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5.0 INTRODUCTION

In this chapter we consider what happens to an electromagnetic wave prop- 
agating in an atomic medium. We are chiefly concerned with the possibility 
of growth (or attenuation) of the radiation resulting from its interaction with 
atoms. We also consider the changes in the velocity of propagation of light 
due to such interaction. The concepts derived in this chapter will be used 
in the next one in treating the laser oscillator.

5.1 SPONTANEOUS TRANSITIONS BETWEEN ATOMIC LEVELS— 
HOMOGENEOUS AND INHOMOGENEOUS BROADENING

One of the basic results of the theory of quantum mechanics is that each 
physical system can be found, upon measurement, in only one of a prede- 
termined set of energy states—the so-called eigenstates of the system. With 
each of these states we associate an energy that corresponds to the total 
energy of the system when occupying the state. Some of the simpler systems, 
which are treated in any basic text on quantum mechanics, include the free 
electron, the hydrogen atom, and the harmonic oscillator. Examples of more 
complicated systems include the hydrogen molecule and the semiconducting 
crystal. With each state, the state i of the hydrogen atom say, we associate 
an eigenfunction [1]

148

(5.1-1)
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where |ui(r)|2 dx dy dz gives the probability of finding the electron, once it 
is known to be in the state i, within the volume element dx dy dz, which is 
centered on the point r. Ei is the state energy described above and ħ ≡ 
h/2π where h = 6.626 × 10-34 joule-second is Planck's constant.

One of the main tasks of quantum mechanics is the determination of the 
eigenfunctions ui(r) and the corresponding energies Ei of various physical 
systems. In this book, however, we will accept the existence of these states, 
their energy levels, as well as a number of other related results whose 
justification is provided by the experimentally proved formalism of quantum 
mechanics. Some of these results are discussed in the following.

The Concept of Spontaneous Emission

In Figure 5-1 we show a system of energy levels that are associated with a 
given physical system—an atom, say. Let us concentrate on two of these 
levels—1 and 2, for example. If the atom is known to be in state 2 at t = 0, 
there is a finite probability per unit time that it will undergo a transition to 
state 1, emitting in the process a photon of energy h v = E2 - E1. This process, 
occurring as it does without the inducement of a radiation field, is referred 
to as spontaneous emission.

Another, equivalent, way of thinking about spontaneous transitions, 
which corresponds more closely to experimental situations, is the following: 
Consider a large number N2 of identical atoms that are known to be in state 
2 at t = 0. The average number of these atoms undergoing spontaneous 
transition to state 1 per unit time is

(5.1-2)

where A21 is the spontaneous transition rate and (tspont)21 ≡ A21-1 is called the 
spontaneous lifetime associated with the transition 2 → 1. It follows from

Figure 5-1 Some of the energy levels of an atomic system. Level 0, the ground 
state, is the lowest energy state. Levels 1 and 2 represent two excited states. 
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quantum mechanical considerations that spontaneous transitions take place 
from a given state only to states lying lower in energy, so no spontaneous 
transitions take place from 1 to 2. The rate A21 can be calculated using the 
eigenfunctions of states 2 and 1. In this book we accept the existence of 
spontaneous emission A21 and regard A21 as a parameter characterizing the 
transition 2 → 1 of the given physical system.1

Lineshape Function—Homogeneous and lnhomogeneous Broadening

If one performs a spectral analysis of the radiation emitted by spontaneous 
2 → 1 transitions, one finds that the radiation is not strictly monochromatic 
(that is, of one frequency) but occupies a finite frequency bandwidth. The 
function describing the distribution of emitted intensity versus the frequency 
v is referred to as the lineshape function g(v) (of the transition 2 → 1) and 
its arbitrary scale factor is usually chosen so that the function is normalized 
according to

(5.1-3)

We can consequently view g(v) dv as the a priori probability that a given 
spontaneous emission from level 2 to level 1 will result in a photon whose 
frequency is between v and v + dv.

Another method of determining g(v) is to apply an electromagnetic field 
to the sample containing the atoms and then plot the amount of energy 
absorbed by 1 → 2 transitions as a function of the frequency. This function, 
when normalized according to (5.1-3), is again g(v).

The fact that both the emission and the absorption are described by the 
same lineshape function g(v) can be verified experimentally, and follows 
from basic quantum mechanical considerations. The proof is beyond the 
scope of this book, but we can perhaps make a plausibility argument using 
the following example. Consider an RLC circuit that is excited into oscillation 
by connecting it to a signal source of frequency v0 = 1/2π√LC. The exci- 
tation is then discontinued and the transient decay of the oscillation is ob
served. It is a straightforward problem to show that the intensity spectrum 

1The quantum mechanical derivation gives [1] 

where x, y, and z are the coordinates of the electron. n is the index of refraction.

for a dass of transitions known as electric dipoIe transitions. The parameter ε is the dielectric 
constant at ω and
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of the decaying oscillation, which is analogous to spontaneous emission since 
the total energy is decreasing, is the same as a plot of the absorption power 
vs. frequency of the same circuit, this last process being equivalent to in- 
duced absorption in the atomic system.

It will be left as an exercise to show that in the case of the RLC circuit 
the spectrum characterizing the decay or absorption is proportional to

Homogeneous and lnhomogeneous Broadening [2]

One of the possible causes for the frequency spread of spontaneous emission 
is the finite lifetime τ of the emitting state. If we consider the emission from 
the excited state as that corresponding to a damped oscillator and choose 
the decay time of the oscillator as τ, we can take the radiated field as

(5.1-6)

(5.1-7)

(5.1-4)

where Q = 2πv0CR is the quality factor of the circuit.
The formal equivalence between an atomic transition and an oscillator 

goes even further than this RLC circuit example indicates. Later in this 
chapter we will use it extensively to describe the interaction between an 
atomic system and an electromagnetic field.

(5.1-5)

where σ/2 = τ-1 is the field decay rate (the intensity decay rate is σ). The 
Fourier transform of e(t) is

where the lower limit of integration is taken as t = 0 (instead of t = -∞) to 
correspond with the start of our observation period. The spectral density of 
the spontaneous emission is proportional to |E(ω)|2. If we limit our attention 
to the vicinity of the resonant frequency ω ≃ ω0, we obtain

which is of the same form as (5.1-4).
Curves with the functional dependence of (5.1-7) are called Lorentzian. 

They occur often in physics and engineering, since, as shown, they char- 
acterize the response of damped resonant systems.
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The type of broadening (that is, the finite width of the emitted spectrum) 
described above is called homogeneous broadening. It is characterized by 
the fact that the spread of the response over a band ~Δv is characteristic 
of each atom in the sample. The function g(v) thus describes the response 
of any of the atoms, which are indistinguishable.

As mentioned above, homogeneous broadening is due most often to the 
finite interaction lifetime of the emitting or absorbing atoms. Some of the 
most common mechanisms are:

1. The spontaneous lifetime of the excited state.
2. Collision of an atom embedded in a crystal with a phonon. This may 

involve the emission or absorption of acoustic energy. Such a collision 
does not terminate the lifetime of the atom in its absorbing or emitting 
state. It does, however, interrupt the relative phase between the atomic 
oscillation (see Section 5.4) and that of the field, thus causing a broad- 
ening of the response according to (5.1-6) where τ now represents the 
mean uninterrupted interaction time.

3. Pressure broadening of atoms in a gas. At sufficiently high atomic den- 
sities, the collisions between atoms become frequent enough that lifetime 
termination and phase interruption as in the preceding mechanism dom
inate the broadening mechanism.

There are, however, many physical situations in which the individual 
atoms are distinguishable, each having a slightly different transition fre- 
quency v0. If one observes, in this case, the spectrum of the spontaneous 
emission, its spectral distribution will reflect the spread in the individual 
transition frequencies and not the broadening due to the finite lifetime of the 

The separation Δv between the two frequencies at which the Lorentzian 
is down to half its peak value is referred to as the linewidth and is given by

(5.1-8)

In the case of atomic transitions between an upper level (u) and a lower 
level (1), the coherent interaction of an atom in either state (u or 1) with the 
field can be interrupted by the finite lifetime of the state (τu, τ1) or by an 
elastic collision that erases any phase memory (τcu, τc1). We thus generalize 
(5.1-8) to read

Rewriting (5.1-7) in terms of Δv and, at the same time, normalizing it ac
cording to (5.1-3), we obtain the normalized Lorentzian lineshape function

(5.1-9)
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excited state. Two typical situations give rise to this type of broadening, 
referred to as inhomogeneous.

First of all, the energy levels, hence the transition frequencies, of ions 
present as impurities in a host crystal depend on the immediate crystalline 
surroundings. The ever present random strain, as well as other types of 
crystal imperfections, cause the crystal surroundings to vary from one ion 
to the next, thus effecting a spread in the transition frequencies.

Second, the transition frequency v of a gaseous atom (or molecule) is 
Doppler-shifted due to the finite velocity of the atom according to

(5.1-10)

where vx is the component of the velocity along the direction connecting the 
observer with the moving atom, c is the velocity of light in the medium, and 
v0 is the frequency corresponding to a stationary atom. The MaxwelI velocity 
distribution function of a gas with atomic mass M that is at equilibrium at 
temperature T is [3]

(5.1-11)

k = 1.38 × 10-23 J/°K is the Boltzmann constant, and f(vx, vy, vz) dvx dvy 
dvz is thus the fraction of all the atoms whose x component of velocity is 
contained in the interval vx to vx + dvx while, simultaneously, their y and z 
components lie between vy and vy + dvy, vz and vz + dvz, respectively. Al- 
ternatively, we may view f(vx, vy, vz) dvx dvy dvz as the a priori probability 
that the velocity vector v of any given atom terminates within the differential 
volume dvx dvy dvz centered on v in velocity space so that

(5.1-12)

According to (5.1-10) the probability g(v) dv that the transition frequency 
is between v and v+dv is equal to the probability that vx will be found 
between vx = (v - v0)(c/v0) and (v + dv - v0)(c/v0) irrespective of the values 
of vy and vz [since if vx = (v- v0)(c/v0), the Doppler-shifted frequency will 
be equal to v regardless of vy and vz]. This probability is thus obtained by 
substituting vx = (v- v0)c/v0 in f(vx, vy, vz) dvx dvy dvz, and then integrating 
over all values of vy and vz. The result is

(5.1-13)
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Using the definite integral

we obtain, from (5.1-13),

(5.1-14)

for the normalized Doppler-broadened lineshape. The functional dependence 
of g(v) in (5.1-14) is referred to as Gaussian. The width of g(v) in this case 
is taken as the frequency separation between the points where g(v) is down 
to half its peak value. It is obtained from (5.1-14) as

(5.1-15)

where the subscript D stands for Doppler. We can reexpress g(v) in terms 
of ΔvD, obtaining

(5.1-16)

In Figure 5-2 we show, as an example of a lineshape function, the spon- 
taneous emission spectrum of Nd3+ when present as an impurity ion in a 
CaWO4 lattice. The spectrum consists of a number of transitions, which are 
partially overlapping.

Figure 5-2 Emission spectrum of Nd3+: CaWO4 in the vicinity of the 1.06-μm 
laser transition. The main peak corresponds to the laser transition. (After 
Reference [4].)
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Numerical Example: The Doppler Linewidth of Ne

Consider the 6328 Å transition in Ne, which is used in the popular He-Ne 
lasers. Using the atomic mass 20 for neon in (5.1-15) and taking T = 300°K, 
we obtain

5.2 INDUCED TRANSITIONS

In the presence of an electromagnetic field of frequency v~(E2 - E1)/h, an 
atom whose energy levels are shown in Figure 5-1 can undergo a transition 
from state 1 to 2, absorbing in the process a quantum of excitation (photon) 
with energy hv from the field. If the atom happens to occupy state 2 at the 
moment when it is first subjected to the electromagnetic field, it will make 
a downward transition to state 1, emitting a photon of energy hv.

What distinguishes the process of induced transition from the sponta- 
neous one described in the last section is the fact that the induced rate for 
2 → 1 and 1 → 2 transitions is equal, whereas the spontaneous 1 → 2 (that 
is, the one in which the atomic energy increases) transition rate is zero. 
Another fundamental difference—one that, again, follows from quantum 
mechanical considerations—is that the induced rate is proportional to the 
intensity of the electromagnetic field, whereas the spontaneous rate is in- 
dependent of it. The relationship between the induced transition rate and 
the (inducing) field intensity is of fundamental importance in treating the 
interaction of atomic systems with electromagnetic fields. Its derivation fol- 
lows.

Consider first the interaction of an assembly of identical atoms with a 
radiation field whose energy density is distributed uniformly in frequency in 
the vicinity of the transition frequency. Let the energy density per unit 
frequency be p(v). We assume that the induced transition rates per atom 
from 2→ 1 and 1 → 2 are both proportional to p(v) and take them as

(5.2-2)

for the Doppler linewidth. The 10.6 μm transition in the CO2 laser has, 
according to (5.1-15), a linewidth ΔvD ≈ 6 × 107 Hz.

(5.2-1)

where B21 and B12 are constants to be determined. The total downward 
(2 → 1) transition rate is the sum of the induced and spontaneous contri- 
butions
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The spontaneous rate A21 was discussed in Section 5.1. The total upward 
(1 → 2) transition rate is

(5.2-3)

Our first task is to obtain an expression for B12 and B21. Since the magnitude 
of the coefficients B21 and B12 depends on the atoms and not on the radiation 
field, we consider, without loss of generality, the case where the atoms are 
in thermal equilibrium with a blackbody (thermal) radiation field at temper- 
ature T. In this case the radiation density is given by [5]

Since at thermal equilibrium the average populations of levels 2 and 1 are 
constant with time, it follows that the number of 2 → 1 transitions in a given 
time interval is equal to the number of 1→2 transitions; that is,

(5.2-5)

where N1 and N2 are the population densities of level 1 and 2, respectively.
Using (5.2-2) and (5.2-3) in (5.2-5), we obtain

and, substituting for p(v) from (5.2-4),

(5.2-6)

Since the atoms are in thermal equilibrium, the ratio N2/N1 is given by 
the Boltzmann factor [5] as

Equating (N2/N1) as given by (5.2-6) to (5.2-7) gives

The last equality can be satisfied only when

and simultaneously

(5.2-7)

(5.2-8)

(5.2-9)

The last two equations were first given by Einstein [6]. We can, using (5.2-10), 
rewrite the induced transition rate (5.2-1) as

(5.2-11)

(5.2-4)

(5.2-10)
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where, because of (5.2-9) the distinction between 2 → 1 and 1 → 2 induced 
transition rates is superfluous.

Equation (5.2-11) gives the transition rate per atom due to a field with 
a uniform (white) spectrum with energy density per unit frequency p(v). In 
quantum electronics our main concern is in the transition rates that are 
induced by a monochromatic (that is, single-frequency) field of frequency 
v. Let us denote this transition rate as Wi(v). We have established in Section 
5.1 that the strength of interaction is proportional to the Iineshape function 
g(v), so Wi(v) ∝ g(v). Furthermore, we would expect Wi(v) to go over into 
Wi' as given by (5.2-11) if the spectral width of the radiation field is gradually 
increased from zero to a point at which it becomes large compared to the 
transition linewidth. These two requirements are satisfied if we take Wi(v) 
as

(5.2-12)

where ρv is the energy density (joules per cubic meter) of the electromagnetic 
field inducing the transitions. To show that Wi(v) as given by (5.2-12) indeed 
goes over smoothly into (5.2-11) as the spectrum of the field broadens, we 
may consider the broad spectrum field as made up of a large number of 
closely spaced monochromatic components at vk with random phases, and 
then by adding the individual transition rates obtained from (5.2-12),

(5.2-13)

where ρvk is the energy density of the field component oscillating at vk. We 
can replace the summation of (5.2-13) by an integral if we replace ρvk by 
p(v) dv where p(v) is the energy density per unit frequency; thus, (5.2-13) 
becomes

(5.2-14)

In situations where p(v) is sufficiently broad compared with g(v), and thus 
the variation of ρ(v)/v3 over the region of interest [where g(v) is appreciable] 
can be neglected, we can pull ρ(v)/v3 outside the integral sign, obtaining 

where we used the normalization condition

This agrees with (5.2-11).
Returning to our central result, Equation (5.2-12), we can rewrite it in 
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terms of the intensity Iv = cρv/n (watts per square meter) of the optical wave 
as

(5.2-15)

where c is the velocity of propagation of light in vacuum, λ is the vacuum 
wavelength, and tspont ≡ 1/A21.

5.3 ABSORPTION AND AMPLIFICATION

Consider the case of a monochromatic plane wave of frequency v and in- 
tensity Iv propagating through an atomic medium with N2 atoms per unit 
volume in level 2 and N1 in level 1. According to (5.2-15) there will occur 
N2 Wi induced transitions per unit time per unit volume from level 2 to level 
1 and N1Wi transitions from 1 to 2. The net power generated within a unit 
volume is thus

This radiation is added coherently (that is, with a definite phase rela
tionship) to that of the traveling wave so that it is equal, in the absence of 
any dissipation mechanisms, to the increase in the intensity per unit length, 
or, using (5.2-15),

(5.3-1)

The solution of (5.3-1) is

(5.3-2)

where

(5.3-3)

that is, the intensity grows exponentially when the population is inverted 
(N2 > N1) or is attenuated when N2 < N1. The first case corresponds to laser- 
type amplification, whereas the second case is the one encountered in atomic 
systems at thermal equilibrium. The two situations are depicted in Figure 
5-3. We recall that at thermal equilibrium 

so that systems at thermal equilibrium are always absorbing. The inversion 
condition N2 > N1 can still be represented by (5.3-4), provided we take T as 
negative. As a matter of fact, the condition N2 > N1 is often referred to as

(5.3-4)
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Figure 5-3 Amplification of a traveling electromagnetic wave in (a) an inverted 
population (N2 > N1), and (b) its attention in an absorbing (N2 < N1) medium.

one of "negative temperature"—the "temperature" in this case serving as 
an indicator of the population ratio, in accordance with (5.3-4).

The absorption, or amplification, of electromagnetic radiation by an 
atomic transition can be described not only by means of the exponential 
gain constant γ(v) but also, alternatively, in terms of the imaginary part of 
the electric susceptibility χ"e(v) of the propagation medium. According to 
(1.2-19) the density of absorbed power is

(5.3-5)

where, since we are concerned here only with electric susceptibilities, we 
replace χe(v) by the symbol χ(v). This last result must agree with a derivation 
using the concept of the induced transition rate Wi(v) according to which

(5.3-6)

Equating (5.3-5) to (5.3-6), substituting (5.2-15) for Wi(v), and using the 
relation Iv = (c/n)ε|E|2/2 [see (1.3-26)], we obtain

(5.3-7)

where n2 ≡ ε/ε0 and λ is the wavelength in vacuum. In the case of a Lor- 
entzian lineshape function g(v), we use (5.1-9) to rewrite the last result as

(5.3-8)
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Numerical Example: The Exponential Gain Constant in a Ruby Laser

Let us estimate the exponential gain constant at line center of a ruby (Al2O3 
doped with Cr3+ ions) crystal having the following characteristics:

The interaction of an electromagnetic field with an atomic transition is ac- 
companied not only by absorption (or emission) of energy, but also by a 
dispersive effect in which the phase velocity of the incident wave depends 
on the frequency. The reason is that when the frequency ω of the wave is 
near that of the atomic transition, the atoms acquire large dipole moments 
that oscillate at ω, and the total field is now the sum of the incident and the 
field radiated by the dipoles. Since the radiated field is not necessarily in 
phase with the incident one, the effect is to change the phase velocity (με)-1/2 
of the incident wave or, equivalently, to change the real part of the dielectric 
constant ε.

In treating this problem analytically we need to solve first for the dipole 
moment of an atom that is induced by an incident field. This problem is 
usually handled by the sophisticated quantum mechanical formalism of the 
density matrix [7]. We will employ, instead, the electron oscillator model 
for the atomic transition. According to this model, which has been used by 
atomic physicists before the advent of quantum mechanics, we account for 
the dipole moments induced in a single atom by replacing the atom with an 
electron oscillating in a harmonic potential well [8]. The resonance frequency 
and absorption width of the electronic oscillator are chosen to agree with 
those of the real transition. We will also find it necessary to introduce an

Using these values in (5.3-3) gives

Thus, the intensity of a wave with a frequency corresponding to the center 
of the transition is amplified by approximately 5 percent per cm in its passage 
through a ruby rod with the foregoing characteristics.

5.4 THE ELECTRON OSCILLATOR MODEL OF AN ATOMIC TRANSITION
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additional parameter, the so-called "oscillator strength," that characterizes 
the strength of the interaction between the oscillator and the field so that 
the calculated absorption (or emission) strength agrees with the experimental 
value.

The equation of motion of the one-dimensional electronic oscillator is

(5.4-1)

where x(t) is the deviation of the electron from its equilibrium position, σ 
is the damping coefficient, kx is the restoring force, e(t) is the instantaneous 
electric field, and the electronic charge is -e. Taking the electric field e(t) 
and the deviation x(t) as

Equation (5.4-1) becomes

so that the deviation amplitude is given by

(5.4-3)

(5.4-4)

(5.4-5)

We are interested primarily in the response at frequencies near resonance. 
Thus, if we put ω ≃ ω0, (5.4-5) becomes

The dipole moment of a single electron is

(5.4-2)

respectively, and defining the resonant frequency by

Therefore, in the case of N oscillators per unit volume, there results a 
polarization (dipole moment per unit volume)

(5.4-6)

where the complex polarization P(ω) is given by

(5.4-7)
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The electronic susceptibility χ(ω) is defined as the ratio of the complex 
amplitude of the induced polarization to that of the inducing field (multiplied 
by ε0)

(5.4-8)

and is consequently a complex number. If we separate χ(ω) into its real and 
imaginary components according to

(5.4-9)

we obtain, from (5.4-6), (5.4-8), and (5.4-9),

(5.4-10)

Therefore, χ'(ω) and χ"(ω) are associated, respectively, with the in-phase 
and quadrature components of the polarization.

From (5.4-7) and (5.4-8) it follows that

(5.4-11)

and thus

(5.4-12)

(5.4-13)

Expressing χ(ω) in terms of v = ω/2π and introducing Δv = σ/2π, the 
frequency separation between the two points where χ"(v) is down to half its 
peak intensity, we obtain

(5.4-14)

(5.4-15)

By comparing (5.4-14) with (5.1-9), we find that χ"(v) has a Lorentzian shape. 
The Lorentzian was found in Section 5.1 to represent the absorption as a 
function of frequency of an RLC oscillator, so it should not come as a sur- 
prise to find, in the next section, that the power absorption of the electronic 
oscillator is also proportional to χ"(v).

A normalized plot of χ'(v) and χ''(v) is shown in Figure 5-4. The most 
noteworthy features of the plot are that the extrema of χ'(v) occur at the 
half-power frequencies and the effects of dispersion χ'(v) are also "felt" at 
frequencies at which the absorption χ"(v) is negligible, and that the magnitude 
of χ'(v) at its extrema is half the peak value of χ"(v).
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Figure 5-4 A plot of the real (χ') and (negative) imaginary (χ'') parts of the 
electronic susceptibility.

The Significance of χ(v)

According to (1.2-3) the electric displacement vector is defined by

(5.4-16)

so that the complex dielectric constant becomes

(5.4-17)

We have thus accounted for the effect of the atomic transition by modifying 
ε according to (5.4-17). Having derived χ(ω), using detailed atomic infor- 
mation, we can ignore its physical origin and proceed to treat the wave 
propagation in the medium with ε' given by (5.4-17), using Maxwell's equa- 
tions.

As an example of this point of view we consider the propagation of a 
plane electromagnetic wave in a medium with a dielectric constant ε'(ω). 
According to (1.3-17), the wave has the form of

where k = ω√με.

where the complex notation is used and the polarization is separated into a 
resonant component Ptransition due to the specific atomic transition and a 
nonresonant component P that accounts for all the other contributions to 
the polarization. We can rewrite the last equation as

(5.4-18)

where, using (1.3-13) and (5.4-17) and assuming (ε0/ε)∣χ∣ ≪ 1, we obtain
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Expressing χ(ω) in terms of its real and imaginary components as in 
(5.4-9) leads to

(5.4-19)

where n = (ε/ε0)1/2 is the index of refraction in the medium2 far away from 
resonance. Substituting (5.4-19) back into (5.4-18), we find that the atomic 
transition results in a wave propagating according to

The result of the atomic polarization is thus to change the phase delay per 
unit length from k to k + Δk, where

(5.4-21)

as well as to cause the amplitude to vary exponentially with distance ac- 
cording to e(γ/2)z, where

(5.4-22)

It is quite instructive to rederive (5.4-22) using a different approach. 
According to (1.2-13), the average power absorbed per unit volume from an 
electromagnetic field with an x component only is

(5.4-23)

where E and P are the complex electric field and polarization in the x di- 
rection, respectively, and horizontal bars denote time-averaging. Using (5.4-8) 
and (5.4-9) in (5.4-23), we obtain

(5.4-24)

The absorption of energy at a rate given by (5.4-24) must lead to a variation 
of the wave intensity I, according to

2Since the velocity of light is c = (με)-1/2, n is the ratio of the velocity of light in vacuum to 
that in the medium at frequencies sufficiently removed from resonance that the effect of the 
specific atomic transition can be ignored.

(5.4-20)

(5.4-25)

where

(5.4-26)
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Conservation of energy thus requires that

where c/n = ω/k is the velocity of light in the medium, gives

in agreement with (5.4-22).

In (5.4-14) and (5.4-15) we derived an expression for the electric susceptibility 
χ(v) of a medium made up of idealized electron oscillators. This expression 
cannot be used to represent the susceptibility of an actual atomic transition. 
This can be seen by comparing the classical expression for χ''(v) as given 
by (5.4-14) to the quantum mechanical expression

3That this assumption is correct can be shown using the Kramers-Kronig relation (see Problem 
5-3 and Reference [1], p. 160). Physically, this is attributable to the fact that both χ'(v) and 
χ"(v), as deduced from the electron oscillator model, are off by the same factor, so the ratio 
χ"(v)/χ'(v) is correct.

Using the last result in (5.4-26), as well as relation (1.3-26),

5.5 ATOMIC SUSCEPTIBILITY

(5.5-1)

which was derived in Section 5.3. We find that in the case of the electron 
oscillator, χ"(v) > 0, so power can only be absorbed from the field. In the 
quantum mechanical model, on the other hand, the sign of χ"(v) is the same 
as that of N1 - N2 so, for N2 > N1, power is actually added to the field. The 
quantum mechanical derivation also shows that the absorption (or emission) 
strength is inversely proportional to tspont, which is characteristic of a given 
transition.

We accept the quantum mechanical expression for χ"(v) given by (5.5-1) 
as a correct representation of the absorption due to an atomic transition. 
We justify this choice by its agreement with experiment. We use the classical 
analysis, however, to obtain a relationship between χ'(v) and χ"(v), assuming 
that such a relationship is correct in spite of the objections raised previously.3
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From (5.4-15) and (5.5-1) we obtain

(5.5-2)

This expression will be used to represent the dispersion of a homogeneously 
broadened transition with a Lorentzian lineshape.

In Section 5.3 we derived an expression (5.3-3) for the exponential gain 
constant due to a population inversion. It is given by

(5.6-1)

where N2 and N1 are the population densities of the two atomic levels in- 
volved in the induced transition. There is nothing in (5.6-1) to indicate what 
causes the inversion (N2 - N1), and this quantity can be considered as a 
parameter of the system. In practice the inversion is caused by a "pumping" 
agent, hereafter referred to as the pump, that can take various forms such 
as the electric current in injection lasers, the flashlamp light in pulsed ruby 
lasers, or the energetic electrons in plasma-discharge gas lasers.

Consider next the situation prevailing at some point inside a laser me
dium in the presence of an optical wave. The pump establishes a population 
inversion, which in the absence of any optical field has a value ΔN0. The 
presence of the optical field induces 2 → 1 and 1 → 2 transitions. Since N2 > N1 
and the induced rates for 2 → 1 and 1 → 2 transitions are equal, it follows 
that more atoms are induced to undergo a transition from level 2 to level 1 
than in the opposite direction and that, consequently, the new equilibrium 
population inversion is smaller than ΔN0.

The reduction in the population inversion and hence of the gain constant 
brought about by the presence of an electromagnetic field is called gain 
saturation. Its understanding is of fundamental importance in quantum elec
tronics. As an example, which will be treated in the next chapter, we may 
point out that gain saturation is the mechanism that reduces the gain inside 
laser oscillators to a point where it just balances the losses so that steady 
oscillation can result.

In Figure 5-5 we show the ground state 0 as well as the two laser levels 
2 and 1 of a four-level laser system. The density of atoms pumped per unit 
time into level 2 is taken as R2, and that pumped into 1 is R1. Pumping into 
1 is, of course, undesirable since it leads to a reduction of the inversion. In 
many practical situations it cannot be avoided. The actual "decay" lifetime

5.6 GAIN SATURATION IN HOMOGENEOUS LASER MEDIA
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Figure 5-5 Energy levels and transition rates of a four-level laser system. (The 
fourth level, which is involved in the original excitation by the pump, is not 
shown and the pumping is shown as proceeding directly into levels 1 and 2.) The 
total lifetime of level 2 is t2, where 1/t2 = 1/tspont + 1/t20.

of atoms in level 2 at the absence of any radiation field is taken as t2. This 
decay rate has a contribution t-1spont that is due to spontaneous (photon emit- 
ting) 2 → 1 transitions as well as to additional nonradiative relaxation from 
2 to 1. The lifetime of atoms in level 1 is t1. The induced rate for 2 → 1 and 
1 → 2 transitions due to a radiation field at frequency v is denoted by Wi(v) 
and, according to (5.2-15), is given by

(5.6-2)

where g(v) is the normalized lineshape of the transition and Iv is the intensity 
(watts per square meter) of the optical field.

The equations describing the populations of level 2 and 1 in the combined 
presence of a radiation field at v and a pump are:

N2 and N1 are the population densities (m-3) of levels 2 and 1 respectively. 
R2 and R1 are the pumping rates (m-3 - s-1) into these levels. N2/t2 is the 
change per unit time in the population of 2 due to decay out of level 2 to all 
levels. This includes spontaneous transitions to 1 but not induced transitions. 
The rate for the latter is N2 Wi( v) so that the net change in N2 due to induced 
transitions is given by the last term of (5.6-3). At steady state the populations 
are constant with time, so putting d/dt = 0 in the two preceding equations,

(5.6-3)

(5.6-4)
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we can solve for N1, N2, and obtain4

(5.6-5)

where δ = t2/tspont. If the optical field is absent, Wi(v) = 0, and the inversion 
density is given by

we can use (5.6-6) to rewrite (5.6-5) as

(5.6-6)

(5.6-7)

We note that in efficient laser systems t2 ≃ tspont, so δ ≃ 1, and that t1 ≪ t2, 
so φ ≃ 1. Substituting (5.6-2) for Wi(v) the last equation becomes

where Is(v), the saturation intensity, is given by

(5.6-8)

(5.6-9)

and corresponds to the intensity level (watts per square meter) that causes 
the inversion to drop to one half of its nonsaturated value (ΔN0). By using 
(5.6-8) in the gain expression (5.6-1), we obtain our final result

(5.6-10)

which shows the dependence of the gain constant on the optical intensity.
In closing we recall that (5.6-10) applies to a homogeneous laser system. 

This is due to the fact that in the rate equations (5.6-3) and (5.6-4) we 
considered all the atoms as equivalent and, consequently, experiencing the 
same transition rates. This assumption is no longer valid in inhomogeneous 
laser systems. This case is treated in the next section.

4Levels 1 and 2 are assumed to be high enough (in energy) that the role of thermal processes 
in populating them can be neglected.

where the parameter φ is defined by
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5.7 GAIN SATURATION IN INHOMOGENEOUS LASER MEDIA

In Section 5.6 we considered the reduction in optical gain—that is, satura
tion—due to the optical field in a homogeneous laser medium. In this section 
we treat the problem of gain saturation in inhomogeneous systems.

According to the discussion of Section 5.1, in an inhomogeneous atomic 
system the individual atoms are distinguishable, with each atom having a 
unique transition frequency (E2-E1)/h. We can thus imagine the inhomo- 
geneous medium as made up of classes of atoms each designated by a con- 
tinuous variable ξ.5 Furthermore, we define a function p(ξ) so that the a 
priori probability that an atom has its ξ parameter between ξ and ξ + dξ is 
p(ξ) dξ. It follows that

5The variable ξ can, as an example, correspond to the center frequency of the lineshape function 
gξ(v) of atoms in group ξ.

since any atom has a unit probability of having its ξ value between -∞ 
and ∞.

The atoms within a given class ξare considered as homogeneously broad- 
ened, having a lineshape function gξ(v) that is normalized so that

(5.7-2)

In Section 5.1 we defined the transition lineshape g(v) by taking g(v) dv 
to represent the a priori probability that a spontaneous emission will result 
in a photon whose frequency is between v and v + dv. Using this definition 
we obtain

(5.7-3)

which is a statement of the fact that the probability of emitting a photon of 
frequency between v and v + dv is equal to the probability gξ(v) dv of this 
occurrence, given that the atom belongs to class ξ, summed up over all the 
classes.

Next we proceed to find the contribution to the inversion that is due to 
a single class ξ. The equations of motion [9] are

(5.7-4)
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and are similar to (5.6-3) and (5.6-4), except that Nξ2 and Nξ1 refer to the 
upper and lower level densities of atoms in class ξ only. The pumping rate 
(atoms/m3-sec) into levels 2 and 1 is taken to be proportional to the prob
ability of finding an atom in class ξ and is given by R2p(ξ) and R1p(ξ), 
respectively. The total pumping rate into level 2 is, as in Section 5.6, R2 
since

where we made use of (5.7-1). The induced transition rate Wξ1(v) is given, 
according to (5.2-15), by

(5.7-5)

which is of a form identical to (5.6-2) except that gξ(v) refers to the lineshape 
function of atoms in class ξ. The steady-state d/dt = 0 solution of (5.7-4) 
yields

(5.7-6)

where ΔN0 and φ have the same significance as in Section 5.6. The total 
power emitted by induced transitions per unit volume by atoms in class ξ is 
thus

(5.7-7)

where the spontaneous lifetime is assumed the same for all the groups ξ.
Summing (5.7-7) over all the classes, we obtain an expression for the 

total power at v per unit volume emitted by the atoms

The stimulated emission of power causes the intensity of the traveling optical 
wave to increase with distance z according to Iv = Iv(0) exp [γ(v)z], where

(5.7-10)

where we replaced p(ξ) dξ by p(vξ) dvξ.

(5.7-8)

which, by the use of (5.7-5), can be rewritten as

(5.7-9)
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This is our basic result.
As a first check on (5.7-10), we shall consider the case in which 

Iv ≪ πn2hv/φλ2gξ(v) and therefore the effects of saturation can be ignored. 
Using (5.7-3) in (5.7-10), we obtain 

which is the same as (5.3-3). This shows that in the absence of saturation 
the expressions for the gain of a homogeneous and an inhomogeneous atomic 
system are identical.

Our main interest in this treatment is in deriving the saturated gain 
constant for an inhomogeneously broadened atomic transition. If we assume 
that in each class ξ all the atoms are identical (homogeneous broadening), 
we can use (5.1-9) for the lineshape function gξ(v), and therefore, 

where Δv is called the homogeneous linewidth of the inhomogeneous line. 
Atoms with transition frequencies that are clustered within Δv from each 
other can be considered as indistinguishable. The term "homogeneous packet" 
is often used to describe them. Using (5.7-11) in (5.7-10) leads to

(5.7-12)

In the extreme inhomogeneous cases, the width of p(vξ) is by definition very 
much larger than the remainder of the integrand in (5.7-12) and thus it is 
essentially a constant over the region in which the integrand is appreciable. 
In this case we can pull p(vξ)vξ=v = p(v) outside the integral sign in (5.7-12), 
obtaining

(5.7-13)

Using the definite integral 

to evaluate (5.7-13), we obtain

(5.7-14)

(5.7-15) 

(5.7-11)
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where Is = 4π2n2hv Δv/φλ2 is the saturation intensity. A comparison of 
(5.7-15) with (5.6-10) shows that, because of the square root, the saturation— 
that is, decrease in gain—sets in more slowly as the intensity Iv is increased 
in the case of inhomogeneous broadening.

Problems

5.1 Consider a parallel RLC circuit that is connected to a signal generator 
so that the voltage across it is

At t = 0 the circuit is disconnected from the signal generator.

a. What is the voltage v(t) for t > 0?
b. Find the Fourier transform V(ω) of v(t). Show that in the high-Q case 

(where Q = 2πv0RC) and for frequencies v ≃ v0 ≡ 1/2π√LC,

c. Obtain the expression for the amount of average power P(v) absorbed by 
the RLC circuit from a signal generator with an output current

Show that the expression for P(v) is proportional to that of |V(v)|2 obtained 
in (b).

5.2 Calculate the maximum absorption coefficient for the R1 transition in 
pink ruby with a Cr3+ concentration of 2 × 1019 cm-3. Assume that 
tspont = 3 × 10-3 second and Δv = 11 cm-1. Compare the result to the ab- 
sorption date of Figure 7-4.

5.3 Show that Equations (5.5-1) and (5.5-2) are derivable from each other 
using the Kramers-Kronig relationship. For a discussion of this relation see, 
for example, Reference [1], page 160.
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