laser, 504
Distributed loss constant, 175
Doppler broadening, 153
Doppler frequency shift, 466
Double-heterostructure GaAs-GaAlAs laser, 565
Drift velocity, 425, 426
Dye, molecules, 247
Dynodes in photomultipliers, 401

Effective mode index, 86, 491
Eigenmode, 525, 527
Eigenvalue equation, 489, 491
Eigenvalues, propagation constants, 533
Eigenvector, 533
Eigenwaves, 17
Elastic stiffness constant, 470
Electric permeability tensor, 11
Electric susceptibility, 6, 11
Electromagnetic energy, 5
Electromagnetic modes, parity of, 485
Electron oscillator model of atomic transitions, 

160
Electrooptic coefficients, table of, 317
Electrooptic crystal, 211
Electrooptic effect, 309; in cubic crystals, 697

Electrooptic light deflection, 336
Electrooptic modulation: bandwidth, 333; in 

waveguides, 512, 516
Electrooptic modulator: transverse, 332; traveling 

wave, 335
Electrooptic retardation, 324
Electrooptic tensor, 311
Electrooptic thin film modulation, 516, 518
Electrostrictive constant, 671
Energy band, 420, 567
Energy gap in Ga1-xAlxAs, 566
Energy levels of electrons, 553
Equivalent resonator systems, 142
Er3+ -silica laser, 254
Erbium doped silica fibers, 450
Error probability, binary, 392
Excimer laser, 244
Exciplex, 244
Extraordinary wave, 15, 17

Fabry-Perot etalon, 112, 115, 174
Fabry-Perot interferometer, 116
Faraday isolator, 28, 29
Faraday rotation, 26
Far field, 533, 575
Fermi-Dirac law, 556
Fermi energy, 556
Fiber: attenuation in, 105; dispersion, 97, 99, 105; 

mode characteristics, 81
Fiber link, 437, 439
Finesse of optical resonators, 117, 118
Forbidden region, grating bandgap, 498
Fourier transform integrals, 359
Fourier transform spectroscopy, 388
Four-level laser, 181, 232
Four-wave mixing, 611
Free spectral range, 114
Frequency modulation of light, 329, 342
Frequency pulling, 181
Frequency response of photodiodes, 424
Frequency shift in Bragg scattering, 473
Frequency tuning in parametric oscillation,

297
Frequency up-conversion, 302
Fresnel number, 135, 139
Fused quartz, scattering in, 473

GaAs junction photodiodes, 429
GaAs/AlGaAs superlattices, 444
GaAs/Ga1-xAlxAs lasers, 565
GaInAsP lasers, 576
Gain coefficient for stimulated Brillouin

scattering, 676
Gain constant of laser media, 159
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Gain: in quantum well lasers, 598; in 
semiconductors, 559

Gain saturation: in homogeneous laser media, 
166; in inhomogeneous laser media, 169

Gas laser, 241; high pressure operation of, 252
Gauss theorem, 4
Gaussian beams: ABCD law, 49; complex beam 

radius, 50; elliptic, 67; focusing, 52; higher- 
order modes, 57; in homogeneous media, 46; in 
lenslike media, 49; in lens sequence, 125; in 
lens waveguide, 53; transformation of, 48, 50

Gaussian mirror, 146
Generation recombination noise in 

photoconductive detectors, 414
Germanium detectors, 411, 415
Giant pulse lasers, 205
Grating function, 536
Group velocity, 59, 61, 97
Group velocity dispersion, 74, 97
Guided modes, confined modes, 480, 482 
Guided-wave acoustooptic diffraction, 476

Half-wave plate, 20, 30
He-Ne laser, 239
Hermite-Gaussian functions, 54, 57
Hermitian conjugate, 19, 31
Heterodyne detection: in photoconductors, 416; 

in photomultipliers, 404, 407
Heterojunction lasers, 565
HgCdTe infrared detectors, 441, 446
Hg-doped germanium detectors, 411, 415
High pressure gas laser, 252
Hole burning, 192, 213
Holographic storage, 551
Holography, 546
Homogeneous broadening, 152
Hybrid modes, 74, 81
Hypersonic wave, 670

Image processing by four-wave mixing, 631 
Index ellipsoid, 11, 13; in electric field, 309
Index of refraction, 8
Induced transitions, 155 
infrared imaging, 441
Inhomogeneous broadening, 153
Injection lasers, 565 
Integrated optics, 585
Integrated optoelectronics, 585
Interaction of light and sound, 461 
Interferometer, Fabry-Perot, 116
Internal second-harmonic generation, 280-284
Inversion density, 561
Inversion symmetry in crystals, 264
Isolator, 28, 29

Jones calculus, 16
Junction capacitance, 422
Junction photodiodes, 422

Kerr effect (constant), 612
KH2PO4 (=KDP): dispersion data, 273; 

electrooptic effect, 314, 322, 332; second- 
harmonic generation in, 266-274

Lamb dip, 213
Laplacian operator, 75
Laser efficiency, 226
Laser rate equations, 184
Lattice constant, 572
Lenslike media, 42
Lens transformation, 705
Lens waveguide, 39, 40
LiNbO3, parametric amplification in, 292; 

parametric oscillation threshold in, 297; phase 
modulation, 346

Linearly polarized modes, 87
Linear polarization, 259
Lineshape. 150
Linewidth, Schawlow-Townes formula, 375
Lithium tantalate, 30
Littrow arrangement of gratings, 251
Local maximum power transfer condition, 680
Local oscillator, 407, 416

Material dispersion, 98
Materials for acoustooptic interactions, 472
Maxwell's equations, 2
Mercury-cadmium-telluride infrared detectors 

(MCT), 441, 446
Mercury-doped germanium detectors, 411, 415 
Methods of Q-switching, saturable absorber, 211 
Minimum detectable powers/signal, 409, 417, 432, 

436
Mode, cutoff conditions, 81
Mode dispersion, 59, 97
Mode locking, 190, 193; homogeneously 

broadened lasers, 690
Modes: hybrid, 81; in optical fibers, 87, 94; 

power flow and power density, 95; TE, TM 
mode, 81

Mode stability criteria, 123
Modulation index, 331, 346
Modulation of light: acoustooptic, 461; amplitude, 

327, 347; phase, 330, 346
Molecular laser, 241
Momentum conservation in Bragg diffraction, 464
Monolithic integration, 585
Multiguide directional coupler, 522
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Multimode laser oscillation, 190
Multiplexing, 522

Nd3: YAG laser, 232
Near field, 533
Neodymium-glass Iaser, 235
Neodymium lasers, 232-235
NEP (noise equivalent power), 443
Noise: Johnson, 356, 367; in photomultipliers, 

404; shot, 356, 364; spontaneous emission, 372
Noise equivalent circuits, 430
Noise equivalent power (NEP), 443
Noise figure of amplifiers, 431
Noise in laser amplifiers, 701
Noise in lasers, 436
Noise power, 356
Noise temperature (effective), 431, 453
Noncentrosymmetric crystals, 264
Nonlinear optical coefficients, 263-265
Nonlinear optics, wave propagation in, 268
Nonlinear polarization, 258
Nonlinear susceptibilities, 263-265
Normal (index) sufaces, 16
N-waveguide system, waveguide array, 530

Odd TE modes, 487
Optical fiber amplifiers, 449
Optical fiber link, 437, 439
Optical fibers, 77; attenuation in, 104; graded- 

index, 100; loss spectrum, 105; modal 
dispersion, 97, 98; parabolic-index, 100, 104; 
waveguide dispersion, 98

Optical isolator, 28, 29
Optically induced transitions, 400
Optical repeater, 585
Optical resonator: diffraction losses, 132, 144; 

diffraction theory approach, 136; eigenmodes, 
138; Gaussian beams in, 119; Iosses, 130; mode 
stability, 124, 127; oscillation frequencies, 128

Optical second-harmonic generation, 258-270
Optical spectrum analyzers, 116
Optical storage, 551
Optimum output coupling in laser oscillators, 187 
Ordinary wave, 15, 17
Organic-dye laser, 247
Oscillation condition: in distributed feedback 

lasers, 506; in lasers, 176; for stimulated 
Brillouin scatterings, 678

Oscillation frequency, 179

Parametric amplification, 285, 286
Parametric oscillation, 258-300
Paraxial ray, 35
Pauli exclusion principle, 553

Periodic dielectric waveguide, 493
Periodic perturbation, 493
Perturbation stability of optical resonators, 689
Phase conjugate mirror: using CS2, 619;

oscillation condition, 616
Phase conjugate optics: coupled mode formalism,

612; distortion correction, 625; distortion 
correction theorem, 609; holographic analog, 
626; image processing, 665; imaging through 
distorter, 629

Phase conjugate resonators, 620, 622
Phase conjugation: self-pumped mirror, 654; by 

stimulated Brillouin scattering, 678
Phase matching: in parametric amplification, 292; 

in second-harmonic generation, 272
Phase modulation of light, 329, 342
Phase noise, 377
Phase retardation, 516
Phase velocity, 8
Photoconductive detectors, 411
Photoelastic constants, 671; table of, 471, 472
Photomultiplier, 401
Photon lifetime, 131
Photorefractive effect, 643
Photorefractive oscillator, 654, 662
Photorefractive two-beam coupling, 641, 650 
P-i-n photodiode, 423
P-n junction, 419
Poisson's statistics, 410
Polarization states, 25
Polarization: Iinear, 259; nonlinear, 258
Power dissipation. 5
Power exchange between beams in stimulated

Brillouin scattering, 675
Power flow in harmonic fields, 9
Power fluctuation noise in lasers, 436
Power output of injection laser, 573
Pressure broadening, 252
Principal dielectric axes, 11
Propagation constant: eigenvalues, 526; of light 

waves, 59
Propagation kernel, 139, 143
Propagation of optical beams. 74
Pulse spreading, 60, 61
Pumping efficiency, 226

Q factor of optical resonators, 110, 111, 120, 131
Q-switching. 205
Quadratic gain, 66
Quadratic index media, 42, 45
Quantum efficiency, 412, 417
Quantum limit of optical detection, 407, 409
Quantum well infrared detectors, 445
Quantum well lasers, 592
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Quarter-wave shifted DFB laser, 513
Quasi-Fermi levels, 556

Radiation modes, 483
Ray matrices, 37
Recombination lifetime, 414
Reflectivity tapering, 685
Relative intensity noise (RIN), 437
Relaxation oscillation, 216
Relaxation resonance frequency, 578
Resonator modes, 125; number of, 111 
Retardation, 18
Retardation plates, 17
RIN (relative intensity noise), 437
Rotation matrix, 19
Ruby laser, 227

Saturable absorber, 198
Saturation of drift velocity, 426
Saturation intensity, 168, 172
Saturation power, 188
Sb-Cs, photoconductive material, 402
Scattering of light by sound, 461
Schottky photodiodes, 428, 435
Secondary emission, 403
Second-harmonic generation, 258-270; with 

depleted input, 278; with Gaussian beams, 276; 
inside laser oscillator, 280; phase matching in, 
272; photon model, 285

Selection rules, 597
Self-heterodyning, 388
Self-reproducing stable field. 120
Semiconductor, junction lasers, 565
Semiconductor laser amplifiers, 455
Semiconductor photodiodes, 422
Semiconductor physics, 553
Sequence of lenses, biperiodic, 138
Shot noise, 356, 364, 404, 406, 408, 450, 702
Signal-to-noise ratio in optical communication, 

431, 435, 450
Slab waveguide, 481
Solid angle per mode, 702
Sound: diffraction of light by, 461; interaction 

with light, 461
Spectral broadening, 150
Spectral density function, 360
Spontaneous emission, 149
Spontaneous emission noise, 436
Spontaneous transitions (lifetime), 149
Stability condition: for lens waveguide, 40; for 

optical resonators, 124
Stimulated Brillouin scattering (SBS), 670, 674, 

677

Stored electromagnetic energy, 5
Strain, 470
Supermode, composite mode, 527, 530
Susceptibility: electric, 6; linear, 263; nonlinear, 

263-265; tensor, 11
Symmetric slab waveguide, 483

Tapered reflectivity mirror, 146
TE modes, transverse electric modes, 484, 487
Thermal generation current, 448
Thin lens, 36
Thin lens transformation, 705
Three-level laser, 181, 228
Threshold, 176
Threshold current density in semiconductor 

lasers, 569
TM modes, 484, 490
Transformation of Gaussian beams, 50
Transition cross section, 229
Transit-time reduction factor, 427
Transverse electrooptic modulator, 697
Transverse modes, 69, 70
Transverse resonance frequencies, 130
Two-beam coupling, 638; by stimulated Brillouin 

scattering, 670

Ultra-low threshold lasers, 603
Uniaxial crystal, 13
Unitary transformation, 19
Unstable resonators, 685

Very high frequency sampling, 522
Vibrational modes: of CO2 molecule, 242; of N2 

molecule, 241
Video detection in photomultipliers, 404

Wave equation: for nonlinear optics, 268; for 
stimulated Brillouin scattering, 676

Wave equations in cylindrical coordinates, 75
Wavefront reconstruction, 546
Waveguide (step-index), 77
Waveguide directional coupler, 520 
Waveguide dispersion, 98
Wave propagation: in an anisotropic media, 6; in 

crystals, 11; in nonlinear media, 268
Wiener-Khintchine theorem, 360
WKB approximation, 101

YAG(= Y3Al5O12), 232

Zinc blende crystal structure, 264
Zinc sulfide (ZnS), 264-267
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