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19.0 INTRODUCTION

In Chapter 18 we analyzed the phenomenon of two-beam coupling and phase 
conjugation in photorefractive media. There exists a fundamental similarity 
between that effect and the phenomenon of stimulated Brillouin scattering 
(SBS) [1, 2]. Instead of a space-charge grating and the attendant index grating 
as in the photorefractive case, we encounter in SBS a traveling index (Δn) 
grating that is due to a hypersonic wave. This latter wave is generated inside 
a material medium via the electrostrictive effect (stress ∝ square of the optical 
field). The frequency difference of the two optical waves that are coupled 
to each other by the interaction is equal to that of the hypersonic wave. The 
modulation of the index of refraction due to the hypersonic wave in turn 
couples the two optical waves to each other and, as in the photorefractive 
effect, makes possible the amplification of one of the two beams at the 
expense of the other. This interaction can also lead to phase conjugation of 
optical wave incident on the material medium and thus enables the whole 
array of image processing applications described in Chapter 18.

We start with a basic introduction to stimulated Brillouin scattering.

We begin by considering how two optical waves present in a material medium 
can drive a hypersonic wave.

To derive the equation of motion for the hypersonic wave, consider a 
differential volume dxdydz as shown in Figure 19-1 inside the medium sub
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Figure 19-1 A differential volume of unit cross section (ΔzΔy = 1) and length Δx 
used to derive the equation of motion of an electrostrictively driven hypersonic 
wave.

jected to an electric field E. Let the deviation of a point x from its equilibrium 
position be u(x, t) so that the one-dimensional strain is ∂u/∂x. We introduce, 
phenomenologically, a constant γ that describes the change in the optical 
dielectric constant induced by the strain through the relation

(19.1-1)

since the electric energy density is (1/2)εE2, the presence of strain ∂u/∂x in 
a material medium changes the stored electrostatic energy density by 
-(1/2)γ(∂u/∂x)E · E which leads to a pressure. This pressure (p) is found by 
equating the work p(∂u/∂x) done while straining a unit volume (here we take 
ΔxΔyΔz = 1) to the change -(1/2)γ(∂u/∂x)E · E of the energy density. This 
results in

(19.1-2)

γ is the so-called electrostrictive constant of the medium. By comparing 
(19.1-1) to relation (12.3-17) and recalling that the strain s is equal, in our 
present notation, to ∂u/∂x and that ε = ε0n2, we obtain

The equation of motion for u(x, t) is thus

(19.1-4)

where η is a dissipation constant accounting phenomenologically for acoustic 
losses, whereas T and p are the elastic constant (bulk modulus) and the mass 
density, respectively [3].

(19.1-3)

where p is the photoelastic constant (in practice some linear combination of 
photoelastic tensor elements) as found in Tables 12-1 and 12-2.

The net electrostrictive force in the positive x direction acting on a unit 
volume is thus



672 TWO-BEAM COUPLING, AMPLIFICATION, AND PHASE CONJUGATION BY SBS

Next we assume that the two electric fields that together make up E and 
the hypersonic wave are in the form of plane waves traveling along three 
arbitrary directions and take them in the form

(19.1-5)

where r1, r2, and rs are the algebraic distances measured along the respective 
directions of propagation k1, k2, and ks, so that ri = ki · r/ki.

Returning to the wave equation (19.1-4), we use the last of Equation 
(19.1-5), and replacing x by rs, we obtain1

(19.1-6)

where we assumed

It follows from (19.1-6) that

and

(19.1-7)

(19.1-8)

(19.1-9)

1T-1 = (1/ρ) (dρ/dρ) where p is the pressure.

With these substitutions, the right side of (19.1-6) can be written as

so that the complete equation becomes
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where we assumed 

and took ê1,2 as unit vectors along E1 and E2, respectively.
In most experimental situations the spatial attenuation of the hypersound 

wave is so strong that the condition (ηωs/ρ)us ≫ ksv2s dus/drs is satisfied. 
Since the absorption coefficient for a free hypersound wave (E2 = E1 = 0) 
is, according to (19.1-6), αs = -η/ρvs, the last inequality can be written as

(19.1-10)

It is necessary to check our final result against this condition. When (19.1- 
10) is satisfied, we can solve for us in terms of the local E2 and E1 fields

(19.1-11)

Using the third of (19.1-5) as well as (19.1-7 and 19.1-8) leads to

(19.1-12)

Using the last relation in (19.1-5) and recalling that 

and that 

we obtain

(19.1-13)

In the case of stimulated scattering, only one wave, say 2, is incident on the 
interaction volume while the second wave, 1, is generated by the two-beam 
coupling mechanism. The effective input needed to get the interaction "off 
the ground" in this case could be that of thermally excited hypersonic waves 
and/or the residual (zero point vibrations) vacuum waves at frequencies near 
ω1. The new wave (1) is generated in a way that maximizes the power transfer
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from 2 to 12. This follows according to (19.1-13) when

This expression is similar to that for the photorefractive index grating 
(18.2-17 and 18.2-18) reproduced here as

In the case of no applied external field (E0 = 0), we obtain from (18.2-18) 
and (18.2-13)

(19.1-16)

so that

(19.1-17)

We see that the form of ΔnPR (19.1-17) is similar to that of the Brillouin case 
(19.1-15). The fundamental point of this similarity is the "holographic" term 
A2A*1 exp[-iKx + i(ω2 — ω1)t] with K → ks and x → rs. Apart from the 
different physical origin of the interactions in the Brillouin and photorefrac
tive case, the main difference is that in the Brillouin case the index "grating" 
oscillates at ω2 - ω1 = ωs, the sound frequency, which is typically in solids 
~2π × 1011 Hz. In the photorefractive case the frequency shift ω2 - ω1 ≤ 
1 Hz. This difference reflects the physical difference of the gratings. In the 
case of SBS the grating is a collective excitation in the medium, i.e., a 
hypersonic wave, and thus moves with the velocity of sound (vs ~ 3 × 105 
cm/s in solids) while the photorefractive grating crawls along with velocities 
ranging from zero for ω2 = ω1, to ~ 10-5 cm/s. (If this velocity seems small, 
recall that the corresponding Doppler shift is only ≤ 1 Hz.)3

2One way to visualize this is to consider the residual input 1 as made up of all possible frequencies 
ω1 and directions k1. The particular combination ω1, k1 satisfying the Bragg condition and 
(19.1-14), grows fastest. Also see footnote accompanying equation (18.1-6).
3 One consequence of the collective excitation in the case of SBS is that given ω2 and ω1, and 
thus the "sound" frequency ω5 = ω2 — ω1, the "sound" wavelength is determined by the 
"sound" dispersion law λs = 2πvs/ωs. This leads to the Bragg condition k2 - k1 = ks. In the 
case of a photorefractive grating, arbitrary k2 and k1 can be used provided the material response 
is fast enough.

(19.1-14)

so that Equation (19.1-13) can be written as

(19.1-15)
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We find that both the Brillouin-index grating (19.1-15 and the photore
fractive index grating [Equation (19.1-17) when ω1 = ω2] are out of phase 
by π/2 with respect to A2A*1 (or E2E*1), i.e., are shifted spatially by a quarter- 
grating period with respect to the optical intensity interference pattern. This, 
as we have found above [Equation (18.2-28) with φ = ±π/2], is the prereq- 
uisite for maximum power exchange between the two interacting beams.

To analyze the energy exchange between the two beams we need to 
solve the wave equation

where (PNL) is the new polarization due to the index grating. We assume 
that the two beams have the same polarization ê1 = ê2 ≡ ê since this leads, 
according to (19.1-15), to maximum Δn and thus to maximum Brillouin gain. 
The field E is taken as the sum of two traveling waves

Substituting (19.1-19) into (19.1-18) we obtain

(19.1-20)

where ∇⊥ is the transverse (to the direction of propagation) gradient operator. 

We neglected

(19.1-21)

From the form of Δn(r, t) as given by (19.1-15), (PNL) contains terms os- 
cillating at ω1 as well as ω2. We can thus separate (19.1-20) into two equa- 
tions, one where all the terms contain the factor exp(iω1t), the second where 
all terms contain the factor exp(iω2t).

In the first case we make use of (19.1-15) and (19.1-21) to obtain

(19.1-21a)

4In a crystal Equation (19.1-21) will be replaced by a slightly more complicated tensorial 
expression (PNL)i = ∆εij (r, t) Ej (r, t).

(19.1-18)

(19.1-19)

. The nonlinear polarization (PNL) is approxi

mated by the scalar form4
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Substituting the last expression in (19.1-20), recognizing that ω21με = k21, 
leads to

(19.1-22)

where r1 is the distance measured along k1. A similar procedure involving 
exp(iω2t) terms leads to

(19.1-23)

The terms -(α/2)E1 and —(α/2)E2 were added phenomenologically to account 
for optical absorption.

As a first approximation we assume that the exchange of power between 
E2 and E1 is not sufficient to affect ∣E2∣ appreciably and so we take ∣E2∣2 as 
a constant. This is referred to as the nondepleted pump approximation. We 
also assume plane wave propagation so that ∇2⊥E1,2 = 0. (This assumption 
will be discarded in the treatment of phase conjugation where the transverse 
variation of the distorted wavefront is important.) The solution of (19.1-22) 
in this case is

(19.1-24)

i.e., exponential growth with an exponential (intensity) gain coefficient

(19.1-25)

which is proportional to the intensity of beam 2. We made use of the relation 
p = γ/(n4ε0) where p is the photoelastic constant. We also used the Bragg 
relation (19.1-8), which in the case of an isotropic medium can be written 
as ks = 2ksin(θ/2), where θ is the angle between k1 and k2 and k ≡ ∣k1∣ ≈ 
∣k2∣. The gain gB can then be written as

(19.1-26)

where λ is the wavelength in vacuum and is the intensity

at ω2.

Numerical Example: Stimulated Brillouin Gain in Fused Quartz

Consider the experimental situation depicted by Figure 19-2. The problem 
is to calculate the gain gB experienced by a backward-propagating weak
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Figure 19-2 The output of a Q-switched Nd3+: YAG at λ2 = 1.06 μm is focused 
onto a fused quartz block. The problem is to calculate the gain constant 
experienced, due to Brillouin scattering, by a backward-propagating beam at 
(ω1 - ωs). The peak intensity inside the crystal is taken as I = 100 mW/cm2.

probe beam. Using the data in the figure as well as

and the data from Tables 12-1 and 12-2

the frequency shift is

In addition, we take

The result using (19.1-26) is an intensity gain coefficient

This (calculated) gain is very substantial and helps explain the ready oc- 
currence of stimulated Brillouin scattering. The latter is observed in exper- 
imental situations similar to that shown in Figure 19-2 except that in these 
cases no input beam at ω1 is provided. There always exists, however, some 
residual, unintentional reflectivities, R1 and R2, at the two ends. Since a 
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wave at ω1 (we will ignore for a moment the question of the origin of such 
a wave) is amplified in going from right to left in the figure [see Equation 
(19.1-26)], oscillation at ω1 will ensue provided that the gain is big enough 
to make up for distributed and reflection (end) losses, that is if

19.2 PHASE CONJUGATION BY STIMULATED BRILLOUIN SCATTERING

We have pointed out in Section 19.1 the formal similarity between stimulated 
Brillouin scattering (SBS) and photorefractive two-beam coupling. This sim
ilarity can be appreciated by comparing the coupled-wave equations of Bril
louin scattering (19.1-22, 19.1-23) to the corresponding equations of two- 
beam photorefractive coupling (18.2-23). This formal analogy suggests that 
SBS can be used as well for passive phase conjugation. As a matter of fact, 
the first passive phase conjugation was demonstrated by Zeldovich and his 
collaborators using SBS [4]. The experimental setup used in this first ex- 
periment is shown in Figure 19-3. It consists of a single input beam (ω2) 
focused onto a nonlinear medium (usually a liquid or compressed gas), the 
backward stimulated wave is at ω1. In the experiment depicted in Figure 19- 
3, a ruby laser beam was incident on a cell filled with pressurized methane 
gas. The backward-propagating stimulated beam passes in reverse through 
the distorting plate and emerges from it with an undistorted wavefront which

Figure 19-3 The experimental configuration used by Zeldovich et al. to 
demonstrate phase conjugation in amplified Brillouin scattering. (After Reference 
[4].) 

This is reminiscent of conventional lasers where the presence of gain at the 
laser wavelength plus reflection feedback gives rise to oscillation.
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is nearly identical to that of the pumping beam before impinging on the 
distorting plate.

A similar experiment was performed by Wang and Giuliano [5]. They 
verified the distortion compensation by accurate measurements of the beam 
divergence before and after the compensation. The results of this experiment 
are shown in Figure 19-4.

The exact theoretical explanation for the phase conjugation in the back- 
ward-scattering process is somewhat complicated [4,2,6]. The essence of 
this theory is that a backward-scattered beam will most effectively milk the 
incident (forward) beam of power when the two beams are phase conjugate 
replicas of each other. To appreciate this argument we may consider the 
random field fluctuations at ω1, that serve as the effective input beams to be 
amplified (by SBS), as made up of all possible field configurations, including 
the phase conjugate field. The latter field will grow fastest and win out over 
all the other configurations.

To illustrate this point consider the power transfer per unit volume 
P2→1 at some point r from a distorted input beam

(19.2-1)

to a backward wave

(19.2-2)

Figure 19-4 The intensity distribution of the aberrated uncorrected beam and the 
phase conjugated (Brillouin scattered) beam. (After Reference [5].)
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Using (1.2-13) and (1.2-17) and assuming that both waves have the same 
polarization, we obtain

5This insures that zeros of ∣E1(r)∣, as an example, overlap those of ∣E2∣, thus minimizing the 
number of locations where P2→1 is zero.

(19.2-3)

(19.2-4)

where the super bar denotes time averaging. Using Equation (19.2-1) in (19.1- 
21a) with r1 = -z leads to

(19.2-5)

It follows from (19.2-5) that for the local power transfer to be maximum, 
we do not require that E1 ∝ E*2, but only5

(19.2-6)

In order to obtain a maximal power transfer between the two beams, we 
need to ensure that condition (19.2-6) is satisfied throughout the whole in
teraction volume. This can only happen when

(19.2-7)

everywhere since this condition satisfies the local maximum power transfer 
condition (19.2-6) as well as the wave equation. The mathematical proof of 
(19.2-7) starts with the wave equations obeyed by the backward-propagating 
"signal" beam E1 and the forward pump beam E2 inside the nonlinear me- 
dium.

Let

(19.2-8)

where z is the nominal direction of propagation of the pump beam. The 
deviations of both beams from plane wave form are represented by the r⊥ 
dependence of complex amplitudes ℇ1 and ℇ2. The basic configuration is that 
used already to analyze stimulated Brillouin scattering in Section 19.1. We 
rewrite Equation (19.1-22) taking r1 = -z, r2 = z, α = 0 (no loss)

(19.2-9)

(19.2-10)
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If the intensity ∣f0(r⊥, z)∣2 of the laser field fluctuates strongly as a function 
of r⊥, then it follows from (19.2-18) that, in general, the partial overlap of 
maxima and minima of ∣f0(r⊥, z)∣2 and f*(r⊥, z)fk(r⊥, z) as well as the com
plex nature of these functions will cause gik to be a small number except for 
goo, since

(19.2-19)

where from (19.1-22, 19.1-25)

(19.2-11)

where vs = velocity of sound, αs = sound absorption coefficient, p = mass 
density, and p = photoelastic constant. Since ω2 - ω1 ≪ ω2, ω1, we will 
input k2 = k1 ≡ k in (19.2-9,19.2-10). Consider a system of orthonormal 
function fk(r⊥, z) such that

(19.2-12)

and

(19.2-13)

We choose the function f*0 such that it coincides within a constant B with 
the input (pump) field

(19.2-14)

The remaining members of the set fk are generated starting from the or
thogonality relation (19.2-13). The sought field ε1(r⊥, z) is expanded in the 
form of

(19.2-15)

Substituting (19.2-15) in (19.2-9) yields

(19.2-16)

The sum of the second and third terms is zero by virtue of (19.2-12). We 
next multiply (19.2-16) by f*i (r⊥, z). Using (19.2-13) leads to

(19.2-17)

with

(19.2-18)
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and no cancellation occurs. It follows that under these conditions, the coef
ficient C0 grows (with distance) more rapidly than the other Ci so that, after 
a sufficient distance, the field ξ1, is given, according to (19.2-15)

Figure 19-5 (a) The experimental setup (see text for explanation). (b) Far-field 
beam pictures. (c) Far-field intensity distribution. (d) Interferometric near-field 
fringe patterns. (Courtesy of J. Menders, G. Koop, Μ. Valley, and.R. Moyer, 
TRW Corp.)

(19.2-20)

that is, the back-scattered ℇ1 field generated by stimulated Brillouin scattering 
is the complex conjugate of the incident laser field and is thus in the proper 
form to correct in its backward travel for the phase distortions undergone 
by the laser field.

We note that if f0(r⊥, z) is not a strongly fluctuating function of r⊥, then 
goo and gii will be of the same order of magnitude and the preferential growth 
of C0 (z), which leads to phase conjugation, will not take place. The intro- 
duction of additional phase aberration in front of the Brillouin cell may thus 
improve the phase conjugation. This is indeed observed in practice.

In the above derivation, no initial boundary values for the Ci(z) coeffi- 
cients were specified, since no input exists. It is assumed that the input fields 
are due to zero point vibrations of the electromagnetic field at the Stokes' 
frequency.
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Figure 19-5 (continued)

The area of phase conjugation by stimulated Brillouin and Raman scat- 
tering is playing an increasing role in high-laser-power applications. Figure 
19-5 shows the results of phase conjugation by stimulated Brillouin scattering 
on the phase front and far-field spreading angle of a beam reflected from a 
multi(l9) segment mirror, used to simulate the distortion, followed by SBS 
and a second reflection from the segmented mirror. The phase conjugation 
process accompanying the SBS corrects for the position error ("piston" 
error) as well as the tilt error of the individual segments. This correction is 
evidenced by both the far-field images (b), intensity plots (c), as well as the 
inteferometric fringe patterns (d).
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