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1Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA
2California Institute of Technology, Pasadena, California 91109, USA

One major goal of upcoming large-scale-structure surveys is to constrain dark energy and mod-
ified gravity theories. In particular, galaxy clustering and gravitational lensing convergence are
probes sensitive to modifications of general relativity. While the standard analysis for these surveys
typically includes power spectra or 2-point correlation functions, it is known that the bispectrum
contains more information, and could offer improved constraints on parameters when combined
with the power spectra. However, the use of bispectra has been limited so far to one single probe,
e.g. the lensing convergence bispectrum or the galaxy bispectrum. In this paper, we extend the
formalism to explore the power of cross-bispectra between different probes, and exploit their ability
to break parameter degeneracies and improve constraints. We study this on a test case of lensing
convergence and galaxy density auto- and cross-bispectra, for a particular sub-class of Horndeski
theories parametrized by cM and cB . Using the 2000 deg2 notional survey of the Nancy Grace
Roman Space Telescope with overlapping photometry from the Rubin Observatory Legacy Survey
of Space and Time, we find that a joint power spectra and bispectra analysis with three redshift
bins at lmax = 1000 yields σcM = 1.0 and σcB = 0.3, both a factor of ∼1.2 better than the power
spectra results; this would be further improved to σcM = 0.7 and σcB = 0.2 if lmax = 3000 is taken.
Furthermore, we find that using all possible cross-bispectra between the two probes in different
tomographic bins improves upon auto-bispectra results by a factor of 1.3 in σcM , 1.1 in σcB and
1.3 in σΩm . We expect that similar benefits of using cross-bispectra between probes could apply to
other science cases and surveys.

I. INTRODUCTION

Recent measurements have shown that the Universe
is consistent with a ΛCDM model, exhibiting an epoch
of accelerated expansion of the Universe. The observa-
tion of the accelerated epoch poses some theoretical chal-
lenges. Three possibilities are typically considered: 1) a
cosmological constant; 2) a scalar field giving rise to a
possibly evolving energy density, dubbed dark energy; 3)
that the theory of general relativity (GR) does not hold
on cosmological scales, requiring modified gravity the-
ories (MG). While GR is a well-tested theory on some
scales such as the solar system scale, whether it can be
successfully extrapolated to all cosmological scales over
many orders of magnitude is still an assumption that re-
mains to be tested. Cosmology holds great promise for
testing alternative theories of gravity as they would leave
distinguishable signatures on probes like the clustering of
galaxies, gravitational lensing, redshift space distortions
among many others.

Upcoming Stage-IV large-scale-structure surveys such
as EUCLID1 [1], Nancy Grace Roman Space Tele-
scope2 [2], Rubin Observatory Legacy Survey of Space
and Time (LSST)3 [3] and DESI4 [4] are optimally de-
signed to maximize constraints on dark energy and mod-
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1 www.euclid-ec.org
2 https://wfirst.gsfc.nasa.gov/
3 https://www.lsst.org/
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ified gravity. By detecting hundreds of millions of galax-
ies in large areas of the sky in imaging and spectroscopy,
these surveys allow us to construct powerful statistical
probes that can distinguish between different theories.
the Roman Space Telescope among others, is a partic-
ularly promising survey that would notionally map a
2,000 deg2 area of the sky in depth in both spectroscopy
and imaging, enabling multi-probe analysis as well as
exquisite systematics control [2, 5–7].

To take advantage of these superb capabilities of future
surveys, it is no longer sufficient to restrict ourselves to
the typical analysis using power spectra or 2-pt corre-
lation functions. More information is known to exist in
higher-order statistics such as the bispectrum. Combin-
ing bispectrum with power spectrum observations typi-
cally lead to improved constraints on parameters. In this
paper, we explore how adding bispectra, and in partic-
ular cross-bispectra measurements between two probes,
provides improved constraints on modified gravity theo-
ries for the overlapping 2,000 deg2 between the Roman
Space Telescope and the LSST survey.

Just like using cross-power spectra can break param-
eter degeneracies leading to improved constraints, we
expect similar effect by cross-correlating probes in the
bispectra. Typically the lensing convergence bispectrum
or the galaxy bispectrum have been studied individually
(e.g. [8–11]). Here, we combine for the first time the
galaxy and lensing convergence auto-bispectra as well as
their cross-bispectra between these probes in different to-
mographic bins, to exploit their potential to improve on
parameter constraints. We demonstrate such improve-
ment on a particular subclass of Horndeski models for
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the Roman Space Telescope, but expect similar benefits
to extend potentially to other science cases or other sur-
veys.

The paper is structured as follows. In section II, we
present the background on Horndeski theories, and de-
fine the subclass of MG models that we study. In sec-

tion III and IV respectively, we describe the modeling of
the power spectrum and bispectrum observables, as well
as the effects of modified gravity on them. We present
the Fisher forecast formalism in Section V used to ob-
tain the results in Section VI, which we summarize and
discuss in Section VII.

II. HORNDESKI THEORY

We now describe the subclass of Horndeski theories studied in this paper. Horndeski theory [12] is the most general
theory of gravity in four dimensions postulating a scalar field in addition to the metric tensor, while giving rise to
second order equations of motion. Its Lagrangian

S[gµν , φ] =

∫
d4x
√
−g

[
5∑
i=2

1

8πGN
Li[gµν , φ] + Lm[gµν , ψM ]

]
, (1)

contains four arbitrary functions {Ga(φ,X), a = 2, 3, 4, 5} for the scalar field φ

L2 = G2(φ, X) , (2)

L3 = −G3(φ, X)2φ , (3)

L4 = G4(φ, X)R+G4X(φ, X)
[
(2φ)

2 − φ;µνφ
;µν
]
, (4)

L5 = G5(φ, X)Gµνφ
;µν − 1

6
G5X(φ, X)

[
(2φ)

3
+ 2φ;µ

νφ;ν
αφ;α

µ − 3φ;µνφ
;µν2φ

]
, (5)

where X ≡ −∂µφδµφ, Gµν is the Einstein tensor and R is the Ricci scalar. The matter Lagrangian is denoted by
Lm in Eq. 1, where gµν is the Jordan-frame metric, ψM are the matter fields and GN is the Newton gravitational
constant. The partial derivatives are denoted with subscripts φ,X, e.g. G5X ≡ ∂G5/∂X; the covariant derivatives
are denoted with subscript ;.

An alternative and physically more meaningful basis
of functions can be obtained by expanding the action
to second order in linear perturbations of gµν , φ and
other matter fields [13]. The action would consist of
terms quadratic in the perturbations, each multiplied
by time dependent functions which are only affected by
the background cosmology, so that once the background
expansion is fixed, the modifications to Einstein’s equa-
tions in Horndeski theories are specified by four functions
of time. A set of basis for these functions with direct
physical interpretations was identified in Ref. [13] as αi,
i ∈ {M,T,B,K}:

1. αM ≡ d lnM2
∗/d lna, the running of the Planck

mass, controls the strength of gravity given the ini-
tial value of M2

∗ ;

2. αT ≡ c2T − 1, the tensor speed excess, controls the
excess speed of the gravitational waves propagation
with respect to light;

3. αB , the braiding, parametrizes the mixing between
the scalar field and metric kinetic terms [14];

4. αK , the kineticity, is the coefficient of the kinetic
term for the scalar d.o.f. before demixing [13].

The full form of the α’s can be found in the Appendix
A.3 of Ref. [15] and further explanations on these pa-
rameters can be found, e.g. in Ref. [13] and references
therein.

Because of the gravitational waves observations of
GW170817, αT has been highly constrained [16, 17], so
we will fix it to practically zero throughout our work.
We also cannot constrain αK with sub-horizon probes
we are using in this work. Because αK increases the rel-
ative strength of kinetic to gradient term, it lowers the
sound speed and hence the sound horizon to below the
cosmological horizon, where a quasi-static configuration
is reached [13, 18], so αK cannot be constrained with
the quasi-static scales (although it can be probed with
ultra-large scales [19]). As a result, we will focus solely
on constraining αM and αB in this work .

We choose to restrict ourselves, following Ref. [20], to
a class of models {αi} whose time dependence follows the
time evolution of the dark energy density:

αi(a) = ciΩDE(a), (6)

where a is the scale factor and ci’s are constants of pro-
portionality. Note that this parametrization is purely
phenomenologically motivated, and may imply fine tun-
ing between terms at the Lagrangian level.
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We further restrict ourselves to consider matter that is
minimally coupled to the metric without direct couplings
to the scalar, so the effect of the modified gravity sector
on matter is only mediated through the gravitational po-
tential like in the case of general relativity. Finally, the
background expansion is fixed to that of ΛCDM.

To compute the matter power spectrum of the con-
sidered models and the evolution of various quantities,
we use the public code hi class5 [15]: Horndeski in
CLASS (Cosmic Linear Anisotropy Solving System [21]).
Our choice of parametrization corresponds exactly to the
propto omega option in hi class that takes ci’s as input
parameters, as well as the initial M∗ which we set to 1 in
units of the Planck mass Mpl to match GR solutions at
early times.

III. POWER SPECTRUM OBSERVABLES

We now describe the power spectrum observables
(galaxy clustering, lensing convergence and their cross-
power) and how we obtain them given the linear matter
power spectrum Pm(k) from hi class. We first define
the observables in section III A and describe their mod-
eling in GR, then we introduce the modifications from the
Horndeski theory parameters in section III B and study
their impacts on the power spectra.

A. Definitions

A projected observable in two-dimensions X(θ) can be
described in terms of its Fourier transform Xl

X(θ) =
∑
l

Xle
il·θ, (7)

where l is the Fourier wavevector. The angular power
spectrum CXY (l) is defined as

〈XlYl′〉 = (2π)2δD(l+ l′)CXY (l), (8)

where 〈· · ·〉 denotes the ensemble average and δD(l) is
the Dirac delta function.

In the Limber approximation, the angular power spec-
trum between two probes X and Y is given by

CXY (l) =

∫
dχWX(χ)WY (χ)χ−2Pm(k = l/χ;χ), (9)

where Pm(k;χ) is the three-dimensional matter power
spectrum, χ is the comoving distance and WX the kernel
for the probe X. In this work, we consider X,Y ∈ {κ, g},
where κ is lensing convergence and g is the galaxy density
constrast.

5 hi class: http://miguelzuma.github.io/hi_class_public/

Two galaxy samples are involved, the source sample
which contain the background galaxies being lensed, and
the lens sample which contains galaxies that act as a lens
to the background galaxies. For our galaxy sample for g,
we use the lens sample. We do not use a spectroscopic
galaxy sample, though it is also possible to do so.

For galaxy density contrast g we have

W g(χ) ≡ b1(χ)
plen(z(χ))

n̄len

dz

dχ
, (10)

where b1 is the linear galaxy bias at χ, plen and n̄len are
the redshift distribution and the average number density
of the lens galaxy sample respectively.

For the lensing convergence κ we have

Wκ(χ) =
3Ωm,0H

2
0

2c2a(χ)n̄src

∫ χH

χ

dχsp
src(z(χs))

dz

dχs

χ(χs − χ)

χs
,

(11)
where psrc and n̄src are the redshift distribution and the
average number density of the source galaxy sample re-
spectively, Ωm,0 is the matter density at z = 0, H0 is the
Hubble constant today, and a is the scale factor.

We also consider tomography since the redshift depen-
dence of the lensing kernel gives additional information
that generally improves constraints. The power spectrum
between X in redshift bin i and Y in redshift bin j is

CXY(ij) (l) =

∫
dχWX

(i)(χ)WY
(j)(χ)χ−2Pm(k = l/χ;χ),

(12)
where

W g
(i)(χ) ≡ b1,(i)(χ)

plens
(i) (z(χ))

n̄lens
(i)

dz

dχ
, (13)

where b1,(i) is the linear galaxy bias in the redshift bin i.
and

Wκ
(i)(χ) =

3Ωm,0H
2
0

2c2a(χ)n̄src
(i)

∫ χi+1

max{χ,χi}
dχs p

src
(i) (z(χs))

× dz

dχs

χ(χs − χ)

χs
, for χ > χi+1, (14)

for χ ≤ χi+1 and

Wκ
(i)(χ) = 0, for χ > χi+1. (15)

The quantities p(i) and n̄(i) are now the redshift distri-
bution and the average number density respectively in
redshift bin i of the corresponding sample.

In principle, the galaxy bias is also a function of red-
shift and can be modeled, but we have chosen to model it
as a nuisance parameter that varies with the redshift bin.
So for three redshift bins, there are three values of b1,(i)
to be marginalized over in the Fisher analysis, whereas
for one redshift bin, there is only one. The fiducial values
of b1,(i) are fixed at 1.

Note that for both the lens and source populations,
we have ignored errors in the photometric redshifts for

http://miguelzuma.github.io/hi_class_public/
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simplicity which is reasonable given that we consider only
few large redshift bins.

Now the observed power spectrum has additional noise
contributions

C̃XY(ij) (l) = CXY(ij) (l) +NXY
(ij) , (16)

where

Ngg
(ij) = δij

1

n̄lens
(i)

(17)

is the shot noise from the Poisson sampling of the under-
lying matter density for galaxies, and

Nκκ
(ij) = δij

σ2
ε

n̄src
(i)

, (18)

accounts for the noise in the lensing convergence power
spectrum due to the intrinsic ellipticity of the source
galaxies. Furthermore, we assume Ngκ

(ij) = 0 here for

simplicity. In reality, there would be additional correla-
tions that arise from systematics effects such as intrinsic
alignments. These would impact the constraints on cos-
mological parameters (see e.g. Ref. [5]), with a degree
that depends on how our understanding of systematics
evolve in the next decade; we leave studying those effects
to a future paper.

For the particular Roman + LSST survey configu-
ration, we start with the same distributions adopted
in Ref. [5], which follows Ref. [7] in applying the Ro-
man exposure time calculator [22] on the CANDELS
data set – the detailed procedure may be found in sec-
tion 2.1 of Ref. [5] under item “Define the galaxy sam-
ples”. Here we use slightly different total number densi-
ties n̄len = n̄src = 50 (c.f. n̄len = 66 and n̄src = 51), but
we do not expect our results to be significantly impacted
as they are dominated by the lensing convergence whose
noise spectrum, controlled by n̄src, is not significantly
changed.

In Fig. 1 we show the redshift distributions p(z) for the
lens sample (blue solid) and the source samples (orange
dashed) used in this paper over the notional 2000 deg2

overlapping survey between the Roman and LSST. As
stated previously, we do not include photometric red-
shift errors (contrary to Ref. [5]). Our boundaries for the
redshift bins will be chosen such that the total number
of lens galaxies inside each bin is the same, so that the
galaxy noise spectra in Eq. 17 are constant between the
redshift bins. As a result, the lensing convergence power
spectrum will have slightly non-constant noise spectra as
the source sample distribution is slightly different from
the lens sample distribution.

We model the covariance between the observed power
spectra as

Cov[C̃XY(ij) (l), C̃X
′Y ′

(ab) (l′)]

=
δll′

(2l + 1)fsky

[
C̃XX

′

(ia) (l)C̃Y Y
′

(jb) (l) + C̃XY
′

(ib) (l)C̃Y X
′

(ja) (l)
]
,

(19)

FIG. 1. Redshift distributions p(i)(z) for the overlapping

2000 deg2 survey from Roman and LSST for the lens galaxy
sample (blue solid) and source galaxy sample (orange dashed).

where i, j, a, b ∈ {1...nzbin} and fsky is the fractional of
the sky observed. For the overlapping 2000 deg2 survey
of Roman + LSST, we have fsky = 0.0485.

There is in principle a connected four-point function
term due to the non-Gaussianity of the matter field, giv-
ing rise to the non-Gaussian covariance term, as well as
a super-sample covariance term due to the finite area
of the survey. In Ref. [9], it was shown for the lens-
ing power spectrum (which dominates contraints in this
study), that including non-Gaussian and super-sample
covariance could reduce the signal-to-noise ratio of the
Cκκl by a factor of 2 − 3 in the lmax = 1000 − 3000
range without tomography. However, when tomography
is used, the reduction becomes less than a factor of 2.
Furthermore, we recall that a factor of 2 in signal-to-noise
corresponds to a much smaller change in the marginal-
ized error of individual parameters. As shown in Ref.
[23], a factor of at most 2 in signal-to-noise in the con-
text of a eight-parameter Fisher analysis resulted in only
a 10% change on the individual parameter constraints.
This is because if the volume of the Fisher ellipsoid in
higher dimensional space was to be shrunk by half and
uniformly in all directions, then each of the N parame-
ters would see their marginalized constraint change by a
factor of 21/N . So we will ignore non-Gaussian lensing
contributions to the power spectrum covariance in this
paper.

B. Power Spectrum in Modified Gravity Theories

The impact of modified gravity on the power spectrum
observables can mainly be parametrized by two phe-
nomenological effects µ and Σ in the quasi-static approx-
imation, valid on scales much smaller than the cosmolog-
ical horizon H/k � 1 and where the time derivatives of
the perturbations are negligible compared to the spatial
derivatives. In these limits, the quantity µ parametrizes
the strength of the effective gravitational coupling Geff
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in units of the Newton constant GN = 1/(8πM2
pl):

µ =
Geff

GN
, (20)

which enters the modified Poisson equation that relates
the gravitational potential Ψ to the matter density con-
trast δm

k2

a2
Ψ = −4πGµρmδm. (21)

Consequently the matter power spectrum is modified
with a growth function D(k, χ) that unlike in GR,
can now be in principle a scale-dependent function:
Pm(k;χ) = D(k;χ)2Pm(k).

Now the gravitational slip parameter γ is defined as

γ =
Φ

Ψ
. (22)

It follows from Eqs. 21 and 22 that

k2

a2
(Φ + Ψ) = 8πGΣρmδm , (23)

where

Σ =
1

2
µ(1 + γ). (24)

The gravitational lensing is directly sensitive to Σ be-
cause it probes the combination Φ + Ψ: the lensing ker-
nels of Eq. 12 are modified as

Wκ
(i)(χ)→ Σ(k = l/χ;χ)Wκ

(i)(χ), (25)

in the Limber approximation and could also inherit in
principle a scale-dependence through Σ. However, given
our the Horndeski theory adopted here with phenomeno-
logicallly parametrized αi(a) ∝ ΩDE(a), µ and Σ are
only time-dependent.

In quasi-static limit with no anisotropic stress and as-
suming pressureless matter and negligible velocity per-
turbation on subhorizon scales, we can relate µ and Σ to
αi in Horndeski theories as follows6 [24]:

µ =
M2

pl

M2
∗

αc2s(1 + αT ) + 2[−αB/(2(1 + αT )) + αT − αM ]2

αc2s
,

(26)
and

γ =
αc2s − αB [−αB/(2(1 + αT )) + αT − αM ]

αc2s(1 + αT ) + 2[−αB/(2(1 + αT )) + αT − αM ]2
,

(27)
where

α = αK +
3

2
α2
B . (28)

6 See also “Notes on Horndeski Gravity” by Tessa Baker found at
http://www.tessabaker.space

FIG. 2. Lensing kernel Wκ(z) without tomography for the
fiducial model (blue solid) and variations from it with ∆cB =
1 (orange dashed) and ∆cM = 1 (green dotted). The effects
on the lensing kernel from cB and cM are opposite, result-
ing in opposite changes in the lensing-related power spectrum
observables in Fig. 3.

Note that αK ends up dropping out of the expression for
µ and γ as expected since its effects are not observable
on quasi-static scales. We obtain the evolution of the
quantities M∗ and cs from hi class and compute µ and
Σ using Eqs. 24, 26−28.

In the forecast work to follow, we actually fix the fidu-
cial model to be not exactly but close to GR, to avoid the
numerical singularity at ci = 0. We adopt as fiducial MG
parameters {cB = cM = cT = 0.05, cK = 0.1}. While
non-zero αM and αT in the fiducial model means that a
gravitational slip signal can be generated with a non-zero
cB (otherwise not present), we have verified that lower-
ing the fiducial values to {cM = cB = 0.025, cT = cK =
0.005} actually produces only slightly more constraining
results. So the above choice is still a conservative one.

We show in Fig. 2 the impact on the lensing kernel Wκ

by separately varying cM (orange dashed) and cB (green
dotted) from the fiducial model (blue solid) by ∆c = +1.0
in the case of no tomography. The differences are caused
by the different time evolution of Σ in the two models,
such that the lensing kernel is effectively weighted higher
or lower.

In Fig. 3 we show the same effects on the power spec-
tra. Note that the MG effects through the lensing kernel
is bigger than that through the modified growth in the
matter power spectrum, so we see again positive (nega-
tive) shifts for increased cB (cM ) for the lensing-related
power spectra Cκκ(l) and Cgκ(l). On the one hand, Cgg

is only sensitive to the matter power spectrum, on which
the effects of cB and cM are much smaller and of the same
sign. This would lead to negatively correlated cB − cM
constraints with Cgg and positively correlated constraints
with Cκκ(l) and Cgκ(l). We expect therefore that com-
bining all three probes could break parameter degeneracy
in the cB− cM plane. Of course, after marginalizing over
other cosmological parameters, the degeneracy directions

http://www.tessabaker.space
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FIG. 3. Fractional deviation from the fiducial model for vary-
ing ∆cB = 1 (orange dashed) and ∆cM = 1 (green dotted)
separately. The changes due to MG on the lensing probes
Cκκ(l) and Cgκ(l) are dominated by the effects through the
lensing kernel rather than the matter power spectrum; on the
other hand, the galaxy clustering probe Cgg(l) is only sen-
sitive to the much smaller effects of modified growth in the
power spectrum. Furthermore, the fact that cB and cM in-
duce opposite or same sign changes for the two kinds of power
spectra means that combining them will help to break the de-
generacy between cB and cM .

shall become less sharply contrasted, but enough differ-
ences remain to yield improved constraints, as we shall
see in section VI.

IV. BISPECTRUM OBSERVABLES

A. Definitions

We follow Ref. [8] for the treatment of lensing con-
vergence bispectrum and generalize to the case of cross-
bispectra between any three observables

A,B,C ∈ O ≡ {κ(i), g(i) | i = 1 .. nzbin} (29)

where the fields κ and g in different redshift bins are
treated as distinct observables.

For the bispectrum, we model the matter density fluc-
tuation up to second-order

δm(k) = δ(1)
m (k) +

∫
d3q

(2π)3
δ(1)
m (q)δ(1)

m (k − q)F2(q,k − q)

+ O((δ(1)
m )3). (30)

and the galaxies as a biased tracer of the matter field up
to second order as well

δg(x) = b1δm(x) +
b2
2
δ2
m(x), (31)

so that in Fourier space

δg(k) = b1δ
(1)
m (k)

+ b1

∫
d3q

(2π)3
δ(1)
m (q)δ(1)

m (k − q)F2(q,k − q)

+ b2

∫
d3q

(2π)3
δ(1)
m (q)δ(1)

m (k − q) +O
(
δ(3)
m

)
,

(32)

where

F2(k1,k2) =
5

7
+

1

2

(
k1

k2
+
k2

k1

)
k1 · k2

k1k2
+

2

7

(k1 · k2)2

k1k2

(33)
is the second-order perturbative kernel in GR.

The full-sky bispectra of the projected quantities
X,Y, Z ∈ {κ, g} in redshift bins i, j, k ∈ {1, ..., nzbin}
respectively is defined as

〈Xl1m1(i)Yl2m2(j)Zl3m3(k)〉 =

(
l1 l2 l3
m1 m2 m3

)
BXY Z(ijk)l1l2l3

,

(34)

where

(
l1 l2 l3
m1 m2 m3

)
is the Wigner-3j symbol that de-

scribes the coupling between the different modes. We
approximate the Wigner-3j symbols by expanding the
Stirling approximation to second order (see full expres-
sion in Appendix A), which is computationally fast and
eliminates the accuracy problem for degenerate triangles
in the commonly-used first-order expression.

The full-sky bispectrum is computed using the approx-
imation that relates it to the flat-sky bispectrum,

BXY Z(ijk)l1l2l3
≈
(
l1 l2 l3
0 0 0

)√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

BXY Z(ijk) (l1, l2, l3), (35)

where the flat-sky bispectrum is defined as

〈X(i)(l1)Y(j)(l2)Z(k)(l3)〉 = (2π)2BXY Z(ijk) (l1, l2, l3)δD(l123),

(36)
where δD(l123) = δD(l1 + l2 + l3). In the presence of
second-order galaxy bias, the flat-sky bispectrum is com-
posed of two pieces

BXY Z(ijk) (l1, l2, l3) =

[∫ χH

0

dχWX
(i)(χ)WY

(j)(χ)WZ
(k)(χ)χ−4

Bm(k1,k2,k3;χ)

]
+BXY Z(ijk), b2

(l1, l2, l3), (37)

where ki = li/χ in the Limber approximation. The first
term is a projection of three-dimensional matter bispec-
trum at tree-level where

Bm(k1,k2,k3) = 2Pm(k1)Pm(k2)F2(k1,k2) + 2 perm. ,

(38)

and where F2(k1,k2) is defined in Eq. 33 for GR and
shall be modified for MG theories in section IV B.
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The second term comes from the second-order galaxy
bias b2

BXY Z(ijk), b2
(l1, l2, l3) =

∫ χH

0

dχχ−4IXY Z(ijk) b2
(k1,k2,k3;χ) ,

(39)
where

IXY Zb2 (k1,k2,k3) = WX
(i),b2

WY
(j) WZ

(k)P (k2)P (k3)

+ WX
(i) WY

(j),b2
WZ

(k)P (k1)P (k3)

+ WX
(i) WY

(j) WZ
(k),b2

P (k1)P (k2).

(40)

The kernels W g
(i) and Wκ

(i) involving b1 are given by

Eqs. 13 and 14 respectively, while those involving b2 are
given by

W g
(i),b2

= b2,(i)
plens

(i) (z(χ))

n̄lens
(i)

dz

dχ
, (41)

and

Wκ
(i),b2

= 0. (42)

As a result of Eq. 42, all Bκκκ(ijk),b2
= 0. Furthermore,

there is only one non-zero term for κ(i)κ(j)g(k) and its
permutations, e.g.

Iκκg(ijk), b2
(k1,k2,k3) = Wκ

(i)W
κ
(j)W

g
(k), b2

P (k1)P (k2),

(43)

two terms for κ(i)g(j)g(k) and its permutations, e.g.

Iκgg(ijk), b2
(k1,k2,k3) = Wκ

(i) ×(
W g

(j), b2
W g

(k)P (k1)P (k3) +W g
(j)W

g
(k), b2

P (k1)P (k2)

)
,

(44)

and three for g(i)g(j)g(k).

Modelled as such, we have chosen to compute the
lowest-order (non loops) terms of the power spectra and
the bispectra – P11 and the tree-level bispectrum respec-
tively. Note that b2 did not appear in section III A be-
cause it does not enter P11. We have also chosen to ignore
bs2 for simplicity.

The covariance between two general bispectra is given by the Wick’s theorem as

fskyCov
[
BXY Zl1l2l3(ijk), B

X′Y ′Z′

l′1l
′
2l

′
3(abc)

]
≈ C̃XX

′

(ia) (l1)δl1l′1

[
C̃Y Y

′

(jb) (l2)C̃ZZ
′

(kc) (l3)δl2l′2δl3l′3 + C̃Y Z
′

(jc) (l2)C̃ZY
′

(kb) (l3)δl2l′3δl3l′2

]
+ C̃XY

′

(ib) (l1)δl1l′2

[
C̃Y X

′

(ja) (l2)C̃ZZ
′

(kc) (l3)δl2l′1δl3l′3 + C̃Y Z
′

(jc) (l2)C̃ZX
′

(ka) (l3)δl2l′3δl3l′1

]
+ C̃XZ

′

(ic) (l1)δl1l′3

[
C̃Y X

′

(ja) (l2)C̃ZY
′

(kb) (l3)δl2l′1δl3l′2 + C̃Y Y
′

(jb) (l2)C̃ZX
′

(ka) (l3)δl2l′2δl3l′1

]
, (45)

where we have ignored non-Gaussian terms from connected 3-, 4-, and 6-point functions following Ref. [8] which
verified that these terms are expected to be small over the angular range considered here for the lensing convergence
bispectrum, which is the one that dominates our results as we shall see in section VI.

The Kronecker delta functions in Eq. 45 enforce that
the different triangles are uncorrelated. They also enforce
that only one of the six terms is non-zero for a general
triangle l1 6= l2 6= l3, while two terms are present for
isoceles triangles and all six for the equilateral triangles.
Note that unlike for the auto-bispectrum, when consid-
ering the cross-bispectrum of different observables (e.g.
Bκgg(123)), these two or six terms are not necessarily equal

to each other anymore, so the full expression above shall
be used, rather than the auto-bispectrum version:

fskyCov
[
BXXXl1l2l3(ijk), B

XXX
l′1l

′
2l

′
3(abc)

]
≈ ∆(l1, l2, l3)CXX(ia) (l1)CXX(jb) (l2)CXX(kc) (l3)δl1l′1δl2l′2δl3l′3 ,

(46)

where ∆(l1, l2, l3) = 1, 2, or 6 for general, isoceles and
equilateral triangles.

In practice, we do not use all six terms but only keep
the first of them for calculating the Fisher matrix. This

is equivalent to treating all triangles as a general triangle
l1 6= l2 6= l3 even if they were actually equilateral or
isoceles. The motivation behind this is that as we bin in
l1 and l2 in the Fisher section, we expect that most of the
triangles in a given l−bin represented by the bin-center
are not exactly equilateral or isoceles even if the triangle
at the bin center happens to be one.

In principle, there are also additional non-Gaussian in-
survey and super-sample terms in the covariance between
the bispectra as in the power spectrum case. In Ref. [9],
it was shown that including these terms lead to at most
a factor of 2 − 3 degradation in the signal-to-noise for
combined lensing power spectrum and bispectrum for the
range lmax = 1000−3000, which further reduces to a fac-
tor . 2 when tomography is used. A similar argument
as the one made for the power spectrum constraints in
section III A applies here as well: the projected 1D er-
ror on parameters would likely not exceed 15% when the
higher-dimensional volume change by a factor of 2−3 for
a Fisher analysis with 8 or more parameters.
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B. Bispectrum in Modified Gravity Theories

As described in section III A, the effects of MG on the
power spectrum observables mainly come through a mod-
ified growth of perturbations and gravitational slip which
alters the matter power spectrum and the lensing ker-
nel respectively. These effects can be described by phe-
nomenological parameters µ and Σ which are related to
the αi parameters in Horndeski theories. For the bispec-
trum, there is an additional effect through the second-
order perturbative kernel F2 parameterized by λ [20]:

F2(k1,k2) = 1 +
1

2

(
k1

k2
+
k2

k1

)
k1 · k2

k1k2

− 2

7
λ(a)

(
1− (k1 · k2)2

k2
1k

2
2

)
, (47)

where λ(a) obeys a second-order differential equation [20,
25, 26]

d2λ

d ln a2
+

(
2 +

d lnH

d ln a
+ 4f

)
dλ

d ln a
+
(
2f2 + κΦ

)
λ

=
7

2

(
f2 − τΦ

)
, (48)

and λ = 1 in GR. Here H is the Hubble parameter, f
is the linear growth rate whose evolution is also modi-
fied [20]

df

d ln a
+

(
2 +

d lnH

d ln a

)
f + f2 − κΦ = 0, (49)

and κΦ and τΦ encode the MG modifications to the
usual equation describing gravitational evolution,

− k2

a2H2
Φ(a,k) = κΦ(a, k) δ(a,k)

+

∫
d3k1d3k2

(2π)3
δ3
D(k1 + k2 − k) τΦ(a)

×
(

1− (k1 · k2)2

k2
1k

2
2

)
δ(a,k1) δ(a,k2)

+ O(δ3) . (50)

Instead of solving the differential equation for λ(a), we
follow Ref. [20] to use a phenomenological parametriza-
tion

λ(a) = Ω̃ξm(a), (51)

where Ω̃m(a) is the evolution of the matter density pa-
rameter and ξ is a fixed exponent. To leading order, ξ
takes the following form

ξ =
−3 + 6γ + 2κ

(1)
Φ + 7τ

(1)
Φ

(7− 6w(0) + 2cM)(1− 3w(0) + cM)
, (52)

where γ̃ is the gravitational growth index f ≈ Ω̃γ̃m(a) and
γ̃ ≈ 0.55 in GR. The expressions for γ̃ in MG as well as

for the lowest order expansion coefficients κ
(1)
Φ , τ

(1)
Φ , w(0)

as a function of ci are given in Appendix B which are
reproduced from Ref. [20].

C. Comments on the limitations of the adopted
bispectrum modeling

There are a few limitations to the prescription used
above to model MG effects on the bispectrum.

First, the prescription of modifying F2 with λ(a) is
only valid for models in which the growth is a function
of time alone (e.g. not valid for models like f(R) where
the growth is also scale-dependent). In Ref. [18], the ef-
fects of screening on the power spectrum was modelled
phenomenologically by introducing scale-dependent α’s
with a cut-off scale: αi → αiS(k/kv) where S(k/kv) =
exp

(
− 1

2 (k/kv)
2
)

where α’s return to their GR values for
scales smaller than the cut-off scale π/kv. This would
give the scale-dependence that renders invalid the F2 pre-
scription adopted here for our bispectrum modeling.

Because any realistic MG models must pass the so-
lar system tests with possibly a screening mechanism
that returns the theory to GR on small-scales, one might
worry that not accounting for the screening would over-
estimate the amount of signal there is in reality on the
small-scales. It was however shown in Ref. [18] that in-
troducing a screening scale as described above actually
yields better constraints on parameters, as the existence
of a new scale ends up contributing to break the degen-
eracies with other parameters. So although neglecting
the screening effects here means not modeling the small
scales accurately enough, it would actually lead to a more
conservative, rather than optimistic forecast.

Second, the bispectrum modeling used here only in-
cludes the tree-level contribution, which is valid up to
roughly k ∼ 0.1h−1Mpc. For GR, a well-tested exten-
sion into the nonlinear regime exists where coefficients in
front of the various terms in F2 are added and fitted to
GR simulations [27]. A similar extension into the non-
linear regime for MG is still being tested.

In Ref. [28], the authors combined the λ(a) prescrip-
tion together with the GR fitting formula to model the
bispectrum in the nonlinear regime as

Bfit(k1,k2,k3; a) = 2PNL
m (k1; a)PNL

m (k2; a)F fit
2 (k1,k2; a)

+ 2 perm. , (53)

where, compared to Eq. 38, the linear matter power spec-
trum has now been replaced by the non-linear power
spectrum PNL

m in MG, and where the F2 kernel now in-
cludes non-linear effects through the coefficients ā, b̄, and
c̄ which are fitted on GR simulations:

F fit
2 (k1,k2; a) =

(
1− 2

7
λ(a)

)
ā(k1, a) ā(k2, a)

+
1

2

(
k1

k2
+
k2

k1

)
k1 · k2

k1k2
b̄(k1, a) b̄(k2, a)

+
2

7
λ(a)

(k1 · k2)2

k2
1k

2
2

c̄(k1, a) c̄(k2, a).

(54)

The validity of this formula is tested against simulations
in Ref. [28] for the f(R) and the DGP models in the
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equilateral triangle configurations. More validation work
is to be done for other MG models as well as for general
triangle configurations. While this work is in progress,
we restrict ourselves to the modeling at the tree-level
which becomes less valid in the non-linear regime. We
will control the degree to which this affect our results by
varying the angular scale cuts lmax of our Fisher results
in section VI, and note that we expect better constraints
once the non-linear regime can be properly modelled.

V. FORECAST SETUP

We now describe the Fisher matrix formalism used to
obtain the results later presented in section VI. We first
set up the set of observables to be used in section V A
and describe the Fisher matrix formulae in section V B.

A. The complete set of unique bispectra

One needs to be careful when finding the unique and
complete set of cross-bispectrum observables when using
tomography. The κ and g fields in each redshift bin is now
counted as a unique observable. So for nzbin = 3 redshift
bins and 2 fields, we really have 6 different observables
O = {κ(i), g(i) | i = 1 .. nzbin}. The bispectra between
them can then be separated into three categories:

1. Pure auto-bispectra, such as κ(1)κ(1)κ(1) or
g(2)g(2)g(2);

2. Cross-bispectra where two of the observables are
the same, such as κ(1)g(2)g(2) or κ(3)κ(3)g(1);

3. Cross-bispectra between three completely different
observables, such as κ(1)κ(2)g(3).

Note that if we counted only unique triangles
{(l1, l2, l3) | l1 ≤ l2 ≤ l3} for each combination ABC
where A,B,C ∈ O, then in case 1 (A = B = C), any
of the six possible permutations of ABC would be re-
dundant. However, in case 3 (where all three observables
A,B and C are distinct), then all six permutations of
ABC are unique. Finally, we have case 2 which are the
intermediate cases (either A = B, A = C or B = C),
where the three cyclic permutations of ABC form a
unique set. To account for all of this, we adopt only the
unique permutations of ABC for each case as described
above. It would be equivalent to permute (l1, l2, l3) in-
stead of ABC, but because this would result in different
sets of triangles to be looped over for each kind of bispec-
trum, we find it easier in practice to not do so. We will
implement the loop over multipoles as an “outer loop”.

In general, there are a total of n3
obs distinct bispectra;

for nzbin = 3 this would be 216. We can however reduce
this number in our case by noticing that g(i)g(j)g(k) is
only nonzero if we are considering the same redshift bin
i = j = k. Because the lensing kernels are nonzero over
the redshift range up to the bin considered, a further
reduction can be done by keeping only the bispectra in
which κ are not from a redshift bin lower than the lowest
bin for any g. This reduces the total number of bispectra
to model to 90 for nzbin = 3 and 34 for nzbin = 2.

We note also that often times in the literature, a re-
definition of the bispectrum in case 2 is used, when the
bispectrum it is invariant under cylic permutations of
ABC. For example, for

Bκκg(123)(l1, l2, l3) = Bgκκ(312)(l1, l2, l3) = Bκgκ(231)(l1, l2, l3),

(55)
one would possibly redefine Bκκg(123)(l1, l2, l3) to mean just

the sum of all three bispectra

Bκκg(123)(l1, l2, l3)→ 3Bκκg(123)(l1, l2, l3), (56)

and deal with less bispectrum observables. In this work,
however, the invariance is broken by the presence of the
second-order bias b2 terms7. But even if we were to
not include those b2 terms, because the covariance with
other bispectra is not invariant under cyclic permuta-
tions (need to match l1 with l1, etc), we would still need
to spell out the individual bispectrum in the definition.
For these reasons, we adopt the conventions described
above.

In Figs. 4, 5 and 6, we show the impact of varying the
parameters cM , cB and b2 on all eight bispectra found in
the case of nzbin = 1. In the top panel, we show the flat
sky bispectrum signal in the fiducial model as a function
of triangle configurations for κ(1)κ(1)κ(1) (blue solid) and
g(1)g(1)g(1) (orange dashed). We do not show the other
bispectra as they all have similar shapes with amplitudes
between the two shown curves.

The triangle configurations are ordered by increasing
l1, l2, then l3. The grey vertical lines denote where l1
steps up; the red squares where l2 is steps up or down,
they also correspond to the isoceles triangles with l3 = l2
or near-isoceles triangles with l3 = l2 + 1 (for when the
bispectra with l3 = l2 is zero due to Wigner-3j symbols
vanishing for l1 + l2 + l3 = odd); finally the green dots
denote l2 = l1 isoceles triangles.

We show in the lower panels the fractional deviation
from the fiducial bispectrum signal. For cM and cB , all
three cyclic permutations of case 2 ABC (panels 4-6 and
7-9) have the same fractional deviations; this is not true
for the b2,(1) parameter as mentioned above.

7 Note that the sum of those three terms in Eq. 55 can still be
expressed as invariant under cyclic permutations as long as b2
and b1 do not evolve with redshift. Here this form is explicitly

broken as we model b2 and b1 to change between tomographic
bins.
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FIG. 4. Top panel : Flat sky bispectrum signal in the fiducial model vs. triangle configurations for two out of eight
bispectra combinations for nzbin = 1: κ(1)κ(1)κ(1) (blue solid) and g(1)g(1)g(1) (orange dashed); all other bispectra (not
shown) have similar shapes but with amplitudes somewhere between these two. We order the triangle configurations
first by increasing l1 (l1 steps up at grey vertical lines), then l2 (which steps up or down at red squares) and then l3.
The red squares also mark the isoceles triangles l3 = l2 or near-isoceles triangles l3 = l2 + 1 (when the bispectra with
l3 = l2 is zero due to vanishing Wigner-3j symbols for l1 + l2 + l3 = odd); the green dots mark the l2 = l1 isoceles
triangles and for a given l1, they form a line along which l3 is increased.
Lower panels: Fractional deviations from the fiducial bispectrum signal for all eight bispectra in the nzbin = 1 case,
when cM is varied by ∆cM = 0.003125 (as used in the derivative computation).
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FIG. 5. Same as Fig. 4, but for cB varying by ∆cB = 0.0125.
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FIG. 6. Same as Fig. 4, but for b2,(1) varying by ∆b2,(1) = 0.05. Note that while the fractional deviations are the same
for cyclically permuted bispectra (panels 4-6 and 7-9) for cM and cB , it is not so when b2,(1) is varied.
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B. The Fisher matrix formalism

Given a set of bispectra M, the Fisher matrix from combining all of them is given by

FB
αβ =

∑
lmin≤l1≤l2≤l3≤lmax

∑
M,M ′∈M

∂BMl1l2l3
∂pα

[
Cov[BMl1l2l3 , B

M ′

l1l2l3 ]
]−1 ∂BM

′

l1l2l3

∂pβ
.

(57)

where we considered the parameters pα and pβ and Cov[X,Y ] denote the covariance matrix defined in Eq. 45. In
this work, we will obtain results for the entire set of unique and non-zero bispectra described in the previous section
M = Mtot, as well as for various subsets of Mtot such as those containing only κ, only g, or only auto-bispectra.
Note that because of the use of tomography, an auto-bispectrum is no longer anything of the form κκκ or ggg, but
rather κ(i)κ(i)κ(i) or g(i)g(i)g(i) with fields belonging to the same redshift bin.

For our fiducial results, we will take nzbin = 3 for which the covariance matrix is a 90× 90 matrix for each triplet
(l1, l2, l3). Recall that the bispectrum covariance is diagonal in triangle configuration space, so we only need to
sum over pairs of the same triangle configuration (l1, l2, l3) and make sure to count each configuration only once by
imposing l1 ≤ l2 ≤ l3.

Since it is intractable to compute contributions from every l, we follow Ref. [8] to bin l1 and l2

FB
αβ =

∑
lmin≤l̄1≤l̄2≤l3≤lmax

∆l1∆l2
∑

M,M ′∈M

∂BM
l̄1 l̄2l3

∂pα

[
Cov[BMl̄1 l̄2l3 , B

M ′

l̄1 l̄2l3
]
]−1 ∂BM

′

l̄1 l̄2l3

∂pβ
, (58)

where l̄1, l̄2 denote the logarithmic center of the logarithmic bins in l1 and l2. As pointed out by Ref. [8], since the
Wigner 3-j symbol is only non-zero for l̄1 + l̄2 + l3 = even and vanishing for l̄1 + l̄2 + l3 = odd, and the nonzero values
themselves change rapidly in sign when varying l3 with fixed l1, l2, one should not bin over l3 for accurate results.

Note that for the purpose of calculating the Wigner-3j symbols, l̄1, l̄2 are actually the nearest integer to the log
bin-centers, which is a good enough approximation if the bins are large enough to cover multiple integers. For all
our results, we use 26 logarithmic l-bins between lmin = 50 and lmax = 3000. This is reasonable as the bispectra
considered here are smooth enough between the bins chosen.

For the power spectrum Fisher matrix, we use

FPS
αβ =

∑
l̄

∆l
∑

N,N ′∈N

∂CN
l̄

∂pα

[
Cov[CNl̄ , C

N ′

l̄ ]
]−1 ∂CN

′

l̄

∂pβ
, (59)

where N = {κ(i)κ(j), g(i)κ(j), g(i)g(j) | i, j = 1, 2, ..., nzbin and i ≤ j} is a set of unique auto and cross power-spectra.

The covariance matrix at a given l̄ is a |N |×|N | matrix given by Eq. 19 where N = 3nzbin(nbin + 1)/2.

To compute the total Fisher information combining
the power spectra and bispectra, we simply add the two
Fisher matrices and ignore correlations between them

F tot
αβ ≈ FPS

αβ + FB
αβ . (60)

In principle, there are additional correlations arising
from the 5-point function between the observables, which
could degrade the total constraints. We leave its consid-
eration for future work and focus on our aim of estimating
the relevance of cross-bispectra for this work.

Under the approximation that the likelihood function
is a multivariate Gaussian, the inverse of the Fisher ma-
trix gives us the covariance between any two measured
parameters α and β

Cov[α, β] =

[
(F−1)αα (F−1)αβ
(F−1)αβ (F−1)ββ

]
. (61)

We use this covariance matrix to plot the 2D contours
on parameter constraints in section VI. Moreover, the

1D marginalized constraints on a parameter α will be
given by

σα =
[
(F−1)αα

]1/2
. (62)

Throughout this work, we use a ΛCDM model consis-
tent with the final Planck 2018 results (baseline model
2.5): primordial spectrum amplitude and tilt As = 2.1×
10−9 and ns = 0.966, Hubble constant h0 = 0.673, mat-
ter density Ωm = 0.316, and baryon density Ωb = 0.0494.
The derivatives are computed around a modified grav-
ity fiducial model very close to GR as mentioned before:
cK = 0.1, cB = 0.05, cM = 0.05, cT = 0.05. This is
chosen so that we can avoid numerical singularities at
ci = 0’.

The derivatives are calculated using a two-sided finite
difference by varying the following set of parameters one
at a time from their fiducial values (cT and cK are always
fixed): {cM , cB ,Ωm, bj,(i), As,Ωb, h0, ns | i = 1, ..., nzbin}
where we have only linear galaxy biases j = 1 for the
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power spectra, and both linear and second-order biases
j = 1, 2 for the bispectra. The fiducial values for the
linear galaxy biases are fixed at b1,(i) = 1 for all redshift
bins, while the fiducial second-order biases are computed
using a fitting formula b2(b1) derived from GR simula-
tions (Eq. 5.2 of Ref. [29]) by evaluating it at the fidu-
cial value b1 = 1; however we do not vary b2 with this
formula when we vary b1 for the derivative computation
so to treat them as separately measured parameters.

Now most of the parameters are varied with a step
size 5% of their fiducial value, except for cM , cB and
Ωm where we used ∆cM = 0.003125, ∆cB = 0.0125
and ∆Ωm = 0.004 to guarantee convergence of the
derivatives. For the four parameters at the end of list,
we imposed priors consistent with the Planck 2018 con-
straints: they are σAs = 3.1 × 10−11, σΩb

= 3.3 × 10−4,
σh0

= 0.006 and σns
= 0.0044. These priors are in-

cluded by adding a diagonal matrix (Fprior)αβ = δαβσ
−2
α .

VI. RESULTS

We will now show the results of the Fisher forecasts.
We will first study the constraints from the bispectra
alone in section VI A, by breaking down the results from
all bispectra into those from smaller subsets, showing how
using all cross-bispectra between κ and g in various red-
shift bins help to improve parameter constraints. Then
we will look at the total results from combining the power
spectra and bispectra in section VI B, as well as the de-
pendence on some forecast parameters: the number of
redshift bins and lmax. Unless otherwise mentioned, we
report our results at a fiducial choice of lmax = 1000
and nzbin = 3.

A. Bispectrum results

The marginalized 2D parameter constraints for cM , cB
and Ωm at 68% confidence level are shown in Fig. 7 for
the set of all unique and nonzero bispectra as well as for
a few informative subsets.

Restricting M in Eq. 58 to M = {M ∈ Mtot | M =
κ(i)κ(j)κ(k)} give the κκκ only results, and similarly for
ggg alone. They correspond to the solid blue line and the
dashed orange line respectively. The ggg only contours
are too big to show in some of the panels – about ∼ 5
times bigger in the cM direction and about ∼ 35 times
bigger for cB . The reason cB does much worse with ggg
is because the lensing kernel is much more sensitive to
cB than the growth of perturbations, as was also the
case for the power spectrum shown in Fig. 3. This is
also evident from Fig. 5, when comparing for example
the fractional deviation curves for the κ(1)κ(1)κ(1) and
g(1)g(1)g(1) bispectra in the second and third panels.

The total result combining both kinds of probes (black
solid line) gives an improvement a factor of (1.6, 1.5,

FIG. 7. Marginalized 2D parameter constraints shown at 68%
confidence level from all bispectra and chosen subsets. Re-
sults are shown for our fiducial choice of lmax = 1000 and
nzbin = 3, and the 2000 deg2 area of overlap between the
notional Roman Space Telescope survey and LSST. The κκκ
constraint (blue solid) does much better than the ggg con-
straint (orange dashed) which is too big to show for some of
the panels. Combining them (black solid) results in a signifi-
cant improvement, a factor of (8, 52, 3) for the constraints on
(cM , cB , Ωm) compared to ggg alone and (1.6, 1.5, 1.5) for
κκκ alone. Furthermore, while κκκ result is dominated by
the κ auto-bispectra, the total bispectrum result is not dom-
inated by the auto-bispectra alone (black dashed), indicating
that including cross-bispectra between κ(i) and g(j) serves to
improve constraints, quantitatively, by a factor of (1.3, 1.1,
1.3) on cM , cB and Ωm constraints respectively.

1.5) over the κκκ only results for the (cM , cB , Ωm) con-
straints, and a factor of (8, 52, 3) over ggg alone for
the same parameters. This provides motivation for com-
bining both the lensing convergence and galaxy density
probes in a bispectrum analysis for Horndeski models.

Furthermore, we see that the use of cross-bispectra is
important for obtaining such results. While the κκκ con-
straints are dominated by its subset of auto-bispectra
(dashed blue line), the total result is not dominated by
simply combining all the auto-bispectra (dashed black
line) where M = {M = κ(i)κ(i)κ(i) or g(i)g(i)g(i) | M ∈
Mtot}. (We did not show auto-bispectra for ggg, since
this is already a set of auto-bispectra by definition, see
section V A.) It is the inclusion of all the cross-bispectra
between κ(i) and g(j) that contributes to improving con-
straints over auto-bispectra alone – a factor of (1.3, 1.1,
1.3) improvement on the (cM , cB , Ωm) errors respec-
tively.

We also list in Table I the 1D marginalized constraints
at 68% confidence level for the total bispectrum results
for various parameters. In particular, we have σcM = 1.8
and σcB = 0.65 for nzbin = 3.

B. Combined power spectrum and bispectrum
results

We now proceed to combining the power spectrum and
bispectrum results. We show in Fig. 8 the power spec-
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FIG. 8. Marginalized 2D parameter constraints at 68% confidence level from the power spectra alone (PS, green dashed), the
bispectra alone (B, orange dotted) and their combination (PS+B, red solid) for the fiducial lmax = 1000 and nzbin = 3 setup.
The combined PS + B constraints improve on power spectra alone by about a factor of ∼1.2 for both cM and cB .

trum (PS) constraints in green dashed, the bispectrum
(B) in orange dotted and the combined PS + B in red
solid, here again for our fiducial choice of lmax = 1000
and nzbin = 3. The bispectrum does worse on its own
than the power spectrum constraints alone, but adding
the bispectra improves the constraints on both MG pa-
rameters by a factor of about ∼1.2 compared to PS alone,
with modest improvement (about 1.1) for the other pa-
rameters without priors ({Ωm, b1,(i)}). The same kind of
improvement is observed for nzbin = 2 (not shown here).

The degeneracy directions in the cM − cB plane for
the bispectra and power spectra are surprisingly simi-
lar. They are however more visibly different for the bias
parameters. This makes sense since the power spectra
and bispectra are proportional to different powers of the
galaxy bias. It seems that the improvement in MG pa-
rameters mostly comes from the breaking of degeneracy
in the bias planes, and that better bispectrum constraints
in those planes would lead to improved MG parameter
constraints as well.

In fact, we see in Fig. 9 where we let lmax increase from
1000 to 3000, that the bispectrum constraints are closer
to those of the power spectrum, because of the much
larger number of triangles available at higher multipoles
compared to the PS modes. We see there that the im-

no tomography 2 redshift bins 3 redshift bins
P B P+B P B P+B P B P+B

σ(cM ) 2.3 3.0 1.8 1.4 2.3 1.2 1.2 1.8 0.98
σ(cB) 0.79 1.1 0.63 0.46 0.85 0.40 0.37 0.65 0.31
σ(Ωm) 0.009 0.016 0.008 0.006 0.011 0.006 0.005 0.009 0.005
b1,(1) 0.017 0.045 0.015 0.009 0.024 0.008 0.007 0.020 0.007
b1,(2) - - - 0.011 0.051 0.010 0.007 0.025 0.007
b1,(3) - - - - - - 0.010 0.054 0.009

TABLE I: Marginalized 1σ parameter constraints from
power spectra (P), bispectra (B) and combined power

spectra and bispectra (P+B) for notional survey of 2000
deg2 of the Roman Space Telescope survey overlapped

with LSST. We included Planck 2018 priors on the
parameters {As, ns, Ωbh

2, h}. The second-order biases
b2,(i) (not shown here) are also marginalized over for the
bispectrum constraints. Improvements of the combined
results over power spectra alone are about a factor of
∼1.3 for nzbin = 1, and a about factor of ∼1.2 for
nzbin = 2 and 3 in both parameters cM and cB .

provement for cM and cB is also better – about a factor
of ∼1.4, while for the rest of the cosmological parameters
without priors, it is about a factor of ∼ 1.1− 1.2.
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FIG. 9. Same as Fig. 8 but for lmax = 3000. Combining the power spectra and bispectra improves on the power alone by about
a factor of about ∼1.4 for both cM and cB .

To see the trend more clearly, we plot in Fig. 10 the im-
provement from adding the bispectra on σcM (blue solid)
and σcB (orange dashed) as a function of lmax. It is clear
that the higher the maximum multipole, the better the
improvement gets when adding the bispectra. We also
note that these forecasts of improvement at higher l are
approximate, because of the nonlinear effects that be-
come stronger at small scales that are not modelled here.
However, the nonlinear effects would increase the sensi-
tivity of both the bispectra and the power spectra, and
whether the bispectra would benefit much more is to be
seen. Nevertheless, the improvement due to the more
rapidly growing number of modes in the bispectra would
still be present.

Finally, we show in Fig. 11 how the total results vary
with different number of redshift bins, for the fiducial
choice of lmax = 1000. It is clear that tomography serves
to improve constraints: a factor of 1.5 and 1.6 for cM
and cB respectively going just from 1 to 2 redshift bins;
and a factor of 1.8 and 2.0 for 3 redshift bins. The 1D
marginalized constraints for all the parameters without
priors for nzbin = 1, 2 and 3 can be found in Table I.

From the way the contours shrink, it seems that
the improvement will likely be marginal going much
beyond nzbin = 3. This is consistent with the findings

FIG. 10. Improvement on σcM and σcB from adding bispectra
to power spectra as a function of the maximum multipole lmax

for the nzbin = 3 case. Results are similar for other nzbin.

of Ref. [9], where the signal-to-noise-ratio of the lensing
convergence bispectrum plateaus for nzbin ≥ 5 with
or without non-Gaussian and super-sample covariance.
Given that the lensing bispectrum is main beneficiary of
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FIG. 11. Marginalized 2D constraints on parameters from
a combined power spectra and bispectra analysis, varying
nzbin = 1, 2 and 3 at fixed lmax = 1000. One gains a fac-
tor of 1.8 (2.0) improvement in cM (cB) going from nzbin = 1
to 3, and a factor of 1.5 (1.6) from nzbin = 1 to 2.

tomography, we expect similar conclusions to hold for
our combined bispectrum results, and so do not explore
much higher number of redshift bins. Note also that
the bispectrum computation becomes expensive for high
nzbin as the number of unique tomographic combinations
increases quickly with more bins.

VII. SUMMARY AND DISCUSSION

In this paper we forecasted the ability of the Roman
Space Telescope overlapped with the LSST survey over
its notional 2000 deg2 survey to constrain a sub-class of
Horndeski theories, by using galaxy and lensing conver-
gence bispectra in addition to power spectra. In particu-
lar, we explored the cross-bispectra as a way to improve
constraints over any auto-bispectra alone. We summarize
the main results below. They are quoted for our fiducial
choice of lmax = 1000 and three redshift bins unless oth-
erwise stated:

• Combining all possible auto- and cross-bispectra
between the two types of probes κ and g gave a
factor of 1.6 and 1.5 better constraints on cM and
cB respectively, compared to using κκκ type of bis-
pectra alone, and a factor of 8 and 52 compared to
using ggg type alone.

• Including all possible cross-bispectra between κ and
g in different tomographic bins contributed to a
factor of 1.3 and 1.1 improvement on the cM and
cB constraints respectively compared to using all
the auto-bispectra defined as

{κ(i)κ(i)κ(i), g(i)g(i)g(i) | i = 1, 2 .. nzbin}.

• Adding the combined bispectrum result to the
power spectrum led to a factor of about ∼1.2

improvement for both MG parameters, yielding
σcM = 1.0 and σcB = 0.3.

• Varying the lmax used, we find that the improve-
ment due to bispectra is increases to about a factor
of ∼1.4 for both MG parameters for lmax = 3000.
This is primarily due to the greater number of
modes in bispectrum with lmax. While we expect
our linear modeling to be less accurate (in fact,
more conservative) at increasingly lmax and that
the absolute values of the constraints would change
with non-linear modeling added, we expect that the
relative improvement factor to remain similar.

• Varying nzbin = 1, 2 and 3, we find that using two
tomographic bins already gives a factor of 1.5 and
1.6 improvement in the cM and cB constraints com-
pared to no tomography; whereas using three bins
leads to a factor of 1.8 and 2.0 better constraints.
For the Roman + LSST survey considered here, the
improvement beyond three redshift bins is likely to
be marginal, while it also becomes computation-
ally expensive to go to higher nzbin as the number
of bispectra combinations scales rapidly with nzbin.

We caution the readers that these results were obtained
using modeling that is solely valid in the linear regime,
while the observables are integrated along the line-of-
sight and in principle capture scales down to the non-
linear regime. While we varied one lmax as a very crude
way to control the impact of nonlinear scales, there ex-
ists more refined methods such as using a different lmax

per redshift bin corresponding to a desired kmax, e.g.
Ref. [18].

Another less explored method but highly relevant for
data analysis is to cut out actual physical scales by form-
ing the appropriate linear combinations of the observ-
ables, by extending the k-cut method originally proposed
in Ref. [30] for Cl’s. As the nonlinear modeling of MG
theories are still underway (templates have been sug-
gested and partially tested on equilateral triangles for a
few modified gravity models in Ref. [28]), a k-cut method
for bispectra could help to control the exact kmax allowed
by the modeling available at the time of data analysis.

Regardless of the caveats named above, we expect
that the general observation that cross-bispectra could
be powerful at breaking parameter degeneracy to remain
applicable to many cases and extendable to other exper-
iments as well. Therefore, this work opens the way for
combining multiple probes in higher-order statistics, and
providing more avenues for maximizing the information
content of next-generation large-scale-structure surveys.
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Appendix A: Second-order expansion of Wigner-3j
symbols with Stirling approximation

Calculating the bispectrum involves evaluating the
Wigner-3j symbol, which has a closed algebraic form
(e.g., Hu 2000):

(
l1 l2 l3
0 0 0

)
= (−1)L

L!

(L− l1) ! (L− l2) ! (L− l3) ![
(2L− 2l1)! (2L− 2l2)! (2L− 2l3)!

(2L+ 1)!

]1/2

(A1)

for even l1 + l2 + l3 and zero for odd l1 + l2 + l3, where
we have also defined L = (l1 + l2 + l3)/2.

Because evaluating the exact expression involves cal-
culating factorials l! which diverges for large l, we employ
an approximation based on the Stirling approximation:
n! = Γ(n+ 1) and

Γ(x) ∼ (2π)1/2e−xxx−1/2, for large x. (A2)

While the commonly used first order expansion is good
enough with errors less than 0.2% for angular scales
l ≥ 50 of our interest for most triangles, it is known to
be less accurate for the degenerate triangles, with errors
reaching sometimes above percent level (see Fig. 12 for
an illustration). We therefore expand the expression to
second order, and found that it reduces the error by more
than an order of magnitude for degenerate triangles, ren-
dering it sub-percent. At the same time, the errors on
other configurations are in general < 10−5. These im-
provements are obtained with negligible additional com-
putational cost and we recommend using them for any
bispectrum calculations.

The exact expression is given by

(
l1 l2 l3
0 0 0

)
≈ (−1)L

√
e3

2π
(L+ 1)−1/4

[
3∏
i=1

(L− li + 1)−1/4

(
L− li + 1/2

L− li + 1

)L−li+1/4
]
F (l1, l2, l3), (A3)

where F (l1, l2, l3) = 1 for the commonly used first order expansion, and

F (l1, l2, l3) =

(
1 +

1

12(L+ 1)

)(
1 +

1

24(L+ 1)

)−1/2 3∏
i=1

(
1 +

1

12(L− li + 1)

)−1(
1 +

1

24(L− li + 1/2)

)1/2

. (A4)

for the second order expansion used in this paper.

Appendix B: The expressions for λ(a) in F2 for
αi(a) = ciΩDE(a) Horndeski theories

We model the modified gravity effects in the bispec-
trum up to second order in perturbation theory, where

the second-order kernel F2 is modified with a param-
eter λ(a). In section IV B we introduced the ansatz

λ(a) ≈ Ω̃ξm(a). We now summarize briefly the first order
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expansion of ξ in terms of ci’s that we used to compute
λ(a) in this work and we refer the readers to Ref. [20] for
more details.

For αM (a) = cM

(
1− Ω̃m(a)

)
, we can expand ξ in

orders of ΩDE where the leading order approximation is
given by

ξ =
−3 + 6γ̃ + 2κ

(1)
Φ + 7τ

(1)
Φ

(7− 6w(0) + 2cM)(1− 3w(0) + cM)
, (B1)

where

γ̃ ≈
3− 3w(0) − 2κ

(1)
Φ

5− 6w(0) + 2cM
, (B2)

and w(0), κ
(1)
Φ and τ

(1)
Φ are lowest order coefficients in the

expansion of the dark energy equation of state wDE =
pDE/ρDE, κΦ and τΦ respectively

wDE =
∑
n=0

1

n!
w(n)

(
1− Ω̃m

)n
, (B3)

κΦ −
3

2
Ω̃m =

∞∑
n=1

1

n!
κ

(n)
Φ

(
1− Ω̃m

)n
, (B4)

τΦ =

∞∑
n=1

1

n!
τ

(n)
Φ

(
1− Ω̃m

)n
. (B5)

They can be written in terms of ci’s in theories where αi(a) = ci

(
1− Ω̃m(a)

)
as

κ
(1)
Φ =

3

2

[
cT +

(cB + 2cM − 2cT)2

6(1 + w(0))− 6cBw(0) + 2cBcM − cB + 4cM − 4cT

]
, (B6)

τ
(1)
Φ =

1

3

(
κ

(0)
Q

)2
[(
cB + cM −

3

2
cT

)
κ

(0)
Q −

9

4
cT

]
+

1

3

(
κ

(0)
Q

)2
[(

1 + 3w(0) − cM
)
κ

(0)
Q −

9

2

]
cV1

− 1

2
κ

(0)
Q

(
κ

(0)
Q +

3

2

)[(
1

2
− 3w(0) + cM

)
κ

(0)
Q + 3

]
cV2 , (B7)

where

κ
(0)
Q = − 3(cB + 2cM − 2cT)

6(1 + w(0))− 6cBw(0) + 2cBcM − cB + 4cM − 4cT
. (B8)

With these expressions ξ can be expressed completely in terms of the constant parameters {w(0) , cB , cM , cT , cV1 , cV2}.
We assume ΛCDM cosmology as the background expansion so that w(0) = −1 throughout. Note that cV1 and cV2 are
constants of proportionality for the functions αV 1 and αV 2. While αi, i = M,B,K, T describe the first order degrees
of freedoms of the Horndeski Lagrangian, αV 1 and αV 2 are part of the second order expansion and whose relations
to Ga are given by

M2αV1 = −2X
(
G4X + 2XG4XX −G4φ + 2Hφ̇G5X −XG5φX + φ̇HXG5XX

)
, (B9)

M2αV2 = 2φ̇HXG5X . (B10)

Although they are in principle arbitrary functions, we restrict ourselves to setting cV 1 = cV 2 = 0 when evaluating F2.
Note that we have assumed that the constant ξ ansatz is a good approximation to the models used here. The

validity of the approximation is checked explicitly against solving for λ(a) numerically for various choices of ci’s in
Ref. [20]. For most cases the deviation is less than 10% while in some cases the constancy is eventually violated
at low-redshifts (e.g. cB = 0.2, cT = 0.5). We expect that for the much smaller values of ci’s considered here, the
deviations would be less significant.
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Fèvre, H. Kurki-Suonio, M. Levi, P. Lilje, G. Meylan,
R. Nichol, K. Pedersen, V. Popa, R. Rebolo Lopez, H. W.
Rix, H. Rottgering, W. Zeilinger, F. Grupp, P. Hude-
lot, R. Massey, M. Meneghetti, L. Miller, S. Paltani,
S. Paulin-Henriksson, S. Pires, C. Saxton, T. Schrab-
back, G. Seidel, J. Walsh, N. Aghanim, L. Amendola,
J. Bartlett, C. Baccigalupi, J. P. Beaulieu, K. Benabed,
J. G. Cuby, D. Elbaz, P. Fosalba, G. Gavazzi, A. Helmi,
I. Hook, M. Irwin, J. P. Kneib, M. Kunz, F. Man-
nucci, L. Moscardini, C. Tao, R. Teyssier, J. Weller,
G. Zamorani, M. R. Zapatero Osorio, O. Boulade,
J. J. Foumond, A. Di Giorgio, P. Guttridge, A. James,
M. Kemp, J. Martignac, A. Spencer, D. Walton,
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