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During the last few years a new type of a semiconductor laser, the quantum 
well (QW) laser, has come to the fore [l]. It is similar in most respects to 
the conventional double heterostructure laser of the type shown in Figure 
15-10 except for the thickness of the active layer. In the quantum well it is 
~50-100 Å, while in conventional lasers it is ~1,000 Å. This feature leads 
to profound differences in performance. The main advantage to derive from 
the thinning of the active region is almost too obvious to state—a decrease 
in the threshold current that is nearly proportional to the thinning. This 
reduction can be appreciated directly from Figure 15-7. The carrier density 
in the active region needed to render the active region transparent is ~1018 
cm-3. It follows that just to reach transparency we must maintain a total 
population of Ntransp ~ Va × 1018 electrons (holes) in the conduction (valence) 
band of the active region where Va(cm3) is the volume of the active region. 
The injection current to sustain this population is approximately

(16.0-1)

and is proportional to the volume of the active region. A thinning of the 
active region thus reduces Va and Itransp proportionately. In a properly de- 
signed laser, the sum of the free carrier, scattering, and mirror (output) 
coupling can be made small enough so that the increment of current, above 
the transparency value, needed to reach threshold is small in comparison to

1A basic, first-year knowledge of quantum mechanics is assumed in this chapter.
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Itransp. The reduction of the transparency current that results from a small 
Va thus leads to a small threshold current.

We consider the electron in the conduction band of a QW to be free (with 
an effective mass mc) to move in the x and y directions, but to be confined 
in the z (normal to the junction planes) as shown in Figure 16-1. The potential 
barrier ΔEc was given in Section 15.3 for the GaAs/Ga1-xAlxAs system as 
ΔEc ~ 1.25 × (eV). For the sake of simplification, we shall take ΔEc as 
infinite. (This is a close approximation for barriers >100 Å and x > 0.3.) 
The wavefunction u(r) of the electrons in this well obeys a differential equa
tion—the Schrödinger equation [2].

Figure 16-1 The layered structure and the band edges of a GaAlAs/GaAs/GaAlAs 
quantum well laser.

16.1 CARRIERS IN QUANTUM WELLS

(16.1-1)

E is the energy of the electron while V(z) = Ec(z) is the potential energy 
function confining the electrons in the z direction. We will measure the energy 
relative to that of an electron at the bottom of the conduction band in the 
GaAs active region as shown in Figure 16-1. The eigenfunction u(r) can be 
separated into a product

(16.1-2)
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which, when substituted in (16.1-1), leads to

(16.1-3)

where Ez is a separation constant to be determined. Since we agreed to take 
the height of V(z) in the well region as infinite, u(z) must vanish at z = 
± Lz/2.

(16.1-4)

(16.1-5)

Using (16.1-3, 16.1-4, and 16.1-5) in (16.1-1) leads to

(16.1-6)

We can take ψ(r⊥) as a two-dimensional Bloch wavefunction (see 15.1-1).

(16.1-7)

where uk⊥(r⊥) possesses the crystal periodicity. The wavefunction Ψ(r⊥) 
obeys the Schrodinger equation 

and from (15.7-6) and (15.7-7)

(16.1-9)

where the zero energy is taken as the bottom of the conduction band as in 
Figure 15-5.

uk⊥(r⊥) is periodic in the lattice (two-dimensional) periodicity. Similar 
results with mc → mv apply to the holes in the valence band. We recall that 
the hole energy Ev is measured downward in our electronic energy diagrams 
so that 

measured (downward) from the top of the valence band. The complete wave- 
functions are then

(16.1-11)

(16.1-8)

(16.1-10)
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for electrons and

for holes. We defined CS(x) ≡ cos(x) or sin(x) in accordance with (16.1-4). 
The lowest-lying electron and hole wavefunctions are

(16.1-12)

and are shown along with the next higher level in Figure 16-2. In a real 
semiconducting quantum well, the height ΔEc of the confining well (see 
Figure 15-10) is finite, which causes the number of confined states, i.e., 
states with exponential decay in the z direction outside the well. The math
ematical procedure for solving (16.1-3) is similar to that used in Section 13.1 
to obtain the TE modes of a dielectric waveguide that obeys a Schrödinger- 
like equation (13.3-1). As a matter of fact, to determine the number of

Figure 16-2 (a) The first two n = 1, n = 2 quantized electron and hole states and 
their eigenfunctions in an infinite potential well. (b) A plot of the volumetric 
density of states (1/ALz/[dN(E)/dE] (i.e., the number of states per unit area (A) 
per unit energy divided by the thickness z of the active region) of electrons in a 
quantum well and of a bulk semiconductor. (Courtesy of Μ. Mittelstein, The 
California Institute of Technology, Pasadena, California) 
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confined eigenmodes as well as their eigenvalues we use a procedure identical 
to that of Figure 13-4.

The Density of States

The considerations applying here are similar to those of Section 15.1. Since 
the electron is "free" in the x and y directions, we apply two-dimensional 
quantization by assuming the electrons are confined to a rectangle LxLy. 
This leads, as in Equation (15.1-3), to a quantization of the component of 
the k vectors.

The area in k⊥ space per one eigenstate is thus Ak = π2/LxLy ≡ π2/A⊥. We 
will drop the subnotation from now on so that k ≡ k⊥. The number of states 
with transverse values of k less than some given less than k is obtained by 
dividing the area πk2/4 by Ak (the factor 1/4 is due to the fact that k⊥ and 
-k⊥ describe the same state). The result is 

where a factor of two for the two spin orientations of each electron was 
included.

The number of states between k and k + dk is

(16.1-13)

and is the same for the conduction or valence band. The total number of 
states with total energies between E and E + dE number

(16.1-14)

The number of states per unit energy per unit area is thus 

so that the two-dimensional density of states (per unit energy and unit area)

from (16.1-9) with k⊥ → k, ℓ = 1, and limiting the discussion to the conduction 
band, the relation between the electron energy at the lower state ℓ = 1 and 
its k value is
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Recall that this is the density of electron (or hole) states. The actual density 
of electrons depends on the details of occupancy of these states as is dis- 
cussed in the next section. An expression similar to (16.1-15) but with 
mc → mv applies to the valence band. In the reasoning leading to (16.1-15), 
we considered only one transverse u(z) quantum state with a fixed ℓ quantum 
number (see Equation 16.1-15). But once E > E2c, as an example, an electron 
of a given total energy E can be found in either ℓ = 1 or ℓ = 2 state so that 
the density of states at E = E2c doubles. At E = E3c it triples, and so on. 
This leads to a staircase density of states function. The total density of states 
thus increases by mc/πħ2 at each of the energies Eℓc of (16.1-5), which is 
expressed mathematically as

is

(16.1-15)

(16.1-16)

where H(x) is the Heaviside function that is equal to unity when x > 0 and 
is zero when x < 0.

The first two steps of the staircase density of states are shown in Figure 
16-2. In the figure we plotted the volumetric density of states of the quantum 
well medium ρQW/Lz so that we can compare it to the bulk density of states 
in a conventional semiconductor medium. It is a straightforward exercise to 
show that in this case, the QW volumetric density of states equals the bulk 
value ρ3D(E) at each of the steps, as shown in the figure.

The Selection Rules Consider an amplifying electron transition from an 
occupied state in the conduction band to an unoccupied state in the valence 
band. The states ℓ = 1 in the conduction band have the highest electron 
population. (The Fermi law Equation (15.1-8) shows how the electron oc- 
cupation drops with energy.) The same argument shows that the highest 
population of holes is to be found in the ℓ = 1 valence band state. It follows 
that, as far as populations are concerned, the highest optical gain will result 
from an ℓ = 1 to ℓ = 1 transition. The gain constant is also proportional to 
the (square of) the integral involving the initial and final states and the 
polarization direction x, y, or z or the optical field. Since the lowest lying 
electron and hole wavefunctions have, according to Equation (16.1-12), a z 
dependence that is proportional to cos(πz/Lz) and since

it follows that the optical field must be x or y polarized. The optical E vector 
thus must lie in the plane of the quantum well. A field polarized along the
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z direction does not stimulate any transitions between the two lowest lying 
levels and thus does not exercise gain (or loss).

16.2 GAIN IN QUANTUM WELL LASERS [3]

(16.2-1)

(16.2-2)

where ρQW(k) is given by (16.1-15) and is independent of k. The effective 
inversion population density due to carriers between k and k + dk is thus

(16.2-4)

To obtain an expression for the gain of a quantum well medium, we follow 
a procedure identical to that employed in the case of a bulk semiconducting 
medium that was developed in Section 15.2. An amplifying transition at 
some frequency ħω0 is shown in Figure 16-2. The upper electron state and 
the lower hole state (the unoccupied electron state in the valence band) have 
the same ℓ and k values (see discussion of selection rules in Section 16.1) 
so that the transition energy is

ℓ = 1, 2, . . . is the quantum number of the z dependent eigenfunction ui(z) 
as in Equation (16.1-4). We start again with (15.2-4) but this time in the 
correspondence of Equation (15.2-7) replace ρ(k)/V by the equivalent quan
tum well ρQW(k)/Lz volumetric carrier density

(16.2-3)

The division of ρQW by Lz is due to the need, in deriving the gain constant 
to use the volumetric density of inverted population consistent with the 
definition of N1 and N2 in (15.2-4). Ec and Ev, are, respectively, the upper 
and lower energy carriers involved in a transition. We use (15.2-4) and 
(16.2-3) to write the contribution to the gain due to electrons within dk and 
in a single, say ℓ = 1, sub-band as
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where τ is the electron-hole recombination lifetime assumed to be a constant. 
We find it more convenient to transform from the k variable to the transition 
frequency ω (see Section 16.2-1). From (16.2-1) it follows that 

so that (16.2-4) becomes

(16.2-5)

where we used the convention that fc(ω) is the Fermi function at the upper 
transition (electron) energy Ec, while fv(ħω) is the valence band Fermi func- 
tion at the lower transition energy. To include, as we should, the contri- 
butions from all other sub-bands (ℓ = 2, 3, . . .) we replace, using (16.1-16)

(16.2-6)

where ħωℓ is the energy difference between the bottom of the ℓ sub-band in 
the conduction band and the ℓ. sub-band in the valence band.

(16.2-7)

To get an analytic form for Equation (16.2-5) we will assume that the phase 
coherence "collision" time T2 is long enough so that

(16.2-8)

which simplifies (16.2-5) to

Equations 16.2-5 and 16.2-9 constitute our key result. They contain most 
of the basic physics of gain in quantum well media. Consider, first, the 
dependence of the gain on the Fermi functions fc, fv. An increase in the 
pumping current leads to an increase in the density of injected carriers in 
the active region and with it to an increase in the quasi-Fermi energies EFc 
and EFv. This leads to a larger region of ω0 where the gain condition (Equation 
15.2-14)

(16.2-10)

is satisfied. This situation is depicted in Figure 16-3. The solid curves (a), 
(b), and (c) show the gain of a typical GaAs quantum well laser at three 
successively increasing current densities. The dashed curve corresponds to 
the gain available at infinite current density (fv(ħω0) = 0, fc(ħω0) = 1) and

(16.2-9)
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Figure 16-3 Gain (solid curves) and the joint density-of-states function (dashed 
lines) in a graded index, separate confinement heterostructure single quantum well 
laser (GRINSCH-SQW), and a conventional double heterostructure (DH) laser. 
The gain curves (a), (b), and (c) are for successively larger injection current 
densities, and curve (d) applies to the DH with the same current density as the 
QW laser curve (a). To meaningfully compare the density of states of a quantum 
well laser and the bulk (DH) laser we divided the former by the width W = 4Lz of 
the optical confinement distance. This, in addition to rendering the dimensions 
identical, makes both curves proportional to the maximum (available) modal gain. 
(Courtesy of D. Mehuys, The California Institute of Technology) 
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thus, the gain in this case according to 16.2-9, is proportional to den- 
sity-of-states function

(16.2-11)

The first frequency ω0 to experience transparency, then gain, as the current 
is increased, according to the idealized staircase density of states model, is 
ω0 where 

ħω0 is thus the energy difference between the ℓ = 1 (k = 0) conduction 
band state and the ℓ = 1 (k = 0) valence band state. The inversion factor 
fc(ħω0) - fv(ħω0) is always larger at this frequency than at larger ω0. As the 
current is increased, and with it the density of electrons (holes) in the con- 
duction (valence) band, the Fermi levels (EFc, EFv) move deeper into their re- 
spective bands. There now exists a range of frequencies between the value 
given by (16.2-12) and ω0 = 1/ħ(Eg + EFc + EFv) where the gain condition 
(16.2-10) is satisfied. At even higher pumping the contribution from the 
ℓ = 2 sub-band [see Figure 16.3(b)] adds to that from ℓ = 1 and the maxi- 
mum available gain doubles to 2γ0. Curve (d) in Figure 16-3 shows the gain 
of a conventional double heterostructure laser. The density-of-states function 
(dashed DH curve) for the DH laser involves the factor Lz (see Figure 16-3 
caption) so that in both the SQW and DH cases we are comparing the density

Figure 16-4 A theoretical plot of the exponential (modal) gain constant vs. 
wavelength of a quantum well Iaser. (Courtesy of Michael Mittelstein, The 
California Institute of Technology) 

(16.2-12)



602 QUANTUM WELL LASERS

of carriers (and current) per unit area. We note that equal increments of 
current will yield larger increments of gain in the SQW case, that, at low 
currents, the SQW gain tends to saturate at γ0, and that the width of the 
spectral region that experiences gain is much larger in SQW case compared 
to DH lasers.

A theoretical plot of the exponential (modal) gain constant as a function 
of photon energy, or wavelength, is shown in Figure 16-4. The parameter is 
the injection current density. The interesting feature is the leveling off of 
the gain at the lower photon energies with increasing current and the ap- 
pearance of a second peak at the higher current due to the population of the 
ℓ = 2 well state. An experimental measurement of the gain vs. λ is discussed 
and illustrated in Section 16.3.

Figure 16-5 shows the layered structure of a single quantum well 
GaAs/GaAlAs laser. The 80 Å wide quantum well is bounded on each side 
with a graded index region. This graded index (and graded energy gap) region

Figure 16-5 Schematic drawing of the conduction band edge and doping profile of 
a single quantum well, graded index separate confinement heterojunction lasers 
(GRINSCH). (Courtesy of H. Chen, The California Institute of Technology) 
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is grown by tapering the Al concentration from 0% to 60% in a gradual 
fashion as shown. The graded region functions as both a dielectric waveguide 
and as a funnel for the injected electrons and, not shown, the holes, herding 
them into the quantum well.

16.3 ULTRA-LOW THRESHOLD LASERS

The increasing use of semiconductor lasers as optoelectronic components 
has led to recent efforts to substantially lower the threshold current of these 
lasers. In addition, future computer interconnect circuitry (board-to-board, 
chip-to-chip) envisages the use of very large numbers of such lasers, on-chip, 
so that a major reduction of their power requirement is of prime importance.

We can conceptually view the current supplied to an operating semi- 
conductor laser as the sum of three components:

1. The current needed to render the normally absorbing, semiconductor 
active medium transparent—the transparency current

2. The current needed to compensate for end-mirror and scattering losses 
as well as for the residual absorption in the media bounding the active 
region—the loss current

3. The incremental current needed to obtain the desired power output— 
the incremental power current.

The threshold current of the semiconductor laser is the sum of the first two 
components.

The strategy for reducing the threshold current of the laser is to reduce 
the transparency current to a minimum and then reduce the losses. Let us 
consider the transparency current first. We will refer to the geometry of 
Figure 16-6. In the case of a conventional bulk (double heterostructure, DH) 
the transparency current is given by

Figure 16-6 The basic geometry used in the analysis of a quantum well laser 
threshold current.

(16.3-1)
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where τ is the recombination lifetime of electrons and holes in the active 
region. Vactive = LLyLz is the volume of the active volume and Nbulktransp is the 
density of excited electrons and holes needed to overcome the absorption 
of the bulk (intrinsic) semiconductor medium. This density is a property of 
the semiconductor material and the temperature. To get an idea of the mag
nitude of the transparency current in a conventional laser, i.e., not a quantum 
well, consider a typical GaAs/GaAlAs laser with Lz = 0.1 μm, Nbulktransp = 
1.6 × 1018 cm-3, Ly = 1 μm, L = 300 μm, τ = 4 × 10-9 s. Sub- 
stituting in 16.3-1 yields

An obvious strategy to reduce Ibulktransp would be to reduce the value of 
Lz, the thickness of the active region. This will be true until Lz < 150 Å, at 
which point the quantum confinement physics becomes important. This hap- 
pens when the majority of the carriers occupies the n = 1 well state. At this 
point, as was shown in Section 16.2, the density that determines the trans
parency is the area density NQWtransp of carriers per unit area, and not unit 
volume. (The electrons exist in an essentially two-dimensional universe.)

Using the value of NQWtransp = 1.5 × 1012 cm-2 (see Section 16.2) and the 
experimental value τ ~ 4 × 10-9 s, we obtain

We recall that a similar calculation above for conventional DH lasers yielded 
Jtransp = 800 A/cm2.

Thus there exists a difference of more than order of magnitude between 
the calculated transparency current densities of the two types of lasers. From 
Equations (16.2-3, 16.2-5) it follows that from the dimensional point of view 
the modal gain of the (mode in) quantum well laser is of the form

(16.3-2)

where C is a constant that depends on temperature and material parameters 
only, not on the well thickness Lz. N is the (area) density of carriers in the 
well. Since the injection current density (A/cm2) is equal to (Ne/τ), we can 
take the gain near transparency as

(16.3-3)

where A, again, is a constant depending on material parameters and the 
temperature. From theoretical plots based on (16.2-5) and Figure 16-4, we 
have A ≡ 0.7 A-1-cm in GaAs/GaAlAs quantum wells.

Using (16.3-3) we can write the laser threshold condition (we drop the 
QW superscript)
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as 

so that

(16.3-4)

where αscatt is the loss constant due to waveguide scattering and residual 
absorption. To get an idea of the magnitudes involved we use the typical 
values used above: A = 0.7A-1 · cm, Jtransp = 60A cm-2. This leads to

(16.3-5)

To estimate the magnitudes of the three terms in (16.3-5) consider the case 
of GaAs/GaAlAs with R1 = R2 = 0.31 (cleaved uncoated facets), L = 2 × 
10-2 cm, αscatt = 3 cm-1. The result is

The threshold current is thus dominated by the mirror loss term (3). If 
we increase the mirror reflectivity to, say, R1 = R2 = 0.8, the last term 
(3) becomes 15.9 (A/cm2), and the main component of Jth is that due to 
transparency (1). The optimal strategy thus would be to increase the 
mirror's reflectivity so as to reduce term (3) while reducing the area of the 
quantum well so that Ith = Jth × area is reduced. Figure 16-7 shows exper
imental light-current data on two identical quantum well lasers, one un- 
coated and the second coated with facets (R ~ 0.8). The coating of these 
lasers reduces the threshold of short (l20-μm long) lasers from 5.5 mA to 
0.55 mA. Shorter lasers and increased reflectivity can thus lead to arbitrarily 
small threshold currents. Driving the threshold current to ever lower values 
will, at some point, yield diminishing returns. This happens when the thresh- 
old current becomes small in comparison to the increment of current needed 
to obtain the optical power P0. This current component is given by (15.4-3) 
as

To obtain, as an example, a useful power of P0 = 10-4 watt in a laser with 
ηex = .5 at λ = 1.3 μm requires, according to (16.3-6), I - Ith = 0.2 mA. A 
reduction of Ith much below this value is thus not justified.

(16.3-6)
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Figure 16-7 Light output vs. current for a 120 μm wide buried GRINSCH 100 Å 
SQW (Al,Ga)As laser with (a) ~80% high reflectivity coated end facets and (b) 
uncoated end facets. Both curves are for the same Iaser. (After Reference [7].)

Problems

16.1 Solve the one-dimensional Schrödinger equation (16.1-3) in the case of 
a potential well.

16.2 Assume that as we scale the length L of a quantum well laser we 
maintain the differential quantum efficiency ηex constant by increasing R.

a. Derive the expression relating R (mirror reflectivity) to L.
b. Show that Ithreshold is proportional to L.

16.3 Show qualitatively that for a given mc and injection current the max
imum gain obtains when mv = mc.
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