
D
Noise in Laser

Amplifiers

In Section 10.6 we discussed the effect of spontaneous emission power on 
the spectral width of the laser output. In this appendix we will derive the 
effect of spontaneous emission noise on a laser amplifier in which the gain 
medium, with no mirrors, is used to amplify a weak input field. The basic 
engineering problem is to find the degradation of the signal-to-noise power 
that is caused by the (inevitable) addition of some spontaneous emission 
(noise) power to the amplified signal. A typical experimental situation is 
shown in Figure D-1.

An inverted atomic medium with population densities N2 and N1 in the 
upper and lower transition levels occupies the space between z = 0 and z 
= L. An optical beam with power P is focused through an aperture with an 
area A1 into the gain medium and exits through an aperture A2. The coherent 
amplification of the input beam power P due to stimulated emission is given 
by

(D-1)

where γ, the exponential gain constant, is given by (5.3-3) as

(D-2)

Let us consider next the details of how spontaneous radiation (noise) is 
emitted, amplified, and mixes with the signal beam to degrade its signal-to- 
noise ratio.
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Figure D-1 A laser amplifier consisting of an inverted atomic medium contained 
between two screens. The signal beam is injected so that its waist coincides with 
the front screen.

An element dz at z with area A emits spontaneously

(D-3)

watts of power. Since this power is emitted isotropically over the 4π solid 
angle, only a fraction dΩ/4π of the total is fed into the solid angle dΩ 
subtended by the laser beam and ultimately intercepted by the detector. 
Similarly, it follows from the definition in Section 5.1 of the line-shape 
function g(v) that only a fraction g(v)Δv of the total spectrum of the spon- 
taneous radiation falls within the transmission bandpass Δv of the filter. The 
total noise power emitted by the elemental volume A dz within the spectral 
region Δv and solid angle dΩ allowed into the detector is thus

(D-4)

where the factor ½ in front accounts for the polarizer that can remove half 
of the (isotropically polarized) noise without affecting the (linearly polarized) 
signal power. The smallest solid angle dΩ that we can use without sacrificing 
signal power is that subtended by the beam

(D-5)

where A = πω21 and θb = λ/πω1n is the far-field diffraction angle of the signal 
beam as shown in Figure D-1. The value λ2/n2A is often referred to as the 
solid angle per mode.

Using (D-1) and (D-5), we rewrite (D-4) as

(D-6)
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The total evolution of beam power including the induced and sponta- 
neous transitions is thus given by the sum of the emitted powers. (If the two 
contributions were coherent we would add their fields.)

The solution of (D-7) subject to the boundary condition P(0) = P0 is

(D-8)

where

(D-10)

(D-11)

which for an ideal four-level gain medium (μ = 1) and high gain (G ≫ 1) 
becomes

If the laser amplifier were to be employed as a preamplifier in an optical 
receiver, then the minimum detectable power in the sense defined in Section 
11.4 is given by

(D-12)

which is the same as that obtained in (11.4-10) in the case of a heterodyne 
detection scheme with unity quantum efficiency (η = 1). The laser pream- 
plifier is thus an "ideal" quantum limited receiver.1

The approach leading to (D-7) is quite general and should apply also to 
an atomic medium that is in thermal equilibrium (at T) and hence is absorbing. 
We can use (D-7) in this case, provided we put γ(v) → -α(v), α (being the

1A practical note: To achieve the minimum detectable signal power, we need, according to 
(D-12), to reduce the bandwidth ∆v as much as possible. This is more easily done at the radio 
frequencies of the heterodyne signal than at optical frequencies. The practical advantage thus 
lies with heterodyne reception.

(D-7)

is the population inversion factor. The signal-to-noise power ratio at the 
output of the amplifier is

G ≡ exp(γL) is the one-pass gain. From the point of view of power book- 
keeping, the effect of spontaneous emission is seen to be equivalent to a 
noise input power
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medium absorption coefficient) and (N2/N1) = exp(-hv/kT) as appropriate 
to a medium in thermal equilibrium.

The result is

(D-13)

whose solution is

whose solution is

(D-14)

If the medium is "black" e-αL ≪ 1 (i.e., all incident radiation is absorbed), 
the output power is

(D-15)

independent of L and the input. This result is the same as the Johnson noise 
formula (10.5-6) which was obtained using quite a different point of view.

If the laser medium contains a transition, other than that responsible for 
the gain, that causes an absorption coefficient a and is characterized by a 
temperature T (this would be the temperature appearing in the Boltzmann 
ratio of the populations involved), then we must add the spontaneous emis- 
sion from the upper to lower level of this transition to that from the upper, 
amplifying, laser level. Using (D-7) and (D-13) we obtain

(D-16)

(D-17)

At optical frequencies where hv ≫ kT, the contribution of the first term 
in the brackets, which represents spontaneous emission due to atomic levels 
involved in the absorbing transitions, is, in most cases, negligible compared 
to the second term, which is due to spontaneous emission in the lasing 
transition. At lower, say microwave, frequencies the loss contribution may 
become appreciable.


