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A. Non-Hermitian Jx photonic array

As we mentioned in the main text, Hermitian Jx lat-
tices have been studied previously in details [1–5]. Later
on, non-Hermitian Jx arrays were introduced in [6].
Within the context of temporal coupled mode analysis,
a PT symmetric Jx array made of N coupled optical res-
onators is described by the following system of equations:
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where ~c = [c1, c2, ..., cN ]T is the field amplitude vector,

whereas gn = (2n−N − 1)γ and κn =
√
n(N − n)κ are

the gain/loss and coupling profiles. Here γ and κ are
constant parameters, and n = 1, 2, ..., N . It is straight-
forward to show that the eigenvalues of the above system
are given by [6]:

λn = (N − 2n+ 1)
√
κ2 − γ2, n = 1, 2, 3, ..., N. (S2)

Moreover, by analyzing the structure of the associated
eigenvectors [6], one can confirm that the point γ = κ
corresponds to an EP of order N .

B. Eigenvalues of Hamiltonian under perturbation

Here we sketch the derivation of the perturbative ex-
pression of Eq. (7) in the main text. The eigenvalues of
H′4 = H4+Hp−ω0I are obtained by solving |zI−H′4| = 0,
which gives the characteristic equation:

z4 − 2εz3 − 2iγεz2 − kγ2ε = 0. (S3)

We are interested here in the small ε values. We thus em-
ploy a perturbation analysis based on Newton-Puiseux
series, i.e. we expand z = c1ε
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By substituting back in Eq. (S3), and solving for the

coefficients c’s, we find c1 = in−1k
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C. Geometric and material parameters

For the full-wave simulations, we used the following
parameters: each of the rings and the waveguides has
a width w = 0.25 µm, and refractive indices of 3.47
in a background refractive index n0 = 1.44 (relevant
to SiN on silica platforms); the radii of the rings are
identical and taken to be R = 4.75 µm each; the edge-
to-edge separation between each ring and its neighbor
waveguide is h1 = 0.25 µm while that between the two
rings is h2 = 0.4 µm; the distance between the center
of the nanoparticle and the edge of the ring resonator
is 0.1 µm; and the distance between the ring-waveguide
junction and the mirror is L = 5.11 µm. Moreover, the
mirror is implemented by using a thin layer of silver with
a thickness of 100 nm, and the loss and gain are modeled
by including an imaginary part to the refractive index of
the two microrings, i.e. n1,2 = 3.47 ± ini. Finally, the
refractive index of the nanoparticle is np = 3.47. In or-
der to minimize the effect of the surface roughness along
the ring resonator due to numerical discretization, we set
up the average mesh size equal to λ/50 (here λ = λf/n
where λf = 1550 nm is some free space reference wave-
length and n is the refractive index of the materials) and
use a finer mesh size of 1 nm around the nanoparticle
region.

D. Optical parameters of the structure

In order to extract the numerical values of the various
optical parameters, we first simulate a single microring
resonator and compute its resonance frequency ω0, or
equivalently the corresponding free space wavelength of
1548 nm.

Next, we consider a coupled resonators configuration
without any waveguides. In this case, the coupling co-
efficient between the resonators can be obtained by cal-
culating the resonant frequencies of the even/odd super-
modes in the absence of any gain or loss. By doing so
using COMSOL software package, we find κ = 98.8 GHz.
Next, we include the gain and loss in the two resonators
by adding an imaginary part ±ni to their refractive in-
dices in order to create a PT symmetric arrangement
and we plot the resonant frequency as a function of ni as
shown in Fig. S1. From these plots, we find that the EP
occurs when ni = 2.9051×10−4, which indicates that the
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FIG. S1. Real (a) and imaginary (b) parts of the resonant fre-
quencies ω of PT-symmetric resonators as a function of the
imaginary part of the optical index ni (see full description in
the text) as obtained by full-wave simulations of the arrange-
ment in Fig. 3 without the waveguide. The EP is located at
ni = 2.9051×10−4. The coupling coefficient between the two
resonators can be obtained from the data at ni = 0, which is
found to be κ = 98.8 GHz.

FIG. S2. (a) A microring resonator in add-drop configuration
is used to evaluate the decay rate from the resonator. (b)
Power transmission spectrum as obtained by using full-wave
simulations gives a full-width at half-maximum bandwidth of
4γw = 173 GHz.

field amplitude gain and loss at this point is equal to the
coupling between the resonators.

Finally we evaluate the decay rate from the microring
to the waveguide γw by constructing a symmetric add-
drop ring resonator device and measuring the bandwidth
of the transmission between the input and the output
port as a function of frequency (Fig. S2(a)). In this
case, for a negligible material absorption and radiation
loss, the bandwidth is given by BW = 4γw. The FEM
simulations gives the value γw = 43.25 GHz. Thus, for an
all-pass ring-waveguide structure, the resonant frequency

is complex and is given by ω0 − iγw.

E. Perturbation coefficient ε due to the
nanoparticle

Here we characterize the perturbation ε introduced by
the nanoparticle as a function of its radius Rp. To do so,
we first note that a particle located in the near field of the
microresonators will introduce a coupling between the
CW and CCW modes, forming standing wave patterns.
These new supermodes are distributed such that the par-
ticle is located at the node of the asymmetric mode, and
at the maximum of the symmetric as shown in Fig. S3(a)
for a 10 nm particle. Here symmetric and asymmetric re-
fer to the field distribution with respect to a horizontal
line that crosses the nanoparticle’s center. Consequently,
the asymmetric mode is not affected much by the parti-
cle while symmetric mode experiences a frequency shift
of 2|ε|. The perturbation Hamiltonian Hp in the main
text, which is written in the CW/CCW bases, capture
this behavior. Finally, Fig. S3(b) plots the value of |ε|

FIG. S3. A nanoparticle in the vicinity of a microring res-
onator (left panel of (a)) will introduce a coupling between the
CW and CCW modes. The new supermodes of the ring will
have symmetric/asymmetric field distribution with respect to
the particle location. These modes are depicted in the right
panel of (a) for a nanoparticle of radius 10-nm located at the
node of the asymmetric mode and anti-node of the symmetric
mode, respectively (the rest of the parameters as identical to
those used in the text). (b) By using full-wave simulations
to compute the frequency splitting due to nanoparticles and
fitting these results to those obtained from the Hamiltonian
Htest, we obtained the perturbation |ε| as a function of the
particle’s radii, Rp. (b) plots such a relation when Rp varies
from 2 to 20 nm.
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FIG. S4. Amplitude of the electric field distribution associated with the four eigenmodes of the structure for a nanoparticle
with radius 10 nm. Note that mode 1 and 3 have nearly identical intensity in the two microring, consistent with their dominant
real frequency shift. On the other hand, mode 2 has more intensity in the gain microring (bottom one), while mode 4 has more
intensity in the lossy microring (top one), and as a result, they experience strong imaginary frequency shifts.

(the frequency is red-shifted because the particle’s refrac-
tive index is larger than that of the surrounding [7]) as
a function of Rp when the latter varies from 2 to 20 nm.
In obtaining this plot, we fit the results obtained from
full-wave simulations to those obtained using the Hamil-

tonian Htest =

(
ω0 + ε ε
ε ω0 + ε

)
.

F. Modal profile

Figure S4 presents an example of the spatial field dis-
tribution (amplitude of the electric field) of the four
eigenmodes of the structure for a particle of radius 10
nm. We observe that both eigenmodes 1 and 3 have
equal power distribution in both rings, which explain
their dominant real frequency splitting as demonstrated
in Fig. 4(a). On the other hand, modes 2 and 4 have
more intensity in the gain/loss microring, respectively
which explain their dominant imaginary frequency shift
as can be seen from Fig. 4(b). These numerical results

thus confirm the analytical predictions and demonstrate
the feasibility of our approach for practical implementa-
tions.

G. Further comments on the numerical results

By referring to Fig. 4(a) and (b) in the main text, we
note that even in the absence of the particle, our simula-
tions indicate a finite splitting between the eigenfrequen-
cies. This is due to the fact that the waveguides them-
selves can introduce back-scattering between the modes.
This means that our system operates in the vicinity,
rather than exactly at, the EP. As indicated by Fig. 4(c),
this does not have a significant impact on the ability of
the structure to enhance light-matter interactions. Fur-
thermore, a comparison between the numerical and ana-
lytical values for the splitting amplitudes (i.e. the value
of the constant A in the formula Re[ω1 − ω0] = Aε0.24

and χ1 in Eq. (7) in the main text confirms the excellent
agreement with only 4% error.
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