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Abstract

We show that the presence of replica wormholes in the Euclidean path integral of gravity
leads to a non-perturbative violation of charge conservation for any global symmetry present
in the low-energy description of quantum gravity. Explicitly, we compute the scattering
probability between different charged states in several low-dimensional models of quantum
gravity and find a non-vanishing answer. This suggests that the set of all charged states is
typically over-complete, which has drastic consequences for the fate of black hole remnants
that could carry a global symmetry charge. In the holographic context, we argue that the
presence of such a symmetry in the effective description of the bulk should appear on the
boundary as an emergent global symmetry after ensemble averaging.
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1 Introduction

A longstanding question in quantum gravity is whether exact global symmetries can be
present [1, 2, 3, 4, 5, 6, 7, 8, 9]. When such global symmetries are present, a problem
appears when forming black holes from particles that carry an overall global symmetry
charge. A semiclassical analysis of evaporation suggests that the Hawking radiation emitted
by such black holes is thermal [10, 11, 12]. Consequently, the global symmetry charge of the
black hole cannot significantly change through the evaporation process. If the black hole
evaporates completely and the resulting state of Hawking radiation is a singlet under the
global symmetry (as suggested by the semiclassical analysis), then the evaporation process
violates the conservation of the global symmetry charge, a central tenet of global symmetries
in quantum field theory. Alternatively, the black hole might not evaporate completely but
rather decay to some remnant state that retains the global symmetry charge of the black
hole. Because in the process of evaporation, a large number of indistinguishable small black
holes can be formed [6], each with a different global symmetry charge,1 such states have
a much larger degeneracy than what is allowed by the “central dogma” [13], which states
that from the perspective of an outside observer black holes describe quantum systems with
SBH = (horizon area)/(4GN) degrees of freedom.

The primary goal of this paper is to show that if a global symmetry is present in the
effective description in any theory of quantum gravity,2 then the presence of (replica) worm-
holes in the Euclidean path integral of the theory leads to a non-perturbative violation of
this global symmetry.3

To probe the violation of charge conservation, we compute the scattering probability
between states with different global symmetry charges. On a black hole background, we find
that this probability is non-zero. In contrast to our common intuition from quantum field
theory, this implies that states with different global symmetry charges in quantum gravity
are non-orthogonal and could form an over-complete basis. Consequently, to understand
whether small black holes or remnants indeed disobey the “central dogma” discussed above,
we determine the minimal basis of charged states that spans the space of states for such

1For now, we assume that the global symmetry is continuous or, if discrete, has a large number of
irreducible unitary representations.

2Here, we can consider the case where the global symmetry is present in the effective description up to
arbitrarily large energy scales.

3There have been several past papers making the connection between the existence of wormhole solutions
and the violation of global symmetries in quantum gravity [3, 14]. However, the wormholes discussed in this
paper are different in nature, i.e. they appear because we are considering the gravitational path integral in
the presence of multiple boundaries.
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objects. In contrast to the previous analysis, which suggests that the dimension of this basis
is equal to the number of unitary irreducible representations of the global symmetry group
[6],4 we find that the dimension is always given by ∼ eSBH after considering the contribution
of connected geometries in the gravitational path integral. The result is now consistent with
the “central dogma” and suggests that, in principle, black holes that carry a global symmetry
charge can fully evaporate.

It is perhaps not surprising that the contribution of (replica) wormholes to the gravita-
tional path integral drastically alters the conclusions of the semiclassical analysis for black
hole evaporation. Recently, by considering the contribution of replica wormholes, [15, 16, 13]
reproduced the correct behavior of the Page curve at late times, further providing a detailed
map of how modes trapped in the interior of the black hole are encoded in the Hawking
radiation at late times. The analysis presented in this paper is closely related to these devel-
opments, as we explain how global symmetry charges trapped inside the black hole horizon
can “escape” through replica wormholes analogous to those considered in [15, 16].

Even though the conservation of global symmetry charge is violated due to wormhole con-
tributions, one might ponder the origin of this symmetry in the effective gravitational theory,
in the context of holography. For bulk theories with multiple boundaries, the contribution
of wormholes to the gravitational path integral leads to the widely discussed factorization
puzzle [17]. To obtain boundary observables consistent with this lack of factorization in the
bulk, we can consider a boundary system given by an ensemble average of theories [17]. In
this context, we conjecture the following relation between the bulk and the boundary:

• If each theory in the ensemble average on the boundary has some global symmetry
G, then the effective theory in the bulk should have a gauge symmetry whose gauge
group is also given by G. This is the standard case in AdS/CFT [18].

• If the ensemble average on the boundary gives rise to some emergent global symmetry
G (which is not a symmetry of individual Hamiltonians in the ensemble), then the
effective gravitational theory in the bulk should have the same global symmetry G.
On the boundary, global symmetry charge conservation is violated when considering
the average of several replicas of the ensemble, while in the bulk the violation occurs
because of replica wormholes. This means that if we couple this boundary symmetry
to a background gauge field, the replicated system will not be invariant under the most
general gauge transformations. A concrete example to have in mind for a boundary
theory exhibiting such features is the Sachdev-Ye-Kitaev (SYK) model [19, 20, 21, 22];
the model has an emergent O(N) symmetry after ensemble averaging but has no such
symmetry in individual instances of the ensemble.

4Of course, in the case of a continuous symmetry group, this number is infinite.
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This improvement of the holographic dictionary provides a new perspective on the prob-
lem of factorization. If we want to restore the factorization in the bulk with modifications
of the Lagrangian of the theory or by finding some UV completion, this requires an ex-
plicit breaking of all bulk global symmetries in order to be consistent with the wormhole
calculation.

The remainder of this paper is organized as follows. In section 2, we review several known
arguments that suggest the absence of global symmetries in quantum gravity. In section 3,
we present the general setup for our calculation and compute the scattering amplitude be-
tween states of different charges in several toy models of gravity. Furthermore, we emphasize
the difference between global and gauge symmetries in the gravitational path integral, ex-
plaining why the latter does not exhibit a violation of charge conservation, while the former
does. We also discuss how global and gauge symmetries can arise in holographic theories
with ensemble-averaged dual boundary theories. In section 4, we show that any states in the
black hole interior can be reconstructed by an eSBH number of states. In Jackiw-Teitelboim
(JT) gravity [23, 24], we do an exact planar resummation to find the reconstruction map,
and explicitly find the complete basis of states. In section 5 we relate our findings to the
problem of remnants and we speculate about their ultimate fate. Finally, in section 6 we
summarize the main points of our paper and discuss their relation to past arguments against
global symmetries in quantum gravity.

Note added: During the development of this paper, [25] appeared, and also discussed
the violation of global symmetries in quantum gravity from a different perspective, also using
replica wormholes.

2 Review of previous arguments

Before expanding on our arguments regarding the violation of global symmetries due to
replica wormholes, it is instructive to first review several arguments about the absence of
global symmetry in quantum gravity. We can summarize most of these arguments through
figure 1, that shows the Penrose diagram of an evaporating black hole. As we will discuss
later in the paper, each one of the arguments reviewed below can be refined by including the
contribution of connected geometries to the gravitational path integral.
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Figure 1: The Penrose Diagram of an evaporation black hole. At I−, we collide a large
amount of particles, forming a representation R under the global symmetry G, to create a
black hole. The Hawking radiation at J + is thermal and independent of R [10, 11]. The
original matter is stored in the interior region H, which causes a problem when the log of
dimension of the representation R exceeds the Bekenstein-Hawking entropy.

2.1 Hawking’s original argument

Considering a quantum field theory with a continuous global symmetry coupled to gravity,
we can create a black hole by colliding a shell of matter field carrying an overall non-zero
global charge. In the absence of gauge fields for the symmetry (i.e. the symmetry is not
gauged), the macroscopic structure of the black hole is insensitive to the global symmetry
charge due to the no-hair theorem [26, 27, 28, 29]. This means that the Hawking radiation
will be the same as the case of an ordinary Schwarzchild black hole. In the leading order
approximation, only the lightest particles are produced in the evaporation, and they do
not carry any of the original global symmetry charges and at the end of the evaporation
process, assuming there are no remnants that carry the global symmetry charge, we have
an almost thermal distribution of radiation. This means that the black hole evaporation
process violates the charge conservation of the symmetry, and therefore global symmetry
must be violated in quantum gravity [12]. The argument can be formulated quantitatively
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as a scattering process, by defining a dollar matrix that represents the transition amplitude
between the initial and final density matrix: [12]

$mm′;nn′ρ
in
nn′ = ρoutmm′ , (2.1)

which for a unitary process can be factorized as a product of S-matrix elements:

$mm′;nn′ = SmnS
∗
m′n′ . (2.2)

For a single non-unitary evolution, the dollar matrix cannot be factorized. Then, the breaking
of a global symmetry G means that the dollar matrix does not commute with the symmetry
transformation:

$mm′;nn′GnlG
∗
n′l′ 6= GmnG

∗
m′n′$nn′;ll′ . (2.3)

The above argument assumes that the black hole fully evaporates and no remnant is present.
This, of course might be incorrect since the semiclassical computation of the rate of Hawking
radiation can fail once the black hole mass becomes sufficiently small, say M = XMpl for
some number X. As we will review below, the absence of global symmetries in quantum
gravity can be motivated even when assuming the presence of remnants.

2.2 The remnant argument

While Hawking’ original argument is physically intuitive, it relies on the assumption that
nothing dramatic happens at the end point of the evaporation process where the semiclassical
calculation may break down. The validity of Hawking’s calculation can be estimated from
the change of the black hole mass due to radiating one thermal quanta. For example, the
temperature of a mass M Schwarzchild black hole is of order 1/(GNM), which means that
the semiclassical picture breaks down when M ∼Mpl.

Banks and Seiberg, on the other hand, provide an additional argument against global
symmetries [6]. Just like in the setup described above, they imagine the initial matter forms
a representation R of a large dimension under some non-abelian group G. Under the black
hole evaporation, the initial matter will remain in the interior region H of the black hole.
The black hole can evaporate down to a mass M = XMpl, where XMpl is the energy scale
at which semiclassical thermodynamics breaks down and the result might be a long lived
remnant. At this energy scale the entropy on its lightsheet (the non-expanding lightcone
associated to its horizon) will be order ∼ X and could be smaller than log of the dimension
of the representation R. Then the entropy of the interior modes exceeds the area of the
almost evaporated black hole

A

4GN

= πX2 < log dimR < Sinterior . (2.4)
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The covariant entropy bound [30] states that the matter entropy on a lightsheet is bounded
by the change of the transverse area: Slightsheet ≤ ∆A

4GN
. Assuming that the matter entropy on

the lightsheet bounds the matter entropy in the black hole interior Slightsheet ∼ Sinterior (we
will revisit this point in the end of this section), this leads to a contradiction.

The above argument can be improved to include the cases even if the group G is abelian or
it does not have representations with large dimensions. One instead considers forming several
black holes with several representations R ∈ R, for some large set of unitary irreducible
representations R. As explained before, since Hawking radiation is thermal, we can assume
that the black holes maintain their representations R throughout their evaporation process.
When all black holes reach the mass M = XMpl, we thus obtain a number

∑
R∈R dimR of

remnant states that are indistinguishable. Once again, if πX2 < log
∑

R∈R dimR, making
the same set of assumptions as above, the existence of such objects is inconsistent with the
covariant entropy bound. Consequently, this stronger version of the above argument rules
out the existence of any global symmetry with Lie group G or any finite global symmetry G
with large enough unitary representations.

As previously hinted, the above arguments require several technical assumptions. The
main technical assumption is that the entropy on the lightsheet can be related to the entropy
on some space-like Cauchy slice stretching through the interior of the black hole/remnant.
This relation is unclear when the lightsheet (drawn in orange in figure 1) intersects the
singularity of the black hole (the red line) [31]. Thus, it is unclear whether the covariant
entropy bound actually applies to the matter entropy on the whole interior slice of the
black hole (or remnant).5 Rather, it should be the “central dogma” [13] described in the
introduction that bounds the number of states inside the black hole interior, at least seeing
from outside. Furthermore, the argument that the entropy of the black hole exceeds the
dimension of certain representations can be made only at late-times when the black hole has
almost fully evaporated. It would therefore be interesting to understand whether recently
discussed effects coming from the contribution of replica wormholes (which completely alter
late-time observables, such as the entanglement entropy of the Hawking radiation [16, 15] or
correlators of matter fields [34]), affect the conclusions of [6]. We will explicitly address this
in section 4 and 5.

2.3 The Harlow-Ooguri and Harlow-Shaghoulian argument

The holographic principle, or the AdS/CFT correspondence, provides well-defined quantum
gravity theories from their boundary dual descriptions. In such context, Harlow and Ooguri

5There have been numerous other arguments against the existence of remnants [32, 33], however they
require different technical assumptions which we do not address in this paper.
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construct a new argument against global symmetries in gravity using the idea of entanglement
wedge reconstruction [7, 8]. Recently, Harlow and Shaghoulian [9] extended this argument
to more general evaporating black holes using the recent development of the Page curve
[15, 16, 35, 36, 37]. They imagine a setup in which the spacetime of an evaporating black
hole is separated into two regions S and R: S contains the black hole and is understood as
some kind of boundary description, while R stands for a “reservoir” absorbing the Hawking
radiations and is understood as the exterior region where gravity effects are nonessential.
The Page curve describes the entropy of the Hawking radiations in R. The entropy of the
radiations first grows maximally due to the thermalization between S and R and is bounded
by the Bekenstein-Hawking entropy of the black hole system, that means it should decrease
after the Page time when it saturates the black hole entropy. In the gravity picture, such a
transition corresponds to a phase transition of two Quantum Extremal Surfaces (QES) [38]:
one is the empty surface and the other is close to the black hole horizon. After the Page time,
the nontrivial QES will dominate and enclose a large portion of the black hole interior called
the island, which belongs to the entanglement wedge of R but not S. On the other hand,
if one considers a smaller portion of R when the naive thermal entropy of the system does
not exceed the black hole entropy, there will be no Page transition and therefore no island.
Based on this, Harlow and Shaghoulian argue that the unitary transformation generated by
the global symmetry group can be split into products of unitary transformations on S and
small portions Ri of R (∪iRi = R):

U(g) = U(g, S)
∏
i

U(g,Ri)Uedge (2.5)

where Uedge is only supported on the edges of Ri. After the Page time, the island region
is not contained in any of the entanglement wedge of S and Ri’s. Such a global symmetry
cannot act on any simple operators in the island, and therefore the global symmetry cannot
exist.

Given that the island formula has recently been “derived” from the contribution of replica
wormholes to the gravitational path integral [15, 16], it would be informative to understand
why the global symmetry cannot exist without relying on the existence of islands. Rather,
in the next sections we will directly address what effects Euclidean wormholes have on global
symmetries present in quantum gravity.
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3 Global symmetry violation from replica wormhole

3.1 General argument

In this section, we will provide a new argument about the nonexistence of global symmetry
in quantum gravity. We will argue that even if the Lagrangian of the theory preserves global
symmetry, global symmetry charge conservation is violated in quantum gravity due to the
existence of replica wormholes. More precisely, the replica wormhole will predict a nonzero
transition probability between states with different symmetry global charges.

In order to understand the contribution of such replica wormholes, we should first list the
necessary assumptions for computing observables in a gravitational theory. Throughout this
paper we will be interested in preparing states in some gravitational theory, with metric gµν ,
coupled to a matter field Φ, such that the Lagrangian L(Φ, gµν) of the theory is invariant
under some global transformation G. We can prepare such a state by using the Euclidean
path integral, with Dirichlet boundary conditions for the metric (i.e. the Hartle-Hawking
state |HH〉), which means that boundary operator insertions can be specified in a diffeo-
morphism invariant way. Thus, for some operator O(τ) formed from the matter field Φ, we
can define some state |ψ〉 as,

|ψ〉 = O(τ)|HH〉 =

O(τ)

. (3.1)

Matter excitations of the field Φ can be classified into representations of G. For example,
consider two operators O1,O2 transforming under representation R1 and R2 of global sym-
metry G, which, when acting on the Hartle-Hawking state, create two states |R1〉 and |R2〉
with representation R1 and R2. A nonzero transition amplitude between these two states
〈R2|R1〉 = 〈O†2O1〉 would imply that the global symmetry G is broken, given that R1 ⊗ R2

does not contain the singlet. The physical observable constructed from the transition ampli-
tude between the two states is the scattering probability |〈R2|R1〉|2. For simplicity, we will
for now consider the case in which there is no Lorentzian evolution between the in- and out-
states and when the global symmetry G is never spontaneously broken.6 Without Lorentzian
evolution, the scattering probability yields the squared norm of the inner-product between

6Even if G is spontaneously broken we can always set the VEVs of charged fields to vanish by choosing
appropriate boundary conditions. We will emphasize this through an example in section 3.2.2.
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the two states which, due to the charge conservation, would simply vanish in quantum field
theory. This will not be the case when coupling Φ to gravity.

In terms of the gravitational path integral, the scattering probability can be written as

|〈R2|R1〉|2 = tr ρin-inρout-out =

O1 O2

O†1 O†2

. . . (3.2)

where we rewrite the this probability in terms of two density matrices ρin-in = |R1〉〈R1| and
ρout-out = |R2〉〈R2| to (i) emphasize that just like when computing the Renyi entropies in a
gravitational theory [15, 16], we need to consider several (for the scattering probability, only
two) replicas of the gravitationally prepared density matrices, and (ii) to directly understand
the relation of this probability to the $-matrix considered in section 2.1.

Next, we assume that between the two replicas in (3.2), there is no restriction on the
Euclidean gravitational path integral which would disallow connected geometries.7 Thus,
the inner-product between the states |R1〉 and |R2〉 is given by

|〈R2|R1〉|2 = tr ρin-inρout-out =
OR1 O†R2

O†R1
OR2

︸ ︷︷ ︸
Vanishing contribution

+
OR1

O†R2

O†R1

OR2

︸ ︷︷ ︸
Leading contribution

+ . . .︸︷︷︸
Higher genus sub-leading contributions

. (3.3)

The leading disconnected geometries are given in the first line and their contribution is an
integral over the correlators 〈O†1O2〉 and 〈O1O†2〉 on two disconnected fluctuating geometries.

7While we do not yet know of a reason whether to include (or exclude) connected replica geometries in a
UV completion of gravity, from the path integral perspective, there is no way to impose that we only sum
over connected geometries when using a local measure for the metric gµν .
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However, since we have assumed that R1 × R2 contains no singlets, the correlators 〈O†1O2〉
and 〈O1O†2〉 vanish on all backgrounds due to charge conservation, when assuming that the
global symmetry G is not spontaneously broken. The second line in (3.3) yields the contri-
bution of the replica wormhole (i.e. the connected geometry) and its contribution is given by
the correlator 〈O†1O2O1O†2〉 evaluated on a sum over fluctuating connected geometries. This
correlator is generically non-vanishing on any geometry since singlets are always present in
the tensor products R1×R1, and R2×R2 (following from the definition of the complex con-
jugate irreducible representation). The connected geometry yields a non-zero contribution
and is especially trustworthy, even in a theory whose UV completion is unknown, when the
replica wormhole geometry (in the presence of operator insertions) is a saddle point of the
gravitational path integral. We will explicitly compute the value of this correlator in the next
subsections in two simple toy-models: in section 3.2.1, in JT gravity coupled to a massive
scalar field theory with a U(1) global symmetry, where we will show that the wormhole is in-
deed a saddle for the black hole geometry, and, in section 3.2.2, in a simpler two-dimensional
topological theory of gravity, coupled to a Zk BF theory. The only other contributions to
the inner-product are given by sub-leading, typically higher topology, geometries which are
non-perturbatively suppressed either because they capture the contribution of sub-leading
saddles or, as is the case for JT gravity [39], because they are exponentially suppressed by
e−2(BH entropy)g where g is the genus of the connected manifold.

To obtain the scattering probability, we need to analytically continue the geometries
above, to have a period of Lorentzian evolution between the in- and out-states. Such an
analytic continuation is schematically given by,

|〈R2|eiHt|R1〉|2 = tr ρin-ine
iHtρout-oute

−iHt =

OR1

O†R2

O†R1

OR2

︸ ︷︷ ︸
Vanishing contribution

+

O†R2

OR1

OR2

O†R1︸ ︷︷ ︸
Leading contribution

+ . . .︸︷︷︸
Higher genus sub-leading contributions

. (3.4)

The first line, again shows the contribution of the vanishing disconnected geometries on the
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black hole background, whose horizon is shown by the red dotted lines and where periods
of Lorentzian evolution are symbolized by green curves and periods of Lorentzian evolution
are symbolized by purple boundary curves. The Lorentzian replica wormhole contribution is
captured on the second line of (3.4), where it is unimportant the order in which connect the
Euclidean patches. Notice that again, since the scattering probability is given by a simple
analytic continuation of the inner-product in (3.3), although the wormhole is an instanton
contribution to the gravitational path integral and is e−

1
GN suppressed, it dominates over the

original geometry which gives a vanishing answer. Therefore we conclude that the transition
probability, just like the inner-product norm, does not vanish and the charge conservation
of the global symmetry G is violated in quantum gravity, even when there is no explicit
breaking of the symmetry in the Lagrangian. We can in principle consider more general
density matrices ρin-in and ρout-out and the comments regarding the contributions of replica
wormholes will still follow as long as the QFT path integral on some generic wormhole
geometry is non-vanishing.

Finally, if the bulk theory has a boundary dual, where we have to consider an ensem-
ble average of theories due to the wormholes, the nonzero transition probability between
charged states in the bulk means that the corresponding inner-product between states on
the boundary is some nonzero random number. After taking the ensemble average of a single
copy of such a system, this inner-product vanishes, while if taking two copies of the system,
needed to compute the absolute value of the inner-product, we find a non-vanishing answer.
As previously described, this implies that the the system develops a global symmetry only
after taking the ensemble average and we will discuss examples of such occurrences in section
3.4. This provides us a new aspect of the issue of factorization: if we want to restore the
factorization in the bulk with a modifications of the Lagrangian of the theory, this inevitably
requires an explicit breaking of all the global symmetries to be consistent with the wormhole
calculation. We will discuss this point further in section 3.4.

3.2 A few examples

In this section, we will provide a few examples that support our argument. The main exam-
ples are based on two dimensional gravitational theories where the wormhole configurations
are best understood. However, we except the argument can extend to higher dimensions,
where wormhole geometries can also be constructed [17].

12
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Figure 2: A decomposition of the Euclidean wormhole seen in the second line of (3.3) into
patches on the Poincaré disk.

3.2.1 JT gravity coupled to matter

Our first example is JT gravity [24, 23] coupled with bulk matter field which has a global
symmetry G. Such a theory is not UV complete due to the contribution of higher topology
geometries to the path integral [39], so, in order to estimate the effect of such geometries,
our strategy will be to look for semiclassical gravitational saddles. For concreteness and
simplicity, we can take the matter field to be a complex scalar Φ = ϕ which carries some
charge q under a U(1) subgroup of G. Consider two charge states |q〉 and |q〉 prepared by
insertion of ϕ and ϕ∗ on a thermofield double state with inverse temperature β:

|q〉β =
∑
n

e−
β
4
HL−β4HRϕL|n〉L|n〉R , |q〉β =

∑
n

e−
β
4
HL−β4HRϕ∗L|n〉L|n〉R , (3.5)

prepared as in (3.1).

The inner-product between these two states is equal to the two-point function

〈ϕ(β/2)ϕ(0)〉β = Tr
(
e−

β
2
Hϕe−

β
2
Hϕ
)

(3.6)

on a single boundary. In JT gravity, such a correlation function is given by a summation
over all hyperbolic geometries ending on the single boundary, including the disk topology
and adding handles on it. As we discussed in the section above, the two-point function
〈ϕ(β/2)ϕ(0)〉β on such geometries is identically zero, due to the existence of the U(1) sym-
metry.

Let’s now consider the absolute value squared of the inner-product, |〈q|q〉|2 as in (3.3). In
JT gravity, such a two boundary correlator is given by summation over all smooth hyperbolic
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geometries ending on the two boundaries, including factorized geometries and non-factorized
geometries. The correlator on the factorized geometry is zero, since there will be two in-
dependent U(1) global symmetry acting on the two boundaries and for each boundary the
insertion of the operators (ϕϕ and ϕ∗ϕ∗) is not U(1) invariant. On the other hand, the cor-
relator on the non-factorized geometry can generically be nonzero, since now there will be
only a unique global U(1) symmetry acting on these two boundaries, and the whole quantity
is invariant under such global transformations.

Our next step is then to construct such a semiclassical wormhole geometry. The leading
wormhole geometry that connects between these two asymptotic boundaries is the double-
trumpet geometry (the second line in (3.3)). On such geometries, there exists non-vanishing
bulk propagators connecting ϕ to ϕ∗ on the two sides.8 In JT gravity, such a configuration
can be evaluated directly by cutting the double trumpet along the geodescis connecting φ and
φ∗, along which the particle propagate semi-classically when their masses is sufficiently large
(see figure 2). Denoting the geodesic distance along the two geodesics as `1,2, the propagator
can be approximated as e−m`1,2 . The gravitational path integral on the rectangular region
with two asymptotic boundaries βL,R and two geodesic lengths `1,2 is then given by [41, 42,
43, 44, 45, 34, 40]:

〈`1|e−βLHL−βRHR |`2〉 =

∫
dEρ(E)e−(βL+βR)E〈`1|E〉〈E|`2〉 , (3.7)

where ρ(E) = 1
2π2 sinh(2π

√
2E) is the density of states and 〈`|E〉 = 4K2i

√
2E(4e−`/2) [42, 43].

We will come back to this later, but, for the moment, let’s assume the matter partition
function can be ignored. Then the whole path integral can be obtained by gluing these two
rectangular regions with the propagator:

φ

φ

φ∗

φ∗
=

∫
d`1d`2〈`1|e−βLHL−βRHR |`2〉〈`1|e−β

′
LHL−β

′
RHR |`2〉e−m`1−m`2

=

∫
dE1dE2ρ(E1)ρ(E2)e−(βL+βR)E1−(β′L+β′R)E2〈E1|OO|E2〉〈E2|OO|E1〉 ,

(3.8)

where 〈E|OO|E ′〉 is the two point function in energy basis on a disk [41, 42, 43, 44, 45]:

〈E|OO|E ′〉 =
Γ(m± i(

√
2E ±

√
2E ′))

22m+1Γ(2m)
, (3.9)

8Such a quantity has recently been considered by Stanford [40] and is further reviewed in appendix A
using the exact quantization method of JT gravity.
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where the ± sign above means we need to take product of all the four gamma functions
coming from different choice of the ± signs.

In the symmetric configuration where βL + βR = β′L + β′R = β, E1,2 has the same saddle
point E. The action of E contains two pieces: the gravitational action contributes the usual
thermal action, S(E)−βE, and the propagator contributes an action of orderm logE−S(E)

coming from the asymptotic expansion of the gamma functions.

Together, this leads to a semiclassical saddle of the energy:

Esaddle =
m

β
. (3.10)

Now, let’s examine our assumption of ignoring the matter partition function. In order to
justify that, we need the size of the wormhole, b (i.e. the geodesic length across the wormhole),
to be large. In appendix A, this size has be estimated directly using the cross ratio of the
four corners of the rectangular region. As a result, when we do a Lorentzian time evolution
βL,R → βL,R ± iT and β′L,R → β′L,R ∓ iT , the size of the wormhole grows linearly with time:

b ∼ 2
√

2EsaddleT . (3.11)

Therefore, as long as T is large enough, we can ignore the contribution of the matter partition
function. The wormhole contribution is then given by:

|〈q|q〉β|2 ∼
1

|〈q|q〉β|2
(
8m

β
)2me−2m Γ(m)4

24mΓ(2m)2
∼ (

βm

2π2
)2me−2S0− 4π2

β
−2m , (3.12)

where we assume m is large. 〈q|q〉 is a normalization factor, and is given by the disk two
point function:

〈q|q〉β ∼
Γ(m)2

22mΓ(2m)
(
4π

β
)2me

S0+2π2

β . (3.13)

Finally, let’s remark on the situation when one of the operators whose scattering prob-
ability we want to compute is the identity operators. Once again, the leading wormhole is
the double-trumpet geometry and the same cutting and the gluing rule explained above can
be used to obtain the expectation value if we ignore the contribution of the matter partition
function [34]. The result is similar as the two point function case:

|〈ϕ〉β|2 =

∫
dEρ(E)e−(βL+βR)E〈E|OO|E〉. (3.14)

The saddle point discussion is almost identical with the two point function case, so we will
not repeat that analysis here. Again, to justify the assumption of neglecting the matter
partition function, one needs to do the same analytic continuation of βL,R → βL,R± iT . The
only difference between this case and the two point function case is that the total boundary
time evolution in this case is mostly Lorentzian, just like the situation of the spectrum form
factor.
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3.2.2 Gravity coupled to a pure gauge theory

Our second example is 2d gravity coupled to a BF theory [46, 47], the 2d gravity could either
be pure topological gravity, JT gravity [39, 48, 49] or its extensions [50, 51]. The point of
considering such a theory is two-fold:

• The first is that the theory is UV complete so we should not worry about the matter
partition function divergence coming from wormholes with small size b.

• The second is that such a theory has a spontaneous breaking of its zero-form symmetry
(whose origin we review below) and we will be able to show that the general analysis
in section 3.1 is applicable even in such a case.

The action of the theory is:

Sgrav[g] +
ik

2π
φda+ Sboundary(g,Φ, a) , (3.15)

where a is a U(1) gauge field, and φ is a scalar with periodicity 2π, which enforces the
gauge field a to be flat by the equation of motion. k is quantized to be an integer in order
for the action to be well-defined for 2π-periodic scalar φ: under the “gauge transformation”
φ → φ + 2π, the action changes by ik

∫
da. For it to be a multiple of 2πi, k needs to an

integer by the Dirac quantization condition
∮
da ∈ 2πZ.

Let us focus on the BF theory, which is a topological field theory that does not couple to
the gravity. It describes a Zk gauge theory [52, 6, 53]. The theory has the following operators

U = eiφ, V = ei
∮
a, Uk = V k = 1, UV U−1 = e2πi/kV , (3.16)

where the last relation means these operators have non-trivial braiding given by kth root of
unity, as can be seen from the Aharonov-Bohm phase. Thus if we ignore gravity, the global
symmetries of the theory are:

• Zk zero-form symmetry: the symmetry is generated by V , and U carries the unit
charge. The symmetry acts as φ→ φ+ λ0 where λ0 is a multiple of 2π/k. This leaves
the action invariant using the Dirac quantization condition

∮
da ∈ Z.9

• Zk one-form symmetry: the one-form symmetry [54] is generated by U , and V

carries the unit charge. The one-form symmetry acts as a → a + λ1 for one-form λ1

with Zk holonomy.

9In contrast, the gauge transform for the gauge group is a→ a+ dλ′ that leaves φ invariant.
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The above symmetries should not be confused with the Zk gauge symmetry.

Within the topological field theory in the absence of dynamical gravity, these symmetries
are spontaneously broken: for instance, on spatial circle there are k vacua labelled by eiφ

which is a kth root of unity. On the other hand, when the operator U or V is inserted in
homologically non-trivial cycle, the expectation value in the topological field theory vanishes
[54].

Now, let us consider the theory on a disk D with the Dirichlet boundary condition for
the gauge field a. The disk partition function for such a theory is given by,

ZBF [a] =
k∑
q=1

χq(e
i
∮
∂D a) , (3.17)

where each term in the sum corresponds to one of the k vacua and χq(ei
∮
∂D a) = eiq

∮
∂D a is

the Zk character with q ∈ 1, . . . k.

Setting a = 0, we want to prove that the one-point function of U inserted at the boundary
of the disk vanishes,

〈U〉 = 0 . (3.18)

To see this, we can modify the action by the insertion of U = eiφ at some point p:

φ(p) +
k

2π

∫
φda =

∫ (
k

2π
φda+ φδ(p)⊥

)
, (3.19)

where δ(p)⊥ is a delta function that restricts the integral to p. Then the equation of φ implies

da = −2π

k
δ(p)⊥ . (3.20)

If p formed the boundary end points of a curve γ, then the equation can be solved with
a = −2π

k
δ(γ)⊥. On the other hand, here we only have U inserted at a single point and no

such γ exists, and the equation cannot be satisfied. Thus, with the appropriate boundary
condition (a = 0) the correlation function equals zero despite the fact that the Zk zero-form
symmetry is spontaneously broken.

Instead, if we consider the one-point function squared |〈U〉|2, there are two leading con-
tributions: two disjoint disks with U and U † inserted at their boundaries, and cylinder that
connects the two disks (similar to the second line of (3.3) with O2 = 1). The first contri-
bution vanishes similar to the disk one-point function. The second contribution is however
nonzero: when normalized in pure BF theory, the correlation function in the topological field
theory is 1/k. More precisely, if the purely gravitational amplitude decreases with the genus
and equals e−Sdisk for the disk and e−Scylinder for the cylinder, then the leading contribution
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to the one-point function squared is

|〈U〉|2 =
e2Sdisk−Scylinder

k
+ · · · , (3.21)

where the · · · represents sub-leading corrections. To see this, note the equation (3.20) can
now be solved with a = −2π

k
δ(`)⊥ with ` a curve connecting the two insertions of U on the

top and the bottom of the cylinder. Then the contribution to the correlation function is
nonzero. Thus, just like in the previous analysis, the Zk symmetry is explicitly violated.

3.3 Differences between global and gauge symmetries

In this section, we will discuss how our argument is affected if the global symmetry is gauged.
As previously mentioned, in the holographic context, having a gauge symmetry instead of a
global symmetry in the bulk is a common occurrence [18].

By gauging a global symmetry G, we modify the Lagrangian by typically adding a gauge
field, so that it is now invariant under local transformations of G. In the presence of bound-
aries, we can consider gauge transformations that do not vanish at the boundary but preserve
the boundary conditions for the gauge field. In such a case, such a gauge symmetry acts on
charged fields which can be placed on the boundary as a global symmetry. This means that
in the presence of multiple boundaries, after gauging a global symmetry G we find multi-
ple global symmetries each acting separately on their own boundaries. Going back to our
wormhole argument, this means that in order to have a non-vanishing result of the scattering
probability, the operator insertions on each boundary need to be invariant under the global
transformation, i.e. the gauge transformations that preserve the boundary conditions for the
gauge field. That is, if the global symmetry is gauged, the transition probability between
two different charge states is zero, and is therefore not broken by wormholes. Thus, in the
example discussed in (3.2.1), if we gauge the U(1) symmetry, under which complex scalar ϕ
has charge q, then |〈q|q〉|2 = 〈ϕϕ〉〈ϕ∗ϕ∗〉 = 0 since the operators inserted on each boundary
do not form a gauge singlet, regardless of whether we demand gauge transformations to
vanish at each boundary.10

For this U(1) gauge theory, an alternative perspective can be obtained from Gauss’s law.
In such a case, the total charge going though the wormhole geometry needs to vanish due
to the equation of motion: d ∗ F = j, where F is the field strength and j is the current.
Integrating this equation over the throat of the wormhole, which is a closed manifold, we
automatically get the constraint

∮
j = 0.

10The correlators evaluated here are different than those for the non-local operator, ϕe
∫
Aϕ∗ which includes

a Wilson line stretching between the ends of the wormhole. Rather, here we only consider insertions of ϕ on
the boundary.
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As we shall explain shortly, in a theory with a holographic dual, where the boundary
theory is given by an ensemble average, a bulk gauge symmetry means that the symmetry
is preserved in each realization of the ensemble. Two symmetries whose “gauging” has been
extensively discussed in JT gravity [55], and are also present in individual instances of
SYK models, are the fermion parity symmetry (−1)F or the time-reversal symmetry T of
the boundary dual. We will discuss the role of these symmetries as well as bulk global
symmetries in the following subsection.

3.4 How the global symmetry G can arise and the factorization
problem

While the previous discussions focused on the gravitational theory, we need to explain how
the global symmetry G can arise in the bulk, in a holographic theory with a boundary
dual. Since we are considering the contribution of connected geometries for which the bulk
partition function does not factorize, we will consider the dual to be given by an ensemble
average of boundary theories. If the global symmetry G is present in the bulk, then the
same global symmetry G should also be present on the boundary. There are two logical
possibilities for the boundary global symmetry G:

(i) G is a global symmetry for each theory that is part of the ensemble.

(ii) G arises only after ensemble averaging and is not a symmetry of each member of the
ensemble.

We first analyze the case (i).11 Assuming that G is not spontaneously broken in any of
the members of the ensemble, then |〈OR〉|2 =: 〈OR〉〈O†R〉 := 0 (OR is some operator charged
under the global symmetry G and : · · · : indicate the point where we consider the ensemble
average). This computation disagrees with the computation in section 3 of correlators of
operators charged under G in the gravitational theory. Therefore, we conclude that such a
boundary symmetry cannot correspond to a bulk global symmetry and rather corresponds
to a bulk gauge symmetry [48, 49] which is unaffected by the contribution of the replica
wormholes (see 3.3).

For case (ii), after ensemble averaging, : 〈OR〉 : = 0; however, there is no reason for
the expectation value : |〈OR〉|2 : = : 〈OR〉〈O†R〉 : to vanish once considering the ensemble
average. We emphasize this point by considering example of the SYK model with N Ma-
jorana fermions which, after ensemble averaging, has an emergent O(N) symmetry. Such

11This case is also discussed when coupling JT gravity to a 2d gauge theory as in [48, 49].
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a symmetry acts on the fermionic fields as ψi → Uijψj and on the random coupling as
Ji1...ik → Ji1...ik(U

−1)i1j1 . . . (U
−1)i1j1 and leaves the path integral for a single SYK copy

invariant:

ZSY K ∼
∫
dJi1...iq

∫
Dψi e

−
∫
dτ

[∑N
i=1 ψi∂τψi−(i)

q
2 Ji1...iqψi1 ...ψiq

]
,
. (3.22)

where Ji1...iq is the random coupling that is drawn from a Gaussian distribution with variance,
〈j2
i1...iq
〉 = J2(q−1)!/N q−1. Importantly, since the emergent O(N) symmetry requires that we

transform the coupling Ji1...ik , the measure for the integral which averages over this coupling
is invariant under this O(N) transformations.

We can now consider a charged operator which transforms under O(N) but is a singlet
under the discrete symmetries (such as the fermion parity (−1)F or the time reversal sym-
metry T ) that are present in each individual ensemble (we will discuss the case in which the
operator is also charged under such discrete symmetries shortly). We can take such an oper-
ator to be OA = iψ[iψj] which transforms in the anti-symmetric representation of O(N), is a
singlet under (−1)F , and does not transform under time-reversal when q mod 4 = 2.12 If we
proceed by first integrating-out the coupling Ji1i2...iq , we can easily show that 〈OA〉 = 0 since
there is no spontaneous breaking of the global symmetry in 1D. However, when studying
the correlator which have primarily discussed in section 3, : |〈OA〉|2 :, we can no longer use
symmetry arguments to show that this correlator vanishes. To obtain : |〈OA〉|2 : we need to
consider two copies of the SYK model, coupled through the averaging of the same random
coupling:

: |〈OA〉|2 :∼
∫
dJi1i2...iq

∫
DψLi Dψ

R(ψL[iψ
L
j])(ψ

R
[iψ

R
j])
†

× e−
∫
dτ

∑
P∈{L,R}

[∑N
i=1 ψ

P
i ∂τψ

P
i −(i)

q
2 Ji1...iqψ

P
i1
...ψPiq

]
,
. (3.23)

We can now perform the same or different O(N) transformations on the L and R fields. If
we perform the same transformation, the operator that we have inserted is invariant and the
transformation of the coupling Ji1i2...iq remains the same as the one described above; in such
a case the path integral in (3.23) remains unchanged after the transformation and there is no
reason why : |〈OA〉|2 : should vanish. If we perform different transformations on the L and
R fields then the path integral over the two SYK copies no longer has an emergent O(N)

symmetry since there is no way to act with a unique O(N) transformation on Ji1i2...iq which
would leave the path integral invariant. Thus, we find that : |〈OA〉|2 :, as compared to 〈OA〉,
is not protected by any symmetry when considering the ensemble average.

12The factor of i is important in order for OA to be Hermitian. This will be important when discussing
how time-reversal acts on OA in SYK models with q mod 4 = 0.
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We can also rephrase the above result by coupling the O(N) charge in SYK, QO(N)
ij =

ψ[i
d
dt
ψj] transforming in the anti-symmetric representation of O(N), to a background gauge

field Aij, i.e. by adding Aijψ[i
d
dt
ψj] to the Lagrangian in (3.22). If we consider multiple copies

of the system, with a unique random coupling Ji1i2...iq as in (3.23), we have to also introduce
separate copies of the background gauge field (for instance, AL and AR when considering
two copies). Then, the path integral is only invariant under gauge transformation that are
identical between the left and right copies, AL,R → h−1AL,Rh + h−1dh, instead of the most
general gauge transformation AL,R → h−1

L,RAL,RhL,R + h−1
L,RdhL,R. This rephrasing empha-

sizes that the O(N) symmetry, or more generally, any symmetry emergent after ensemble
averaging, cannot be dynamically gauged.

We can contrast the above discussion with the case in which we study correlators of an
operator that is charged under O(N) but is also charged under some discrete symmetry
which is present in each SYK instance. For instance, we can consider OV = ψi which is
charged under the vector representation of O(N) but is also charged under (−1)F in any
instance of the q-state SYK model.13 Alternatively, we can consider the operator the same
operator as above, OA = iψ[iψj] in SYK models with q mod 4 = 0 where OA transforms
non-trivially under time-reversal.14 Since neither time-reversal nor (−1)F are broken , we
conclude that 〈OA,V 〉 = 0 in each instance of the SYK model; consequently, following from
the path integral construction analogus to (3.23), we conclude that : |〈OA,V 〉|2 := 0.

Thus, if imagine the bulk dual of the SYK model, (−1)F and T correspond to bulk
gauge symmetries and the operators OV and OA (for q mod 4 = 0) are charged under the
corresponding bulk gauge fields. The latter corresponds to summing over both orientable
and unorientable manifolds, while the former corresponds to summing over spin structures
[55]. On the other hand, at the level of the low energy effective action, the bulk has an O(N)

bulk global symmetry whose charge conservation is explicitly violated by the contribution of
replica wormholes. 15

Another useful model which illustrates the phenomenon discussed above is the matrix
dual of JT with Zk BF theory discussed in section 3.2.2. Due to the bulk gauge Zk symmetry,
the dual matrix model will have an exact global Zk symmetry. This means the Hilbert space
can be decomposed into sectors with different representations, which can be labelled by

13In those models, we have that (−1)FOV (t)(−1)F = −OV (t).
14In Lorentzian signature, for models with q mod 4 = 0, we have that T ψi(0) = ψi(0) from which it

follows that T OA(t)T −1 = −OA(−t). A detailed discussion of the action of time-reversal is given in [55].
15In the SYK model, there is also a 1

Nq violation of O(N) symmetry, in addition to the non-perturbative
corrections we are talking about.
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r ∈ Zk [48, 49]:

H =
⊕
r

Hr . (3.24)

The Hamiltonian will be block diagonal in the basis of different representation r:

H =


H1

H2

· · ·
Hk

 (3.25)

where H1, . . . , Hk are independent random matrices of the same dimension. In this context,
the boundary global Zk symmetry, which corresponds to the bulk gauge symmetry, is given
by Q = diag (1, . . . , 1, 2, . . . , 2, . . . , k, . . . , k) for which [H,Q] = 0 and the Zk generator is
given by e

2πiQ
k . The r-sector carries charge r under the one-form symmetry that transforms

the Wilson line in the corresponding representation.

We now discuss the meaning of the zero-form bulk global Zk symmetry on the boundary.
On the boundary this corresponds to the Zk permutation of the different sectors, i.e. Hi →
H(i+1) mod k, which is an emergent symmetry after taking ensemble average.

It is also useful to take the opposite perspective. Suppose that we have a bulk gravita-
tional theory which has a low energy effective theory with a global symmetry.16 Then, if we
include the contributions of wormholes connecting different boundaries, we will encounter
the factorization puzzle discussed in [17, 39]: for instance, the partition function with two
boundaries does not factorize. One resolution of this puzzle is that the boundary dual is an
ensemble average of theories. In this case, the bulk global symmetry will necessarily arise as
an emergent symmetry on the boundary after taking the ensemble average. If we want to
restore factorization in the bulk by finding a UV completion of the theory (in which case we
assume that the bulk is dual to a single instance of the ensemble), this inevitably requires
an explicit breaking of all bulk global symmetries.

4 Charged state reconstructions

4.1 General argument

While the past computations made it clear that correlators in the ensemble do not obey naive
charge conservation properties, and therefore states with different charges are not necessarily

16For instance, we can consider this low-energy effective theory to be given by N = 8 supergravity, which
has an SU(8) global symmetry.
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orthogonal. However, we have not yet made contact with the argument of Banks and Seiberg
regarding the entropy of remnants [6]. In order to better relate our analysis to that of [6],
we would like to understand whether there are indeed a large or infinite number (depending
on the dimensions of unitary irreducible representations of G) of remnant states that are
indistinguishable. Here, we will rather show that when including the contribution of all
connected geometries to the gravitational path integral, the black hole and remnant states
are spanned by a finite, but large, basis of charged states.17

For simplicity, we will consider excitations that carry charge of U(1) symmetry inside the
horizon of a thermofield double state, and the extension to the one-side black hole case or to
other global symmetry groups is straightforward. Let’s consider a candidate of K charged
states {|q1〉, . . . , |qK〉}, created by acting with the operators Oqj that carry U(1) charge qj
on the thermofield double state at the middle of the Euclidean evolution. We would like
show that any other interior state |ψ〉 = Oψ|HH〉 (see equation (3.1)), for some arbitrary
operator Oψ, can be reconstructed as a linear superposition of the states |qi〉 for K > e2SBH .
This amounts to showing that |ψ〉 can be written as,18

|ψ〉 =
K∑
i=1

f i|qi〉. (4.1)

for some complex coefficients f i. To simplify our equations a bit in later discussions, we
shall use short-hand notation |qf〉 ≡

∑K
i=1 f

i|qi〉 to represent the state with arbitrary f i.

Our goal is then to maximize the overlap between |q〉 and |qf〉:

: max
f i

〈qf |ψ〉√
〈ψ|ψ〉〈qf |qf〉

: = :
K∑
i=1

(f i)∗
〈qi|ψ〉√
〈ψ|ψ〉〈qf |qf〉

: , (4.2)

where we use the notation : · · · : to signal at which point we are taking the ensemble
average if preparing the gravitational state in a system which has a boundary dual. The
fidelity between these two states is equal to the absolute value squared of the inner product
and is strictly less or equal to one. Therefore, if we can show that for any state |q〉 the overlap
can be arbitrarily close to 1 with some choice of f i, this will mean that the K charged states
span a complete basis inside the black hole horizon.

17We acknowledge Arvin Shahbazi Moghaddam and Douglas Stanford for useful discussions and suggestions
on this topic.

18The computation could in principle be generalized to start with different orthogonal states in the QFT,
not necessarily with different charges. However, when starting with the charged states |qi〉, we do not need
to use any dynamical data about higher-point functions in the theory beyond the geodesic approximation.
We hope to revisit this calculation in more general QFTs in future work.
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To find the maximum value of the overlap, we can first introduce a Lagrange multiplier
λ to impose the normalization constraint for |qf〉 and then maximize:

: max
f i,λ

[∑
i

(f i)∗〈qi|ψ〉 − λ

(
1−

∑
i,j

(f i)∗f j〈qi|qj〉

)]
: (4.3)

Extremizing equation (4.3) with respect to f i and λ we find:

(f)∗Mf = 1, V = λMf , from which, λ =
√
VM−1V , f =

M−1V√
VM−1V

,

(4.4)

where we have used the simplified vector notation Mij = 〈qi|qj〉 and Vi = 〈ψ|qi〉. This result
implies that the maximum overlap between |q〉 and |qf〉 is given by:

:
maxf i

∑
i f

i〈ψ|qi〉√
〈ψ|ψ〉

:=
:
√
VM−1V :√
〈ψ|ψ〉

=
:
√
〈ψ|qi〉 (〈qi|qj〉)−1 〈qj|ψ〉 :√

〈ψ|ψ〉
, (4.5)

where we have already normalized |qf〉 to have unit norm.

To evaluate this on the gravitational side, we will use the replica trick by first considering
the quantity : VMnV : and then analytically continue to n = −1. Since we will show that
:VM−1V :
〈ψ|ψ〉 is arbitrarily close to 1, it will then follow that :

√
VM−1V :√
〈ψ|ψ〉

is also arbitrarily close

to 1. We would thus like to first evaluate the ensemble average for the function under the
square root

: 〈ψ|qi〉 (〈qi|qj〉)n 〈qj|ψ〉 : = :
∑

p1, ..., pn+1∈{q1, ... , qK}

〈ψ|p1〉〈p1|p2〉 . . . 〈pn|pn+1〉〈pn+1|ψ〉 : , (4.6)

with n ∈ Z, using the Euclidean path integral in gravity. This requires us to sum over all
possible geometries with n+ 2 asymptotic boundaries, with two charged operator insertions
on each boundary, i.e. O†ψ and Op1 on the first, O†p1 and Op2 on the second, and so on, up
to O†pn+1

and Oψ on the last.

This is essentially the same type of calculation in the page curve of an evaporating black
hole or in the Petz map reconstruction [16, 15]. In particular, in the limit of K > e2SBH , the
dominating geometry will be the fully connected pinwheel geometry in figure 3. In such a
configuration, every operator Oi is connected with O†i through a bulk propagator. Summing
over all the i indices leads to the maximum power of K:

: VMnV :∼
∑
pi

〈 .....

Op1

Oψ

O†
p1

Op2 O†
p2
Op3

O†
pn
Opn+1

O†
pn+1

O†
ψ

〉
= Kn+1Zn+2, (4.7)
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.....

Op1

Oψ

O†p1 Op2 O†p2 Op3
O†pn
Opn+1

O†pn+1

O†ψ
+

.....

Op1

Oψ

O†p1 Op2 O†p2Op3

O†pn−2

Opn−1

O†pn+1

O†ψ
Opn

O†pn−1
Opn+1

O†pn×

Figure 3: The first line shows the leading order contributions when evaluation the matrix
Mn needed in order to find null states. The second line shows an example of a subleading in
K contribution which is only present when pn−1 = pn+1. When the basis set of states, given
by the charges pj ∈ {q1, . . . , qK}, has a dimension K > e2SBH , the leading contribution is
solely given by the first geometry with all other contributions suppressed in k.

where Zn+2 is the gravitational path integral over the pinwheel geometry with n+ 2 bound-
aries and insertion of n+ 2 bulk propagators as shown in the figure.

Analytically continuing this result to the limit of n = −1, we directly recover the inner
product of 〈ψ|ψ〉:

〈qf |ψ〉 =: VM−1V :∼

〈 O†ψ Oψ 〉
= 〈ψ|ψ〉 , (4.8)

which means we have succeeded in reconstruction state |ψ〉 with states {|qi〉}.

It is straightforward to see that the above argument continues to hold for more general
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interior states |ψ〉 and |qi〉 beyond theories with the existence of global symmetry since
the main property we are using is that taking K large prefers the completely connected
geometry. Consequently, this implies that any excitations inside the black hole horizon
(including the arbitrary state |ψ〉) can be rewritten as a linear combination of K other states
{|q1〉, . . . , |qK〉} for K > e2SBH (or eSBH for a single-sided black hole).19 Notice that although
we are drawing two dimensional figures, this argument should hold for higher dimensional
gravitational theories. As long as we take the dimension of the basis, K, to be sufficiently
large, than the connected geometry dominates over all other in the Euclidean path integral.
This is sufficient if we wish to find the analytic continuation of : VM−1V : from (4.8). With
our new understanding of the over-completeness of charged states in the gravitational theory,
in the next section we will re-analyze the fate of remnants in the argument by Banks and
Seiberg, reviewed in section 2.2. For now however, we analyze possible corrections to (4.8).

4.2 Planar Resummations in JT gravity

In this section, we discuss the state reconstruction in JT gravity. First we notice that as long
as K � 1 and eS0 � 1, the dominating contribution to : VMnV : are the planar geometries
just like in the case of the end of the world (EoW) brane model, studied in [15] (See also
[58, 59, 60]). Therefore, we can use the same resolvent technique to solve this exactly. The
strategy will be first consider insertion of the resolvent operator R of M :

: VR(λ)V : ≡ : V
1

λ−M
V :, : VMnV : =

1

2πi

∮
dλλn : VR(λ)V : , (4.10)

and then do an analytic continuation to n = −1. Due to the typical branch cut structure
of the resolvent, the integration contour needs to be deformed and we will see how that
precisely works. The boundary condition of : VR(λ)V : corresponds to a infinite summation
of an indefinite number of boundary circles:

R ...V V V VM M=
∑

. (4.11)

19Because of the arguments above we can construct the state

|ω〉 = |ψ〉 − |qf 〉 , (4.9)

which is null. This is similar in spirit to the existence of null-states recently discussed in the context of
α-states in [57]. However, our interpretation for the Hilbert space of the theory is different than that in
[57]. More explicitly, the Hilbert space containing the states in (4.1) is not the baby-universe Hilbert space
considered in [57]; rather, it is the state obtained by acting with charged operators on the gravitational
Hartle-Hawking state.
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The corresponding bulk geometries can be classified by the geometryM that connects the
two V type boundaries, which must exist for the answer to be nonzero. To specify M,
we also need to know how M ends on the various M type boundaries and we will use the
notationM2,l to represent the geometry that ends on l such M type boundaries. Together
with the two V type boundaries,M2,l has total l+ 2 boundaries. Between these boundaries
we still have an infinite sum of planar geometries which can be rewritten as an insertion of
a resolvent:

R R
.....

R
R R∑

M2,l
Oψ O†ψ

(4.12)

Summing over all the M2,ls, we get an exact expression of : VR(λ)V : in terms of the
resolvent R(λ) ≡ TrR(λ):

: VR(λ)V :=
∞∑
l=0

Rl+1(λ)Zl+2 (4.13)

where we used the notation Zl+2 to represent the gravitational path integral over the ge-
ometry M2,l (this is the same notation as in equation 4.7). The gravitational path integral
Zl+2 in JT can be derives using the same cutting and gluing procedure we used in section
3.2.1. By cutting along the propagators, we can separate the pinwheel geometry into two
pieces, each contains l+2 numbers of the geodesics `i and the semi-boundaries βi = β

2
. Since

there is no additional operators insertion in such geometry, all the boundaries have the same
energy and the full gravitational path integral can be written as:∫

dEρ(E)
∏
i

e−βiE〈E|`i〉 . (4.14)

Gluing two copies of this geometry together with the weighting of the propagators e−m`i , we
get:

Zn = eS0(2−n)

∫
dE1dE2ρ(E1)ρ(E2)e−

n
2
β(E1+E2)

∏
i

∫
d`i〈E1|`i〉e−m`i〈`i|E2〉

=

∫
dE1dE2e

2S0ρ(E1)ρ(E2)ynE1,E2
; yE1,E2 = e−S0e−

1
2
β(E1+E2)〈E1|OO|E2〉 .

(4.15)

We can understand this formula as a Boltzmann summation over the product of l+ 2 corre-
lators in the energy basis E1,2, and we expect that this is a general result, that holds beyond
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JT gravity. On the other hand, if we go to microcanonical ensemble rather than canonical
ensemble, the result of the path integral will just be the integrand. Plugging this in equation
(4.13), and summing over the geometric series, one gets:

: VR(λ)V : = e2S0

∫
dE1dE2ρ(E1)ρ(E2)

y2R

1− yR
;

〈qf |ψ〉 =: VM−1V : = e2S0

∫
dE1dE2ρ(E1)ρ(E2)y

∮
dλ

2πiλ

yR

1− yR
.

(4.16)

Therefore, if we know the value of the resolvent R, we know the full answer of : VRV : and
also : VM−1V :. Using free probability theory, or by classifying the planar diagrams as what
we did before, one finds that the resolvent satisfies a Schwinger-Dyson (SD) equation ([15]):

λR = K +
∑
n=1

ZnR
n = K +

∫
dE1dE2e

2S0ρ(E1)ρ(E2)
yR

1− yR
. (4.17)

The physics of this Schwinger-Dyson equation is quite rich, and it includes the phase
transition between different Renyi entropies of the system; generally there is no known exact
method of solving this equation, apart from numerics [15]. Below we consider a simpler
equation by directly going to the microcanonical ensemble and then draw some general
lessons from that. We also present the computation in the canonical ensemble in appendix
B.

Going to the microcanoincal ensemble, we are fixing the energy of E1,2 into a small energy
window (E,E+δE). This leads to a simplified version of equation (4.16) and equation (4.17):

: VR(λ)V := e2S y2R

1− yR
, (4.18)

λR = K + e2S yR

1− yR
, (4.19)

where we used the notation eS ≡ δEeS0ρ(E) and Zn = e2Syn. Solving the quadratic equation
(4.19), we get:

R(λ) =
1

2y
+
K − e2S

2λ
− 1

2λy

√
(λ− λ+)(λ− λ−); λ± = y(eS ±

√
K)2 ,

D(λ) =
1

2λy

√
(λ+ − λ)(λ− λ−) + δ(λ)(K − e2S)θ(K − e2S) ,

(4.20)

where D(λ) ≡ 1
2πi

(R(λ− iε)−R(λ+ iε)) is the density of states. We see that when K < eS,
the density of state is fully support at (λ−, λ+). After K > eS, the support of D(λ) split
into two parts: there are K − e2S states located at λ = 0 and e2S distributed between λ−
and λ+.
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Finally, let’s look at the inner product 〈qf |ψ〉. Combining equation (4.18), with equation
(4.19), we have:

: VR(λ)V := (λR−K)y , (4.21)

which has a branch cut coming from the resolvent. This gives us:

: VM−1V := lim
n→−1

∮
dλλnVR(λ)V = lim

n→−1

1

2πi

∮
dλλn(λR(λ)−K)y . (4.22)

When we do the analytic continuation in n, λn+1 will generically have a branch cut from 0 to
infinity. To avoid this issue, we can first deform the integration contour of λ to go around the
branch cut of R(λ) and then analytically continue in n. This leads to the final expression:

〈qf |ψ〉 =: VM−1V := y

∫ λ+

λ−

dλD(λ) =

{
Ky K < e2S

e2Sy K ≥ e2S
. (4.23)

Recall that 〈ψ|ψ〉 = Z1 = e2Sy, we see that the inner product between |ψ〉 and |qf〉 is equal
to one when K is bigger than e2S. This means in the microcanoincal ensemble case, any
state |ψ〉 can be reconstructed from the K = e2S charge states {|q1〉, ...|qK〉}. In other words,
they form a complete basis of the states in the microcanonical black hole.

5 The fate of remnants

In section 4, we argue that states that are linearly independent in a quantum field theory
can become over-complete when this theory is coupled to gravity. In particular, we showed
that when coupling a theory with global symmetry to gravity, then a generic excitation
inside of a black hole |ψ〉 can be written as a linear combination of a basis of K charged
states, {|q1〉, . . . , |qK〉}, when K is larger than e2SBH (or eSBH for a single sided black hole).
While the explicit computation in section 4, was primarily done for charged excitations in
the thermal-field double state, a similar computation should apply to the states inside of an
evaporating black hole, which can be modeled by coupling the system shown in figure 3 to a
bath, represented by a large region in flat-space, where gravitational effects can be ignored
(for instance, see [36]).

As in [6], we can imagine that the gravitational effective theory which we use in the path
integral computation can be trusted up to the point where a remnant is formed. That is the
radius of the black hole horizon is given by rh = XLPl and its Bekenstein-Hawking entropy
is given by eSBH = eπX

2 . In the argument made in [6], each remnant state that carried
the representation R of the global symmetry was considered to be indistinguishable and
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−→

Black hole at late times Closed universe

Figure 4: Spatial section of black hole at late times, decaying into a closed universe.

independent. This leads to a large degeneracy of remnant states which, with some technical
assumptions mentioned in section 2.2, contradicted the covariant entropy bound, or its more
refined version: the “central dogma” that black hole describes a quantum mechanics system
with SBH degrees of freedom. However, because we have found that by considering the
contribution of replica wormholes, the Hilbert space in the gravitational theory is over-
complete, the situation is now much less dramatic. The complete basis of the states inside
of the Remnant can be chosen to be the K charge states. Since K is order eSBH , this means
that the degree of freedom of the remnant is given by logK ∼ πX2 in consistent with the
“central dogma”.20

We can now speculate about the ultimate fate of these remnants. Historically, remnants
were argued to be non-existent due to the thermodynamic instability caused by the large
internal entropy [32, 33]. From our discussion, the possible remnants forming from black
hole evaporation do not encounter such issues since the entropy still obeys the Benkenstein-
Hawking bound and can, in principle, exist in nature. However, it might no longer be
appropriate to call such an object a remnant since most information of the black hole has
“escaped” through the replica wormhole and is encoded in the Hawking radiation. For in-
stance, information about the global symmetry charge of the initial black hole is no longer
captured by the remnant states. Because of that, if such objects exist at the end of evapo-
ration, perhaps a better name for them is “faint remnants”.

We also see that whether or not the remnant is formed from global symmetry charged
states does not make a difference due to the large violation of global symmetry inside the
remnant. From an outside observer, the remnant seems to be nothing more special than an
ordinary small black hole and it seems reasonable that it will eventually decay into a closed
universe including the whole interior of the black hole, as portrayed in figure 4.

Extrapolating our result in section 4 to the closed universe case, we conclude that all the

20Notice that there could be order one correction to the Bekenstein-Hawking entropy. For instance, it is
well known that the black hole entropy receives ∼ log r2h corrections with an unfixed sign.
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Figure 5: The inner product between different states in a closed universe. The brown and
blue dots represent insertion of operators with different charges. On the left figure, the inner
product between these two states is zero. On the right figure, the fidelity of these two states
is equal to one, which means the two states are equivalent up to a phase.

different states inside the closed universe are equivalent up to a random phase:

|qi〉CU = eiθi |CU〉, (5.1)

This is consistent with the following gravitational picture shown in figure 5: the states |qi〉
and |qj〉 in a closed universe can be prepared by inserting different operators in the past. If
we calculate their inner product 〈qi|qj〉 directly in the bulk, the answer will be zero. However,
the fidelity between these two states |〈qi|qj〉|2 is equal to one since the closed universe can
just connect between the two copies. This is a strong hint that |qi〉 and |qj〉 are actually the
same state up to a phase which is random, so that after ensemble average the inner product
vanishes. In other words, our computation suggests that the Hilbert space of a closed universe
is one-dimensional.

Using this property, let’s reexamine Hawking’s original argument (section 2.1) about the
charge violation that can occur during black hole evaporation. If the initial state of the
universe was in a singlet state, after creating a black hole and letting it evaporate, the rest
of the universe will be in a charge singlet state together with the baby universe. Using the
relation between the different charged states inside of the closed universe (as in (5.1)), we
find that the final state will become a random superposition of charged states. Schematically
we have:

|final state〉 =
∑
i

|qi〉CU|qi〉rest =
∑
i

eiθi |qi〉rest|CU〉 (5.2)

Once again, to make a connection with Hawking’s result, we can consider the density matrix
of the final state and perform an ensemble average. This gives us a thermal distribution of
the charge sectors due to the randomness of the phases θi.
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6 Conclusion and comparison to past arguments

This work provides a new argument about the violation of exact global symmetries in quan-
tum gravity, using replica wormholes. We argue that the existence of replica wormholes
predicts a non-vanishing transition probability (or inner product) between different charged
states. This is a non-perturbative violation of global symmetry charge conservation, and it
holds even in a theory with no explicit breaking of the global symmetry up to arbitrarily
high energy scales.

The main mechanism for this violation stems from the fact that the transition probability
involves two copies of the system. The operator insertions can form a singlet on the replica
wormhole which connects the two copies, while the leading disconnected contribution van-
ishes due to the presence of the global symmetry. As a consequence, quantum gravity does
not allow super-selection sectors coming from any exact global symmetries. In principle, our
computation in the toy model of JT gravity coupled to matter with a U(1) charge can be em-
bedded to describe the scattering probability from baryons to leptons for higher-dimensional
near-extremal Reissner-Nordström black holes, coupled to the Standard Model or to some
of its extensions that preserve the baryon-lepton number global symmetry.21 In contrast,
if we gauge the global symmetry, then the transition probability between charged states is
still zero, even when including the contribution of replica wormholes. The reason for this
is that, after we gauge the symmetry, there will be individual global symmetries associated
with each of the boundaries which provide a stronger constraint on correlation functions.
An alternative point of view is that there will be Gauss’s Law constraint on the throat of
the wormhole after we couple to a gauge field.

We also argue that the states that are orthogonal in an ordinary quantum field theory
can form an over-complete basis when coupling that quantum field theory to gravity. In
the context of black holes and their late-time remnants, this leads to a verification of the
"central dogma" that such systems have SBH = A

4GN
degrees of freedom, even when the

number of distinct unitary irreducible representations of the global symmetry is large, or
infinite. In addition, our calculation indicates that the Hilbert space of a closed universe is
one dimensional.

Let us compare the results of this paper to the previous arguments of [12, 6, 8, 9] against
global symmetries in quantum gravity (reviewed in section 2). Due to the contribution of

21Generically, the contribution of higher topology or multi-boundary geometries to the near-horizon path
integral is untrustworthy [61]. That is because there are numerous corrections kick-in (such as corrections
to the dilaton potential or from Kaluza-Klein modes [62, 63, 61]), before the O(e−SBH) corrections coming
from higher topologies. However, because the replica wormhole is the leading non-vanishing contribution
due to the U(1) global symmetry, the calculation of the scattering probability is now trustworthy.
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replica wormholes, our result provides a concrete base for Hawking’s intuition that global
symmetry charge is not conserved during the process of black hole evaporation, and our
computation extends his argument to eternal black holes. Regarding the dollar matrix
discussion in section 2, our gravitational computation predicts a non-factorization property
of dollar matrix coming from ensemble average:

: $mm′;nn′ : = : SmnS
∗
m′n′ : 6= : Smn : : S∗m′n′ : , (6.1)

where : · · · : denotes the point at which we consider an ensemble average.

We also see that at late times black holes in theories with a global symmetry have a
much smaller degeneracy, ∼ e

A
4GN , than naively expected in the absence of replica wormholes

[6]. Our results imply that there is no apparent contradiction in the existence of black hole
remnants, which, due to the lack of global symmetry charge conservation, could, in principle,
fully evaporate.

Finally, in arguing for the violation of global symmetries in quantum gravity, we have
not used the extremal island formula as in [9] and rather, we directly use the contribution
of replica wormholes. In particular, our computation quantifies how such geometries lead
to the violation of global charge conservation and makes direct contact with the possible
fate of remnants. Finally, while previous arguments suggested that global symmetries are
absent in the effective field theory beyond some energy level, we are able to explain what
the presence of global symmetries in the effective gravitational description implies for a
holographic theory. We will expand on this below.

Throughout the paper, when the gravitational theory is holographic, we interpret the
boundary theory as an ensemble average. From that point of view, the global symmetry in
the bulk is a result of ensemble average of the boundary theories, where, in each member
of the ensemble, the global symmetry is absent. An analog of this situation is the O(N)

symmetry of the SYK model. For each realization, the coupling constant breaks the global
symmetry explicitly, but the distribution of the coupling constant is O(N) invariant. This
leads to the existence of an emergent O(N) global symmetry after ensemble average. Gauge
symmetries in the bulk, on the other hand, are boundary global symmetries that are present
in all members of the ensemble, and, in this case, the contribution of replica wormholes does
not lead to a violation of charge conservation.

Our wormhole calculation indicates an explicit breaking of global symmetries in the
effective Lagrangian of a single instance of the ensemble. This breaking suggests that any
UV completion of this effective Lagrangian, which resolves the factorization puzzle, should
not have any manifest global symmetries; rather, global symmetries in quantum gravity are
a manifestation of ensemble averaging and absence of factorization.
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A Squared one- and two-point function

In this appendix, we review the calculation of the squared one-point and two-point functions
in JT gravity [34, 40]. The basic ingredient is the matrix element of the evolution of the two
side Hamiltonian e−βLHL−βRHR in the geodesic basis:

〈`|e−βLHL−βRHR |`′〉 =

∫
dEρ(E)e−(βL+βR)E〈`|E〉〈E|`′〉 , (A.1)

where ρ(E) = 1
2π2 sinh(2π

√
2E) is the density of states and 〈`|E〉 = 4K2i

√
2E(4e−`/2). This

can be understood as the gravitational path integral over a rectangular geometry with two
geodesic boundaries `, `′ and two asymptotic boundaries (figure 6). The other ingredient is
the geodesic approximation of the two point function which is simply given by

〈`|OqO−q|`′〉 = e−m`〈`|`′〉 . (A.2)

This directly gives us the absolute value of the squared one point function:

|〈Oq〉|2 =

∫
d`e−m`〈`|e−βLHL−βRHR |`〉 =

∫
dEρ(E)e−(βL+βR)E〈E|OqO−q|E〉 (A.3)

where 〈E|OqO−q|E ′〉 =
∫
d`〈`|E〉〈E ′|`〉e−m` is the two point function in the energy basis:

〈E|OqO−q|E ′〉 =
Γ(m± i(

√
2E ±

√
2E ′))

22m+1Γ(2m)
(A.4)

where the ± sign means we need to take product of all the four gamma functions coming
from different choice of the ± signs.
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Similarly, the two point function squared can be calculated from gluing two rectangular
regions along the two geodesics where the operators are inserted:

|〈Oq1Oq2〉|2 =

∫
d`d`′e−m1`〈`|e−βL1HL−βR1HR |`′〉e−m2`′〈`′|e−βL2HL−βR2HR |`〉

=

∫
dE1dE2ρ(E1)ρ(E2)e−(βL1+βR1)E1−(βL2+βR2)E2〈E1|Oq1O−q1|E2〉〈E2|Oq2O−q2|E1〉.

(A.5)

Let’s now look at the semiclassical geometry of the squared one point function and two
point function. Using the asymptotic approximation of the gamma function:

Γ(m+ ix)Γ(m− ix) ∼ 2πx2m−1e−πx, x� 1. (A.6)

It is easy to see that both |〈Oq〉|2 and |〈Oq1Oq2〉|2 are dominated by low energy configurations:

E ∼ m

βL + βR
. (A.7)

This energy is linear in temperature and the dimension of the inserted operator. The effective
temperature can be derived from the thermodynamics relation:

βE =

√
2π√
E
. (A.8)

With this information, we can look at the saddle configuration of the geodesic across the
two asymptotic boundaries. The integration of the geodesic length only contributes to the
calculation of the two point function in energy basis:∫

d`〈`|E〉〈E|`〉e−m` = 16

∫
d`e−m`K2

2i
√

2E
(4e−`/2)

= 4

∫
d`dt1dt2e

−m`−2i
√

2E(t1+t2)−4e−`/2(cosh t1+cosh t2)

(A.9)

where we use the integral representation of the Bessel K function. The saddle point equations
are:

4e−`∗/2 cosh t = m; 4e−`∗/2 sinh t = 2i
√

2E, (A.10)

where t is the saddle of t1,2 and can be thought of as half of the (Lorentzian) Rindler angle
spanned by the geodesic. The solutions of the saddle point equations are:

`∗ = log
16

m2 + 8E
, t = i arctan(

2
√

2E

m
). (A.11)
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Figure 6: Construction of the wormhole geometry on the Poincaré disk.

Given `∗, E and the length of the two asymptotic boundaries, the full geometry is specified.
To fully characterize the geometry, it will be convenient to draw the wormhole geometry on
the hyperbolic disk (figure 6) where we put the center of the two asymptotic boundaries at
the center of the hyperbolic disk. In the Rindler coordinates ds2 = dρ2 + sinh2 ρdθ2, that is
the location at ρ = 0.

Since the four images of the operators will all at the same radius, we can denote their
location as (ρb, θ1) to (ρb, θ4), where ρb is purely determined by the energy E and the IR
cutoff ε:

sinh ρb =
βE
2πε

=
1√
2Eε

. (A.12)

The Rindler angle spanned by each of the asymptotic boundaries is also determined:

θ12,34 =
2πβL,R
βE

=
√

2EβL,R (A.13)

The (regularized) geodesic distance between two bulk points (ρb, θ2) and (ρb, θ3) can be easily
calculated by taking the inner product of their embedding coordinates, which gives:

e` = ε2e2ρb sin2(
θ23

2
) =

2

E
sin2(

θ23

2
) (A.14)

Compared with the second equation for the saddle point (A.10), we confirmed the statement
that t is half of the Lorentzian Rindler angle spanned by the geodesic, t = i θ23

2
. An impor-

tant quantity in this geometry is the length of the geodesic across the wormhole b which
characterize the size of the wormhole. Due to the SL(2,R) invariance, b is a function of the
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cross ratio of the four θ’s, and is therefore fully determined:

sinh
b

2
=

√
sin θ12

2
sin θ34

2

sin θ32
2

sin θ42
2

=

√
sin πβL

βE
sin πβR

βE

| sinh t|
. (A.15)

Then equation (A.15) tells us that the size of the wormhole grows linearly with time for
βL,R ∼ ±iT :

b ∼ 2πT

βE
+ 2 log((

mβE
4π

)2 + 1) (A.16)

B State reconstruction in the canonical ensemble

In this appendix, we discuss the canonical ensemble version of the state reconstruction stud-
ied in section 4. In the case of the microcanonical ensemble, we see that the K charge states
span the whole Hilbert space once K exceeds the number of states in the energy window,
i.e. after the Page transition.

The canonical ensemble can be understood as a distribution of the microcanonical en-
semble weighted by the Boltzmann factor, and we can separate the states into Pre-Page
states and Post-Page states. This suggests that for fixed K, the charge states can span the
subspace of all the Post-Page states. As we increase K,this subspace will become larger as
more and more states will hit the Page transition. Once K � e2SBH , most of the states that
dominate the thermal distribution will become Post-Page and so any low energy excitation
will become reconstructable by the K charge states.

We can make this picture more precise using the Schwinger-Dyson (SD) equation (4.17).
In the SD equation, we did not write down the explicit expression of ρ(E) and y(E1, E2). In
the limit of small GN , they has the following approximation:

ρ(E) ∼ e2π
√

2E; y(E1, E2) ∼ e−S0−2π max(
√

2E1,
√

2E2)−β
2

(E1+E2) . (B.1)

The precise form of these two functions is not that important; rather, we should just observe
that ρ(E) is a density of states that is increasing as a function of energy, and y(E1, E2) is a
combination of the Boltzmann factor with the matrix element of the operator and decreases
with the energy. This means that for fixed value of R, the integrand inside the SD equation
(4.17) can be approximated as two functions according to the energy:

yR

1− yR
∼

{
−1; |y(E1, E2)R| > 1;

yR; |y(E1, E2)R| < 1.
(B.2)
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The contour that separates these two regions is determined by equation |y(E1, E2)R| = 1.
Roughly speaking, this is saying that states that have energy |y(E1, E2)R| < 1 can be well
approximated by just the cylinder geometry and states have energy |y(E1, E2)R > 1| are
well approximated by the pinwheel geometry. Typically, R has only one square root branch
cut in the complex λ plane and at infinite λ it asymptotes to K

λ
. This means that near the

lower end λ0 of the branch cut, R is large and negative. So we can use the approximation
to simplify the SD equation near λ0:

λ ∼ K

R
− 1

R

∫
−y(E1,E2)R>1

dE1,2ρ1,2 +

∫
−y(E1,E2)R<1

dE1,2ρ1,2y, (B.3)

where we use the notation dE1,2ρ1,2 to represent dE1dE2e
2S0ρ(E1)ρ(E2). The branch point

of the resolvent can therfore be determined by solving the equation dλ
dR

= 0. It is easy to see
that the change of the integral domain cancels between the two integrals in equation (B.3),
and we only left with equation:

K =

∫
−y(E1,E2)R(λ0)>1

dE1,2ρ1,2; λ0 =

∫
−y(E1,E2)R(λ0)<1

dE1,2ρ1,2y (B.4)

The first equation determines the value of R at λ0.

The corresponding contour separates two regions in the energy plane, corresponding to
the separation of Post-Page states (states that have energy −y(E1, E2)R(λ0) > 1) and Pre-
Page states (states that have energy −y(E1, E2)R(λ0) < 1). The second equation then tells
us that all the Pre-Page states contribute together as a shift of the end point of the branch-
cut, away from zero. For λ > λ0, the magnitude of R will be smaller than R(λ0). This means
that the integral in the original SD equation (4.17) can be separated into two regions based
on whether the energies are Pre-Page or Post-Page:

λR ∼ K +

∫
−y(E1,E2)R(λ0)>1

dE1,2ρ1,2
yR

1− yR
+ λ0R. (B.5)

which in the limit of large K and λ away from λ0, it has approximate solution:

R ∼ K

λ− λ0

. (B.6)

Plugging this in equation : VM−1V : and deforming the integration contour of λ around λ0,
we find:

: VM−1V :=

∫
dE1,2ρ1,2y

∮
dλ

2πiλ

yR

1− yR
∼
∫
dE1,2ρ1,2y

yK

λ0 + yK
. (B.7)

Once again, this separate the energy integral into two regions depends on the rela-
tive value between λ0 and yK: for the energy range that yK > λ0, we have contribution
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∫
yK>λ0

dE1,2ρ1,2y which reconstructs the energy component of state |ψ〉 in this region; for the
energy range that yK < λ0, we have contribution K

λ0

∫
yK>λ0

dE1,2ρ1,2y
2 which quickly decays

to zero when K > e2SBH . As a consequence, this means that the fixed K > e2SBH charge
states span a complete basis in the states whose energy satisfies the following condition:

y(E1, E2) >
λ0

K
. (B.8)
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