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18.0 INTRODUCTION

which has the same form as (18.0-1).

In Chapter 17 we investigated the exchange of power among four optical 
waves at frequencies ω1, ω2, ω3 that is mediated via the nonlinear optical 
response of the medium [see (17.2-2)]
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(18.0-1)

where Asm(s = 1, 2, 3) is the complex amplitude of the mth Cartesian com
ponent of the sth wave. The coefficient χ(3)ijkℓ characterizes the nonlinear 
polarization response of the material medium (atoms, molecules). Relation 
(18.0-1) is local (it involves field quantities at the point r only), and the 
coefficient χ(3)ijkℓ can, in principle, be obtained by solving for the (local) non- 
linear response of the atoms or molecules [2]. There exists a very important 
class of nonlinear interactions in which the response is nonlocal. Among 
these the photorefractive effect and stimulated Brillouin scattering are the 
most important since they both lead to large effects. Both of these cases can 
be described by a scenario in which two of the incident waves, say 1 and 
3, "write" an index of refraction grating in the medium that is proportional 
to their (spatially and temporally varying) intensity interference pattern.

The third wave at ω2 is Bragg-scattered from the grating, resulting in the 
fourth wave
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Before considering this dynamic case, we take up the simpler situation 
of a fixed index grating.

18.1 TWO-WAVE COUPLING IN A FIXED GRATING

We consider a two-wave optical field at a radian frequency ω

(18.1-1)

so that the complex amplitudes of the beams are A1,2. The beam polarization 
is taken, for simplicity, to be perpendicular to the plane of the paper.

The two waves are propagating in a medium with a spatially periodic 
stationary index distribution ("grating")

where the dielectric constant now has a contribution from the grating

(18.1-4)

Substituting (18.1-1) and (18.1-2) in (18.1-3) leads to

where we neglected

(18.1-5)

We observe by inspection that spatially cumulative exchange of power takes 
place when the (Bragg) condition

1When condition (18.1-6) is not satisfied the power exchange reverses sign every ∆ℓ = 
π/(∣k2 - k1 - K∣). When (18.1-6) is satisfied the product term in (18.1-5) contains synchronous 
terms with factors exp(-ik1 · r) and exp(-ik2 · r).

(18.1-2)

as shown in Figure 18-1.
The paraxial wave equation that is obeyed by the field (see 17.1-2) is

(18.1-3)

(18.1-6)

is satisfied.1 Keeping only synchronous terms (terms with similar exponents)
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Figure 18-1 (a) Coupling between beam 1 propagating along k1 and beam 2 (k2) 
caused by a fixed index grating with a grating vector K. (b) The Bragg condition 
diagram k = k2 - k1.

and recalling that in an isotropic medium k1 = k2 = ω με0n0 helps us simplify 
(18.1-5)

(18.1-7)

where loss terms -(α/2) A1,2 were added phenomenologically to account for 
absorption and λ = 2π/(ω√με0n20) is the wavelength in the medium. 2θ is 
the angle between k1 and k2, and z is the distance measured along the bisector, 
so that z = r1,2 cosθ. Expressing the amplitudes in terms of magnitudes and 
phases by using the definition Aj ≡ √Ij exp(-iφj) leads to (in what follows
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we take k1 - k2 + K = 0, i.e., the Bragg condition is satisfied)

(18.1-8)

This formula, first obtained by Kogelnik [1], is very useful in interpreting a 
large variety of experimental data involving fixed volume gratings and ho
lograms.

We are now ready to consider the more interesting and varied case of 
dynamic scattering where the grating is not fixed but is generated in "real 
time" by the very two waves that scatter from it.

18.2 THE PHOTOREFRACTIVE EFFECT—TWO-BEAM COUPLING

In Section 18.1 we discussed the phenomenon of two-beam coupling (or 
diffraction) in a fixed hologram. In this section we will discuss the two-beam 
coupling by a hologram that is formed by the intensity interference pattern 
of the two (coupled) beams themselves. Under such circumstances the "writ
ing" of the hologram by the two beams and the coupling of the (same) beams

Note that the coupling at a point r depends on the local phase ψ ≡ (φ1 — 
φ2 + φ). If the phase ψ is zero, no power exchange takes place. If ψ = 
±π/2, the exchange is maximum. The case ψ = ±π/2 according to Equa- 
tions (18.1-1) and (18.1-2) corresponds to a grating that is displaced by a 
quarter period with respect to the intensity interference pattern of waves 1 
and 2. In the most common scenario, a single wave, say 1, is incident on 
the grating and wave 2 is the diffracted wave. In this case it follows from 
the second equation of (18.1-7) that wave 2 is generated with a phase φ2 = 
φ1 + φ + π/2, i.e. ψ = -π/2, which results, according to the second equation 
of (18.1-8), in a maximum positive value for the power exchange dI2/dz.

The solution of (18.1-8) in the case of ψ = -π/2 becomes

(18.1-9)

so that in a grating of length ℓ the diffraction efficiency is

(18.1-10)
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by the hologram cannot be considered separately, as was done in Section 
18.1, and need be treated self-consistently. The phenomenon is known var- 
iously as two-beam coupling, dynamic holography, and real-time holography. 
The two most important classes of interactions that give rise to two-beam 
coupling are stimulated Brillouin scattering and the photorefractive coupling 
(to be discussed in Section 18.3).

The photorefractive effect can be defined as a change in the index of 
refraction (n) of a material medium that is proportional to the intensity pattern 
of the light. It thus follows that since every material possesses a nonlinear 
optical response of the type given by Equation (17.3-7)

(18.2-1)

the material also displays a photorefractive effect since for the case of a 
single beam, i.e., putting i = j = k = ℓ, we can obtain from (18.2-1) the 
relation Δn = (1/2) χ(3)∣E∣2/(nε0) where n is the index of refraction when the 
field amplitude is zero. The nonlinear coefficient χ(3) (see Table 17-1) in most 
materials is very small so that one requires very large optical intensities such 
as are available from pulsed lasers or from guided waves in small cross- 
sectional optical waveguides to affect appreciable (Δn > 10-5) changes of 
the index of refraction. The cases of stimulated Brillouin scattering and that 
of the photorefractive effect are an exception to the rule and lead to a very 
strong effects. In each of these two cases, however, the interaction is me
diated by a nonlocal effect—a traveling hypersonic wave in the case of 
Brillouin scattering, and of a traveling, or stationary, spatially periodic charge 
distribution in the photorefractive case. This gives rise to index changes that 
are orders of magnitude larger than those due to local atomic (or molecular) 
nonlinear response of the type described by (18.2-1). We will start with a 
description of the photorefractive effect.

This effect takes place in impurity-doped electrooptic crystals (i.e., crys
tals lacking inversion symmetry as discussed in Section 8.1). Let such a 
crystal be subject to a sinusoidal intensity distribution.

(18.2-2)

caused by the interference of two, mutually coherent, optical beams as shown 
in Figure 18-2. The optical intensity causes carriers, say electrons, to be 
excited from occupied donor states (the N0D states of Figure 18-3) to the 
conduction band. Once excited the now highly mobile electrons will migrate 
away under the influence of diffusion and any internal or external electric 
fields until captured by a trapping center N+D, usually an empty donor (i.e., 
a donor that has lost its outer valence electrons either by excitation to the 
conduction band or to a deep acceptor NA). It follows that at steady state 
the high intensity regions will lose electrons while those of low intensity will 
acquire an excess of electrons.

The resultant space charge distribution ρsc is shown in Figure 18-2. Also 
shown is the electric field Esc = ∫ρsc dx that results from the charge sepa-



Figure 18-2 The photorefractive mechanism. Two coherent light beams intersect in 
an electrooptic crystal, forming an interference pattern. Electrons are excited 
where the intensity is large and migrate to regions of low intensity. The electric 
field associated with the resultant space charge operates through the electrooptic 
effect to produce a refractive index grating. φ is the phase shift (in radians) 
between the light interference pattern and the index grating. 

642
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ration. Since the crystal is electrooptic, an index grating Δn ∝ rEsc. is induced 
in the crystal by this field where r is the appropriate electrooptic coefficient. 
This index grating is displaced by a quarter period with respect to the charge 
distribution. This shift is due to the relation ∇·Esc = ρsc/ε. To analyze the 
physics of the grating formation we refer to Figure 18-3. The photorefractive 
crystal contains two species of atoms, the donor atoms whose density is 
ND(cm-3) and acceptor atoms (NA). Since the energy of a valence electron 
in the acceptor atom state is lower than that of the donor, each acceptor 
atom has deprived a donor atom of an electron. This leaves behind a density 
‹N+D› = NA of ionized donors (the () brackets represent a spatial average). 
The remainder (ND - N+D) of the donor atoms are candidates for excitation 
by the optical field. Each such excitation generates a free (mobile) electron 
in the conduction band while, simultaneously, converting a unionized donor 
atom whose density is (ND - N+D) into an ionized N+D site. Electrons can 
be trapped by the N+D ions, returning them in the process into the unionized 
state. While in the conduction band the electrons are free to drift under the 
influence of the local electric field and diffuse.

In the above discussions we took the mobile charge carrier to be an 
electron. In some crystals it could be a hole. Simultaneous existence of 
electrons and holes is also possible. Also, the charge designation, N+D and 
N0D(=ND - N+D), for example, is meant to represent the change in the charge 
state of the atom and not its true state. In some cases, BaTiO3 for example, 
the Nβ state could be that of a Fe3+ ion, in which case N0D will represent 
the Fe2+ state. This will be discussed further on in this section.

The density concentration of electrons in the conduction band is denoted 
by ne. The three species listed above coexist in the presence of the interaction 
with the optical field as well as the diffusion, drift, and trapping processes. 
The process indicated in Figure 18-3 converts the donor (N0D) atom into an 
electron trap (N+D) while the trap, having gained an electron, becomes an 
N0D atom so that the spatial average of each species remains constant while

Figure 18-3 The deep impurity levels involved in the charge migration and trapping 
of a photorefractive crystal.
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the local concentration may vary. The acceptor atoms NA are fully occupied 
by electrons at all times so that in the dark ‹N+D› = NA where ‹ › stands for 
spatial averaging. The main role of the deep acceptors NA is to ensure that 
there exists everywhere a large population of traps (N+D) ≅ NA that can 
readily capture mobile electrons. Otherwise electrons could be trapped only 
at the sites from which they were excited, which would not give rise to the 
desired charge separation (i.e., grating).

The rate equation for the donor atom density is

and the Gauss relation

(18.2-6)

We will first solve for n(x, t), ρ(x, t), and Ex(x, t) by assuming that the spatial 
modulation is small so that it can be represented by the first two harmonics 
(n = 0, n = 1) of the spatial Fourier amplitudes

(18.2-7)

(18.2-8)

(18.2-9)

Since the crystal is charge-balanced, it follows that

where ‹› denotes averaging over x. In addition, E0, the average value of the 
internal field Ex, is equal to the externally applied electric field, if one exists.

The following approximations that are justified by the actual numerical 
values in real crystals are made

(18.2-3)

where αD is the absorption cross section of the N0D = ND - N+D donor state 
atoms. γD is the recombination coefficient of a free electron at an N+D site. 
γD is related to the commonly used recombination cross section σD by 
γD = σdvth where vth is the mean thermal velocity of the free electrons.

The current density Jx(A/m2) is the sum of a drift and a diffusion term

(18.2-4)

where we use e ≡ ∣e∣ and the Einstein relation eD = kBTμ relating the electron 
diffusion coefficient D to the Boltzmann constant kB the mobility μ, and 
the temperature T. The current continuity relation ∇·J = -∂ρ/∂t becomes

(18.2-5)
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We note that the interference term I1 is zero when the two beams are mutually 
orthogonal. We have also assumed that in general ω1 ≠ ω2.

We substitute (18.2-4) into (18.2-5) and eliminate ne0, E0, ne1, D0, and 
D1 using (18.2-3) and (18.2-6). We take advantage of the inequalities and 
neglect the product of second-order terms, and after a good deal of algebra, 
obtain [3]

2The temporal averaging < >time is over a few optical periods so that "slow" variations such 
as exp[i(ω1 - ω2)t] survive. The spatial averaging is over a few optical wavelengths.

The electric fields of the two interfering beams are

(18.2-10)

The squared magnitude of the field is thus2

(18.2-11)

Comparing the last result to (18.2-2) leads to

(18.2-11a)

(18.2-12)

E0 = externally applied field,

The steady-state response is obtained at t ≫ τ, at which time the transient 
term exp(-t/τ) can be neglected. Under typical conditions using a grating 
period 2πK-1 = 2 μm and the above approximate values ND, N+D, and NA, 
we estimate in BaTiO3

If no applied field is present E0 = 0, and the steady-state internal field 
(18.2-12) is
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(18.2-13)

If we take the steady-state limit of Equation (18.2-12) in the case ω1 = 
ω2 (Ω = 0) and no external field (E0 = 0), we obtain

(18.2-14)

A few basic features of fundamental importance for practical applications 
stand out:

1. The factor (-i) represents a quarter period shift of the index grating 
with respect to the intensity pattern.

2. Esc1 (and Δn) depend not on the total intensity but on the fractional 
modulation I1/I0.

3. The space charge field tends toward the smaller of the EN and Ed (mul
tiplied by I1/I0).

These last two conclusions merit some further discussion: The total amount 
of separable charge is limited. The maximum separation would result when 
approximately all the traps in the low intensity regions are full, while all the 
traps in the high intensity regions are emptied. Since the initial density of 
such traps is N+D = NA, the resulting charge density can be approximated

From the Gauss law ▽ · E = ρ/ε, we obtain, using complex notation,

(18.2-15)

We thus identify EN with the maximum space charge field that results from 
full separation (by half the grating period λ/2 = π/K) of the available charge 
(eNA per unit volume).

The question then arises as to why the internal field is prevented from 
reaching a value ~EN and is limited, instead, to a value of ~ED = kBTK/e 
when EN > Ed. To answer this question, consider the electron current re
sulting from the excitation of some initial distribution of mobile carriers into 
the conduction band in the presence of a space charge field E1sc (due to earlier 
charge separation). From (18.2-4)
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Since the initial distribution ne mimics the (negative) of the intensity 
(18.2-2), we can write

The fundamental component of the current density becomes

It follows that the electron current vanishes when the space charge field 
Esc1 reaches a value

and no further charge separation takes place. The internal space periodic 
field Esc1 thus gets arrested at a value ~ED and cannot achieve the charge- 
limited value of EN. This situation changes in the presence of an external 
field E0 that can "overpower" the internal space charge field so that Esc1 
tends, according to (18.2-12), to a value of ~ -i(Ii/I0)EN, corresponding to
full charge separation. Figure 18-4 shows the theoretical dependence of the 
space charge field Esc1 on the external field E0. Of special interest is the 
change of Esc1 from an initial value smaller than the smallest of EN and ED

Figure 18-4 A theoretical plot of the amplitude Esc1 of the spatially periodic internal 
electric field in photorefractive crystals [see Equation (18.2-12)] with Ω = 0, t → ∞ 
as a function of the externally applied field Eo. The characteristic fields are: ED = 
103 V/cm and (a) EN = 5 × 102 V/cm, (b) EN = 2 × 103 V/cm. (Private 
communication K. Sayano, The California Institute of Technology and R. R. 
Neurgaonkar, Rockwell International Corp.) 
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to a final value approaching EN. In this particular example a large trap 
concentration NA leading to a limiting field of EN2 = 2 × 103 V/cm should 
give, according to curve (b), a fourfold increase in the internal space charge 
field with the application of an external field E0 ~ 104 V/cm. Figure 18-5 
shows experimental data from two strontium barium niobate SrxBa1-xNb2O6 
(SBN:x = 60%) crystals doped with Cr. An increase in the space charge 
field by about a factor of three is seen for E0 ~ 104 V/cm. Experimental 
data of the dependence of Esc1 on E0 is shown in Figure 18-5. The values of 
Esc1 are deduced from two-beam coupling experiments that are discussed 
later.

Figure 18-5 Experimental data of the two-beam coupling gain Γ ∝ Esc1 as a function 
of applied electric field E0 in two doped SBN:60 crystals. (After Reference [4].)

Two of the most important features of the analysis are the dependence 
of the internal field Esc1 on the grating period λg and the dependence of τ on 
intensity [6]. If we use the above definitions of ED and EN, we can rewrite 
Esc1 of (18.2-12) as

(18.2-16)

so that the limits of K → 0 (λg → ∞) and K → ∞ (λg → 0), Esc1 → 0. Experimental 
evidence illustrating the dependence of E1 on the grating period is shown in 
Figure 18-6, which shows an experimental plot of a quantity proportional to 
the internal field as a function of the grating period λg = 2πK-1. Figure 18-7 
shows the measured dependence of τ on the intensity I0.
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Figure 18-6 Two-beam coupling coefficient versus grating wavelength for E0 = 0.
The coupling coefficient Γ is proportional to the internal field Esc1 of Equation 
(18.2-16). (After Reference [5].)

Figure 18-7 Photorefractive response time of the BaTiO3 crystal versus intensity 
for λ = .605 μm, λg = 1.4 μm. (After Reference [5].)
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The Grating Formation

Now that we have determined the space-periodic electric field created by 
two interfering optical beams (18.2-12), we will derive an expression for the 
resulting refractive index grating induced by this field.

The change in the optical indicatrix due to a (low frequency) electric 
field Ek is given according to (9.2-1) by 

where rijk is the electrooptic tensor element. This corresponds to a change 
in the index of refraction experienced by a propagating wave

(18.2-17a)

where E is the low-frequency electric field, and reff is some linear combination 
of the electrooptic tensor elements rijk. that depends on the crystal orientation 
and the field direction. We describe the spatial dependence of the index of 
refraction as

(18.2-17b)

where I0 = ∣A1∣2 + ∣A2∣2, I1 = ê1 · ê2A1A*2 so that, using (18.2-17a), n1 is defined 
by

(18.2-18)

We take n1 as real so that φ is the phase shift between the intensity pattern 
and that of the index n(x). The quantity n1 is thus the index modulation 
amplitude (within a factor I1/I0). From (18.2-13) in the case ω1 = ω2 
(Ω = 0)

We note from (18.2-17) and (18.2-19) that the index modulation does not 
depend on the absolute intensity but only on the spatial modulation index 
I1/I0 ≡ ∣ê1 · ê2A1A*2∣/I0. This reflects the fact that the role of the optical field 
is only to redistribute the electronic charge so that the maximum space charge 
field and Δn are limited, as discussed above, only by diffusion processes 
and by the total available charge, but not by the intensity.

Refractive Two-Beam Coupling The index grating registered by beams E1 
and E2 in a photorefractive medium causes power transfer by coupling E1 
and E2 to each other. The coupling is due to simultaneous Bragg scattering 
of both beams from the grating into each other. Since the grating is due to

(18.2-19)
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the interference of the two beams, the Bragg condition K = k1 - k2 is 
automatically satisfied and ensures that beam 1 is diffracted exactly in the 
direction of beam 2 and vice versa, hence the coupling between the two 
beams. What's more, in the case where ω1 ≠ ω2, the grating moves with 
just the right velocity ((ω2 - ω1)/K) so that the Doppler-shifted frequency 
of the incident beam 1, i.e., ω1 + ΔωDoppler, is equal to that of beam 2 (ω2) 
and vice versa. The analysis starts with the wave equation (6.5-3).

The field E is the sum of the two fields E1 and E2 (18.2-10) that "write" 
the grating. If we substitute E into (18.2-21) and for simplicity replace the 
vector E by a scalar E [this requires the use of the proper electrooptic 
coefficient, or combination of coefficients, reff in (18.2-18)], the result is

(18.2-22)

, neglecting the second derivative terms com

pared to those involved in the first derivatives (this is the slowly varying 
amplitude approximation), and equating separately terms with the same ex
ponential factors lead to the coupled wave equations

(18.2-23)

where θ1 and θ2 are the angles between k1 and k2 and the normal to the 
crystal input face, taken as z = 0. The loss term α was added phenome
nologically to account for absorption in the crystal.

Before considering some exact consequences of (18.2-23), we might 
contemplate some qualitative features. Using (18.2-19) in the limit EN ≫ ED, 
E0 = 0 and φ = π/2, we can recast (18.2-23) in the form of

(18.2-20)

Using Equation (18.2-18) for n(r), assuming n1 ≪ n0, and putting ω2με0 = 
ω2/c2 lead to

(18.2-21)

Recognizing that
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(18.2-24)

which for reff > 0 indicates the growth of A2 at the expense of A1 with an 
initial exponential growth constant

(18.2-25)

The direction of power flow depends on the sign of reff and thus can be 
reversed by inverting the crystal orientation. Defining normalized intensities 
as ℐ1 = ∣A1∣2, ℐ2 = ∣A2∣2, we obtain directly from (18.2-23)

(18.2-26)

A similar analysis for ordinary nonlinear transparent materials that are 
characterized by a real χ(3) will lead to φ = 0 (I(x) and n(x) "in step") so 
that, according to (8.2-26), no power exchange takes place. In a photore
fractive material, on the other hand, where n(x) is given by Equation (18.2-17, 
18.2-19), φ = ±π/2 is possible and the power transfer is maximum. By 
adding the last two equations, we obtain 

which in the case of α = 0 amounts to conservation of total power.

Two-Beam Coupling—Symmetric Geometry

In the case of θ1 = -θ2 ≡ θ, illustrated in Figure 18.8, Equation (18.2-26) 
can be solved exactly. If we define J1,2 ≡ ℐ1,2eαr, r1 = r2 ≡ r = z/cosθ is 
the distance measured along the beams' propagation directions

(18.2-27)

(18.2-28)
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Figure 18-8 The symmetric two-beam coupling configuration.

These equations can be integrated directly. The result, when expressed 
in terms of the original intensity variables, is

(18.2-29)

In the case of ℐ2(O) ≪ ℐ1(O)e-2Γr, the last equation becomes

(18.2-30)

This predicted power exchange has been observed first by Staebler and 
Amodei in 1972 (Reference [7]).

Numerical Example: Two-Beam Coupling in BaTiO3

BaTiO3 is an electrooptic crystal with a perovskite structure that is ferro- 
electric at room temperature (its electrooptic constants are listed in Table 
9-2), which possesses an extremely large electrooptic coefficient. The par- 
ticular coefficient that comes into play in the two-beam coupling is r51 = 
r42 = 16.4 × 10-10 m/V. Using the following data n0 = 2.5, reff ≈ r42/2, 
Esc1 ~ ED ≃ 5 × 102 V/cm, λ = 0.5 μm. φ = π/2, ê1 = ê2. α = 0, I1 = I2 = 
I0/2, and using Equations (18.2-28) and (18.2-18)

This is a very large gain constant. To put it in perspective we may recall 
that most laser media provide gain of good deal less than 1 cm-1. As a matter 
of fact, only in semiconductor lasers do we encounter similar gains. 

The analogy of photorefractively induced gain to ordinary laser gain is 
quite fundamental since in the presence of gain all we need do to obtain 
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oscillation is to provide optical feedback. A whole new class of optical 
devices has sprung over the last few years that depends on photorefractively 
pumped oscillators [11, 12]. Some of these devices will be described in the 
remainder of this chapter. Reference [15] contains a number of review articles 
on photorefractive topics.

The large optical amplification by two-beam coupling in photorefractive crys
tals can be used to "pump" a new class of optical oscillators, and these in 
turn can perform a variety of tasks. Most of these tasks involve passive 
phase-conjugate reflectors, that is, phase-conjugating mirrors that do not 
require externally supplied pump beams [9, 10]. To illustrate this principle, 
consider the configuration of Figure 18-9.

An input beam 4 provides gain, by two-beam coupling, to beam 1 in a 
photorefractive crystal placed inside a two-mirror (R1, R2) optical resonator. 
If this gain is sufficient to overcome the crystal and mirror losses, an oscil
lating optical field builds up inside the resonator. The two traveling beams 
1 and 2 that make up the oscillating field then play the role of the conventional 
pump beams as in the canonical four-wave phase-conjugation geometry of 
Figure 17-2, resulting in a reflected beam 3 that is the phase-conjugate replica 
of the input beam 4.

The possibility of phase conjugation without externally provided pump 
beams, the so-called "self-phase conjugation," opens up a new area of 
practical applications involving image processing and distortion correction. 
Before we move on to discuss these applications, we show in Figure 18-10 
an impressive demonstration of correction for propagation distortion follow
ing passive (self-pumped) phase conjugation by J. Feinberg [10]. The feed- 
back for the photorefractive oscillation in this case is provided not by ex
ternal reflectors, as in Figure 18-9, but by total internal reflection in the

Figure 18-9 A photorefractively pumped optical oscillator.

18.3 PHOTOREFRACTIVELY PUMPED OSCILLATORS AND SELF-PUMPED 
PHASE CONJUGATION (advanced topic)
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Figure 18-10 Images of a cat reflected from a self-pumped phase conjugate mirror 
(SPPCM) of BaTiO3, a combination of a distorter and a SPPCM, an ordinary 
mirror, and an ordinary mirror plus a distorter. (Courtesy of J. Feinberg, 
University of Southern California [10].)

photorefractive (BaTiO3 crystals). The point to appreciate here is the com
parison of the distorted image (image + distorter) to the distorted and (phase) 
conjugated image (conjugator + distorter).

To analyze the general case of oscillation in a photorefractive medium 
[11, 12] we refer to the model of Figure 18-11. Our basic method of analysis 
will be to assume an oscillating mode "a" inside the resonator and find the 
polarization set up inside the photorefractive crystal due to the interaction 
of field a and the input field. We shall then insist self-consistently that the 
resonator mode that is excited by this polarization is the same mode a 
assumed at the outset. We take the known input field as

(18.3-1)

where Ei0(r) contains the propagation factor as well as describing the effect 
of distortion and of information (spatial) modulation of the beam. The os- 
cillating beam, which establishes itself in the ring oscillator, is taken as 
E(r, t), and our immediate task is to solve for the oscillation condition and
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Figure 18-11 A distorted optical beam, i.e., a beam with a complicated wavefront, 
reflecting its propagation history, of frequency ω0 and spatial mode profile Ei(r) is 
incident on an optical resonator that can support spatial modes Ea(r).

the oscillation frequency of this beam. The resonator field can be expanded 
in the (complete) set of the resonator modes Ea(r) [13, 14].

(18.3-2)

where Ea(r) and Ha(r) are the spatial mode functions for the electric and 
magnetic fields. ε and μ are electric and magnetic permittivities, respectively. 
In addition,

(18.3-3)

where ka = ωa√ωε. The quantity pa(t), for example, contains the temporal 
information of mode a, including that of the frequency. In addition, the 
modal functions Ea and Ha are orthonormal

The resonator contains a distributed polarization field PNL(r, t), to be speci
fied later, due to the photorefractive two-beam coupling so that Maxwell's
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equations can be written as

(18.3-4)

σ is the effective conductivity that is introduced to account for the losses. 
If we use (18.3-2) and (18.3-3), (18.3-4) becomes

(18.3-5)

Taking the scalar product of (18.3-5) and E1, integrating over the resonator 
volume, and using the orthonormality condition (17.3-4) leads to

(18.3-6)

From (18.3-2), the second equation in (18.3-3), and (18.3-4) we obtain

where in accordance with (4.7-5) we replaced σ/ε by ω1/Q1. Q1 is the quality 
factor of the resonator for mode 1. From Equation (18.3-8) we identify ω1 
as the resonance frequency of a mode 1 in the no-loss (Q1 → ∞) limit. The 
distributed nonlinear polarization term PNL(r, t) driving the oscillation of the 
resonator field is that produced by the incidence of the input field Ei(r, t) 
on the index grating created photorefractively by the interaction of the field 
Ei(r, t) and the ring-oscillator field E1(r, t).

The nonlinear polarization PNL is given by

(18.3-10)

(18.3-7)

so that (18.3-7) becomes

(18.3-8)

(18.3-9)

Referring to the derivation of the index grating equations (18.2-17, 18.2-18, 
18.2-19), we identify
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The grating equations (18.2-17, 18.2-18) thus lead to

(18.3-11)

where from (18.2-17, 18.2-18) and (18.2-12)

ω and ω0, we recall, are the frequency (as yet unknown) of the oscillating 
mode 1 and that of the pump beam, respectively. If there is no applied 
electric field E0 = 0, we can express γ in the form

where

and

(18.3-13)

We note that the sole time dependence of PNL(r, t) is that of a mode I, i.e., 
of the term p1(t). The time dependence of the input mode Ei(r, t) has dis- 
appeared since Ei appears in Equation (18.3-9) multiplied by its complex 
conjugate. An equivalent way to explain this fact is that the index grating 
produced by the interference of Ei and E1 (the cavity field) is moving since 
ω ≠ ω0 and this velocity is just the right one to Doppler shift the incident 
frequency ω0 to that of the oscillating mode ω.

Returning to the oscillation equation (18.3-8), we take p1(t) as the product 
of a slowly varying amplitude p10(t) and an optical oscillation term exp(iωt):

(18.3-12)
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In addition, we use Equation (18.3-9) to obtain in the process

(18.3-14)

At steady state p10 and p10 vanish, ∂/∂t → iω, and p10(t) = p10 = constant. 
The oscillation condition (18.3-14) becomes

(18.3-15)

where in the second equality we used the zero-external-field (E0 = 0) form 
for y given by (18.3-12) and f is given by

(18.3-16)

so that it is dimensionless and real.
The left-hand side of Equation (18.3-15) is a complex number that de- 

pends only on passive resonator parameters and the (yet unknown) oscil- 
lation frequency ω. The phase of the right-hand side of Equation (18.3-15) 
depends on (ω - ω0). The frequency ω will thus adjust itself relative to ω0 
to satisfy (18.3-15). Separating the real and imaginary parts of Equation 
(18.3-15) yields

and

(18.3-17a)

(18.3-17b)

Since ω ≈ ω1 ≈ ω0, Equation (l8.3-17a) can be approximated to a high degree 
of accuracy by

In the limit t1 ≪ τ, where t1 = Q1/ω1 is the decay time constant of the photon 
density in the mode (with no photorefractive interaction), we can solve 
Equation (18.3-18) for ω and, using Equation (18.3-17b), obtain

(18.3-18)
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This is our main result. It predicts a shift between the frequency of oscillation 
(ω) and that of the pumping field (ω0). The frequency shift predicted by 
(18.3-19) was verified in a ring resonator pumped photorefractively as shown 
in Figure 18-12(a). A shift of the position of one of the mirrors changes the 
resonant frequency ω1 of the ring resonator and causes a (near) linear shift 
of the oscillation frequency ω. The linewidth of γ is of the order of 1/τ ~ 1 
Hz in BaTiO3 so that the frequency pulling (ω - ω0) observed is of the order 
of a few Hz. A plot of the frequency shift ω - ω0 vs. the mirror displacement 
for two different spatial modes is shown in Figure 18.12(b). The dependence 
of this shift on the parameters indicated in the equation was verified exper-

Figure 18-12 (a) Unidirectional ring resonator with two-beam gain provided by a 
photorefractive BaTiO3 crystal pumped by an incoming beam Ei. (b) The observed 
frequency shift (ω — ω0) as a function of mirror displacement measured in 
wavelengths.

(18.3-19)
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imentally and is shown in Figure 18-12 in a ring resonator pumped photo- 
refractively.

Let us return next to the threshold condition (18.3-19). The parameter 
f is given by Equation (18.3-16) and can be written as

(18.3-20)

(18.3-21)

where we used the first equation of (18.3-2) to write the oscillating electric 
field of the resonator mode as

and () to denote spatial averaging over the crystal volume. We can now 
rewrite f as

where

(18.3-22)

(18.3-25)

and does not depend on the pumping intensity ∣Eio∣2. The threshold value of 
γ0 is smallest when ω = ω0 and when the input mode is matched to the 
resonator mode, Ei0(r) ∝ Eosc(r), a condition leading to a maximum value 
for f0.

(18.3-23)

and (18.3-18) becomes

(18.3-24)

where t1 = Q1/ω1 is the resonator-mode decay time constant. At the transient 
start of oscillation, the right-hand side of (18.3-24) with ∣Eosc∣ = 0 must be 
larger than (or equal to) the left-hand side. Once oscillation starts, the term 
∣Eosc∣2 will grow until both sides are equal. The start-oscillation (threshold) 
condition is thus
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Equation (18.3-24) can be solved for the oscillating-field intensity inside 
the resonator

(18.3-26)

Before moving on we might recall the main result of this section. We 
have shown that two-beam coupling can be used to obtain oscillation when 
the amplified beam is a mode of a resonator. The oscillation frequency adjusts 
so as to satisfy the resonance phase conditions and consequently is not, in 
general, the same as that of the input pump wave. Another basic and im- 
portant property is that the spatial profile of the input beam only plays a 
role, through the overlap integral (18.3-23), in the magnitude of the gain 
"seen" by the oscillating mode but does not, to the first order, affect its 
shape, which is determined by the resonator. We thus have a means of 
transferring power from a spatially "dirty" beam to a well-defined, "clean" 
resonator mode. In practice we can use this effect to increase the apparent 
brightness of a beam (watt-cm-2-sr-1) by orders of magnitudes [21].

In this section we will describe some generic applications of photorefractive 
oscillators. In principle almost any application that uses "conventional" 
phase conjugate reflectors, i.e., ones that depend on externally supplied 
pump waves (A1 and A2 in Figure 17-10) can also use a self-pumped phase 
conjugate mirror [16]. As a matter of fact, the dynamic distortion correction 
of a laser mode demonstrated in Figure 17-11 employs a self-pumped phase 
conjugate mirror consisting of the crystal c and the single mirror M2.

Rotation Sensing

As a representative example of the applications of phase conjugate mirrors 
we take up the case of fiber rotation sensors [17, 18]. A rotation sensor 
based on the Sagnac effect is shown in Figure 18-13. The basic principle of 
such a sensor is that light propagating in a coiled fiber (coil radius = R) will 
undergo an extra phase shift

(18.4-1)

where L is the length of the fiber, c, λ are the vacuum value of the velocity 
of light and the wavelength, respectively, and Ω the angular rotation rate 
(rad/s) about an axis normal to the plane of the loop. Ω > 0 when the light 
propagates in the same sense as the rotation and is negative otherwise. Note 
that φ is independent of the refractive index n of the fiber material [17].

18.4 APPLICATIONS OF PHOTOREFRACTIVE OSCILLATORS
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Figure 8-13 The generic configuration of an interferometric fiber rotation sensor 
employing the Sagnac effect and a self-pumped phase conjugate mirror.

The derivation of φ is based on relativistic considerations. The correct 
result, however, can be obtained almost rigorously, from a consideration of 
the effective elongation (shortening) of a fiber experienced by light propa- 
gating in the same (opposite) sense as the rotation.

In the interferometric arrangement of Figure 18-14 a beam splitter sends 
one part of the input beam through a coiled fiber (sensing arm) while the 
other portion of the split beam enters the "reference" uncoiled arm. Both 
beams are then reflected from a self-pumped phase conjugate mirror, re- 
traverse their original path and recombine interferometrically at detector D. 
Consider first the beam in the sensing arm. On its forward path between 
planes A and B it undergoes a phase shift

(18.4-2)

where k = 2πn/λ, and φR2(t) accounts for random ("noise") phase fluctua
tions in the sensing leg that are "slow" on the time scale of a round trip 
(these could be due, for example, to strain or temperature variations). The 
phase of the beam after reflection from the conjugator at point B is the 
reverse of the input phase plus an additional phase φc

(18.4-3)

The last term φc in (18.4-3) is of fundamental importance. In the case of a 
single input (i.e., with the reference arm blocked-off) φc = 2kL2 and the 
overall phase delay φ1 + φ2 due to L2 is 2kL2, as required by causality. In
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Figure 18-14 Experimental fiber-optic gyroscope setup using a self-pumped phase 
conjugate mirror. Instead of the two fibers in Figure 18-13, the experimental setup 
of this figure uses the two polarization modes of a polarization preserving fiber. 
(After Reference [18].) 

the case of more than one input beam, the phase delay term φc is the same 
for all of them3 [19], so that the relative phases of the beams are reversed, 
as required for phase conjugation, while the absolute phases are not. After 
retracing the original path, the sensing beam returns to A with a phase 

note that the phase shift due to Ω has the opposite sign on the return trip 
since the sense of rotation relative to the beam is now reversed.

Repeating the same procedure in the case of the reference beam leads 
to a phase of the reflected beam at plane A

3The crystal "regards" the multiplicity of input beams, which are coherent relative to each 
other, as a single, albeit complex, beam. The phase φ.. is thus due to the complex but single 
grating "written" in the crystal by this composite beam.

(18.4-4)

(18.4-5)
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The interference output signal at D thus involves the phase difference 

from which the extraneous effects of phase fluctuations φR1 φR2, that usually 
limit the sensitivity of such sensors, disappeared.

A basic point that should have emerged from the preceding discussion 
is that although a passive (self-pumped) phase conjugate mirror does not 
reverse the absolute4 phase of an incoming beam, it does reverse the relative 
phases of the Fourier components (partial plane waves) that make up the 
beam. This property is sufficient to guarantee wavefront reversal and enable 
various sensor applications [19]. Further discussion of this point is included 
in Problem 5 at the end of this chapter.

Mathematical and Logic Operations on Images

We have already discussed in Chapter 17 how nonlinear optical techniques 
can be used to perform spatial correlation, convolution, and other operations. 
In the following we will discuss some new mathematical operations that can 
be performed with passive (or externally pumped) phase conjugate mirrors.

Consider the configuration shown in Figure 18-15. A plane wave with

4"AbsoIute phase" here is taken to mean the phase relative to some coherent reference wave.

Figure 18-15 An experimental arrangement to demonstrate image subtraction (the 
"exclusive or" operation). (After Reference [20].)

(18.4-6)
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amplitude Ein is split by a lossless beam splitter BS1 whose reflection and 
transmission coefficients are equal to r and t, respectively. Let r' and t' be 
the amplitude reflection and transmission coefficients for waves incident 
from the opposite side of the beam splitter. Each of the two resulting (split) 
waves passes through a transparency with amplitude transmittance T1 for 
beam 1 and T2 for beam 2. The two beams are then reflected by a self-pumped 
phase conjugate mirror (PPCM) with phase conjugate amplitude reflectivity 
R. The phase conjugate beams recombine interferometrically at beam splitter 
BS1 to form an output field. The total field at D1 is

The intensity at D1 becomes

where O represents the Boolean "exclusive or" operation. The field at D1 
is thus the difference (squared) of the intensity pattern of the two transpar
encies. Similarly the field intensity I' at D2 is

(18.4-7)

where we took advantage of the time reversibility condition (see Problem
9),

(18.4-8)

(18.4-9)

(18.4-10)

Note that when T1 = eiθ1(xt) and T2 = eiθ2(xt), i.e., pure phase modulation, 
Iout = 0. This is at first sight, an amazing result. A little thought, however, 
will convince us that this is as it should be. When the transparencies are 
lossless (which is the case for T1.2 = exp[iθ1.2(xt)]) a "time reversal" by the 
conjugator should result in a return field at the beam splitter BS1 that is a 
time-reversed (phase conjugate) replica of the incoming field. Since no field 
entered BS1 from the direction of D1, none can emerge that propagate toward 
BS1. Since in this case ∣T1∣ = ∣T2∣ = constant, the vanishing of the field 
propagating toward D1 comes about by destructive interference, point by 
point, of the two fields as expressed by (18.4-7). When T1 and T2 are, each, 
spatially intensity modulated the point by point destructive interference is 
no longer operative. A dark area in T1 cannot, obviously, interfere with a 
bright spot on T2. More globally, the path becomes lossy (or amplifying) 
and, except for the trivial case of uniform and equal, ∣T1∣ = ∣T2∣, the time 
reversibility property of phase conjugation (see Section 17-1) does not hold. 
The striking advantage of the phase-conjugating interferometer described 
above is that the system works without any need to balance L1 and L2 or 
to maintain their path difference constant to within a small fraction of λ as 
is usually required with conventional interferometers.
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Figure 18-16 The results of image subtraction using the setup of Figure 18-15 (see 
text for details). (After Reference [20].)

Figure 18-16 shows the result of experiments using the setup of Figure 
18-15. Figure 18-16(a) shows the image at D2 of a semicolon transparency 
place at T1 with beam 2 blocked and in (b) the image of a colon placed T2 
with path 1 blocked. Figure 18- 16(c) shows the result of "subtraction" as 
observed at D1, while (d) shows the image at D2.

Problems

18.1 Obtain the expression for the diffraction efficiency of a fixed hologram 
as in (18.1-9) when a slight deviation from the Bragg condition exists, i.e., 
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Consider the effects on the diffraction efficiency of:

a. A small angular departure (δ) of the incident beam from that of the Bragg 
condition.

b. A small deviation of the wavelength. [Hint: Using Figure 18-1(b) show 
that for δ ≪ 1 (k2 - k1 - K) · r ≈ kδ(sinθ)z.]

18.2

a. Obtain an expression for the diffraction efficiency of a transmission ho- 
logram (Figure 18-1) as a function of Δℓ where Δ is defined by
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and ℓ is the length of the hologram (in the z direction).
b. Plot the diffraction efficiency of a fixed hologram as a function of λ for 

a fixed incidence angle. Assume Δ = 0 at some nominal λ0.

18.3 Derive an expression for the diffraction efficiency ∣A1(0)/A2(0)∣2, of a 
reflection hologram as shown in the accompanying figure.
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