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Abstract  24 

Digital image correlation is utilized to characterize deformation and strain fields developed 25 

within the layers of density-graded multilayered foam structures subjected to uniaxial quasi-26 

static and dynamic compression. Three-layered graded structures fabricated from rigid 27 

polyurethane foams with nominal densities of 160, 240, and 320 kg/m
3
 are subjected to both 28 

quasi-static and dynamic loading. The quasi-static measurements show that, irrespective of the 29 

loading direction, the densification initiates in the lowest density layer and propagates into other 30 

layers later once the first layer is fully densified. The deformation mechanisms are seen to be 31 

different in the case of dynamic loading conditions compared to the quasi-static loading. The 32 

deformation mechanism, in the case of dynamic loading, depends on the sample orientation 33 

relative to the direction of the applied load. In cases where the higher density layers are 34 

impacted, the propagation of the elastic and compaction waves leads to partial deformation of the 35 

lowest density layer. Sample deformation continues in all layers upon the reflection of the stress 36 

waves from the distal end of the sample. In cases where the lowest density layer is oriented 37 

towards the impact face, a completely different deformation response is observed. A detailed 38 

full-field analysis of strain and stress is performed. The mechanisms associated with the 39 

formation and propagation of stress waves from the impact ends to the distal ends of the samples 40 

are discussed.  41 

Keywords: Density graded; foam; impact; digital image correlation; inertia 42 
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1. Introduction 44 

Rigid polymeric foams possess a unique combination of properties that make them ideal material 45 

candidates in applications that require excellent energy absorption performance with low 46 

structural mass. While these foams generally outperform their nonporous solid counterparts in 47 

terms of specific energy absorption (energy absorption normalized by density), their overall 48 

load-bearing and impact energy dissipation performance is highly sensitive to their apparent 49 

density [1-3]. It is documented that although the load-bearing response of rigid foams is directly 50 

proportional to their apparent density, the correlations between the foams’ energy absorption and 51 

density are more complex. Such complexity originates from the fact that the strain energy 52 

absorbed by a foam (or any other solid) depends on both stress and strain levels applied on the 53 

foam. From a mathematical perspective, the strain energy absorbed by the foam can be 54 

quantified simply as the area under the stress-strain curve. This mathematical notion indicates 55 

that although a lower density foam might be less effective as a load-bearing component 56 

compared with a higher density foam, it may potentially be a better energy absorber due to its 57 

ability to deform to higher extents at lower stresses [3, 4].  58 

The interplay between the structural mass, load-bearing, and energy absorption performance of 59 

foams has led to the development of density-graded foams. The fundamental idea in the 60 

development of density-graded foams is to design an integrated structure from high and low 61 

density foams such that the overall weight of the structure remains low while its load-bearing 62 

and energy absorption characteristics are enhanced [4, 5]. Studies involving quasi-static 63 

deformation of density-graded foams suggest that graded foam structures show significantly 64 

higher strains to failure compared with single-density foams [5]. In addition, the fact that the 65 

sequence, number, and thickness of the different layers in a graded foam (collectively referred to 66 
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as the gradient) can be tailored to adjust the foam properties have led to the idea of gradient 67 

optimization [4,6]. These gradient optimization studies have shown tremendous potentials in the 68 

design of application-specific density-graded foams and other cellular structures with ideal 69 

energy absorption performance [7-10].  70 

Applying the concept of density gradation for impact applications requires a detailed 71 

understanding of the dynamic deformation response of graded cellular structures subjected to 72 

high strain rate loading. Except for a few experimental studies [11-13], most research work 73 

conducted on density-graded foam and cellular structures have been based on computational 74 

methods with no experimental verifications. Theoretical and computational studies conducted on 75 

density-graded foams subjected to dynamic loading suggest that the structure of stress waves in 76 

these structures can be significantly different from single-density foams [14-25]. Theoretical and 77 

computational works of Wang et al. [14, 15], Shen et al. [16-18], and Zheng et al. [19] have 78 

proven that the shock wave propagation response in density-graded foams is highly dependent on 79 

the gradient. Their findings suggest that for structures with negative density gradients, i.e., where 80 

the higher density part is placed on the impact end and the distal end of the sample is made of a 81 

lower density component, the development of a double-shock (DS) mode alters the overall stress-82 

strain and energy absorption characteristics of the graded cellular sample. The so-called double-83 

shock mode occurs when a forward shock wave and a backward shock wave are generated at two 84 

ends of a negative density gradient structure under impact, propagating in opposite directions 85 

towards the central undeformed regions. In such cases, the stress transmitted to the distal (low 86 

density) end of the structure can be mitigated at the early and middle stages of deformation, 87 

while the overall energy absorption response and shock wave stability in the structure are 88 

deteriorated. On the other hand, in the case of positive density gradients, i.e., where the low 89 
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density side is placed towards the impactor, the shock propagation occurs with a single-shock 90 

(SS) mechanism. In such cases, stable shock propagation and low peak stresses were observed 91 

while the overall energy absorption performance was improved. Similar works investigating the 92 

differences between the dynamic response of graded cellular structures with various gradients 93 

can be found in [20-25].  94 

Experimental verification of the single and double-shock modes is scarce and only limited to 95 

simplified structures and geometries, such as honeycombs [12]. Although limited in number, the 96 

experimental studies, e.g., Zhang et al. [12], support the theoretical works by providing evidence 97 

for the development of single and double-shock waves in positive and negative gradients, 98 

respectively, in density-graded honeycombs subjected to impact. Observations made in Zhang et 99 

al. [12] suggest that when the high density (stronger) part of a density-graded honeycomb is 100 

placed at the impact end, the impact energy absorbed during the intermediate stages of 101 

deformation are improved. However, the energy absorption performance is diminished as the 102 

structure tends to densify at later deformation stages. Although providing promising evidence for 103 

the theoretical foundations and useful insights into the practical design of density graded 104 

structures, the limited experimental works are still incapable of painting a realistic picture of the 105 

deformation response of actual density-graded foams subjected to impact loading conditions.  106 

Recent advancements in high and ultra-high-speed imaging and full-field measurements have 107 

made it possible to conduct in situ measurements on materials subjected to impact loading. 108 

Besides, the constant improvements in the temporal and spatial resolution of high-speed cameras 109 

have also facilitated the multiscale characterization of mechanical and failure response of foams 110 

and other cellular structures with unprecedented accuracy [26]. The objective of the present work 111 

is to implement the recent experimental approach developed to characterize the impact response 112 
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of foams [27-29] in the study of density-graded polymer foams. Full-field digital image 113 

correlation (DIC) measurements are used to characterize the nature of mechanical deformation in 114 

density-graded foams subjected to quasi-static and impact loading. Acceleration fields developed 115 

during impact loading are used as an indicator of wave propagation in samples under impact 116 

loading. Through characterizing the wave propagation response in density-graded samples, the 117 

major differences between the quasi-static and dynamic responses of graded foams in terms of 118 

the overall deformation mechanisms, role of interfaces, and the effect of sample orientation are 119 

discussed. 120 

 121 

2. Experimental 122 

2.1. Materials and Sample Preparation 123 

Rigid closed-cell polyurethane foams with nominal densities of 160, 240, and 320 kg/m
3
 124 

(General Plastics, Inc.) were used to fabricate three-layered foam laminates. Figure 1 shows the 125 

stress-strain response of the foams under quasi-static compression and at a nominal strain rate of 126 

3×10
-3

 s
-1

. Elastic moduli, yield strengths, and the nominal densification strains of the three 127 

foams are shown in Table 1. The nominal densification strain was characterized as the strain at 128 

which the efficiency of the foam reaches a maximum [3]. By measuring the instantaneous 129 

evolution of axial and transverse strain components, the Poisson’s ratios of the three foam 130 

samples were measured and found to be close to zero [27, 30, 31]. 131 

Rectangular prism layers with dimensions 14×14×7 mm
3
 were extracted from the three foam 132 

billets. The layers were bonded together to form 21 mm long three-layered laminates with layers 133 

of equal thickness. Layers were bonded together using a thin and flexible polyurethane adhesive. 134 
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The flexibility of the adhesive layer was required to ensure that the shear stress developed at the 135 

layers interface due to the mismatch between the transverse deformation of the adjacent layers 136 

would be accommodated and does not lead to interfacial failure. While it is anticipated that the 137 

presence of a thin adhesive layer may have little effect on the wave propagation in the sample, 138 

the actual nature and mechanisms of such effects were not investigated in this work.  139 

 140 

Figure 1- Stress-strain response of single-density polyurethane foams examined in this work.  141 

 142 

Table 1- Mechanical parameters of the three foams measured in quasi-static compression. The 143 

variability in the data indicates the standard deviation of the value in three independent 144 

measurements 145 

Nominal Density, 

ρ (kg/m
3
) 

Elastic Modulus, 

E (MPa) 

Yield Strength, 

Y (MPa) 

Nominal Densification 

Strain, εd 

160 54.4±1.6 2.07±0.02 0.57±0.00 

240 110.1±1.9 3.93±0.06 0.54±0.02 

320 173.0±9.5 6.76±0.05 0.52±0.01 

 146 
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2.2. Mechanical Tests 147 

Three-layered samples were subjected to quasi-static and controlled impact loading conditions. 148 

Quasi-static uniaxial compression tests were carried out in a regular load frame with a constant 149 

cross-head speed of 2.5 mm/min. Quasi-static loading continued until the laminate was fully 150 

compressed.  151 

Impact tests were conducted in a modified Hopkinson bar apparatus. Figure 2a shows the 152 

schematic drawing of the utilized impact test setup. In this setup, the graded sample is fixed on a 153 

transmitter bar. A projectile shot through a gas barrel directly impacts the sample at its left end. 154 

The impact velocity of the projectile can be controlled by adjusting the internal pressure of the 155 

gas barrel. In the present work, the projectile velocity upon impact was measured as 60 m/s. The 156 

impact energy transferred to the sample upon this 60 m/s impact is high enough to generate a 157 

compression wave in the sample. The impact force was measured on the fixed (distal) end of the 158 

sample using the transmitted strain signal captured by a strain gage placed on the transmitter bar. 159 

The transmitted strain was converted to force using well established Hopkinson bar equations 160 

[32]. Projectile and transmitter bars were made of polycarbonate with a density of 1200 kg/m
3
. 161 

The length of the projectile and transmitter bars were 88 mm and 1500 mm, respectively. Wave 162 

dispersion and attenuation effects can be significant in polycarbonate bars due to their 163 

viscoelastic nature. The stress wave dispersion in polycarbonate depends on its frequency 164 

content. The output signal can be corrected in the frequency domain by using fast Fourier 165 

transform and then converted back to the time domain. The signal correction was carried out in 166 

the present work by determining the propagation coefficient of the polycarbonate bar from 167 

independent tests that were performed without a test piece. The corrections were then applied to 168 
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the transmitted signal acquired in our tests and based on the procedure outline in [33].More 169 

details regarding the impact test setup can be found in [32,34].  170 

To study the effect of gradient and sample orientation, impact tests were performed on three-171 

layered foam samples with two different gradients. As shown in Figure 2b, samples with high 172 

density (HML) and low density (LMH) layers oriented towards the impact end were tested and 173 

analyzed. The HML and LMH samples examined in this work resemble the density-graded 174 

structures with ‘negative’ and ‘positive’ gradients, respectively, studied in previous works [12, 175 

14-19]. At least two independent tests were performed for each loading case and sample 176 

orientation to confirm the reproducibility of the results. 177 

 178 

 179 

Figure 2- (a) Schematic of the impact setup used in this work. (b) Speckle-patterned three-180 

layered samples: High-Medium-Low density, HML, sample (left) and Low-Medium-High 181 

density, LMH, sample (right). Load is applied in x-direction.  182 

 183 
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2.3. Imaging and Full-Field Measurements  184 

To facilitate DIC measurements in both quasi-static and dynamic tests, the front surface of the 185 

foam samples were coated with a high-contrast and random speckle pattern. The pattern was 186 

applied using commercially available non-glossy white and black spray paints. As shown in 187 

Figure 2b a narrow strip on the sample surface was intentionally left uncoated to enable the 188 

tracking of interfaces during the course of deformation. Similar sample geometry and pattern was 189 

used for quasi-static and dynamic tests. 190 

A single 5 MP CCD camera was used to capture images from the coated surface of the 191 

deforming sample in quasi-static experiments. The area of interest, i.e., the entire front surface of 192 

the sample was illuminated using high intensity LED lights. Imaging acquisition and load-cell 193 

data collection in quasi-static experiments were synchronized at a rate of 1 Hz. Further 194 

information regarding image acquisition in quasi-static tests can be found in [35]. 195 

In impact tests, a single ultra-high-speed camera was used for image acquisition. The camera 196 

used for this purpose was a Shimadzu HPV-X2 that allowed for the continuous acquisition of 197 

128 frames (image resolution: 400×250 pixels) at a frame rate of 500,000 fps, i.e., an interframe 198 

time of 2 µs. A high-intensity flash unit was used for illumination of the area of interest. More 199 

details regarding the ultra-high-speed imaging and the light settings used in this work can be 200 

found elsewhere [29, 36].  201 

Images captured during both quasi-static and impact tests were analyzed in the commercially 202 

available DIC software Vic-2D (Correlated Solutions, Inc.). The subset and step sizes used DIC 203 

analysis were selected as 47 and 10 pixels for quasi-static, and 29 pixels and 7 pixels for impact 204 
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tests, respectively. Due to the large deformation nature of both tests, incremental correlation 205 

approach was used in all DIC analyses [37]. 206 

 207 

3. Acceleration and Inertia Stress Determination 208 

The approach proposed in our previous works was implemented here to characterize the 209 

acceleration and its associated inertia stress fields [27-29]. Figure 3 shows the schematic of a 210 

layered sample under uniaxial impact. In our previous studies, it was shown that in the case of 211 

axially-impacted cellular solids with negligible transverse deformation (i.e., negligible Poisson 212 

effect), the axial stress, xx , at any given location and time during the loading can be expressed 213 

as [27-29]: 214 

2

20
( , ) (0, ) ( , ). ( , ).

L

xx xx

d u
L t t x t x t dx

dt
         (1) 215 

where, (0, )xx t  denotes the stress at the fixed end of the sample. The integral term in this 216 

equation denotes the inertia stress, which is a function of the local nominal density,  , and the 217 

axial acceleration 
2

2

d u

dt
. Both density and acceleration are location and time dependent. 218 

Temporal and spatial distribution of the nominal density can be determined using the 1D 219 

equation proposed in [27], as: 220 

 
1 2

0( , ) ( ).exp ( , )xxx t x x t


  


     (2) 221 

where, 0( )x  denotes the nominal density of the foam prior to the experiment, which depends on 222 

the gradient. xx  denotes the axial compressive strain measured by DIC.   is the Poisson’s ratio 223 
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of the foams, found to be negligible in the present work. Axial acceleration in Eq. 1 is calculated 224 

by applying a three-term finite difference operator on the axial displacement: 225 

 
2

2 2

1
( , ) ( , ) 2 ( , ) ( , )

d u
x t u x t t u x t u x t t

dt t
     


   (3) 226 

where, t  denotes the interframe time (2 µs). The notion of inertia stress described above is 227 

based on the assumption that the deformation of the density graded samples is uniaxial, i.e., no 228 

lateral deformation or shear stress is developed within the layers or at their interface. This 229 

assumption is validated in the forthcoming sections.  230 

 231 

 232 

Figure 3- Schematic view of a layered density-graded sample subjected to direct impact. The 233 

right end of the sample is fixed in x-direction. Different densities are indicated by different 234 

colors.  235 

 236 
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4. Results and Discussions 237 

4.1. Quasi-Static Response 238 

Figure 4a shows the stress-strain response of the density-graded foam sample under quasi-static 239 

conditions. For comparison, the constitutive curves of the single density foams are also depicted 240 

in Figure 4a. The stress-strain curve of the three-layered sample is characterized by three 241 

distinct steps. The occurrence of each step corresponds with the yielding of an individual layer in 242 

the structure. This behavior is consistent with previous observations made on both density-243 

graded foams and density-graded lattice structures [8] and indicates that the quasi-statically 244 

applied load is concurrently carried by all layers during deformation. A layer yields when the 245 

stress level in it reaches its yield strength. This behavior is manifested on the stress-strain curve 246 

in the form of a distinct step.  247 

Contour maps showing the axial strain distribution during quasi-static loading are also presented 248 

in Figure 4b. The strain development in the three-layered sample supports the above mechanism 249 

by clearly indicating that the lowest density layer (located on the right side of the sample) 250 

deforms to a higher extent and yields prior to the other layers. Upon yielding of the middle layer, 251 

both lower density layers continue to deform until the weakest layer fully densifies (see part 3 in 252 

Figure 4b). Following the full densification of the lowest density layer and the yielding of the 253 

middle layer, the yielding in the highest density layer initiates and then continues to upon further 254 

increase of the axial load.  255 
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Figure 4- (a) quasi-static stress-strain response of the three-layered foam along with that of 256 

single-density foams. (b) Axial strain fields, εxx, developed in the three-layered foam at various 257 

stages of quasi-static loading. Numbers in (b) mark the corresponding stress/strain values in (a). 258 

 259 

4.2. Dynamic Response 260 

The development of axial strain fields at various stages of dynamic deformation for the HML 261 

sample is shown in Figure 5. In contrast to the quasi-static tests where the deformation of the 262 

lowest density layer is shown to initiate and continue over the entire course of deformation, the 263 

strain fields in Figure 5 indicate that the deformation starts at the highest density layer first. The 264 

initiation of the deformation from the highest density layer in HML sample is due to the 265 

development of the stress waves in this layer upon impact. An elastic stress wave is first formed 266 

at the interface between the projectile and the high density layer. This elastic wave propagates 267 

through the layer at a speed equal to the speed of sound in the material. The elastic wave speed 268 

for the high density foam component in this work is estimated as c=735 m/s using the simple 1D 269 

equation, c E   (see Table 1). Considering this elastic wave speed and the thickness of the 270 
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high density layer (7 mm), the time it takes for the elastic wave to propagate through this layer is 271 

ca. 9.5 µs. Shortly after the propagation of the elastic wave through the high density layer, strain 272 

development in the two lower density layers start and continues until the layers are fully 273 

compressed. During this time, the high density layer remains nearly undeformed. After the full 274 

densification of the two lower density layers, the deformation resumes in the third layer until the 275 

entire sample fully densifies.  276 

The deformation mechanism described above is shown in Figure 6 where the distribution of the 277 

axial strain along the HML sample axis is plotted at different time instances. To enable the 278 

analysis of axial strain in different layers, the strain curves in Figure 6 are plotted with respect to 279 

normalized distance from the impact side of the sample. In this way, the interface between the 280 

high and the medium density layers remains at  ̅ = 0.33 at all times. Similarly, the interface 281 

between the medium and low density layers remains stationary at  ̅ = 0.67. The strain curves in 282 

Figure 6a clearly show that the deformation is confined within the high density layer during the 283 

first 10 µs after the impact, i.e., the wave propagation time in this layer. Strain data in Figure 6a 284 

also suggest that after the full densification of the lowest density layer at t =160 µs, the 285 

deformation resumes inside the partially-deformed middle layer. It is anticipated that the same 286 

mechanism continues until both the medium and the high density layer also fully densify. Due to 287 

the limited image record time in the present work, this mechanism could not be verified. 288 

However, the findings presented here are in good agreement with previous modeling and 289 

experimental works on the double-shock mechanism in density-graded cellular materials with 290 

negative gradients [12, 19]. Specifically, observations similar to those presented here were made 291 

in [12] for density-graded honeycombs subjected to low and moderate impact velocities. In low 292 

or moderate impact velocities, the dynamic deformation response of graded honeycombs was 293 
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observed to occur in two phases: Phase I, wherein a forward and a backward shock are 294 

developed at impact and distal ends, respectively, and propagate towards the sample center. In 295 

Phase II, the forward wave ceases while the backward wave continues to propagate away from 296 

the distal end. In the present study, the onset of Phase II of the deformation is associated with the 297 

decay of the forward wave, i.e., the stress wave that initiates from the high density side, in the 298 

first ~30 µs after the impact. Interestingly, this time period is equal to the time required for the 299 

forward elastic wave to propagate through the entire length of the HML sample. The cessation of 300 

the forward wave which marks the onset of the transition from Phase I to Phase II is manifested 301 

in this work by the onset of the development of large strains in the two lower density layers, as 302 

shown in Figure 6a. 303 

 304 

Figure 5- Axial strain, εxx, fields developed at various stages of deformation during impact 305 

loading of the HML sample.  306 

 307 
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Figure 6- (a) variation of axial strain along the HML sample axis at various times. Strain data in 308 

(a) are extracted along the line shown in (b).  ̅ = 0 and  ̅ = 1 in (b) indicate the impact and fixed 309 

ends of the HML sample, respectively.  310 

To better understand the underlying stress wave propagation mechanisms in the HML sample, 311 

the analysis proposed in [29] was implemented here. The application of the 1D stress analysis 312 

proposed in [27-29] and detailed in Sec. 3 requires that (1) the role of interfaces must be 313 

negligible, i.e., the shear deformation across the interfaces should be insignificant, and (2) the 314 

apparent Poisson’s ratios of the layers must be small. Figure 7 shows the evolution of shear 315 

strain, εxy, and transverse strain, εyy, plotted with respect to axial strain. Shear strain data are 316 

extracted from two narrow regions (2 mm wide) located at the two interfaces. As shown in 317 

Figure 7a, the evolution of shear strain in these regions is negligible compared with the axial 318 

strains developed in the same areas. The maximum ratio of the shear to axial strain extracted 319 

from these interfacial regions is approximately 4%.  320 

The evolution of local transverse strain, εyy, on the three layers is plotted against local axial strain 321 

in Figure 7b. The curves in Figure 7b show consistent trends, indicating an initial rapid 322 

increase. The initial rapid increase is likely associated with the higher Poisson’s ratio of the foam 323 
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layers in the elastic deformation region [30]. This rapid increase evolves into an expanded linear 324 

region with a significantly smaller slope that is indicative of a low plastic Poisson’s ratio in all 325 

layers. The apparent Poisson’s ratio determined in an axial strain range of 0.1 to 0.4 is 326 

approximately 0.08 for all foam layers. At axial strain of about 0.4 and upon reaching full 327 

densification, transverse strains in all layers tend to increase rapidly, as the layer will no longer 328 

sustain axial deformation. Note that the incomplete data plotted for the highest density layer is 329 

because the record time was not enough to capture the full densification of this layer. Data 330 

shown in Figure 7 validates the assumption of axial deformation in our impact tests, and thus, 331 

allows for the application of the analysis detailed in Sec. 3. 332 

  

 

Figure 7- Variation of (a) shear, εxy, and (b) transverse strain, εyy, with respect to axial strain 333 

extracted from the representative regions shown in (c). HD, MD, and LD in (c) denote high 334 

density, medium density, and low density layers, respectively. 335 
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Figure 8 shows the distribution of axial acceleration along the sample axis at various times after 336 

the impact. Axial acceleration curves show local peaks that correspond with the location of the 337 

elastic and compaction wave fronts. Tracking the location of these acceleration peaks in time can 338 

be used to estimate the waves speeds in each layer [29, 32]. However, due to insufficient 339 

temporal and spatial resolution of the full-field measurements in this work, pinpointing the exact 340 

location of the elastic stress waves is not possible. 341 

The apparent change of slopes on the acceleration curves is associated with the differences in the 342 

elastic and compaction wave speeds in different layers, both of which are dependent on the 343 

elastic modulus and density, as well as the layers interfaces that inevitably disturb the stress 344 

wave propagation in the sample. The positive acceleration values, that are indicative of the wave 345 

propagation from the impact end to the fixed end (forward wave), change sign and become 346 

negative after t = 130 μs. This sign change is due to the reflection of the plastic component of the 347 

stress wave from the distal end of the HML sample, an observation that is consistent with the 348 

axial strain patterns discussed earlier.  349 
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 350 

Figure 8- Variation of axial acceleration along HML sample axis at different times. Vertical 351 

dashed lines mark the locations of the interfaces. 352 

 353 

The evolution of nominal density with deformation for the HML sample was determined using 354 

Eq. 2. Figure 9 shows this evolution at multiple time steps after the impact. Data in Figure 9 are 355 

obtained by assuming a constant Poisson’s value of 0.08, following the measurements in Figure 356 

7b. The significant changes observed in the nominal density of the layers in this sample indicates 357 

the highly compressible nature of the foams used in the present study.  358 
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 359 

Figure 9- Variation of nominal density along the HML sample axis at various times. Vertical 360 

dashed lines mark the locations of the interfaces. 361 

 362 

Temporal and spatial variations of the axial acceleration and mass density were used to evaluate 363 

the axial inertia stress developed in the HML sample. As discussed earlier, the axial inertia stress 364 

is represented by the integral term in Eq. 1. Figure 10 shows the evolution of axial inertia stress 365 

in space and time for the HML sample. High inertia stresses are developed at the impact side of 366 

the sample shortly after the establishment of the contact between the projectile and the high 367 

density layer. Early stage inertia stresses as high as 5 MPa are developed at the higher density 368 

side of the HML sample. This inertia stress wave propagates through the sample while reducing 369 

its strength. The weakening of the inertia stress wave is depicted in Figure 10 between t=40 µs 370 

and 130 µs. Inertia stress values change sign when the stress wave reflects from the distal end 371 

towards the impact end.  372 

 373 
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 374 

Figure 10- Variation of axial inertia stress in time and at different locations along the axis of the 375 

impacted HML sample. Vertical dashed lines mark the locations of the interfaces. 376 

 377 

4.3. Effect of Sample Orientation 378 

Generation of high inertia stresses at the high density side of the HML sample originates from 379 

(1) the development of elastic-plastic stress waves that accelerate the material particles during 380 

their propagation inside the layer, and (2) the relatively higher density of the HML sample at its 381 

impacted side. The former is a mechanism that depends mostly on the impact velocity, but also 382 

on the nominal density of the sample at its impact side. However, the latter point, i.e., the 383 

location of the higher density layer, has been documented to play a more major role in the impact 384 

response of density graded foams if switched from the impact end to the fixed end [12-19]. To 385 

study the effect of gradient orientation, the experiments were repeated with the exact same 386 

experimental conditions, but this time changing the sample orientation such that the low density 387 
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layer is oriented towards the impact end and the high density layer is located on the fixed end 388 

(see the LMH sample in Figure 2b). The LMH sample studied here resembles a density-graded 389 

structure with a positive gradient wherein the stress wave propagation mechanism is documented 390 

to have a single-shock mode [14]. 391 

Figure 11a shows the development of axial strain fields at various stages of dynamic 392 

deformation for the LMH sample. Deformation of the sample is initiated at the impact (low 393 

density) end. Unlike the HML gradation, deformation of the impact-end layer continues until this 394 

layer is completely densified. As shown in Figure 11b the two higher density layers remain 395 

almost undeformed during the first 40 µs after the impact. Interestingly, areas more closely 396 

associated with the distal end of the LMH sample show a negligible deformation during the 397 

entire 200 µs period after the impact, an observation that supports the occurrence of the single-398 

shock mechanism in the LMH sample. This behavior is substantially different from the response 399 

of the HML sample (see Figure 5 and Figure 6) where a relatively more uniform axial strain 400 

distribution was expected in the sample at the end of the deformation process. 401 

Using an approach similar to what was described in Sec. 4.2, temporal and spatial variations of 402 

the inertia stress were determined for the LMH sample, as well. Figure 12 shows the variation of 403 

axial inertia stress in time and space for this sample. Inertia stresses in the LMH sample 404 

generally show lower values than those determined for the HML sample. This observation can be 405 

explained by the fact that in the LMH sample, the initial stress wave generates in a lower density 406 

medium. A low density medium reduces the strength of the inertia stress according to Eq. 1. 407 

Upon further propagation through various layers as well as the two interfaces, the stress wave is 408 

reduced to a level that can be barely detected in the higher density distal end. The experimental 409 

data obtained for the LMH sample also support the previous findings, where a density-graded 410 
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cellular structure with a positive gradient has been documented to be a more effective energy 411 

absorber than one with a negative gradient [18].  412 

 413 

 

 

Figure 11- (a) Axial strain, εxx, fields developed at various stages of deformation during impact 414 

loading of the LMH sample, i.e., with the low density layer oriented at the impact side. (b) 415 

variation of axial strain along the sample axis at various times. 416 

 417 
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 418 

Figure 12- Variation of axial inertia stress in time and at different locations along the axis of the 419 

impacted LMH sample. The missing data at the top left corner of the graph is due to the lack of 420 

DIC results that was the result of excessive deformation of the low density layer. 421 

 422 

4.4. Load-Bearing and Energy Absorption Response 423 

The analyses conducted in this work allow for the characterization of local strain and stress data 424 

over the entire length of the samples and at all times during deformation. Local strains can be 425 

extracted directly from DIC measurements. However, local stresses are evaluated by 426 

superimposing inertia stresses with the stresses measured at the distal end of the samples. Note 427 

that as discussed in Sec. 2.2, the force and stress values at the distal (fixed) end of the sample 428 

were measured by the signals captured by the strain gage placed on the transmitter bar. The 429 

inertia stresses determined from the measured local acceleration fields were then used along with 430 

the measured distal-end stress to reconstruct the stress history at the impact end of the sample. 431 
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The procedure for the reconstruction of local stress fields can also be found in [26-29]. Figure 432 

13 shows the evolution of impact forces measured at the distal ends of HML and LMH samples. 433 

The impact forces measured for both samples follow the same trend, except that the peak force 434 

measured for the LMH sample is slightly lower than that of HML. Note that the peak forces 435 

measured here are indicative of the failure of the samples, which due to insufficient record time, 436 

fall slightly outside of the time window wherein DIC data are available. Nevertheless, the forces 437 

measured at sample ends can be superimposed with local inertia stresses to reconstruct the total 438 

stress fields developed in the samples.  439 

 440 

Figure 13- Impact force measured at the distal end of HML and LMH samples.  441 

 442 

Figure 14 shows the temporal evolution of local stresses extracted from the impact and distal 443 

ends of both samples. The local stress data are consistent with previous observations [38-41] 444 

wherein the development of an initially high inertia stress at the impact end is manifested by a 445 

step-wise increase in the stress curve. In addition to the inertia stress, as shown earlier in Figure 446 
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4, the nature of the deformation in the layered structures examined in this work also contributes 447 

to the development of a step-wise increase in the stress response of the sample. Data presented in 448 

Figure 14 also agree well with the general trends observed in the work of Wang et al. [14] 449 

wherein a positive gradient (equivalent to the LMH sample in this work) was shown to associate 450 

with a more homogeneous distribution of the stresses in the sample. Considering the differences 451 

between the local stresses extracted from two sample ends in this work, the LMH sample shows 452 

less variability than the HML sample. 453 

  

Figure 14- Stress evolution at the impact end and fixed end of (a) HML and (b) LMH samples. 454 

 455 

Having obtained the local stress and strain data, the average stress-strain response of each sample 456 

was determined by integrating all local stress-strain data [42]. Figure 15 depicts the average 457 

stress-strain response of the samples studied in this work. The quasi-static stress-strain curve of 458 

the three-layered foam is also shown in this figure for comparison. The nominal strain rate in 459 

impact tests was approximated using the slope of the average strain vs. time. This nominal strain 460 

rate was determined to be 2300 s
-1

 in the dynamic tests, which was approximately 6 orders of 461 

magnitudes higher than those used in the quasi-static tests. Compared with the quasi-static curve, 462 
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dynamic stress-strain responses of both HML and LMH samples show constantly higher 463 

strengths at strains >0.1. Whether the unusually low stress levels at dynamic conditions at strain 464 

<0.1 are a material attribute are not known. However, our previous works, as well as a number of 465 

other independents works on the topic, suggest that the accurate identification of the dynamic 466 

constitutive response of low mechanical impedance materials at elastic deformation regions are 467 

highly dependent on the spatial/temporal resolution of the measurements, noise-to-strain ratios, 468 

time filtering of the displacement and load data, etc. [27, 28, 36, 43, 44].  469 

 470 

Figure 15- Average stress-strain response of the three-layered foams in quasi-static and dynamic 471 

conditions. 472 

 473 

Energy absorption characteristics of the foam sample under impact conditions were evaluated 474 

using their average stress-strain data. The energy absorption capacity of each sample, W, was 475 

quantified as the area under its stress-strain curve (Eq. 4) [3]. The efficiency parameters, η, were 476 

also evaluated as the ratio between the absorbed energy and stress [3,4], expressed in Eq. 5. 477 
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The energy absorption capacity and efficiency parameters are especially important in the design 480 

of density-graded structures for enhanced crashworthiness. Figure 16 shows the variations of 481 

these parameters plotted with respect to stress for HML and LMH samples subjected to impact 482 

loading. Except in a narrow stress range of 6-13 MPa, both metrics indicate an approximately 483 

10-20% enhancement in the energy absorption capacity of the LMH sample. This difference 484 

becomes more pronounced at higher stresses. This observation is consistent with previous 485 

modeling and experimental works that suggest an improved energy absorption performance for 486 

density-graded cellular structures with positive gradients [12, 14, 18]. The improvement in the 487 

energy absorption of structures with positive gradients is likely associated with the ratio between 488 

the impact velocity and the densification velocity in the material [18]. In negative gradients, due 489 

to the occurrence of a double-shock mode, layers densify in a shorter time period. This higher 490 

rate of densification leads to a faster increase of stress (see Figure 15) while also more rapidly 491 

reducing the overall effectiveness of the foam structure in absorbing higher extents of the kinetic 492 

energy input. On the other hand, a positive gradient, such as that of the LMH sample in this 493 

work, allows a slower and one-dimensional propagation of the densification inside the sample, 494 

thus allowing for more kinetic energy to be dissipated through foam densification.  495 
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Figure 16- Evolution of (a) absorbed energy, W, and (b) efficiency, η , plotted against stress for 496 

HML and LMH samples under impact loading.  497 

 498 

Results presented in this work validate numerous previous studies that were proposed to describe 499 

the impact response of density-graded cellular structures. While the in situ observations and 500 

analyses presented in this work provide an unprecedented insight into the underlying 501 

deformation mechanisms in density-graded cellular structures, there are still several areas that 502 

need further exploration. Particularly, the present work only aimed at the study of the simplest 503 

gradients, which are monotonic linear gradations. In other words, our studies do not include 504 

nonlinear gradients [45] or cases where the middle layers are the highest (or lowest) density 505 

components in the structure. This work did not study the effect of the number of layers [46] or 506 

impact velocity-dependent mechanisms either. Last but not least, the experimental 507 

characterizations and analyses presented in this work did not address the strength-energy 508 

absorption dichotomy, as an emerging topic of interest in the field of density-graded structures 509 

[47]. While in-depth study of these issues was beyond the scope of this work, they remain to be 510 

interesting topics of research to address in future works. 511 
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5. Conclusion 512 

Deformation response of density-graded foams under quasi-static and impact loading conditions 513 

was characterized using DIC-based full-field measurements. Observations made in quasi-static 514 

tests suggest that a layer-by-layer yielding of various layers leads to the development of a step-515 

wise stress-strain response. Measurements performed in dynamic loading conditions reveal 516 

different deformation mechanisms associated with the stress wave propagation in each layer as 517 

well as the orientation of the test piece. Consistent with previous numerical studies, when the 518 

higher density layer is oriented towards the impact side (i.e., negative gradient) of the test piece, 519 

a double-shock mechanism is initiated. In this case, plastic deformation initially starts from the 520 

impact side, but ceases once the elastic wave passes through the highest density layer. 521 

Deformation resumes inside the lower density layers and upon their full densification, continues 522 

back into the high density layer. On the other hand, in cases where the low density component is 523 

oriented at the impact side (i.e., positive gradient), a unidirectional (single) shock forms and 524 

propagates through the test piece. Average stress-strain response and energy absorption capacity 525 

of the samples under impact conditions were also evaluated. The density-graded sample with a 526 

negative gradient was shown to have an overall higher strength but less effective energy 527 

absorption performance.  528 
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