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We study the Sachdev-Ye-Kitaev (SYK4 ) model with a weak SYK2 term of magnitude Γ beyond the
simplest perturbative
pﬃﬃﬃﬃ limit considered previously. For intermediate values of the perturbation strength,
J=N ≪ Γ ≪ J= N , fluctuations of the Schwarzian mode are suppressed, and the SYK4 mean-field
solution remains valid beyond the timescale t0 ∼ N=J up to t ∼ J=Γ2 . The out-of-time-order correlation
function displays at short time intervals exponential growth with maximal Lyapunov exponent 2πT, but its
prefactor scales as T at low temperatures T ≤ Γ.
DOI: 10.1103/PhysRevLett.125.196602

Introduction.—The Sachdev-Ye-Kitaev (SYK) model
[1–4] presents a rare example of an analytically tractable
theory of strongly correlated fermions. While the original
SYK4 model with only fourth-order terms in the
Hamiltonian looks exotic from the condensed matter
perspective, the inclusion of quadratic terms brings the
theory closer to the world of strongly interacting electrons.
Thus, the SYK4 Hamiltonian with a small SYK2 perturbation is a reasonable model in this regard. In the mean-field
approximation (which is exact in the limit of infinite
number of Majorana modes N), the SYK2 term is always
dominant at temperature T ¼ 0 [5–10]. More exactly, the
saddle pointpsolution
for the SYK4 Green’s function,
ﬃﬃ
Gsp4 ðtÞ ∝ 1= t, turns to Gsp2 ðtÞ ∝ 1=t (characteristic of
a Fermi liquid) at longer times. At finite N, the SYK4 phase
is stable to quadratic perturbations below some threshold
[11] due to soft mode fluctuations, which change the
asymptotic behavior of Green’s function to Gfluc ðtÞ ∝
1=t3=2 at t ≫ t0 ∼ N=J [4]. The stability result, originally
obtained via straightforward perturbation theory [11], was
later generalized to several related models (tunneling
between different SYK grains, complex fermions) and to
the renormalization group (RG) framework [12,13]. The
threshold value of perturbation strength Γ was estimated as
Γc ∼ J=N and is more accurately determined below. If
Γ > Γc , then the system behaves as a Fermi liquid at the
longest times.
In the present Letter, we extend the results [11–13] in
two important directions. First, we present a method to
analyze the SYK4 þ SYK2 model beyond perturbation
theory or its RG-like variant. Second, our new method
works at a finite temperature (which is assumed to be
greater than the temperature T gl of an expected [14] glass
transition). In particular, we study a previously unexplored
range of intermediate strengths of the SYK2 term,
0031-9007=20=125(19)=196602(6)

pﬃﬃﬃﬃ
J=N ≪ Γ ≪ J= N . In this regime, the quadratic perturbation is weak at the timescale t ≤ t0 ∼ N=J, where the
saddle point (conformal) solution Gsp4 is applicable.
Paradoxically, we find that the perturbation
stabilizes the
pﬃﬃ
conformal solution Gsp4 ðtÞ ∼ 1= t for extended times,
t ≫ t0 , where Green’s function of the pure SYK4 model
is modified by the soft mode fluctuations. Only at the
longest timescale, t ≥ J=Γ2 ≫ t0 , the conformal solution
Gsp4 gives way to the Fermi-liquid solution Gsp2 ðtÞ ∝ 1=t.
Recent experiments on strongly correlated electron
systems [15,16] with nearly flat band demonstrate a
“strange metal" behavior with resistivity RðTÞ ∝ T, which
was shown [8] (within purely saddle point analysis) to
occur in an array of SYK “dots” coupled by weak
tunneling. We demonstrate in this Letter that such a
behavior can be realized under a much broader range of
conditions than those implied in Ref. [8].
Our results are best understood using the geometric
interpretation [17] of the Schwarzian theory in terms of an
auxiliary particle whose trajectories are closed curves in the
hyperbolic plane. The quadratic perturbation is then
described as the particle being coupled to a free scalar
Bose field. For sufficiently strong coupling, Γ ≫ J=N, a
polaron-type bound state is formed, resulting in increased
rigidity of the curve and the suppression of its fluctuations.
The model and basic equations.—The Hamiltonian
involves N Majorana operators χ 1 ; …; χ N and has the
following form:
H¼

1 X
i X
Γij χ i χ j :
Jijkl χ i χ j χ k χ l þ
4! i;j;k;l
2!

ð1Þ

Here ðJijkl Þ and ðΓij Þ are antisymmetric tensors. Each of
their components is a Gaussian random variable with zero
mean and the following variance: J 2ijkl ¼ ð3!J2 =N 3 Þ and
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Γ2ij ¼ ðΓ2 =NÞ. We assume that Γ ≪ J. When averaging
over disorder (i.e., over J ijkl and Γij ), Green’s function is
taken to be diagonal in replicas. This is self-consistent
pﬃﬃﬃﬃ
above the glass transition temperature T gl , where N ≤
lnðJ=T gl Þ ≤ 23 s0 N with s0 ¼ 0.4648…, see [18]. We consider the problem in imaginary time, introduce new fields
Gðτ; τ0 Þ, P and impose the constraint Gðτ; τ0 Þ ¼
−ð1=NÞ Ni¼1 χ i ðτÞχ i ðτ0 Þ using Lagrange multiplier fields
Σðτ; τ0 Þ. By performing the functional integral over the
Grassmann variables χ i , we obtain an effective action for G
and Σ. The result has the form S ¼ SSYK þ S2 , where
2
S
¼ tr lnð−∂ τ − ΣÞ
N SYK

Z 
J2
0
0
0 4
þ
Σðτ; τ ÞGðτ; τ Þ − Gðτ; τ Þ dτdτ0 ; ð2Þ
4
2
Γ2
S2 ¼ −
N
2

Z

Gðτ; τ0 Þ2 dτdτ0 :

ð3Þ

The action SSYK with the derivative term neglected—which
is applicable for t ≫ 1=J—is invariant under reparametrizations of time. In particular, this abridged action has a
degenerate saddle: along with a unique conformal [i.e.,
PSLð2; RÞ-invariant] saddle point ðGc ; Σc Þ, there is a
manifold of related points ðGφ ; Σφ Þ. It is parametrized
by functions φ that map the circle of length β ¼ 1=T to the
circle of length 2π,
Gφ ðτ1 ; τ2 Þ ¼ J −2Δ Gc ðφðτ1 Þ; φðτ2 ÞÞφ0 ðτ1 ÞΔ φ0 ðτ2 ÞΔ ;
Gc ðφ1 ; φ2 Þ ¼ −bΔ sgnðφ12 Þjφ12 j−2Δ ;

ð4Þ

2
where Δ ¼ 14, b ¼ ð1=4πÞ, and φ12 ¼ 2 sinðφ1 −φ
2 Þ. (The
corresponding expressions for Σ differ by the replacement
Δ → 1 − Δ and an overall factor of J2 .) The term with ∂ τ in
the original action (2) lifts the degeneracy and leads to the
“Schwarzian action” defined on the soft mode manifold (4).
Thus, the complete action (together with the quadratic
term) becomes
Z
γ β
S½φ ¼ −
SchðeiφðτÞ ; τÞdτ
J 0
Z
NΓ2
−
ð5Þ
Gφ ðτ1 ; τ2 Þ2 dτ1 dτ2 ;
4

where SchðfðxÞ; xÞ ¼ ½ðf 00 =f0 Þ0 − 12 ½ðf 00 =f 0 Þ2 is the
Schwarzian derivative, γ ¼ αS N, and αS ∼ 0.01 is a
numerical constant [2,3]; also see a comment on that
matter in [11].
The use of action in the form of Eq. (5) needs some
explanation. Although the second term in that equation is
equal to S2 defined by (3), the function Gφ in it belongs to
the soft mode manifold. In contrast, the G in the original
action SSYK þ S2 is completely general, so S2 plays a dual

role: (i) it competes with the main term SSYK in determining
the saddle point solution, and (ii) it reduces soft mode
fluctuations since its very presence breaks down the
reparametrization symmetry. The strength of the first effect
is controlled by the parameter Γ=J and does not depend on
N. This is why, for small values of Γ=J, it is natural to start
our analysis from effect (ii), which is captured by Eq. (5).
We will see that the second term suppresses soft mode
fluctuations and extends the domain where the SYK4
conformal solution is valid.
Geometric interpretation and the polaron analogy.—
The following picture is conceptually important, but we
will do most calculations by a different method. Therefore,
this section will be brief; more details can be found in the
Supplemental Material [20]. The duality between the
Schwarzian action and Jackiw-Teitelboim gravity was
discussed in Ref. [17], as well as in the papers [21–23].
The geometric interpretation of the Schwarzian action
[17] is based on a correspondence between functions φ as
described above and closed curves on the hyperbolic plane.
Such curves may be parametrized by the proper length
l ¼ Jτ, which will be used instead of τ for the purpose of
this discussion. In the Poincaré disk model with metric
ds2 ¼ ð4=ð1 − r2 Þ2 Þðdr2 þ r2 dφ2 Þ, the curve is given by
the equations φ ¼ φðlÞ and r ¼ 1 − φ0 ðlÞ. This representation is valid if φ00 ðlÞ ≪ φ0 ðlÞ ≪ 1, which is true for a
typical curve of length L ¼ Jβ ≫ 1 in the statistical
ensemble. Under the same conditions, we have
SchðeiφðlÞ ; lÞ ¼ K − 1, where K is the extrinsic curvature
of the curve at the given point. This allows for an elegant
representation
of the Schwarzian action SSch ¼
R
−γ 0L SchðeiφðlÞ ; lÞdl in terms of the length of the curve
and the enclosed area; however, some regularization is
necessary in order to define the functional integral [17].
Replacing the function φ with the curve X, we may rewrite
Eq. (5) as follows:
S½X ¼ SSch ½X −

NΓ2
4J2

Z

G2Φ ðXðl1 Þ; Xðl2 ÞÞdl1 dl2 ;

ð6Þ

where
GΦ ðr1 ; φ1 ; r2 ; φ2 Þ ∝ jφ12 j−2Δ ð1 − r1 ÞΔ ð1 − r2 ÞΔ
near the disk boundary. The function GΦ can be identified
with the propagator of a scalar boson Φ. Thus, the nonlocal
interaction between different points of the curve is
decoupled, such that the action (6) is obtained from
Z
S½X; Φ ¼ SSch ½X þ SΦ ½Φ þ

0

L

ΦðXðlÞÞdl;

ð7Þ

R
where SΦ ¼ ð1=4gγÞ dμΦðxÞð−∇2 − 14 þ δ2 ÞΦðxÞ, by
integrating out Φ.
The action (7) is similar to the polaron problem, where
an electron in a crystal interacts with an elastic deformation.
By analogy with the heavy polaron, we will look for a
mean-field solution where the field Φ forms a potential well
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close to the boundary of the Poincaré disk. The general
form of Φ in this region is Φðr; φÞ ¼ ΛðφÞð1 − rÞΔ , and the
solution in question is ΛðφÞ ¼ const. The curve roughly
follows the circle r ¼ 1 − ð2π=LÞ and slightly wiggles.
This behavior may be understood as a localized state of a
quantum particle, whose coordinate is conveniently defined
as ξ ¼ − ln½γð1 − rÞ.
Adiabatic action.—We proceed with a formal solution
for the polaron. It is convenient to rescale time as
τ → ðJτ=γÞ and to introduce a similarly rescaled inverse
temperature β̃ and a new coupling constant g,
β̃ ¼

Jβ
;
γ

g¼

b2Δ NΓ2 2−4Δ
Nγ Γ2
pﬃﬃﬃ :
γ
¼
4 π J2
2 J2
Z

S½φ; ξ; λ; Ξ; Λ ¼

β̃

0

ð8Þ

Seff ½φ; λ; Ξ; Λ ¼

S½φ ¼ −

½E0 ðλ; ΛÞ − λφ0 − ΛΞdτ
0
Z
g
−
jφ12 j−1 Ξðτ1 ÞΞðτ2 Þdτ1 dτ2 ;
2

1
Ĥ λ;Λ ¼ − ∂ 2ξ þ Λe−ξ=2 þ λe−ξ :
2

iφðτÞ

Schðe

g
;τÞdτ −
2

Z  0 0 1=2
φ1 φ2
dτ1 dτ2 : ð9Þ
φ212

ð11Þ


κ−1
;
n ¼ 0; …;
2


ð10Þ

fluctuations at all timescales are small enough to be
considered Gaussian.
Our next goal is to derive an effective action for φ. To this
end, we find the saddle point of the action (11) with respect
to the other variables. The saddle point conditions for λ, Λ,
and Ξ read
φ0 ¼

∂E0 κ − 1 κ
;
¼
32 λ
∂λ

Ξ¼
Z

Λðτ1 Þ ¼ −g

∂E0
κ−1κ
;
¼−
16 Λ
∂Λ
dτ2

Ξðτ2 Þ
:
jφ12 j

ð14Þ
ð15Þ

Equations (14) allow one to eliminate λ and Λ from various
formulas; in particular, the definition of κ is equivalent to
0
the relation Ξ2 ¼ κ−1
κ φ . The integrand in the first term of
the action (11) can be written as
E0 ðλ; ΛÞ − λφ0 − ΛΞ ¼

ð12Þ

κ−1
;
32

ð16Þ

and Eq. (15) becomes an equation for κðτÞ,

This Hamiltonian has bound states with energies
2nÞ2

0

β̃

Now we reduce the path integral with this action to some
solvable quantum mechanical problem. To implement this
idea, we introduce new time-dependent variables ξðτÞ ¼
− ln ½φ0 ðτÞ and ΞðτÞ ¼ ½φ0 ðτÞ1=2 and the corresponding
Lagrange multipliers
ΛðτÞ. This means inserting
R þi∞ λðτÞ and
δðφ0 − e−ξ Þ ¼ −i∞
exp½λðφ0 − e−ξ Þðdλ=2πiÞ and δðΞ −
e−ξ=2 Þ (expressed likewise using Λ) in the functional
integral. Thus, the action takes the form

β̃

and E0 ðλ; ΛÞ is the ground state of the effective
Hamiltonian for the variable ξ,

ðκ − 1 −
ð13Þ
;
32
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where κ ¼ − ð8=λÞΛ. The corresponding eigenfunctions
ψ n ðξÞ are provided in the Supplemental Material [20]. The
characteristic time for the adiabatic approximation can be
estimated as τ ∼ ðE1 − E0 Þ−1 ¼ ð8=κ − 2Þ. Such an estimate is certainly correct for a harmonic oscillator, where
the oscillation period is the only relevant timescale. The
Hamiltonian (12) is similar if κ ≫ 1. We will see that the
last condition actually guarantees adiabaticity, i.e., that ϕ0 ,
λ, Ξ, and Λ do not fluctuate at the timescale τ . In fact, the
En ¼ −

Z

 02

ZZ
ξ
1 −2ξ
g
Ξðτ1 ÞΞ2 ðτ2 Þ
0
−ξ
−ξ=2
Þ dτ −
− λðφ − e Þ − e − ΛðΞ − e
dτ1 dτ2 :
2
2
jφ12 j
2

We assume that β̃ ≫ 1 so that the term 12 e−2ξ is relatively
small. It will be neglected in our analysis.
We treat action (10) using adiabatic approximation, with
ξ being the fast variable. That is, the functional integral of
e−S over ξ is performed under the assumption that φ0 ðτÞ,
λðτÞ, ΞðτÞ, and ΛðτÞ are constant at a suitable timescale τ
(to be determined later). The result has the form e−Seff ,
where
Z

Then the action (5) reads

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ηðτ2 Þ φ0 ðτ1 Þφ0 ðτ2 Þ
dτ2
; ð17Þ
1 Þηðτ1 Þ ¼ 16g
jφ12 j
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where ηðτÞ ¼ 1 − κ −1 ðτÞ. Finally, the effective action is
reduced to
Z

κ2 ðτ

Z
S¼

0

β̃

κ−1
g
dτ −
32
2

Z

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ηðτ1 Þηðτ2 Þ φ0 ðτ1 Þφ0 ðτ2 Þ
dτ1 dτ2
:
jφ12 j
ð18Þ

Now, let κ ≫ 1 so that ηðτÞ ≈ 1. Furthermore, we will
assume (and later verify) that the fluctuations are small, and
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hence, both φ0 ≈ 2π=β̃ and κ are nearly constant. Then
Eq. (17) is simplified as follows:
κ 2 ¼ 16g

Z



κ β̃
≈
32g
ln
;
16π
j2 sinðφðτ1 Þ−φðτ2 ÞÞj
dφðτ2 Þ

ð19Þ

2

where we have used the cutoff jτ1 − τ2 j > τ ≈ ð8=κÞ for
the logarithmic integral. As for the effective action (18), its
first term may be neglected (see Supplemental Material
[20]). Expressing φ0 as a function of φ, namely,
φ0 ðτÞ ¼ εðφÞ, we get
g
S≈−
2



2π dφ
εðφ1 Þεðφ2 Þ 1=2
1 dφ2
:
εðφ1 Þ εðφ2 Þ
φ212
0

Z
2π

Z
0

gJ
:
γT

ð21Þ

Note that the entropy vanishes at T ∼ Γ2 =J, which is
roughly the temperature at which the SYK4 conformal
Green’s function Gsp4 ðτ; 0Þ ∼ −ðJτÞ−1=2 gives way to the
Fermi-liquid behavior, Gsp2 ðτ; 0Þ ∼ −ðΓτÞ−1 . At lower
temperatures, T ≤ Γ2 =J, we need to modify our polaron
solution; namely, we should introduce an upper cutoff in
Eq. (19), jτ1 − τ2 j < J=Γ2 . Thus, the equation for κ
becomes

κβ̄
κ ¼ 32g ln
;
16π


2



J
J
β̄ ¼ min β; 2 :
γ
Γ

ð22Þ

Fluctuations.—Let us estimate the fluctuation of εðφÞ
around ε0 ¼ 2π=β̃ and show that they are small.
For simplicity, we assume that T ≫ Γ2 =J. In addition to
the adiabatic action S given by Eq. (20), we need the
first nonadiabatic correction. The latter is identical to the
Schwarzian action (see Supplemental Material [20]).
We consider the Fourier series εðφÞ ¼ ε0 þ ð1=2πÞ
P
inφ
, expand the effective action SSch þ S up to
n δεn e
the second order in δεn with n ≠ 0, and calculate the
Gaussian expectation valuesR hδεn δε−n i. (Note that δε0 is
determined by the equation ðdφ=εðφÞÞ ¼ β̃.) This calculation, which can be found in the Supplemental Material
[20], gives the following result:
K ε ðnÞ ≡

hδεn δε−n i
2πε0
¼ 2 2
;
2
ε0
ε0 ðn − 1Þ þ ðg=2Þψ̃ðnÞ

hðδεÞ2 i
1
8
≈
¼ ≪ 1:
ϵ0 n κ
ε20

ð20Þ

Saddle point solution.—The action (20) attains its minimum at the constant field configuration, εðφÞ ¼ 2π=β̃, as
well as all configurations related to it by PSLð2; RÞ
symmetries. The minimum value of the action,
Smin ≈ −β̃κ 2 =32, determines a correction to the SYK free
energy: F ≈ E0 − Ns0 T − ðJ=γÞðκ2 =32Þ. Differentiating it
and using Eq. (19), we find the entropy of the system
SðTÞ ≈ Ns0 −

where ψ̃ðnÞ ¼ ψðn þ 12Þ − ψð− 12Þ and ψðxÞ is the digamma
function; thus, ψ̃ðnÞ ≈ lnðnÞ for n ≫ 1. Equation (23) is
accurate for n ≪ n ≡ ðε0 τ Þ−1 ¼ κ β̃=ð16πÞ because it was
derived from the effective action that is valid at sufficiently
long times, τ ≫ τ ¼ 8=κ. However, no inconsistency
occurs at greater values of n: for n ≳ n, the first term
in the denominator of (23) starts to dominate over the
second one, and the fluctuations are suppressed. The
summation of the rhs of Eq. (23) over all n, or just those
with jnj ≤ n , leads to the estimate

ð23Þ

ð24Þ

Thus, the fluctuations of εðφÞ are much smaller than its
typical value if κ ≫ 8.
Phase diagram.—As parameter κ decreases toward
unity, the fluctuations become strong and the adiabatic
approximation breaks down. At κ ∼ 1, we expect a transition into another phase of our model, where the SYK2
term is irrelevant at all timescales [11]. In terms of the
original parameters of the model, the transition occurs
when Γ becomes smaller than its critical value given by the
equations
J
Γc ∼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
β̄
Nγ ln 16π



J
1 J
; 2 ;
β̄ ¼ min
γ
T Γc

ð25Þ

where γ ¼ αS N. Note that the critical value Γc ¼ Γc ðTÞ
decreases logarithmically with the decrease of the physical
temperature T, while T ≳ ðΓ2c ðTÞ=JÞ. At lower temperatures, Γc ðTÞ remains constant. The lines Γ ¼ Γc ðTÞ and
T ¼ J=γ (see Fig. 1) separate the region with strong
fluctuations, characterized by Green’s function Gfluc ðτ; 0Þ∼
γðJτÞ−3=2 for sufficiently large τ (but still much less than β),
from regions where the saddle point solution is valid.
Higher-order Green’s functions.—Conformal solution
(4) describes single-particle fermionic Green’s function of

FIG. 1. Regions with different Green’s function behaviors at
large τ. The phase boundaries are not sharp, except for the
boundary between the fluctuation region and saddle point regions
(the solid line). The latter is well defined asymptotically, under
the condition T ≪ J=γ. Hence, the termination point of the solid
line, given by the condition T ∼ J=γ, is fuzzy.
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the original problem with Hamiltonian (1). Additional
information on its quantum dynamics is provided by
higher-order fermionPGreen’s functions defined as
GðpÞ ðτ; τ0 Þ ≡ ½−ð1=NÞ i χ i ðτÞχ i ðτ0 Þp . It can be shown
(see Supplemental Material, Sec. III [20]) that the
functions GðpÞ ðτ; τ0 Þ with p ≪ κ can be calculated by
means of the effective action (20) and its propagator
(23). To find them, we need just to average p power
of the conformal solution (4) over fluctuations of variables
ξ and φ described by the polaron bound state:

fðθÞ ¼

GðpÞ ðτ1 ;τ2 Þ ¼ ð−1Þp hfbe−ξ1 −ξ2 sin−2 ½12 ðφ1 − φ2 Þgp=4 i. The
result of calculations (provided in the Supplemental
Material, Sec. III [20]) reads (remember that κ ≪ N)
 2

GðpÞ ðτ1 − τ2 Þ
p
¼
exp
Þ
;
½1
þ
fðθ
12
½Gðτ1 − τ2 Þp
4κ

where θ12 ¼ 2πTðτ1 − τ2 Þ and function fðθÞ is provided
below (n ε0 ¼ κ=8),


 
 
2 þ n θ
n θ
n θ
nθ
2n
−
4
sinh
exp − 
θ
cosh

2
2
2
ðn θÞ2

Two terms in the exponent of Eq. (26) come from the
averaging over fluctuations of ξ1;2 (first term) and angular
variables φ1;2 .
Out-of-time-order correlator (OTOC).—The OTOC is
defined as the following irreducible average:

F ðθ1 ; θ2 ; θ3 ; θ4 Þ ¼ hhGðθ1 ; θ2 ÞGðθ3 ; θ4 Þii;

ð28Þ

where h…i means averaging with respect to fluctuations of
δεðφÞ. We assume that Reθ3 > Reθ1 > Reθ4 > Reθ2 . The
function F depends, in general, on four independent
variables, but here we consider the special case
θ1 ¼ ðπ − θ=2Þ,
θ2 ¼ ð−π − θ=2Þ,
θ3 ¼ ðπ þ θ=2Þ,
θ4 ¼ ð−π þ θ=2Þ; see, for example, Ref. [24]. It is
convenient to introduce the function fðθÞ ¼
½ðF ðθ1 ; θ2 ; θ3 ; θ4 ÞÞ=ðGðθ1 ; θ2 ÞGðθ3 ; θ4 ÞÞ; we calculate
its major term of the order of Oð1=NÞ in the limit
N ≫ 1. After the calculation of fðθÞ within the imaginary
time technique, we need to perform analytical continuation
to real times by the substitution fðθ → −iε0 tÞ ≡ FðtÞ.
Exponential growth of FðtÞ at short times demonstrate
quantum-chaotic behavior of the system.
To calculate fðθÞ, we first write Gðθ1 ; θ2 Þ ¼
hGðθ1 ; θ2 Þi þ δGðθ1 ; θ2 Þ, where

δGðθ1 ; θ2 Þ
1 X
imeimθ2 þ imeimθ1
¼
Gðθ1 ; θ2 Þ
2π m≠0;1



θ 1 − θ2
εm
imθ2
imθ1
þ cot
−e Þ
ðe
2
imε0

ð29Þ

The same expansion is used for Gðθ3 ; θ4 Þ, and the results
are substituted into Eq. (28), leading to the following
Fourier series:

ð26Þ

¼

1

n θ ≫ 1

θn
3

n θ ≪ 1

ð27Þ

:

 
X
1
2 mπ
fðθÞ ¼
cosðmθÞK ε ðmÞ
4cos
2
ð2πÞ2 m≠0;1
1 X 2inθ
e K ε ð2nÞ;
¼ 2
π n≠0

ð30Þ

where K ε ðmÞ is provided by Eq. (23). The series in (30) can
be calculated by the transformation to the integral over dn,
which is determined (after analytic continuation to real t
and in the limit t ≫ 1=T) by the contribution of the single
pole of K ε ð2nÞ at n ¼ 12. Finally, we obtain
FðtÞ ≈ i

ε0 e2πTt
2ε20

2

þ gðπ4 − 2Þ

;

ð31Þ

with ε0 ¼ 2π=β̃ ≡ 2πγT=J. The Lyapunov exponent
λ ¼ 2πT is the same as in the pure SYK4 model, but the
preexponential factor is considerably modified, as the
second term in denominator of Eq. (31) dominates at
T ≪ Γ, where FðtÞ ¼ ði=NÞðT=T  Þe2πTt and T  ¼ Γ2 =J.
Conclusions.—We have shown that a moderate quadratic
perturbation to the SYK4 model with N Majorana modes
can be described in terms of a self-consistent polaron-type
solution. The presence of such p
a ﬃﬃﬃﬃ
perturbation with strength
Γ in the interval J=N ≤ Γ ≤ J= N stabilizes the conformal
saddle point solution for the Majorana Green’s function
within a broad range of energies and temperatures.
The
pﬃﬃﬃﬃﬃ
SYK4 mean-field Green’s function GðϵÞ ∼ 1= Jϵ [defined
at Matsubara frequencies ϵ ¼ i2πTðn þ 12Þ] is valid down
to T  ∼ Γ2 =J, where a crossover to a Fermi liquid at ϵ ≲ T 
occurs. A schematic “phase diagram” of the model is
shown in Fig. 1. At low temperatures, there is a genuine
phase transition at Γ ¼ Γc , where Γc is defined in (25).
Specifically
pﬃﬃﬃ at T ¼ 0, the ϵ → þ0 asymptotics change from
GðϵÞ ∝ ϵ for Γ < Γc to GðϵÞ ≃ 1=Γ for Γ > Γc. Note that
higher-order Green’s functions GðpÞ ðτÞ display exponential
growth with p, Eq. (26). The prefactor of the OTOC
function (31) is proportional to T in a low temperature
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range, T  < T ≪ Γ, indicating slightly less chaotic behavior of the system due to the presence of quadratic
perturbations. These results can be relevant to the description of strongly correlated electron systems with flat bands
of various origin [15,16,25,26].
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