
4 Optical Resonators

4.0 INTRODUCTION

Optical resonators, like their low-frequency, radio-frequency, and micro- 
wave counterparts, are used primarily in order to build up large field inten- 
sities with moderate power inputs. They consist in most cases of two, or 
more, curved mirrors that serve to "trap," by repeated reflections and re- 
focusing, an optical beam that thus becomes the mode of the resonator. A 
universal measure of this property is the quality factor Q of the resonator. 
Q is defined by the relation

110

(4.0-1)

As an example, consider the case of a simple resonator formed by bouncing 
a plane TEM wave between two perfectly conducting planes of separation 
l so that the field inside is

(4.0-2)

According to (1.3-22), the average electric energy stored in the resonator is

(4.0-3)

where A is the cross-sectional area, ε is the dielectric constant, and T = 2π/ω 
is the period. Using (4.0-2) we obtain

(4.0-4)
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where V = lA is the resonator volume. Since the average magnetic energy 
stored in a resonator is equal to the electric energy [1], the total stored 
energy is

(4.0-6)

The main difference between an optical resonator and a microwave reson
ator—for example, one operating at λ = 1 cm (v = 3 × 1010 Hz)—is that in 
the latter case one can easily fabricate the resonator with typical dimensions 
comparable to λ. This leads to the presence of one, or just a few, resonances 
in the region of interest. In the optical regime, however, λ ≃ 10-4 cm, so 
the resonator is likely to have typical dimensions that are very large in 
comparison to the wavelength. Under these conditions the number of 
resonator modes in a frequency interval dv is given (see Problem 4-8 or, for 
example, Reference [2]) by

(4.0-7)

where V is the volume of the resonator. For the case of V = 1 cm3, v = 3 × 1014 
Hz and dv = 3 × 1010, as an example, (4.0-7) yields N ~ 2 × 109 modes. If 
the resonator were closed, all these modes would have similar values of Q. 
This situation is to be avoided in the case of lasers, since it will cause the 
atoms to emit power (thus causing oscillation) into a large number of modes, 
which may differ in their frequencies as well as in their spatial characteristics.

This objection is overcome to a large extent by the use of open reson- 
ators, which consist essentially of a pair of opposing flat or curved reflectors. 
In such resonators the energy of the vast majority of the modes does not 
travel at right angles to the mirrors and will thus be lost in essentially a 
single traversal. These modes will consequently possess a very low Q. If 
the mirrors are curved, the few surviving modes will, as shown below, have 
their energy localized near the axis; thus the diffraction losses caused by 
the open sides can be made small compared with other loss mechanisms 
such as mirror transmission. (This point is considered in detail in Section 
4.9. The subject of losses is also considered in Section 4.7.)

(4.0-5)

Thus, recognizing that in steady state the input power is equal to the dis- 
sipated power, and designating the power input to the resonator by P, we 
obtain from (4.0-1)

The peak field is given by
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The Fabry-Perot etalon, or interferometer, named after its inventors [3], 
can be considered as the archetype of the optical resonator. It consists of a 
plane-parallel plate of thickness l and index n that is immersed in a medium 
of index n'.1 Let a plane wave be incident on the etalon at an angle θ' to 
the normal, as shown in Figure 4-1. We can treat the problem of the trans- 
mission (and reflection) of the plane wave through the etalon by considering 
the infinite number of partial waves produced by reflections at the two end 
surfaces. The phase delay between two partial waves—which is attributable 
to one additional round trip—is given, according to Figure 4-2, by

1In practice, one often uses etalons made by spacing two partially reflecting mirrors a distance 
l apart so that n = n' = 1. Another common form of etalon is produced by grinding two plane- 
parallel (or curved) faces on a transparent solid and then evaporating a metallic or dielectric 
layer (or layers) on the surfaces.

Figure 4-1 Multiple reflections model for analyzing the Fabry-Perot etalon.

4.1 FABRY-PEROT ETALON

(4.1-1)

where λ is the vacuum wavelength of the incident wave and θ is the internal 
angle of incidence. If the complex amplitude of the incident wave is taken 
as Ai, then the partial reflections, B1, B2, and so forth, are given by

where r is the reflection coefficient (ratio of reflected to incident amplitude), 
t is the transmission coefficient for waves incident from n' toward n, and r' 
and t' are the corresponding quantities for waves traveling from n toward
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Figure 4-2 Two successive reflections, A1 and A2. Their path difference is given 
by

n'. The complex amplitude of the (total) reflected wave is Ar = B1 + B2 + 
B3 + · · ·, or

(4.1-3)

where a phase factor exp(iδ/2), which corresponds to a single traversal of 

the plate and is common to all the terms, has been left out. Adding up the 
A terms, we obtain

for the complex amplitude of the total transmitted wave. We notice that the 
terms within the parentheses in (4.1-2) and (4.1-3) form an infinite geometric 
progression; adding them, we get

(4.1-4)

and

(4.1-5)

(4.1-2)

For the transmitted wave,
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where we used the fact that r' = -r, the conservation-of-energy relation that 
applies to lossless mirrors

for the transmitted fraction. Our basic model contains no loss mechanisms, 
so conservation of energy requires that It + Ir be equal to Ii, as is indeed the 
case.

Let us consider the transmission characteristics of a Fabry-Perot etalon. 
According to (4.1-7) the transmission is unity whenever

as well as the definitions

R and T are, respectively, the fraction of the intensity reflected and trans
mitted at each interface and will be referred to in the following discussion 
as the mirrors' reflectance and transmittance.

If the incident intensity (watts per square meter) is taken as AiA*i, we 
obtain from (4.1-4) the following expression for the fraction of the incident 
intensity that is reflected:

(4.1-6)

Moreover, from (4.1-5),

(4.1-7)

(4.1-8)

Using (4.1-1), the condition (4.1-8) for maximum transmission can be written
as

(4.1-9)

where c = vλ is the velocity of light in vacuum and v is the optical frequency. 
For a fixed l and θ, (4.1-9) defines the unity transmission (resonance) fre- 
quencies of the etalon. These are separated by the so-called free spectral 
range

(4.1-10)

Theoretical transmission plots of a Fabry-Perot etalon are shown in 
Figure 4-3. The maximum transmission is unity, as stated previously. The
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Figure 4-3 Transmission characteristics (theoretical) of a Fabry-Perot etalon. 
(After Reference [4].) 

minimum transmission, on the other hand, approaches zero as R approaches 
unity.

If we allow for the existence of losses in the etalon medium, we find 
that the peak transmission is less than unity. Taking the fractional intensity 
loss per pass as (l - A), we find that the maximum transmission drops from 
unity to

(4.1-11)

The proof of (4.1-11) is left as an exercise (Problem 4-2).
An experimental transmission plot of a Fabry-Perot etalon is shown in 

Figure 4-4.

Figure 4-4 Experimental transmission characteristics of a Fabry-Perot etalon at 
6328 Å as a function of the etalon optical length with R = 0.9 and A = 0.98. The 
two peaks shown correspond to a change in the optical length Δ(nl) = λ/2. (After 
Reference [5].)
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4.2 FABRY-PEROT ETALONS AS OPTICAL SPECTRUM ANALYZERS

According to (4.1-8), the maximum transmission of a Fabry-Perot etalon 
occurs when

(4.2-1)

Taking, for simplicity, the case of normal incidence (θ = 0°), we obtain the 
following expression for the change dv in the resonance frequency of a given 
transmission peak due to a length variation dl

(4.2-2)

where Δv is the intermode frequency separation as given by (4.1-10). Ac- 
cording to (4.2-2), we can tune the peak transmission frequency of the etalon 
by Δv by changing its length by half a wavelength. This property is utilized 
in operating the etalon as a scanning interferometer. The optical signal to 
be analyzed passes through the etalon as its length is being swept. If the 
width of the transmission peaks is small compared to that of the spectral 
detail in the incident optical beam signal, the output of the etalon will con- 
stitute a replica of the spectral profile of the signal. In this application it is 
important that the spectral width of the signal beam be smaller than the 
intermode spacing of the etalon (c/2nl) so that the ambiguity due to simul- 
taneous transmission through more than one transmission peak can be avoided. 
For the same reason the total length scan is limited to dl < λ/2n. Figure 4-5 
demonstrates the operation of a scanning Fabry-Perot etalon; Figure 4-6 
shows intensity versus frequency data obtained by analyzing the output of

Figure 4-5 Typical scanning Fabry-Perot interferometer experimental 
arrangement.
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Figure 4-6 Intensity versus frequency analysis of the output of an He-Ne 6328 Å 
laser obtained with a scanning Fabry-Perot etalon. The horizontal scale is 250 
MHz per division.

a multimode He-Ne laser oscillating near 6328 Å. The peaks shown corre- 
spond to longitudinal laser modes, which will be discussed in Section 4-5.

It is clear from the foregoing that when operating as a spectrum analyzer 
the etalon resolution—that is, its ability to distinguish details in the spec
trum—is limited by the finite width of its transmission peaks. If we take, 
somewhat arbitrarily,2 the limiting resolution of the etalon as the separation 
Δv1/2 between the two frequencies at which the transmission is down to half 
of its peak value, from (4.1-7) we obtain

2For a more complete discussion concerning the definition of resolution, see Reference [4].

(4.2-3)

where δ1/2 is the value of 8 corresponding to the two half-power points— 
that is, the value of δ at which the denominator of (4.1-7) is equal to 2(1 - R)2. 
If we assume (δ1/2 - 2mπ) ≪ π, so that the width of the high-transmission 
regions in Figure 4-3 is small compared to the separation between the peaks, 
we obtain

(4.2-4)

or using (4.1-10) and defining the etalon finesse as

(4.2-5)
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we obtain

(4.2-6)

for the limiting resolution. The finesse F (which is used as a measure of the 
resolution of Fabry-Perot etalon) is, according to (4.2-6), the ratio of the 
separation between peaks to the width of a transmission bandpass. This ratio 
can be read directly from the transmission characteristics such as those of 
Figure 4-4, for which we obtain F ≃ 26.

Numerical Example: Design of a Fabry-Perot Etalon 

Consider the problem of designing a scanning Fabry-Perot etalon to be used 
in studying the mode structure of a He-Ne laser with the following char- 
acteristics: llaser= 100 cm and the region of oscillation = Δvgain = 1.5 × 109 
Hz.

The free spectral range of the etalon (that is, its intermode spacing) must 
exceed the spectral region of interest, so from (4.1-10) we obtain

(4.2-7)

The separation between longitudinal modes of the laser oscillation is 
c/2nllaser = 1.5 × 108 Hz (here we assume n = 1). We choose the resolution 
of the etalon to be a tenth of this value, so spectral details as narrow as
1.5 × 107 Hz can be resolved. According to (4.2-6), this resolution can be 
achieved if

(4.2-8)

To satisfy condition (4.2-7), we choose 2nleta1 = 20 cm; thus (4.2-8) is satisfied 
when

(4.2-9)

A finesse of 100 requires, according to (4.2-5), a mirror reflectivity of ap
proximately 97 percent.

As a practical note we may add that the finesse, as defined by the first 
equality in (4.2-6), depends not only on R but also on the mirror flatness 
and the beam angular spread. These points are taken up in Problems 4-3 and 
4-4.

Another important mode of optical spectrum analysis performed with 
Fabry-Perot etalons involves the fact that a noncollimated monochromatic 
beam incident on the etalon will emerge simultaneously, according to (4.1-8), 
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along many directions θ,3 which correspond to the various orders m. If the 
output is then focused by a lens, each such direction θ will give rise to a 
circle in the focal plane on the lens, and, therefore, each frequency com
ponent present in the beam leads to a family of circles. This mode of spectrum 
analysis is especially useful under transient conditions where scanning eta
lons cannot be employed. Further discussion of this topic is included in 
Problem 4-6.

4.3 OPTICAL RESONATORS WITH SPHERICAL MIRRORS

In this section we study the properties of optical resonators formed by two 
opposing spherical mirrors, see References [6] and [7]. We will show that 
the field solutions inside the resonators are those of the propagating Gaussian 
beams, which were considered in Chapter 3. It is, consequently, useful to 
start by reviewing the properties of these beams.

The field distribution corresponding to the (l, m) transverse mode is 
given, according to (2.8-1), by 

where the spot size ω(z) is

(4.3-2)

and where ω0, the minimum spot size, is a parameter characterizing the 
beam. The radius of curvature of the wavefront is

(4.3-3)

and the phase factor η is as follows:

(4.3-4)

The sign of R(z) is taken as positive when the center of curvature is to the 
left of the wavefront, and vice versa. According to (4.3-1) and (4.3-2), the 
loci of the points at which the beam intensity (watts per square meter) is a 

3Each direction θ corresponds in three dimensions to the surface of a cone with a half-apex 
angle θ.

(4.3-1)
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Figure 4-7 Hyperbolic curves corresponding to the local directions of propagation. 
The nearly spherical phase fronts represent possible positions for reflectors. Any 
two reflectors form a resonator with a transverse field distribution given by (4.3-1).

The hyperbolas generated by the intersection of these surfaces with planes 
that include the z axis are shown in Figure 4-7. These hyperbolas are normal 
to the phase fronts and thus correspond to the local direction of energy flow. 
The hyperboloid x2 + y2 = ω2(z) is, according to (4.3-1), the locus of the 
points where the exponential factor in the field amplitude is down to e-1 
from its value on the axis. The quantity ω(z) is thus defined as the mode 
spot size at the plane z.

Given a beam of the type described by (4.3-1), we can form an optical 
resonator merely by inserting at points z1 and z2 two reflectors with radii of 
curvature that match those of the propagating beam spherical phase fronts 
at these points. Since the surfaces are normal to the direction of energy 
propagation as shown in Figure 4-7, the reflected beam retraces itself; thus, 
if the phase shift between the mirrors is some multiple of 2π radians, a self- 
reproducing stable field configuration results.

Alternatively, given two mirrors with spherical radii of curvature R1 and 
R2 and some distance of separation l, we can, under certain conditions to 
be derived later, adjust the position z = 0 and the parameter ω0 so that the 
mirrors coincide with two spherical wavefronts of the propagating beam 
defined by the position of the waist (z = 0) and ω0. If, in addition, the mirrors 
can be made large enough to intercept the majority (99 percent, say) of the 
incident beam energy in the fundamental (l = m = 0) transverse mode, we 
may expect this mode to have a larger Q than higher-order transverse modes, 
which, according to Figure 2-7, have fields extending farther from the axis 
and consequently lose a larger fraction of their energy by "spilling" over 
the mirror edges (diffraction losses).

Optical Resonator Algebra

As mentioned in the preceding paragraphs, we can form an optical resonator 
by using two reflectors, one at z1 and the other at z2, chosen so that their 
radii of curvature are the same as those of the beam wavefronts at the two

given fraction of its intensity on the axis are the hyperboloids

(4.3-5)
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locations. The propagating beam mode (4.3-1) is then reflected back and 
forth between the reflectors without a change in the transverse profile. The 
requisite radii of curvature, determined by (4.3-3), are 

from which we get

(4.3-6)

For a given minimum spot size ω0 = (λz0/πn)1/2, we can use (4.3-6) to find 
the positions z1 and z2 at which to place mirrors with curvatures R1 and R2, 
respectively. In practice, we often start with given mirror curvatures R1 and 
R2 and a mirror separation l. The problem is then to find the minimum spot 
size ω0, its location with respect to the reflectors, and the mirror spot sizes 
ω1 and ω2. Taking the mirror spacing as l = z2 - z1, we can solve (4.3-6) for 
z20, obtaining

(4.3-7)

where z2 is to the right of z1 (so that l = z2 - z1 > 0) and the mirror curvature 
is taken as positive when the center of curvature is to the left of the mirror.

The minimum spot size ω0 = (λz0/πn)1/2 and its position is next deter
mined from (4.3-6). The mirror spot sizes are then calculated by the use of 
(4.3-2).

The Symmetrical Mirror Resonator

The special case of a resonator with symmetrically (about z = 0) placed 
mirrors merits a few comments. The planar phase front at which the minimum 
spot size occurs is, by symmetry, at z = 0. Putting R2 = -R1 = R in (4.3-7) 
gives

(4.3-8)

and 

(4.3-9)
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which, when substituted in (4.3-2) with z = l/2, yields the following expres- 
sion for the spot size at the mirrors:

(4.3-10)

A comparison with (4.3-9) shows that, for R ≫ l, ω ≃ ω0 and the beam spread 
inside the resonator is small.

The value of R (for a given l) for which the mirror spot size is a minimum, 
is readily found from (4.3-10) to be R = l. When this condition is fulfilled we 
have what is called a symmetrical confocal resonator, since the two foci, 
occurring at a distance of R/2 from the mirrors, coincide. From (4.3-8) and 
the relation ω0 = (λz0/πn)1/2, we obtain

(4.3-11)

so the beam spot size increases by √2 between the center and the mirrors.

Numerical Example: Design of a Symmetrical Resonator

Consider the problem of designing a symmetrical resonator for λ = 10-4 cm 
with a mirror separation l = 2m. If we were to choose the confocal geometry 
with R = l = 2m, the minimum spot size (at the resonator center) would be, 
from (4.3-11) and for n = 1 

whereas, using (4.3-12), the spot size at the mirrors would have the value

Assume next that a mirror spot size ω1,2 = 0.3 cm is desired. Using this 
value in (4.3-10) and assuming R ≫ l, we get 

whence 

so that the assumption R ≫ l is valid. The minimum beam spot size ω0 is 
found, through (4.3-2) and (4.3-8), to be

whereas from (4.3-10) we get

(4.3-12)



MODE STABILITY CRITERIA 123

Thus, to increase the mirror spot size from its minimum (confocal) value of 
0.0798 cm to 0.3 cm, we must use exceedingly plane mirrors (R = 799 me
ters). This also shows that even small mirror curvatures (that is, large R) 
give rise to "narrow" beams.

The numerical example we have worked out applies equally well to the 
case in which a plane mirror is placed at z = 0. The beam pattern is equal 
to that existing in the corresponding half of the symmetric resonator in the 
example, so the spot size on the planar reflector is ω0.

The ability of an optical resonator to support low (diffraction) loss4 modes 
depends on the mirrors' separation l and their radii of curvature R1 and R2. 
To illustrate this point, consider first the symmetric resonator with R2 = R1 = R

The ratio of the mirror spot size at a given l/R to its minimum confocal 
(l/R = 1) value, given by the ratio of (4.3-10) to (4.3-12), is

This ratio is plotted in Figure 4-8. For l/R = 0 (plane-parallel mirrors) and 
for l/R = 2 (two concentric mirrors), the spot size becomes infinite. It is 
clear that the diffraction losses from these cases are very high, since most 
of the beam energy "spills over" the reflector edges. Since, according to 
Table 2-1, the reflection of a Gaussian beam from a mirror with a radius of 
curvature R is formally equivalent to its transmission through a lens with a 

4By diffraction loss we refer to the fact that due to the beam spread [see (2.5-18)], a fraction 
of the Gaussian beam energy "misses" the mirror and is not reflected and is thus lost.

Figure 4-8 Ratio of beam spot size at the mirrors of a symmetrical resonator to its 
confocal (l/R = 1) value.

4.4 MODE STABILITY CRITERIA

(4.4-1)
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Figure 4-9 (a) Asymmetric resonator (R1 ≠ R2) with mirror curvatures R1 and R2. 
(b) Biperiodic lens system (lens waveguide) equivalent to resonator shown in (a).

Figure 4-10 Stability diagram of optical resonator. Shaded (high-loss) areas are 
those in which the stability condition 0 ≤ (1 - l/R1)(1 - l/R2) ≤ 1 is violated and 
the clear (low-loss) areas are those in which it is fulfilled. The sign convention for 
R1 and R2 is discussed in footnote 5. (After Reference [7].) 
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focal length f = R/2, the problem of the existence of stable confined optical 
modes in a resonator is formally the same as that of the existence of stable 
solutions for the propagation of a Gaussian beam in a biperiodic lens se- 
quence, as shown in Figure 4-9. This problem was considered in Section 2.1 
and led to the stability condition (2.1-16).

If, in (2.1-16), we replace f1 by R1/2 and f2 by R2/2, we obtain the 
stability condition for optical resonators5

A convenient representation of the stability condition (4.4-2) is by means 
of the diagram [7] shown in Figure 4-10. From this diagram, for example, it 
can be seen that the symmetric concentric (R1 = R2 = l/2), confocal (R1 = R2 = l), 
and the plane-parallel (R1 = R2 = ∞) resonators are all on the verge of insta
bility and thus may become extremely lossy by small deviations of the 
parameters in the direction of instability.

4.5 MODES IN A GENERALIZED RESONATOR—THE SELF-CONSISTENT METHOD

Up to this point we have treated resonators consisting of two opposing 
spherical mirrors. We may, sometimes, wish to consider the properties of 
more complex resonators made up of an arbitrary number of lenslike ele
ments such as those shown in Table 2-1. A simple case of such a resonator 
may involve placing a lens between two spherical reflectors or constructing 
an off-axis three-reflector resonator. Yet another case is that of a traveling 
wave resonator in which the beam propagates in one sense only.

In either of these cases we need to find if low-loss (that is, "stable") 
modes exist in the complex resonator, and if so, to solve for the spot size 
ω(z) and the radius of curvature R(z) everywhere.

We apply the self-consistency condition and require that a stable eigen- 
mode of the resonator is one that reproduces itself after one round trip. We 
choose an arbitrary reference plane in the resonator, denote the steady-state 
complex beam parameter at this plane as qs, and, using the ABCD law (2.6-6), 
require that

(4.5-1)

where A, B, C, D are the "ray" matrix elements for one complete round 
trip—starting and ending at the chosen reference plane.

5This causes the sign convention of R1 and R2 to be different from that used in the preceding 
sections. The sign of R is the same as that of the focal Iength of the equivaIent lens. This makes 
R1 (or R2) positive when the center of curvature of mirror 1 (or 2) is in the direction of mirror 
2 (or I), and negative otherwise.

(4.4-2)
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Solving (4.5-1) for 1/qs gives

(4.5-2)

since the individual elements in the resonator are described by unimodular 
matrices, that is, AiDi - BiCi= 1 (see Table 2-1), it follows that the matrix 
A, B, C, D, which is the product of individual matrices, satisfies

(4.5-3)

(4.5-4)

where

According to (2.5-11) the condition for a confined Gaussian beam is that 
the square of the beam spot size ω2 be a finite positive number. Recalling 
that q is related to the spot size ω and the radius of curvature R as

(4.5-5)

(4.5-7)

and (4.5-2) can, consequently, be written as

we find by comparing the last expression to (4.5-3) that the condition for a 
confined beam is satisfied by choosing θ<0 in (4.5-4), provided

and the steady-state beam parameter is

(4.5-6)

Equation (4.5-5) can thus be viewed as the generalization of the stability 
condition (4.4-2) to the case of an arbitrary resonator. When applied to a 
resonator composed of two spherical reflectors, it reduces to (4.4-2).

The radius of curvature R and the spot size ω at the reference plane are 
obtained from (4.5-6) by using (2.6-5)
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The complex beam parameter q, and hence ω and R, at any other plane can 
be obtained by applying the ABCD law (2.6-6) to qs.

Stability of the Resonator Modes

The treatment just concluded dealt with the existence of steady-state (self- 
reproducing) resonator modes. Having found that such modes do exist, we 
need to inquire whether the modes are stable. This can be done by perturbing 
the steady-state solution 1/qs as given by (4.5-6) and following the evolution 
of the perturbation with propagation [8].

We start with (2.6-6), which relates the beam parameter qout to the beam 
parameter qin, after one round trip

where A, B, C, D are the ray matrix elements for one complete round trip 
inside the optical resonator. Rewriting the last expression as

(4.5-8)

At steady state qout = qin ≡ qs

Using (4.5-6) we obtain

so that

(4.5-9)

(4.5-10)

(4.5-11)

Because confined modes require, according to (4.5-4) and (4.5-5), that 
θ be real, it follows from (4.5-11) that a small perturbation Δqin-1 of the beam

we obtain by differentiation



128 OPTICAL RESONATORS

parameter q-1 from the steady-state value qs-1 does not decay, since the 
perturbation after one round trip (Δqout-1) satisfies

(4.5-12)

We thus find that the theory predicts that mode perturbations in Gaussian 
mode resonators do not decay. This does not agree with experience, which 
shows that the mode characteristics of laser oscillators are highly stable, 
thus implying a strong perturbational decay, that is, |Δqout-1| < |∆qin-1|. The 
discrepancy is resolved if we include in the analysis leading to (4.5-11) the 
fact that the resonator mirrors are of finite extent. This point is considered 
in Appendix A.

Up to this point we have considered only the dependence of the spatial mode 
characteristics on the resonator mirrors (their radii of curvature and sepa- 
ration). Another important consideration is that of determining the resonance 
frequencies of a given spatial mode.

The frequencies are determined by the condition that the complete round- 
trip phase delay of a resonant mode be some multiple of 2π. This requirement 
is equivalent to that in microwave waveguide resonators where the resonator 
length must be equal to an integral number of half-guide wavelengths [1]. 
This requirement makes it possible for a stable standing wave pattern to 
establish itself along the axis with a transverse field distribution equal to 
that of the propagating mode.

If we consider a spherical mirror resonator with mirrors at z2 and z1, the 
resonance condition for the l, m mode can be written as6

6In obtaining (4.6-1) we did not allow for the phase shift upon reflection. This correction does 
not affect any of the results of this section.

4.6 RESONANCE FREQUENCIES OF OPTICAL RESONATORS

(4.6-1)

where q is some integer and ηl,m(z), the phase shift, is given according to 
(2.8-2) by

(4.6-2)

The resonance condition (4.6-1) is thus

(4.6-3)
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where d = z2 - z1 is the resonator length. It follows that

or, using k = 2πvn/c,

(4.6-4)

for the intermode frequency spacing.
Let us consider, next, the effect of varying the transverse mode indices 

l and m in a mode with a fixed q. We notice from (4.6-3) that the resonant 
frequencies depend on the sum (l + m) and not on l and m separately, so 
for a given q all the modes with the same value of l + m are degenerate 
(that is, they have the same resonance frequencies). Considering (4.6-3) at 
two different values of l + m gives

(4.6-6)

for the change Δv in the resonance frequency caused by a change Δ(l + m) 
in the sum (l + m). As an example, in the case of a confocal resonator 
(R = d) we have, according to (4.3-6), z2 = -z1 = z0; therefore, tan-1 (z2/z0) =

Figure 4-11 Position of resonance frequencies of a confocal (d = R) optical 
resonator as a function of the mode indices l, m, and q.

and, by subtraction,

(4.6-5)

and
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Figure 4-12 Resonant frequencies of a near-planar (R ≫ d) optical resonator as a 
function of the mode indices l, m, and q.

The mode grouping for this case is illustrated in Figure 4-12.
The situation depicted in Figure 4-12 is highly objectionable if the 

resonator is to be used as a scanning interferometer. The reason is that in 
reconstructing the spectral profile of the unknown signal, an ambiguity is 
caused by the simultaneous transmission of more than one frequency. This 
ambiguity is resolved by using a confocal etalon whose mode spacing is as 
shown in Figure 4-11 and by choosing d to be small enough that the intermode 
spacing c/4nd exceeds the width of the spectral region that is scanned.

An understanding of the mechanisms by which electromagnetic energy is 
dissipated in optical resonators and the ability to control them are of major 
importance in understanding and operating a variety of optical devices. For 
historical reasons as well as for reasons of convenience, these losses are 
often characterized by a number of different parameters. This book uses, in

-tan-1 (z1/z0) = π/4, and (4.6-6) becomes

(4.6-7)

Comparing (4.6-7) to (4.6-4), we find that in the confocal resonator the 
resonance frequencies of the transverse modes, resulting from changing l 
and m, either coincide or fall halfway between those resulting from a change 
of the longitudinal mode index q. This situation is depicted in Figure 4-11.

To see what happens to the transverse resonance frequencies (that is, 
those due to a variation of l and m) in a confocal resonator, we may consider 
the nearly planar resonator in which |z1| and z2 are small compared to z0 
(that is, d ≪ R1 and R2). In this case, (4.6-6) becomes

(4.6-8)

4.7 LOSSES IN OPTICAL RESONATORS
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different places, the concepts of loss per pass, photon lifetime, and quality 
factor Q to describe losses in resonators. Let us see how these quantities 
are related to each other.

The decay lifetime (photon lifetime) tc of a cavity mode is defined by 
means of the equation

(4.7-1)

where ℰ is the energy stored in the mode so that in a passive resonator 
ℰ(t) = ℰ(0) exp(-t/tc) = ℰ(0) exp(-ωt/Q). If the fractional (intensity) loss 
per pass is L and the length of the resonator is l, then the fractional loss per 
unit time is cL/nl; therefore

and, from (4.7-1),

(4.7-2)

for the case of a resonator with mirrors' reflectivities R1 and R2 and an 
average distributed loss constant α, the average loss per pass is for small 
losses L = αl - 1n√R1R2 so that

where the approximate equality applies when R1R2 ≈ 1.
The quality factor of the resonator is defined universally as

(4.7-3)

(4.7-4)

where ℰ is the stored energy, ω is the resonant frequency, and P = -dℰ/dt
is the power dissipated. By comparing (4.7-4) and (4.7-1) we obtain

The Q factor is related to the full width Δv1/2 (at the half-power points) of 
the resonator's Lorentzian response curve as ([4] and Section 5.1).

(4.7-6)

(4.7-7)

(4.7-5)

so that, according to (4.7-3)
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The most common loss mechanisms in optical resonators are the fol- 
lowing.

1. Loss resulting from nonperfect reflection. Reflection loss is unavoid
able, since without some transmission no power output is possible. In 
addition, no mirror is ideal; and even when mirrors are made to yield 
the highest possible reflectivities, some residual absorption and scatter
ing reduce the reflectivity to somewhat less than 100 percent.

2. Absorption and scattering in the laser medium. Transitions from some 
of the atomic levels, which are populated in the process of pumping, to 
higher-lying levels constitute a loss mechanism in optical resonators 
when they are used as laser oscillators. Scattering from inhomogeneities 
and imperfections is especially serious in solid-state laser media.

3. Diffraction losses. From (4.3-1) or from Figure 2-7, we find that the 
energy of propagating-beam modes extends to considerable distances 
from the axis. When a resonator is formed by "trapping" a propagating 
beam between two reflectors, it is clear that for finite-dimension reflec- 
tors some of the beam energy will not be intercepted by the mirrors and 
will therefore be lost. For a given set of mirrors this loss will be greater, 
the higher the transverse mode indices l, m, since in this case the energy 
extends farther. This fact is used to prevent the oscillation of higher- 
order modes by inserting apertures into the laser resonator whose open-

Figure 4-13 Diffraction losses for a plane-paralleI and several low-order confocal 
resonators; a is the mirror radius and l is their spacing. The pairs of numbers 
under the arrows refer to the transverse-mode indices l, m. (After Reference [6].) 
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ing is large enough to allow most of the fundamental (0, 0, q) mode 
energy through, but small enough to increase substantially the losses of 
the higher-order modes. Figure 4-13 shows the diffraction losses of a 
number of low-order confocal resonators. Of special interest is the dra
matic decrease of the diffraction losses that results from the use of 
spherical reflectors instead of the plane-parallel ones.

Optical resonators with parameters falling within the shaded regions of Fig- 
ure 4-10—that is, those violating condition 4.4-2—were found to be unstable. 
This instability was demonstrated in Section 4.4 as manifesting itself in 
a sudden and steep increase of the beam spot size at the mirrors as the 
resonator parameters approach the unstable regime. This leads to large dif- 
fraction losses.

A number of important laser applications exist where the large diffraction 
losses attendant upon operation in the unstable region are acceptable or even 
desirable. Some of the reasons are:

1. Operation in the stable regime has been shown (see example of Section 
4.3) to lead to narrow Gaussian beams. This situation is not compatible 
with the need for high-power output that requires large lasing volumes.

2. The losses in unstable resonators are dominated by diffraction (that is, 
beam power "missing" the reflectors) and are thus desirable in situations 
where the high gain prescribes large output coupling ratios (see Chapter 
6).

3. The nature of the coupling results in an output beam with a large aperture 
that is consequently well collimated without the use of telescoping op- 
tics. This point will be made clear by the following discussion.

The more sophisticated theoretical analyses of this problem make use 
of Huygen's integral method to derive the diffraction losses and field dis
tribution of the modes of the unstable resonator. In the following brief treat
ment we will use a geometrical optics analysis advanced by Siegman [9] that 
emphasizes the essential physical characteristics of the resonator and that 
yields results in fair agreement with experiments.

Referring to Figure 4-14 we assume that the right-going wave leaving 
mirror M1 is a spherical wave originating in a virtual center P1 that is not, 
in general, the center of curvature of mirror M1. This wave is incident on 
M2, from which a fraction of the original intensity is reflected as a uniform 
spherical wave coming from a virtual center P2. For self-consistency this 
wave, then, is reflected from M1 as if it originated at P1. The self-consistency 
condition is satisfied if the virtual image of P1 upon reflection from M2 is at 
P2 and vice versa.

4.8 UNSTABLE OPTICAL RESONATORS
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Figure 4-14 Spherical-wave picture of the mode in an unstable resonator. Points P1 
and P2 are the virtual centers of the spherical waves. Each wave diverges so that 
a sizable fraction of its energy spills past the opposite mirror. (After Reference 
[9].)

Applying the imaging formulas of geometrical optics to the configuration 
of Figure 4-14, the self-consistency condition becomes

(4.8-2)

(4.8-1)

where gi ≡ 1 - l/Ri (i = 1, 2), and the sign of R is as discussed in footnote 
5, so that in the example of Figure 4-14 R1 and R2 are negative.

Solving (4.8-1) for r1 and r2 gives
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The expressions (4.8-2) for r1 and r2 can be used to calculate, in the 
geometrical optics approximations, the loss per round trip of the unstable 
resonator. To demonstrate this we return to Figure 4-14 and consider first, 
for simplicity, the case of a strip geometry where the mirrors are infinitely 
long in the y direction and have curvature only along their width as shown.

The self-consistent wave, immediately following reflection from mirror 
1, is taken to have a total energy of unity. Upon reflection from M2 the total 
energy is reduced to

and for spherical mirrors (with curvature in both planes)

(4.8-4)

Figure 4-15 Loss per bounce versus Fresnel number for stable and unstable 
resonators. (After Reference [9].)

(4.8-3)

To arrive at the last result, we took into account the two-dimensional beam 
spread due to virtual emanation from P1 between M1 and M2. The total 
transmission factor per round trip due to both mirrors is thus
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and

(4.8-5)

The average fractional power loss per pass may be taken as

(4.8-6)

The unstable resonator loss is thus independent of the mirror dimensions, 
depending only on their radii of curvature and separation.

A plot of the losses of some symmetric unstable resonators that is ob- 
tained from (4.8-2) and (4.8-5) is shown in Figure 4-15.

An electromagnetic analysis of unstable resonators is given in Appendix 
A. For more detailed theoretical treatments, see References [10-12].

The approach used in this chapter to develop the formalism of optical 
resonators is to start with the electromagnetic propagating beam modes 
whose properties were derived in Chapter 3 and then "construct" the re- 
sonator by placing two spherical reflectors whose radii of curvature are 
identical to those of the beam wavefronts at the mirrors' positions. This 
approach is elegant in that it treats both beams and resonators with the same 
formalism. It also leads to closed form expressions for many of the important 
resonator quantities such as beam spot sizes, resonant frequency, and others.

There exists a second method of treating optical resonators that is based 
on the diffraction theory of electromagnetic waves. This approach was the 
one used by Fox and Li [15] to prove the existence of optical modes. It also 
lends itself in a natural manner to numerical calculations of resonator prop- 
erties and is used a great deal in the practical design of high-power laser 
systems.

According to scalar diffraction theory, the complex amplitude U2(P2) at 
some point P2 of a monochromatic electromagnetic field (frequency ω/2π) 
is related to that on some aperture Σ by the integral [13]

4.9 OPTICAL RESONATORS—DIFFRACTION THEORY APPROACH

(4.9-1)

where k = ωn/c = 2π/λ (so that λ = λvac/n is the wavelength in the medium) 
n is the unit vector normal to Σ, and the other symbols are as shown in 
Figure 4-16.

Equation (4.9-1) can be simplified in situations where the angle (n, r21) 
is very small. This is true when the distance z from the plane of observation 
to the aperture plane far exceeds the transverse dimensions (x1, y1) and (x2,
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Figure 4-16 The geometry used in Equation (4.9-1). n is the outward normal unit 
vector in the aperture plane.

y2) of interest. Under these conditions we can use the approximation

(4.9-2)

Note that we have not replaced r21 by z in the exponent, since there it is 
multiplied by ik whose magnitude at λ = 1 μm, for example, is ~107 m-1. 
Under these conditions the difference between kr21 and kz could be com
parable to or larger than 2π.

We can use Equation (4.9-1) to derive formally an integral equation for 
the modes of an optical resonator. This method is equivalent to the propa- 
gating beam method of Section 4.3. It is, however, more amenable to nu- 
merical solutions. To be specific, we will consider the modes of the generic 
resonator shown in Figure 4-17.

In deriving the modes of the resonator by the diffraction integral method, 
we assume that the mode corresponds to a wave that bounces continuously 
back and forth between reflectors 1 and 2. It is thus analogous to a trans- 
mission of the same wave through an infinite biperiodic sequence of equiv
alent lenses (f1,2 = R1,2) that are separated by L and set in opaque absorbing 
screens as shown in Figure 4-17(b). We shall seek to find whether such a 
structure possesses field solutions that repeat themselves within a complex

and replace r21 in the denominator of (4.9-1) by z. The result is
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Figure 4-17 (a) The two spherical reflectors separated by d have radii of curvature 
R1 and R2. (b) The biperiodic sequence of lenses that is equivalent to the 
resonator (a). The focal distances of the lenses are the same as those of the 
corresponding reflectors, i.e., f1,2 = R1,2/2. The spacing d of the lenses is the same 
as that of the reflectors.

multiplicative constant after each round trip. These will correspond to the 
eigenmodes of the equivalent resonator.

For r21 making a small angle with the z axis we obtain 

where the exponential factors involving R1 and R2 account for the additional 
path differences due to the sphericity of the mirrors as shown in Figure 
4-17(a).

The diffraction integral (4.9-2) becomes

(4.9-3)
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(4.9-4)

where the kernel h is defined implicitly by (4.9-4) as

(4.9-5)

The integration in (4.9-4) is limited to the area Σ1 of the aperture, thus 
assuming tacitly that the field outside it is negligibly small.

In the following we will simplify our notation by writing the address 
(x, y) of a point x so that Equation (4.9-4) can be written as

(4.9-6)

In a similar fashion we can express the field on mirror 1 due to U2(x2) as

A necessary condition for the field calculated by our technique to cor- 
respond to that of a resonator mode is that after one round trip the field on 
each mirror, say 1, returns to its original value to within some multiplicative 
constant γ. Using (4.9-7) we express this condition as

Such an integral equation can be shown to possess a discrete set of 
solutions (eigenfunctions), which we will denote by Umn. The function Umn 
can be shown [14] to approach in the limit of large Fresnel numbers (d2/aλ ≫ 1) 
the Hermite-Gaussian solutions obtained in Chapter 2 by the propagating 
beam mode method. The solution yields also the associated complex eigen-

(4.9-7)

Replacing U2 by the right side of (4.9-6) and interchanging the order of 
integration leads to

(4.9-8)

where K(x, x1), the round trip kernel 1 → 2 → 1, is given by

(4.9-9)

or, using (4.9-8) and letting U1(x) → U(x),

(4.9-10)



140 OPTICAL RESONATORS

Figure 4-18 (a) Relative amplitude and phase distributions of field for finite-width 
strip mirrors. (The initially launched wave has a uniform distribution.) The mirror 
height is 2a. (b) Relative steady-state amplitude and phase distributions of field 
intensity of the lowest-order even-symmetry mode for infinite strip mirrors. (After 
Reference [15].)
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value γmn. γmn corresponds physically to the factor by which the amplitude 
changes in one round trip. It we write 

then αmn = 1 - |γmn|2 is the loss in mode power per round trip, while φmn 
is the phase shift per round trip.

The oscillation frequency is determined by the requirement that the 
phase delay φmn per one round trip be some integer, say q, of 2π. Since the 
round trip kernel K contains, according to (4.9-5) and (4.9-9), the phase delay 
factor exp(-2ikd), it is convenient to define
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and write the oscillation frequency condition as 

and using kmn = 2πfmn/c, obtain

(4.9-11)

as the oscillation frequency of mode (m, n, q). The integer q corresponds 
to the number of maxima of the standing wave interference pattern between 
the two reflectors.

Equivalent Resonator Systems

Equation (4.9-3) can be rewritten as

(4.9-12)

A number of equivalence properties can be deduced directly from the 
above integral relation:

1. Since the subscripts 1 and 2 can be interchanged, the reflectors of a 
resonator can be interchanged without affecting the field distribution at 
the mirror.

2. The diffraction loss and the intensity pattern of a mode remain invariant 
if both g1 and g2 are reversed in the sign. The field eigenfunctions Um,n 
and the eigenvalues γmn are merely replaced by their complex conju- 
gates. One example for such equivalent systems is that of a planar 
parallel (g1 = g2 = 1) and concentric (g1 = g2 = -1) resonators.

Mode SoIution by Numerical lteration

The Kirchhoff-Fresnel integral formulation of the propagation of electro- 
magnetic field between two planes, Equation (4.9-3), can be used to calculate 
numerically the mode field distribution, the losses, and the round-trip phase 
shift of optical resonators. This method, first employed by Fox and Li [15], 
has played a key role in the understanding of optical resonator modes and 
in the practical design of such resonators.

The basic approach is intuitively simple. We assume some arbitrary (both 
in phase and amplitude) field distribution over one of the mirrors, say 1, of 
the resonator of Figure 4-17(a). We will call this field distribution U(0). Using 
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the integral relation (4.9-8), we can calculate the resulting field U(1) on mirror
1 after one round trip. This procedure can be repeated n times, resulting in

K being the round-trip propagation kernel as given by (4.9-9). We would 
expect that if the resonator possesses a stable fundamental mode, then after 
a large number of iterations the field U(n) will converge toward a steady state 
where the only change per iteration of the field is due to the multiplicative 
constant, i.e.,

The mode intensity loss per round trip is thus 1 - |γ|2, while φ is the phase 
shift.

The physical intuitive basis for the convergence of this procedure to the 
unique resonator mode can be, perhaps, better appreciated by reference to 
Figure 4-17. The arbitrary initial field distribution U(0) is incident on aperture 
1 of the biperiodic lens sequence. This excites a large number of the prop-

Figure 4-19 Fluctuation of field amplitude at x = 0.5a as a function of number of 
transits. (The initially launched wave has a uniform distribution.) (After Reference 
[15].)

(4.9-13)
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Figure 4-20 Power loss per transit versus N = a2/dλ for circular reflectors. (After 
Reference [15].) 

agating eigenmodes Umn of this structure [i.e., of the equivalent resonator 
Figure 4-17(b)]. Since the diffraction loss per period 1 - |γmn|2 (loss due to 
energy spreading by diffraction beyond the finite apertures of the resonators) 
of the high-order modes is larger than that of the fundamental mode, we 
expect that after a sufficiently long distance corresponding to many bounces 
in the resonator, the high-order modes will have decayed to a degree where 
the remaining field distribution is predominantly that of the lowest loss ei
genmode. This is analogous to spatial filtering in optical engineering. It also 
follows from this argument of spatial filtering that if the starting distribution 
U(0)(x) possesses odd symmetry in one plane, say x, the resulting "steady- 
state" solution will correspond to the lowest-order odd-symmetry mode 
TE10.

In Figures 4-18 to 4-20, we reproduce some of the numerical results of 
Fox and Li and their original calculation which illustrate how the procedure 
described above yields the steady-state field configuration and the corre- 
sponding eigenvalues.
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Problems

4.1 Plot Ir/Ii vs. δ of a Fabry-Perot etalon with R = 0.9.

4.2 Show that if a Fabry-Perot etalon has a fractional intensity loss per 
pass of (1 - A), its peak transmission is given as (1 -R)2A/(1 - RA)2.

4.3 Starting with the definition (4.2-6) 

for the finesse of a Fabry-Perot etalon and using semiquantitative arguments, 
show why in the case where the root-mean-square surface deviation from 
perfect flatness is approximately λ/N, the finesse cannot exceed F ≃ N/2. 
[ Hint: Consider the spreading of the transmission peak due to a small number 
of etalons of nearly equal length transmitting in parallel.]

4.4 Show that the angular spread of a beam that is incident normally on a 
plane-parallel Fabry-Perot etalon must not exceed 

if its peak transmission is not to deviate substantially from unity.

4.5 Complete the derivation of Equations (4.1-4), (4.1-5), (4.1-6), and (4.1-7).

4.6 Consider a diverging monochromatic beam that is incident on a plane- 
parallel Fabry-Perot etalon.

a. Obtain an expression for the various angles along which the output energy 
is propagating. [Hint: These correspond to the different values of θ in 
(4.1-8) that result from changing m.]

b. Let the output beam in (a) be incident on a lens with a focal length f. 
Show that the energy distribution in the focal plane consists of a series 
of circles, each corresponding to a different value of m. Obtain an expres- 
sion for the radii of the circles.

c. Consider the effect in (b) of having simultaneously two frequencies v1 
and v2 present in the input beam. Derive an expression for the separation 
of the respective circles in the focal plane. Show that the smallest sep- 
aration v1 — v2 that can be resolved by this technique is given by 
(Δv)min ~ c/2nlF.

4.7

a. Derive the phase shift between the incident and transmitted field ampli
tudes in a Fabry-Perot etalon as a function of δ. Sketch it qualitatively 
for a number of different reflectivities.
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b. Assume that the optical length of an etalon with R = 0.9 and θ = 0° is 
adjusted so that its transmission is a maximum and then modulated about 
this point according to

where c is the velocity of light in vacuum and V is the volume of the resonator. 
[Hint: Assume a cube resonator with sides equal to L having perfectly 
conducting walls.] Taking the modes' fields as proportional to 

show that in order for the fields to be zero at the boundaries, the conditions 

where l, m, and n are any (positive) integers, must be satisfied. Each new 
combination of l, m, and n specifies a mode. Show that Equation (1) follows 
from the foregoing considerations and the fact that 

so each frequency v defines a sphere in the space kx, ky, kz.

4.9 Calculate the fraction of the power of a fundamental (l = m = 0) Gaus- 
sian beam that passes through an aperture with a radius equal to the beam 
spot size.

4.10 Show that in the case of a conventional two-reflector resonator the 
stability condition [Equation (4.5-5)] reduces to Equation (4.4-2).

4.11 Consider a spherical mirror with a radius of curvature R whose reflec- 
tivity varies as 

where r is the radial distance from the center.

Show that, to first-order, the output is phase-modulated. What is the 
modulation index? [For a definition of the modulation index δ see Equa- 
tion (9.4-3).]

4.8 Show that the number of modes per unit frequency in a resonator whose 
dimensions are large compared to the wavelength is given by

(1)
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Show that the (A, B, C, D) matrix of this mirror is given by
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4.12 Given an optical resonator

a. Calculate the position of the waist of the mode at λ = 1 μm. 
b. Calculate the diameter of the waist.


