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17.0 INTRODUCTION AND BACKGROUND

The field of phase conjugate optics can be traced to early (1967-1971) ex
periments [1-4] in transient holography. Application, starting in 1976 [5-11], 
of the theoretical and experimental tools of nonlinear optics caused a re- 
newed interest and an ever-increasing activity in the field. Most of this 
interest can be traced to potential applications in image processing and in 
dynamic (real-time) compensation for distortion inside laser resonators.

Phase conjugate optics in its most basic form deals with situations in 
which some input monochromatic optical field

1That is, the change of ψ(r) in one optical wavelength is negligibly small.
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(17.0-1)

is converted in real time, by means to be discussed later, to a new field that 
is proportional to

(17.0-2)

In most situations of interest, the spatial dependence of the envelope function 
ψ(r) is "slow"1 compared to exp(ikz) so (17.0-1) represents a nearly plane 
wave propagating in the z direction. Amplitude and phase deviations from 
the plane wave are represented by the (complex) function ψ(r). These may 
be due, for example, to distortions in the wave path, to finite aperture effects 
(diffraction), or to spatial information impressed on the beam. We note that 
E2 can be obtained from E1 by replacing the spatial part of the analytic 
function (the part inside the [] brackets) by its complex conjugate but leaving
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Figure 17-1 The dashed curves represent the wavefronts of a monochromatic 
optical beam E1 propagating to the right, while the solid wavefronts are those of 
the phase conjugate replica of E1. For generality we include some lossless 
distorting "blob" in the path.

the factor exp(iωt) as is.2 We refer to the field E2 defined by (17.0-2) as the 
phase conjugate replica of E1.

2We can also write (17.1-2) as E2 = Re[ψ(r)ei[ω(-1)-kz]] so that E2 can be viewed as the 
"time-reversed" (t → -t) replica of E1.

Let us consider the implication of the relationship between E1 and its 
phase conjugate replica E2. If we took a picture of the wavefronts of E1 and 
E2, we would not be able to tell them apart. The two sets of wavefronts 
coincide everywhere. To differentiate between them, we will need to go back 
to the time domain. We will then find that the family of wavefronts of E1 
moves to the right (+z), while those of E2 move to the left, all the while 
evolving so that at any one moment the two families of wavefronts are 
identical. This situation is depicted in Figure 17-1.

17.1 THE DISTORTION CORRECTION THEOREM

The wave picture of Figure 17-1 suggests an important theorem, the distortion 
correction theorem [12], which may be stated as follows: "If a (scalar) wave 
E1(r) propagates from left to right through an arbitrary dielectric (but lossless) 
medium, then if we generate in some region of space (say, near z = 0) its 
phase conjugate replica E2(r), then E2 will propagate backward from right 
to left through the dielectric medium remaining everywhere the phase con- 
jugate of E1." An immediate consequence of this theorem can be appreciated 
with reference to Figure 17-1. Let the "blob" represent some optical dis- 
tortion that causes the near spherical Gaussian-beam wavefronts incident 
from the left to be distorted as shown. The phase conjugate wave generated 
to the right of the distortion traverses it in reverse, regaining to the left of
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the distorting "blob" its original waveform. This healing property of phase 
conjugation can be utilized in numerous ways, some of which will be de- 
scribed further on.

The proof of the distortion correction theorem follows. We take the 
(scalar) right-going wave E1 as

17.2 THE GENERATION OF PHASE CONJUGATE WAVES

In the last section we have shown that if a phase conjugate replica of an 
input wave can be generated, this new wave will propagate in reverse through 
the dielectric medium, regaining everywhere the original form of the input

3See Section 3.1 for the limitation imposed by the paraxial approximation.

(17.1-1)

where k is taken as a real constant. In the paraxial limit E1 obeys the wave 
equation (3.1-1)

(17.1-2)

where ε(r) represents the spatial dependence of the dielectric constant of 
the medium including distortions. Using (17.1-1) the paraxial3 wave equation 
(17.1-2) becomes

(17.1-3)

Taking the complex conjugate of (17.1-3) leads to

(17.1-4)

Had we started, instead of with E1, with a backward-propagating wave

(17.1-5)

then instead of (17.1-3) we would obtain

(17.1-6)

But when ε(r) = ε*(r), i.e., a lossless (and gainless) medium, Equations 
(17.1-6) and (17.1-4) are identical in that the waves ψ2 and ψ*1 obey the same 
differential equation. It follows immediately that if ψ2 = aψ*1 (a being an 
arbitrary constant) over some plane (say, z = 0), then, due to the uniqueness 
property of the solutions to second-order linear differential equations, 
ψ2(x, y, z) = aψ*1(x, y, z) at all x, y, z < 0. This completes the proof. All 
that is required now is to find some means for rendering the phase conjugate 
of an electromagnetic wave.
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wave. In this section we will show how a phase conjugate wave is generated 
by means of nonlinear optical techniques.

In Chapter 8, and specifically in the treatment involving relations (8.1-14) 
and (8.1-17), we discussed the second-order optical nonlinearity P ∝ E2 that 
gives rise to the phenomena of harmonic generation, parametric amplifica
tion, and frequency addition and subtraction. Symmetry considerations re- 
stricted these phenomena to noncentrosymmetric crystals.

The next order of optical nonlinearity involves the third power of the 
electric field P ∝ E3. This leads to the phenomena of optical third-harmonic 
generation, optical Kerr effect, and the phenomenon whereby a material 
medium that is subjected to waves at frequencies ω1, ω2, and ω3 radiates a 
fourth wave at ω1 + ω2 - ω3. The latter effect, called four-wave mixing, is 
used in phase conjugation.

To be specific, we assume that a material medium is irradiated simul
taneously by three optical fields:

It follows directly from (17.2-2) that

(17.2-1)

There is induced in the medium a nonlinear (NL) polarization

(17.2-2)

where i, j, k, l refer to Cartesian coordinates, χ(3)ijkl is a fourth-rank tensor 
characteristic of the medium [13] that depends on the input frequencies ω1, 
ω2, ω3. If we apply to (17.2-2) the argument leading to (8.1-19), we can 
convince ourselves that, unlike the phenomenon of second-harmonic gen- 
eration, the third-order optical effects considered here exist in all media, 
including noncentrosymmetric crystals. The form of χijkl but not its magni- 
tude is determined by the symmetry properties of the medium that are dis- 
cussed and tabulated in Reference [13].

We can, equivalently, express (17.2-2) as a relationship between the 
complex amplitude of the induced polarization and the complex amplitudes 
of the inducing fields

(17.2-2a)

A list of the nonlinear coefficients of some optical materials is included 
in Table 17-1. We also include in the table a listing of the Kerr constant [13] 
n2. This constant, which is often tabulated, describes the dependence of the 
index of refraction of an isotropic medium on the peak optical field E ac- 
cording to
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*See Equation (17.3-23) for conversion from esu to MKS units.

TabIe 17-1 Nonlinear Constant χijkl for Some Common Materials

Material
lndex of

Refraction
Nonlinear Constant 

(esu units)*
n2

(esu units)

CS2 1.5 χ1221 ≃ 2.7 × 10-13
χ1111 ≃ 3.9 × 10-13 0.97 × 10-11

2-Methyl-4-nitroaniline (MNA) 1.8 χ1111 ≃ 1.19 × 10-11 25 × 10-11
PTS Polydiacetylene 1.88 χ1111 ≅ 4.0 × 10-11 80 × 10-11

The relatively large value of χ1111 in MNA is due to large charge separation 
(of the order of 30 Å) and hence large induced dipoles that can obtain in 
certain organic molecules.

In this section we will consider the wave mixing shown in Figure 17-2. We 
will find that the result is a new wave generated in and radiated by the 
nonlinear medium. This new wave 3 will be shown to be the phase conjugate 
of input wave 4. The nonlinear medium is traversed simultaneously by four 
beams of the same frequency.

17.3 THE COUPLED-MODE FORMULATION OF PHASE CONJUGATE OPTICS [8]

(17.3-1)

Waves 1 and 2 propagate along the directions k1 and k2, respectively. In the 
analysis that follows, these two waves correspond to the pump beams and 
their amplitudes ∣A'1∣ and ∣A'2∣ will be taken as much larger than ∣A(∣ and 
∣A'4∣ and thus will be scarcely affected by the interaction so that they will be 
taken as constant throughout the interaction volume. We will further take 
∣A'1∣ = ∣A'2∣. This causes the effect of each one of these two waves on the 
phase velocity of the other to be the same so that k2 = k1 [14]. Furthermore, 
the pump waves 1 and 2 are made to propagate through the nonlinear medium
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Figure 17-2 The "canonical" geometry of phase conjugation by four-wave mixing.

in opposite directions so that

Wave 4 corresponds to the input beam4 and in what follows wave 3, which 
is generated by the interaction of beams 1, 2, and 4, is the (desired) phase 
conjugate replica of 4.

We start with the wave equation

Since the physical situation considered here is one where only four beams 
with well-separated spatial directions are involved, we can apply (17.3-3) to 
each beam separately. Starting with E4 and using

in (17.3-3) leads to

(17.3-5)

Using ω2με ≡ k2 and the assumed "slow" variation d2A'4i/dz2 ≪ k dA'4i/dz, 
the last equation becomes

The choice of P(NL)i in (17.3-6) requires some judicious reasoning. First, 
since we assumed that A'4i is not time dependent, P(NL)i must contain the 
exponential time factor exp(iωt) to match that of the left side of the equation. 
Second, in order that A'4i(z) not vary significantly on the scale of one optical 
wavelength (i.e., "slow" variation), P(NL)i need also include the factor exp(-ikz) 
so that we must look for polarization terms that contain the wave factor 
exp[i(ωt - kz)].

4In the applications this is the wave that is to be conjugated.

(17.3-2)

(17.3-3)

(17.3-4)

(17.3-6)
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(17.3-11)

(17.3-12)

(17.3-13)

Recalling that k1 + k2 = 0, it follows from (17.2-2) that the only third- 
order products of the fields E1, E2, E3, and E4 that contain the factors 
exp[±i(ωt - kz)] are

(17.3-7)

In what follows we will drop the tensorial notation and limit ourselves 
to cases where a single χijkl is involved. This will correspond in practice to 
situations where all the fields have the same polarization in which case only 
χiiii is involved, or when waves 1 and 2 have one polarization while 3 and 4 
possess the orthogonal polarization. In this case χijji(j ≠ l) is used. We will 
refer to the first as case (a) and to the second as case (b). Next we define

(17.3-8)

Furthermore, we will neglect the last two terms on the right side of (17.3-7) 
since ∣A'3∣, ∣A'4∣ ≪ ∣A'1∣, ∣A'2∣. Using (17.3-7) in the wave equation (17.3-6) results 
in

(17.3-9)

We note that the first term on the right side of (17.3-9), acting alone, merely 
modifies the propagation phase constant of wave 4 from k to k + 
(ω/2)√μ/εχ(3) (∣A'1∣2 + ∣A'2∣2). (This is the optical Kerr effect [13].) We can 
thus simplify the analysis by introducing a new set of field amplitudes As 
that are defined by

(17.3-10)

s = I, 2, 3, 4. The new amplitudes As are thus related to the set A's by a 
mere phase factor. The wave equation (17.3-10) becomes

A similar derivation for wave 3 would lead to

Defining
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and taking the complex conjugate of (17.3-11), (17.3-12) results in our final 
form of the coupled-mode equations for phase conjugate optics [8]

(17.3-14)

The student is urged to ponder at this point how a relatively complex 
physical experiment involving four optical beams interacting through the 
nonlinear electronic response of a material medium can be described by 
equations as simple as (17.3-14). This is possible through a "ruthless," but 
justifiable, elimination of mathematical terms whose effects are physically 
negligible but whose inclusion will have rendered the analysis intractable. 
This is an essential difference between mathematics and physics.

Since wave 4 propagates in the +z direction, while wave 3 propagates 
in the —z direction, we can specify their complex amplitudes at their re
spective input planes z = 0 and z = L (see Figure 17-2). These are taken as 
A4(0) and A3(L). Subject to these boundary conditions, the solution of (17.3-14) 
is

(17.3-15)

In the basic phase conjugate experiments, there is but a single input, 
A4(0) (the "pump" beams A1 and A2 are considered here as part of the 
"apparatus" and are lumped in our analysis into the coupling constant κ). 
Putting A3(L) = 0, we obtain from (17.3-15) for the reflected wave at the 
input,

(17.3-16)

while at the output (z = L)

(17.3-17)

We note that ∣A4(L)∣ > A4(0), i.e., the device acts as a phase coherent optical 
amplifier with a gain of (cos ∣κ∣L)-1. When

(17.3-18)

the result ∣A3(0)∣ > ∣A4(0)∣ obtains, so that the reflectivity of the phase con
jugate mirror exceeds unity. The intensity distribution of the two waves
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Figure 17-3 The intensity distribution inside the interaction region corresponding 
to the amplifier case π/4 < |κ|L < π/2.

inside the nonlinear medium for a value of |κ|L satisfying (17.3-18) is shown 
in Figure 17-3.

Of particular interest is the condition ∣κ∣L = π/2. In this case,

(17.3-19)

that is, both the transmission gain [A4(L)/A4(0)] and the reflection gain 
[A3(0)/A4(0)] become infinite so that finite outputs A3(0) and A4(L) can result 
even when the input A4(0) is zero. This corresponds to oscillation. This 
oscillation takes place without the benefit of mirror feedback. The feedback 
process that is essential to oscillation is provided by the fact that waves 3 
and 4 propagate in opposite directions, so that A4(z1), for example, is influ- 
enced by A4(z2) even when z2 > z1, the information being carried from z2 to 
z1 by the backward-going wave 3. The intensity distribution corresponding 
to the oscillation condition is shown in Figure 17-4.

Figure 17-4 The intensity distribution inside the interaction region when the 
oscillation condition ∣κ∣L = π/2 is satisfied.
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Another point of physical interest is that of the source of the power. 
Since energy is conserved, it follows that the increase in the output powers 
of beams 3 and 4 relative to their input values must come at the expense of 
the "pump" beams I and 2. A more exact analysis that does not neglect the 
spatial dependence of beams 1 and 2 shows that this indeed is the case. A 
quantum mechanical description of this process [14] shows that on the atomic 
scale the basic process is one where, simultaneously, two photons, one from 
beam 1 and one from beam 2, are annihilated while two photons are created— 
one of these photons is added to beam 3 and the second to beam 4.

We have strayed somewhat from our main purpose, which is to show 
that the four-wave mixing geometry of Figure 17-2 is capable of rendering 
in real time the phase conjugate replica of an input beam. Returning to our 
basic plane wave result (17.3-16),

(17.3-20)

it follows that the amplitude A3 of the backward wave 3 at the input plane 
z = 0 is proportional to the complex amplitude A*4(0) of the input wave 4 at 
the same plane. It follows directly that since an input wave with an arbitrarily 
complex wave front A4(x, y, z) can be expanded in terms of plane wave 
components (which in the paraxial limit adopted here will span a small solid 
angle centered about the +z axis), we can extend (17.3-20) to each plane 
wave component individually [8] to obtain

(17.3-21)

This is the basic result of phase conjugation by four-wave mixing. It shows 
that the reflected beam A3(r) to the left of the nonlinear medium (z < 0) is 
the phase conjugate of the input beam A4(r).

Some Consideration of Units

As in the rest of this book, our analysis of phase conjugation employs the 
MKS system of units. Much of the research literature, unfortunately, uses 
the esu system. The relations that follow should facilitate the translation 
from one system to another. These are 

(17.3-22)
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where n = √ε/ε0 is the index of refraction and where for nonmagnetic 
material we put μ = μ0.

Another useful relation is

Numerical Example: Phase Conjugation in CS2

Many of the first experiments in phase conjugate optics were performed in 
carbon disulfide, CS2. In the case when the waves A1 and A2 are polarized 
along one direction that we will call y, while A3 and A4 are polarized along 
x, the relevant nonlinear coefficient is χ1221, which in MKS units has the 
value [obtained from Table 17-1 and Equation (17.3-23)] 

and from the last of (17.3-22), ∣κ∣ = 1.2m-1.
It follows that in CS2 we need to use pump intensities of the order of 

megawatts per square centimeter with path lengths of the order of magnitude 
of I m in order to satisfy the condition |κ|L ~ 1 needed according to (17.3-17) 
for appreciable (~l) phase conjugate reflectivities. Experiments in CS2, which 
are discussed in detail in Section 17.4, verify the basic feature with the value 
calculated above.

17.4 SOME EXPERIMENTS INVOLVING PHASE CONJUGATION

Probably the two main features of interest to an experimentalist embarking 
for the first time on the field of phase conjugate optics would be (1) the 
verification of the basic phase conjugation equations (17.3-16), and (2) the 
demonstration that the backward-going wave A3 is indeed the phase con- 
jugate replica of the incident A4. The latter can be achieved by introducing 
some distortion or passive optical element, say a lens, and seeing if A3 in 
its reverse propagation assumes everywhere the same wavefronts as A4, i.e., 
is "healed" of the distortion.

(17.3-23)

The coefficient χ(3) used in our analysis, we recall, is according to (17.3-8) 
equal to 6χ1221. We will further assume that the experiment is carried out 
with waves at λ = 10-6 m and that the two pump beams are of equal 
intensities with I1 = I2 = 5 × 1010 watts/m2 (i.e., 5 × 106 watts/cm2). The 
index of refraction of CS2 is n ≃ 1.5. Using these data we obtain
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An experiment verifying both of the above points is illustrated in Figure 
17-5. The collimated pump beam A1 (λ = 0.694 μm) is polarized in the plane 
of the figure (↑) and originates in a Q-switched ruby laser. The 
counter-propagating pump beam A2 is generated by reflection from a mirror 
on the extreme left. A small part of the incident ( ↑ ) energy is converted to 
the orthogonal ⊙ polarization by the birefringent plate P. This radiation is 
separated spatially from the main beam by polarizing prism A to yield the 
input-probing beam A4. A spherical mirror C focuses the collimated beam 
A4 to point x in the CS2 cell. This focusing constitutes the "distortion." (One 
person's focusing is another person's distortion.)

The reflected beam A3 generated by the mixing of A1, A2, and A4 thus 
corresponds to (17.3-8) case (b) and consequently is ⊙ polarized and can 
be photographed and/or read off beam splitter D.

The measurement of the reflection coefficient ∣A3/A4∣2 for various pump 
intensities is shown in Figure 17-6. The solid curve is a plot of the theoretical 
expression (17.3-16)

The verification of the phase conjugate relationship between A3 and A4 is 
provided by the fact that, after reflection from C, beam 3 is collimated. Beam
3 thus emanates from point source x, which is the very point on which beam
4 is converging. It follows that the wavefronts of these two beams are iden- 
tical.

The prediction of oscillation for ∣κ∣L = π/2 is verified by eliminating the 
input beam A4(0), say by removing mirror D, and observing the simultaneous 
emergence of ⊙ polarized beams 3 and 4 with further increase of the pump 
intensity.

Figure 17-5 The experimental arrangement of a basic phase conjugation 
experiment. (After Reference [8].)
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Figure 17-6 A plot of the reflection power coefficient versus pump pulse energy in 
(millijoules) for the experimental setup of Figure I7-5. Data points [·] include 
oscillation (∣A3/A4∣2 = ∞). The solid curve is least square fit to R = tan2(CI). (After 
Reference [8].)

One of the more interesting consequences of phase conjugate optics involves 
optical resonators where one of the two conventional reflectors is replaced 
by a phase conjugate mirror [14], henceforth referred to as a PCM. The 
situation is demonstrated in Figure I7-7.

Consider some arbitrary transverse Gaussian beam with transverse 
quantum numbers m, n (of the type considered in Section 4.3). Let the phase 
shift of this beam due to propagation between the two mirrors (spacing l) 
be φl(m, n). The phase shift upon reflection from the conventional reflector 
is taken as φR while that of the PCM is α. We shall now derive the resonance 
frequency condition for the resonator in the vein of the reasoning used in 
Section 4.6 by requiring that the phase of the internally shuttling beam

17.5 OPTICAL RESONATORS WITH PHASE CONJUGATE REFLECTORS
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Figure 17-7 An optical resonator formed between a conventional reflector and a 
phase conjugate mirror (PCM).

reproduce itself after a given number of round trips to within an integer 
multiple of 2π. We designate the arbitrary starting phase of, say, a 
left-propagating beam at some plane A, as φ1. Without loss of generality we 
take A to lie just to the right of the reflector.

The phases of the beam at the various stages are given by

Notice sign inversion of Φ3 due to phase conjugation

(17.5-1)

The self-consistent condition φ9 = φ1 is thus satisfied automatically. The 
phase conjugate resonator has a resonance at the frequency of the pump 
beams. (This follows since no allowance was made for a frequency shift 
upon reflection from the PCM, which would be the case if the resonant mode 
frequency did not equal that of the pump) and the resonance condition is 
satisfied independently of the length l of the resonator or the transverse 
order (m, n) of the Gaussian beam. This requires two complete round trips. 
By tracing the arrows of Figure 17-8, we can verify that the radius of cur- 
vature of the Gaussian beam will also reproduce itself after two round trips. 
It follows that the phase conjugate resonator is stable (in the sense defined 
in Sections 4.4 and 4.5) regardless of the radius of curvature R of the mirror 
and the spacing l.
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Figure 17-8 A self-consistent beam solution inside a phase conjugate resonator 
reproduces its wavefront curvature after two round trips.

17.6 THE ABCD FORMALISM OF PHASE CONJUGATE OPTICAL RESONATORS

In this section we extend the ABCD Gaussian mode formalism that we 
employed in Section 4.5 to the case of a phase conjugate resonator. The 
analysis follows closely that of Reference [15].

The ABCD Matrix of a Phase Conjugate Mirror

Consider a Gaussian field Ei propagating along the z axis, to be incident 
upon the PCM. In this case, using (4.3-1),

(17.6-1)

where ℰi(r) is the complex amplitude of Ei, and ρ and w are the radius of 
curvature and the spot size of the incident field, respectively. This field can 
also be written as

(17.6-2)

The complex radius of curvature qi is defined by (2.4-9) and (2.6-5)

(17.6-3)

The effect of the PCM is to "reflect" such an incident field as to yield its 
conjugate replica, leaving the wavefront and the spot size unchanged. The 
reflected field is thus

(17.6-4)

which can also be expressed as

(17.6-5)

The reflected field complex radius of curvature subject to (17.6-3) and (17.6-4)
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is given by

(17.6-6)

An observer traveling with the beam will find the spot size unchanged after 
phase conjugate reflection but will see an opposite sign for the curvature of 
the wavefront.

If we introduce the ray matrix formalism of Section 2.1, the effect of 
the PCM can thus be represented by the matrix

(17.6-7)

with the output and input q parameters related by

(17.6-8)

Note the conjugation operation upon qi, as opposed to the conventional 
formalism (Section 2.1), where the input field is not conjugated. We note 
that this matrix also describes the reflection of rays from the conjugate 
mirror.

It follows directly that the ordinary ABCD formalism for treating the 
propagation of Gaussian beams through a sequence of lenslike media (Section 
2.7) can be applied also in the case when one of the elements is a PCM. The 
matrix representing the PCM is given by (17.6-7). The q parameter at any 
plane following the PCM is related to the input q by

(17.6-9)

where the subscript T implies that the matrix elements correspond to that 
of the resultant matrix for the given sequence of optical elements, including 
that of the PCM. Since all the matrices are assumed to be real, the conjugation 
operation imposed by (17.6-9) can be performed at any plane.

Consider next the situation sketched in Figure 17-9. The resonator is 
bounded on one end by a mirror having a radius of curvature R, containing 
arbitrary intracavity optical components described collectively by an A'B'C'D' 
matrix M' for optical propagation from left to right and again by an A"B"C"D" 
matrix M" for propagation from right to left. The resonator is bounded on 
the other end by a PCM. In order to investigate the stability criterion for 
such a cavity, we apply the standard self-consistent condition whereby we 
require that the complex radius of curvature of the beam reproduce itself 
after two round trips. Choosing a plane to the immediate right of the real 
mirror, we trace a beam that propagates to the right and get, after one round 
trip, the following matrix product:
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Figure 17-9 The phase conjugate resonator (PCR). This general resonator is 
formed by placing some arbitrary optical components, represented collectively by 
an equivalent A'B'C'D' ray matrix, between a "real" mirror (of radius R) on one 
end, and a phase conjugate mirror (PCM) on the other end. In the case of 
degenerate modes, which is considered here, δ = 0.

which can be shown straightforwardly, using the reciprocity property of the 
group of optical elements represented by M' (or M"), where M is given by 
(17.6-7). Equation (17.6-10) is merely a reaffirmation of the fact that an 
arbitrary sequence of passive and lossless optical elements followed by a 
PCM is equivalent to the PCM alone. This is due to the "time reversal" 
occurring at the PCM and the reciprocity of the passive components.

We have already established in Section 17.5 that the self-consistent 
phase condition of a mode in a phase conjugate resonator is satisfied auto
matically after two round trips. The ABCD matrix describing the effect of 
two round trips on the complex beam radius is M2 = (M1)2, where M1, given 
by (17.6-10), is the single round-trip Gaussian beam evolution matrix. Using 
(17.6-10) we obtain

(17.6-10)

where we have used the relation

(17.6-11)

(17.6-12)

where I is the identity matrix. It follows that any Gaussian beam (i.e., one 
with an arbitrary waist location, waist size, and transverse mode order 
m, n) is a proper mode solution as far as shape reproducibility (after two
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round trips) is concerned. This, coupled with the above demonstration (17.5-1) 
concerning the phase condition, completes the proof that any arbitrary Gaus- 
sian beam with a frequency equal to that of the pump beams is a proper 
mode solution of a phase conjugate resonator independent of the resonator 
length and the radius of curvature of its one spherical mirror.

For a discussion of this topic including the problem of modes whose 
resonant frequencies differ from that of the pump waves, one should consult 
References [15-17].

17.7 DYNAMIC DISTORTION CORRECTION WITHIN A LASER RESONATOR

One of the more interesting practical applications of phase conjugate optics 
is in dynamic real-time correction of distortion in optical resonators. The 
situation is depicted in Figure 17-10. A laser oscillator consists of a gain 
medium, a mirror, a phase conjugate mirror, and a distortion. The distortion 
may be due to the gain medium itself or to "bad" optics. Let us assume, 
for a moment, that the wave incident on the distortion from the left corre- 
sponds to a perfect Gaussian beam whose radius of curvature at the left 
mirror matches that of the mirror. The beam is distorted in passage through 
the distortion, but after reflection from the PCM and the reverse propagation 
through the distortion it regains, according to the distortion correction theo
rem of Section 17.1, its original undistorted form with the reflected (left-going) 
wavefronts coinciding in space with those of the right-going beam. It follows 
immediately by repeating the above scenario that the situation depicted in 
Figure 17-10 is self-reproducing and self-consistent (if not necessarily unique). 
It should thus be possible to extract the full available power of a laser 
oscillator in the form of a near ideal Gaussian beam, i.e., the output on the 
left side of Figure 17-10, in the presence of considerable and even time-varying 
distortion inside the resonator, corresponds to that of a Gaussian beam.

An experimental demonstration [18] of a laser oscillator with dynamic 
phase conjugate distortion correction is illustrated in Figure 17-11. The phase

Figure 17-10 A phase conjugate reflector compensates in real time for a 
time-varying distortion inside an optical resonator.
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Figure 17-11 (a) An argon laser gain tube with a distortion D. a (photorefractive) 
phase conjugating crystal C and a feedback mirror M2. (b) The highly degraded 
output beam from M3 when C is replaced by a conventional mirror. (c) The beam 
regains its diffraction limited shape in the presence of the distortion when the 
configuration (a) is used.

conjugate mirror utilizes a crystal of barium titanate. The gain medium is a 
commercial argon laser tube and the distortion is an acid-etched glass flat.

17.8 HOLOGRAPHIC ANALOGS OF PHASE CONJUGATE OPTICS

The analogy between phase conjugate optics and holography is interesting 
both from the formal and the practical points of view and suggests that nearly 
all of the applications envisaged or demonstrated with conventional holog- 
raphy can be performed using phase conjugate optics. The main attraction 
in the use of phase conjugate optics to replace conventional holography is 
the real-time aspect of the former that obviates the need to develop the 
hologram (see Chapter 14). To appreciate this analogy we use the expression
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(17.8-3)

(17.3-16) for the reflectivity of a phase conjugate mirror

To simplify the discussion, consider the case of small reflectivity |A3(0)/A4(0)∣2 
≪ 1. The last relation simplifies to

where L is the thickness of the phase conjugating medium. Using (17.3-14) 
we obtain

(17.8-1)

(17.8-2)

The placement of the brackets in (17.8-1) is to suggest that we may view 
the process of phase conjugation as the reflection of beam A1 from the 
stationary holographic grating formed by the interference of A2 and A4. This 
situation is depicted in Figure 17-12(b). We may, likewise, using the grouping 
of (17.8-2), view the process as the reflection of A2 from the grating formed 
by beams A1 and A4. This situation is depicted in Figure 17- 12(c).

It should be emphasized here that the grating point of view used above 
is employed mostly for pedagogic reasons and contains no new physics. 
Both sets of "gratings" [Figures 17-12(b) and (c)] are accounted for auto- 
matically in the electromagnetic formulation of phase conjugation in Section 
17.3.

The multiplication property

of the phase conjugate optical configuration of Figure 17-12(a) is the basis 
for numerous "real-time holographic applications" [22-25]. We will describe 
in what follows two generic applications: (1) image transmission through a 
distortion and (2) real-time image processing with emphasis on the operations 
of correlation and convolution.

This task may become easier if we refer back to our discussion of the 
grating formation in conventional holography leading up to Equation (14.2-4). 
If we simply relabel E1 → A1 (= "reference" wave) and E2 → A4 (= "picture" 
wave) and take the total field at the hologram plane as in (14.2-4) as the sum 
of both these waves
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Figure 17-12 (a) The conventional geometry of phase conjugate optics. (b) Beams 2 
and 4 interfere to form a grating A2A*4. Beam 1 is Bragg diffracted from the 
grating to yield the output phase conjugate (to A4) beam A3 ∝ (A2A*4)A1. (c) Beams 
1 and 4 interfere to form a grating A1A*4. Beam 2 is Bragg diffracted from the 
grating to yield the phase conjugate beam A3 ∝ (A1A*4)A2.

then the stationary hologram, say the modulation of the index of refraction, 
is proportional to the temporal average of E2:

(17.8-4)

The holographic grating thus consists of the term containing the factor 
A1A*4 as in (17.8-2). To complete the analogy we "illuminate" the grating 
(17.8-4) with a field E2 traveling in the opposite sense to E1, i.e.,

(17.8-5)

The result is a new (diffracted) field that is proportional to the product of
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the grating function Δn and E25

5In the case of a "thin" index grating ∆n of thickness t, a field E2 passing through it will emerge 
as E2e-i(ω/c)(Δn)t ≈ E2(1 - i(ω/c) ∆nt) so that E4 ≡ ΔE2 ≈ -iE2(ω/c) ∆n.

Figure 17-13 The configuration for propagating an image from plane (3) through a 
distorting medium to plane (!) with no distortion. (After References [18, 19].)

To illustrate how real-time holography, or more fundamentally, the three-wave 
multiplication (17.8-1) and (17.8-2) can be used for distortion correction, we 
refer to the experimental configuration of Figure 17-13. The object here is 
to transmit the transparency image f(x") from plane (3) to plane (1) passing 
in the process a "thin" (but not necessarily weak) phase distorter that is 
characterized by the added (distorting) phase shift Φ(x').

Let us start with an intuitive approach. Wave A2 starts as a plane wave, 
passes through the transparency f(x) and continues on to the nonlinear 
medium. At the same time a "spy" plane wave A1 that is temporally coherent 
with A2 passes through and samples the distortion and is then imaged (here 
we use the precise optics definition of imaging) on the nonlinear medium 
that, for the sake of this discussion, will be taken to have negligible thickness 
in the z direction. A third wave A3 (plane or spherical) arrives from the left 
(we recall here that three input waves are needed in four-wave mixing). 
These three waves "mix" by multiplication in the medium to generate a 
product wave that contains both the transparency information f(x) as well 
as the distortion information. The phase of the distortion, however, is re- 
versed due to complex conjugation. This new wave with the negative dis-

17.9 IMAGING THROUGH A DISTORTED MEDIUM
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tortion passes in reverse (from right to left) through the distortion and is 
healed.

The more rigorous mathematical treatment of this is quite formal and 
complicated. A somewhat simplified analysis can, however, capture much 
of the relevant physics.

The "spy" wave A1 just to the right of the distortion is of the form

6To satisfy ourselves that this wave travels to the left, we need merely reinsert the propagation 
factors exp(±ikz) of the input waves E*1, E2, and A3.

(17.9-1)

(We leave out everywhere the propagation factor e±ikz.) It is, next, imaged 
by the lens onto the nonlinear medium at z = 0 where it regains, according 
to the law of imaging [21], its complex field distribution

Let the picture wave E2 at z = 0 have the form E2(x) while the third wave 
is taken as a plane wave with amplitude E3(z = 0, x) = A3. We note that 
apart from spatial modulation of the wavefronts by the information f(x) and 
the distortion, the three waves incident on the nonlinear medium are arrayed 
as in the canonical four-wave mixing geometry of Figure 17-12(a). The result 
of the mixing is a new, left-traveling wave6

(17.9-2)

Notice the change from φ(x) in E1 to - φ(x) in E4 due to complex conjugation. 
This wave is next imaged on plane (2) where it merely replicates the distri- 
bution (17.9-2). The passage from right to left through the distortion causes 
the wave to be multiplied by the factor exp[iφ(x)] so that it emerges in plane 
(1) with the form

i.e., beam 4 at the x' plane to the left of the distortion is, apart from the 
constant factor A3A*1, identical to the image bearing field E2 at z = 0. We 
have thus, in effect, imaged the information f(x) through the distortion while 
compensating perfectly for the latter. Figure 17-14 shows the results of an 
experimental demonstration of the one-way imaging through a distortion 
using the scheme of Figure 17-13 with a crystal of BaTiO3 as the nonlinear 
medium.



IMAGE PROCESSING BY FOUR-WAVE MIXING 631

Figure 17-14 (a) Original transparency, (b) seen through distortion (no correction), 
(c) seen through distortion-phase conjugate window combination using 
configuration of Figure 17-13, and (d) seen through phase conjugate window (no 
distortion).

17.10 IMAGE PROCESSING BY FOUR-WAVE MIXING

Before embarking on the topic of this section, we will provide some needed 
background results. The first involves the Fourier transform of a product of 
Fourier transforms. If we denote the Fourier transform of g(x, y) by

so that

Then it follows straightforwardly that the Fourier transform of the product

(17.10-2) 

(17.10-1)
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where * stands for the spatial correlation integral. Stating the last result in 
words, "The Fourier transform of the product of the transforms f and g* 
is the correlation of the original functions f and g."

The second result to be stated here (see Appendix E) concerns the spatial 
Fourier transformation property of lenses. It is a basic result of the theory 
of optical [20] diffraction that the relation between the coherent (complex) 
field distributions in plane (2) distance f to the right of a lens and plane (1) 
a distance f to the left is one of Fourier transformation. Referring to Figure 
17-15, the "output" field at plane (2) is related to the incident field at (1) by

(17.10-3)

We can now use (17.10-2) and (17.10-3) to explain the operation of a 
real-time image processor based on four-wave mixing. Referring to Figure 
17-16, collimated laser beams 1 and 4 from the left are modulated spatially 
by transparencies (or other means) placed at distance f(=focal length) to 
the left of lens L1. The resulting spatially modulated fields are denoted by 
u1 and u4, respectively. Similarly, beam 2 is collimated by passing through 
a pinhole in plane z and then through lens L2 resulting in a plane wave ũ2. 
The three beams are then incident on a nonlinear medium (a crystal of BSO 
in the original experiment). Using the Fourier transformation property of a 
lens [see Equation (17.10-3)], the three fields incident on the nonlinear me
dium are ũ1, ũ4, and ũ2 ( = const) where ũ1 and ũ4 are, according to (17.10-3), 
the spatial Fourier transforms of u1 and u4, respectively.

The multiplication property (17.8-2) of the nonlinear medium causes a 
field

(17.10-4)

to be radiated to the left by the nonlinear medium. This field is thus pro- 
portional as indicated to the product of the Fourier transforms of u1 and u4.* 
A distance f to the left of L1 in plane (3), one obtains according to ( 17.10-3)

Figure 17-15 A transformation of a coherent field between the front and back focal 
planes of a thin lens.
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Figure 17-16 A setup for real-time image processing. In the experiment described 
above u2(x) = δ(x), i.e., a pinhole so that ũ2 = constant and u3 = u1*u4.

the Fourier transform of E3 or according to (17.10-2)

The field u3 is thus proportional to the two-dimensional correlation of the 
images u1 and u4. Note that this complicated mathematical operation is 
performed in real time. The result of a correlation experiment based on the 
geometry of Figure 17-16 is shown in Figure 17-17.

Much of the present research in phase conjugate optics centers on the 
use of noncentrosymmetric photorefractive crystals such as barium titanate 
and strontium barium niobate [23-25]. In these crystals a standing optical 
wave pattern, such as that produced by the interference of two beams, A1 
and A4, generates, by excitation and retrapping of impurity atom electrons, 
a corresponding spatially alternating electric field grating. This leads, via the 
electrooptic effect, to a spatial grating of the indices of refraction. Because 
of the diffusion and drift of the electrons responsible for the electric field, 
the index grating is displaced spatially with respect to the optical intensity 
pattern. This can cause power exchange between the very two beams, A1 
and A4, that "write" the grating. This possibility does not exist in the con- 
ventional four-wave mixing, treated in this chapter, where no corresponding 
spatial shift exists.

(17.10-5)
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Figure 17-17 The results of the four-wave image processing experiment sketched in 
Figure 17-16. The input fields are transparencies u1, u2, u4, while the output is u3. 
Rows (a) through (c) illustrate correlation while row (d) illustrates convolution. 
(After Reference [22].)

This phenomenon of power exchange has been used to perform phase 
conjugation experiments without the need to supply externally the pump 
waves A1 and A2 [26]. It forms the main subject of Chapter 18.

Problems

17.1 Show, using the arguments of Section 8.1, that third-order optical effects 
as defined by (17.3-2) can exist in all homogeneous media.

17.2 Show that the reflection of the holograms (b) and (c) in Figure 17-12 
each satisfy the Bragg condition.

17.3 Derive the coupled-mode equations in a manner similar to that leading 
to (17.3-12, 17.3-13) for the case where the frequency of the incident wave
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ω4 is related to that of the pump beams (ω) by
ω4 = ω — δ

a. Show that the reflected wave frequency is ω3 = ω + δ.
b. Solve the coupled-mode equations for the reflection coefficient ∣A3(0)/A4(0)∣2. 

Plot it as a function of the frequency offset δ.

17.4
a. Solve the degenerate (ω1 = ω2 = ω3 = ω4) coupled-mode equations (17.3-14) 

as modified for (ordinary) optical losses. The new equations are 

where α is the optical amplitude loss coefficient (assumed the same for 
all four beams).

b. Plot the reflection coefficient ∣A3(0)/A4(0)∣2 as a function of (κL) for αL = 
0.1, 0.5, 1, 2. Discuss qualitatively the effect of the losses.

17.5 Invent an optical AND gate using phase conjugate optics.

17.6 Justify the image processing demonstrated in rows (a), (b), and (d) of 
Figure 17-17.
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