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The Propagation 

of Rays and 

Beams

2.0 INTRODUCTION

In this chapter we take up the subject of optical ray propagation through a 
variety of optical media. These include homogeneous and isotropic materials, 
thin lenses, dielectric interfaces, and curved mirrors. Since a ray is, by 
definition, normal to the optical wavefront, an understanding of the ray 
behavior makes it possible to trace the evolution of optical waves when they 
are passing through various optical elements. We find that the passage of a 
ray (or its reflection) through these elements can be described by simple 
2 × 2 matrices. Furthermore, these matrices will be found to describe the 
propagation of spherical waves and of Gaussian beams such as those char
acteristic of the output of lasers. Gaussian beam propagation is analyzed in 
second half of the chapter.

Consider a paraxial ray1 passing through a thin lens of focal length f as 
shown in Figure 2-1. Taking the cylindrical axis of symmetry as z, denoting 
the ray distance from the axis by r and its slope dr/dz as r', we can relate

1By paraxial ray we mean a ray whose angular deviation from the cylindrical (z) axis is small 
enough that the sine and tangent of the angle can be approximated by the angle itself.
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Figure 2-1 Deflection of a ray by a thin lens.

the output ray (rout, r'out) to the input ray (rin, r'in) by means of

(2.1-1)

where the first of (2.1-1) follows from the definition of a thin lens and the 
second can be derived from a consideration of the behavior of the undeflected 
central ray with a slope equal to r'in, as shown in Figure 2-1.

Representing a ray at any position z as a column matrix,

We can rewrite (2.1-1) using the rules for matrix multiplication (see Refer
ences [l]-[3]) as 

where f > 0 for a converging lens and is negative for a diverging one.
The ray matrices for a number of other optical elements are shown in 

Table 2-1.
Consider as an example the propagation of a ray through a Straight 

section of a homogeneous medium of length d followed by a thin lens of 
focal length f. This corresponds to propagation between planes a and b in 
Figure 2-2. Since the effect of the straight section is merely that of increasing 
r by dr', using (2.1-1) we can relate the output b and input (at a) rays by:

(2.1-3)

(2.1-2)
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Table 2-1 Ray Matrices for Some Common Optical Elements and Media

(1) Straight Section: 
Length d

(2) Thin Lens: 
Focal length f 
(f  > 0, converging; 
f < 0, diverging)

(3) Dielectric Interface: 
Refractive indices
n1, n2

(4) Spherical Dielectric 
Interface: 
Radius R

(5) Spherical Mirror: 
Radius of 
curvature R

(6) A medium with a 
quadratic index profile
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Notice also that the matrix corresponds to the product of the thin lens matrix 
times the straight section matrix as given in Table 2-1.

We are now in a position to consider the propagation of a ray through 
a biperiodic lens system made up of lenses of focal lengths f1 and f2 separated 
by d as shown in Figure 2-2. This will be shown in the next chapter to be 
formally equivalent to the problem of Gaussian-beam propagation inside an 
optical resonator with mirrors of radii R1 = 2f1 and R2 = 2f2 that are 
separated by d.

The section between the planes s and s + 1 can be considered as the 
basic unit cell of the periodic lens sequence. The matrix relating the ray 
parameters at the output of a unit cell to those at the input is the product 
of two matrices, one for each lens, each of which is of the form of the matrix 
in (2.1-3).

(2.1-5)

where A, B, C, and D are the elements of the matrix resulting from multi- 
plying the two square matrices in (2.1-4) and are given by

(2.1-6)

(2.1-7)

(2.1-8)

(2.1-4)

or, in equation form,

From the first of (2.1-5) we get

and thus
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Figure 2-2 Propagation of an optical ray through a biperiodic lens sequence.

Using the second of (2.1-5) in (2.1-8) and substituting for r's from (2.1-7) 
gives

(2.1-14)

(2.1-9)

for the difference equation governing the evolution through the lens wave- 
guide. Using (2.1-6) we can show that AD - BC = 1. We can consequently 
rewrite (2.1-9) as

(2.1-10)

where (2.1-11)

Equation (2.1-10) is the equivalent, in terms of difference equations, of 
the differential equation r" + Gr = 0, whose solution is r(z) = 
r(0)exp[±i√Gz]∙ We are thus led to try a solution in the form of

which, when substituted in (2.1-10), leads to

(2.1-12)

and therefore

(2.1-13)

where cos θ = b.
The general solution can be taken as a linear superposition of exp(isθ) 

and exp(-isθ) solutions or equivalently as
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where rmax = r0/sin α and α can be expressed using (2.1-8) in terms of r0 
and r'0.

The condition for a stable, that is, confined, ray is that θ be a real number, 
since in this case the ray radius rs oscillates as a function of the cell number 
s between rmax and -rmax. According to (2.1-13), the necessary and sufficient 
condition for θ to be real is that [5]

In terms of the system parameters, we can use (2.1-11) to reexpress (2.1-15)

or

(2.1-16)

If, on the other hand, the stability condition |b| ≤ 1 is violated, we obtain, 
according to (2.1-10), a solution in the form of

where ea± = b ± √b2 - 1, and, since the magnitude of either exp(α+) or 
exp(α-) exceeds unity, the beam radius will increase without limit as a 
function of (distance) s.

ldentical-Lens Waveguide

The simplest case of a lens waveguide is one in which f1 = f2 = f; that is, 
all lenses are identical.

The analysis of this situation is considerably simpler than that used for 
a biperiodic lens sequence. The reason is that the periodic unit cell (the 
smallest part of the sequence that can, upon translation, recreate the whole 
sequence) contains a single lens only. The (A, B, C, D) matrix for the unit 
cell is given by the square matrix in (2.1-3). Following exactly the steps 
leading to (2.1-11) through (2.1-14), the stability condition becomes

Because of the algebraic simplicity of this problem we can easily express 
rmax and α in (2.1-19) in terms of the initial conditions r0 and r'0, obtaining

(2.1-15)

(2.1-17)

(2.1-18)

and the beam radius at the nth lens is given by

(2.1-19)
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(2.1-20)

where n corresponds to the plane immediately to the right of the nth lens. 
The derivation of the last two equations is left as an exercise (Problem 2.1).

The stability criteria can be demonstrated experimentally by tracing the 
behavior of a laser beam as it propagates down a sequence of lenses spaced 
uniformly. One can easily notice the rapid escape of the beam once condition 
(2.1-18) is violated.

Another important application of the formalism just developed concerns the 
bouncing of a ray between two curved mirrors. Since the reflection at a 
mirror with a radius of curvature R is equivalent, except for the folding of 
the path, to passage through a lens with a focal length f = R/2, we can use 
the formalism of the preceding section to describe the propagation of a ray 
between two curved reflectors with radii of curvature R1 and R2, which are 
separated by d. Let us consider the simple case of a ray that is injected into 
a symmetric two-mirror system as shown in Figure 2-3(a). Since the x and 
y coordinates of the ray are independent variables, we can take them ac
cording to (2.1-19) in the form of

Reentrant RayS

If θ in (2.2-1) satisfies the condition

where v and l are any two integers, a ray will return to its starting point 
following v round trips and will thus continuously retrace the same pattern 
on the mirrors. If we consider as an example the simple case of l = 1, 
v = 2, so that θ = π/2, from (2.1-19) we obtain d = 2f = R; that is, if the 
mirrors are separated by a distance equal to their radius of curvature R, the 
trapped ray will retrace its pattern after two round trips (v = 2). This situation

(2.1-21)

2.2 PROPAGATION OF RAYS BETWEEN MIRRORS [6]

(2.2-1)

where n refers to the ray parameter immediately following the nth reflection. 
According to (2.2-1), the locus of the points xn, yn on a given mirror lies on 
an ellipse.

(2.2-2)
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Figure 2-3 (a) Path of a ray injected in plane of figure into the space between two 
mirrors. (b) Reentrant ray in confocal (d = R) mirror configuration repeating its 
pattern after two round trips.

(d = R) is referred to as symmetric confocal, since the two mirrors have a 
common focal point f = R/2. It will be discussed in detail in Chapter 4. The 
ray pattern corresponding to v = 2 is illustrated in Figure 2-3(b).

2.3 RAYS IN LENSLIKE MEDIA [7]

The basic physical property of lenses that is responsible for their focusing 
action is the fact that the optical path across them f n(r, z) dz (where n is 
the index of refraction of the medium) is a quadratic function of the distance 
r from the z axis. Using ray optics, we account for this fact by a change in 
the ray's slope as in (2.1-1). This same property can be represented by 
relating the complex field amplitude of the incident optical field Er(x, y) 
immediately to the right of an ideal thin lens to that immediately to the left 
El(x, y) by

(2.3-1)

where f is the focal length and k = 2πn/λ0.
The effect of the lens, therefore, is to cause a phase shift k(x2 + y2)/2f, 

which increases quadratically with the distance from the axis. We consider 
next the closely related case of a medium whose index of refraction n varies 
according to2

2 Equation (2.3-2) can be viewed as consisting of the first two terms in the Taylor series expansion 
of n(x, y) for the radial symmetric case.

(2.3-2)

where k2 is a constant. Since the phase delay of a wave propagating through 
a section dz of a medium with an index of refraction n is (2π dz/λ0)n, it 
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follows directly that a thin slab of the medium described by (2.3-2) will 
act as a thin lens, introducing [as in (2.3-1)] a phase shift proportional to 
(x2 + y2). The behavior of a ray in this case is described by the differential 
equation that applies to ray propagation in an optically inhomogeneous 
medium [8],

Figure 2-4 Path of a ray in a medium with a quadratic index variation. 

(2.3-3)

where s is the distance along the ray measured from some fixed position on 
it and r is the position vector of the point at s. For paraxial rays we may 
replace d/ds by d/dz and, using (2.3-2), obtain

(2.3-4)

If at the input plane z = 0 the ray has a radius r0 and slope r'0, we can write 
the solution of (2.3-4) directly as

That is, the ray oscillates back and forth across the axis, as shown in Figure 
2-4. A section of the quadratic index medium acts as a lens. This can be 
proved by showing, using (2.3-5), that a family of parallel rays entering at 
z = 0 at different radii will converge upon emerging at z = l to a common 
focus at a distance

(2.3-6) 

(2.3-5)
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from the exit plane. The factor n0 accounts for the refraction at the boundary, 
assuming the medium at z > l to possess an index n = 1 and a small angle 
of incidence. The derivation of (2.3-6) is left as an exercise (Problem 2.3).

Equations (2.3-5) apply to a focusing medium with k2 > 0. In a medium 
where k2 < 0—that is, where the index increases with the distance from the 
axis—the solutions for r(z) and r'(z) become 

so that r(z) increases with distance and eventually escapes. A section of 
such a medium acts as a negative lens.

Physical situations giving rise to quadratic index variation include:

1. Propagation of laser beams with Gaussian-like intensity profile in a slightly 
absorbing medium. The absorption heating gives rise, because of the 
dependence of n on the temperature T, to an index profile [9]. If dn/dT
< 0, as is the case for most materials, the index is smallest on the axis 
where the absorption heating is highest. This corresponds to a k2 < 0 
in (2.3-2) and the beam spreads with the distance z. If dn/dT > 0, as in 
certain lead glasses [10], the beams are focused.

2. In optically pumped solid-state laser rods, the portion of the absorbed 
pump power that is not converted to laser radiation is conducted as heat 
to the rod surface. This heat conduction requires a temperature gradient 
in which T is maximum on axis. The dependence of n on T then gives 
rise to a positive lens effect for dn/dT > 0 and a negative lens for dn/dT
< 0.

3. Dielectric waveguides made by sandwiching a layer of index n1 between 
two layers with index n2 < n1. This situation will be discussed further 
in Chapter 7 in connection with injection lasers.

4. Optical fibers produced by cladding a thin optical fiber (whose radius is 
comparable to λ) of an index n1 with a sheath of index n2 < n1. Such 
fibers are used as light pipes.

5. Optical waveguides consisting of glasslike rods or filaments, with radii 
large compared to λ, whose index decreases with increasing r. Such 
waveguides can be used for the simultaneous transmission of a number 
of laser beams, which are injected into the waveguide at different angles. 
It follows from (2.3-5) that the beams will emerge, each along a unique 
direction, and consequently can be easily separated. Furthermore, in 
view of its previously discussed lens properties, the waveguide can be 
used to transmit optical image information in much the same way as 
images are transmitted by a multielement lens system to the image plane 
of a camera [11].

(2.3-7)
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2.4 WAVE EQUATION IN QUADRATIC INDEX MEDIA

The most widely encountered optical beam in quantum electronics is one 
where the intensity distribution at planes normal to the propagation direction 
is Gaussian. To derive its characteristics we start with the Maxwell equations 
in an isotropic charge-free medium.

(2.4-1)

Taking the curl of the second of (2.4-1) and substituting the first results in

where we used ▽ × ▽ × E ≡ ▽(▽ ∙ E) - ∇2E. If we assume the field quantities 
to vary as E(x, y, z, t) = Re[E(x, y, z)eiωt] and neglect the right side of 
(2.4-2),3 we obtain

where
(2.4-3)

thus allowing for a possible dependence of ε on position r. We have also 
taken k as a complex number to allow for the possibility of losses (σ > 0) 
or gain (σ < 0) in the medium.4

We limit our derivation to the case in which k2(r) is given by

where, according to (2.4-4),

so that k2 is some constant characteristic of the medium. Furthermore, we 
assume a solution whose transverse dependence is on r = √x2 + y2 only, 
so that in (2.4-3) we can replace ∇2 by

(2.4-6)

3This neglect is justified if the fractional change of ε in one optical wavelength is ≪ 1.
4If k is complex (for example, kr + iki), then a traveling electromagnetic plane wave has the 
form of exp[i(ωt - kz)] = exp[+kiz + i(ωt - krz)].

(2.4-2)

(2.4-4)

(2.4-5)
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The kind of propagation we are considering is that of a nearly plane 
wave in which the flow of energy is predominantly along a single (for ex- 
ample, z) direction so that we may limit our derivation to a single transverse 
field component E. Taking E as

where ψ' ≡ ∂ψ/∂z and where we assume that the variation is slow enough 
that kψ' ≫ ψ" ≪ k2ψ.

Next we take ψ in the form of

(2.4-9)

that, when substituted into (2.4-8) and after using (2.4-6), gives

(2.4-10)

If (2.4-10) is to hold for all r, the coefficients of the different powers of r 
must be equal to zero. This leads to [7]

The wave equation (2.4-3) is thus reduced to (2.4-11).

2.5 GAUSSIAN BEAMS IN A HOMOGENEOUS MEDIUM

We start with Equation (2.4-11)

(2.5-1)

(2.5-4)

(2.4-7)

we obtain from (2.4-3) and (2.4-5) in a few simple steps,

(2.4-8)

(2.4-11)

In a homogeneous medium the quadratic coefficient k2 of (2.4-5) is zero so 
that

(2.5-2)

or

(2.5-3)
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where q0 is an arbitrary integration constant. From (2.4-11) and (2.5-4) we 
have

so that

(2.5-5)

(2.5-6)

where the new constant of integration was chosen as c = ilnq0
Combining (2.5-5) and (2.5-6) in (2.4-9), we obtain

(2.5-7)

We take q0 to be purely imaginary and reexpress it in terms of a new constant 
ω0 as

(2.5-8)

The choice of imaginary q0 will be found to lead to physically meaningful 
waves whose energy density is confined near the z axis. With this last sub
stitution, let us consider, one at a time, the two factors in (2.5-7). The first 
one becomes

(2.5-9)

where we used ln(a + ib) = ln√a2 + b2 + i tan-1(b/a). Substituting (2.5-8) 
in the second term of (2.5-7) and separating the exponent into its real and 
imaginary parts, we obtain

(2.5-10)

If we define the following parameters

(2.5-11)

(2.5-12)
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(2.5-13)

we can combine (2.5-9) and (2.5-10) in (2.5-7) and, recalling that E(x, y, 
z) = ψ(x, y, z)exp(-ikz), obtain

(2.5-14)

This is our basic result. We refer to it as the fundamental Gaussian-beam 
solution, since we have excluded the more complicated solutions of (2.4-3) 
(that is, those with azimuthal variation) by limiting ourselves to transverse 
dependence involving r = (x2 + y2)1/2 only. These higher-order modes will 
be discussed separately.

5Actually, it follows from (2.5-14) that, with the exception of the immediate vicinity of the 
plane z = 0. the wavefronts are parabolic since they are defined by k[z + (r2/2R)] = const. 
For r2 ≪ z2, the distinction between parabolic and spherical surfaces is not important.

From (2.5-14) the parameter ω(z), which evolves according to (2.5-11), 
is the distance r at which the field amplitude is down by a factor 1/e compared 
to its value on the axis. We will consequently refer to it as the beam spot 
size. The parameter ω0 is the minimum spot size. It is the beam spot size at 
the plane z = 0. The parameter R in (2.5-14) is the radius of curvature of 
the very nearly spherical wavefronts at z.5 We can verify this statement by 
deriving the radius of curvature of the constant phase surfaces (wavefronts) 
or, more simply, by considering the form of a spherical wave emitted by a 
point radiator placed at z = 0. It is given by

1
R

exp (2.5-15)

since z is equal to R, the radius of curvature of the spherical wave. Comparing 
(2.5-15) with (2.5-14), we identify R as the radius of curvature of the Gaussian 
beam. The convention regarding the sign of R(z) is that it is negative if the 
center of curvature occurs at z' > z and vice versa.

The form of the fundamental Gaussian beam is, according to (2.5-14), 
uniquely determined once its minimum spot size ω0 and its location—that
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Figure 2-5 Propagating Gaussian beam.

is, the plane z = 0—are specified. The spot size ω and radius of curvature 
R at any plane z are then found from (2.5-11) and (2.5-12). Some of these 
characteristics are displayed in Figure 2-5. The hyperbolas shown in this 
figure correspond to the ray direction and are intersections of planes that 
include the z axis and the hyperboloids

2.6 FUNDAMENTAL GAUSSIAN BEAM IN A LENSLIKE MEDIUM—THE ABCD LAW

We now return to the general case of a lenslike medium so that k2 ≠ 0. The
P and q functions of (2.4-9) obey, according to (2.4-11)

(2.5-16)

These hyperbolas correspond to the local direction of energy propagation.
The spherical surfaces shown have radii of curvature given by (2.5-12). For 
large z the hyperboloids x2 + y2 = ω2 are asymptotic to the cone

(2.5-17)

whose half-apex angle, which we take as a measure of the angular beam 
spread, is

(2.5-18)

This last result is a rigorous manifestation of wave diffraction according 
to which a wave that is confined in the transverse direction to an aperture 
of radius ω0 will spread (diffract) in the far field (z ≫ πω20n/λ) according to 
(2.5-18).

(2.6-1)
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If we introduce the function s defined by

(2.6-2)

we obtain from (2.6-1) 

so that

(2.6-3)

where a and b are arbitrary constants.
Using (2.6-3) in (2.6-2) and expressing the result in terms of an input 

value q0 gives the following result for the complex beam radius q(z)

The physical significance of q(z) in this case can be extracted from (2.4-9). 
We expand the part of ψ(r, z) that involves r. The result is

If we express the real and imaginary parts of q(z) by means of

(2.6-5)

we obtain 

so that ω(z) is the beam spot size and R its radius of curvature, as in the 
case of a homogeneous medium, which is described by (2.5-14). For the 
special case of a homogeneous medium (k2 = 0), (2.6-4) reduces to (2.5-4).

Transformation of the Gaussian Beam—the ABCD Law

We have derived above the transformation law of a Gaussian beam (2.6-4) 
propagating through a lenslike medium that is characterized by k2. We note 
first by comparing (2.6-4) to Table 2-1(6) and to (2.3-5) that the transformation 
can be described by

(2.6-6)

(2.6-4)



FUNDAMENTAL GAUSSIAN BEAM IN A LENSLIKE MEDIUM—THE ABCD LAW 51

where A, B, C, D are the elements of the ray matrix that relates the ray (r, 
r') at a plane 2 to the ray at plane 1. It follows immediately that the prop
agation through, or reflection from, any of the elements shown in Table 2-1 
also obeys (2.6-6), since these elements can all be viewed as special cases 
of a lenslike medium. For future reference we note that by applying (2.6-6) 
to a thin lens of focal length f we obtain from (2.6-6) and Table 2-1(2)

so that using (2.6-5)

(2.6-7)

(2.6-8)

These results apply, as well, to reflection from a mirror with a radius of 
curvature R if we replace f by R/2.

Consider next the propagation of a Gaussian beam through two lenslike 
media that are adjacent to each other. The ray matrix describing the first 
one is (A1, B1, C1, D1) while that of the second one is (A2, B2, C2, D2). Taking 
the input beam parameter as q1 and the output beam parameter as q3, we 
have from (2.6-6)

(2.6-9)

where (AT, BT, CT, DT) are the elements of the ray matrix relating the output 
plane (3) to the input plane (1), that is,

(2.6-10)

It follows by induction that (2.6-9) applies to the propagation of a Gaus- 
sian beam through any arbitrary number of lenslike media and elements. 
The matrix (AT, BT, CT, DT) is the ordered product of the matrices char
acterizing the individual members of the chain.

The great power of the ABCD law is that it enables us to trace the 
Gaussian beam parameter q(z) through a complicated sequence of lenslike 
elements. The beam radius R(z) and spot size ω(z) at any plane z can be

for the beam parameter at the output of medium 1 and

and after combining the last two equations,
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recovered through the use of (2.6-5). The application of this method will be 
made clear by the following example.

Example: Gaussian Beam Focusing

As an illustration of the application of the ABCD law, we consider the case 
of a Gaussian beam that is incident at its waist on a thin lens of focal length 
f, as shown in Figure 2-6. We will find the location of the waist of the output 
beam and the beam radius at that point.

At the input plane 1 ω = ω01, R1 = ∞ so that 

using (2.6-8) leads to

At plane 3 we obtain, using (2.5-4),

Since plane 3 is, according to the statement of the problem, to correspond 
to the output beam waist, R3 = ∞. Using this fact in the last equation leads 
to

(2.6-11)

as the location of the new waist, and to

(2.6-12)
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Figure 2-6 Focusing of a Gaussian beam.

for the output beam waist. The confocal beam parameter 

is, according to (2.5-11), the distance from the waist in which the input beam 
spot size increases by √2 and is a convenient measure of the convergence 
of the input beam. The smaller z01, the "stronger" the convergence.

2.7 A GAUSSIAN BEAM IN LENS WAVEGUIDE

As another example of the application of the ABCD law, we consider the 
propagation of a Gaussian beam through a sequence of thin Ienses, as shown 
in Figure 2-2. The matrix, relating a ray in plane s + 1 to the plane s = 1 is

(2.7-1)

where (A, B, C, D) is the matrix for propagation through a single two-lens, 
unit cell (∆s = 1) and is given by (2.1-6). We can use a well-known formula 
for the sth power of a matrix with a unity determinant (unimodular) to obtain

(2.7-2)
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The condition for the confinement of the Gaussian beam by the lens sequence 
is, from (2.7-4), that θ be real; otherwise, the sine functions will yield growing 
exponentials. From (2.7-3), this condition becomes |cos θ| ≤  1, or

2.8 HIGH-ORDER GAUSSIAN BEAM MODES IN A HOMOGENEOUS MEDIUM

The Gaussian mode treated up to this point has a field variation that depends 
only on the axial distance z and the distance r from the axis. If we do not 
impose the condition ∂/∂Φ = 0 (where Φ is the azimuthal angle in a cylindrical 
coordinate system (r, Φ, z)) and take k2 = 0, the wave equation (2.4-3) has 
solutions in the form of [12]

where Hl is the Hermite polynomial of order l, and ω(z), R(z), q(z), and η 
are defined as in (2.5-11) through (2.5-13).

We note for future reference that the phase shift on the axis is

(2.8-2)

where

(2.7-3)

and then use (2.7-2) in (2.6-9) with the result

(2.7-4)

(2.7-5)

that is, the same as condition (2.1-16) for stable-ray propagation.

(2.8-1)
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The transverse variation of the electric field along x (or y) is seen to be of 
the form Hl(ξ)exp(-ξ2/2) where ξ = √2x/ω. This function has been studied 
extensively, since it corresponds, also, to the quantum mechanical wave
function ul(ξ) of the harmonic oscillator [13]. Some low-order functions 
normalized to represent the same amount of total beam power are shown in 
Figure 2-7. Photographs of actual field patterns are shown in Figure 2-8. 
Note that the first four correspond to the intensity |ul(ξ)|2 plots (l = 0, 1, 2, 
3) of Figure 2-7.

2.9 HIGH-ORDER GAUSSIAN BEAM MODES IN QUADRATIC INDEX MEDIA

In Section 2.6 we treated the propagation of a circularly symmetric Gaussian 
beam in lenslike media. Here we extend the treatment to higher-order modes 
and limit our attention to steady-state (that is, q(z) = const.) solutions in 
media whose index of refraction can be described by

(2.9-1a)

(2.9-1b)

We consider some (scalar) component E of the last equation and assume 
a solution in the form

Taking ψ(x, y) = f(x)g(y) the wave equation (2.9-1b) becomes

(2.9-3)

where C is some constant. Consider first (2.9-4). Defining a variable ξ by

(2.9-5)

that is consistent with (2.4-5) if we put k2 = 2πn2/λ.
The vector-wave equation (2.4-3) takes the form

(2.9-2)

Since (2.9-2) is the sum of a y dependent part and an x dependent part, it 
follows that

(2.9-4)
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This is a well-known differential equation and is identical to the Schrödinger 
equation of the harmonic oscillator [13]. The eigenvalue C/α2 must satisfy

Figure 2-7 Hermite-Gaussian functions ul(ξ) = (π1/2l!2l)-1/2Hl(ξ)e-ξ2/2 
corresponding to higher-order beam solutions (Equation 2.8-1). The curves are 
normalized so as to represent a fixed amount of total beam power in all the modes

(2.9-4) becomes

(2.9-6)

(2.9-7)

The solid curves are the functions ul(ξ) for l = 0, 1, 2, 3, and 10. The dashed 
curves are u2l(ξ).
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and corresponding to an integer m, the solution is

(2.9-8)

Figure 2-7 (continued)

where Hm is the Hermite polynomial of order m.
We now repeat the procedure with (2.9-3). Substituting
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it becomes

Figure 2-8 Intensity photographs of some low-order Gaussian beam modes. (After 
Reference [14].)
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so that, as in (2.9-7),

(2.9-9)

and

(2.9-10)

where the "spot size" ω is, according to (2.9-5),

(2.9-11)

The total (complex) field is

(2.9-12)

(2.9-13)

The propagation constant βl,m of the l, m mode is obtained from (2.9-7) 
and (2.9-9)

The total solution for ψ is thus

Two features of the mode solutions are noteworthy. (1) Unlike the ho
mogeneous medium solution (n2 = 0), the mode spot size ω is independent 
of z. This can be explained by the focusing action of the index variation 
(n2 > 0), which counteracts the natural tendency of a confined beam to dif
fract (spread). In the case of an index of refraction which increases with 
r(n2 < 0), it follows from (2.9-11) and (2.9-12) that ω2 < 0 and no confined 
solutions exist. The index profile in this case leads to defocusing, thus rein
forcing the diffraction of the beam. (2) The dependence of β on the mode 
indices l, m causes the different modes to have phase velocities vl,m = ω/βl,m 
as well as group velocities (vg)l,m = dω/dβl,m that depend on l and m.

Let us consider the modal dispersion (that is, the dependence on l and 
m) of the group velocity of mode l, m

(2.9-14)
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(2.9-15)

If the index variation is small so that 

we can approximate (2.9-13) as

(2.9-16)

so that, according to (2.9-14),

(2.9-17)

The effect of the group velocity dispersion on pulse propagation is considered 
next.

Pulse Spreading in Quadratic Index GlaSS Fibers

Glass fibers with quadratic index profiles (2.9-1a) are excellent channels for 
optical communication systems [15, 16]. The information is coded onto trains 
of optical pulses and the channel information capacity is thus fundamentally 
limited by the number of pulses that can be transmitted per unit time [17, 
18].

There are two ways in which the group velocity dispersion limits the 
pulse repetition rate of the quadratic index channel.

1. Modal Dispersion If the optical pulses fed into the input end of the fiber 
excite a large number of modes (this will be the case if the input light is 
strongly focused so that the "rays" subtend a large angle), then each mode 
will travel with a group velocity (vg)l,m, as given by (2.9-17). If all the modes 
from (0, 0) to (lmax, mmax) are excited, the output pulse at z = L will broaden 
to

(2.9-18)

We can use (2.9-17) and the condition (n2/n)(l + m + 1)1 2/2k2 ≪ 1 to obtain

(2.9-19)

The maximum number of pulses per second that can be transmitted 
without serious overlap of adjacent output pulses is thus fmax ~ 1/∆τ. High 
data rate transmission will thus require the use of single mode excitation, 
which can be achieved by the use of coherent single mode laser excitation 
[16, 17, 18, 24].
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Example: Numerical Example

Consider a 1-km-long quadratic index fiber with n = 1.5, n2 = 5.1 × 103 
cm-2. Let the input optical pulses at λ = 1 μm excite the modes up to 
lmax = mmax = 30. Substitution in (2.9-19) gives

2. Group Velocity Dispersion The pulse spreading (2.9-19) due to multimode 
excitation can be eliminated if one were to excite a single mode, say l, m 
only. In this case pulse spreading would still result from the dependence of 
(vg)l,m on frequency. This spreading can be explained by the fact that a pulse 
with a spectral width ∆ω will spread in a distance L by

If the pulse is derived, say, by gating, from a coherent continuous source 
with a negligible spectral width, the pulse spectral width is related to the 
pulse duration τ by ∆ω ~ 2/τ and (2.9-20) becomes

(2.9-21)

If the source bandwidth Δωs exceeds τ-1, then we need to replace Δω in 
(2.9-20) by Δωs.

In order to check our semi-intuitive derivation of (2.9-21) and also as an 
instructive exercise in the mathematics of dispersive propagation, we will, 
in what follows, consider the problem of an optical pulse with a Gaussian 
envelope propagating in a dispersive channel.

The input pulse is taken as the product of a slowly varying envelope 
function exp(-αt2) and a carrier exp(iω0t)

where F(Ω), the Fourier transform of the envelope exp(-at2), is

(2.9-23)

The field at a distance z is obtained by multiplying each frequency component

and fmax ~ (Δτ)-1 = 1.25 × 108 pulses per second for the maximum pulse 
rate.

(2.9-20)

(2.9-22)
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we obtain

where

where

(2.9-25)

(2.9-27)

(ω0 + Ω) in (2.9-22) by exp[-iβ(ω0 + Ω)z]. If we expand β(ω0 + Ω) near 
ω0 as

The initial pulse width, defined as the full width at half-maximum intensity, 
is given by

(2.9-28)

(2.9-24)

The field envelope is given by the integral in (2.9-24)

After substituting for F(Ω) from (2.9-23), the last equation becomes

Carrying out the integration yields

ℰ(z, t)

(2.9-26)

The pulse duration τ at z can be taken as the separation between the two 
times when the pulse envelope squared (intensity) is smaller by a factor of 
½ from its peak value, that is,
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The pulse width after propagating a distance L can thus be expressed as

(2.9-30)

If we use the definition of the factor a [see line following (2.9-25)], the last 
expression becomes

(2.9-31)

which, within a factor of ln 2, is in agreement with (2.9-21).
The group velocity dispersion is often characterized by D ≡ L-1(dT/dλ), 

where T is the pulse transmission time through length L of the fiber. This 
definition is related to the second-order derivative of β with respect to ω as

(2.9-32)

and is related to the parameter a used above by

(2.9-33)

With this new definition, the pulse-width expression (2.9-29) can be written
as

(2.9-36)

(2.9-29)

At large distances such that aL ≫ τ20 we obtain

(2.9-34)

If DL is in units of picoseconds per nanometer, λ is in units of micrometers, 
and τ is in units of picoseconds, the pulse width can be written as

(2.9-35)

The group velocity dispersion, i.e., the dependence of vg on ω, which 
according to (2.9-31) leads to pulse broadening, is due to two mechanisms:

1. vg depends, according to (2.9-17), on ω, since k = ωn/c.
2. vg depends implicitly on ω through the dependence of the material index 

of refraction n on ω. We thus write dvg/dω = ∂vg/∂ω + ∂vg/∂n(dnldω) 
and obtain from (2.9-17)
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where in the second term we assumed (n2/2k2n)(l + m + 1)2 ≪ 1. In 
most fibers the pulse spreading is dominated by the material dispersion 
term dn/dω.

The actual index variation in a parabolic index SiO2-B2O3 fiber with a 
value of n2 ≃ 5 × 103 cm-2 is shown in Figure 2-9. The broadening of an 
optical pulse after a propagation distance of ~2.5 km is illustrated by Figure 
2-10. The input optical pulse excites a large number of (l, m) modes, and 
the broadening is of the type described by (2.9-19). The data are reproduced 
from Reference [17], which also describes the important consequence of 
intermode mixing on pulse broadening.

If we combine (2.9-26) with (2.9-24), we find that the total field at z is

(2.9-37)

The oscillation phase is thus

(2.9-38)

The local "frequency" ω(z, t) is then

(2.9-39)

and consists of the original frequency ω0 and a linear frequency sweep (chirp), 
which is proportional to the group velocity dispersion term a. The chirp can 
be understood intuitively by the fact that, due to group velocity dispersion,

Figure 2-9 Graded refractive-index profile across the core of the SiO2-B2O3 fiber.
The dashed lines describe quadratic profiles. (After Reference [17].)
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Figure 2-10 (a) Pulse shape at the input of the quadratic index fiber of Figure 2-9. 
(b) The output pulse after a propagation through 2516 m (note the change in the 
time scales). (After Reference [17].) 

different frequencies travel with different (group) velocity. According to 
(2.9-35), the broadening ratio τ(L)/τ0 for a given laser pulse will be small 
(i.e., ~ 1) provided the group dispersion-length product DL is very small 
compared to (τ0/λ)2. It is, of course, desirable to transmit light pulses at the 
condition when the group velocity dispersion is zero (D = 0). This may 
happen in optical fibers when the frequency dispersion and the material 
dispersion cancel each other at some wavelength. A nearly distortionless 
propagation of a 5-ps (5 × 10-12 s) Fourier transform limited pulse, in two 
fused-silica, single-mode fibers of 0.76 and 2.5 km length, respectively, has

Figure 2-11 Pulse broadening in 2.5-km-1ong fiber resulting from linear dispersion 
[18].
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been demonstrated at λ = 1.30 μm where the group velocity dispersion is 
zero (or almost zero) [24]. Figure 2-11 shows the measured pulse broadening. 
Some additional discussion of pulse broadening by group velocity dispersion 
in optical silica-based fibers is presented in Section 3.3.

2.10 PROPAGATION IN MEDIA WITH A QUADRATIC GAIN PROFILE

In many laser media the gain is a strong function of position. This variation 
can be due to a variety of causes, among them: (1) the radial distribution of 
energetic electrons in the plasma region of gas lasers [19], (2) the variation 
of pumping intensity in solid state lasers, and (3) the dependence of the 
degree of gain saturation on the radial position in the beam.

We can account for an optical medium with quadratic gain (or loss) 
variation by taking the complex propagation constant k(r) in (2.4-5) as

6"Steady state" here refers not to the intensity, which according to (2.10-1) is growing or 
decaying with z, but to the beam radius of curvature and spot size.

Figure 2-12 Theoretical curve showing the dependence of beam radius on 
quadratic gain constant α2. Experimental points were obtained in a xenon 3.39-μm 
laser in which α2 was varied by controlling the unsaturated laser gain. (After 
Reference [20].)

(2.10-1)

where the plus (minus) sign applies to the case of gain (loss). Assuming 
k2r2 ≪ k in (2.4-5), we have k2 = iα2. Using this value in (2.4-11) to obtain 
the steady-state ((l/q)' = 0) solution of the complex beam radius yields6

(2.10-2)
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The steady-state beam radius and spot size are obtained from (2.6-5) and 
(2.10-2)

We thus find that the steady-state solution corresponds to beams with a 
constant spot size but with a finite radius of curvature.

The general (nonsteady state) behavior of the Gaussian beam in a quad
ratic gain medium is described by (2.6-4), where k2 = iα2.

Experimental data showing a decrease of the beam spot size with in
creasing gain parameter α2 in agreement with (2.10-3) are shown in Figure 
2-12.

2.11 ELLIPTIC GAUSSIAN BEAMS

All the beam solutions considered up to this point have one feature in com
mon. The field drops off as in (2.8-1), according to

(2.11-1)

so that the locus in the x-y plane of the points where the field is down by a 
factor of e-1 from its value on the axis is a circle of radius ω(z). We will 
refer to such beams as circular Gaussian beams.

The wave equation (2.4-8) also admits solutions in which the variation 
in the x and y directions is characterized by

(2.11-2)

with ωx ≠ ωy. Such beams, which we name elliptic Gaussian, result, for 
example, when a circular Gaussian beam passes through a cylindrical lens 
or when a laser beam emerges from an astigmatic resonator—that is, one 
whose mirrors possess different radii of curvature in the z-y and z-x planes.

We will not repeat the whole derivation for this case, but will indicate 
the main steps.

Instead of (2.4-9) we assume a solution

(2.11-3)

(2.10-3)
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that results, in a manner similar to (2.4-11), in7

and

In the case of a homogeneous (k2x = k2y = 0) beam we obtain as in (2.5-4),

(2.11-6)

where Cx is an arbitrary constant of integration. We find it useful to write 
Cx as

where zx is real and q0x is imaginary. The physical significance of these two 
constants will become clear in what follows. A similar result with x → y is 
obtained for qy(z). Using the solutions of qx(z) and qy(z) in (2.11-5) gives

(2.11-8)

where

(2.11-9)

with similar expressions in which x → y for q0y, ωy, Ry.

7The parameters k2x and k2y are defined by

(2.11-4)

(2.11-5)

(2.11-7)

Proceeding straightforwardly, as in the derivation connecting (2.5-6, . . . 14), 
results in

which is a generalization of (2.4-5).
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Figure 2-13 Illustration of an elliptic beam produced by cylindrical focusing of a 
circular Gaussian beam.

The phase delay η(z) in (2.11-8) is now given by

(2.11-10)

It follows that all the results derived for the case of circular Gaussian 
beams apply, separately, to the x-z and to the y-z behavior of the elliptic 
Gaussian beam. For the purpose of analysis the elliptic beam can be con
sidered as two independent "beams." The position of the waist is not nec
essarily the same for these two beams. It occurs at z = zx for the x-z beam 
and at z = zy for the y-z beam in the example of Figure 2-13, where zx and 
zy are arbitrary.

It also follows from the similarity between (2.11-4) and (2.4-11) that the 
ABCD transformation law (2.6-9) can be applied separately to qx(z) and qy(z) 
which, according to (2.11-8), are given by

Elliptic Gaussian Beams in a Quadratic Lenslike Medium

Here we consider the steady-state elliptic beam propagating in a medium 
whose index of refraction is given by

(2.11-11)

(2.11-12)

The derivation is identical to that presented in Section 2.9, resulting in

(2.11-13)
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Figure 2-14 (a) Near-field and (b) far-field intensity distributions of the output of 
stripe contact GaAs-GaAlAs lasers. (After Reference [21].)

(2.11-14)

(2.11-15)
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The beam, as in the solution of the homogeneous case (2.11-8), possesses 
different spot sizes and radii of curvature in the y-z and x-z planes. The beam 
parameters, however, are independent of z.

Elliptic Gaussian beams have been observed experimentally in the output 
of stripe geometry gallium arsenide junction lasers [21-23]. Near-field and 
far-field experimental intensity distributions corresponding to some (0, m) 
modes are shown in Figure 2-14.

Probleme

2.1 Derive Equations (2.1-19) through (2.1-21).

2.2 Show that the eigenvalues λ of the equation 

are λ = e±iθ with exp(±iθ) given by Equation (2.1-13). Note that, according 
to Equation (2.1-5), the foregoing matrix equation can also be written as

2.3 Derive Equation (2.3-6).

2.4 Make a plausibility argument to justify Equation (2.3-1) by showing that 
it holds for a plane wave incident on a lens.

2.5 Show that a lenslike medium occupying the region 0 ≤ z ≤ 1 will image 
a point on the axis at z < 0 onto a single point. (If the image point occurs 
at z < l, the image is virtual.)

2.6 Derive the ray matrices of Table 2-1.

2.7 Solve the problem leading up to Equations (2.6-11) and (2.6-12) for the 
case where the lens is placed in an arbitrary position relative to the input 
beam (that is, not at its waist).

a. Assume a Gaussian beam incident normally on a solid prism with an index 
of refraction n as shown. What is the far-field diffraction angle of the 
output beam?
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b. Assume that the prism is moved to the left until its input face is at z = 
-l1. What is the new beam waist and what is its location? (Assume that 
the crystal is long enough that the beam waist is inside the crystal.)

2.9 A Gaussian beam with a wavelength λ is incident on a lens placed at 
z = l as shown. Calculate the lens focal length, f, so that the output beam 
has a waist at the front surface of the sample crystal. Show that (given l and 
L) two solutions exist. Sketch the beam behavior for each of these solutions.

2.10 Complete all the missing steps in the derivation of Section 2.11.

2.11 Find the beam spot size and the maximum number of pulses per second 
that can be carried by an optical beam (λ = 1 μm) propagating in a quadratic 
index glass fiber with n = 1.5, n2 = 5 × 102 cm-2, (a) in the case of a single 
mode excitation 1 = m = 0; (b) in the case where all the modes with 1, m < 
5 are excited. Using dispersion data of any typical commercial glass and 
taking n2 = 5 × 103 cm-2, lmax = 30, compare the relative contributions of 
modal and glass dispersion to pulse broadening.

2.12 Given a thick lens with radii of curvature R1 and R2 on its entrance 
and exit surfaces, an index of refraction n, and a thickness d,

a. Obtain the ABCD matrix of the lens.
b. What is its focal distance for light incident from the left?
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