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We argue that conformal invariance is a common thread linking several scalar effective field
theories that appear in the double copy and scattering equations. For a derivatively coupled scalar
with a quartic Oðp4Þ vertex, classical conformal invariance dictates an infinite tower of additional
interactions that coincide exactly with Dirac-Born-Infeld theory analytically continued to
spacetime dimension D ¼ 0. For the case of a quartic Oðp6Þ vertex, classical conformal invariance
constrains the theory to be the special Galileon in D ¼ −2 dimensions. We also verify the conformal
invariance of these theories by showing that their amplitudes are uniquely fixed by the conformal Ward
identities. In these theories, conformal invariance is a much more stringent constraint than scale
invariance.
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I. INTRODUCTION

The modern scattering amplitudes program has exposed
an array of extraordinary theoretical structures which
include the double copy [1–4], scattering equations [5–8],
and novel reformulations of amplitudes as polyhedra
[9,10]. Developing these theoretical structures has also
led to important applications. For instance, via the double
copy procedure, gravity’s highly complex amplitudes can
be obtained by “squaring” much simpler amplitudes from
gauge theory. This simplification sits at the heart of the
recent state-of-art calculation of the black hole binary
Hamiltonian at third post-Minkowskian order [11,12].
Therefore, it cannot be overemphasized how important it
is to understand the origins of these novel structures and to
carve out the space of theories that enjoys these properties.
Curiously, the same set of theories emerges again and

again when studying the double-copy and scattering
equations. This set includes well-known theories like
gravity and Yang-Mills (YM) in addition to a variety of
scalar theories such as the biadjoint scalar (BS), the
nonlinear sigma model (NLSM), Dirac-Born-Infeld (DBI)
theory,1 and the special Galileon [8,13,14]. These scalar

theories can be viewed as the cousins of YM and gravity
and sometimes serve as simple toy models to decode
mysterious properties like the double copy [15]. Gravity,
YM, and these scalar theories are also exceptional in that
their interactions are fully fixed by economical principles
such as Lorentz invariance [16–18], gauge invariance [19],
soft theorems [14,20–29], color-kinematics duality [1–4,8,
30–33], unifying relations [34], ultraviolet behavior
[35–37], or symmetry [38–43], depending on the theory
in question. Although the details of these constructions will
not be important to this paper, they motivate us to ask what
physical property unites these disparate theories?
We propose that there is an underlying symmetry con-

necting these theories: conformal invariance. For the
appropriate critical spacetime dimension D, the coupling
constant is dimensionless and classical scale invariance is
trivially ensured for BS theory (D ¼ 6), YM theory
(D ¼ 4), gravity (D ¼ 2), and the NLSM (D ¼ 2).
Notably, YM and the NLSM are curiously similar in their
respective critical dimensions, e.g., both exhibit asymptotic
freedom and a gapped spectrum. Rather enticingly, ver-
sions of these theories which are conformally invariant at
the quantum level also expose integrable properties.
While these facts may be incidental, they beg the

question of whether DBI and the special Galileon have
special conformal properties. Indeed, we will show that
these scalar effective field theories (EFTs) are the unique
derivatively coupled, classical conformally invariant theo-
ries in D ¼ 0 and D ¼ −2, respectively. While these are
clearly unphysical choices for the spacetime dimension, our
analysis is well defined provided we work in general D
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1In this paper, we consider DBI theory in flat space, rather than
the conformal DBI, which describes a brane in an anti–de Sitter
background.
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throughout and only analytically continue to these particu-
lar values at the very end.2

A corollary of our result is that the tree-level scattering
amplitudes in these EFTs are annihilated by the generators
of the conformal group. We then show how the conformal
Ward identities—together with Lorentz invariance, locality,
factorization, and the leading Adler zero [46]—are suffi-
cient to uniquely bootstrap these amplitudes, confirming
via an amplitude analysis that the corresponding EFTs are
fixed by classical conformal invariance.
In addition, our results show that scale invariance does

not imply conformal invariance in the peculiar D ¼ 0 and
D ¼ −2 cases we will discuss. Typically, scale invariance
implies conformal invariance in numerous contexts [47–54]
when principles like unitarity are assumed. It is unclear
whether these assumptions hold in the unphysical dimen-
sion D here. In fact, our results are concrete examples
where conformal invariance imposes further constraints
beyond scale invariance.

II. LAGRANGIANS FROM CONFORMAL
INVARIANCE

An obvious necessary condition for conformal invari-
ance is scale invariance. Scale invariance requires that all
coupling constants of the theory are dimensionless in a
given critical dimensionD.3 Following Ref. [14], we define
a power counting parameter ρ which characterizes the
number of derivatives per interaction for a derivatively
coupled scalar field ϕ. A generic vertex takes the form4

ð∂ϕÞ2ðg∂ρϕÞn−2; ð1Þ

where g is the coupling constant and the precise placement
of derivatives, i.e., which derivative acts upon which field,
is schematic and should be disregarded. Symmetries gen-
erally relate interaction vertices of the same ρ, since by
dimensional analysis these terms can destructively interfere
in scattering amplitudes. Scale invariance implies that g is
dimensionless. So, in the critical dimension, D and ρ are
related to each other by

−ρ ¼ Δ ¼ D − 2

2
; ð2Þ

where we have used that the field ϕ has dimension
Δ ¼ ðD − 2Þ=2. An important feature is that in the critical
dimension D ≤ 2, we have ρ ≥ 0 and therefore scale

invariance alone still permits an infinite tower of marginal
interactions. However, as we will see shortly, the additional
assumption of conformal invariance will actually fix this
tower uniquely for derivatively coupled scalars. In particu-
lar, scale invariance merely implies that T ≡ Tμ

μ ¼ dJ for
some virial current J, while conformal invariance imposes
the additional constraint that the virial current is conserved,
so T ¼ dJ ¼ 0.
As is well known, however, the energy-momentum

tensor is only defined modulo improvement terms which
are identically conserved, so conformal invariance requires
that T ¼ 0 up to this ambiguity. A mechanical algorithm to
enumerate these improvement terms is to couple the theory
to a background metric,

L̂ ¼ ffiffiffiffiffiffi
−g

p ðLþ ΔLÞ; ð3Þ

including all possible minimal and nonminimal gravita-
tional couplings. Since the energy-momentum tensor is the
first variation of the background metric, we need to only
include nonminimal gravitational interactions which are
linear in the Riemann tensor. Higher powers will only
contribute to the second variation and higher. Since the
linear variation of Riemann has two derivatives in it, the
resulting energy-momentum tensor has a trace T which is
corrected by some improvement operator of the form ∂∂L
for some local rank two tensor L. Hence, the most general
statement of conformal invariance is that T ¼ ∂∂L.5
For our analysis, we begin by constructing a general ansatz

Lagrangian for a derivatively coupled scalar field ϕ with
interactions at a fixed value of ρ. Much like in dimensional
regularization, we work in general dimensions such that the
variableD only appears at the very end through ημμ ¼ D. We
thus ignore all Gram determinant or evanescent effects since
these are of course ill-defined for unphysical dimension D
anyway. We then constrain the coefficients of the ansatz
Lagrangian using conformal invariance.

III. NONLINEAR SIGMA MODEL

As a warm-up, consider the case of ρ ¼ 0, which
describes a theory of scalars with at most two derivatives
per interaction. This analysis is simple but will serve as a
template for more complicated EFTs. The most general
two-derivative Lagrangian is6

L ¼ −
1

2
∂μϕi∂μϕ

jKij; ð4Þ

where i, j are internal (target space) indices and KijðϕÞ is
field dependent. We will compute the energy-momentum
tensor from the coupling to a metric. We couple this theory
to a background metric via

2Note a very interesting recent conjecture of conformal
invariance of graviton and YM amplitudes in arbitrary dimension
D [44], later proven in Ref. [45].

3Free theories such as Maxwell (see Ref. [55]) and Klein-
Gordon can be scale invariant outside of their naive critical
dimensions.

4We will assume manifest locality so that no derivatives appear
with negative powers in L.

5See Ref. [56] for a pedagogical review and references therein.
6We work in mostly plus signature throughout.
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L̂ ¼ ffiffiffiffiffiffi
−g

p ðLþ RWÞ; ð5Þ

where L above is properly covariantized and the arbitrary
function WðϕÞ parametrizes the improvement terms
induced by nonminimal coupling to the Ricci scalar. The
energy-momentum tensor is obtained from the first varia-
tion of the metric about flat space, Tμν ¼ 2 δS

δgμν
, so

T ¼ −
1

2
∂μϕi∂μϕ

jKijðD − 2Þ
− 2ðD − 1Þð∂μ∂μϕ

iWi þ ∂μϕi∂μϕ
jWijÞ; ð6Þ

where Wi ¼ dW
dϕi

and Wij ¼ d2W
dϕidϕj

. Thus, in the absence of

improvement terms, any two-derivative theory is classically
conformal in D ¼ 2. In this case, conformal invariance
places no restriction on Kij and is identical to scale
invariance.
Another well-known example is free theory, where

Kij ¼ δij. Inserting the equations of motion □ϕi ¼ 0 into
Eq. (6), we obtain

T ¼ −
1

2
∂μϕi∂μϕ

j½ðD − 2Þδij þ 4ðD − 1ÞWij�; ð7Þ

so for Wij ¼ − D−2
4ðD−1Þ δij we obtain a set of conformally

coupled scalars in any dimension. Note that the first term
on the right-hand side of Eq. (7) is equal to
− 1

4
∂μ∂μ½ðϕiÞ2ðD − 2Þ� on the support of the free equations

of motion. Consequently, in the absence of improvement
terms, the trace of the energy-momentum tensor is of the
form T ¼ ∂ρ∂σLρσ, as expected for a conformally invariant
theory.

IV. DIRAC-BORN-INFELD THEORY

We now turn to the case of ρ ¼ 1, which is scale
invariant in D ¼ 0. For a derivatively coupled scalar, the
Lagrangian is an arbitrary polynomial in X ¼ ð∂ϕÞ2.7
Coupling this theory to a background metric, we obtain

L̂ ¼ ffiffiffiffiffiffi
−g

p ðLþ RAϕ2 þ RμνBϕ2∇μϕ∇νϕÞ; ð8Þ

where AðXÞ and BðXÞ are undetermined functions of X.
A priori, one can add nonminimal couplings to the
Riemann tensor but these all vanish by antisymmetry given
the number of derivatives. The trace of the energy-
momentum tensor is

T ¼ −2L0X þDLþ ð2 −DÞ∂μ∂νðϕ2∂μϕ∂νϕBÞ

þ 2∂μ∂μ

�
ϕ2

�
ð1 −DÞA −

1

2
BX

��
; ð9Þ

where the prime denotes differentiation with respect to X.
For classical conformal invariance, T ¼ 0 modulo the

equations of motion,

□ϕ ¼ −2
L00

L0 YμYνZμν; ð10Þ

where Yμ ¼ ∂μϕ and Zμν ¼ ∂μ∂νϕ. Plugging this into
Eq. (9), we find that

T ¼
X6
i¼1

ciðXÞOi ð11Þ

can be expanded in a basis of six tensor structures,

Oi ¼ f1;ϕYμYνZμν;ϕ2ðZμνÞ2;ϕ2YμYνYρWμνρ;

ϕ2ðYμZμνÞ2;ϕ2ðYμZμνYνÞ2g; ð12Þ

where Wμνρ ¼ ∂μ∂ν∂ρϕ and the coefficients ciðXÞ are

c1 ¼ 2Xð2Aþ BX − L0Þ; ð13Þ

c2 ¼ 4ð4A0 þ Bþ 2B0XÞ − 4ð2Aþ 3BXÞL
00

L0 ; ð14Þ

c3 ¼ 2ð2A0 − B0XÞ; ð15Þ

c4 ¼ 4B0 − 4ð2A0 þ B − B0XÞL
00

L0 ; ð16Þ

c5 ¼ 4ð2A00 þ B0 − B00XÞ − 8ð2A0 þ B − B0XÞL
00

L0 ; ð17Þ

c6 ¼ 8B00 − 16B0 L
00

L0 − 8ð2A0 þ B − B0XÞL
000

L0

þ 8ð2A0 þ 2B − B0XÞ
�
L00

L0

�
2

: ð18Þ

Treating each Oi as independent, we find that ci ¼ 0,
yielding a system of differential equations for L, A, and B.
First, we solve c1 ¼ 0 for A. Plugging A and A0 into c2 ¼ 0
gives an algebraic expression for B in terms of derivatives
of L. Finally, inserting A and B and their derivatives into
c3 ¼ 0 yield

L0L000 ¼ 3L002; ð19Þ

from which we obtain the general solution,

7Working with functions of X is the simplest way to satisfy
Lorentz invariance and power counting. However, introducing a
scalar multiplet with a more complex derivative structure could
lead to more elaborate brane theories such as the multifield DBI
appearing in [20].
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L ¼ −
1

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gX

p
þ λ

A ¼ −
gX þ 2

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gX

p

B ¼ g
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gX

p ; ð20Þ

which also solves the remaining equations. Here the decay
constant g and cosmological constant λ arise as constants of
integration. Remarkably, we narrow down to this particular
solution from a class of scale-invariant theories, showing the
former is much stronger than the latter in D ¼ 0. We thus
arrive at a main result of this paper: DBI is the unique
conformally invariant, derivatively coupled scalar inD ¼ 0.

V. SPECIAL GALILEON

Next, let us move on to theories with ρ ¼ 2, which are
scale invariant in D ¼ −2. We choose a basis for a
derivatively coupled scalar where the n-point interaction
vertex takes the form cμ1…μ2n−2

n Yμ1Yμ2Zμ3μ4…Zμ2n−3μ2n−2 ,
where cn is an arbitrary constant tensor built from the flat
space metric and numerical coefficients. As before, we
promote this theory to couple with a background metric and
then include all possible improvement terms built from
Riemann contracted with derivatives of the scalars, taking
the schematic forms Rϕ2Zn−2, RϕY2Zn−3, and RY4Zn−4.
SettingT ¼ 0 on the support of the equations of motion in

D ¼ −2, we derive constraints on the interaction coefficients
through six point. Conformal invariance fixes many but not
all of the couplings in the ansatz Lagrangian. Nevertheless,
by computing the scattering amplitudes in the resulting
theory via Feynmandiagrams,we discover that they coincide
exactlywith those of the special Galileon. Hence, the unfixed
Lagrangian parameters all evaporate on-shell and can be
eliminated by an appropriate field redefinition.
In fact, through a suitable choice of the unfixed param-

eters, the Lagrangian can be brought to the original
representation of the special Galileon [38],

L ¼ −
1

2
X

�
1 −

1

3!
ð½Z�2 − ½Z2�Þ þ 1

5!
ð½Z�4 − 6½Z�2½Z2�

þ 3½Z2�2 þ 8½Z�½Z3� − 6½Z4�Þ
�
þ � � � ; ð21Þ

where the square brackets denote a trace over spacetime
indices ½Zn� ¼ Zμ1

μ2Z
μ2

μ3…Zμn
μ1 . The freedom of unfixed

couplings can also be used to put the improvement terms in
a form that depends only on the Ricci tensor,

ΔL ¼ ϕ2

�
−
1

6
½R� − 1

72
½R�½Z2� þ 1

12
½RZ2� − 1

20
½RZ4�

þ 1

40
½RZ2�½Z2� − 1

90
½RZ�½Z3� þ � � �

�
; ð22Þ

which closely mimics those of DBI in Eq. (8). While it is
computationally difficult to extend these results to higher
point, this pattern will almost certainly continue. We leave
the question of conformal invariance to all orders for future
work.

VI. SCATTERING AMPLITUDES FROM
CONFORMAL INVARIANCE

Conformal invariance can be enforced at the level of
scattering amplitudes rather than the Lagrangian. This has
the distinct advantage of trivializing equations of motion
and eliminating ambiguities arising from field redefinitions.
Here we consider two types of amplitudes constraints
which both imply and are implied by conformal invariance.
The first constraint requires coupling the scalar EFT in

question to an additional dilaton degree of freedom, τ.
Since the dilaton couples via τT and conformal invariance
implies that T ¼ ∂∂L, the single-dilaton amplitude exhibits
a double Adler zero in the soft limit,

Anþ1ðq; p1;…; pnÞjq→0 ∼Oðq2Þ; ð23Þ

where q is the dilaton momentum. To reach this conclusion,
one must in general be careful about soft propagator poles
spoiling the double Adler zero. However, this is not a
problem in a theory of derivatively coupled scalars since the
on-shell three-point amplitude vanishes identically due to
kinematics.
Notably, the converse proposition is also true: the double

Adler zero in Eq. (23) implies conformal invariance. To
understand this, consider Anminþ1 for the smallest possible
number of EFT scalars nmin for which the amplitude is
nontrivial. By definition, Anminþ1 is a local interaction vertex
evaluated on-shell with no internal propagators. The Oðq2Þ
soft behavior of the dilaton implies that the lowest order
interaction vertex of the dilaton in the off-shell Lagrangian
is an operator of the form ∂∂τL, where L is a local operator
that depends on the EFT scalars. Of course, this operator is
ambiguous up to terms which vanish on-shell. Crucially,
however, these terms all involve either the on-shell con-
dition for the dilaton, □τ or the on-shell condition for the
scalar, □ϕ. The former produces contributions still of the
form ∂∂τL, while the latter can be eliminated via a field
redefinition in favor of higher order terms.
Next, we consider Anþ1 for n > nmin. This amplitude has

propagator poles, but all the singularities must factorize
into lower-point dilaton amplitudes times scalar ampli-
tudes. On these factorization channels, there is always a
double Adler zero because the lowest order dilaton inter-
action vertex is of the form T ¼ ∂∂L and as discussed
before, there are no on-shell three-point amplitudes.
Consequently, the residual contact term in the amplitude
must independently scale as Oðq2Þ and should then be
added to the definition of L. This argument is then repeated
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for higher and higher order amplitudes until we obtain
T ¼ ∂∂L to all orders.
The above argument establishes that a double Adler zero

for the dilaton implies conformal invariance. However, the
dilaton soft theorem is also equivalent to a second type of
amplitudes constraint, which is the conformal Ward iden-
tity on pure scalar EFT amplitudes. This connection has
been shown in the context of gluon and graviton amplitudes
[44]. As discussed in Ref. [57], the dilaton soft limit is
defined by

Anþ1ðq; p1;…; pnÞjq→0

¼ ðDþ qλKλÞAnðp1;…; pnÞ þOðq2Þ; ð24Þ

where we crucially set pn ¼ −
P

n−1
j¼1 pj in order to ensure

that the scale and conformal operators commute with
momentum conservation [57]. Here D and Kλ are the
scale and conformal boost generators in momentum space,

D ¼ −Dþ nΔþ
Xn
i¼1

piν · ∂i;ν ð25Þ

Kλ ¼
Xn
i¼1

�
pν
i∂i;λν −

1

2
piλ∂2

i þ Δ∂i;λ

�
; ð26Þ

where∂i;ν¼∂=∂pν
i ,∂i;μν¼∂2=ð∂pμ

i ∂pν
i Þ, and∂2

i ¼ ημν∂i;μν.
In the appropriate critical dimension D, all amplitudes are
trivially annihilated by D, so the double Adler zero, and
hence conformal invariance, hold if and only if

KλAnðp1;…; pnÞ ¼ 0: ð27Þ

For explicit computations, it will be convenient to recast the
conformal boost operator in terms of Mandelstam invariants
sij ¼ −2pi · pj by dottingKλ with the momentum pλ

l of the
lth leg [44], so

pl ·K ¼
X

i;j≠i;k≠i

�
sikslj −

1

2
sjksli

�
∂sij∂sik

þ Δ
X
i;j≠i

sjl∂sij ; ð28Þ

where the spacetime dimension D only enters through
Δ ¼ ðD − 2Þ=2. Note that the above representation is well
defined because the conformal boost commutes with the on-
shell condition and we have already fixed pn to enforce
momentum conservation.
We are now equipped to use Eq. (27) to “conformally

bootstrap” the scattering amplitudes of DBI and the special
Galileon. First, let us consider the simplest case of four-
point scattering of EFT scalars. The most general ansatz for
this amplitude is a linear combination of terms like sa12s

b
13

where aþ b ¼ 1þ ρ. It is straightforward to see that pl ·

Kðsa12sb13Þ ¼ 0 implies that ρ ¼ −Δ, which is exactly the
condition of scale invariance in Eq. (2). Thus, any scale
invariant four-point scattering amplitude is automatically
conformally invariant. Note that this argument is general
and applies to single or multiple scalars which may or may
not be derivatively coupled. This result closely mirrors
enhanced soft limits [14,20], which are also automatic at
four point.
For higher-point scattering, we construct an ansatz for

the amplitude An consistent with locality, factorization,
Bose symmetry, and a choice of ρ,

An ¼ An;cont þ An;fact; ð29Þ

where An;fact is the factorization contribution obtained by
treating all lower-point amplitudes as Feynman vertices and
summing all Feynman diagrams with at least one internal
propagator. For the residual contact contribution, we define
a local ansatz function An;cont which will be fixed by
the conformal Ward identities.8

To bootstrapDBI, we consider a general ρ ¼ 1 amplitudes
ansatz for derivatively coupled scalars. As discussed pre-
viously, four-point scattering is automatically conformally
invariant. There is no odd-point scattering due to Lorentz
invariance so we jump to six point, where the only allowed
interaction vertex for a derivatively coupled scalar is

A6;cont ¼ d6s12s34s56 þ perms ð30Þ

for an arbitrary coefficient d6 and perms stands for the
remaining sum over permutations. The condition KλA6 ¼ 0
fixes d6 so that A6 is precisely the DBI amplitude. The same
procedure at eight point then fixes the contact term

A8;cont ¼ d8s12s34s56s78 þ perms; ð31Þ

again in such a way that exactly matches DBI.
For the special Galileon, we build an amplitude ansatz

for ρ ¼ 2, derivatively coupled scalars. As before, four
point is automatic, so we start at five point where there is
one independent contact term. Imposing Eq. (27) fixes A5

to zero. Moving on to six point, we perform the same
exercise and reproduce the scattering amplitude for the
special Galileon. The eight-point amplitude is also uniquely
fixed to be the special Galileon if we assume each field has
at most two derivatives.9

It is natural to ask whether there exist other conformally
invariant theories in exotic dimensions besides DBI and the

8A similar approach has been taken to study spontaneously
broken conformal symmetry [58].

9As a cross-check, we have used the Oðq2Þ Adler zero for the
dilaton to constrain the scalar EFT amplitudes. We find again that
DBI and the special Galileon are the unique conformally invariant,
derivatively coupled amplitudes in D ¼ 0 and D ¼ −2 up to and
including six-point scattering.
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special Galileon. We have verified that no such derivatively
coupled scalar theory exists in D ¼ −4, at least up to sixth
order in the field. This is perfectly analogous to the
nonexistence of theories with enhanced Adler zeros at
ρ ¼ 3 beyond four point [20]. Note that if you relax the
assumption of derivative coupling, then there exist addi-
tional scalar EFTs which are conformally invariant. An
example of such a theory is the six-point contact interaction
ϕ2∂μϕZμν∂νX, which is conformal all by itself in D ¼ 0

but does not exhibit a shift symmetry.

VII. CONCLUSIONS

Our findings leave a number of avenues for future study.
First, since DBI and the special Galileon are fixed by
conformal invariance, it would be interesting to devise new
on-shell recursion relations [59] which exploit this fact.
A similar approach was taken in Ref. [60], where enhanced
soft limits were leveraged to derive new recursion relations
for these very same scalar EFTs.
Second is the question of whether conformal invariance

is exhibited by higher-spin theories in the double copy, e.g.,
the Born-Infeld (BI) photon, whose structure is constrained
through soft behavior [28], and the gauge theory con-
structed in Ref. [61]. It would be interesting to see if the
latter can be conformal inD ¼ 6. On the other hand, we are

actually somewhat pessimistic for BI, simply because a free
photon is only conformally invariant in D ¼ 4, while scale
invariance for interacting BI requires D ¼ 0. That said, a
more thorough analysis, including other theories with an
interacting photon [62], is warranted.
Third, our results suggest an intimate connection

between conformal invariance of a derivatively coupled
scalar and the enhanced Adler zero condition [14,20]. Here
the underlying symmetry algebras [38–43] are likely to
shed light, perhaps offering a connection to extended
versions of these theories [23,31,63–65].
Last, it would be interesting to see how conformal

invariance of DBI and the special Galileon might be ex-
tended beyond the classical limit, for instance, by analyzing
loops or, more speculatively, through nonperturbative
means such as the conformal bootstrap analytically con-
tinued to exotic spacetime dimension.
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