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SHARP ISOPERIMETRIC UPPER BOUNDS FOR PLANAR STEKLOV EIGENVALUES

ALEXANDRE GIROUARD, MIKHAIL KARPUKHIN, AND JEAN LAGACE

ABSTRACT. We solve the isoperimetric problem for the first and second nonzero Steklov eigenvalues of pla-
nar domains, without any assumption on the number of connected components of the boundary. Our
approach uses the known sharp upper bounds for the weighted Neumann eigenvalues, and a homogenisa-
tion method allowing to approximate these eigenvalues by the Steklov eigenvalues of appropriately chosen
perforated subdomains.

1. INTRODUCTION

For a connected bounded open set Q c R? with Lipschitz boundary 4, the Steklov problem consists
in determining all o € R for which the following boundary problem admits a nontrivial solution:

Au=0 in Q,
op,u=ocu onoQ.

The eigenvalues of this problem form a sequence 0 = 09 < 01 (Q) < 02(Q) <... /0o, where each eigen-
value is repeated according to its multiplicity. For each k € N, we investigate sharp upper bounds for
0 (Q); to that end, define the scale invariant quantities

24(Q) 1= 04 (Q)10Q|FT .

It follows from Colbois—El Soufi-Girouard [5] that ;(Q) < Ck?'? for some dimensional constant C, and
it is therefore meaningful to study the extremal eigenvalues for X (Q):

I} 4= sup Z(Q).
QcR4
The question to determine these was raised in [11, Open problem 2], we answer it for d = 2, k € {1,2}, and
obtain a lower bound on the optimal upper bound for d =2, k = 3.

1.1. Isoperimetric bounds in the plane. Attempts at maximising Steklov eigenvalues normalised by
perimeter go back to the work of Weinstock [25]. He proved in 1954 that for simply-connected planar
domains, X(Q) < 2m, with equality if and only if Q is a disk. This was followed by works of Hersch—
Payne-Schiffer [14], then later Girouard-Polterovich [10] and Karpukhin [I5] who proved that

@) =2n(k+y+b-1),

this time for compact surfaces Q of genus y with b boundary components. It follows from Girouard-

Polterovich [26] that for ¥ = 0 and b = 1, this bound is saturated by a sequence of simply-connected

domains Qf c R? that degenerates to a union of k identical disks as € — 0. Bounds for X; which do not
1
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depend on the number of boundary components are notably more difficult to obtain. For Q a compact
orientable surface of genus 0 with boundary, it was proved by Kokarev [18] that

21(Q) < 8m, (1
and it follows from the work of Karpukhin-Stern [17] that
2,(Q) < 167. (2)

It follows from Girouard-Lagacé [9] that these inequalities are sharp and saturated by sequences of do-
mains in the sphere S$? equipped with appropriate Riemannian metrics. In the present paper, we prove
that both inequality (I) and inequality (2) remain sharp for planar domains.

Theorem 1.1. LetQ c R? be a bounded simply-connected domain with Lipschitz boundary. There exists a
sequence QFf c Q of subdomains, with 0Q c 0QFf, such that

e—0

01 (Q5)10QF| == 8nk.
Together with (I) and (2), Theorem[I.Illeads to the following
Corollary 1.2. The extremal eigenvalues for planar domains X, := Z,’;Z satisfy
X =8n, X5 =16m, I =>8nk.

Following [7, Theorem 4.3], it was suggested in [11] that the number of boundary components in a
maximizing sequence for X; needs to be unbounded. Inequality (I), together with the monotonicity
results of [7, Theorem 4.3] and [21}, Theorem 1.3] yield the following corollary, confirming this claim.

Corollary 1.3. Any sequence of domains such that 2,(Q) — 8w has a number of boundary components
going to +oo.

The proof of Theorem [I.T] uses homogenisation theory to approximate eigenvalues of an inhomoge-
neous Neumann problem for an appropriate weight § > 0 that is related to a well chosen Riemannian
metric on the sphere $?. We are naturally led to the following conjecture.

Conjecture. ForeachkeN,
I, =8mk.

See [9] for a more general conjecture which, together with Theorem[[.Tlwould lead to this one.

1.2. Flexibility in the prescription of the Steklov spectrum. Bucur-Nahon [4] have recently shown that
the Weinstock and Hersch—Payne-Schiffer inequalities are unstable, in the sense that there are domains
very far from the disk — or from a union of k identical disks — with their kth normalised eigenvalue
arbitrarily close to 2 k. In fact, they prove the following result.

Theorem 1.4 ([4, Theorem 1.1]). Let Q;,Q» c R? be two bounded, conformally equivalent domains with
smooth boundary. Then, there exists a sequence of open domains QFf with uniformly bounded perimeter
such that

Apaus0QF,001) =20, and, forallkeN, Z3(QF) £=% 34(Qy).
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Here, the domains QFf are diffeomorphic to the original domains. They are obtained by a local pertur-
bation of the boundary.

We investigate further flexibility results for the Steklov spectrum of domains in Euclidean space. Let
Q c R? be a connected bounded open set with Lipschitz boundary. For 8 € C(Q) positive, consider the
weighted Neumann problem

0,f=0 on 0Q.

The eigenvalues form a sequence 0 = vy < v1(Q, ) < v2(Q,B) <... ~oco. For B =1 we write vi(Q) :=
v (Q,1) for the classical Neumann eigenvalue when there is no risk of confusion.

{—Af:vﬁf inQ,

Theorem 1.5. There is a family Qf < Q of domains such that for each k € N,

ak(Qf)|an|ii‘lvk(Q,ﬁ)fﬁdx, Vi@, D) 2 v, | 20l
Q

In many ways, the Neumann and Steklov problems have similar features. This has led to an investi-
gation of bounds for one eigenvalue problem in terms of the other, see e.g. [12][19]. It was previously
thought that some universal inequalities between perimeter-normalised Steklov eigenvalues and area-
normalised Neumann eigenvalues could exist. It is known from [26)} Section 2.2] that normalised Steklov
eigenvalues can be arbitrarily small while keeping the normalised Neumann eigenvalues bounded away
from zero. We use Theorem[L5lto prove that there are also domains with arbitrarily small area-normalised
Neumann eigenvalues v (Q)|Q|, for which the Steklov eigenvalues are bounded away from zero.

Corollary 1.6. There exists a sequence of planar domains QFf such that the normalised Steklov eigenvalue
e—0

21(Q%) =% 87 while foreach k € N, the normalised Neumann eigenvalues satisfy vi.(Qf)|Qf| — 0.

1.3. Plan of the paper. In Section 2] a general framework for the convergence of variational eigenval-
ues associated to a Radon measure is presented. This framework allows one to compare hard to relate
eigenvalue problems on a given manifold.

In Section [3] we construct domains Qf by removing small balls that are asymptotically uniformly
densely distributed, with radii distributed according to the density 8. This is in the spirit of deterministic
homogenisation theory and follows the strategy of [8] for f = 1. We prove Theorem 3.1} which is The-
orem [LL5] for that specific family Qf. This is done by applying the results of Section 2l thrice along with
the methods developed in [9] for homogenisation on manifolds, in order to deal with the fact that the
density is not constant.

The proof of Theorem[I.Tlis presented in Section[dl Starting with a metric on the sphere for which the
kth Laplace eigenvalue is almost maximal and removing a small disk will lead to an appropriate density
on any simply connected domain, for which the kth inhomogeneous Neumann eigenvalue is almost
8km. We then use Theorem[L.5]to conclude.

Acknowledgements. The authors would like to thank Iosif Polterovich for introducing them to spec-
tral geometry. This project stemmed from discussions held during the online miniconference on sharp
eigenvalue estimates for partial differential operators held by Mark Ashbaugh and Richard Laugesen in
lieu of a session at the AMS Sectional Meeting. AG is supported by NSERC. The research of JL was sup-
ported by EPSRC grant EP/P024793/1 and the NSERC Postdoctoral Fellowship.
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2. SPECTRAL CONVERGENCE

Eigenvalue convergence results are ubiquitous in the literature and the proofs of a large number of
them follow similar steps. In the present section we formulate these steps explicitly in sufficient general-
ity to allow direct application to many natural eigenvalue problems, including both Steklov and Laplace
eigenvalues.

2.1. Variational eigenvalues associated to a Radon measure. We generalise to higher dimension the
definition of eigenvalues associated to a measure, introduced in [18] for surfaces. Given a connected
compact Riemannian manifold (M, g) with or without boundary and a Radon measure u on M we define
the variational eigenvalues A1 (M, g, 1) in the following way. For any u € C*°(M) such that u is not 0 in
L?(M, p), we define the Rayleigh quotient Rg(u, 1) by

2
o IVulgdvg
Re(u, ) :=
f u*dp
M
The eigenvalues 1, (M, g, ) are then given by
Ae(M, g 1) :=inf  sup Rg(u,p), (3)

Fiey1 u€Fi 1 \{0}

where the infimum is taken over all (k + 1)-dimensional subspaces Fj.; < C*°(M) that remain (k + 1)-
dimensional in L2 (M, p).

Example 2.1. Variational eigenvalues are very general. By choosing appropriate Radon measure, one
recovers many well known spectral problems.

— If M is closed and u = dvg, the volume measure associated to g, then A;(M, g,dvy) are classical
Laplacian eigenvalues;

— More generally, if § € C*°(M) is a positive function and u = fdvg, then A (M, g, Bdvg) are eigen-
values of the a weighted Laplacian;

— If M is a compact manifold with boundary, then A (M, g,dvg) are Neumann eigenvalues;

— If M is a compact manifold with boundary and u = t.dAg, the pushforward by inclusion of the
induced volume measure on dM, then A, (M, g, u) are Steklov eigenvalues;

- Ifp=1.dAg+Bdug, then A (M, g, u) are eigenvalues associated with a dynamical boundary value
problem, see [3}[8].

Remark 2.2. In [2], Anné-Post describe changes in the spectrum of the Laplacian under wild perturba-
tions of manifolds, using generalised resolvent convergence, see [22], also sometimes called E-convergence
[6]. In that setting, one compares for j € {1,2} the spectrum of operators A; defined on “energy form do-
mains” Jf} dense in Hilbert spaces #;. This is done through intertwining operators J ;i : #; — 7} and

]]1. - Jf} — Jfé In the setting we describe, we may only have access to natural operators of the type J!

between energy form domains but not J between the Hilbert spaces themselves. This means that in a
sense, we study “very wild” perturbations of the domain of the Laplacian.

In [18] Kokarev studied properties of eigenvalues A, (M, g, 1t). Below we describe some fundamental
results from that paper and adapt the proofs to our setting. Let £ (M, 1) be the completion of C*(M)
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with respect to the norm

2 _ 2 2 _ 2 2
””'lf(Mru)_fMu dp+fM|Vu|gdvg—||u||L2(M,m+I|Vu||L2(M,g).

There is a natural map Tl; : L(M, ) — L?(M, p) which comes from this completion. In the classical
setting where  is the Lebesgue measure on M, the map T;/t is the the embedding of the Sobolev space
H'(M) < L*(M), while for y = 1.dAg, the map T}, is the trace operator H' (M) — L*(@M). For general
measures, the space £ (M, i) could be very different from the Sobolev space H' (M) and the eigenval-
ues A (M, g, 1) could lack natural properties one expects from eigenvalues. For that reason we restricts
ourselves to a particular class of admissible measures.

Definition 2.3. A Radon measure is called admissible if the identity map on C*° (M) extends to a compact
operator T,: H' (M) — L?(M, w).

Proposition 2.4. Suppose  is not concentrated at a single point and A, (M, g, u) > 0. Thereis C,, > 0 such
that for any u € C*°(M) one has

Cot Nl o gy < Nl %014 < Cululifps g g -
In particular, the identity map on C®° (M) extends to an isomorphism between H' (M, g) and £ (M, ).

Proof. Kokarev proved in [18, Lemma 2.5] that conditions of the proposition implies there is a well-
defined bounded map H! (M, g) — L?(M, y). In particular,

2 2

To prove the opposite inequality we proceed as follows. First, recall the following Poincaré-type inequal-
ity found e.g. in [I, Lemma 8.3.1]. For any Riemannian manifold (M, g), there exists C > 0 such that for
all Le H™!1(M) with L(1) = 1 one has

1/2
lu— L)z < ClILIg-1 () (fIVuI?gdvg) 4)
M

for all ue H' (M).
Applying the adjoint of the embedding H' (M, g) — L*(u) to the constant function implies that L(u) =
m [ udpis an element of H™! (M, g). Thus, @) implies

1 2 1 2
fuzdygst(u—m udp) dvg+2Vol(M,g)(mfudp)

sCﬂIIVulédvngCquzd,u.

®)

O

Proposition 2.5. The Radon measure |1 not concentrated at a single point is admissible if and only if T;/t is
compact and A (M, i, ¢) > 0.
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Proof. (<=) Follows from Proposition[2.4]

(=) Admissibility implies that the map T},: H! — L?(M, ) is well-defined. In particular, the proof
of @) follows through, i.e. the identity map on C*®(M) extends to a map j: £ (M, u) — H (M, g). Thus,
T[i = Ty o j is compact as it is the composition of a bounded operator and a compact operator. We now
prove that A1 (M, g, ) > 0. Assume otherwise that 1, (M, g, ) = 0. Then there exists a sequence of smooth
functions u,, such that

f uidu=1, f IVunlédvg -0, f updp=0.

M M M

By @) the functions u,, are uniformly bounded in H!(M). Since T,, is compact, we can choose a subse-
quence such that u, converge weakly in H' (M) to u € H' (M) and strongly to Ty (u) in L?(M, p). Then u
satisfies |Vull;2(p = 0, therefore, u is constant function, thus, T}, (u) is a constant, which contradicts the
fact that

f T,(w?du=1, f Ty(w)dp =0.
M M
O
We see that for admissible measures £ (M, y) is simply H!(M) with a different norm, albeit a more
convenient one for our purposes. The following proposition states that the eigenvalues of admissible

measures possess all the natural properties one expects from eigenvalues of an operator of Laplace-type.
We include the following two statements and their proof for completeness.

Proposition 2.6. Let u be an admissible measure. Then one has
0= AO(M,g,IJ) < AI(M,g,IJ) < A'Z(M»g),u) <. /OO,

i.e. the first eigenvalue is positive, the multiplicity of each eigenvalue is finite, and the eigenvalues tend to
+00. Moreover, there exists an orthogonal basis of eigenfunctions f; € £ (M, u) satisfying

fMij.Vudvg:/lj(M,g,u)fojudlu (6)
forallue £ (M, ).

Proof. The proof is standard and is similar to [18} Proposition 1.3]. We first prove by induction on k that
there exists eigenfunction corresponding to 1;(M, g, ). For k = 0 one has 1o(M, g, 1) =0 and fy =1,
which obviously satisfies (6). Suppose that we have already found the eigenfunctions fy, ..., fk, let Vii1
be their span. By definition, there exists a sequence of (k +2)-dimensional spaces F" < C*° (M) such that

sup Rg(u,p) = Ags1(M, g, ).
ue F"\{0}

Let u, € F*\ {0} be du-orthogonal to V.. After possible rescaling of u, one has

fuiduzl, f|vun|§dl}g_’/1k+1(Mrg'/J)'
M M

Thus, {u,} is abounded sequence in £ (M, u), hence there exists fi.1 € £ (M, u) such that, up to a choice
of subsequence, u, — fi+1 weaklyin £ (M, u). Since T, llt is compact the convergence is strongin L?(M, ).
Therefore, fi.,; satisfies

ffk2+1df‘:1' f|ka+1|§dvg</1k+1(M»g»H); ffk+1de:O
M M M
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forall f € Vi,,. Assume that Rg(fi41, ) < Ag+1(M, g, ). Let j < kbesuchthatA;(M, g, u) <Aj1(M,g,u) =
Ak+1(M, g, ). Consider V = V1 ®Rfy, 1, then for any v = v; + v2 € V one has

f|Vu|§dug=f|w1|§+|Vu2|§dug
<7tj+1(M,g,,u)fvf+v§dp

=Ajn (M, g,,u)f vidy,
where in the first equality we used (6) for functions in V1. We obtain a contradiction, since

A]+1(Mrg;l-l/)s sup Rg(V;H)</1]+1(M»g;H)

ve V\{0}
Thus, we proved Rg(fi+1, ) = Ar+1(M, g, 1). Finally, we show that fi, is the corresponding eigenfunc-
tion, i.e. that it satisfies (6). Indeed, if u € Vi, one has that — Rg(fr+1 + fu, p) has a maximum point at
t=0.Ifue Vk{rl, then ¢ — Rg(fy+1 + fu, 1) has a minimum at ¢ = 0. Regardless, ¢ — Rg(fi+1 + tu, u) has
a critical point at ¢ = 0. Differentiating this at ¢ = 0 yields (6).

A similar compactness argument shows that given A > 0 any subspace V < £ (M, u) satisfying
sup Rg(u,p)<A
ueV\{0}

has to be finite dimensional in L?(M, y). As a result, the number of eigenvalues A j(M, g, u) below A is
finite, which, in particular, implies that the multiplicity of each eigenvalue is finite and, moreover, that
{f;} form a basis. g

2.2. Continuity of eigenvalues. The eigenvalues A1;(M, g, 1) are not necessarily continuous under weak-
* convergence but they are always upper-semicontinuous, see [18, Proposition 1.1]. We also include the
proof in this context for completeness, but it is the same in essence.

Proposition 2.7. Let (M, g) be a Riemannian manifold and assume (i, = u. Then

limsup Ax(M, g, ) < A (M, g, 1)

n—oo

Proof. Let € > 0 be arbitrary. Let F c C*°(M) be a (k + 1)-dimensional subspace that remains (k + 1)-
dimensional in 12(M, ) and

sup Rg(u,p) <Ap(M, g ) +e.
ue F\{0}

Convergence j,, — p implies that for large n the subspace F is (k + 1)-dimensional in L?(M, ;) and

lim sup Rg(u,pun)= sup Rg(u,p).
n—oo ue F\{0} ueF\{0}

As a result, for large n one has

Ac(M, g, pn) < sup Rg(u, pp) < Ak(M, g, ) +2¢
ue F\{0}
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For many applications it is important to establish continuity of eigenvalues. To the best of the authors’
knowledge there is no sufficiently general condition that guarantees continuity of 14(M, g, ). As an
example, we note that all examples of convergence covered in the present paper fail the integral distance
convergence criterion given in [I8] Section 4.2]. Nevertheless, many proofs in very different settings
follow the same structure which we outline below.

Let i, be a collection of Radon measures on (M, g) such that

(M1) p, = p;
(M2) the measures y, 1, are admissible for all 7.

The condition (M2) guarantees the existence of the i, -orthonormal collection of eigenfunctions fj" as-
sociated with A;(M, g, ).
We now need the following three conditions on the eigenfunctions.

(EF1) The functions f;' are bounded in L2(M, ).
(EF2) For all v e £ (M, p), the functions fj” satisfy

. n _ n —
,}Eﬁ}o'q D Uzog ~ S V>L2<M,un)' =0.

(EF3) For every j, k €N, the functions f].”, fi satisfy

=0.

lim '<fjn»fkn>L2(M,m =7 e

Condition (EF1) is there to ensure that { fj”} is bounded in £ (M, u). One then has that, up to a subse-
quence, fj” — fjweakly in Z(M,u) and A;(M, g, in) — A;.

Proving that Conditions (EF2) and (EF3) hold is usually the hardest part. The former implies that
f; are eigenfunctions associated with (M, g, ) with the corresponding eigenvalues A;. At this point it is
unclear whether A is indeed the j-th eigenvalue 1;(M, g, u). In order to establish this one usually proves
the last condition (EF3) and provides an argument showing that (EF3) implies 1;(M, g, u) = A ;. This last
argument is the same regardless of the eigenvalues problem at hand. We formalize this procedure in the
following proposition.

Proposition 2.8. Assume that the Radon measures iy, L on (M, g) satisfy conditions (M1)-(M2), and that
the eigenfunctions associated with u, satisfy conditions (EF1)-(EF3). Then

lim A;(M, g pn) = Aj(M, g ),

and, up to a choice of subsequence,
lim fj” =fj

n—oo

stronglyin £ (M, ). If A;(M, g, ) is simple, the convergence is along the whole sequence.
all2
fj

n —
| j J e — L2 (M, )
By Proposition [2.7] along with Condition (M1), up to a subsequence A;(M, g,u,) — Aj < A;(M, g, ).
Combining (7) with (EF1) implies that up to a subsequence, fj” — fj weakly in £ (M, ).

Proof. For each fixed j
2
+/1j(M,g,pn). (7)
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Condition (EF2) implies that f; is an eigenfunction associated with (M, g, u) and corresponding eigen-
value 1;. Indeed, by weak convergence we have that for any v € £ (M, y),

Vit.vode, =2 | Vfi-Vodo,.
J, vt wvdng 2= gy vuarg

On the other hand we have that

< |<f] — fjnr V)LZ(MHH)' + '(fn, V>L2(M,y) — (fn, V>L2(M,ﬂn) .

By Condition (M2), fj" converges strongly in L?(M, ) so that the first term on the righthand side con-
verges to 0 while Condition (EF2) implies that the second term converges to 0.
We can now prove that the limit sequence f; is orthonormal. Indeed,

i forzaw = (fjnyf]:l>L2(M,u) +{f fe = fiDeaaw + S _fjn»fkn>L2(M,u)-

Strong convergence in L?(M, ), Condition (EF1) and the Cauchy-Schwarz inequality imply that the last
two terms on the righthand side converge to 0, whereas Condition (EF3) implies that the first term con-
verges to 0 j.

To prove that A;(M, g,u) < A, we use the space F;, = span{fy,..., fj} as a test-space in @). For any
f=2Xa;f; € Fj one has

Fir Vo = i V)

f|Vf|§dvg I a2 I g2
M _ Lisohig; <A.Zi4:0ai A,

oy o2 i 2
foz du Yiood Lizo%
where Condition (EF3) is used in the first equality. Finally, note that weak convergence and convergence

of the norms implies strong convergence, and it follows from (7) that we do indeed have convergence of
the norms. O

It is often the case that one would like to study the stability properties of eigenvalue problems defined
on varying domains. Below we provide appropriate modifications to the aforementioned setup and con-
ditions (M1), (M2) and (EF1)- (EF3).

Let uy, be a collection of Radon measures on (M, g) and Q, c M be a collection of domains in M
viewed as Riemannian manifolds with the metric induced from M. We use the same notations g, u,, for
their restrictions to Q,,. Suppose that

(M1%) supp(un) < Q, and Un = [ as measures on M;

(M2*) the measures y,, ¢ are admissible on Q;, M respectively.

(M3*) there is a bounded extension map J, : £ (Qy, tn) = LM, un).
The condition (M2*) guarantees for every n the existence of the i, -orthonormal collection of eigenfunc-
tions fj” € ZL(Qy, 1) associated with A;(Qy, g, 1y). The map Jj, is often built using harmonic functions.
Note that the extensions J;, fj" remain p; orthonormal. We then have the following three conditions on
the extended eigenfunctions.

(EF1*) The functions J, f/" are bounded in L2(M, ).

(EF2*) For all v € £ (M, u), the functions J, f j" satisfy

r}gglo Tnfivdewam =7 V) 2@pun | =0
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(EF3*) For every j, k € N, the functions J, fj » Inf, satisfy

Jim | Tn 7 Tnfi v zonm = 75 Fi 2 @upun | = 0-
Note that in condition (EF2*), we now have to assume convergence of the inner products on £ rather
than simply on L.2.
Proposition 2.9. Assume that the Radon measures (i, it on (M, g) and domains Q, € M satisfy conditions
(M1I%*)- (M3*) and that the eigenfunctions associated with ,, satisfy (EF1%)— (EF3*). Then
}'}I—{EOA](QYD g,un) = A](M,g,lJ),
and, up to a choice of subsequence,
. n _ X
JI_IEO Inf i~ f J»

weakly in £ (M, p). If A j(M, g, 1) is simple, the convergence is along the whole sequence. Finally, if

L (M, fin)

limsup =0, 8)

n—00 ZL(Qn,n)

the convergenceis strong in £ (M, ).

Proof. The inequality A; = A;(M, g, 1) and the convergence of the eigenfunctions is proved in the same
way as Proposition2.8l To prove the reverse inequality, note that by definition @B) one has 1;(Q, g, pn) <
Aj(M, g, uy). Taking the limit n — oo and using Proposition[Z.7one has

Aj<limsupA;(M, g, un) < Aj(M, g, W).
n—oo

3. HOMOGENISATION

In this section, we fix a domain Q c R? with Lipschitz boundary, 8 a non-negative, Riemann integrable
function, ug = fdx and go the flat metric. We prove the following theorem.

Theorem 3.1. There is a family Qf c Q such that for puf := 1, d A%, i := dxlg: and all j €N,
0(Q)|QF) = A;(QF, g0, uE) uE (QF) £ A(Q, go, ) 5(Q)
and o
v;(Q9)|QF| = 1;(QF, go, I (QF) — A,(QF, g, dx) Q. €)
The proof is split into three parts. In the first part, we prove that as @ — 0, the measures ,ug =at.dA+

Bdx = up and respects conditions (M1)-(M2) and (EF1)—(EF3). We make the observation that
1 _
Aj(Q g0, p) = —A;(Q g0, g,

The second step is to construct the domains QF such that ¢ — a~! ,u% and fif = dx. It will be clear from
the construction that conditions (M1*)-(M3%*) are satisfied. Finally, in the last part we show that their
eigenfunctions satisfy conditions (EF1*)—(EF3*), Theorem[3.1lis then a specialisation of Proposition 2.9
along with the fact that ug(Q) = ,ug (Q) + O (a). We note that (9 could be deduced by an appropriate
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modification of the proofs in [23] or [2], however this would require introducing new concepts whereas
the results from Section[Zlcan prove both at the same time. This also puts an emphasis on the fact that it
is achieved for the same domains.

We start with the following proposition.

Proposition 3.2. LetQ be a Riemannian manifold with boundary, B € C(Q), and a > 0. Denote yu = pdvg
and u* = adAg + . Then,

g%)Lj(Q, &u)=1;Q,g w.
Proof. Tt is sufficient to prove that Conditions (M1), (M2) and (EF1)-(EF3) are satisfied. It is easy to see
that u® = , and that for all a, the maps T+, T, are compact, so that Conditions (M1) and (M2) are

satisfied. Denote by f;“) the eigenfunction associated with 1;(Q, g, u%). Condition (EF1) is satisfied
since, by normalisation,

1> f (2 du.
Q
Condition (EF2) is satisfied since for all v € £(Q, )

<allvilizea,da -

f f;" vdA
00

The last term converges to 0 as @ — 0 by boundedness of the Sobolev trace. Similarly, condition (EF3)
holds since

'(fj(a), V)L @Que) ~ <f]@* V>L2(Qvu)| =a

< a.

| S Rz — 7 K e ’ = Uag f7f dA
By Proposition 2.8l our claim holds. 0

3.1. Construction of perforated sets. We construct the domains Q° c Q in the spirit of deterministic
homogenisation theory. For k € Z%, consider the cubes

€ €14
Qi::€k+[_5,5:| C[Rd

and define
I°:={kez?:Qf 0.
We set

1

k a-1

=) 1= Unekr)
aq kel¢

where ay is the area of the unit sphere in R and where by convention, we put B(x,0) = @ for any x. We
set

T :={keI°: Bke) # 0}

and QFf := Q\ T¢, and make the following observations.

— Forall ¢k,
X X
min (&) e < (rl’i)d_1 < max(m) e
xeQ \ ag xeQ \ ag
— The number of holes satisfies #I¢ < ¢~ % as ¢ — 0.
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— The total boundary area of the holes satisfies

01| = Y aqg(rH)* ! ~ f Bdx,
kel¢ Q
and pf = pi= g + L« dA so that they satisfy Condition (M1%).
— The total volume of the holes satisfies
T = X dagrd = 0(re) (10)
kel¢
and pif Z. dx, so that they also satisfy condition (M1¥).

— It is a standard fact that the trace maps T/,/F and the Sobolev embeddings Tlitg, T}, are compact.
Furthermore, the first Steklov and the first Neumann eigenvalue on Lipschitz domains are always
positive so that Condition (M2*) is met in both cases.

— Denoting by J¢ : Z(QFf, uf) — £ (Q, uf) the map extending harmonically in T¢, we have that J¢ is
bounded independently of ¢, see [23, Example 1, page 40]. Condition (M3*) is therefore satisfied.

We may now turn to the associated eigenpairs.

3.2. Convergence properties of the Steklov eigenpair. We recall from Proposition that the norm
associated with £ (Q, u) is equivalent to the usual H' () norm. For convenience, we state the results in
terms of £ (Q, p) terms, but the reader interested in the standard Euclidean setting can interpret them
as H! (Q) convergence results.

We denote by 05.8) = A1 (QF, go, u°) the Steklov eigenvalues of Qf and by u}g) the associated Steklov

eigenfunctions. It follows from Proposition 2.7]that for each j, 05.5) is bounded in €. We also write U](.g) =
Jé u;‘"), which enjoys the following properties, proven in [8| Section 3].

- Ase—0,
2 2
f 'VU;F) dx = (1 +0p (eﬂ))[ vul?|” dx
Q : ¢ (11)

— 5@ 73

=0, +0g,; (sdfl).
— There is a C > 0 depending only on f such that for all £ small enough,

|u® <C (12)

J i@

Note that these properties were proved under the condition that § is a constant function. However, the
proofs are local in nature and go through under the assumption that there is C such that (x) < C for all
x € Q, which is the case here by assumption.

Proposition 3.3. Ase — 0, 05.5) — A;(Q, go, 1), where =1, dA+ ,ug. The harmonic extension U](.g) of the
eigenfunctions converges strongly in £ (Q, p) to the eigenfunctions associated with A j(Q, go, 1.

Note that strong H' convergence is not a feature usually present in homogenisation theory and it
depends on the specific eigenfunctions we are working with. In order to prove this proposition, we will
prove in turn that Conditions (EF1*)-(EF3*) are satisfied.

Lemma 3.4. The family {U](.E)} is bounded in 1?(Q, u). In other words, Condition (EF1#) is satisfied.
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Proof. From (12),

(€)
” Uj

< ()2 ” U](s)

@ = 9l

L2(Q,u) Lee

Proposition 3.5. Let jeNandve £ (M, ). The limit
=0

: ) )
}SLH% (U;E YUY L(Myp) — (M;E » U) Q)
holds. In other words, Condition (EF2¥) is satisfied.

Proof. Observe first that the family of functionals v — (U](E), Ve € £ (M, w)* is bounded uniformly

in €, this follows from the L°°(M) bound on U](F) in and boundedness of the Dirichlet energy from

Condition (M1*). We therefore suppose that v belongs to the dense subspace C*(Q).
It follows from weak £ (Q, 1) convergence and the Holder inequality

VU@ .vodx- | Vu® -Vodx= | VU® -Vvdx+o0;,,(1)
fQ J Qe pe J Jv (13)
=0j,,(1).
It remains to show that
(U(.g),v)gg, _<u(.£),l/>$Q£, e :f U©ypdx— u®vdA
j (@) =25 @)= | p ore 4

converges to 0 as € — 0. To obtain convergence of this last term, we cannot use standard techniques from
homogenisation theory where integrals are studied through an auxiliary function defined in a reference
cell, this is due to f not being constant. We emulate the construction found in the proof of [9, Proposition
5.2]. For k € T¢, define Y€ H! (Qp) as the solution to the weak variational problem

VUEHI(Ql‘i\B(Ek,I’l‘i)), f Vi[/?Vvdx:—c&kf vdx+f vdA.
Q Qx 0B, (¢k)

For y_to exist, it is necessary and sufficient (see (24, Theorem 5.7.7]) that

Blek)e? )
Cex=—"— =Pk +0g(&”).
The solution is unique if we require that fQi Y dx = 0. It satisfies (see [9) Equation 25])

vai“LZ(Qi\B(sk,ri)) <p 2,

For all v € C*°(Q) we have that
(€) _ £ (&) (e)
u. ' vdA= f Vi -V(uy' v)+co '’ vdx.
fan / kg’p Q\B(ek, 1) Yk / A
The first term on the righthand side converges to 0. Indeed, it the generalised Holder inequality yields

£ (&) £ (€)
)3 fQE\B(Ek,)V’/’kV(”j vydx< sz 99l g meern 1V @ U7
k 2L E € £

kel¢ H'(QY)

(14)
dl2 U(s)
<poe ” i

HIY(Q) '
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Strong L?(Q, ) convergence on the second term implies that

U vBdx— f cext®vdx— 0.
fﬂ P keZT Qu\Blekr) ) =
Combining (I3), and (I5), we have indeed that Condition (EF2*) is satisfied. O

Proposition 3.6. Forevery j,keN,
{l;-li.l(l) <U;E) ) U](CE)>L2(Q’ﬂ) —_ <u;5)’ u;CE)>L2(-QEHuE) = O.
In other words, Condition (EF3%) is satisfied.

Proof. Observe that by the variational characterisation of ¢, for all ¢ > 0 small enough and j, ke N

(U](.E), U]E;E)>L2(Q,H) _ <u;£), UECE)>L2(QE,;F) = j;) UJ(S) Ul(cf)ﬁdx

f Ve - Vu® u®) + cppu'® ul® dx.
iz Jonery KT TR T TR

Again, from the generalised Hélder inequality,

vyt V(' u'®) dx « ¢ . . (”u(.g) +Hu(£) )
kele fof;\B(ek,rg) Vie VO ) kezie IWidiepmiercr (1457 iy * 1 i
x ( ‘VU(.E) + ”VU(E) ‘ ) (16)
Jolz@p k2o
<e?(|vu@| , o+ |vue|, ).
iz k2@
Finally, strong L?(Q) convergence implies that as £ — 0,
U U pdx - Ve V'O ul®) + ¢ g ul® dx — 0. 17)
fQ j Tk h kg’ig QE\B(ek, ) Vi ik A
Inserting and (I7) yields indeed that Condition (EF3*) is satisfied. O

We can now have the convergence of the Steklov eigenpairs.

Proof of Proposition[3.3. By construction of Q° and uf, Lemma[3.4land Propositions B.5land 3.6} Condi-
tions (M1*)-(M3*) and (EF1*)-(EF3*) are satisfied, so that all eigenpairs converge to the corresponding
pair. All that is left to prove is the strong convergence of the eigenfunctions. Since we already have weak
convergence, we only need to prove convergence of the norms.

It follows from (I1) and that

o

(€)
i u:

lim - ”
LQ,p J

e—0

LQE o)

and we already have strong L?(Q, u) convergence. Following (8) in Proposition the convergence is
therefore strong in Z (M, ). O
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3.3. Convergence of the Neumann eigenpairs. We denote this time V;E) the Neumann eigenvalues of

QFf, and v;s) the associated eigenfunctions, and Vj(E) =J° v; . We prove the following.

Proposition3.7. Ase — 0, V;E) — 1;(Q, g0, dx) = v;(Q). The harmonic extension V]FE) of the eigenfunctions
converges weakly in H' (Q) to the eigenfunctions associated with v i(Q).
This could be proved by modifying the arguments in [23]. For completeness and consistency, we pro-

ceed again by proving that Conditions (EF1*)-(EF3*) hold. Note that in this situation it is simpler than
for the Steklov eigenfunctions.

Lemma 3.8. The functions Vj(g) are bounded in1.2(Q)). In other words, Condition (EF1) is satisfied.

Proof. This follows from the fact that /¢ is a bounded operator, uniformly in €, and the normalisation

=1. O
L2(Q¢)

Lemma 3.9. Let j €N, and f € H(Q). The limit

£
28
J

=0

lim <V;E)rf>H1(Q) - <V;E)rf>H1(Qf)
holds. In other words, Condition (EF2%*) is satisfied.

Proof. Once again, we may choose f in the dense subspace C*(Q). Then, we observe that

(€) (€) e(1/2 (€)
Vi, gy =<0}, Pas | <|T¢ ”V] N 1)
which goes to 0 as € — 0, from equation (I0). g
Proposition 3.10. Forevery j, k €N, the limit
: & ys(& (e) ,,(€) —
{151_.1'% (Vv] , Vv >L2(Q) - (U] Uk >L2(QE) =0

holds. In other words, Condition (EF3*) is satisfied.

Proof. This follows simply from the fact that as an operator from H! — L2, the norm of the harmonic
extension operator to a small ball goes to 0 as the radius goes to 0, so that

lim | VEVEdx=o(1).
&£—0 Jte J
O

Combining the previous three Lemmas, we have indeed proven Proposition 3.7 We may now prove
the main convergence theorem of our section.

Proof of Theorem[3.1l For j € N and ¢ > 0, Proposition[3.2lensures the existence of @ > 0 such that
€
|1;(Q, 8o, ats dAg + fdx) (1 + a|0Q]) — A (Q, go, fdx) | < >
Then, by PropositionsB.3land 3.7} there is Qf < Q such that

A;(QF, 8o, 1¥) |Q°| — @ (Q, go, at dA + fdx) (IOQI +a ! fQ,de)

€
<
2
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and
£
|2;(QF, go, dxlge) — A(Q, 8o, dx)| < 7

Combining those estimates yield exactly Theorem[3.11 g

4. LARGE STEKLOV EIGENVALUES IN THE PLANE

In this section, we prove the isoperimetric inequalities related to the Steklov eigenvalues.

Proof of Theorem[I1. Let Q c R? be a simply connected Lipschitz domain. For g a smooth metric on the
sphere, let

Aj(g):=A1;(S% g dvg)Areag(S?).

Itis known from [13,[16] that sup, Aj(g) =87 . Let 6 >0, and g be a smooth metric on $? such that such
that

Aj(g)>8mj—0.

Let Y be S? with a small disk removed. It is easy to verify that as the radius of that disk goes to 0, the
Neumann eigenpairs (i, f;) of Y along with dvy restricted to Q satisfy conditions (M1*)-(EF3*) with the
limit measure being dvg so that if the radius of the removed disk is small enough,

vj(Y)Areag(Y) > Aj(g) - 6.

Let ®: Q — Y be a conformal diffeomorphism. Since Dirichlet energy is a conformal invariant, the jth
Neumann eigenvalue of Y is equal to the eigenvalue A ;(Q, g9, ®* (dvg)). The homogenisation Theorem
[Bdlguarantees the existence of Qf < Q such that

o' o’ >)Lj(u),go,@*(dug))fﬂqf(dvg)—6. (18)

Putting this all back together yields the bound o ;(Q°) [0Q°| > 87 j — 36. Since § > 0 is arbitrary Z;f =8mj.
O

Proof of Theorem[L.8. For 6 > 0, proceed as in the proof of Theorem [L1] but start with Q < R? such that
vi(Q) Q] < g, for instance a very thin rectangle. By Theorem [3.I, when choosing ¢ in (18), € can be
chosen small enough so that v;(Qf) || < 6. This concludes the proof. g

Remark 4.1. It is clear from our constructions that as soon as a measure g on Q is a weak-* limit of
measures of the form fdx respecting conditions (M1*)-(M3*) and (EF1*)-(EF3*), we can find Qf such
that the normalised Steklov eigenvalues on Qf approximate normalised variational eigenvalues associ-
ated with ¢ on Q. In particular, following the work of Lamberti-Provenzano [20], if two domains Q1,Q,
are conformally equivalent, there is a sequence of domains Q° c Q; such that the normalised Steklov
eigenvalues of Qf are arbitrarily close to the normalised Steklov eigenvalues of Q,. Furthermore, they
can be chosen so that the Hausdorff measure of their respective boundaries converges to 0. By a differ-
ent construction, we therefore recover a result similar to Theorem[I.4]l These domains Qf will be Q with
holes removed, those holes will become bigger as they accumulate near the boundary.
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