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Theory of Laser

Oscillation

6.0 INTRODUCTION

In Chapter 5 we found that an atomic medium with an inverted population 
(N2 > N1) is capable of amplifying an electromagnetic wave if the latter's 
frequency falls within the transition lineshape. Consider next the case in 
which the laser medium is placed inside an optical resonator. As the elec
tromagnetic wave bounces back and forth between the two reflectors, it 
passes through the laser medium and is amplified. If the amplification exceeds 
the losses caused by imperfect reflection in the mirrors and scattering in the 
laser medium, the field energy stored in the resonator will increase with 
time. This causes the amplification constant to decrease as a result of gain 
saturation (see (5.6-10) and the discussion surrounding it.) The oscillation 
level will keep increasing until the saturated gain per pass just equals the 
losses. At this point the net gain per pass is unity and no further increase 
in the radiation intensity is possible—that is, steady-state oscillation obtains.

In this chapter we will derive the start-oscillation inversion needed to 
sustain laser oscillation, beginning with the theory of the Fabry-Perot etalon. 
We will also obtain an expression for the oscillation frequency of the laser 
oscillator and show how it is affected by the dispersion of the atomic medium. 
We will conclude by considering the problem of optimum output coupling 
and laser pulses.

6.1 FABRY-PEROT LASER

A two-mirror laser oscillator is basically a Fabry-Perot etalon, as studied 
in detail in Chapter 4, in which the space between the two mirrors contains 
an amplifying medium with an inverted atomic population. We can account 
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for the inverted population by using (5.4-19). Taking the propagation constant 
of the medium as

(6.1-1)

where k - iα/2 is the propagation constant of the medium at frequencies 
well removed from that of the laser transition, χ(ω) = χ'(ω) - iχ"(ω) is the 
complex dielectric susceptibility due to the laser transition and is given by 
(5.5-1) and (5.5-2). Since α accounts for the distributed passive losses of the 
medium,1 the intensity loss factor per pass is exp (-αl).

Figure 6-1 shows a plane wave of (complex) amplitude Ei that is incident 
on the left mirror of a Fabry-Perot etalon containing a laser medium. The 
ratio of transmitted to incident fields at the left mirror is taken as t1 and that 
at the right mirror as t2. The ratios of reflected to incident fields inside the 
laser medium at the left and right boundaries are r1 and r2, respectively.

The propagation factor corresponding to a single transit is exp (-ik'l) 
where k' is given by (6.1-1) and l is the length of the etalon.

Adding the partial waves at the output to get the total outgoing wave Et 
we obtain 

which is a geometric progression with a sum

(6.1-2)

1In addition to and in the presence of the gain attributable to the inverted laser transition, the 
medium may possess a residual attenuation due to a variety of mechanisms, such as scattering 
at imperfections, absorption by excited atomic levels, and others. The attenuation resulting 
from all of these mechanisms is lumped into the distributed loss constant α.

Figure 6-1 Model used to analyze a laser oscillator. A laser medium (that is, one 
with an inverted atomic population) with a complex propagation constant k'(ω) is 
placed between two reflecting mirrors.



176 THEORY OF LASER OSCILLATION

where we used (5.3-3), (6.1-1), and the relation k' = k + Δk + i(γ - α)/2 
with

(6.1-3)

If the atomic transition is inverted (N2 > N1), then γ > 0 and the de- 
nominator of (6.1-2) can become very small. The transmitted wave Et can 
thus become larger than the incident wave Ei. The Fabry-Perot etalon (with 
the laser medium) in this case acts as an amplifier with a power gain |Et/Ei|2. 
We recall that in the case of the passive Fabry-Perot etalon (that is, one 
containing no laser medium), whose transmission is given by (4.1-7), |Et| ≤ 
|Ei| and thus no power gain is possible. In the case considered here, however, 
the inverted population constitutes an energy source, so the transmitted wave 
can exceed the incident one.

If the denominator of (6.1-2) becomes zero, which happens when

(6.1-5)

then the ratio Et/Ei becomes infinite. This corresponds to a finite transmitted 
wave Et with a zero incident wave (Ei = 0)—that is, to oscillation. Physically, 
condition (6.1-5) represents the case in which a wave making a complete 
round trip inside the resonator returns to the starting plane with the same 
amplitude and, except for some integral multiple of 2π, with the same phase. 
Separating the oscillation condition (6.1-5) into the amplitude and phase 
requirements gives

(6.1-6)

for the threshold gain constant γt(ω) and

(6.1-7)

for the phase condition. The amplitude condition (6.1-6) can be written as

which, using (6.1-4), becomeS

(6.1-8)

(6.1-9)

(6.1-4)
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Numerical Example: Population Inversion

To get an order of magnitude estimate of the critical population inversion 
(N2 - N1)t we use data typical of a 6328 Å He-Ne laser (which is discussed 
in Section 7.5). The appropriate constants are

(The last figure is the Doppler-broadened width of the laser transition.) 
The cavity decay time tc is calculated from (6.1-10) assuming α = 0 and

R1 = R2 = 0.98. Since R1 = R2 ≃ 1, we can use the approximation 
-ln x = 1 - x, x ≃ 1, to write

Using the foregoing data in (6.1-11), we obtain

2It was derived originally by Schawlow and Townes in their classic paper showing the feasibility 
of lasers; see Reference [l].
3Consider the case in which the mirror losses and the distributed losses are all small, and 
therefore r21 ≈ 1, r22 ≈ 1 and exp (-αl) ≈ 1. A wave starting with a unit intensity will return 
after one round trip with an intensity R1R2 exp (-2αl), where R1 ≡ r21 and R2 ≡ r22 are the 
mirrors' reflectivities. The fractional intensity loss per round trip is thus 1 - R1R2 exp (-2αl). 
Since this loss occurs in a time 2ln/c, it corresponds to an exponential decay time constant tc 
(of the intensity) given by

and the threshold condition (6.1-9) becomes

(6.1-11)

where N ≡ N2 - N1 and the subscript t signifies threshold.
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This is the population inversion density at threshold.2 It is often stated in a 
different form.3

Therefore, the energy ℰ stored in the passive resonator decays as dℰ/dt = -ℰ/tc. Since 
R1R2e-2αl ≈ 1, we can use the relation I — x ≈ -ln x, x ≈ 1, to write 1/tc as

(6.1-10)
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Figure 6-2 (a) The transmission |Et/Ei|2 versus phase shift per round trip θ = 
2(kl - mπ) of a Fabry-Perot etalon filled with an atomic medium. The different 
curves correspond to different values of gain (or loss) of the medium. Curve 
C(eγl = 1) corresponds to transparency. (b) The reflection |Er/Ei|2 of a Fabry-Perot 
etalon.



OSCILLATION FREQUENCY 179

Figure 6-2 consists of a plot (a) of the transmission factor |Et/Ei|2 and 
(b) and reflection factor |Er/Ei|2 of a Fabry-Perot etalon as a function of the 
phase delay per round trip. Each curve is for a different value of the dis- 
tributed gain constant y. We note that eγl > 1; i.e., when the net gain per 
pass exceeds unity, the transmission exceeds unity and the etalon functions 
as an amplifier.

It is especially interesting to note the narrowing of the peaks as the start 
oscillation condition eγl = 1/R = 0.9-1 is approached. The spectral distri- 
bution of the output of a laser oscillator can be viewed as made up of one 
of these peaks with the effective input being that of the spontaneous emis- 
sion. This point of view is explored further in Section 10.6.

6.2 OSCILLATION FREQUENCY

The phase part of the start oscillation condition as given by (6.1-7) is satisfied 
at an infinite set of frequencies, which correspond to the different value of 
the integer m. If, in addition, the gain condition (6.1-6) is satisfied at one or 
more of these frequencies, the laser will oscillate at this frequency.

To solve for the oscillation frequency we use (6.1-3) to rewrite (6.1-7) 
as

(6.2-1)

Introducing

(62-2)

so that it corresponds to the mth resonance frequency of the passive [N2 -
N1 = 0] resonator and, using relations (5.4-15) and (5.4-22), 

we obtain from (6.2-1)

(6.2-3)

where v0 is the center frequency of the atomic lineshape function. Let us 
assume that the laser length is adjusted so that one of its resonance fre- 
quencies vm is very near v0. We anticipate that the oscillation frequency v 
will also be close to vm and take advantage of the fact that when v ≃ v0 the 
gain constant γ(v) is a slowly varying function of v; see Figure 5-4 for χ"(v), 
which is proportional to γ(v). We can consequently replace γ(v) in (6.2-3) 
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by γ(vm), and (v0 - v) by (v0 - vm) obtaining

(6.2-4)

as the solution for the oscillation frequency v.
We can recast (6.2-4) in a slightly different, and easier to use, form by 

starting with the gain threshold condition (6.1-6). Taking, for simplicity 
r1 = r2 = √R and assuming that R ≃ 1 and α = 0, we can write (6.1-8) as4

We also take advantage of the relation 

which relates the passive resonator linewidth Δ v1/2 to R (this relation follows 
from (4.7-7) for a = 0 and R ≈ 1) and write (6.2-4) as

A study of (6.2-5) shows that if the passive cavity resonance vm coincides 
with the atomic line center—that is, vm = v0—oscillation takes place at v = 

4This result can be obtained by putting R = 1 - Δ, where Δ ≪ 1. Equation (6.1-6) becomes 
1 + γtl ≈ 1 + Δ ⇒ γt ≈ Δ/l = (1 - R)/l.

Figure 6-3 A graphical illustration of the laser frequency condition [Equation 
(6.2-1)] showing how the atomic dispersion χ'(v) "pulls" the laser oscillation 
frequency, v, from the passive resonator value, vm, toward that of the atomic 
resonance at v0.

(6.2-5)
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v0. If vm ≠ v0, oscillation takes place near vm but is shifted slightly toward 
v0. This phenomenon is referred to as frequency pulling and is demonstrated 
by Figure 6-3.

Lasers are commonly classified into the so-called "three-level" or "four- 
level" lasers. An idealized model of a four-level laser is shown in Figure 
6-4. The feature characterizing this laser is that the separation E1 of the 
terminal laser level from the ground state is large enough that at the tem
perature T at which the laser is operated, E1 ≫ kT. This guarantees that the 
thermal equilibrium population of level 1 can be neglected. If, in addition, 
the lifetime t1 of atoms in level 1 is short compared to t2, we can neglect N1 
compared to N2 and the threshold condition (6.1-11) is satisfied when

5Here we assume that because of the very fast transition rate ω32 out of level 3, the population 
of this level is negligible and N1 + N2 = N0, where N0 is the density of the active atoms.

Figure 6-4 Energy-level diagram of an idealized four-level laser.

6.3 THREE- AND FOUR-LEVEL LASERS

(6.3-1)

Therefore, laser oscillation begins when the upper laser level acquires, by 
pumping, a population density equal to the threshold value Nt.

A three-level laser is one in which the lower laser level is either the 
ground state or a level whose separation E1 from the ground state is small 
compared to kT, so that at thermal equilibrium a substantial fraction of the 
total population occupies this level. An idealized three-level laser system is 
shown in Figure 6-5.

At a pumping level that is strong enough to create a population N2 = 
N1 = N0/2 in the upper laser level,5 the optical gain γ is zero, since γ ∝ 
N2 - N1 = 0. To satisfy the oscillation condition the pumping rate has to
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Figure 6-5 Energy-level diagram of an idealized three-level laser.

be further increased until

and

(6.3-2)

so N2 - N1 = Nt. Since in most laser systems N0 ≫ Nt, we find by comparing 
(6.3-1) to (6.3-2) that the pump rate at threshold in a three-level laser must 
exceed that of a four-level laser—all other factors being equal—by

In the numerical example given in the next chapter we will find that in 
the case of the ruby laser this factor is ~100.

The need to maintain about N0/2 atoms in the upper level of a three- 
level laser calls for a minimum expenditure of power of

(6.3-3)

and of

(6.3-4)

in a four-level laser. V is the volume. The last two expressions are derived 
by multiplying the decay rate (atoms per second) from the upper level at 
threshold, which is N0V/2t2 and NtV/t2 in the two cases, by the energy hv 
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per transition. If the decay rate per atom t2-1 (seconds-1) from the upper 
level is due to spontaneous emission only, we can replace t2 by tspont. Ps is 
then equal to the power emitted through fluorescence by atoms within the 
(mode) volume V at threshold. We will refer to it as the critical fluorescence 
power. In the case of the four-level laser we use (6.1-11) for Nt and obtain

(6.3-5)

where Δv = 1/g(v0) is the width of the laser transition lineshape.

Numerical Example: Critical Fluorescence Power of an Nd3+: Glass Laser

The critical fluorescence power of an Nd3+: glass laser is calculated using 
the following data:

In Section 6.1 we derived an expression for the threshold population inver- 
sion Nt at which the laser gain becomes equal to the losses. We would expect 
that as the pumping intensity is increased beyond the point at which N2 - 
N1 = Nt the laser will break into oscillation and emit power. In this section 
we obtain the expression relating the laser power output to the pumping 
intensity. We also treat the problem of optimum coupling—that is, of the 
mirror transmission that results in the maximum power output.

The Nd3+: g1ass is a four-level laser system (see Figure 7-11), since level 1 
is about 2,000 cm-1 above the ground state so that at room temperature 
E1 ≈ 10kT. We can thus use (6.3-5), obtaining N, = 8.5 × 1015 cm-3 and

6.4 POWER IN LASER OSCILLATORS
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Rate Equations

Consider an ideal four-level laser such as the one shown in Figure 6-4. We 
take E1 ≫ kT so that the thermal population of the lower laser level 1 can 
be neglected. We assume that the critical inversion density Nt is very small 
compared to the ground-state population, so during oscillation the latter is 
hardly affected. We can consequently characterize the pumping intensity by 
R2 and R1, the density of atoms pumped per second into levels 2 and 1, 
respectively. Process R1, which populates the lower level 1, causes a re- 
duction of the gain and is thus detrimental to the laser operation. In many 
laser systems, such as discharge gas lasers, considerable pumping into the 
lower laser level is unavoidable, and therefore a realistic analysis of such 
systems must take R1 into consideration.

The rate equations that describe the populations of levels 1 and 2 become

ωij is the decay rate per atom from level i to j; thus the density of atoms per 
second undergoing decay from i to j is Niωij. If the decay rate is due entirely 
to spontaneous transitions, then ωij is equal to the Einstein Aij coefficient 
introduced in Section 5.1. Wi is the probability per unit time that an atom 
in level 2 will undergo an induced (stimulated) transition to level 1 (or vice 
versa). Wi, given by (5.2-15), is proportional to the energy density of the 
radiation field inside the cavity.

Implied in the foregoing rate equations is the fact that we are dealing 
with a homogeneously broadened system. In an inhomogeneously broadened 
atomic transition, atoms with different transition frequencies (E2 - E1)/h 
experience different induced transition rates and a single parameter Wi is 
not sufficient to characterize them.

In a steady-state situation we have N1 = N2 = 0. In this case we can 
solve (6.4-1) and (6.4-2) for N1 and N2, obtaining

A necessary condition for population inversion in our model is thus 
ω21 < ω10, which is equivalent to requiring that the lifetime of the upper 
laser level ω21-1 exceed that of the lower one. The effectiveness of the pumping 
is, according to (6.4-3), reduced by the finite pumping rate R1 and lifetime 
ω10-1 of level 1 to an effective value

(6.4-4)

(6.4-1)

(6.4-2)

(6.4-3)
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so (6.4-3) can be written as

(6.4-5)

Below the oscillation threshold the induced transition rate Wi is zero 
(since the oscillation energy density is zero) and N2 - N1 is, according to 
(6.4-5), proportional to the pumping rate R. This state of affairs continues 
until R = Ntω21, at which point N2 - N1 reaches the threshold value [see 
(6.1-11)]

(6.4-6)

This is the point at which the gain at v0 due to the inversion is large enough 
to make up exactly for the cavity losses (the criterion that was used to derive 
Nt). Further increase of N2 - N1 with pumping is impossible in a steady- 
state situation, since it would result in a rate of induced (energy) emission 
that exceeds the losses so that the field energy stored in the resonator will 
increase with time in violation of the steady-state assumption.

This argument suggests that, under steady-state conditions, N2 - N1 
must remain equal to Nt regardless of the amount by which the threshold 
pumping rate is exceeded. An examination of (6.4-5) shows that this is 
possible, provided Wi is allowed to increase once R exceeds its threshold 
value ω21Nt, so that the equality

is satisfied. Since, according to (5.2-15), Wi is proportional to the energy 
density in the resonator, (6.4-7) relates the electromagnetic energy stored 
in the resonator to the pumping rate R. To derive this relationship we first 
solve (6.4-7) for Wi, obtaining

This expression may be recast in a slightly different form, which we will 
find useful later on. We use expression (6.4-6) for Nt and, recalling that in

(6.4-7)

(6.4-8)

The total power generated by stimulated emission is

(6.4-9)

where V is the volume of the oscillating mode. Using (6.4-8) in (6.4-9) gives

(6.4-10)
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(6.4-11)

where

(6.4-12)

(6.4-13)

our idealized model ω21-1 = tspont, obtain

Figure 6-6 Plot of output power versus electric power input to a xenon lamp in a 
CW CaF2:U3+ laser. Mirror transmittance at 2.61 μm is 0.2 percent, T = 77 K. 
(After Reference [2].)

According to (4.0-7), p corresponds to the density (meters-3) of radiation 
modes whose resonance frequencies fall within the atomic transition line- 
width Δv—that is, the density of radiation modes that are capable of inter- 
acting with the transition.

Returning to the expression for the power output of a laser oscillator 
(6.4-11), we find that the term R/(p/tc) is the factor by which the pumping 
rate R exceeds its threshold value p/tc. In addition, in an ideal laser system, 
ω21 = tspont-1, so we can identify Ntω21hvV with the power Ps going into 
spontaneous emission at threshold, which is defined by (6.3-5). We can 
consequently rewrite (6.4-11) as
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The main attraction of (6.4-13) is in the fact that, in addition to providing 
an extremely simple expression for the power emitted by the laser atoms, 
it shows that for each increment of pumping, measured relative to the thresh- 
old value, the power increases by Ps. An experimental plot showing the 
linear relation predicted by (6.4-13) is shown in Figure 6-6.

In the numerical example of Section 6.3, which was based on an Nd3+: glass 
laser, we obtained Ps = 150 watts. We may expect on this basis that the 
power from this laser for, say (R/Rt) ≃ 2 (that is, twice above threshold) 
will be of the order of 150 watts.

6.5 OPTIMUM OUTPUT COUPLING IN LASER OSCILLATORS

The total loss encountered by the oscillating laser mode can conveniently 
be attributed to two different sources: (a) the inevitable residual loss due to 
absorption and scattering in the laser material and in the mirrors, as well as 
diffraction losses in the finite diameter reflectors; (b) the (useful) loss due 
to coupling of output power through the partially transmissive reflector. It 
is obvious that loss (a) should be made as small as possible since it raises 
the oscillation threshold without contributing to the output power. The prob- 
lem of the coupling loss (b), however, is more subtle. At zero coupling (that 
is, both mirrors have zero transmission) the threshold will be at its minimum 
value and the power Pe emitted by the atoms will be maximum. But since 
none of this power is available as output, this is not a useful state of affairs. 
If, on the other hand, we keep increasing the coupling loss, the increasing 
threshold pumping will at some point exceed the actual pumping level. When 
this happens, oscillation will cease and the power output will again be zero. 
Between these two extremes there exists an optimum value of coupling (that 
is, mirror transmission) at which the power output is a maximum.

The expression for the population inversion was shown in (6.4-5) to have 
the form

(6.5-1)

Since the exponential gain constant γ(v) is, according to (5.3-3), proportional 
to N2 - N1, we can use (6.5-1) to write it as

(6.5-2)

where γ0 is the unsaturated (Wi = 0) gain constant (that is, the gain exercised 
by a very weak field, so that Wi ≪ ω21). We can use (6.4-9) to express Wi 
in (6.5-2) in terms of the total emitted power Pe and then, in the resulting 
expression, replace NtVhvω21 by Ps. The result is

(6.5-3)



188 THEORY OF LASER OSCILLATION

where Ps, the saturation power, is given by (6.3-4). The oscillation condition 
(6.1-6) can be written as

where g0 = γ0l (that is, the unsaturated gain per pass in nepers). Pe, we 
recall, is the total power given off by the atoms due to stimulated emission. 
The total loss per pass L can be expressed as the sum of the residual (un- 
avoidable) loss Li and the useful mirror transmission6 T, so

(6.5-7)

The fraction of the total power Pe that is coupled out of the laser as useful 
output is thus T/(T + Li). Therefore, using (6.5-6) we can write the (useful) 
power output as

(6.5-8)

Replacing Ps in (6.5-8) by the right Side of (6.3-5), and recalling from (4.7-2) 
that for small losses

(6.5-9)

Equation (6.5-8) becomes

(6.5-10)

where A = V/l is the cross-sectional area of the mode (assumed constant) 
and Is is the saturation intensity as given in (5.6-9). Maximizing P0 with 
respect to T by setting ∂P0/∂T = 0 yields

(6.5-11)

6For the sake of simplicity we can imagine one mirror as being perfectly reflecting, whereas 
the second (output) mirror has a transmittance T.

(6.5-4)

where L = 1 - r1r2 exp (-αl) is the fraction of the intensity lost per pass. 
In the case of small losses (L ≪ 1), (6.5-4) can be written as

(6.5-5)

According to the discussion in the introduction to this chapter, once the 
oscillation threshold is exceeded, the actual gain γ exercised by the laser 
oscillation is clamped at the threshold value γt regardless of the pumping. 
We can thus replace γ by γt in (6.5-3) and, solving for Pe, obtain

(6.5-6)
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as the condition for the mirror transmission that yields the maximum power 
output.

The expression for the power output at optimum coupling is obtained 
by substituting (6.5-11) for T in (6.5-10). The result, using (5.6-9), is

(6.5-12)

where the parameter S = IsA is defined by (6.5-12) and is independent of 
the excitation level (pumping) or losses.

Theoretical plots of (6.5-10) with Li as a parameter are shown in Figure 
6-7. Also shown are experimental data points obtained in a He-Ne 6328-Å 
laser. Note that the value of g0 is given by the intercept of the Li = 0 curve 
and is equal to 12 percent. The existence of an optimum coupling resulting 
in a maximum power output for each Li is evident.

It is instructive to consider what happens to the energy ℰ stored in the 
laser resonator as the coupling T is varied. A little thinking will convince us 
that ℰ is proportional to Po/T.7 A plot of Po (taken from Figure 6-7) and

7The internal one-way power Pi incident on the mirrors is related, by definition, to Po by Po 
= PiT. The total energy ℰ is proportional to Pi.

Figure 6-7 Useful power output (Po) versus mirror transmission T for various 
values of internal loss Li in an He-Ne 6328 Å laser. (After Laures, Phys. Lett. 
10:61, 1964.)
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Figure 6-8 Power output Po and stored energy ℰ plotted against mirror 
transmission T.

6.6 MULTIMODE LASER OSCILLATION AND MODE LOCKING

In this section we contemplate the effect of homogeneous or inhomogeneous 
broadening (in the sense described in Section 5.1) on the laser oscillation.

We start by reminding ourselves of some basic results pertinent to this 
discussion:

1. The actual gain constant prevailing inside a laser oscillator at the os
cillation frequency v is clamped, at steady state, at a value 

where l is the length of the gain medium as well as the distance between 
the mirrors which are taken here to be the same.

2. The gain constant of a distributed laser medium is

(5.3-3)

ℰ ∝ Po/T as a function of the coupling T is shown in Figure 6-8. As we may 
expect, ℰ is a monotonically decreasing function of T.

(6.1-8)
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3. The optical resonator can support oscillations, provided sufficient gain 
is present to overcome losses, at frequencies8 vq separated by

Figure 6-9 (a) Single-pass gain curves for a homogeneous atomic system (A— 
below threshold; B—at threshold; C—well above threshold). (b) Mode spectrum 
of optical resonator. (c) Oscillation spectrum (only one mode oscillates). (d) 
Single-pass gain curves for an inhomogeneous atomic system (A—below 
threshold; B—at threshold; C—well above threshold). (e) Mode spectrum of 
optical resonator. (f ) Oscillation spectrum for pumping level C, showing three 
oscillating modes.

8The high-order transverse modes discussed in Section 4.5 are ignored here. 

(4.6-4)

Now consider what happens to the gain constant γ(v) inside a laser 
oscillator as the pumping is increased from some value below threshold. 
Operationally, we can imagine an extremely weak wave of frequency v 
launched into the laser medium and then measuring the gain constant γ(v) 
as "seen" by this signal as v is varied.

We treat first the case of a homogeneous laser. Below threshold the 
inversion N2 - N1 is proportional to the pumping rate and γ(v), which is 
given by (5.3-3), is proportional to g(v). This situation is illustrated by curve 
A in Figure 6-9(a). The spectrum (4.6-4) of the passive resonances is shown 
in Figure 6-9(b). As the pumping rate is increased, the point is reached at 
which the gain per pass at the center resonance frequency v0 is equal to the 
average loss per pass. This is shown in curve B. At this point, oscillation at 
v0 starts. An increase in the pumping cannot increase the inversion since
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this will cause γ(v0) to increase beyond its clamped value as given by Equa- 
tion (6.1-8). Since the spectral lineshape function g(v) describes the response 
of each individual atom, all the atoms being identical, it follows that the gain 
profile γ(v) above threshold as in curve C is identical to that at threshold 
curve B.9 The gain at other frequencies—such as v-1, v1, v-2, v2, and so 
forth—remains below the threshold value so that the ideal homogeneously 
broadened laser can oscillate only at a single frequency.

Figure 6-10 (a) Inhomogeneously broadened Doppler gain curve of the 6328 Å Ne 
transition and position of allowed longitudinal-mode frequencies. (b) Intensity 
versus frequency profile of an oscillating He-Ne laser. Six modes have sufficient 
gain to oscillate (After Reference [8].)

In the extreme inhomogeneous case, the individual atoms can be con- 
sidered as being all different from one another and as acting independently. 
The lineshape function g(v) reflects the distribution of the transition fre- 
quencies of the individual atoms. The gain profile γ(v) below threshold is 
proportional to g(v), and its behavior is similar to that of the homogeneous 
case. Once threshold is reached as in curve B, the gain at v0 remains clamped 
at the threshold value. There is no reason, however, why the gain at other 
frequencies should not increase with further pumping. This gain is due to 
atoms that do not communicate with those contributing to the gain at v0. 
Further pumping will thus lead to oscillation at additional longitudinal-mode 
frequencies as shown in curve C. Since the gain at each oscillating frequency 
is clamped, the gain profile curve acquires depressions at the oscillation 
frequencies. This phenomenon is referred to as "hole burning" [7].

A plot of the output frequency spectrum showing the multimode oscil
lation of a He-Ne 0.6328-μm laser is shown in Figure 6-10.

9Further increase in pumping, and the resulting increase in optical intensity, will eventually 
cause a broadening of γ(v) due to the shortening of the lifetime by induced emission.
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Mode Locking

We have argued above that in an inhomogeneously broadened laser, oscil
lation can take place at a number of frequencies, which are separated by 
(assuming n = 1)

Now consider the total optical electric field resulting from such multimode 
oscillation at some arbitrary point, say next to one of the mirrors, in the 
optical resonator. It can be taken, using complex notation, as 

where the summation is extended over the oscillating modes and ω0 is chosen, 
arbitrarily, as a reference frequency. φn is the phase of the nth mode. One 
property of (6.6-1) is that e(t) is periodic in T ≡ 2π/ω = 2l/c, which is the 
round-trip transit time inside the resonator

(6.6-2)

Since ω0/ω is an integer (ω0 = mπc/l),

Note that the periodic property of e(t) depends on the fact that the phases 
φn are fixed. In typical lasers the phases φn are likely to vary randomly with 
time. This causes the intensity of the laser output to fluctuate randomly10 
and greatly reduces its usefulness for many applications where temporal 
coherence is important.

10It should be noted that this fluctuation takes place because of random interference between 
modes and not because of intensity fluctuations of individual modes.

Two ways in which the laser can be made coherent are: First, make it 
possible for the laser to oscillate at a single frequency only so that mode 
interference is eliminated. This can be achieved in a variety of ways, in- 
cluding shortening the resonator length l, thus increasing the mode spacing 
(ω = πc/l) to a point where only one mode has sufficient gain to oscillate. 
The second approach is to force the modes' phases φn to maintain their 
relative values. This is the so-called "mode locking" technique, which (as 

(6.6-1)
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shown previously) causes the oscillation intensity to consist of a periodic 
train with a period of T = 2l/c = 2π/ω.

One of the most useful forms of mode locking results when the phases 
φn are made equal to zero. To simplify the analysis of this case, assume that 
there are N oscillating modes with equal amplitudes. Taking En = 1 and 
Φn = 0 in (6.6-1) gives

(6.6-4)

The average laser power output is proportional to e(t)e*(t) and is given by11

11The averaging is performed over a time that is long compared with the optical period 2π/ω0 
but short compared with the modulation period 2π/ω.

(6.6-5)

Some of the analytic properties of P(t) are immediately apparent:

1. The power is emitted in a form of a train of pulses with a period T = 
2π/ω = 2l/c, i.e., the round-trip delay time.

2. The peak power, P(sT) (for s = 1, 2, 3, . . . ), is equal to N times the 
average power, where N is the number of modes locked together.

3. The peak field amplitude is equal to N times the amplitude of a single 
mode.

4. The individual pulse width, defined as the time from the peak to the first 
zero is τ0 = T/N. The number of oscillating modes can be estimated by 
N ≃ Δω/ω—that is, the ratio of the transition lineshape width Δω to the 
frequency spacing ω between modes. Using this relation, as well as 
T = 2π/ω in τ0 = T/N, we obtain

Thus the length of the mode-locked pulses is approximately the inverse 
of the gain linewidth.

A theoretical plot of √P(t) as given by (6.6-5) for the case of five modes 
(N = 5) is shown in Figure 6-11. The ordinate may also be considered as 
being proportional to the instantaneous field amplitude.

The foregoing discussion was limited to the consideration of mode 1ock- 
ing as a function of time. It is clear, however, that since the solution of 
Maxwell's equation in the cavity involves traveling waves (a standing wave 
can be considered as the sum of two waves traveling in opposite directions),

(6.6-3)

(6.6-6)
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Figure 6-11 Theoretical plot of optical field amplitude √P(t) ∝ ∣sin (Nωt/2)/ 
sin (ωt/2)∣ resulting from phase locking of five (N = 5) equal-amplitude modes 
separated from each other by a frequency interval ω = 2π/T.

mode locking causes the oscillation energy of the laser to be condensed into 
a packet that travels back and forth between the mirrors with the velocity 
of light c. The pulsation period T = 2l/c corresponds simply to the time 
interval between two successive arrivals of the pulse at the mirror. The 
spatial length of the pulse Lp must correspond to its time duration multiplied 
by its velocity c. Using τ0 = T/N we obtain

(6.6-7)

We can verify the last result by taking the basic resonator mode as being 
proportional to sin knz sin ωnt; the total optical field is then

(6.6-8)

where, using (4.6-4), ωn = (m + n)(πc/l), kn = ωn/c, and m is the integer 
corresponding to the central mode. We can rewrite (6.6-8) as 

which can be shown to have the spatial and temporal properties described 
previously. Figure 6-12 shows a spatial plot of (6.6-9) at time t.

Methods of Mode Locking

In the preceding discussion we considered the consequences of fixing the 
phases of the longitudinal modes of a laser—mode locking. Mode locking 
can be achieved by modulating the losses (or gain) of the laser at a radian 

(6.6-9)



196 THEORY OF LASER OSCILLATION

Figure 6-12 Traveling pulse of energy resulting from the mode locking of N laser 
modes; based on Equation (6.6-9).

frequency ω = πc/l, which is equal to the intermode frequency spacing. The 
theoretical proof of mode locking by loss modulation (References [2, 9, and 
10]) is rather formal, but a good plausibility argument can be made as follows: 
As a form of loss modulation consider a thin shutter inserted inside the laser 
resonator. Let the shutter be closed (high optical loss) most of the time 
except for brief periodic openings for a duration of τopen every T = 2l/c 
seconds. This situation is illustrated by Figure 6-13. A single laser mode will 
not oscillate in this case because of the high losses (we assume that τopen is 
too short to allow the oscillation to build up during each opening). The same 
applies to multimode oscillation with arbitrary phases. There is one excep- 
tion, however. If the phases were "locked" as in (6.6-3), the energy distri- 
bution inside the resonator would correspond to that shown in Figure 6-12 
and would consist of a narrow (Lp ≃ 2l/N) traveling pulse. If this pulse 
should arrive at the shutter's position when it is open and if the pulse (tem- 
poral) length τ0 is short compared to the opening time τopen, the mode-locked 
pulse will be "unaware" of the shutter's existence and, consequently, will 
not be attenuated by it. We may thus reach the conclusion that loss mod
ulation causes mode locking through some kind of "survival of the fittest"

Figure 6-13 Periodic losses introduced by a shutter to induce mode locking. The 
presence of these losses favors the choice of mode phases that results in a pulse 
passing through the shutter during open intervals—that is, mode locking.
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mechanism. In reality the periodic shutter chops off any intensity tails ac- 
quired by the mode-locked pulses due to a "wandering" of the phases from 
their ideal (φn = 0) values. This has the effect of continuously restoring the 
phases.

An experimental setup used to mode-lock a He-Ne laser is shown in 
Figure 6-14; the periodic loss [11] is introduced by Bragg diffraction (see 
Sections 12.2 and 12.3) of a portion of the laser intensity from a standing 
acoustic wave. The standing-wave nature of the acoustic oscillation causes 
the strain to have a form

Figure 6-14 Experimental setup for laser mode locking by acoustic (Bragg) loss 
modulation. The loss is due to Bragg diffraction of the main laser beam by a 
standing acoustic wave. Parts A, B, C, and D of the experimental setup are 
designed to display the fundamental component of the intensity modulation, the 
power spectrum of the intensity modulation, the power spectrum of the optical 
field e(t), and the optical intensity, respectively. (After Reference [l2].)

(6.6-10)

where the acoustic velocity is va = ωa/ka. Since the change in the index of 
refraction is to first order, proportional to the strain S(z, t), we can interpret 
(6.6-10) as a phase diffraction grating (see Sections 12.2, 3) with a spatial 
period 2π/ka, which is equal to the acoustic wavelength. The diffraction loss 
of the incident laser beam due to the grating reaches its peak twice in each 
acoustic period when S(z, t) has its maximum and minimum values. The loss 
modulation frequency is thus 2ωa, and mode locking occurs when 2ωa = ω, 
where ω is the (radian) frequency separation between two longitudinal laser 
modes.
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Figure 6-15 shows the pulses resulting from mode locking a Rhodamine 
6G dye laser.

Mode locking occurs spontaneously in some lasers if the optical path 
contains a saturable absorber (an absorber whose opacity decreases with 
increasing optical intensity). This method is used to induce mode locking in 
the high-power pulsed solid-state lasers [13, 15] and in continuous dye lasers. 
This is due to the fact that such a dye will absorb less power from a mode- 
locked train of pulses than from a random phase oscillation of many modes 
[2], since the first form of oscillation leads to the highest possible peak 
intensities, for a given average power from the laser, and is consequently 
attenuated less severely. For arguments identical with those advanced in 
connection with the periodic shutter (see discussion following [6.6-9]), it 
follows that the presence of a saturable absorber in the laser cavity will 
"force" the laser, by a "survival of the fittest" mechanism, to lock its modes' 
phases as in (6.6-9).

Some of the shortest mode-locked pulses to date were obtained from 
dye lasers employing Rhodamine 6G as the gain medium. The mode locking 
is caused by synchronous gain modulation that is due to the fact that the 
pumping (blue-green) argon gas laser is itself mode-locked. The pump pulses 
are synchronized exactly to the pulse repetition rate of the dye laser. (This 
requires that both lasers have precisely the same optical length.) When this 
is done, the dye laser gain medium will be pumped once in each round-trip 
period so that the pumping pulse and the mode-locked pulse overlap spatially 
and temporally in the dye cell.

Figure 6-15 Power output as a function of time of a mode-locked dye laser, using
Rhodamine 6G. The oscillation is at λ = 0.61 μm. The pulse width is detector 
limited (After Reference [12].)
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Additional sharpening of the mode-locked pulses can result from the 
inclusion of a saturable (dye) absorber in the resonator.

A sketch of a synchronously mode-locked dye laser configuration is 
shown in Figure 6-16.

Additional amplification of the output pulses of the dye laser by a se- 
quence of three to four dye laser amplifier cells (consisting of Rhodamine 
6G pumped by the pulsed second harmonic of Q-switched Nd3+: YAG lasers) 
has yielded subpicosecond pulses with peak power exceeding 109 watts.

The shortest pulses obtained to date are ~30 × 10-15 s [28]. These 
pulses have been narrowed down further to ~6 × 10-15 s by the use of 
nonlinear optical techniques [30].

Ultrashort mode-locked pulses are now used in an ever-widening circle 
of applications involving the measurement and study of short-lived molecular 
and electronic phenomena. The use of ultrashort optical pulses has led to 
an improvement of the temporal resolution of such experiments by more 
than three orders of magnitude. For a description of many of these appli
cations as well as of the many methods used to measure the pulse duration, 
the student should consult References [31-33].

Mode locking in semiconductor lasers is of particular interest owing to 
the very large gain bandwidth in these media. These lasers offer potential 
operation in the 10-20 femtosecond range although present results are far 
of this goal. Of special interest is the possibility of controlling the gain and 
loss by means of multiple electrodes [36].

Figure 6-16 Synchronously mode-locked dye laser configuration. (After Reference 
[29].)
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Table 6-1 lists some of the lasers commonly used in mode locking and 
the observed pulse durations. An analysis of mode locking in homogeneously 
broadened lasers is given in Appendix B.

Table 6-1 Some Laser Systems, Their Gain Linewidth Δv, and the Length of 
Their Pulses in the Mode-Locked Operation

Laser Medium
Δv,
Hz

(Δv)-1,
Seconds

Observed Pulse Duration 
τ0, Seconds

He-Ne
(0.6328 μm)
CW

~1.5 × 109 6.66 × 10-10 ~ 6 × 10-10

Nd:YAG
(1.06 μm)
CW

~1.2 × 1010 8.34 × 10-11 ~7.6 × 10-11

Ruby 
(0.6934 μm) 
pulsed

6 × 1010 1.66 × 10-11 ~1.2 × 10-11

Nd5+: glass 
pulsed

3 × 1012 3.33 × 10-13 ~3 × 10-13

Rhodamine 6G 
(dye laser)(0.6 μm)

1013 10-13 3 × 10-14

Pulse Length Measurement

The problem of measuring the duration of mode-locked ultrashort pulses is 
of great practical and theoretical interest. Since the fastest conventional 
optical detectors possess response times of ~2 × 10-11 s, it is impossible 
to use these optical detectors to measure the short (τ < 10-11 s) mode-locked 
pulses. A number of techniques invented for this purpose all take advantage 
of some nonlinear process to obtain a spatial autocorrelation trace of the 
optical intensity pulse. The measurement of a pulse of a duration, say, of 
τ0 = 10-12 s is thus replaced with measuring the spatial extent of an auto- 
correlation trace of length cτ0 = 0.3 mm, which is a relatively simple task.

In what follows we will describe one such method, the one most widely 
used, that is based on the phenomenon of optical second harmonic gener- 
ation. The process of second harmonic generation is developed in detail in 
Chapter 8. It will suffice for the purpose of the present discussion to state 
that when an optical pulse

(6.6-11)
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A sketch of a second harmonic system for measuring the pulse length 
is shown in Figure 6-17. The laser emits a continuous stream of mode-locked 
pulses. Each individual pulse ℰ(i)eiωt is divided by a beam splitter into two 
equal intensity pulses. One of these pulses is advanced (or delayed) by τ 
seconds relative to the other. The two pulses intersect again in a nonlinear 
optical crystal. The second harmonic (2ω) pulse generated by the crystal is 
incident on a "slow" detector whose output current is integrated over a time 
long compared to the optical pulse duration.

The total optical field incident on the nonlinear crystal is the sum of the 
direct and retarded fields

Figure 6-17 The second harmonic generation autocorrelation setup for measuring 
the width of mode-locked ultrashort pulses.

is incident on a nonlinear optical crystal it generates an output optical pulse 
e2(t) at twice the frequency with

(6.6-12)

(6.6-13)
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According to (6.6-12), the second harmonic field radiated by the crystal has 
a complex amplitude that is proportional to the square of the complex am- 
plitude ℰ(t) of the incident fundamental field.

where s(τ) is composed of terms with cos ωτ and cos 2ωτ dependence. Since 
these terms fluctuate with a delay period Δτ ~ 10-15 s, a small unintentional 
or deliberate integration (smearing) over τ averages them out to near zero. 
The term s(τ) is consequently left out.

Since the temporal (t) variation of the first three terms in (6.6-15) is on 
the scale of picoseconds (or less), the much slower optical detector inevitably 
integrates the current id(t), with the result that the actual output from the 
optical detector is a function of the delay (τ) only 

where the angle brackets signify time-averaging and the intensity I(t) is 
defined12 as I(t) = ℰ1(t)ℰ*1(t). By dividing both sides of (6.6-16) by ‹I2(t)› and 
recognizing that ‹I2(t)› = ‹I2(t - τ)›, the normalized detector output becomes 

12A proportionality constant involved in this definition is left out since it cancels out in the 
subsequent division of Equation (6.6-19).

where G(2)(τ), the second-order autocorrelation function of the intensity pulse, 
is defined by

(6.6-18)

since G(2)(0) = 1 and G(2)(τ ≫ τ0) = 0.
A plot of id(τ) versus τ will consist of a peak of (normalized) height of 

3 atop a background of unity height. The central peak will have a width ~τ0.
It is important in practice to be able to distinguish between the case just 

(6.6-14)

The second harmonic field, e2(t) = Re[ℰ2(t) exp (i2ωt)] is incident next on 
the optical detector (photomultiplier, diode, etc.) whose output current id 
(see Section 11.1) is proportional to the incident intensity. Using (6.6-14) we 
can obtain

(6.6-15)

(6.6-16)

(6.6-17)

In the case of a well-behaved ultrashort coherent light pulse of duration 
τ0, we have
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discussed and that of incoherent light (such as light due to a laser oscillating 
in a large number of independent modes). In this case we have id(0) = 3 
(since even incoherent light is correlated with itself at zero delay). For 
τ > 0, or more precisely for τ longer than the coherence time of the light, 
we have

(6.6-19)

since I(t) and I(t - τ) are completely uncorrelated. For truly incoherent light 
of the type we are considering here, the time-averaging indicated in (6.6-19) 
can be replaced by ensemble averaging so that 

where p(I) is the intensity distribution function so that p(I)dI is the proba- 
bility that a measurement of I will result in a value between I and I + dI. 
For incoherent light13 

Figure 6-18 The second harmonic (averaged) integrated intensity due to two 
optical pulses as a function of time delay between them for the case (left) of an 
incoherent source and (right) coherent mode-locked optical pulses.

which when used in (6.6-20) gives 

and, returning to (6.6-17),

A plot of id(τ) versus τ in the case of incoherent light should thus consist 
of a very narrow peak of height 3 on a background of height 2. The general 
features of the coherent mode-locked pulses and the incoherent light is 
depicted in Figure 6-18.

13This follows directly from the fact that the optical field distribution function is Gaussian.

(6.6-20)
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The determination of the original pulse width from the width of the 
second harmonic correlation trace is somewhat ambiguous. We can show 
by performing the integration indicated by (6.6-18) that the width (at half- 
maximum) t0 of G(2)(τ) and τ0 of I(t) are related as in the case of the "popular" 
waveforms tabulated in the left column of Table 6-2.

We conclude this section by showing in Figure 6-19 the autocorrelation 
trace of one of the shortest optical pulses (τ0 ~ 30 × 10-15 s) produced to 
date. It is interesting to note that within such a pulse the light rises and falls 
a mere 15(!) times. With just one order of magnitude improvement we should 
thus be able to isolate a single optical cycle. There may, however, be some 
compelling reasons (and the student is encouraged to think of some) why 
this development may not take place anytime soon.

Figure 6-19 The autocorrelation trace of a mode-locked dye laser (λ ~ 6100 Å) 
pulse.

Table 6-2 Some Simple Pulse Widths
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6.7 GIANT PULSE (Q-switched) LASERS

The technique "Q-switching" is used to obtain intense and short bursts of 
oscillation from lasers; see References [16-18]. The quality factor Q of the 
optical resonator is degraded (lowered) by some means during the pumping 
so that the gain (that is, inversion N2 - N1) can build up to a very high value 
without oscillation. (The spoiling of the Q raises the threshold inversion to 
a value higher than that obtained by pumping.) When the inversion reaches 
its peak, the Q is restored abruptly to its (ordinary) high value. The gain 
(per pass) in the laser medium is now well above threshold. This causes an 
extremely rapid buildup of the oscillation and a simultaneous exhaustion of 
the inversion by stimulated 2 → 1 transitions. This process converts most 
of the energy that was stored by atoms pumped into the upper laser level 
into photons, which are now inside the optical resonator. These proceed to 
bounce back and forth between the reflectors with a fraction (1 - R) "es
caping" from the resonator each time. This causes a decay of the pulse with 
a characteristic time constant (the "photon lifetime") given in (4.7-3) as

Both experiment and theory indicate that the total evolution of a giant 
laser pulse as described above is typically completed in ~2 × 10-8 second. 
We will consequently neglect the effect of population relaxation and pumping 
that take place during the pulse. We will also assume that the switching of 
the Q from the low to the high value is accomplished instantaneously.

The laser is characterized by the following variables: Φ; the total number 
of photons in the optical resonator, n ≡ (N2 - N1)V; the total inversion; 
and tc, the decay time constant for photons in the passive resonator. The 
exponential gain constant y is proportional to n. The radiation intensity I 
thus grows with distance as I(z) = I0 exp (γz) and dI/dz = γI. An observer 
traveling with the wave velocity will see it grow at a rate 

and thus the temporal exponential growth constant is γ(c/n). If the laser rod 
is of length L while the resonator length is l, then only a fraction L/l of the 
photons is undergoing amplification at any one time and the average growth 
constant is γc(L/nl). We can thus write

(6.7-1)

where -φ/tc is the decrease in the number of resonator photons per unit 
time due to incidental resonator losses and to the output coupling. Defining 
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a dimensionless time by τ = t/tc we obtain, upon multiplying (6.7-1) by tc, 

where γt = (nl/cLtc) is the minimum value of the gain constant at which 
oscillation (that is, dφ/dτ = 0) can be sustained. Since, according to (5.3-3) 
γ is proportional to the inversion n, the last equation can also be written as

(6.7-2)

where nt = NtV is the total inversion at threshold as given by (6.1-9).
The term φ(n/nt) in (6.7-2) gives the number of photons generated by 

induced emission per unit of normalized time. Since each generated photon 
results from a single transition, it corresponds to a decrease of Δn = -2 in 
the total inversion. We can thus write directly

The coupled pair of equations, (6.7-2) and (6.7-3), describes the evolution 
of φ and n. It can be solved easily by numerical techniques. Before we 
proceed to give the results of such calculation, we will consider some of the 
consequences that can be deduced analytically.

Dividing (6.7-2) by (6.7-3) results in 

and, by integration.

Assuming that φi, the initial number of photons in the cavity, is negligible, 
we obtain

(6.7-4)

for the relation between the number of photons φ and the inversion n at any 
moment. At t ≫ tc the photon density φ will be zero so that setting φ = 0 
in (6.7-4) results in the following expression for the final inversion nf:

(6.7-5)

This equation is of the form (x/a) = exp (x - a), where x = nf/nt and a = 
ni/nt, so that it can be solved graphically (or numerically) for nf/ni as a 

(6.7-3)
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function of ni/nt.14 The result is shown in Figure 6-20. We notice that the 
fraction of the energy originally stored in the inversion that is converted into 
laser oscillation energy is (ni - nf)/ni and that it tends to unity as ni/nt 
increases.

The instantaneous power output of the laser is given by P = φhv/tc, or, 
using (6.7-4), by

(6.7-6)

Of special interest to us is the peak power output. Setting ∂P/∂n = 0 we find 
that maximum power occurs when n = nt. Putting n = nt in (6.7-6) gives

(6.7-7)

for the peak power. If the initial inversion is well in excess of the (high-Q) 

14This can be done by assuming a value of a and finding the corresponding x at which the plots 
of x/a and exp (x - a) intersect.

Figure 6-20 Energy utilization factor (ni - nf)/ni and inversion remaining after the 
giant pulse. (After Reference [19].)
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threshold value (that is, ni ≫ nt), we obtain from (6.7-7)

Since the power P at any moment is related to the number of photons φ by 
P = φhv/tc, it follows from (6.7-8) that the maximum number of stored 
photons inside the resonator is ni/2. This can be explained by the fact that 
if ni ≫ nt, the buildup of the pulse to its peak value occurs in a time short 
compared to tc so that at the peak of the pulse, when n = nt, most of the 
photons that were generated by stimulated emission are still present in the 
resonator. Moreover, since ni ≫ nt, the number of these photons (ni - nt)/2 
is very nearly ni/2.

A typical numerical solution of (6.7-2) and (6.7-3) is given in Figure 6-21.
To initiate the pulse we need, according to (6.7-2) and (6.7-3), to have 

φi ≠ 0. Otherwise the solution is trivial (Φ = 0, n = ni). The appropriate 
value of φi is usually estimated on the basis of the number of spontaneously 
emitted photons within the acceptance solid angle of the laser mode at t = 
0. We also notice, as discussed above, that the photon density, hence the 
power, reaches a peak when n = n,. The energy stored in the cavity (∝ φ) 
at this point is maximum, so stimulated transitions from the upper to the 
lower laser levels continue to reduce the inversion to a final value nf < nt.

Numerical solutions of (6.7-2) and (6.7-3) corresponding to different 
initial inversions ni/nt are shown in Figure 6-22. We notice that for ni ≫ nt

Figure 6-21 Inversion and photon density during a giant pulse. (After Reference 
[19].)

(6.7-8)
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Figure 6-22 Photon number vs. time in central region of giant pulse. Time is 
measured in units of photon lifetime. (After Reference [19].) 

the rise time becomes short compared to tc but the fall time approaches a 
value nearly equal to tc. The reason is that the process of stimulated emission 
is essentially over at the peak of the pulse (τ = 0) and the observed output 
is due to the free decay of the photons in the resonator.

In Figure 6-23 we show an actual oscilloscope trace of a giant pulse. 
Giant laser pulses are used extensively in applications that require high peak 
powers and short duration. These applications include experiments in non- 
linear optics, ranging, material machining and drilling, initiation of chemical 
reactions, and plasma diagnostics.
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Numerical Example: Giant Pulse Ruby Laser

Consider the case of pink ruby with a chromium ion density of N = l.58 × 
1019 cm-3. Its absorption coefficient is taken from Figure 7-4, where it 
corresponds to that of the Rl line at 6943 Å, and is α ≃ 0.2 cm-1 (at 300 
K). Other assumed characteristics are:

15We express the loss in terms of an effective reflectivity even though it is due to a number of 
factors, as discussed in Section 4.7.

l = length of ruby rod = 10 cm
A = cross-sectional area of mode = 1 cm2

(1 - R) = fractional intensity loss per pass15 = 20 percent
n = 1.78

Since, according to (5.3-3), the exponential loss coefficient is propor- 
tional to N1 - N2, we have

Thus, at room temperature, where N2 ≪ N1 when N1 — N2 ≅ 1.58 × 1019 
cm-3, and (6.7-9) yields α = 0.2 cm-1 as observed. The expression for the 
gain coefficient follows directly from (6.7-9):

(6.7-10)

where n is the total inversion and V = AL is the crystal volume in cm3.

Figure 6-23 An oscilloscope trace of the intensity of a giant pulse. Time scale is 
20 ns per division.

(6.7-9)
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Threshold is achieved when the net gain per pass is unity. This happens 
when

(6.7-11)

where the subscript t indicates the threshold condition.
Using (6.7-10) in the threshold condition (6.7-11) plus the appropriate 

data from above gives

(6.7-12)

Assuming that the initial inversion is ni = 5nt = 9 × 1019, we find from 
(6.7-8) that the peak power is approximately

Some of the schemes used in Q-switching are:

1. Mounting one of the two end reflectors on a rotating shaft so that the 
optical losses are extremely high except for the brief interval in each 
rotation cycle in which the mirrors are nearly parallel.

2. The inclusion of a saturable absorber (bleachable dye) in the optical 
resonator, see References [13-15]. The absorber whose opacity de- 
creases (saturates) with increasing optical intensity prevents rapid in- 
version depletion due to buildup of oscillation by presenting a high loss 
to the early stages of oscillation during which the slowly increasing 
intensity is not high enough to saturate the absorption. As the intensity 
increases the loss decreases, and the effect is similar, but not as abrupt, 
as that of a sudden increase of Q.

3. The use of an electrooptic crystal (or liquid Kerr cell) as a voltage-
controlled gate inside the optical resonator. It provides a more precise
control over the losses (Q) than schemes 1 and 2. Its operation is illus
trated by Figure 6-24 and is discussed in some detail in the following.
The control of the phase delay in the electrooptic crystal by the applied
voltage is discussed in detail in Chapter 9.

(6.7-13)

where tc = nl/c(1 - R) ≃ 2.5 × 10-9 s. 
The total pulse energy is

while the pulse duration (see Figure 6-22) ≃ 3tc ≃ 7.5 × 10-9 s.

MethodS of Q-Switching
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Figure 6-24 Electrooptic crystal used as voltage-controlled gate in Q-switching a 
laser.

During the pumping of the laser by the light from a flashlamp, a voltage 
is applied to the electrooptic crystal of such magnitude as to introduce a π/2 
relative phase shift (retardation) between the two mutually orthogonal com
ponents (x' and y') that make up the linearly polarized (x) laser field. On 
exiting from the electrooptic crystal at point f, the light traveling to the right
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is circularly polarized. After reflection from the right mirror, the light passes 
once more through the crystal. The additional retardation of π/2 adds to the 
earlier one to give a total retardation of π, thus causing the emerging beam 
at d to be linearly polarized along y and consequently to be blocked by the 
polarizer.

It follows that with the voltage on, the losses are high, so oscillation is 
prevented. The Q-switching is timed to coincide with the point at which the 
inversion reaches its peak and is achieved by a removal of the voltage applied 
to the electrooptic crystal. This reduces the retardation to zero so that state 
of polarization of the wave passing through the crystal is unaffected and the 
Q regains its high value associated with the ordinary losses of the system.

6.8 HOLE-BURNING AND THE LAMB DIP IN DOPPLER-BROADENED GAS LASERS

In this section we concern ourselves with some of the consequences of 
Doppler broadening in low-pressure gas lasers.

Consider an atom with a transition frequency v0 = (E2 - E1)/h where 2 
and 1 refer to the upper and lower laser levels, respectively. Let the com
ponent of the velocity of the atom parallel to the wave propagation direction 
be v. This component, thus, has the value

(6.8-1)

(6.8-5)

where the electromagnetic wave is described by

(6.8-2)

An atom moving with a constant velocity v, so that r = vt + r0, will ex- 
perience a field

(6.8-3)

and will thus "see" a Doppler-shifted frequency

(6.8-4)

where in the second equality we took n = 1 so that k = 2πv/c and used 
(6.8-1).

The condition for the maximum strength of interaction (that is, emission 
or absorption) between the moving atom and the wave is that the apparent 
(Doppler) frequency vD "seen" by the atom be equal to the atomic resonant 
frequency v0
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or reversing the argument, a wave of frequency v moving through an en
semble of atoms will "seek out" and interact most strongly with those atoms 
whose velocity component v satisfies

(6.8-6)

where the approximation is valid for v ≪ c.
Now consider a gas laser oscillating at a single frequency v where, for 

the sake of definiteness, we take v > v0. The standing wave electromagnetic 
field at v inside the laser resonator consists of two waves traveling in opposite 
directions. Consider, first, the wave traveling in the positive x direction (the 
resonator axis is taken parallel to the axis). Since v > v0 the wave interacts, 
according to Equation (6.8-6) with atoms having v > 0, that is, atoms with

The wave traveling in the opposite direction (-x) must also interact with 
atoms moving in the same direction so that the Doppler shifted frequency 
is reduced from v to v0. These are atoms with

We conclude that due to the standing wave nature of the field inside a 
conventional two-mirror laser oscillator, a given frequency of oscillation 
interacts with two velocity classes of atoms.

Figure 6-25 The distribution of inverted atoms as a function of vx. The dashed 
curve that is proportional to exp (-Mv2x/2kT) corresponds to the case of zero field 
intensity. The solid curve corresponds to a standing wave field at v = v0/(1 - vx/c) 
or one at v = v0/(1 + vx/c).

(6.8-7)

(6.8-8)
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where f(vx) dvx is proportional to the number of atoms (in the upper laser 
level) with x component of velocity between vx and vx + dvx. As the oscil- 
lation level is increased, say by reducing the laser losses, we expect 
the number of atoms in the upper laser level, with x velocities near vx = 
±(c/v)(v — v0), to decrease from their equilibrium value as given by (6.8-9). 
This is due to the fact that these atoms undergo stimulated downward tran- 
sitions from level 2 to 1, thus reducing the number of atoms in level 2. The 
velocity distribution function under conditions of oscillation consequently 
has two depressions as shown schematically in Figure 6-25.

If the oscillation frequency v is equal to v0, only a single "hole" exists 
in the velocity distribution function of the inverted atoms. This "hole" is 
centered on vx = 0. We may, thus, expect the power output of a laser 
oscillating at v = v0 to be less than that of a laser in which v is tuned slightly 

Consider, next, a four-level gas laser oscillating at a frequency v > v0. 
At negligibly low levels of oscillation and at low gas pressure, the velocity 
distribution function of atoms in the upper laser level is given, according to 
(5.1-11), by

(6.8-9)

Figure 6-26 The power output as a function of the frequency of a single-mode 1.15 
μm He-Ne laser using the 20Ne isotope. (After Reference [21].)
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to one side or the other of v0 (this tuning can be achieved by moving one of 
the laser mirrors). This power dip first predicted by Lamb [20] is indeed 
observed in gas lasers [21]. An experimental plot of the power versus fre- 
quency in a He-Ne 1.15-μm laser is shown in Figure 6-26. The phenomenon 
is referred to as the "Lamb dip" and is used in frequency stabilization 
schemes of gas lasers [22].

6.9 RELAXATION OSCILLATION IN LASERS

Relaxation oscillation of the intensity has been observed in most types of 
lasers [23, 24]. This oscillation takes place characteristically with a period 
that is considerably longer than the cavity decay time tc (see Section 4.7) 
or the resonator round-trip time 2l/c. Typical values range between 0.1 μs 
to 10 μs.

The basic physical mechanism is an interplay between the oscillation 
field in the resonator and the atomic inversion. An increase in the field 
intensity causes a reduction in the inversion due to the increased rate of 
stimulated transitions. This causes a reduction in the gain that, in turn, tends 
to decrease the field intensity.

In the mathematical modeling of this phenomenon, we assume an ideal 
homogeneously broadened four-level laser such as that described in Section 
6.4. We also assume that the lower-level population is negligible (that is, 
Wi ≪ ω10 ≫ ω21) and take the inversion density N ≡ N2 - N1 = N2. The 
pumping rate into level 2 (atoms/s - m3) is R and the lifetime, due to all 
causes except stimulated emission, of atoms in level 2 is τ. Taking the induced 
transition rate per atom as Wi we have

The transition rate Wi is, according to (5.2-15), proportional to the field 
intensity I and hence to the photon density q in the optical resonator. We 
can, consequently, rewrite (6.9-1) as 

where B is a proportionality constant defined by Wi ≡ Bq. Since qBN is also 
the rate (s-1 - m-3) at which photons are generated, we have

(6.9-3)

where tc is the decay time constant for photons in the optical resonator as 
discussed in Sections 4.7 and 6.1. Equations (6.9-2) and (6.9-3) describe the 
interplay between the photon density q and the inversion N [25].

(6.9-1)

(6.9-2)
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First we notice that in equilibrium, dq/dt = dN/dt = 0, the following 
relations are satisfied

From (6.9-4) it follows that when R = (Btcτ)-1, q0 = 0. We denote this 
threshold pumping rate by Rt and define the pumping factor r ≡ R/Rt16 so 
that the second of (6.9-4) can also be written as

16r is equal to the ratio of the unsaturated (q = 0) gain to the saturated gain (the saturated gain 
is the actual gain "seen" by the laser field and is equal to the loss).

Next, we consider the behavior of small perturbations from equilibrium. 
We take 

and

Substituting these relations in Equations (6.9-2) and (6.9-3) and making 
use of Equation (6.9-4), we obtain

(6.9-6)

(6.9-7)

Taking the derivative of (6.9-7), substituting (6.9-6) for dN1/dt, and using 
(6.9-4) leads to

(6.9-8)

or in terms of the pumping factor r = RBtcτ introduced above,

(6.9-9)

This is the differential equation describing a damped harmonic oscillator so 
that assuming a solution q ∝ ept we obtain

(6.9-4)

(6.9-5)
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Figure 6-27 Intensity relaxation oscillation in a CaWO4:Nd3+ laser at 1.06 μm. 
Horizontal scale = 20 μs/division. (After Reference [26].) 

with the solutions

(6.9-10)

so that q1(t) ∝ e-αt cos ωmt. The predicted perturbation in the power output 
(which is proportional to the number of photons q) is, thus, a damped sinusoid 
with the damping rate α and the oscillation frequency ωm increasing with 
excess pumping.

Although some lasers display the damped sinusoidal perturbation of 
intensity described above, in many other laser systems the perturbation is 
undamped. An example of the first is illustrated in Figure 6-27, which shows 
the output of a CaWO4:Nd3+ laser.

Numerical Example: Relaxation Oscillation 

Consider the case shown in Figure 6-27 with the following parameters

τ = 1.6 × 10-4 second
tc ≃ 10-8 second

r ≃ 2

which, using (6.9-10), gives Tm ≡ 2π/ωm ≈ 8 × 10-6 second. The period Tm 
as measured in the figure ranges between 5 and 7 μs.

The undamped relaxation oscillation observed in many cases can be 
understood, at least qualitatively, by considering Equation (6.9-9). As it 
stands, the equation is identical in form to that describing a damped, non-
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driven harmonic oscillator or equivalently, a resonant RLC circuit.17 Per
sistent, that is, nondamped, oscillation is possible when the "oscillator" is 
driven. In this case, the driving function will replace the zero on the right 
side of (6.9-9). One such driving mechanism may be due to time variation 
in the pumping rate R. In this case, we may take the pumping in the form

17The differential equation describing an oscillator is given in (5.4-1).

(6.9-11)

where R0 is the average pumping and R1(t) is the deviation.
Retracing the steps leading to (6.9-6) but using (6.9-11), we find that the 

inversion equation is now 

and that Equation (6.9-9) takes the form

(6.9-12)

Taking the Fourier transform of both sides of Equation (6.9-12), defining 
Q(ω) and R(ω) as the transforms of q1(t) and R1(t), respectively, and then 
solving for Q(ω), gives

(6.9-13)

(6.9-14)

(6.9-15)

where we notice that ωm and α correspond to the oscillation frequency and 
damping rate, respectively, of the transient case as given by (6.9-10). If we 
assume that the spectrum R(ω) of the driving function R(t) is uniform (that
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Figure 6-28 Intensity relaxation oscillation in a xenon 3.51 μm laser.

is, like "white" noise) near ω ≈ ωm, we may expect the intensity spectrum 
Q(ω) to have a peak near ω = ωm with a width Δω ≈ 2α ≡ r/τ. In addition, 
if Δω ≪ ωm, we may expect the intensity fluctuation q(t) as observed in the 
time domain to be modulated at a frequency ωm18, since for frequencies 
ω ≈ ωm, Q(ω) is a maximum.

18To verify this statement, assume that R(t) is approximated by a superposition of uncorrelated 
sinusoids R(t) ∝ Σn aneiωnt and using R(ω) ∝ ∫∞-∞ R(t)e-iωt dt, we get R(ω) ∝ Σn anδ(ω - ωn). 
From the inverse transform relation q(t) ∝ ∫∞-∞ Q(ω)eiωt dω and Equation (6.9-13), we get

Figure 6-29 The intensity fluctuation spectrum of the laser output shown in Figure 
6-28.

so that in the limit ωm ≫ α, q(t) is a quasi-sinusoidal oscillation with a frequency ωm.

220
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Figure 6-30 Same as Figure 6-29 except at increased pumping.

These conclusions are verified in experiments on different laser systems. 
In Figure 6-28 we show the intensity fluctuations of a xenon 3.5-μm laser. 
The repetition frequency is 2.5 × 106 Hz. A spectral analysis of the intensity 
yielding Q(ω) is shown in Figure 6-29. It consists of a narrow peak centered 
on fm = 2.5 × 106 Hz plus harmonics. An increase in the pumping strength 
is seen (Figure 6-30) to cause a broadening of the spectrum as well as a shift 
to higher frequencies consistent with the discussion following (6.9-15).

The problem of relaxation oscillation in semiconductor diode lasers is 
of utmost importance. These lasers, which are used as sources for optical 
communication systems in fibers, are directly (current) modulated by the 
information waveform that is to be transmitted. The highest modulation rate 
and, hence, the maximum data are limited to a value well below the relaxation 
frequency ωm since near ωm the modulation response, according to (6.9-13) 
is largely distorted, i.e., Q(ω)/R(ω) is not constant, and above ωm it drops 
sharply [34, 35]. This topic is considered in detail in Chapter 15.

Problems

6.1 Show that the effect of frequency pulling by the atomic medium is to 
reduce the intermode frequency separation from c/2l to 

where the symbols are defined in Section 6.2. Calculate the reduction for 
the case of a laser with Δv = 109 Hz, γ = 4 × 10-2 meter-1, and l = 
100 cm.

6.2 Derive Equation (6.4-3).
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6.3 Derive the optimum coupling condition (Equation 6.5-11).

6.4 Calculate the critical fluorescence power Ps of the He-Ne laser oper- 
ating at 6328 Å. Assume V = 2 cm3, L = I percent per pass, l = 30 cm, and 
Δv = 1.5 × 109 Hz.

6.5 Calculate the critical inversion density Nt of the He-Ne laser described 
in Problem 6.4.

6.6 Derive an expression for the finesse of a Fabry-Perot etalon containing 
an inverted population medium. Assume that r21 = r22 ≃ 1 and that the 
inversion is insufficient to result in oscillation. Compare the finesse to that 
of a passive Fabry-Perot etalon.

6.7 Derive an expression for the maximum gain-bandwidth product of a 
Fabry-Perot regenerative amplifier. Define the bandwidth as the frequency 
region in which the intensity gain (EtE*t)/(EiE*i) exceeds half its peak value. 
Assume that v0 = vm.

6.8

a. Derive Equation (6.6-4).
b. Show that if in (6.6-3) the phases are taken as φn = nφ, where φ is some 

constant, instead of φn = 0, the result is merely one of delaying the pulses 
by -φ/ω.

6.9

a. Describe qualitatively what one may expect to see in parts A, B, C, and 
D of the mode-locking experiment sketched in Figure 6-14. (The reader 
may find it useful to read first the section on photomultipliers in Chapter
11.)

b. What is the effect of mode locking on the intensity of the beat signal (at 
ω = πc/l) displayed by the RF spectrum analyzer in B? Assume N equal 
amplitude modes spaced by ω whose phases before mode locking are 
random. (Answer: Mode locking increases the beat signal power by N.)

c. Show that a standing wave at v0 + δ(v0 is the center frequency of the 
Doppler-broadened lineshape function) in a gas laser will burn the same 
two holes in the velocity distribution function (see Figure 6-25) as a field 
at v0 — δ.

d. Can two traveling waves, one at v0 + δ the other at v0 - δ, interact with 
the same class of atoms? If the answer is yes, under what conditions?

6.10 Design a frequency stabilization scheme for gas lasers based on the 
Lamb dip (see Figure 6-26). [Hint: You may invent a new scheme, but, 
failing that, consider what happens to the phase of the modulation in the 
power output when the cavity length is modulated sinusoidally near the 
bottom of the Lamb dip. Can you derive an error correction signal from this 
phase that will control the cavity length?]
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6.11 Verify the relations of Table 6-2.

6.12 A helium-neon laser (λ = 0.63 μm) operating in the fundamental trans- 
verse mode has mirrors separated by l = 30 cm. The Doppler width is 
ΔvD = 1.5 GHz, and the effective refractive index is n = 1. The output 
mirror is flat, and the other mirror is spherical with a radius of curvature 
16 m.

a. What is the frequency difference between longitudinal modes in the 
resonator?

b. Show that the resonator is stable.
c. What would the Doppler width become if the temperature of the laser 

medium were doubled?
d. What is the spot size at the flat mirror?
e. If the output is taken from the flat mirror, what is the spot size 16 km 

away?
f. Given that the internal cavity loss is Li = 10-1, the small signal gain 

coefficient is γ0 = 10-3 cm-1 and the reflection coefficient of the spherical 
mirror is 1.0, what is the reflection coefficient (R) of the output mirror 
that will give the maximum output power?

g. A thin lens of focal length f is placed against the output mirror. Find the 
radius of curvature of the Gaussian beam at a distance d = f from the 
lens.
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