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10.0 INTRODUCTION

In this chapter we study the effect of noise in a number of important physical 
processes. We will take the term noise to represent random electromagnetic 
fields occupying the same spectral region as that occupied by some "signal." 
The effect of noise will be considered in the following cases.

1. Measurement of optical power. In this case the noise causes fluctua
tions in the measurement, thus placing a lower limit on the smallest 
amount of power that can be measured.

2. Linewidth of laser oscillators. The presence of incoherent spontaneous 
emission power will be found to be the cause for a finite amount of 
spectral line broadening in the output of single-mode laser oscillators. 
This broadening manifests itself as a limited coherence time.

3. Optical communication system. We will consider the case of an optical 
communication system using a binary pulse code modulation in which 
the information is carried by means of a string of 1 and 0 pulses. The 
presence of noise will be shown to lead to a certain probability that any 
given pulse in the reconstructed train pulse is in error.

In this chapter we consider optical detectors utilizing light-generated 
charge carriers. These include the photomultiplier, the photoconductive de- 
tector, the p-n junction photodiode, and the avalanche photodiode. These 
detectors are the main ones used in the field of quantum electronics, because 
they combine high sensitivity with very short response times. Other types 
of detectors, such as bolometers, Golay cells, and thermocouples, whose 
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356 NOISE IN OPTICAL DETECTION AND GENERATION

operation depends on temperature changes induced by the absorbed radia- 
tion, will not be discussed.1

Two types of noise will be discussed in detail. The first type is thermal 
(Johnson) noise, which represents noise power generated by thermally ag- 
itated charge carriers. The expression for this noise will be derived by using 
the conventional thermodynamic treatment as well as by a statistical analysis 
of a particular model in which the physical origin of the noise is more 
apparent. The second type, shot noise (or generation-recombination noise 
in photoconductive detectors), is attributable to the random way in which 
electrons are emitted or generated in the process of interacting with a ra- 
diation field. This noise exists even at zero temperature, where thermal 
agitation or generation of carriers can be neglected. In this case it results 
from the randomness with which carriers are generated by the very signal 
that is measured. Detection in the limit of signal-generated shot noise is 
called quantum-limited detection, since the corresponding sensitivity is that 
allowed by the uncertainty principle in quantum mechanics. This point will 
be brought out in the next chapter.

1The interested reader will find a good description of these devices in Reference [6].

10.1 LIMITATIONS DUE TO NOISE POWER

Measurement of Optical Power

Consider the problem of measuring an optical signal field

(10.1-1)

in the presence of a noise field. The instantaneous noise field that adds to 
that of the signal can be taken as the sum of an in-phase component and a 
quadrature component according to

(10.1-2)

where VNC(t) and VNS(t) are slowly [compared to exp (iωt)] varying random 
uncorrelated quantities with a zero mean. The total field at the detector 
v(t) = vS(t) + vN(t) can be written as

(10.1-3)

(10.1-4)

The total (signal plus noise) field phasor V(t) is shown in Figure 10-1.
In most situations of interest to optical detection the sources of noise 

are due to the concerted action of a large number of independent agents. In 
this case the central limit theorem of statistics [1] tells us that the probability 
function for finding VNC(t) at time t between VNC and VNC + dVNC is de
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Figure 10-1 A phasor diagram showing the total (signal plus noise) field phasor V(t) 
at time t. The instantaneous field is given by the horizontal projection of 
V(t) exp (iωt).

scribed by a Gaussian

(10.1-5)

and by a similar expression in which VNS replaces VNC for p(VNS). Since 
VNC(t) has a unity probability of having some value between -∞ and ∞, it 
follows that

(10.1-6)

It follows from (10.1-5) that VNC, the ensemble average2 (denoted by a 
horizontal bar) of VNC, is zero,3 whereas the mean square value is

2The ensemble average A(t) of a quantity A(t) is obtained by measuring A simultaneously at 
time t in a very large number of systems that, to the best of our knowledge, are identical. 
Mathematically, 

where An(t) denotes the observation in the nth system. In a truly random phenomenon, the 
time averaging and ensemble averaging lead to the same result, so the ensemble average is 
independent of the time t in which it is performed and can also be obtained from

where p(A) is the probability function, in the sense of (10.1-5), of the variable A.
3The reason for VNC(t) = 0 can be appreciated from Figure 10-1. VNC(t) has an equal probability 
of being in phase with Vs as of being out phase, thus averaging out to zero.
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Figure 10-2 The intermingling of noise power with that of a signal causes the total 
power to fluctuate. The rms fluctuation ΔP limits the accuracy of power 
measurements.

(10.1-7)

The "power" in v(t) is obtained using (1.1-12) as

(10.1-8)

where use has been made of the fact that VNC = 0 and of (10.1-7).
The physical significance of the time-varying power P(t) and its long- 

time (or ensemble) average P is illustrated by Figure 10-2.
It is clear from the fluctuating nature of P(t) that any measurement of 

this power is subject to an uncertainty due to the random nature of VNC and 
VNS in (10.1-8). As a measure of the uncertainty in power measurement, we 
may reasonably take the root mean square (rms) power deviation

The ensemble average (or long time average) of P(t) is

(10.1-8a)

Using (10.1-8) and (10. 1-8a), we obtain after some algebra

(10.1-9)

Using (10.1-5) we obtain

(10.1-10)

so that using V2NC = V2NS = σ2 in (10.1-9) results in

(10.1-11)

where according to (10.1-8) we may associate Ps = V2S with the signal power
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that is, the power that would be measured if VNC and VNS were, hypothet
ically, rendered zero.

A question of practical importance involves the minimum signal power 
that can be measured in the presence of noise. We may, somewhat arbitrarily, 
take this power Plimit to be that at which the uncertainty ΔP becomes equal 
to the signal power Ps. At this point we have from (10.1-11)

(10.2-4)

or, after solving for Plimit,

(10.1-12)

where PN = 2σ2 = V2NC + V2NS is the noise power. Widespread convention 
chooses to define the minimum detectable signal power as equal to PN instead 
of 2.414 PN, as obtained above. This simplification is understandable, since 
our choice of the limit of detectability ΔP = Ps was somewhat arbitrary. In 
any case the main conclusion to remember is that near the limit of detectivity, 
the rms power fluctuation is comparable to the signal power. The next task, 
which will be taken up in this chapter and in Chapter 11, is to find out the 
main sources of noise power and consequently ways to minimize them. 
Before tackling this task, however, we need to develop some mathematical 
tools for dealing with random processes.

10.2 NOISE—BASIC DEFINITIONS AND THEOREMS

A real function v(t) and its Fourier transform V(ω) are related by

(10.2-1)

and (10.2-2)

In the process of measuring a signal v(t), we are not in a position to use 
the infinite time interval needed, according to (10.2-1), to evaluate V(ω). If 
the time duration of the measurement is T, we may consider the function 
v(t) to be zero when t ≤ — T/2 and t ≥ T/2 and, instead of (10.2-1), get

(10.2-3)

Since v(t) is real, it follows that

T is usually called the resolution or integration time of the system.
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Let us evaluate the average power P associated with v(t). Taking the 
instantaneous power as v2(t), we obtain4

4It may be convenient for this purpose to think of v(t) as the voltage across a one-ohm resistance.

(10.2-5)

Using (10.2-3) and (10.2-4) in the last equation and interchanging the order 
of integration leads to

(10.2-6)

or

(10.2-7)

where we used

If we define the spectral density function Sv(ω) of v(t) by

(10.2-8)

then, according to (10.2-7), Sv(ω)dω is the portion of the average power of 
v(t) that is due to frequency components between ω and ω + dω. According 
to this physical interpretation, we may measure Sv(ω) by separating the 
spectrum of v(t) into its various frequency classes as shown in Figure 10-3 
and then measuring the power output Sv(ωi)Δωi of each of the filters [2].

Wiener-Khintchine Theorem

We will next derive another formal result involving the spectral density 
function.

Consider the time average of the product of some field quantity v(t) with 
its delayed version v(t + τ)

(10.2-9)

The function Cv(τ) is termed the autocorrelation function of v(t). We use 
(10.2-2) to carry out the integration indicated in (10.2-9)

(10.2-10)
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Figure 10-3 Diagram illustrating how the spectral density function ST(ω) of a signal 
v(t) can be obtained by measuring the power due to different frequency intervals.

In the limit T → ∞,

(10.2-11)

so that

(10.2-12)

The quantity 4π|VT(ω)|2/T is, according to (10.2-8), the spectral density func
tion of Sv(ω) of v(t), so that

(10.2-13)

so that using (10.2-1)

(10.2-14)

The last two equations state that the spectral density function Sv(ω) and the
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autocorrelation function Cv(τ) form a Fourier transform pair. This result is 
one of the more important theoretical and practical tools of information 
theory and of the mathematics of random processes, and it is known, after 
the American and Russian mathematicians who, independently, formulated 
it, as the Wiener-Khintchine theorem. Its main importance for our purposes 
lies in the fact that it is often easier to obtain, experimentally or theoretically, 
Cv(τ) rather than Sv(ω), so that Sv(ω) is derived by a Fourier transformation 
of Cv(τ).

Consider a time-dependent random variable i(t) made up of a very large 
number of individual events f(t - ti) that occur at random times ti.5 An 
observation of i(t) during a period T will yield

5This means that the a priori probability that a given event will occur in any time interval is 
distributed uniformly over the interval, or equivalently, that the probability p(n) for n events 
to occur in an observation period T is given by the Poisson distribution function [2]

where n is the average number of events occurring in T.

6We assume that the individual event f (t - ti) is over in a short time compared to the observation 
period T, so the integration limits can be taken as —∞ to ∞ instead of 0 to T.

10.3 THE SPECTRAL DENSITY FUNCTION OF A TRAIN 
OF RANDOMLY OCCURRING EVENTS

(10.3-1)

where NT is the total number of events occurring in T. Typical examples of 
a random function i(t) are provided by the thermionic emission current from 
a hot cathode (under temperature-limited conditions), or the electron current 
caused by photoemission from a surface. In these cases f(t - ti) represents 
the current resulting from a single electron emission occurring at ti.

The Fourier transform of iT(t) is given according to (10.2-3) by

(10.3-2)

where Fi(ω) is the Fourier transform6 of f(t - ti)

(10.3-3)
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The fast result is known as Carson's theorem and its usefulness will be 
demonstrated in the following sections where we employ it in deriving the 
spectral density function associated with a number of different physical 
processes related to optical detection.

Equation (10.3-7) was derived for the case in which the individual events 
f(t - ti) were displaced in time but were otherwise identical. There are 
physical situations in which the individual events may depend on one or 
more additional parameters. Denoting the parameter (or group of parameters) 
as α, we can clearly single out the subclass of events fα(t - ti) whose α is 
nearly the same and use (10.3-7) to obtain directly

(10.3-8)

for the contribution of this subclass of events to S(v). Fα(ω) is the Fourier 
transform of fα(t), and thus N(α)Δα is the average number of events per 
second whose α parameter falls between α and α + Δα.

From (10.3-2) and (10.3-3) we obtain

(10.3-4)

If we take the average of (10.3-4) over an ensemble of a very large number 
of physically identical systems, the second term on the right side of (10.3-4) 
can be neglected in comparison to NT, since the times ti are random. This 
results in

(10.3-5)

where the horizontal bar denotes ensemble averaging and where N is the 
average rate at which the events occur so that NT = NT. The spectral density 
function ST(ω) of the function iτ(t) is given according to (10.2-8) and (10.3-5) 
as

(10.3-6)

In practice, one uses more often the spectral density function S(v) defined 
so that the average power due to frequencies between v and v + dv is equal 
to S(v) dv. It follows then, that S(v) dv = S(ω) dω; thus, since ω = 2πv,

(10.3-7)
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The probability distribution function for α is p(α) = N(α)/N; therefore,

(10.3-9)

where the bar denotes averaging over α. Equation (10.3-10) is thus the 
extension of (10.3-7) to the case of events whose characterization involves, 
in addition to their time ti, some added parameters. We will use it further 
in this chapter to derive the noise spectrum of photoconductive detectors 
in which case α is the lifetime of the excited photocarriers.

Let us consider the spectral density function of current arising from random 
generation and flow of mobile charge carriers. This current is identified with 
"shot noise." To be specific, we consider the case illustrated in Figure 10-4, 
in which electrons are released at random into the vacuum from electrode

Figure 10-4 Random electron flow between two electrodes. This basic 
configuration is used in the derivation of shot noise.

Summing (10.3-8) over all classes a and weighting each class by the prob- 
ability p(α) Δα of its occurrence, we obtain

(10.3-10)

10.4 SHOT NOISE [3]
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A to be collected at electrode B, which is maintained at a slight positive 
potential relative to A.

The average rate N of electron emission from A is N = I/e, where I is 
the average current and the electronic charge is taken as -e. The current 
pulse due to a single electron as observed in the external circuit is

(10.4-1)

(10.4-3)

where x is the position of the charged sheet measured from the left electrode. 
The current in the external circuit due to a single electron is thus

(10.4-4)

in agreement with (10.4-1).

Figure 10-5 Induced charges and field lines due to a thin charge layer between the 
electrodes.

where v(t) is the instantaneous velocity and d is the separation between A 
and B. To prove (10.4-1), consider the case in which the moving electron is 
replaced by a thin sheet of a very large area and of total charge -e moving 
between the plates, as illustrated in Figure 10-5.

It is a simple matter to show (see Problem 10.1), using the relation 
▽ ⋅ E = ρ/e, that the charge induced by the moving sheet on the left electrode 
is

(10.4-2)

and that on the right electrode is
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The Fourier transform of a single current pulse is

(10.4-5)

where ta is the arrival time of an electron emitted at t = 0. If the transit time 
of an electron is sufficiently small that, at the frequency of interest ω,

(10.4-6)

i.e., ie(t) ∝ δ(t), we can replace exp (-iωt) in (10.4-5) by unity and obtain

(10.4-7)

since x(ta) is, by definition, equal to d. Using (10.4-7) in (10.3-7) and recalling 
that I = eN gives

(10.4-8)

The power (in the sense of 10.2-5) in the frequency interval v to v + Δv 
associated with the current is, according to the discussion following (10.2-8), 
given by S(v) Δv. It is convenient to represent this power by an equivalent 
noise generator at v with a mean-square current amplitude

(10.4-9)

The noise mechanism described above is referred to as shot noise.
It is interesting to note that e in (10.4-9) is the charge of the particle 

responsible for the current flow. If, hypothetically, these carriers had a 
charge of 2e, then at the same average current I the shot-noise power would 
double. Conversely, shot noise would disappear if the magnitude of an in- 
dividual charge tended to zero. This is a reflection of the fact that shot noise 
is caused by fluctuations in the current that are due to the discreteness of 
the charge carriers and to the random electronic emission (for which the 
number of electrons emitted per unit time obey Poisson statistics [2]). The 
ratio of the fluctuations to the average current decreases with increasing 
number of events.7

Another point to remember is that, in spite of the appearance of I on 
the right side of (10.4-9), i2N(v) represents an alternating current with fre- 
quencies near v.

7More precisely, for events obeying Poisson statistics we have (Reference [1] or derivable 
directly from footnote 5) 

where N is the number of events in an observation time, N is the average value of N, and 
(ΔN)2 ≡ (N - N)2.
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Johnson, or Nyquist noise describes the fluctuations in the voltage across a 
dissipative circuit element; see References [4, 5]. These fluctuations are most 
often caused by the thermal motion of the charge carriers.8 The charge 
neutrality of an electrical resistance is satisfied when we consider the whole 
volume, but locally the random thermal motion of the carriers sets up fluc- 
tuating charge gradients and, correspondingly, a fluctuating (ac) voltage. If 
we now connect a second resistance across the first one, the thermally 
induced voltage described above will give rise to a current and hence to a 
power transfer to the second resistor.9 This is the so-called Johnson noise, 
whose derivation follows.

Consider the case illustrated in Figure 10-6 of a transmission line con- 
nected between two similar resistances R, which are maintained at the same 
temperature T. We choose the resistance R to be equal to the characteristic 
impedance Z0 of the lines, so that no reflection can take place at the ends. 
The transmission line can support traveling voltage waves of the form

8We use the word "carriers" rather than "electrons" to include cases of ionic conduction or 
conduction by holes.
9The same argument applies to the second resistor, so at thermal equilibrium the net power 
leaving each resistor is zero.
10This seemingly arbitrary type of boundary condition is used extensively in similar situations 
in thermodynamics to derive the blackbody radiation density, or in solid-state physics to derive 
the density of electronic states in crystals.

Figure 10-6 Lossless transmission line of characteristic impedance Zo connected 
between two matched loads (R = Z0) at temperature T.

10.5 JOHNSON NOISE

(10.5-1)

where k = 2π/λ and the phase velocity is c = ω/k.
For simplicity we require that the allowed solutions be periodic in the 

distance L,10 so if we extend the solution outside the limits 0 ≤ z ≤ L we
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and the number of modes having their k values somewhere between zero 
and +k is11

or, using k = 2πv/c, we obtain

for the number of positively traveling modes with frequencies between zero 
and v.

The number of modes per unit frequency interval is

(10.5-5)

Consider the power flowing in the +z direction across some arbitrary 
plane, A - A' say. It is clear that due to the lack of reflection this power 
must originate in R2. Since the power is carried by the electromagnetic modes 
of the system, we have

We find, taking the velocity of light as c, that the power P due to frequencies 
between v and v + Δv is given by

or

(10.5-6)

11Negative k values correspond, according to (10.5-1), to waves traveling in the -z direction. 
Our bookkeeping is thus limited to modes carrying power in the +z direction.

obtain

This condition is fulfilled when

(10.5-2)

Therefore, two adjacent modes differ in their value of k by

(10.5-3)

(10.5-4)



JOHNSON NOISE 369

where we used the fact that in thermal equilibrium the energy of a mode is 
given by [7]

(10.5-7)

This result is also obtained in Appendix D from a different point of view. 
An equal amount of noise power is, of course, generated in the right resistor 
and is dissipated in the left one, so in thermal equilibrium the net power 
crossing any plane is zero.

The power given by (10.5-6) represents the maximum noise power avail- 
able from the resistance, since it is delivered to a matched load. If the load 
connected across R has a resistance different from R, the noise power de
livered is less than that given by (10.5-6). The noise-power bookkeeping is 
done correctly if the resistance R appearing in a circuit is replaced by either 
one of the following two equivalent circuits: a noise generator in series with 
R with mean-square voltage amplitude

(10.5-8)

or a noise current generator of mean square value

(10.5-9)

in parallel with R. The noise representations of the resistor are shown in 
Figure 10-7. There are numerous other derivations of the formula for Johnson 
noise. For derivations using lumped-circuit concepts and an antenna ex- 
ample, the reader is referred to References [6, 7], respectively.

Statistical Derivation of Johnson Noise

The derivation of Johnson noise leading to (10.5-6) leans heavily on ther
modynamic and Statistical mechanics considerations. It may be instructive 
to obtain this result using a physical model for a resistance and applying the

Figure 10-7 (a) Voltage and (b) current noise equivalent circuits of a resistance.
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mathematical tools developed in this chapter. The model used is shown in 
Figure 10-8.

The resistor consists of a medium of volume V = Ad, which contains 
N free electrons per unit volume. In addition, there are N positively charged 
ions, which preserve the (average) charge neutrality. The electrons move 
about randomly with an average kinetic energy per electron of

where m is the mass of the electron.13 The sample dc resistance is thus

(10.5-12)

while its ac resistance R(ω) is md(1 + ω2τ2)/Ne2τ0A.
We apply next the results of Section 10.3 to the problem and choose as 

our basic single event the current pulse ie(t) in the external circuit due to 
the motion of one electron between two successive scattering events. Using 
(10.4-1), we write

(10.5-13)

12The derivation of (10.5-11) can be found in any introductory book on solid-state physics.
13In a semiconductor we use the effective mass of the charge carrier.

Figure 10-8 Model of a resistance used in deriving the Johnson-noise formula.

(10.5-10)

where v2x = v2y = v2z refer to thermal averages. A variety of scattering mech
anisms including electron-electron, electron-ion, and electron-phonon col
lisions act to interrupt the electron motion at an average rate of τ0-1 times 
per second. τ0 is thus the mean scattering time. These scattering mechanisms 
are responsible for the electrical resistance and give rise to a dc conductivity12

(10.5-11)
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where vx is the x component of the velocity (assumed constant) and where 
τ is the scattering time of the electron under observation. Taking the Fourier 
transform of ie(t), we have

(10.5-14)

from which

(10.5-15)

According to (10.3-10) we need to average |Ie(ω, τ, vx)|2 over the parameters 
τ and vx. We assume that τ and vx are independent variables—that is, that 
the probability function

The second averaging over v2x is particularly simple, since it results in the 
replacement of v2x in (10.5-17) by its average v2x, which, for a sample at thermal 
equilibrium, is given according to (10.5-10) by v2x = kT/m. The final result 
is then

(10.5-18)

14If the collision probability per carrier per unit times is 1/τ0 and q(t) is the probability that an 
electron has not collided by time t, we have:

Taking g(τ) dτ as the probability that a collision will occur between τ and τ + dτ, it follows

as in (10.5-16).

is the product of the individual probabilities [1]—and take g(τ) as14

(10.5-16)

and, performing the averaging over τ, obtain

(10.5-17)

and thus
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The average number of scattering events per second N is equal to the total 
number of electrons NV divided by the mean scattering time τ0

thus, from (10.3-10), we obtain

and, after using (10.5-12) and limiting ourselves as in (10.4-6) to frequencies 
where ωτ0 ≪ 1, we get

(10.5-20)

in agreement with (10.5-9).

Another type of noise that plays an important role in quantum electronics 
is that of spontaneous emission in laser oscillators and amplifiers. As shown 
in Chapter 5, a necessary condition for laser amplification is that the atomic 
population of a pair of levels 1 and 2 be inverted. If E2 > E1, gain occurs 
when N2 > N1. Assume that an optical wave with frequency v ≃ (E2 - E1)/h 
is propagating through an inverted population medium. This wave will grow 
coherently due to the effect of stimulated emission. In addition, its radiation 
will be contaminated by noise radiation caused by spontaneous emission 
from level 2 to level 1. Some of the radiation emitted by the spontaneous 
emission will propagate very nearly along the same direction as that of the 
stimulated emission and cannot be separated from it. This has two main 
consequences. First, the laser output has a finite spectral width. This effect 
is described in this section. Second, the signal-to-noise ratio achievable at 
the output of laser amplifiers [7] is limited because of the intermingling of 
spontaneous emission noise power with that of the amplified signal. (See 
Figure 10-9 and Appendix D.)

Returning to the case of a laser oscillator, we represent it by an RLC 
circuit, as shown in Figure 10-10. The presence of the laser medium with

Figure 10-9 An atomic transition with N2 > N1 providing gain for laser oscillation.

(10.5-19)

10.6 SPONTANEOUS EMISSION NOISE IN LASER OSCILLATORS
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negative loss (that is, gain) is accounted for by including a negative con- 
ductance -Gm while the ordinary loss mechanisms described in Chapter 6 
are represented by the positive conductance G0. The noise generator asso- 
ciated with the losses G0 is given according to (10.5-9) as

where T is the actual temperature of the losses. Spontaneous emission is 
represented by a similar expression15

where the term (-Gm) represents negative losses and Tm is a temperature 
determined by the population ratio according to

Since N2 > N1, then Tm < 0, (i2N) in (10.6-1) is positive definite.
Although a detailed justification of (10.6-1) is outside the scope of the 

present treatment, a strong case for its plausibility can be made by noting 
that since Gm ∝ N2 — N1, (i2N) in (10.6-1) can be written, using (10.6-2), as16

(10.6-3)

and is thus proportional to N2. This makes sense, since spontaneous emission 
power is due to 2 → 1 transitions and should consequently be proportional 
to N2.

15The 2π factor appearing in the denominators of i2N is due to the fact that here we use i2N(ω) 
instead of i2N(v) with

(10.6-1)

(10.6-2)

16The proportionality of Gm to N2 - N1 can be justified by noting that in the equivalent circuit 
(Figure 10-10) the stimulated emission power is given by v2Gm where v is the voltage. Using 
the field approach, this power is proportional to E2(N2 - N1) where E is the field amplitude. 
Since υ is proportional to E, Gm is proportional to N2 - N1.
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Returning to the equivalent circuit, its quality factor Q is given by

(10.6-4)

where ω20 = (LC)-1. The circuit impedance is

(10.6-5)

so the voltage across this impedance due to a current source with a complex 
amplitude I(ω) is

(10.6-6)

which, near ω = ω0, becomes

(10.6-7)

The current sources driving the resonant circuit are those shown in Figure 
10-10; since they are not correlated, we may take |I(ω)|2 as the sum of their 
mean-square values

(10.6-8)

where in the first term inside the square brackets we used (10.6-2). In the 
optical region, λ = 1 μm say, and for T = 300°K we have ħω/kT ≃ 50; thus, 
since near oscillation Gm ≃ G0, we may neglect the thermal (Johnson) noise 
term in (10.6-8), thereby obtaining

between the half-intensity points. The trouble is that, though correct, (10.6-10) 
is not of much use in practice. The reason is that according to (10.6-4), Q-1 
is equal to the difference of two nearly equal quantities neither of which is 
known with high enough accuracy. We can avoid this difficulty by showing 
that Q is related to the laser power output, and thus Δω may be expressed 
in terms of the power.

(10.6-9)

Equation (10.6-9) represents the spectral distribution of the laser output. If 
we subject the output to high-resolution spectral analysis, we should, ac- 
cording to (10.6-9), measure a linewidth

(10.6-10)
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The total optical oscillation power extracted from the atoms comprising 
the laser is

Since the integrand peaks sharply near ω ≃ ω0, we may replace ω in the 
numerator of (10.6-11) by ω0 and after integration obtain

(10.6-12)

which is the desired result linking P to Q. In a laser oscillator the gain very 
nearly equals the loss, or in our notation, Gm ≃ G0. Using this result in 
(10.6-12), we obtain

which, when substituted in (10.6-10), yields

(10.6-13)

where Δv1/2 is the full width of the passive cavity resonance given in (4.7-6) 
as Δv1/2 = v0/Q0 = (1/2π)(G0/C). It is worthwhile to recall here that Δv 
represents, in the quantum limit, the laser field spectral width. The expres- 
sion (10.6-13) is known as the Schawlow-Townes linewidth after the two 
American co-inventors of the laser [18] who first derived it.

Equation (10.6-13) does not predict an inverse dependence of Δv on P, 
as may be deduced at a first glance, because of the dependence of N2 on P. 
For very large powers, P → ∞, N2 is proportional to P, while N2 - N1 
remains clamped at its threshold value. This leads to a residual power in- 
dependent value of Δv. To appreciate this argument qualitatively, we note 
that unless the lifetime t1 of the lower laser level is zero, as P increases, N1 
must increase since the increased (net)-induced transition rate into level 1 
must equal in steady state N1/t1, the rate of emptying of level 1. This causes 
the population N2 to increase in order to keep N2 - N1 and thus the gain, 
a constant. At sufficiently high values of P, N2 becomes and stays propor- 
tional to P and the ratio N2/P in (10.6-13) approaches a constant value, thus 
leading to a residual power independent linewidth.

To obtain the power dependence of the factor

(10.6-11)

we solve the rate equations for the atomic populations plus the equation for
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the photon number p(p = number of photons in the optical resonator)

(10.6-14)

(10.6-15)

where the subscript "th" indicates the value at threshold. The power output, 
including "wall losses" of the laser, is

(10.6-17)

which, when used together with (10.6-19) in (10.6-13) gives

(10.6-18)

where Δvgain is the linewidth of atomic transition responsible for the laser 
gain. V is the mode volume. In obtaining (10.6-18), we use

(10.6-19)

which is obtained from (6.1-11) if we put Δvgain = 1/g(v). The first term on 
the right-hand side of (10.6-18) is the conventional Schawlow-Townes 
expression containing the inverse P dependence. The second term is power 
independent and corresponds to a residual linewidth as P → ∞.

To get an idea of the magnitudes involved, we consider the case of a

The first two equations are similar to (5.6-3) and (5.6-4) with R1 = 0, 
t2 → tspont, R2 → R, Wi is the induced transition rate and N2, N1, representing 
the total atomic populations of the laser transition levels 2 and 1, respec- 
tively. The third equation is a conservation equation for the total number 
of photons. Wi is the induced transition rate. The photon lifetime tc is related 
to the cavity linewidth Δv1/2 by Δv1/2 = (2πtc)-1. At equilibrium, d/dt = 0, 
we can solve (10.6-14) to obtain

so that

(10.6-16)
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0.6328 μm He-Ne laser with mirror reflectivities of R = 0.99, a resonator 
length of 1 = 30 cm, and take t1/t2 = 0.1. We obtain

The derivation of the laser linewidth in Section 10.6 takes advantage of the 
highly sophisticated and efficient concepts and phenomena represented by 
the seemingly simple circuit model of a laser oscillator. The price we pay 
when taking this approach is a certain loss of physical insight into the mech- 
anisms whereby spontaneous emission affects the laser linewidth.

In this section we will derive the expression (10.6-13) for the laser 
linewidth using a different approach. This is done not only for pedagogic 
purposes, but because some of the interim results involving phase fluctua
tions are useful in their own right.

The Phase Noise

An ideal monochromatic radiation field can be written as

where ω0 the radian frequency, E0 the field amplitude, and θ are constant. 
A real field including that of lasers undergoes random phase and amplitude 
fluctuations that can be represented by writing

and

The residual linewidth thus dominates at power levels exceeding a few mil
liwatts.

10.7 PHASOR DERIVATION OF THE LASER LINEWIDTH

(10.7-1)

(10.7-2)

where E(t) and θ(t) vary only "slightly" during one optical period.
There are many reasons in a practical laser for the random fluctuation 

in amplitude and phase. Most of these can be reduced, in theory, to incon- 
sequence by various improvements such as ultrastabilization of the laser 
cavity length and the near elimination of microphonie and temperature vari- 
ations. There remains, however, a basic source of noise that is quantum 
mechanical in origin. This is due to spontaneous emission that continually 
causes new power to be added to the laser oscillation field. The electro- 
magnetic field represented by this new power, not being coherent with the 
old field, causes phase, as well as amplitude, fluctuations. These are re-
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sponsible ultimately for the deviation of the evolution of the laser field from 
that of an ideal monochromatic field, i.e., for the quantum mechanical noise.

Let us consider the effect of one spontaneous emission event on the 
electromagnetic field of a single oscillating laser mode. A field such as (10.7-1) 
can be represented by a phasor of length E0 rotating with an angular (radian) 
rate ω0. In a frame rotating at ω0 we would see a constant vector E0. Since 
E20 ∝ n, the average number of quanta in the mode, we shall represent the 
laser field phasor before a spontaneous emission event by a phasor of length 
√n as in Figure 10-11. The spontaneous emission adds one photon to the 
field, and this is represented, according to our conversion, by an incremental 
vector of unity length. Since this field increment is not correlated in phase 
with the original field, the angle φ is a random variable (i.e., it is distributed 
uniformly between zero and 2π). The resulting change Δθ of the field phase 
can be approximated for n ≫ 1 by

Figure 10-11 The phasor model for the effect of a single spontaneous emission 
event on the laser field phase.

(10.7-3)

Next consider the effect of N spontaneous emissions on the phase of the 
laser field. The problem is one of random walk, since φ may assume with 
equal probability any value between 0 and 2π. We can then write

(10.7-4)

and from (10.7-3)

where ( ) denotes an ensemble average taken over a very large number of 
individual emission events.

Equation (10.7-4) is a statement of the fact that in a random walk problem 
the mean squared distance traversed after N steps is the square of the size
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of one step times N. The mean deviation (Δθ(N)) after N spontaneous 
emissions is, of course, zero. Any one experiment, however, will yield a 
nonzero result. The mean squared deviation is thus nonzero and is a measure 
of the phase fluctuation. To obtain the root-mean-square (rms) phase devia- 
tion in a time t, we need to calculate the average number of spontaneous 
emission events N(t) into a single laser mode in a time t.

The total number of spontaneous transitions per second into all modes 
is N2/tspont, where N2 is the total number of atoms in the upper laser level 
2 and tspont is the spontaneous lifetime of an atom in 2. The total number of 
transitions per second into one mode is thus 

is the number of modes interacting with the laser transition, i.e., partaking 
in the spontaneous emission. V is the mode volume, and Δ v is the linewidth 
of the atomic transition responsible for the laser gain. We can rewrite (10.7-5) 
as

(10.7-9)

We recall here that in an ideal four-level laser N1 = 0 and ΔNt = N2, i.e., 
μ = 1. In a three-level laser, on the other hand, μ can be appreciably larger 
than unity. In a ruby laser at room temperature, for example (see Section 
7.3), μ ≃ 50. This reflects the fact that for a given gain the total excited 
population N2 of a three-level laser must exceed that of a four-level laser 
by the factor μ, since gain is proportional to N2 - N1. Equation (10.7-8) is

(10.7-5)

where

(10.7-6)

(10.7-7)

where ΔN, is the population inversion (N2 - N1) at threshold. Next we use 
the result (6.1-11)

where tc is the photon lifetime in the resonator, and obtain

(10.7-8)

The number of spontaneous transitions into a single mode in a time τ is thus
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also equivalent to stating that above threshold there are μ spontaneously 
emitted photons present in a laser mode.

Using (10.7-9) in (10.7-4), we obtain for the root-mean-square phase 
deviation after τ seconds

The maximum time t available for such an experiment is the integration 
time T of the measuring apparatus so that

(10.7-10)

The rms frequency excursion caused by Δθ is

(10.7-11)

We can cast the last result in a more familiar form by using the relations

(10.7-11a)

Here Pe is the power emitted by the atoms (i.e., the sum of the useful power 
output plus any power lost by scattering and absorption), and B is the band- 
width in hertz of the phase-measuring apparatus. The result is

From the experimental point of view (Δω)RMS is the root-mean-square 
deviation of the reading of an instrument whose output is the frequency 
ω(t) ≡ dθ/dt. We will leave it as an exercise (Problem 10.11) for the student 
to design an experiment that measures (Δω)RMS.

Ring laser gyroscopes sense rotation by comparing the oscillation fre- 
quencies of two counter-propagating modes in a rotating ring resonator. Their 
sensitivity, i.e., the smallest rotation rate that they can sense, is thus limited 
by any uncertainty Δω in the laser frequency. Experiments have indeed 
demonstrated a rotation measuring sensitivity approaching the quantum limit 
as given by (10.7-12).

The Laser Field Spectrum

Next we address the case where one measures directly the spectrum of the 
optical field

(10.7-13)

(10.7-12)
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using, say, a scanning Fabry-Perot etalon. If the etalon has a sufficiently 
high spectral resolution, the measurement should yield the spectral density 
function Sε(ω) of the laser field. We will, consequently, proceed to obtain 
an expression for this quantity. We make use of the Wiener-Khintchine 
theorem (10.2-14) according to which Sε(ω) is the Fourier integral transform 
of the field autocorrelation function Cε(τ)

(10.7-14)

(10.7-15)

where the symbol ( ) represents an ensemble, or time, average. 
Using (10.7-13) we obtain

since it corresponds to averaging a signal oscillating at twice the optical 
frequency over many periods. So if we keep only the slowly varying terms 
in Cℰ(τ), we obtain

(10.7-18)

(10.7-21)

(10.7-16)

Now, for example,

(10.7-17)

(10.7-19)

The main contributions to the laser noise are due to fluctuations of the 
phase θ(t) and not the amplitude E(t), since the amplitude fluctuations are 
kept negligibly small by gain saturation. Taking advantage of this fact, we 
write ‹E*(t)E(t + τ)› = ‹E2› ≈ constant so that

(10.7-20)

Given a (normalized) probability distribution function for Δθ, g(Δθ), the 
expectation value of exp {iΔθ(t, τ)} is obtained from
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Since the total phase excursion Δθ is the net result of many small and 
statistically independent (spontaneous transitions) excursions, the central 
limit theorem of statistics applies, and g(Δθ) is a Gaussian, which we write 
as

(10.7-22)

where

(10.7-23)

Using (10.7-22) in (10.7-21), we obtain

(10.7-24)

where in order to obtain the last result, we used (10.7-10) with T = τ. Using 
(10.7-24) in (10.7-20),

(10.7-25)

The spectral density function of the laser field Sℰ(ω), the quantity ob- 
served by a spectral analysis of the field, is given according to (10.7-14) and 
(10.7-25) by

(10.7-27)

We have defined in (10.2-7) the spectral density function in such a way 
that only positive frequencies need to be considered. For ω > 0 the second 
term on the right side of (10.7-27) contributes negligibly so that

(10.7-28)

which corresponds to a Lorentzian-shaped function centered on the nominal 
laser frequency ω0 with a full width at half-maximum of

Recalling that the total power emitted by the electrons is P = nħω0/tc 
and defining the passive resonator linewidth Δ v1/2 = (2πtc)-1, we can rewrite 
(10.7-29) using (10.7-1 la) as

(10.7-26)

(10.7-29)
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(10.7-30)

which, recalling the definition (10.7-8) of μ, is identical to (10.6-13).

Numerical Example: Linewidth of a He-Ne Laser and a Semiconductor Diode Laser

To obtain an order of magnitude estimate of the linewidth (Δv)laser predicted 
by (10.7-30), we will calculate it in the case of two largely different types of 
CW lasers: (1) a He-Ne laser and (2) a semiconductor GaInAsP laser.

1. He-Ne laser.

v = 4.741 × 1014 Hz (λ = 6328 Å)

l (distance between reflectors) = 100 cm
Loss = (1 - R) = 1% per pass

From these numbers we get

(i.e., tc = 3.2 × 10-7 s) and from (10.7-30), assuming μ = 1 (i.e., N1 ≪ 
N2),

(Δv)laser ≅ 2 × 10-3 Hz

at a power level P = 1 mW.
The predicted linewidth is thus so small as to be completely masked 

in almost all experimental situations by contributions due to extraneous 
causes, such as vibrations and temperature fluctuations.

2. Semiconductor laser. We use as a typical example the case of a GaInAsP 
(λ = 1.55 μm) laser with the following pertinent characteristics:

P = 3 mW
v = 1.935 × 1014 (λ0 = 1.55 μm)

R (reflectivity) = 30%
l = 300 μm

n = 3.5
μ = 3 (at T = 300 K)
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This results in Δv1/2 ~ 3 × 1010 (i.e., tc = 1/(2πΔv1/2) = 5 × 10-12 s) 
and

(Δv)laser = 0.817 × 106 Hz

The experimental curve of Figure 10-12 shows the predicted [Equation 
(10.7-30)] P-1 dependence of (Δv)laser, but the measured values of the line- 
width are larger by a factor of ~70 than those predicted by the analysis. 
This discrepancy has been studied by a number of investigators [20-22], 
who have shown that the analysis leading to (10.7-30) ignores the modulation 
of the index of refraction of the laser medium, which is due to fluctuations 
of the electron density caused by spontaneous emission. When this effect 
is included, the result is to multiply Equation (10.7-30) by the factor 

where Δn' and Δn" are, respectively, the changes in the real and imaginary 
parts of the index of refraction "seen" by the laser field due to some change 
in the electron density. The factor 1 + (Δn'Δn")2 can be calculated from 
measured parameters of the laser or measured directly [6]. Its value is ~30 
in typical cases, enough to reconcile the observed data of Figure 10-12 and 
the prediction of Equation (10.7-30).

Figure 10-12 The measured dependence of the spectral linewidth of a 
semiconductor laser on the power output. (After Reference [19].)

(10.7-31)
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The big difference, over nine orders of magnitude, between the limiting 
linewidth of conventional, say gas lasers and semiconductor lasers, is due 
mostly to the very short photon lifetime tc in semiconductor laser resonators. 
At a given power output we have from (10.7-30) (Δv)laser ∝ (Δv1/2)2 ∝ tc-2. In 
the above examples we obtained tc ≃ 3 × 10-8 s in the case of the He-Ne 
laser, and tc ≃ 5 × 10-12 s in the semiconductor laser. Since tc ~ ln/c(1 - 
R), the main hope for increasing tc in a semiconductor laser, thus decreasing 
the linewidth (Δv)laser, is to increase l by placing the laser in an external 
resonator and by using high reflectance mirrors R ~ 1. Semiconductor laser 
linewidths in the kilohertz regime are obtainable.

An actual (measured) GaAs/GaAlAs semiconductor laser, Lorentzian 
field spectrum is shown in Figure 10-13.

Figure 10-13 The measured Lorentzian field spectrum Sε(ω) of a semiconductor 
laser. (After Reference [19].)

(10.8-1) 

10.8 COHERENCE AND INTERFERENCE

In Section 10.7 [Equation (10.7-25)] we have derived the following expression 
for the autocorrelation function of the single-mode laser field
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where n is the number of photons inside the resonator, μ = N2/(N2 - N1) 
and tc is the photon lifetime (the decay time constant for the mode optical 
energy if the gain mechanism were turned off).

The parameter τc is called the coherence time of the laser field. According 
to (10.7-29) it is equal to 2/(Δω)laser where (Δω)laser is the laser output field 
linewidth. In practical terms it is the time duration during which we can 
count on the laser to act as a well-behaved sinusoidal oscillator with a well- 
defined phase. If we try and correlate (by means to be discussed below) the 
laser field with itself using a time delay exceeding τc, the result approaches 
zero. One form of a field ℰ(t) that will display this behavior is shown in 
Figure 10-14. The field undergoes a phase memory loss on the average every 
τc seconds. It is intuitively clear that performing the autocorrelation oper- 
ation as defined by the first equality of (10.8-1) will yield a result whose 
rough features agree with the form (cos ω0τ)e-τ/τc.

Next we will consider how the autocorrelation function Cℰ(τ) is obtained 
in practice. The configuration used most often is the Michelson interfer
ometer illustrated in Figure 10-15. An input field ℰi(t) is split into two com
ponents. One of these fields is delayed relative to the second by a time delay

The two fields are then incident on a square-law detector whose current 
constitutes the useful output of the experiment.

Assuming equal division of power, the total optical field at the detector 
plane is

Figure 10-14 A sinusoidal field whose phase coherence is interrupted on the 
average every τc seconds.

(10.8-2)

(10.8-3)

According to the discussion of Section 11.1, which the student is advised 
to preview at this point, the output current of the detector is

(10.8-4)

a is some constant that is irrelevant in the present discussion, and the bar
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Figure 10-15 A Michelson interferometer "splits" an input beam into a two- 
component beam and then recombines them with a controlled time delay τ = 
2(L1 - L2)/c.

indicates, as it does throughout this book, time-averaging. The duration of 
this averaging depends on the detector and its associated electrical circuitry 
and in the very fastest detectors may be as short as 10-11 s. It is thus always 
very long compared to the optical field period which is ~10-15 s.

The detector output is then

(10.8-7)

(10.8-5)

since ℰ2(t) = ℰ2(t + τ) ≡ ℰ2. The output current from the detector is thus 
made up of a dc component 2aℰ2 and a component 2aℰ(t)ℰ(t + τ). The ratio 
of these two current components is, according to (10.2-9), the (normalized) 
autocorrelation function of the optical field ℰ(t).

(10.8-6)

The spectral density function Sℰ(ω) is obtained, according to (10.2-14), by 
a Fourier transformation
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The above scheme for obtaining the spectrum (spectral density function) 
of optical fields is termed Fourier transform spectroscopy, and the config- 
uration of Figure 10-15 is representative of commercial instruments designed 
for this purpose. These instruments are popular especially in the far infrared 
(say λ > 10 μm), since the relative inefficiency of detectors in this wavelength 
region can be compensated to some degree by a slow scanning rate (of τ) 
that allows for long integration times and better noise averaging.

A basic result of the Fourier integral transform relationships (10.2-13) 
and (10.2-14) between Cℰ(τ) and Sℰ(ω) is that in order to resolve Sℰ(ω) to 
within, say, δω, i.e., to discern structure in Sℰ(ω) on the scale of δω, we 
need to employ time delays τ > π/δω. If we were, as an example, to employ 
interference spectroscopy to measure the output spectrum of a commercial 
semiconductor laser with a linewidth of (Δω)laser = 2π × 106 Hz, we would 
need a delay time τ that could be varied from 0 to 5 × 10-7 s.

In the case of lasers the finite spectral width of the optical field is due 
predominantly to phase, rather than amplitude, fluctuations. In this case a 
rather simple technique that involves mixing (heterodyning) the laser field 
with a delayed version of itself is sufficient to obtain the laser spectrum. 
This method, which employs a fixed delay instead of the variable delay of 
the Fourier transform method, is described next.

Delayed Self-Heterodyning of Laser FieldS

Consider the configuration of Figure 10-16. An optical field is split into two 
components that, after a relative path delay td, are recombined at a detector. 
The spectrum of the resulting photocurrent is displayed by a spectrum ana- 
1yzer. This detection method is referred to as delayed self-heterodyning since 
it involves a "mixing" of the field with a delayed version of itself.

Since the main fluctuation of laser fields is that of the phase and not the 
amplitude (see comment following Equation 10.7-19), we can approximate 
the field at the detector by the (complex) phasor

(10.8-8)

This field is illustrated in Figure 10-17. For delays td that are considerably 
shorter than the phase coherence time τc of the laser field (defined by Equa- 
tion (10.7-24)), θ(t + td) ≃ θ(t) and the magnitude of the total field phasor 
is a constant as shown in Figure 10-17. Although the phase angle θ(t) varies 
randomly, the angle α that determines the magnitude of Etotal depends only 
on the difference θ(t + td) - θ(t) and, in the limit td ≪ τc, does not change 
with time. The output current from the detector is constant, and nothing can 
be learned from it about the laser field spectrum. It is clear that we need to
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Figure 10-16 An interferometric arrangement employing a fiber delay for obtaining 
the spectrum Sℰ(ω) of the laser field. (After Reference [23].) 

consider the case of td ≫ τc. In what follows we will consider the general 
case of arbitrary td.

The output current id is proportional to the time average of the square 
of the total optical field incident on the detector. It is thus proportional (see 
Equation 1.1-2) to the product of the complex amplitude of this field and its 
complex conjugate. Using (10.8-8) leads to

(10.8-9) 

(10.8-10)

Figure 10-17 Construction showing the total optical field at the detector. For short 
delays, td ≪ τc, θ(t + td) = θ(t) so that α and, consequently, the total field 
amplitude are constant.
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where S is a constant depending on the detector. We will derive the spectrum 
of id by employing the Wiener-Khintchine theorem (Equation 10.2-14) so 
that first we need to obtain the autocorrelation function of Cid(τ) of the current 
id. Defining as in Equation (10.7-19)

(10.8-11)

We have reasoned in the last section (see discussion following Equation 
10.7-21) that Δθ(t, τ) is a random Gaussian variable. It follows that the 
difference Δθ(t, τ) - Δθ(t + td, τ) is also a Gaussian variable so that, in a 
manner identical to that used to derive Equation (10.7-24), we obtain

Special Case td ≫ τc
In the special, but important, long delay case td ≫ τc, we have

(10.8-16)

and

(10.8-17)

(10.8-12)

Now

(10.8-13)

where we used

From the equation preceding (10.7-10) and putting t = τ

(10.8-14)

Using (10.8-13) and (10.8-14) in (10.8-12) and (10.8-10), we obtain

(10.8-15)
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Employing (10.7-14) or using directly the results of (10.7-28), we obtain the 
following expression for the spectral density of the current id

(10.8-18)

The spectrum thus consists of a dc, 4πδ(Ω), term plus a Lorentzian distri- 
bution centered (if we count negative frequencies Ω < 0) on Ω = 0 with a 
full width at half maximum of

The last equality, derived from (10.7-29) states that the width of the spectrum 
of the photo-detected current in the limit td ≫ τc is twice that of the laser 
field.

The rigorous treatment of the general case involving arbitrary values of 
the delay td is beyond the scope of this book, since it requires a knowledge 
of the function ‹Δθ(t, τ)Δθ(t + td, τ)›. The derivation of this function in
volves the solution of the nonlinear, noise-driven laser equation. The result 
is (see Reference [22])

(10.8-20)

where min(τ, td) signifies the smallest of τ and td. The last result together 
with (10.8-13, 10.8-20) when substituted in (10.8-15) give

(10.8-21)

(10.8-22)

The integration leading to (10.8-22) is long but straightforward. Equation 
(10.8-22) reduces, as it should, to (10.8-18) when td/τc → ∞. In summation,

(10.8-19)
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Figure 10-18 The spectral density Sid(Ω), as given by Equation (10.8-22) of the 
photocurrent in a delayed self-heterodyne detection of the output of a laser. The 
ratio of the delay time (td) to the laser field coherence time (τc) is a parameter. 
The frequency abcissa is in units of τc-1. τc = (Δv)-1laser.

we recall that only in the case td/τc ≫ 1, i.e., a long relative delay, is the 
spectrum Sid(Ω) a Lorentzian. A typical spectrum of a semiconductor laser 
obtained with a setup similar to that of Figure 10-16 is shown in Figure 10-13. 
A plot of the theoretical spectra of (10.8-22) for the cases td/τc = ∞, 1, 0.2 
is contained in Figure 10-18.

10.9 ERROR PROBABILITY IN A BINARY PULSE CODE MODULATION SYSTEM

The simplicity and reliability of digital processing by integrated electronic 
circuits has made it increasingly attractive to transmit information in the 
form of binary pulse trains. For optical communication systems, the analog 
data to be transmitted are coded into a train of 1 and 0 electrical pulses so 
that each pulse carries one bit of information. The electrical signal thus 
generated is impressed, say, by means of a modulator, on an optical beam, 
resulting in an optical train pulse. The optical signal having propagated 
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through air or on optical fiber, is detected in the receiving end, thus yielding 
an electrical train of pulses.

Now, ideally, the reconstructed train of electrical pulses should be an 
exact replica of (or, more generally, constitute an exact analog of) the input 
train. The intermingling of noise at the detector output with the signal makes 
this perfect reconstruction impossible. A figure of merit used to describe the 
"quality" of the reconstructed signal is the error probability, EP, which is 
defined as the probability that any given pulse in the detected train does not 
agree with the corresponding pulse in the input train.

Figure 10-19 shows part of a pulse sequence containing three "1" pulses 
and two "0" pulses. An ideal noiseless detection should yield the sequence 
[Figure 10-19(a)] where the pulse height (say in amperes) is is. The presence 
of noise, however, introduces random fluctuations so that the detected signal 
may appear as in Figure 10-19(b).

A threshold decision circuit is usually employed that samples the signal 
[Figure 10-19(b)] once each period, yielding a 1 pulse if the sample exceeds 
a predetermined value kis (k < 1) and a 0 pulse if the measured sample is 
smaller than kis [14]. In the case shown in Figure 10-19(b) the choice of the 
indicated threshold value will lead to a correct reconstruction of all pulses, 
except the last one, where a negative noise fluctuation has conspired to keep 
the pulse below the threshold value.

Figure 10-19 An ideal noiseless pulse train (a) is contaminated by noise as in (b). A 
reconstruction using a threshold decision level kis leads to (c). Note that the 
reconstruction of the last "1" pulse is in error because of a large negative noise 
fluctuation.
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If a given pulse is a "1," then an erroneous reconstruction would result 
if during the sampling the noise current iN is negative and such that 

since in this case iS + iN is smaller than the threshold value kis and "0" will 
result. In a like manner the reconstruction of a "0" pulse will be in error if

On the average, half the pulses are 0 and half are 1 so that the probability 
of a wrong reconstruction of any given pulse is the bit error rate (BER)

If the noise current iN is a random Gaussian variable, which is the case 
in most applications, we can use (10.1-5) to evaluate the error probability. 
In this case σ is the root mean square (rms) value of the noise current iN, 
so that σ2 = i2N is the mean square noise current, as derived in Sections 
10.4, 10.5, and 10.6. To simplify the result, let us choose k = ½. Using the 
fact that, according to (10.1-5), p(iN) = p(-iN) (10.9-1) becomes

(10.9-2) 

(10.9-3)

Using the definition of the error function 

we can write (10.9-3) as

(10.9-4)

where ‹iN› ≡ σ(= (i2N)1/2) is the rms noise current.
A theoretical plot of BER as a function of the (peak) signal-to-noise ratio 

iS/‹iN› is shown in Figure 10-20. We recall that S represents the electrical 
signal power at the detector output and not the optical power. It is interesting 
to note the extremely small error probabilities resulting from even moderate 
signal-to-noise power ratios. As an example, BER = 10-9 when iS/‹iN› = 
11.89 (21.5 db).

(10.9-1)
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Figure 10-20 Plot of Equation (l0.9-4) for the error probability (BER) as a function 
of the (peak) signal to noise current ratio at the detector output.

Experimental measurement of error probability in a detected optical 
pulse train is described by Reference [15]. Other pertinent discussions are 
to be found in References [16, 17].

A detailed example using the results of this section in designing a binary 
optical fiber communication system appears at the end of Chapter 11.

Problems

10.1 Derive Equations (10.4-3) and (10.4-4). [Hint: Apply the relation 

to a differential volume containing the charge sheet.]

10.2 Derive the shot-noise formula without making the restriction (Equation 
10.4-6) ωta ≫ 1. Assume the carriers move between the electrodes at a 
constant velocity.

10.3 Derive Equation (10.5-11).

10.4 Complete the missing steps in the derivation of Equation (10.5-20).

10.5 Estimate the scattering time τ0 of carriers in copper at T = 300°K using 
a tabulated value for its conductivity. At what frequencies is the condition 
ωτ0 ≪ 1 violated?

10.6 Repeat Problem 10.5 for a material with a carrier density of 1022 cm-3 
and σ = 10-5 (ohm-cm)-1.
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10.7 What is the change Δ v in the resonant frequency of a laser whose cavity 
length changes by Δl?

10.8

a. Estimate the frequency smearing Δ v of a laser in which fused-quartz rods 
are used to determine the length of the optical cavity in an environment 
where the temperature stability is ±0.5 K. [Caution: Do not forget the 
dependence of n on T.]

b. What temperature stability is needed to reduce Δv to less than 103 Hz?

10.9 Derive expression (10.5-9), i2N(v) = 4kTΔv/R, for the Johnson noise by 
considering a high-Q parallel RLC circuit that is shunted by a current source 
of mean-square amplitude i2N(v). The magnitude of i2N(v) is to be chosen so 
that the resulting excitation of the circuit corresponds to a stored electro- 
magnetic energy of kT. [Hint: Since the magnetic and electric energies are 
equal, then 

where V2N(v) = i2N(v)|Z(v)|2. Also assume that i2N(v)/Δv is independent of 
frequency.]

10.10 Derive and plot the error probability as a function of iS/‹iN› for (a) 
k = 0.75, (b) k = 0.25.

10.11 Design an experimental system for measuring the root-mean-square 
deviation of the laser frequency (Δω)RMS ≡ ‹(ω(t) - ω0›2)1/2.

10.12

a. Please write a short report on the fundamentals of laser gyroscopes and 
of the Sagnac interferometer rotation sensor. You may, for example, look 
up the 1979-1990 December issues of the Journal of Quantum Electronics 
index section for listing of articles on "gyroscopes."

b. What is the minimum rotation rate detectable by each of the two types 
of interferometers when the laser field spectral purity is limited by the 
quantum effects discussed in Section 10.7?
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