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Supplementary Information 
 
S1. Optical cavities 

Optical cavities used in experiment are shown in Fig. S1. The half-mushroom cavity is 

characterized by the radius r of the quarter circle, the foot width w and foot height h (Fig. S1a). 

The standard half-mushroom cavity in experisment is built with four optical mirrors as shown in 

Fig. S1b, with the nominal parameters r = 25 mm, h = 6.3 mm, and w = 15 mm. The reflective 

planes on the glass-based mirrors are formed by depositing 100 nm thick silver in an ultra-high 

vacuum e-beam evaporator. The overall interior surfaces define the half-mushroom cavity 

boundaries for light propagation. 

Fig. S1c shows the tilted half-mushroom cavity used in the experiment.  

Fig. S1d shows the quarter Bunimovich stadium cavity used in the experiment. A Kerr gate, 

consisting of a thin BGO crystal and a plate polarizing beam splitter (PBS), is placed at the 

boundary between the rectangle and quarter-circle parts of the cavity. 

 

Figure S1 Optical cavities used in the experiment. 

a b

c d



S2. Poincaré surface of section (SOS) 

Planar light dynamics being bounded inside a cavity can be considered as a system with 2 degrees 

of freedom whose Hamiltonian is 𝐻"𝑥, 𝑦, 𝑝! , 𝑝"' = 	
#
$
"𝑝!$ + 𝑝"$' + 𝑉(𝑥, 𝑦) . Here 𝑥, 𝑦  are 

coordinates, 𝑝! , 𝑝" are momentum, and 𝑉 is potential energy. The dynamics of this system can be 

completely represented by the phase state (𝑥, 𝑦, 𝑝! , 𝑝" , 𝑡). If we geometrically plot the trajectories 

of all phase states, we will obtain the 4-dimensional phase space of this system. Poincaré proposed 

a method to map the phase space, which is known as the Poincaré surface of section (SOS)25. If 

we insert a 2-dimensional hypersurface into the 4-dimensional phase space, the trajectories of the 

phase space will cut through the hypersurface. The Poincaré recurrence theorem states that if the 

phase space is bounded, the trajectories will repeatedly cut through the hypersurface. If we record 

the parameters locating these intersection points and plot them into a portrait, we will obtain the 

SOS. 

In many cases, we can restrict the Hamiltonian as constant and consider the hypersurface as another 

restriction. Therefore, we can reduce the 4-dimensional phase space into a 2-dimensional SOS 

map. In such a 2-dimensional SOS map, we can properly choose two generalized variables to plot 

the trajectories of all intersection points rather than the original quantities of position and 

momentum25. 

 

 

 

 

 

 

 

 

 

 



S3. Simulation of SOS phase map of light dynamics inside half-mushroom cavities 

To simulate the SOS phase map of light pulses in a reflective half-mushroom cavity, we assume 

the light pulse inside the cavity as a point particle moving along straight lines inside a domain and 

bouncing elastically at its boundary. We assume that all light reflection follows the law of 

reflection. 

S3.1 Simulated SOS phase map of light dynamics inside a perfect half-mushroom cavity 

A perfect half-mushroom cavity (Fig. S2a) is assumed in the following simulations. The radius 𝑟 

of the quarter circle is 2 arbitrary unit (a.u.), the foot width 𝑤 is 1.2 a.u., and the foot height ℎ is 

0.5 a.u.. The geometrical ratio of the cavity boundaries is the same as the half-mushroom cavity 

used in the experiments as shown in Fig. 2a, Fig. 2c, Fig. 3a, Fig. 3b of the main text. The 

corresponding SOS phase map is shown in Fig. S2b. Each color represents the trajectories of one 

specific initial condition. Regular modes are shown as straight lines in the top and bottom parts of 

the SOS map. Chaotic modes occur in the middle part of the SOS map. Regular and chaotic modes 

are distinctively separated. 

 

 
 

Figure S2. Simulated SOS phase map of a perfect half-mushroom cavity. 
 



S3.2 Simulated SOS phase map of light dynamics inside an imperfect half-mushroom cavity 

An imperfect mushroom cavity (Fig. S3a) is used in the following simulation. Based on the perfect 

mushroom cavity in Fig. S2a, we tilted the right vertical reflective boundary by 1.1 degrees 

counter-clockwise. Now this mushroom cavity is still close to the perfect half-mushroom in Fig. 

S2a but with a small deformation in its geometrical shape. The radius 𝑟 of the quarter circle is 2 

a.u., the foot width 𝑤 is 1.2 a.u., and the foot height ℎ is 0.5 a.u.. The corresponding SOS phase 

map is shown in Fig. S3b. Regular modes appear in the top and bottom parts of the SOS map while 

chaotic modes are in the middle. Elliptical patterns start to form at the boundary between the 

regular and chaotic modes. The regular modes also start to deviate from perfect straight lines as 

shown in Fig. S2b. The simulated phase map in Fig. S3b closely resembles the experimentally 

obtained one in Fig. 2d in the main text, indicating that the half-mushroom cavity used for the 

experiments unavoidably includes small imperfections.   

 

 
 

Figure S3. Simulated SOS phase map of an imperfect half-mushroom cavity. 
 

 
 

 



S3.3 Simulated SOS phase map of light dynamics inside a severely tilted mushroom cavity 

A severely tilted half-mushroom billiard cavity (see Fig. S4a) is used in the following simulation. 

Based on the perfect half-mushroom cavity in Fig. S2a, we tilted the right vertical reflective 

boundary of the cavity by 7.7 degrees clockwise. The geometry is the same as the half-mushroom 

cavity used for the experiment shown in Fig. 2b in the main text. The radius 𝑟 of the quarter circle 

is 2 a.u., the foot width 𝑤 is 0.86 a.u., and the foot height ℎ is 0.5 a.u.. The SOS phase map (Fig. 

S4b) matches well the experimental results in Fig. 2e of the main text. More elliptical islands 

appear in the SOS map due to the tilting of the right reflective boundary. Regular modes and 

chaotic modes are mixed together. 

 

 
 

Figure S4. Simulated SOS phase map of a severely tilted mushroom cavity. 
 
 
 
 
 
 
 
 
 
 



S4. Proof that light movement inside a rectangular cavity is always non-chaotic 
 

 
 

Figure S5. Rectangular billiard cavity. 

One example of light movement inside a rectangular cavity is illustrated in Fig. S5a. The light 

starts at “0” and is reflected multiple times at boundaries where increasing integer numbers are 

marked. We can use an unfolding approach to help analyzing the trajectory, i.e., the continuous 

light path. When the light reaches a boundary, we keep drawing its continuation (i.e. the mirror 

image). By unfolding Fig. S5a, we can obtain Fig. S5b. The trajectory in Fig. S5a unfolds into a 

straight line in Fig. S5b. This rectangular system is hence integrable because its phase space can 

be foliated using 1-dimensional invariant submanifolds29. As a result, the light dynamics inside 

the rectangular cavity is non-chaotic. 

The light dynamics inside a rectangular cavity only exist in two different types. If a trajectory has 

an irrational slope29, it is dense and ergodic as shown in Fig. S5c (two examples are shown). If a 

trajectory has a rational slope29, it is periodic and only visits a limited number of positions as shown 

in Fig. S5d (two examples are shown). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 



S5. Proof that light movement inside a quarter circle cavity is always non-chaotic. 
 

 
Figure S6. Circular billiard cavity. 

 
One example of light movement inside a quarter circle cavity is illustrated in Fig. S6a. The light 

is initially at “0” and is reflected multiple times at the cavity boundaries. Increasing integer 

numbers are marked at subsequent reflections. Using a similar unfolding approach, we can unfold 

Fig. S6a into Fig. S6b to form a full circle. Similar to the rectangular billiard cavity, this cavity 

system is also integrable because the phase space of this quarter circle system can also be foliated 

using 1-dimensional invariant submanifolds29. Hence, the light dynamics inside this quarter circle 

cavity is also non-chaotic. 

The initial condition will determine the trajectory of the light pathway. Fig. S6c and Fig. S6d 

illustrate two trajectories with different initial conditions. Both trajectories form a denser ring-

shape pattern close to the center of the circle. 
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