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Abstract

We present an algorithmic framework for quantum-inspired classical algorithms on close-to-
low-rank matrices, generalizing the series of results started by Tang’s breakthrough quantum-
inspired algorithm for recommendation systems [STOC’19]. Motivated by quantum linear
algebra algorithms and the quantum singular value transformation (SVT) framework of Gilyén
et al. [STOC’19], we develop classical algorithms for SVT that run in time independent of input
dimension, under suitable quantum-inspired sampling assumptions. Our results give compelling
evidence that in the corresponding QRAM data structure input model, quantum SVT does not
yield exponential quantum speedups. Since the quantum SVT framework generalizes essentially
all known techniques for quantum linear algebra, our results, combined with sampling lemmas
from previous work, suffice to generalize all recent results about dequantizing quantum machine
learning algorithms. In particular, our classical SVT framework recovers and often improves the
dequantization results on recommendation systems, principal component analysis, supervised
clustering, support vector machines, low-rank regression, and semidefinite program solving. We
also give additional dequantization results on low-rank Hamiltonian simulation and discriminant
analysis. Our improvements come from identifying the key feature of the quantum-inspired
input model that is at the core of all prior quantum-inspired results: ¢2>-norm sampling can
approximate matrix products in time independent of their dimension. We reduce all our main
results to this fact, making our exposition concise, self-contained, and intuitive.
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1 Introduction

1.1 Motivation

Quantum machine learning (QML) is a relatively new field of study with a rapidly growing number
of proposals for how quantum computers could significantly speed up machine learning tasks
[DW20, CHIT18]. If any of these proposals yield substantial practical speedups, it could be the killer
application motivating the development of scalable quantum computers [Prel8]. At first glance, many
applications of QML seem to admit exponential speedups. However, these exponential speedups are
less likely to manifest in practice compared to, say, Shor’s algorithm for factoring [Sho97], because
unlike their classical counterparts, QML algorithms must make strong input assumptions and learn
relatively little from their output [Aarl5]. These caveats arise because both loading input data into
a quantum computer and extracting amplitude data from an output quantum state are hard in
their most generic forms.

A recent line of research analyzes the speedups of QML algorithms by developing classical
counterparts that carefully exploit these restrictive input and output assumptions. This began
with a breakthrough 2018 paper by Tang [Tan19] showing that the quantum recommendation
systems algorithm [KP17], previously believed to be one of the strongest candidates for a practical
exponential speedup in QML, does not give an exponential speedup. Specifically, Tang described a
“dequantized” algorithm that solves the same problem as the quantum algorithm and only suffers from
a polynomial slowdown. Tang’s algorithm crucially exploits the structure of the input assumed by the
quantum algorithm, which is used for efficiently preparing states. Subsequent work relies on similar
techniques to dequantize a wide range of QML algorithms, including those for principal component
analysis and supervised clustering [Tan18], low-rank linear system solving [GLT18, CLW18], low-
rank semidefinite program solving [CLLW19], support vector machines [DBH19], nonnegative matrix
factorization [CLST19], and minimal conical hull [DHLT19]. These results show that the advertised
exponential speedups of many QML algorithms disappear if the corresponding classical algorithms
can use input assumptions analogous to the state preparation assumptions of the quantum algorithms.
Previous papers [Tanl8, GLT18, CLW18] have observed that these techniques can likely be used
to dequantize all QML that operates on low-rank data. Apart from a few QML algorithms that
assume sparse input data, such as Harrow, Hassidim, and Lloyd’s pioneering algorithm (HHL) for
solving sparse systems of linear equations in time poly-logarithmic in input size [HHLO09], much of
QML depends on some low-rank assumption. As a consequence, these dequantization results have
drastically changed our understanding of the landscape of potential QML algorithm speedups, by
either providing strong barriers for or completely disproving the existence of exponential quantum
speedups for the corresponding QML problems.

A recent line of work in quantum algorithms has worked to unify many quantum algorithms
ranging from quantum walks to QML, under a quantum linear algebra framework called quantum
singular value transformation (QSVT) [LC17, CGJ19, GSLW19]. Since this framework effectively
captures all known linear algebraic QML techniques, a natural question is what aspects of this
framework can be dequantized. Understanding the quantum-inspired analogue of QSVT promises a
unification of dequantization results and more intuition about potential quantum speedups, which
helps to guide future quantum algorithms research.



1.2 Main results

Our work gives a simple framework of quantum-inspired classical algorithms with wide applicability,
grasping the capabilities and limitations of these techniques. We use this framework to dequantize
many quantum linear algebra algorithms. We also prove QSVT-like extensibility properties of our
framework, giving evidence that with it we can dequantize any QSVT algorithms in the QRAM
input model.

Sampling and query access model. Our framework assumes a specific input model called
sampling and query access, which can be thought of as a classical analogue to quantum state
preparation assumptions, i.e., the ability to prepare a state |v) proportional to some input vector v.
If we have sampling and query access to a vector v € C", denoted SQ(v), we can efficiently make
the following kinds of queries (Definition 2.6): (1) given an index i € [n], output the corresponding
entry v(i); (2) sample an index j € [n] with probability |v(j)|?/||v[|%; and (3) output the vector’s
¢?>-norm ||v||. If we have sampling and query access to a matrix A € C™*", denoted SQ(A), we have
SQ(A(z,-)) for all rows i and also SQ(a) for a the vector of row norms (i.e., a(i) := || A(i, -)|]).

To motivate this definition, we make the following observations about this input model. First,
this model naturally admits classical algorithms with similar properties to the corresponding QML
algorithms. Second, as far as we know, if input data is given classically! classical algorithms in the
sampling and query model can be run whenever the corresponding algorithms in the quantum model
can (Remark 2.15). For example, if input is loaded in the QRAM data structure, as commonly
assumed in QML in order to satisfy state preparation assumptions [Pral4, CHI*18], then we have
log-time sampling and query access to it. So, a fast classical algorithm for a problem in this classical
model implies lack of quantum speedup for the problem.

Matrix arithmetic. We make a conceptual contribution by defining the slightly more general
notion of oversampling and query access to a vector or matrix (Definition 2.8). We have oversampling
and query access to a vector v if (1) we can query for entries of v and (2) we have sampling and
query access to an “entry-wise upper bound” vector v satisfying |0(i)| > |v(4)| for all indices i; the
definition for a matrix is analogous. We restrict our focus to when we don’t relax too much, that is,
when ||0]|/||v] is independent of input size. With this definition comes the insight that this input
model is closed under arithmetic operations. Though this closure property doesn’t explicitly come
into play much in our application of our framework to dequantizing QML, the essential power of
quantum-inspired algorithms lies in its ability to use sampling and query access to input matrices
to build oversampling and query access to increasingly complex arithmetic expressions on input,
possibly with some approximation error, without paying the (at least) linear time necessary to
compute such expressions in conventional ways.

Some simple closure properties of oversampling and query access follow easily. Given access
to two vectors u and v, we have access to their outer product uv! (Lemma 2.12). Given access
to a constant number of vectors vy, ..., v, we have access to linear combinations 25:1 A;ivg, and
analogously with linear combinations of matrices (Lemmas 2.10 and 2.13). Our main results can be
seen as approximate closure properties?: given access to two matrices A, B, we have access to a

!This assumption is important. When input data is quantum (say, it is gathered experimentally from a quantum
system), a classical computer has little hope of performing linear algebra on it efficiently.

2We take some care here to distinguish whether we have oversampling and query access to A or AT. We don’t
need to: we show that having either one of them implies having the other, up to approximation (Remark 3.16).



matrix Z close to the product ATB (Lemma 3.6 and Remark 3.7); given access to a matrix A and a
Lipschitz function f, we have access to a matrix Z close to f(A"A) (Theorem 3.1)3. So, if we have
(over)sampling and query access to our input vectors and matrices, we can perform matrix arithmetic
(including matrix functions) on them while remaining in the same access model. Therefore, one can
think about oversampling and query access as a classical analogue to the quantum block-encodings
in quantum singular value transformation [GSLW19], which support linear combinations, products,
and low-degree polynomials (that is, approximations of Lipschitz functions) of input matrices.

We now illustrate the flavor of the algorithmic ideas underlying our main results, by showing why
the “oversampling” input model is closed under approximate matrix products. Suppose we are given
sampling and query access to two matrices A € C"™*" and B € C™*P and desire (over)sampling
and query access to ATB. A'B is a sum of outer products of rows of A with rows of B (that is,
ATB =" A(i,-)B(i,-)), so a natural idea is to use the outer product closure property to get
access to each outer product individually, and then use the linear combination closure property to
get access to their sum, which is ATB as desired. However, there are m terms in the sum, which is
too large: we can’t even compute entries of A'B in time independent of m. So, we use sampling to
approximate this sum of m terms by a linear combination over far fewer terms, allowing us to get
access to Z for Z ~ ATB. This type of matrix product approximation is well-known in the classical

literature [DKMO06]. Given SQ(A), we can pull samples i1, ..., is according to the row norms of A, a
distribution we will denote p (so p(i) = || A(i,-)||?/|| A||%). Consader Z=137 o zk)A(ik, I B(ig, ).
Z is an unbiased estimator of ATB: E[Z] = 1377 | S~ p(¢ )T S AL )TB(,) =

A'B. Further, the variance of this estimator is small. In the following computation, we consider
s = 1, because the variance for general s decreases as 1/s.

E[||ATB — ZHF<ZE|Zw Zzp grAh)\ IB(¢, 5)|?

7.7
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By Chebyshev’s inequality, we can choose s = (’)(6%) to get that ||Z — ATB||r < ¢||Al|¢||B||r with
probability 0.99. Since Z is a linear combination of s outer products, this gives us oversampling
and query access to Z as desired. In our applications we will keep Z as an outer product ATB’ for
convenience. Nevertheless, our central tool will be an approximate matrix product protocol: see
the key lemma in Section 1.4. In fact, we leverage this protocol to get our matrix function closure

property.

Even singular value transformation. Our main result is that, given (over)sampling and query
access to an input matrix A € C™*", we can find a succinct and useful description of an even
singular value transformation of A. This primitive is based on the even SVT used by Gilyén et
al. [GSLW19]: given a function f: [0,00) — C, the even SVT is f(V ATA), applying f to the singular
values of A and replacing left singular vectors with the corresponding right singular vectors (so if
A=>" Uiuw;r is the singular value decomposition of A, then f(VATA) =3 f(ai)viv;.r).

However, the accesses assumed in our closure properties are in some sense the most natural choices and require the
least overhead.

3For a Hermitian matrlx H and a function f: R — C, f(H) denotes applying f to the eigenvalues of H. That is,
FH) =30 (N Jvsv], for A; and v; the eigenvalues and eigenvectors of H.



Main theorem (informal version of Theorem 3.1). Suppose we are given sampling and query
access to a matriv A € C™"™ (that is, SQ(A)) and a function f: [0,00) — C such that f and
f(z) := (f(z) — f(0))/x are L-Lipschitz and L-Lipschitz, respectively. Then, for sufficiently small
g,0 >0, we can find a subset of (normalized) rows of A, R € C"™*", and a subset of (normalized)
columns of R, C € C"™*¢ such that

Pr [HRTf(CCT)R + OV — f(ATA)| > 4 <6

Let T be the time the sampling and query oracle takes to respond. Then finding R and C' and
computing f(CCT) takes O(’F2C+ rcT) time, where

2 2 2 72 6 2
= o(PIARIAR 1 1y _ g (PIALIAL 1y

We call RTf(CCT)R an RUR decomposition because R € C™*" is a subset of rows of the input
matrix (R corresponds to the ‘R’ of the RUR decomposition, and f(CCT) € C"™" corresponds to
the ‘U’). More precisely, an RUR decomposition expresses a desired matrix as a linear combination
of 72 outer products of rows of the input matrix? The matrix U encodes the coefficients in the linear
combination. We want our output in the form of an RUR decomposition, since we can describe such
a decomposition implicitly just as a list of row indices and some additional coeflicients, which avoids
picking up a dependence on m or n in our runtimes. Further, having SQ(A) implies that we can
exploit the RUR structure to gain oversampling and query access to the output matrix, enabling
the evaluation of matrix-vector expressions. In particular, for an RUR decomposition, we can get
oversampling and query access to approximations of RTURb and RTURMYM, for a matrix M € C**™
and a vector b € C™, in time independent of n.

More general results follow as corollaries of our main result on even SVT. For an arbitrary
matrix A with SQ(A), we can perform generic (non-even) SVT (Theorem 3.3), where the output is
given as an approximate CUR decomposition expressing the desired matrix as a linear combination
of outer products of columns and rows of A. We can also perform eigenvalue transformation on
Hermitian matrices (Theorem 3.4), where the output is given as an approximate RUR decomposition.
Given an RUR (or CUR) decomposition, one can also approximately diagonalize the matrix U
in order to recover an approximate eigenvalue decomposition (or SVD) of the desired matrix, see
e.g. Theorem 3.4.

However, using only our main theorem about even SVT, we can directly recover most existing
quantum-inspired machine learning algorithms without using the more advanced Theorems 3.3
and 3.4 discussed above, yielding faster dequantization for QML algorithms. In Section 1.3, we
outline our results recovering such applications.

For some intuition on error bounds and time complexity, we consider how the parameters in our
main theorem behave in a restricted setting: suppose that A has minimum singular value o and
|Al|g/o is dimension-independent® This condition simultaneously bounds the rank and condition
number of A. Further suppose® that f’s Lipschitz constant satisfies

LI|A|? < C max z) —
AP <€ max | 1£(0) - )

“This is the relevant variant of the notion of a CUR decomposition from the randomized numerical linear algebra
and theoretical computer science communities [DMMO8].

By a dimension-independent or dimensionless quantity, we mean a quantity that is both independent of the size of
the input matrix and is scale-invariant, i.e., does not change under scaling A + «A.

5This criterion is fairly reasonable. For example, the polynomials used in QSVT satisfy it.



for some dimension-independent C'. C must be at least one, so we can think about such an f as being
at most C-times “steeper” compared to the least possible “steepness”. Under these assumptions,
we can get an RUR decomposition to additive error (e max, ,co,a)2)lf(z) — f(y)|) in runtime
independent of dimensions (i.e., r, ¢ are dimensionless). The precise runtime is

~(AJS 5 41
O<||A||2a4 g )

Dependence on o arises because we bound L < L/o?: our algorithm’s dependence on L implicitly
enforces a low-rank constraint in this case. All of our analyses give qualitatively similar results to
this, albeit in more general settings allowing approximately low-rank input.

Implications for quantum singular value transformation. The QSVT framework of Gilyén
et al. [GSLW19] assumes that the input matrix A is given by a block-encoding, which is a quantum
circuit implementing a unitary transformation whose top-left block contains (up to scaling) A
itself [LC17]. Given a block-encoding of A, one can apply certain kinds of degree-d polynomials of
A to an input quantum state, incurring only about d times the implementation cost of the input
block-encoding. Omne can get a block-encoding of an input matrix A through various methods.
If A is s-sparse with efficiently computable elements and ||A|| < 1, then one can directly get
a block-encoding of A/s [GSLW19, Lemma 48]. If A is in the QRAM data structure (used for
efficient state preparation for QML algorithms [Pral4]), one can directly get a block-encoding of
A/||A|lr [GSLW19, Lemma 50]. This latter normalization means that QRAM-based QSVT has
an implicit dependence on the Frobenius norm || A|g. This dependence on || A||r suggests lack of
exponential speedup for QRAM-based QSVT, since ||A||r is the key parameter in the complexity
of our corresponding classical algorithms. This is in contrast to sparsity-based QSVT, which
instead has dependence on ||A|| and the sparsity s, and generalizes algorithms like HHL that solve
BQP-complete problems.

Our results give compelling evidence that there is indeed no exponential speedup for QRAM-
based QSVT, and show that oversampling and query access can be thought of as a classical analogue
to block-encodings in the bounded Frobenius norm regime. Indeed, if we are given matrices and
vectors in the QRAM data structure, then by converting them to block-encodings, we can apply
any function to the input that can be obtained by composing addition, scalar multiplication, matrix
multiplication, and singular value transformation. Since this data structure gives us sampling and
query access to input, we can classically approximately evaluate the same types of expressions.

In particular, we show that we can apply the singular value transform of a matrix A € C™*"
satisfying || Allr = 1 to b € C" in QRAM (Theorem 3.14). Our algorithm simulates sampling and
query access to v := p(QV)(A)b up to el|v|| error in poly(d, é, %,log mn) time, where p(z) is a
degree-d polynomial of the kind QSVT can apply and p(QY) (A) is the type of SVT that QSVT
performs on A (Definition 3.13). This runtime is only polynomially slower than the corresponding
quantum algorithm, except in the e parameter.” Theorem 3.14 also dequantizes QSVT for block-
encodings derived from (purifications of) density operators [GSLW19, Lemma 45| that come from
some well-structured classical data. This gives evidence that QSVT with these kinds of block-
encodings do not give inherent exponential speedups (though, if input preparation/output analysis

"The QML algorithms we discuss generally only incur polylog(1) terms, but need to eventually pay poly(1/¢) to
extract information from output quantum states. So, we believe this exponential speedup is artificial. See the open
questions section for more discussion of this error parameter.



protocols have no classical analogues, they can play a part in an algorithm achieving an exponential
speedup). QSVT using other types of block-encodings remains intact, since such types could admit
block-encodings for matrices with large Frobenius norm.

1.3 Applications: dequantizing QML & more

With our main results, we can recover existing quantum-inspired algorithms for recommendation
systems [Tan19], principal component analysis [Tan18], supervised clustering [Tan18], support vector
machines [DBH19], low-rank matrix inversion [GLT18, CLW18], and semidefinite program solving
[CLLW19]. We also propose new quantum-inspired algorithms for low-rank Hamiltonian simulation
and discriminant analysis (dequantizing the quantum algorithm of Cong & Duan [CD16]). Our
framework achieves these results with a conceptually simple analysis, and often admits faster and
more general results.

For the following results, we assume our sampling and query access to the input takes O(1)
time. There are data structures that can support such queries (Remark 2.15), and if the input is
in QRAM, the runtime only increases by at most a factor of log of input size. We note here that,
though our outputs are often in the form of oversampling and query access SQ, (Definition 2.8),
via rejection sampling, one can think about this access as the same as sampling and query access,
except one can only compute the norm up to some relative error (Lemma 2.9).

Recommendation systems (Section 4.1). Our framework gives a simpler and faster variant of
Tang’s dequantization [Tan19] of Kerenidis & Prakash’s quantum recommendation systems [KP17].
This result is notable for being the first result in this line of work and for dequantizing what was
previously believed to be the strongest candidate for practical exponential quantum speedups for a
machine learning problem [Prel8]. The task is as follows (Problem 4.1): given sampling and query
access to a matrix A € R™*" a row index i € [m], and a singular value threshold o, sample from the
it row of some A € R™*" where A is a o-thresholded low-rank approximation of A. Specifically,
A should be ¢||A||p-close in additive Frobenius norm error to a singular value transform of A that is
smoothly thresholded to keep only singular vectors with value at least o.

We can rewrite our target low-rank approximation as A - t(ATA), where ¢ is a step function that
is zero for x < %02, one for z > %02, and a linear interpolation between the two for z € [%02, %02].
In other words, our low-rank approximation is A multiplied by a smoothened projector. We can use
our main theorem Theorem 3.1 to approximate t(AfA) by some RTUR. Then, the i*" row of our
low-rank approximation is A(4, -)RTU R, which is a product of a vector with an RUR decomposition.
Thus, using the sampling techniques described in Section 3.2, we have SQ,(A(i, )R'UR), so we

~ 6 10
can get the sample from this row as desired. The runtime is dominated by O(% log® %)

~ 24
(Corollary 4.3), an improvement on the previous runtime O(ﬂi”;? log® %) of [Tan19).

Supervised clustering (Section 4.2). Because dequantizing Lloyd, Mohseni, and Rebentrost’s
supervised clustering algorithm [LMR13] only requires simple sampling subroutines (demonstrated
by Tang [Tanl8]), our algorithm trivially recovers this result. Given some dataset of points
Q- qn_1 € R% our goal is to estimate the distance between their centroid and a new point



peRY |Ip— Lo(q1 + -+ qn1)||>. By rewriting this expression as ||wM||? for

n—1

p/|pll

M = —Q1/<Hq1.||m)

ey 1 B = P

: Vn—=1""yn—-1
~@n-1/(gn-11lvn —1)

we reduce this problem to estimating wM (wM)' to € additive error (Problem 4.5). This can be done

with a simple inner product estimation procedure in time O(f—j log %), where Z = | M|2||w|? =
4(lpl* + 755 X35 llall?) (Corollary 4.6).

Principal component analysis (Section 4.3). Our framework improves on Tang’s dequanti-
zation [Tanl8] of the quantum principal component analysis (qPCA) algorithm [LMR14]. Since
the actual task being solved by the original quantum algorithm is underspecified, we describe
the task as is performed in the dequantization. Given a matrix SQ(X) € C™*" such that XTX
has top k eigenvalues {\;}¥_, and eigenvectors {v;}¥_;, the goal is to compute eigenvalue esti-
mates {\;}¥_, such that 3|\ — As| < e Tr(XTX) and eigenvector estimates {SQy(:)}_; such that
||0; — vi]] < e (Problem 4.7). To avoid degeneracy conditions, we must have a gap assumption
granting |\; — A\iy1| > || X||? for all i € [K].

Then, we can approach the problem as follows. First, we use that an importance-sampled
submatrix of X has approximately the same singular values as X itself (Lemma 3.9) to get our
estimates {;\2}5:1 With these estimates, we can define smoothened step functions f; for ¢ € [k]
such that f;(XTX) = v;r v;. We can then use our main theorem to find an RUR decomposition for
f:(XTX). We use additional properties of the RUR description to argue that it is indeed a rank-1
outer product @ZT ¥4, which is our desired approximation for the eigenvector. We have sampling and
query access to 9; because it is Rfz for some vector z. Altogether, this algorithm runs in time

~ 6
@) ( ”!()igf\i n~%e01log? %) (Corollary 4.8), a major improvement over the original dequantization’s

e O AXIE 6 —127,,3 k
runtime O(W” e *log” 5 ).

Matrix inversion (Section 4.4). Our framework can generalize prior work on quantum-inspired
versions of low-rank matrix inversion [GLT18, CLW18]. Given a matrix SQ(A) € C™*™ and a
vector SQ(b) € C™, the goal is to obtain SQu(Af,b) where AL, is a pseudo-inverse of A smoothly
thresholded to invert only the singular values that are at least o.

We can rewrite Af b = L(ATA)ATb for ¢+ a function encoding a thresholded inverse. Namely,
u(z) = 1/x for & > 02, 1(x) = 0 for * < (1—n)o?, and is a linear interpolation between the endpoints
for z € [(1 — n)o?,0?]. By our main theorem, we can find an RUR decomposition for (AT A), from
which we can then get SQ(RTURATY) via sampling techniques. Altogether, this algorithm takes

~ 6 22
(@) (M log® %) time with no restriction on A, whereas the result of [GLT18] applies to strictly

028626
~ 6 1.6 16
rank-k A and gets the incomparable runtime O(% log® %)

Support vector machines (Section 4.5). We use our framework to dequantize Rebentrost,
Mohseni, and Lloyd’s quantum support vector machine [RML14], which was previously noted to



be possible by Ding, Bao, and Huang [DBH19]. The idea is to find a hyperplane best explaining
m data points in a matrix SQ(X) € R"™*" with labels SQ(y) € {£1}". With regularization, this
reduces to approximately solving the linear system

0 if bl [0

I XXt 447 o]~ |y]
Call the above matrix F, and let F' := F/Tr(F). The quantum algorithm approximately solves
the linear system by applying F;n to y. So, our goal is to output SQ,(v) for v € R™ ! satisfying
lv — F;n[g]ﬂ < 5||13';rn[2]|| (Problem 4.12). To do this, we use our matrix arithmetic techniques

in order to get oversampling and query access to SQ‘p(F ) from SQ(X). Then, using SQ(p(F ), we
run the quantum-inspired matrix inversion algorithm discussed above (Corollary 4.11), immediately
giving us the desired v. This takes time (’)(/\*2877*65*6 log® %) (Corollary 4.13). We solve the
problem in the same generality as the original quantum algorithm, unlike the prior dequantization
result [DBH19], which also lacks explicit error bounds or runtime bounds; the paper simply argues
that the algorithm is polynomial time in the right parameters.

Hamiltonian simulation (Section 4.6). Our framework can be used to give a Hamiltonian
simulation algorithm for low-rank Hamiltonians. Given a Hermitian matrix SQ(H) € C™*" such
that ||[H|| =t and |[H*|| < 1/0 along with a unit vector SQ(b) € C", the goal is to obtain SQ(v)
where ||v — eb||p < & (Problem 4.15).

In order to use our even SVT result, we split our desired transformation into even and odd parts:
e'® = cos(z) +isin(x) = cos(z) +isinc(x)r. We use even singular value transformation to apply the
even functions cos and sinc; for an even function g(x), let fy(z) := g(v/z), so that g(H) = f,(HTH)
and we can rewrite

b = feos(HTH)b + i fsine(HTH)H b

Then, using our main theorem, we can find RUR decompositions for both even SVTs, gaining
sampling and query access to the matrix-vector products for the even and odd parts of the
expression, from which sampling and query access to our estimate of e'p follows. This takes
(5(”}2”#1566*6 log® %) time (Corollary 4.16), which is dimension-independent if we think of the
desired error as te, the natural choice for additive error. This algorithm also works if H is not
strictly low-rank, in which case the output will be a version of e’ where eigenvalues < ¢ are
thresholded away. We also provide a version of this algorithm that works for all H without a
dimension-independent runtime (Corollary 4.17). This version gets improved runtimes when ¢ = 1.

Semidefinite program (SDP) solving (Section 4.7). We solve the problem of SDP-feasibility,
improving on prior work of Chia et al. [CLLW19] dequantizing some versions of quantum SDP
solvers [BKL*19, vAG19]. Given m € N, by,...,b, € R, and Hermitian matrices A, .. L Am)
such that —1 < A® < T for all i € [m], let S. be the set of all X satisfying

Tr[ADX] < b +e Vie [m];
X =0
Tr[X] = 1.
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The task is to differentiate whether Sy # @ (in which case the output should be an X € S;) or
S. = @ (in which case the output should be “infeasible”). Note that general SDPs can be reduced
to this feasibility problem via a simple binary search.

By using the matrix multiplicative weights (MMW) method [AK16], SDP e-feasibility reduces
to estimating Tr[A®) X] up to £/4 error given SQ(A®) for all i € [m] and X implicitly defined as a
Gibbs state

exp[—A4] £ Stnfn)/e?
-—_ E— (]T)
= Te(exp|—A]) where A := 1 Tg 1 AV

To estimate Tr[A®) X], we first notice that we have SQ4(A), since it is a linear combination of
matrices that we have sampling and query access to (Lemma 2.13). Then, we can find approximations
of the Gibbs state by applying eigenvalue transformation (Theorem 3.4) according to the exponential
function to get exp[—A] as an RUR decomposition. Then the estimation of Tr[A®) X] can be
performed by the usual SQ sampling techniques. This strategy solves the feasibility problem
and when applicable outputs the e-approximate solution of the SDP as an RUR decomposition
(Corollary 4.21) in time® 6(% In?(n) + m% lnlS(n)).

For the same feasibility problem, the previous quantum-inspired SDP solver [CLLW19] proved a
complexity bound 6(mr575*92 1n37(n)), assuming that the constraint matrices have rank at most r.
Since the rank constraint implies that HA(')HF < /7, under this assumption our algorithm has

complexity (5(1"115_46 In*(n) + mr’e=21n'(n)). So, our new algorithm both solves a more general
problem and also greatly improves the runtime.

Discriminant analysis (Section 4.8). We present a new dequantized algorithm, a classical
analogue to Cong and Duan’s quantum discriminant analysis algorithm [CD16]. The high-level idea
is to find the vectors that best explain the way data points are classified. Cong and Duan reduces
this idea to the following task: given matrices SQ(B) and SQ(W), find eigenvectors and eigenvalues
of v WTW(BTB)_I\/ W1TW. They solve a version of this task (Problem 4.26) where one only needs to
output approximate eigenvectors of sqrt(W W) inv(BT B) sqrt(W W), where sqrt and inv denote
versions of square root and inverse thresholded at o2.

We achieve this goal by using Theorem 3.1 to approximate sqrt(WTW) ~ RI/VUWRW and
inv(BTB) ~ REUBRB by RUR decompositions. Then, we use Lemma 3.6 to approximate RWRJIF3
by small submatrices R{,I/Rg. This yields an approximate RUR decomposition, R;VURW for
U= UWR%,REUBRERC%,UW, of the matrix whose eigenvalues and vectors we want to find.

Finding eigenvectors from an RUR decomposition follows from an observation (Lemma 3.12):
for a matrix Cy formed by sampling columns from Ry (using SQ(W)), and [Cw i the rank-k
approximation to Cy (which can be computed because Cyy has size independent of dimension),
(([Cw]x) T Rw)! has singular values either close to zero or close to one. This roughly formalizes the

intuition of Clyy preserving the left singular vectors and singular values of Ryy. We can rewrite
RI,VU Ry = RLV(C:)TCEU C’kC,j Ry, which holds by choosing & sufficiently large and choosing C

8Here we use || AV, := max;cm) ||A].. Note that this bound does not appear to be dimension-independent
due to the normalizing assumption ||A®)|| < 1. If we would relax this assumption, then we could get a dimension-
independent bound corresponding to precision ]| A |, by replacing ||A")||r with the “stable rank” ||A")||g/[|AC)].
Then the resulting runtime bound is dimension-independent apart from the In(n) factors, which come from MMW.
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to be the same sketch used for U. Then, we can compute the eigendecomposition of the center
CZU Cj, = VDV, which gives us an approximate eigendecomposition for R%U Ry (C’,;" Ry)TV is
an approximate isometry, so we choose its columns to be our eigenvectors, and our eigenvalues are the
diagonal entries of D. We show that this has the approximation properties analogous to the quantum

~ 4 6 10 6
algorithm. Our algorithm runs in (’)((”BHG ”ﬁ”F + HWH6 Hl‘éVHF) log® %) time (Corollary 4.27).

g o g o

What else is there? Though we have presented many dequantized versions of QML algorithms,
the question remains of what QML algorithms don’t have such versions. That is, what algorithms
still have the potential to give exponential speedups?

Because QSVT generalizes essentially all known quantum linear algebra techniques, we restrict
our focus to algorithms in that framework. As we noted previously, we only demonstrate lack of
exponential speedup for QSVT with block-encodings coming from QRAM and density operators.
Other kinds of block-encodings, such as those coming from sparsity assumptions, remain impervious
to our techniques. The most well-known quantum linear algebra algorithms of this “dequantization-
resistant” type are HHL [HHLO09] and its derivatives. Sparse matrix inversion is BQP-complete,
which explains why our techniques leave these speedups untouched. Nevertheless, HHL has serious
caveats, as noted by Aaronson [Aarl5]. In particular, HHL only gives an exponential speedup when
the condition number of the input matrix is poly-logarithmic in dimension, which doesn’t happen in
typical datasets. This constraint hamstrings most attempts to apply HHL to practical problems,
especially when combined with the typical QML constraints that quantum algorithms need quantum
states as input and can only give quantum states as output. Work like Zhao et al. on Gaussian
process regression [ZFF19] and Lloyd et al. on topological data analysis [LGZ16] attempt to address
these issues to get a super-polynomial quantum speedup.

1.4 Techniques

Placing sampling and query access in the sketching context. The fundamental idea of
quantum-inspired algorithms is to reduce dimensionality of input matrices to speed up linear algebra
computations. So, using sketching techniques is natural here. Recall that the fundamental difference
between quantum-inspired algorithms and traditional sketching algorithms is that we assume that we
can perform measurements of states corresponding to input in time independent of input dimension
(that is, we have efficient sampling and query access to input), and in exchange want algorithms
that run in time independent of dimension. The kind of samples we get from sampling and query
access is usually called importance sampling or length-square sampling in classical literature.

The quantum-inspired model is weaker than the standard sketching algorithm model (Re-
mark 2.15): an algorithm taking 7" time in the quantum-inspired model for an input matrix A can
be converted to a standard algorithm that runs in time O(nnz(A) + T'), where nnz(A) is the number
of nonzero entries of A. So, we can also think about an O(T)-time quantum-inspired algorithm
as an O(nnz(A) + T')-time sketching algorithm, where the nnz(A) portion of the runtime can only
be used to facilitate importance sampling. This viewpoint could be advantageous in some cases,
for example in some streaming scenario [KP17]. Nevertheless, our primary motivation here is not
to develop better generic sketching algorithms, but to better understand the scope of problems
facilitating large quantum speed-ups.

A natural question is whether more modern types of sketches can be used in our model. After
all, importance sampling is only one of many sketching techniques studied in the large literature
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on sketching algorithms. Notably, though, other types of sketches seem to fail in the input regimes
where quantum machine learning succeeds: assuming sampling and query access to input, importance
sampling takes time independent of dimension, whereas other randomized linear algebra methods
such as Count-Sketch, Johnson-Lindenstrauss, and leverage score sampling all still take time linear
in input-sparsity.

Furthermore, importance sampling is highly compatible with quantum-like algorithms: given the
ability to query entries and obtain importance samples of the input, we can query entries and obtain
importance samples of the output, analogously to the way quantum machine learning algorithms
move from an input quantum state to an output quantum state. This insight unlocks surprising
power in importance sampling. For example, it reveals that Frieze, Kannan, and Vempala’s low-rank
approximation algorithm (FKV) [FKV04], which, as stated, requires O(kmn) time to output the
desired matrix, actually can produce useful results (samples and entries) in time independent of
input dimension. Our goal is to develop a framework that demonstrates what can be done with
importance sampling and establishes a classical frontier for quantum algorithms to push past.

Importance sampling to even singular value transformation. The fundamental property
of importance sampling is its ability to efficiently approximate matrix products (and, by extension,
vectors and higher-order tensors). This is our key lemma, which states that if we have sufficient
access to two matrices, we can approximate their product by a product of matrices of smaller
dimension:

Key lemma [DKMO06] (informal version of Lemma 3.6). Suppose we are given SQ(X) € C™*™ and
SQ(Y) € C™*P. Then we can find normalized submatrices of X and Y, X' € C**" and Y' € C**P,
in O(s) time for s = @(Ei2 log %), such that

Pr [|IXTY = X1V e < | X||e[[Y]le] > 1 -4,

We subsequently have O(s)-time SQ(X'),SQ(X'T), SQ(Y"), SQ(Y"T).

Prior quantum-inspired algorithms [Tan19, Tan18, CLW18, CLLW19] indirectly used this lemma
by using FKV, which finds a low-rank approximation to the input matrix in the form of an
approximate low-rank SVD and relies heavily on this lemma in the analysis. By using FKV once,
one can gain access to singular values and right singular vectors; by using it twice, one can gain
access to a full SVD. Then, by applying functions to the approximate singular values, one can argue
that the resulting expression is close to the desired expression. One could theoretically use this
procedure to give a classical algorithm for singular value transformation, but we prove our main
results without going through the full analysis of the low-rank approximation.

Instead, we use the key lemma twice to get an RUR decomposition of an even singular value
transformation of the input (Theorem 3.1). Notice that, because we wish to run in time independent
of dimension, the best we can do is to express the output based on the given input, as an
RUR decomposition does. The proof of our main theorem is straightforward. Recall that, given
SQ(A) € C™*" we wish to approximate f(A'A) for f a function that, without loss of generality,
satisfies f(0) = 0.

f(ATA) = f(R'R) by key lemma, with R € C"*" normalized rows of A
= R'f(RR"R by computation (recall f(z) = f(z)/x)
~ R f(CCTR, by key lemma, with C € C"*¢ normalized columns of R
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We then take f(CCT) to be the “U” of our RUR decomposition, finding it by naively computing
the SVD of C' in (’)(7“20) time. The analysis is straightforward: we use that f and f are Lipschitz
to argue that the error from approximating our matrix products propagates well (Lemma 5.5). We
also use a variant of the key lemma (Lemma 3.8, from [KV17]) to give a spectral norm variant of
the main theorem.

Though this analysis is much simpler than FKV, it gives improved results in our applications. Our
approach has several advantages. The reduction first given by Tang to get an SVT-based low-rank
approximation bound from the standard notion of low-rank approximation [Tan19, Theorem 4.7]
induces a quadratic loss in precision, which appears to be only an artifact of the analysis. Also,
FKYV gives Frobenius norm error bounds, though for applications we often only need spectral norm
bounds; our main theorem can get improved runtimes by taking advantage of the weaker spectral
norm bounds. Finally, we take a reduced number of rows compared to columns, whereas FKV
approximates the input by taking the same number of rows and columns.

The flexibility of singular value transformation also leads to easy generalization of results. For
example, another important technical difference from previous work [CLW18, GLT18, CLLW19]
is that our results do not assume that the input is strictly low-rank. Instead, following [Tan19,
GSLW19], our algorithms work on close-to-low-rank matrices by doing SVTs that smoothly threshold
to only operate on large-enough singular values. That is, we implicitly take a low-rank approximation
of the input before applying our singular value transformation.

General transformation results. We can bootstrap our algorithm for even SVT to get results
for generic SVT (Theorem 3.3) and eigenvalue transformation (Theorem 3.4).

For generic SVT: consider a function f : R — C satisfying f(0) = 0 and a matrix A € C"™*™.
Given SQ(A) and SQ(A'), we give an algorithm to output a CUR decomposition approximating
FBVI(A). Our strategy is to apply our main result Theorem 3.1 to g(AfA), for g(z) == f(vz)/Vz,
and subsequently approximate matrix products with Lemma 3.6 to get an approximation of the
form A'R'TUR + g(0)A:

FEVI(A) = Ag(ATA)
~ ARTUR + A(g(0)I)
~ A'RTUR + g(0)A.

Here, A’R'""UR is a CUR decomposition as desired, since A’ is a normalized subset of columns of A.
One could further approximate g(0)A by a CUR decomposition if necessary (e.g. by adapting the
eigenvalue transformation result below). The QML applications of even SVT in matrix inversion
(Section 4.4) and Hamiltonian simulation in (Section 4.6) look similar to this, but we can use the
additional structure in these problems to do this kind of approximation better.

As for eigenvalue transformation, consider a function f : R — C and a Hermitian matrix
H € C™", given SQ(H). We wish to compute the eigenvalue transform f(H). If f is even (so
f(z) = f(—z)), then f(H) = f(VHYH), so the result follows from our main theorem for even SVT.

For non-even f, we use a different strategy, similar to the one used for quantum-inspired
semidefinite programming [CLLW19]: first we find the eigenvectors and eigenvalues of H and then
apply f to the eigenvalues. Let 7(x) be a (smoothened) step function that is a linear interpolation
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between zero and one on [0.5¢%,£2]. Then

H~n(HH)Hnr(H'H) by definition of
~ R'7(CCHYRHR'#(CCTR by main theorem (Theorem 3.1)
~ Riz(CCHYM7(CCHR by key lemma: M ~ RHR!
= RY(C,cHir(cCYM=(CCTC,C R, where 0 < ¢

Here, C, is the low-rank approximation of C' formed by transforming C according to the “filter”
function on z that is 0 for # < ¢ and z otherwise. U := C;f R € C**" is close to an isometry, which we
argue by showing (Cf R)(C R)T ~ I. We are nearly done now: since the rest of the matrix expression,
C’jﬁr(CC’T)M 7(CCTC, € C°*¢, consists of submatrices of H of size independent of n, we can
directly compute its unitary eigendecomposition UDUT. This gives the approximate decomposition
H ~ (UU)D(UU)!, with UU and D acting as approximate eigenvectors and eigenvalues of H,
respectively. Some simple analysis shows that f(H) ~ (UU)f(D)(UU)! in the desired sense.
Therefore, our output approximation of f(H) comes in the form of an RUR decomposition that can
be rewritten in the form of an approximate eigendecomposition.

1.5 Related work

Our work bridges the fields of randomized algorithms and quantum algorithms for linear algebra.
Thus, we interact with a diverse body of related work.

Randomized numerical linear algebra. Generally speaking, the techniques our framework
uses belong to randomized linear algebra algorithms (see the surveys [Mahll, Wool4]). Our core
primitive is importance sampling: see the survey by Kannan and Vempala [KV17] for algorithms
using this type of sampling. In addition to the low-rank approximation algorithms [FKV04] used
in the quantum-inspired literature, others have used importance sampling for, e.g., orthogonal
tensor decomposition [DM07, MMDO08, SWZ16| (generalizing low-rank approximation [FKV04])
and support vector machines [HKS11].

Classical algorithms for quantum problems. We are aware of two important prior results
from before Tang’s first paper [Tanl9] that connect quantum algorithms to randomized numerical
linear algebra. The first is Van den Nest’s work on using probabilistic methods for quantum
simulation [VAN11], which defines a notion of “computationally tractable” (CT) state equivalent
to our notion of sampling and query access and then uses it to simulate restricted classes of
quantum circuits. We share some essential ideas with this work, such as the simple sampling lemmas
Lemmas 2.10 and 3.10, but dequantized algorithms critically use low-rank assumptions on the input
to “simulate” QML in a way that would not be possible were we only viewing such algorithms as
large quantum circuits. The second is a paper by Rudi et al. [RWCT20] that uses the Nystrom
method to simulate a sparse Hamiltonian H on a sparse input state in time poly-logarithmic in
dimension and polynomial in ||H||r, assuming sampling and query access to H. Our Hamiltonian
simulation results do not require a sparsity assumption and still achieve a dimension-independent
runtime, but get slightly larger exponents in exchange.
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Practical implementation. A work by Arrazola et al. [ADBL19] implements and benchmarks
quantum-inspired algorithms for regression and recommendation systems. This work makes various
conclusions, and for example, suggests that the €2 scaling in the number of rows/columns taken in our
recommendation systems algorithm is inherent. However, we are unsure of these results’ implications
for the broader question of whether QML algorithms can achieve practical speedups, for two reasons.
First, our algorithms use a restricted model of computation in order to get a broad asymptotic result
for generic applications of quantum machine learning. However, if we wish to compare QML to the
best classical algorithm in practice, other sketching algorithms are more natural to run on a classical
computer and are likely to be faster. For example, Dahiya, Konomis, and Woodruff [DKW18]
conducted an empirical study of sketching algorithms for low-rank approximation on both synthetic
datasets and the movielens dataset, reporting that their implementation “finds a solution with cost
at most 10 times the optimal one ...but does so 10 times faster.” For comparison, Arrazola et
al. [ADBL19] claim that the running times of quantum-inspired algorithms are worse than directly
computing the singular value decomposition for medium-sized matrices (e.g. 10* x 10%). Second,
the authors implement the quantum-inspired algorithms in a simple, non-optimized way in Python
and then compare it to the well-optimized LAPACK library C implementation of singular value
decomposition. These caveats make it difficult to draw definitive conclusions about the practicality
of quantum-inspired algorithms as a whole from these experimental results.

Quantum machine learning. As mentioned in Section 1.3, our work has major implications
for the landscape of quantum machine learning. In particular, our work suggests that the most
promising way to get exponential speedups for algorithms fitting in the framework of quantum
singular value transformation [GSLW19] is via algorithms that use sparse matrices as input (as
opposed to those with input in QRAM), such as HHL [HHL09]. Such algorithms have other major
caveats (mentioned by Aaronson [Aarl5]) that make it difficult to find applications with the potential
for practical super-polynomial speedups. Proposals for such applications include Gaussian process
regression [ZFF19] and topological data analysis [LGZ16].

Related independent work. Independently from our work, Jethwani, Le Gall, and Singh
simultaneously derived similar results [JLGS19]. They implicitly derive a version of our even SVT
result, and use it to achieve generic SVT (approximate SQ(b! f(SV)(A)) for a vector b) by writing
FOEVI(A) = Ag(AtA) for g(z) = f(\/z)/+/T and then using sampling subroutines to get the solution
from the resulting expression b' ARTUR. It is difficult to directly compare the main SVT results,
because the parameters that appear in their runtime bounds are somewhat non-standard, but one
can see that for typical choices of f, their results require a strictly low-rank A. In comparison our
results apply to general A, and we also demonstrate how to apply them to (re)derive dequantized
algorithms.

1.6 Open questions

Our framework recovers recent dequantization results, and we hope that it will be used for de-
quantizing more quantum algorithms. In the meantime, our work leaves several natural open
questions:

(a) In the quantum setting, linear algebra algorithms [GSLW19] can achieve logarithmic depen-
dence on the precision £. Can classical algorithms also achieve such exponentially improved
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dependence, when the goal is restricted to sampling from the output (i.e., without the require-
ment to query elements of the output)? If not, is there a mildly stronger classical model that
can achieve this? Could this exponential advantage be exploited in a meaningful way?

(b) Our algorithms still have significant slowdown as compared to their quantum counterparts.

~ 6
Can we shave condition number factors to get runtimes of the form O('Lﬁﬂg log3 %) (for the

recommendation systems application, for instance)? Can we get even better runtimes by
somehow avoiding SVD computation?

(c) Is there an approach to QML that does not go through HHL (whose demanding assumptions
make exponential speedups difficult to demonstrate even in theory) or a low-rank assumption
(which, as we demonstrate, makes the tasks “easy” for classical computers)?

1.7 Organization

The paper proceeds as follows. Section 2.2 introduces the notion of (over)sampling and query access
and some of its closure properties. Section 2.3 gives the fundamental idea of using sampling and
query access to sketch matrices used for the main singular value transformation results in Section 3.1
and miscellaneous approximation results in Section 3.2. These results form the framework that is
used to dequantize QSVT in Section 3.3 and recover all the quantum-inspired results in Section 4.
These applications of our framework contain various tricks and patterns that we consider to be “best
practice” for coercing problems into our framework, since they have given us the best complexities
and generality. Proofs of the results in Section 3 are contained in Section 5.

2 Preliminaries

To begin with, we define notation to be used throughout this paper. For n € N, [n] := {1,...,n}.
For z € C, its absolute value is |z| = v/2*z, where z* is the complex conjugate of z. f < g denotes
the ordering f = O(g) (and respectively for 2 and ~). O(g) is shorthand for O(gpoly(logg)).
Finally, we assume that arithmetic operations (e.g addition and multiplication of real numbers) and
function evaluation oracles (computing f(z) from x) take unit time, and that queries to oracles (like
the queries to input discussed in Section 2.2) are at least unit time cost.

2.1 Linear algebra

In this paper, we consider complex matrices A € C"™*" for m,n € N. For i € [m],j € [n], we let
A(i, ) denote the i-th row of A, A(-,7) denote the j-th column of A, and A(%,j) denote the (7, j)-th
element of A. (A | B) denotes the concatenation of matrices A and B and vec(A) € C™" denotes
the vector formed by concatenating the rows of A. For vectors v € C", ||v|| denotes standard
Euclidean norm (so ||v|| := (Z?:1|vi|2)1/2). For a matrix A € C™*", the Frobenius norm of A
is || Al|p = [[vec(4)]| = o, Z;LZIIA(i,j)IQ)l/Q and the spectral norm of A is ||A| = ||A]op :=
SUP,ecn |z)=1 || A]-

A singular value decomposition (SVD) of A is a representation A = UDVT, where for N :=
min(m,n), U € C™N and V € C"™V are isometries and D € RV*V is diagonal with o; := D(,1)
and 01 > 09 > --- > oy > 0. We can also write this decomposition as A = Zf\;l o U )V (i)t
We now formally define singular value transformation:
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Definition 2.1. For a function f: [0,00) — C such that f(0) = 0 and a matrix A € C™*", we

define the singular value transform of A via a singular value decomposition A = Zf;lrll(mn) aiuivg :
min(m,n)
FV@) = Y7 flou]. (1)
i=1

The requirement that f(0) = 0 ensures that the definition is independent of the (not necessarily
unique) choice of SVD.

Definition 2.2. For a function f : R — C and a Hermitian matrix A € C™*"  we define the
eigenvalue transform of A via a unitary eigendecomposition A = """ , )\ivl-v;-r :

FEVA) =37 Favi]. (2)
=1

Since we only consider eigenvalue transformations of Hermitian matrices, where singular vec-
tors/values and eigenvectors/values (roughly) coincide, the key difference is that eigenvalue transfor-
mations can distinguish eigenvalue sign. As this is the standard notion of a matrix function, we will
usually drop the superscript in notation: f(A) := fEV)(A).

We will use the following standard definition of a Lipschitz function.

Definition 2.3. Wesay f: R — Cis L-Lipschitz on § C Rifforallz,y € §, | f(z)— f(y)| < Llz—y].

We say that U is an isometry if |Uz|| = ||z|| for all z, or equivalently, if U is a subset of columns
of a unitary. We define approximate isometry as follows”:

Definition 2.4. Let m,n € N and m > n. A matrix V € C"™*" is an a-approximate isometry if
VTV —I|| < o 1t is an a-approzimate projective isometry if |[VIV —II|| < o for IT an (orthogonal)
projector.

If V is an a-approximate isometry, among other things, it implies that |||V]|? — 1| < « and that
there exists an isometry U € C™*" with im(U) = im(V') such that |[U — V|| <1 —+/1 — «, which
is O(a) for a bounded away from one.

2.2 Sampling and query access oracles

Since we want our algorithms to run in time sublinear in input size, we must be careful in defining
the access model. Our input model is unconventional, being designed as a reasonable classical
analogue for the input model of some quantum algorithms. The sampling and query oracle we
present below can be thought of as a classical analogue to a quantum state, and will be used heavily
to move between intermediate steps of these quantum-inspired algorithms. First, as a warmup, we
define a simple query oracle:

Definition 2.5 (Query access). For a vector v € C™, we have Q(v), query access to v if for all i € [n],
we can query for v(7). Likewise, for a matrix A € C"™*", we have Q(A) if for all (z,7) € [m] x [n],
we can query for A(i, j). Let q(v) (or q(A)) denote the (time) cost of such a query.

9This is the notion of approximate orthonormality as given by the first arXiv version of [Tan19)].
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For example, in the typical RAM access model, we are given our input v € C" as Q(v) with
q(v) = 1. For brevity, we will sometimes abuse this notation (and other access notations) and
write, for example, “Q(A) € C™*™” instead of “Q(A) for A € C"™*™”. We will also sometimes abuse
complexity notation like q to refer to known bounds on the complexity, instead of the complexity
itself.

Definition 2.6 (Sampling and query access to a vector). For a vector v € C", we have SQ(v),
sampling and query access to v, if we can:

1. query for entries of v as in Q(v);

2. obtain independent samples i € [n] following the distribution D, € R"™, where D,(i) :=

[o(@)2/llv]1*;
3. query for ||v]|.

Let q(v), s(v), and n(v) denote the cost of querying entries, sampling indices, and querying the
norm respectively. Further define sq(v) := q(v) + s(v) + n(v).

We will refer to these samples as importance samples from v, though one can view them as
measurements of the quantum state |v) := HTIH > w;li) in the computational basis.

Quantum-inspired algorithms typically don’t give exact sampling and query access to the output
vector. Instead, we get a more general version of sampling and query access, which assumes we can
only access a sampling distribution that oversamples the correct distribution.!”

Definition 2.7. For v € C", p € RY is a ¢-oversampled importance sampling distribution of v (for

¢>1)if Y p(i) =1 and, for all ¢ € [n], p(i) > Dy(i)/¢ = Z)H(’Z)H'j

If p is a ¢-oversampled importance sampling distribution of v, any given output i € [n] is no more
than ¢-times rarer in p compared to the desired distribution D,. As a result, intuitively, estimators
that use D, can also use p, with a factor ¢ increase in the number of samples necessary. For example,
we can convert a sample from p to a sample from D, with probability 1/¢ with rejection sampling:
sample an i distributed as p, then accept the sample with probability (D, (i)/p(i))/®.

Definition 2.8 (Oversampling and query access). For v € C" and ¢ > 1, we have SQ,(v), ¢-
oversampling and query access to v, if we have Q(v) and SQ(v) for © € C™ a vector satisfying
15]|2 = ¢||v]|? and [#(7)|* > |v(i)|* for all i € [n]. Denote p(i) := Dy (i), s¢(v) :=s(0), q4(v) := q(D),
ng(v) :=n(v), and sq,(v) = s4(v) + q,(v) + q(v) + ny(v).

SQ;(v) is the same as SQ(v), if we take o = v. Note that our algorithms need to know |||
(even if ||v| is known), as it cannot be deduced from a small number of queries, samples, or
probability computations. So, we will be choosing ¥ (and, correspondingly, ¢) such that ||7]|?
remains computable, even if potentially some cv satisfies all our other requirements for some ¢ < 1
(giving a smaller value of ¢). Finally, note that oversampling access implies an approximate version
of the usual sampling access:

100Oversampling turns out to be the “natural” form of approximation in this setting; other forms of error do not
propagate through quantum-inspired algorithms well.
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Lemma 2.9. Suppose we are given SQg4(v) and some § € (0,1]. Denote sq(v) := ¢sq,(v) log 3.
We can sample from D, with probability > 1 — 6 in O(sq(v)) time. We can also estimate ||v| to v
multiplicative error for v € (0,1] with probability > 1— 6§ in O(-% sq(v)) time.

V2

Generally, compared to a quantum algorithm that can output (and measure) a desired vector |v),
our algorithms will output SQ4(u) such that [|u — v|| is small. So, sq(v) is the relevant complexity
measure that we will analyze and bound: if we wish to mimic samples from the output of the quantum
algorithm we dequantize, we will pay a one-time cost to run our quantum-inspired algorithm, and
then pay sq(v) cost per additional measurement. As for error, bounds on ||u — v|| imply that
measurements from u and v follow distributions that are close in total variation distance [Tan19,
Lemma 4.1].

Lemma 2.10 (Linear combinations, Proposition 4.3 of [Tan19]). Given SQ,, (v1),...,SQ., (vx) €

C" and A1, ..., A\ € C, we have SQ4(>_ Aiv;) for ¢ = k%ﬁ‘gjﬂ‘f and sq (D Aivi) = rlrelf[ik)]( Sy, (Vi) +

Zle a(v;) (after paying (’)(Z?Zl n,, (UZ)> one-time pre-processing cost to query for norms).

So, our general goal will be to express our output vector as a linear combination of a small number
of input vectors that we have sampling and query access to. Then, we can get an approximate SQ
access to our output using Lemma 2.9, where we pay an additional “cancellation constant” factor of
k% This factor is only large when the linear combination has significantly smaller norm
than the components v; in the sum suggest. Usually, in our applications, we can intuitively think
about this overhead being small when the desired output vector mostly lies in a subspace spanned
by singular vectors with large singular values in our low-rank input. Quantum algorithms also have
the same kind of overhead. Namely, the QSVT framework encodes this in the subnormalization
constant a of block-encodings, and the overhead from the subnormalization appears during post-
selection [GSLW19]. Assuming this cancellation is not too large, the resulting overhead won’t affect
the runtime of our applications.

We also define oversampling and query access for a matrix. The same model (under an alternative
definition) is also discussed in prior work [FKV04, DKRO02] and is the right notion for the sampling
procedures we will use.

Definition 2.11 (Oversampling and query access to a matrix). For a matrix A € C™*", we
have SQ(A) if we have SQ(A(,-)) for all ¢ € [m] and SQ(a) for a € R™ the vector of row norms
(a(i) = AG, ) ). o )

We have SQg4(A) if we have Q(A) and SQ(A) for A € C™*™ satisfying || A[|f = ¢ Al|§ and
|A(i, ) > [A(i, 4)|? for all (i, ) € [m] x [n].

The complexity of (over)sampling and querying from the matrix A is denoted by sy(A4) :=
max(s(A(i,)), 5()), as(4) = max(a(A(i, )), (@), a(A) := max(a(A(i,))), and ng(A) == n(a)
respectively. We also use the notation sq(A) := max(sy(A), q4(A),q(A), ng(A)) We omit subscripts
if = 1.

P

Observe that SQ,(A) implies SQ,(vec(A)): we can take vec(A) = vec(A), and the distribution

for vec(A) is sampled by sampling i from D;, and then sampling j from D Agi) This gives the
output (i, 7) with probability |A(4, j)|*/||A||3. Therefore, SQ,(A) can be thought of as SQ(vec(A)),
with the additional guarantees that we can compute marginals Z?zl D, o(A) (7,7) and can sample

from the resulting conditional distributions D, 1) (%, 7)/ 22721 Dyee(4) (6 4)-

20



Lemma 2.12. Given vectors u € C™,v € C" with SQ,, (u),SQ,, (v) access we have SQ,(A) for
their outer product A := uv' with ¢ = @y, and sg(A) = sy, (u) + 84, (v), q,(A) = q,, (u) +q,, (v),
q(A) = q(u) + q(v), and ng(A) = ny, (u) +ny, (v),

The above shows that Definition 2.11 is a faithful generalization of Definition 2.8, i.e., for a
vector v we get back essentially the same definition if we think about it as a row / column matrix.

Using the same ideas as in Lemma 2.10, we can extend sampling and query access of input matrices
to linear combinations of those matrices.

Lemma 2.13. Given SQ 1) (AW),...,SQ (A7) € C™", we have SQ4(A) € C™™ for A :=

- . I oM A A |2 -
ST NA® with ¢ = FEESEERE and so(4) = maxs o (AY) + ST ap0(A0), dg(4) =

> i1 Apt) (AM), q(A) =37, a(AD), and ng(A) = 1 (after paying O(Z;l n,u (A(t))) one-time

pre-processing cost).

Remark 2.14. From the lemmas we’ve introduced, we can already get oversampling and query access
to some modest expressions. Suppose we have sampling and query access to A, ..., AT e cmxn,
Then
A

(AYFADM oo (AT A = AT A, where A := |
A
One can verify that we can simulate SQ(A), only paying at most a factor of 7 more for queries,
giving a version of Lemma 2.12 for these “even” expressions (A(t))TA(t). Moreover, if we are willing
to pay factors of m as well, we can write

ATA =Y A, )TAG, ),
i=1

and get SQ¢(ATA) from SQ(A), Lemma 2.12, and Lemma 2.10. We can generalize this to RUR
decompositions, a decomposition occurring frequently in our results: suppose we have SQ(A) for
A e Cm™*" R e C'*™ a (possibly normalized) subset of rows of A, and a matrix U € C"*". Then

RIUR=7) > U(i,j)R(i, ) R(j,),

i=1 j=1

which is a linear combination of 72 outer products involving rows of A. So, by Lemma 2.12 and
Lemma 2.10, we have SQ4(RTUR).

Quantum machine learning algorithms and their corresponding quantum-inspired algorithms
have the potential to achieve exponential speedups when their state preparation procedures run in
time polylog(n). So, the most interesting regime for us is when our sampling and query oracles take
poly-logarithmic time. This assumption can be satisfied in various ways.

Remark 2.15. Below, we list various settings where we have sampling and query access to input
matrices and vectors, and whenever relevant, we compare the resulting runtimes to the time to
prepare analogous quantum states. Note that because we do not analyze classical algorithms in the
bit model, their runtimes may be missing log factors that should be counted for a fair comparison
between classical and quantum.
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Figure 1: Dynamic data structure for A € C?>**. We compose the data structure for a with the
data structure for A’s rows.

(a)

(Data structure) Given v € C" in the standard RAM model, the alias method [Vos91] takes
O(n) pre-processing time to output a data structure that uses ©(n) space and can sample
from v in O(1) time. In other words, we can get SQ(v) with sq(v) = O(1) in O(n) time, and
by extension, for a matrix A € C™*", SQ(A) with sq(A) = ©(1) in O(mn) time.

More precisely, the pre-processing time is linear in the number of non-zero entries of the input
vector (resp. matrix), which we denote nnz(v) (resp. nnz(A4)). A direct consequence of this
observation is that the quantum-inspired setting is more restrictive than the typical randomized
numerical linear algebra algorithm setting. With this data structure, a fast quantum-inspired
algorithm (say, one running in time O(7'sq(A)) for T" independent of input size) implies an
algorithm in the standard computational model (running in O(nnz(A) + T) time).

(Dynamic data structure) QML algorithms often assume that their input is in a QRAM data
structure [Prald, KP20, GLM08, WZP18, RSW'19, CGJ19], arguing that, with the right
type of quantum access, this data structure allows for circuits preparing input states with
linear gate count but polylog depth. Hardware might be able to parallelize these circuits
enough so that they run in polylog time. In the interest of considering the best of all possible
worlds for QML, we will treat circuit depth as runtime for QRAM and ignore technicalities.

This data structure (see Fig. 1) admits sampling and query access to the data it stores with
just-as-good runtimes: specifically, for a matrix A € C"™*"  we get SQ(A) with q(A) = O(1),
s(A) = O(logmn), and n(A) = O(1). So, quantum-inspired algorithms can be used whenever
QML algorithms assume this form of input.

Further, unlike the alias method stated above, this data structure supports updating entries
in O(logmn) time, which can be useful for applications of QML where data can accumulate
over time [KP17].

(Integrability assumption) For v € C", suppose we can compute entries and sums ) ;. I(b)|Ui|2
in time T', where I(b) C [n] is the set of indices whose binary representation begins with the
bitstring b. Then we have SQ(v) where q(v) = O(T),s(v) = O(T'logn), and n(v) = O(T).
Analogously, a quantum state corresponding to v can be prepared in time O(T logn) via
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Grover-Rudolph state preparation [GR02]. (One can think about the QRAM data structure
as pre-computing all the necessary sums for this protocol.)

(d) (Uniformity assumption) Given O(1)-time Q(v) € C" and a 3 such that max|v;|® < 3/n, we
have SQ,(v) with ¢ = /||v[|? and squ(v) = O(1), by using the vector whose entries are all
\/B/n as an upper bound. Assuming the ability to query entries of v in superposition, a
quantum state corresponding to v can be prepared in time O(\/alog n)

(e) (Sparsity assumption) If A € C™*" has at most s non-zero entries per row (with efficiently
computable locations) and the matrix elements are |A(7, j)| < ¢ (and efficiently computable),
then we have SQ,(A) for ¢ = CQW, simply by using the uniform distribution over non-zero

F

entries for the oversampling and query oracles. For example, for SQ(a) we can set a(i) := cy/s,
and for A(7,-) we use the vector with entries ¢ at the non-zeros of A(7,-) (potentially adding
some “dummy” zero locations to have exactly s non-zeroes).

If A is not much smaller than we expect, ¢ is independent of dimension. For example, if A
has exactly s non-zero entries per row and |A(4, j)| > ¢’ for non-zero entries, then ¢ < (c/c’)%.
This kind of sparsity assumption is used in some QML and Hamiltonian simulation problems
[HHLO09].

(f) (CT states) In 2009, Van den Nest defined the notion of a “computationally tractable”
(CT) state [VAN11]. Using our notation, [) € C" is a CT state if we have SQ(¢) with
sq(¢) = polylog(n). Van den Nest’s paper identifies several classes of CT states, including
product states, quantum Fourier transforms of product states, matrix product states of
polynomial bond dimension, stabilizer states, and states from matchgate circuits.

2.3 Matrix sketches

Definition 2.16. For a distribution p € R™, we say that a matrix S € R%*™ is sampling according
to p if each row of S is independently chosen to be e;/+/sp(i) with probability p;.

We call such S’s importance sampling sketches when p comes from SQ(A) for some A € C"™*™,
and we call them ¢-oversampled importance sampling sketches if p comes from SQ¢(A) (or, more
generally, from a ¢-oversampled importance sampling distribution of a).

One should think of S as sketching A down to SA. First, some basic observations.

Remark 2.17. Let S € C**™ be a ¢-oversampled importance sampling sketch of A € C™*™. Then

we can bound the row norms and Frobenius norm of SA. Let p be the distribution used to create

S, and let s; be the sample from p used for row i of S. Then ||[SA](i,-)|| = —= S | A(si, )| <
sp(t

Vo/s||Allr and, consequently, ||SA|r < V¢||Allr. When ¢ = 1, these inequalities are equalities.

This remark describes unconditional bounds on norms, but as s increases, the norms of SA
approach the norms of A. So, for example, ||[SA|r = ©O(]|Al|r) and ||SA|| = ©(||A]|) with constant
probability for s = Q(#) (Lemma 5.1) and s = Q(¢?||A||%/|A]|?) (Lemma 3.8), respectively. We
will use the spectral norm bound extensively, but since we will usually be in the ¢ = O(1) regime,
the corresponding Frobenius norm bound won’t see as much use.

In the standard algorithm setting, computing an importance sampling sketch requires reading all

of A, since we need to sample from D,. If we have SQ¢(A), we can efficiently create a ¢-oversampling
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sketch S in O(s(s¢(A) +qy(A)) + ng(A)) time: for each row of S, we pull a sample from p, and
then compute /p(i). After finding this sketch S, we have an implicit description of SA: it is a
normalized multiset of rows of A, so we can describe it with the row indices and corresponding
normalization, (i1, c1),. .., (is,Cs).

The core technique of our quantum-inspired algorithms is to use these kinds of sketches to
approximate matrix expressions. Further, we can chain them with a simple observation.

Lemma 2.18. Consider SQ@(A) e C™*™ and S € R™™ sampled according to a, described as pairs
(i1,¢1); .o, (iry ). If 7 > 2002 ln%, then with probability > 1— 4, we have SQ4(SA) and SQ¢,((SA) )
for some ¢ satisfying ¢ < 2p. If o = 1, then for all v, we have SQ(SA) and SQ((SA)T).

The runtimes for SQ,(SA) are q(SA) = q(A), ss(SA) = s4(A), qd,(SA) q4(A), and
ny,(SA) = O(1), after O(ny(A)) pre-processing cost. The runtimes for SQ¢((SA) ) are q((SA)T) =
a(A), su((SA)T) =s4(A4) + rq,(A), q ((SA) ) =1q4(A), and n,((SA)T) = ng(A).

So, if we have a matrix A, along with SQ(A), we can find a sketch S of A, and then use the
resulting SQ((SA)') to find a sketch Tt of (SA)T. The same argument works for SQ,(A), just with
a mild lower bound on the size of the sketches and § failure probability. This fully sketched down
version of A, SAT, will be used extensively, since it is small enough that we can compute functions
of it in time independent of dimension. When we refer to sketching A down to SAT, we use the
above observation for sampling 7T'.

3 Main results and technical tools

3.1 Singular value transformation

First, our main result: given SQ4(A) and a smooth function f, we can approximate f (ATA) by the
decomposition RTZR + f(0)I.

Theorem 3.1 (Even singular value transformation). Let A € C™*" and f: Rt — C be such that,
f and f(z) := (f(z) — £(0))/x are L-Lipschitz and L-Lipschitz, respectively, on U ,[0? —d, 02 + d]
for some d > 0. Take parameters € and & such that 0 < e < L||A||?2 and § € (0,1]. Choose a norm
x € {F,Op}.

Suppose we have SQd)(A). Consider the importance sampling sketch S € R™™™ corresponding to
SQ4(A) and the importance sampling sketch Tt € R*™ corresponding to SQS%((SA)T) (which we
have by Lemma 2.18). Then, for R := SA and C := SAT, we can achieve the bound

Pr [||RT FCCHR + F(O) — f(ATA)|], > s} <5, (3)

if rye > ||A|)? ||AHF<Z>2 log 5 (or, equivalently, d > & : = [|A|lIlA]lr (d) log 1/5 )1/2) and

- 1 1 ~ - 1 1
r=Q(eLARIAIR S log5) e = (S LA A AR log 5 ). (4)
By our discussion in Section 2.3, finding the sketches S and T for Theorem 3.1 takes time

O((r +¢) sp(A) + re q,(A) + n,(A)), querying for all of the entries of C' takes additional time
O(req(A)), and computing f(CCT) takes additional time O (min(r?c,r¢?)) (if done naively). For
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our applications, this final matrix function computation will dominate the runtime, and the rest of
the cost we will treat as O(resqy(A)).

We give intuition for this theorem in Section 1.2, so here we only discuss some technical remarks.
The assumption that ¢ < L||A||? is for non-degeneracy: if € > L||A||?, then the naive approximation
f(0)I of f(ATA) would suffice, since || f(0)I — f(ATA)|| < L||A||? < ¢ as desired. The bounds on r, ¢
relative to d won’t come into play often, since we can often design our singular value transforms
such that they are smooth everywhere. For example, if our desired transform f becomes non-smooth
outside the relevant interval [0, || A]|?], we can apply Theorem 3.1 with d = co and the function g
such that g(z) = g(||A||?) for = > ||A||?> and g(x) = f(z) otherwise. Then g(ATA) = f(ATA) and g
is smooth everywhere, so we don’t need to worry about the d parameter. Finally, we note that no
additional log terms are necessary (i.e., Q becomes Q) when Frobenius norm is used.

To perform error analyses, we will need bounds on the norms of the matrices in our decomposition.
The following lemma gives the bounds we need for Section 4.

Lemma 3.2 (Norm bounds for even singular value transformation). Suppose the assumptions from
Theorem 3.1 hold and the event in Eq. (3) occurs (that is, RTf(CCT)R =~ f(ATA) — f(0)I). Then

we can additionally assume that the following bounds also hold:

IRl = O(lAl) and |Rlle = O(Allr), (5)
min(r,c)
Ifcch < max{|f@)|ee |J [b?-eot+a}, (6)
=1
when x = Op, ||[Ri\/Fcch| < \/Ilf(ara) - ro)1] +e. (7)

Eq. (7) is typically a better bound than combining Eqgs. (5) and (6). For intuition, notice this is
true if €,& = 0: the left-hand and right-hand sides of the following inequality are the two ways to
bound ||Rf\/f(CCT)||?, up to constant factors (¢ below runs over the singular values of A):

IF(A4) ~ SO < max £(0) — F(0)] < maco? ms 1) 2SO

o o 0‘2

= [|AJJ* max | f(o)].

While we will primarily use the simple and fast primitive of even singular value transformation to
recover “dequantized QML”-type results, we can also get generic singular value transformation and
eigenvalue transformation results by bootstrapping Theorem 3.1.

Theorem 3.3 (Generic singular value transformation). Let A € C"™*™ be given with both SQ,(A)
and SQg(A") and let f : R — C be a function such that f(0) = 0, g(z) := f(\/x)/\/x is L-
Lipschitz, and g(x) := g(x)/x is L-Lipschitz. Then, for 0 < e < L||A||?, we can output sketches
R:=SAe€C™ and C := AT € C"™*¢, along with M € C"*¢ such that

Pr [HCMR 1 g(0)A — FOVA)| > a} <4,

with r = Q<¢2L2HAH2HAH§E%10g %) and ¢ = Q(¢2L2\\A\|4HAH%€%Iog %). Finding S, M, and T
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takes time

1
O((Z2IAIFIAIR + L2 A1 Al & tog +

+ (L2L?|| Al 2|l + ZH]A° ”AHF) log

(56(A) + s(AT) + %(A) +qy(AN)

5 q(A)

1
(L4L2HAH16HAHF+L6HAH10HA”F) log 5T (A)>

If we only wish to assume SQ4(A), we can do so by using Lemma 3.5 instead of Lemma 3.6 in
our proof, paying an additional factor of %.

Assuming that sq,(A4), sq¢(AT) = O(1), this runtime is dominated by the last line. For intuition,
if A is strictly low-rank, with minimum singular value o, or essentially equivalently, if f(z) = 0 for
r <o, then L <//c? and L = ¢/o* for ¢ the Lipschitz constant of f. Estimating f(A) takes time

<<||A||101|(|3A”F_‘_ IIAII(;‘lIQ‘lH%)(fHAH) 5 log 5) (8)

Importantly, when ¢ = O(¢||A||) (that is, if we want additive error), this runtime is independent
of dimension. If one desires greater generality, where we only need to depend on the Lipschitz
constant of f, we can use a simple trick: for spectral norm bounds, one can always assume that A
is strictly low rank. Consider the variant of f, f>,, which is zero below ¢ /2, f above o, and is a
linear interpolation in between.

0 0<z<o/2
[>e() ' =¢ (22/c—1)f(0) o/2<zx<0
f(z) o<z

Then || fOV)(4) — fﬁse\//; (A)|| < e, because f(e/¢) < e. Further, the Lipschitz constant of fs. is at
most 2¢: the slope of the linear interpolation is 2f(c)/o < 20o /. So, we can run our algorithm for
arbitrary ¢-Lipschitz f in the time given by Eq. (8), with o = £//.

We do not use this theorem in our applications. Sometimes we implicitly use a similar strategy
(e.g. in Section 4.4), but because we apply our matrix to a vector (f(A")b) we can use Lemma 3.10

instead of Lemma 3.6 when approximating. So, we get effectively the same result without needing a
SQ(AT) oracle!!.

Theorem 3.4 (Eigenvalue transformation). Suppose we are given a Hermitian SQ,(A) € C™ ",
a function f : R — C that is L-Lipschitz on U [\; — d,\; + d] for some d > %, and some
e € (0,L||Al|]. Then we can output matrices S € C*™, N € C***, and D € C**¥, with
s= 6(¢2||A||4HA||%§ log %) and s' = O(|| A|2L2/<2), such that

Pr {H(SA)TNTDN(SA) + OV — FEVA)| > g] <4,

"'While this assumption is not much more than SQ(A), a weaker input model is better since we want our algorithm
to run whenever a corresponding QML algorithm can.
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n time

1

1)
1 1

+ (L1 AI A og? 5 + LA AN log? ) a(4)

1

@((LIOE’IOIIAHSIIAII%¢2 log = + L A[|p¢” log )(s4(4) + a4 (4))

_ 1
+ L2272 A A][§° log? 5 ).

Moreover, this decomposition satisfies the following further properties. First, NSA is an approximate

isometry: |[(NSA)(NSA) —1I|| < (ﬁ)g. Second, D is a diagonal matriz and its diagonal entries

satisfy |D(i,1) + f(0) — f(N\i)| < € for all i € [n] (where D(i,3) :== 0 fori > s).

Al
lAlle

Under the reasonable assumptions'? that sq(A) is small (like O(1)) and ¢ < L||A||
complexity of this theorem is (5(L225*22HA||16HA||% log® 1).

, the

3.2 Technical tools

To prove the main theorems as well as the results in our applications, we need some technical tools
that were developed or derived from previous results. We summarize them in this subsection.

We begin with a fundamental observation: given sampling and query access to a matrix A, we
can approximate the matrix product AfB by a sum of rank-one outer products. We formalize this
with two variance bounds, which we can use together with Chebyshev’s inequality.

Lemma 3.5 (Asymmetric matrix multiplication to Frobenius norm error, [DKMO06, Lemma 4]).
Consider X € C™*™Y € C™*P, and take S € R**™ to be sampled according to p € R™ a
¢-oversampled importance sampling distribution from X orY. Then,

¢ - , , ¢
E[IXTSTSY — XTY[[§] < CIX|FIYIE - and E[Z ISXIGAIPNSYIG 1P| < SIXIEIY IR

=1

If we have sampling and query access to both matrices in the product, the failure probability
falls exponentially. This is the key lemma we use most in Section 4.

Lemma 3.6 (Approximating matrix multiplication to Frobenius norm error; corollary of [DKMOG,
Theorem 1]). Consider X € C™*™)Y € C™*P, and take S € R**™ to be sampled according to
p—;q, where p,q € R™ are ¢1, p2-oversampled importance sampling distributions from X,Y,
respectively. Then S is a 2¢1, 2¢2-oversampled importance sampling sketch of X,Y , respectively.

Further,
8 log2/6
Pr [|xtsTsy - xT¥ < /S22 ) 51—

Remark 3.7. Lemma 3.6 implies that, given SQ,, (X) and SQ,,(Y’), we can get SQ,(M) for M a

2 2
sufficiently good approximation to XY, with ¢ < (251(;52%
F

property for oversampling and query access under matrix products.

roi=

. This is an approximate closure

12The correct way to think about ¢ is as some constant fraction of L||A||. If € > L||A|| then f(0)I is a satisfactory
approximation. The bound we give says that we want an at least ||A|r/||A|| improvement over trivial, which is modest
in the close-to-low-rank regime that we care about. Similar assumptions will appear later on in Section 4.
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Given the above types of accesses, we can compute the sketch S necessary for Lemma 3.6 by
taking p = Dz and ¢ = Dy), thereby finding a desired M := X t81SY. We can compute entries of M
with only s queries each to X and Y, so all we need is to get SQ(M ) for M the appropriate bound.
We choose |M (i,7)|? := s 5_, [[SX](¢,4)[SY](4, j)|?; showing that we have SQ(M) follows from
the proofs of Lemmas 2.12 and 2.13, since M is simply a linear combination of outer products of
rows of X with rows of Y. Finally, this bound has the appropriate norm. Notating the rows sampled
by the sketch as k1, ..., ks, we have

) s ! )X (e, IPIY (ke )1

M|% = SXI(C)IPNSYI(E, )I* = : v

187112 = s3SI IPIS YL )| sijﬁUﬂwwz Pl
= =1 X112 IYIIE

- 4”5((]“67')“2”{(]“67')H2 1211V 12 2 2
<§ = - = || X Y .= X Y .
T (Xl kel IXTEIY e = 102 XYz

- XY F

If X =Y, we can get an improved spectral norm bound: instead of depending on || X||%, error
depends on || X ||| X || .

Lemma 3.8 (Approximating matrix multiplication to spectral norm error [RV07, Theorem 3.1]).
Suppose we are given A € R™ ™ ¢ > 0,0 € [0,1], and S € R**™ a ¢-oversampled importance
sampling sketch of A. Then

2log slog1/8
Pr [|AT5tsA - ata) 5 /Y gy age] S

The above results can be used to approximate singular values, simply by directly translating the
bounds on matrix product error to bounds on singular value error.

Lemma 3.9 (Approximating singular values). Given SQ,(A) € C™*" and € € (0,1], we can form
importance sampling sketches S € R™™ and TT € R in O((’F +¢) Sq¢(A)) time satisfying the
following property. Take r = Q(‘f—j log %) and ¢ = Q(f—; log %) Then, if o; and &; are the singular
values of A and SAT, respectively (where 6; = 0 for i > min(r, c)), with probability > 1 — 4,

min(m,n)

> (@7 - <el Al

i=1
If we additionally assume that € < ||A||/||A|lr, we can conclude |o? — 62| < e||A||||Allg.

Finally, if we wish to approximate a vector inner product ufv, a special case of matrix product,
we can do so with only sampling and query access to one of the vectors while still getting log%
dependence on failure probability.

Lemma 3.10 (Inner product estimation, [Tan19, Proposition 4.2]). Given SQu(u),Q(v) € C",
we can output an estimate ¢ € C such that |c — (u,v)| < e with probability > 1 — 0 in time

O(llull?[[v]* 5 log 5 (say(u) + a(v))).

Remark 3.11. Lemma 3.10 also applies to higher-order tensor inner products:
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(a) (Trace inner products, [GLT18, Lemma 11]) Given SQ,(A) € C™*" and Q(B) € C™*", we
can estimate Tr[ABT] to additive error ¢ with probability at least 1 — & by using

1

2 2
O<¢HA”};!BHF (sq¢(A) 4 q(B)) log 5)

time. To do this, note that SQ,(A) and Q(B) imply SQ(vec(A)) and Q(vec(B)). Tr[AB] =
(vec(B), vec(A)), so we can just apply Lemma 3.10 to conclude.

(b) (Expectation values) Given SQ4(A4) € C™*™ and Q(x),Q(y) € C", we can estimate xT Ay to
additive error € with probability at least 1 — § in

Al 2]y
o141,

4]

S (sa,4) + ale) + atw) o

time. To do this, observe that 2T Ay = Tr(z Ay) = Tr(Ayz") and that Q(yz') can be simulated
with Q(z), Q(y). So, we just apply the trace inner product procedure.

Finally, we observe a simple technique to convert importance sampling sketches into approximate
isometries, by inserting the appropriate pseudoinverse. This will be used in some of the more
involved applications.

Lemma 3.12. Given A € C™*", S € C"™*™ sampled from a ¢-oversampled importance sampling
distribution of A, and TT € C™ ¢ sampled from an < ¢-oversampled importance sampling distribution

of (SA), let R := SA and C = SAT. If, for a € (0,1], r = Q(Wlo L) and ¢ =
) T T 4 ’ ’ ) - O'é g5 -

~ 2 2 2

Q(% log %), then with probability > 1—6, ((Cx)* R)T is an a-approzimate projective isometry
k

onto the image of (Cy)t. Further, (DVTR) is an a-approzimate isometry, where C’,j =UDV'isa

singular value decomposition truncated so that D € R¥** s full rank (so k' < min(k, rank(A))).

One can observe that, for a sufficiently good sketch C, R ~ Cj(Cy)T R in spectral norm, giving
a generic way to approximate a sketch R by a product of a small matrix with an approximate
projective isometry. We don’t need it in our proofs, so we don’t include this computation.

3.3 Dequantizing QSVT

We can use the above results to dequantize the quantum singular value transformation described by
Gilyén et al. [GSLW19] for close-to-low-rank input.

Definition 3.13. For a matrix A € C™*™ and p(z) € C[z] degree-d polynomial of parity-d (i.e.,
even if d is even and odd if d is odd), we define the notation p(QV)(A) in the following way:

1. If p is even, meaning that we can express p(x) = q(x?) for some polynomial ¢(z), then
PV (4) = q(ATA) = p(VATA).

2. If p is odd, meaning that we can express p(z) = x - g(z?) for some polynomial g(z), then

pY(4) = A-g(ATA).
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Theorem 3.14. Suppose we are given a matriz A € C"™*™ satisfying || Allp = 1 via the oracles for
SQ(A) with sq(A) = O(log(mn)), a vector SQ(b) € C"™ with ||b]| =1 and sq(b) = O(logn), and a
degree-d polynomial p(x) of parity-d such that |p(z)| <1 for all z € [-1,1].

Then with probability > 1 — 6, for € a sufficiently small constant, we can get SQ¢(U) € C" such

that [jo — p@) (A)b] < £ [p Q) (A in poly (d. achoyr. L 4. logmn) time.
Specifically, for p even, the runtime is
3 d'o|| A" 1 dP[A® +d°) AP 1
log® — log? 1
(et ™ 5 a1 5 o)

with

N ~ dlZHAH4 1
= 1 log® ~
=q(v) O<e4|rp<QV><A>b||6 og(mn) log 6)’

and for p odd, the runtime is

S AEIAIS AR At
P @IARNE @At

with

N ~ d®
%20) = O g s )

From this result it follows that QSVT, as described in [GSLW19, Theorem 17], has no exponential
speedup when the block-encoding of A comes from a quantum-accessible “QRAM” data structure as
in [GSLW19, Lemma 50]. In the setting of QSVT, given A and b in QRAM, one can prepare |b) and
construct a block-encoding for A/||A||r = A in polylog(mn) time. Then one can apply (quantum)
SVT by a degree-d polynomial on A and apply the resulting map to |b) with d-polylog(mn) gates and
finally project down to get the state [p{QV)(A)b) with probability > 1 — § after @(Wm log %)

iterations of the circuit. So, getting a sample from [p(QV)(A)b) takes @(dm polylog(mn/d))

time. This circuit gives an exact outcome, possibly with some log(1/¢) factors representing the
discretization error in truncating real numbers to finite precision (which we ignore, since we do not
account for them in our classical algorithm runtimes).

Analogously, by Remark 2.15, having A and b in (Q)RAM implies having SQ(A) and SQ(b) with
sq(A) = O(logmn) and sq(b) = O(logn). Since QSVT also needs to assume max,e[—q,1)|p(z)| < 1,
the classical procedure matches the assumptions for QSVT. Our algorithm runs only polynomially
slower than the quantum algorithm, since the quantum runtime clearly depends on d, m,
and log(mn). We are exponentially slower in € and 0 (these errors are conflated for the quantum
algorithm). However, this exponential advantage vanishes if the desired output isn’t a quantum
state but some fixed value (or an estimate of one). In that case, the quantum algorithm must
also pay % during the sampling or tomography procedures and the classical algorithm can boost a
constant success probability to > 1 — 6, only paying a log % factor. Note that, unlike in the quantum
output, we can query entries of the output, which a quantum algorithm cannot do without paying
at least a % factor.

Theorem 3.14 also dequantizes QSVT for block-encodings of density operators when the density
operator comes from some well-structured classical data. Indeed, [GSLW19, Lemma 45] assumes
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we can efficiently prepare a purification of the density operator p. The rough classical analogue is
the assumption that we have sampling and query access to some A € C™*" with p = ATA. Since
Tr(p) = 1, we have ||A||r = 1. Then, p(QV)(p) = r(QV)(A) for r(z) = p(z?) and ||p|| = ||A|%, so we
can repeat the above argument to show the lack of exponential speedup for this input model too.
We can mimic the quantum algorithm with our techniques because low-degree polynomials are
smooth, in the sense that we formalize with the following lemma (proven in Appendix B).

Lemma 3.15. Consider p(z) a degree-d polynomial of parity-d such that |p(z)| <1 for x € [-1,1].
Recall that, for a function f:C — C, we define f(x):= (f(x) — f(0))/x (and f(0) = f'(0) when f

is differentiable at zero).
If p is even, then max |¢(z)] <1, max |¢'(z)] < d? max |G(z)| < d?, and max |7 (z)] < d*.

z€[0,1] ze[—1,1] z€[—1,1] z€[—1,1]
If p is odd, then max |q(x)| < d, max |¢(z)| < d®, max |§(z)] < d?, and max |7 (z)] < d°.
z€[—1,1] z€[—1,1] z€[—1,1] z€[—1,1]
These bounds are tight for Chebyshev polynomials. In general, these bounds can be loose, so for
any particular QML application we recommend using our main results for faster algorithms.

Proof of Theorem 3.14. Consider the even case: take p(x) = q(2?) for ¢ a degree-d/2 polynomial,
so plQY)(A) = q(ATA), so we have the correct form to apply Theorem 3.1. ¢ is uncontrolled outside
of [—1,1], so we instead apply the singular value transformation which is constant outside of [—1,1].

We can do this because the singular values of A lie in [0,1], so q(ATA) = f(ATA). Then, by
Lemma 3.15, f and f are Lipschitz Wit_h L= O(dQ),E = O(d4). So, by Theorem 3.1, we can get
R e C™™ and C € C"™*¢ such that |RT f(CCT)R + f(0)I — f(ATA)|| < e, where

~ 1 1 ~ 1 1
r=O(d APl on ) and o= O(AIAIR  os ;)

(We will later rescale &; note that |[p(@V)(A)b|| < LHAH2HbH,_so ¢ is small enough for the theorem
assumption.) This reduces the problem to approximating Rf f(CCT)Rb + f(0)b. We further approx-

imate Rb ~ u € C" such that ||Rb — u|| < e/d. Using Lemma 3.6, this needs O(HAH%HZ)HQZQ log %)

samples, which can be done in O(HAH%H()HQ?—;rlog(mn) log %) time, using that |R|r < [|Alr

~

(Eq. (5)) and sq(R") = O(rsq(A)) (Lemma 2.18). This suffices to maintain the error bound because
(using Egs. (6) and (7) and Lemma 3.15),

IR Fechrb—w) < By Foen ||y Feon||ire -

< IFATA) = F(0)1] + 2, fmax (@)

IA
®o
+
o

S8
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As a consequence, v := RT f(CCT)u + f(0)b satisfies |[v — p(RV)(A)b|| < e. Via Lemma 2.10, we can
get SQg(v) with

Siv) = 69Qy(v) log ;

20 F Fall2 2|1pl12 1
_ ((T+1)\\RIIF!!f(CCH)U|lI2 +p(0)7][bl] )((r—l—l)log(mn)) log ;
2 IFCOHIPURD] + R — ul)? + p(0)?
(I QVI(A)] — [l — @V (A)] )2
<2 d0te/d?+1 1
(P Q@A) —)2 **5
< Llo (mn)lo 1
~ @A =%

1
log(mn) log 5

In the last step, we use that ¢ < [[pQY)(A)b|; if we don’t have that assumption, sq(v) <
” ||2 log(mn) log 3. We rescale ¢ + 5Hp(QV (A)b|| to get the desired bound. The runtime is domi-

nated by finding C in O(rclog(mn)) time, computing f(CC?) in O(r?c) time, and estimating Rfbin
(’)(7‘?—5 log(mn) log %) time. We also need to compute the matrix-vector product f(CCT)u, but this
can be done in O(rc) time by instead multiplying through with the expression U f(D?)Ut = f(CC1),

where U € C"*¢ comes from the SVD of C.
Now for the odd case: we could use Theorem 3.3 here, but we will continue to use Theorem 3.1

here. Similarly to the even case, we take g(z) to be ¢(x) — ¢(0) in [—1,1] and held constant ouside
it, so p{QY)(A) = A - g(AtA). Then, by plugging in the smoothness parameters from Lemma 3.15,

we get R, C such that |RTG(CCTR + ¢(0)I — g(ATA)| < HAH with probability > 1 — § where

~ 1 1 1
= (Al Sog ) o= O(aalAl} S0 ).

We now use the approximating matrix product lemmas Lemmas 3.5 and 3.6 three times.

1. We use Lemma 3.5 to approximate AR' ~ A’R'l such that ||ART — A’R'T|| < ed=2. We can
do this since we have SQ(A") (by assumption) and SQ(R'), in O(||A|%|R|Ed*e2571) =
O(d*e26~1) samples, with each sample costing O(rlog(mn)) time (by Lemma 2.18).

I(ART — ARNg(CCHR| < |ART — AR\ /a(CChlIly/aCcChR|
< <ed—2>¢d?¢|rg<AfA> 9O +

IIAH :

2. We use Lemma 3.6 to approximate Rb ~ wu such that ||Rb — u| < dQ‘T AT where we use

d* A2 _
O(IRIFIBI T log ;) = O(d| Al 1og §) samples.

|A'RTg(CCT)(Rb —w)|| < |ARTg(CCT)(Rb — )| + [|(A'R'T — AR")g(CCT)Rb||
SIANRTGCCH||RY — u|| + & < [|Alld*(ed 2||A ") +e S e
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3. Using SQ(b) and Lemma 3.5, we approximate Ab ~ A”b" such that ||Ab — A”"V"|| < e/d (and
consequently, ¢(0)||Ab — A"b"|| < e) with O(||A||Zb]|*d*e~2671) = O(d*¢~25~') samples.

So, we have shown that v := A’R"Tg(CCTu + q(0)A”b" satisfies ||[v — p{QV)(A)|| < e. v is a linear
combination of columns of A; via Lemma 2.10, we can get SQy4(v) with

sa(v)
1
= $SQy(v) log 5
_ 5 SAACOPIRC )OOl + 5 g IA P0G dt + 2
- TP 25 ) lostmn)
2 pt2 2 2
_ o ‘s (gCCHRIB + I gCCHIIR — ul)? + g0 s a*
(@ (A)] [P (A)p — ]2 i

(AN + dPed 2| A2+ 1 d®
—— log(mn)
(P V(A —e)* 2

=0
- 6(d8\|p<QV> (A)b|| 22671 1og(mn)).

Above, we used that ¢ < ||p@V)(A)b|| < ||A[lq(ATA)||||b]] < d||A||. Now, we rescale &
e|[pQV)(A)b|| to get the desired statement. The runtime is dominated by the sampling for C
in O(rclog(mn)) time, the computation of g(CCT) in O(r?c) time, and the approximation of
AR' ~ A'R'M in O(rd*e=251log(mn)) time. O

Remark 3.16. Here, we make a brief remark about a technical detail we previously elided.
Technically, QSVT can use A" in QRAM instead of A (cf. [GSLW19, Lemma 50]), leaving open the
possibility that there is a quantum algorithm that doesn’t give an exponential speedup when A is in
QRAM, but does when A is in QRAM. We sketch an argument why this isn’t possible by showing
that, given SQ(A), we can simulate SQ,(B) (and SQg4(B')) for B such that ||B — AT|| < ¢|A|| with
probability > 1 — §. Unfortunately, this argument is fairly involved, so we defer it to Appendix A.

4 Applying the framework to dequantizing QML algorithms

Now, with our framework, we can recover previous dequantization results: recommendation systems
(Section 4.1), supervised clustering (Section 4.2), principal component analysis (Section 4.3), low-
rank matrix inversion (Section 4.4), support-vector machines (Section 4.5), and low-rank semidefinite
programs (Section 4.7). We also propose new quantum-inspired algorithm for other applications,
including Hamiltonian simulation (Section 4.6) and discriminant analysis (Section 4.8). We give
applications in roughly chronological order; this also happens to be a rough difficulty curve, with
applications that follow more easily from our main results being first.

Everywhere it occurs, K := ||A||3/0?, where A is the input matrix. x := ||A[|3/0?. For
simplicity, we will often describe our runtimes as if we know spectral norms of input matrices (so,
for example, we know k). If we don’t know the spectral norm, we can run Lemma 3.9 repeatedly
with multiplicatively decreasing ¢ until we find a constant factor upper bound on the spectral norm,
which suffices for our purposes. Alternatively, we can bound the spectral norm by the Frobenius
norm, which we know from sampling and query access to input.
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4.1 Recommendation systems

Tang’s dequantization [Tan19] of Kerenidis and Prakash’s recommendation system [KP17] is the
first dequantization in this line of work, leveraging techniques from randomized linear algebra.

We want to find a product j € [n] that is a good recommendation for a particular user i € [m],
given incomplete data on user-product preferences. If we store this data in a matrix A € R™*" with
sampling and query access, in the strong model described by Kerenidis and Prakash [KP17], finding
good recommendations reduces to the following:

Problem 4.1. For a matrix A € R™*" given SQ(A) and a row index i € [m], sample from A(i,-)
up to J error in total variation distance, where ||A — A, |lr < €||A|lF.

Here, A, is a certain type of low-rank approximation to A. The standard notion of low-rank
approximation is that of A, :=>"" | o;U(-,4)V(-,i)t, which is the rank-r matrix closest to A in
spectral and Frobenius norm. Using singular value transformation, we define an analogous notion
thresholding singular values instead of rank.

Definition 4.2 (A, ,). We define A,, as a singular value transform of A satisfying:

—A A>o(l4n)
Aoy = PEV(A)  Poy(M{=0  A<o(l—n)
€ [0,\] otherwise

Note that P, is not fully specified in the range [0(1 —7),0(1 + 7)), so Ay, is any of a family of
matrices with error 7.

For intuition, Pé?nv)(A) is A for (right) singular vectors with value > o(1 + 7), zero for those
with value < o(1 — ), and something in between for the rest. Our analysis simplifies the original
algorithm, which passes through the low-rank approximation guarantee of Frieze, Kannan, and
Vempala. We do this by noting that it suffices to find a good (smoothened) projector onto the top
eigenvectors of ATA, so we can apply our even SVT result.

Corollary 4.3. Suppose 0 < ¢ <

S AN/ Alle and n < 0.99. A classical algorithm can solve
Problem 4.1 in time

~ [ K3K5 1 K2k||A®,-)|? 1
(@) log3 = +— """ 1o 2.
(77666 © 5 A S

The assumption on ¢ is a weak non-degeneracy condition in the low-rank regime. For reference,
17 = 1/6 in the application of this algorithm to recommendation systems.

Proof. Note that A,, = A-t(ATA), where t is the thresholding function shown below.

0 r < (1—n)%0?
t(z) = { poz(@— 1 =n)??) (1-n)P0* <z <1+’
1 x> (1+mn)*0?

We will apply Theorem 3.1 with error parameter € to get matrices R,C such that ARTE(C’CT)R
satisfies

146,1/6 — ARTH(CCT)R]lp < || Allp|[t(ATA) — RTU(CCHR| < <] Al (9)
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Since t(z) is (4no?)~1-Lipschitz and t(z)/x is (4n(1 — n)20*)~!-Lipschitz, the sizes of r and ¢ are

T = L —log - | = —55 log - | = og —

) otn2e2 ) n2e2 7§
~ (- 1 1 ~(1A]I%11AlIZ2 ., 1 ~(Kr3 1

_ 20 411611 412 _ F _
c= C’)(L | Al HAHF52 log 6) = (’)( e 10g5 =0 e logg

So, it suffices to compute the SVD of an r x ¢ matrix, which has a runtime of

(9< O log 5).

Next, we want to approximate ART ~ A’R'f. If we had SQ(A") (in particular, if we could compute
column norms [|A(+,7)||), we could do this via Lemma 3.6, and if we were okay with paying factors
of %, we could do this via Lemma 3.5. Here, we will instead implicitly define an approximation by
approximating each row [ART](i,-) = A(i,-)R! via Lemma 3.6, since we then have SQ(A(i,-)") and
SQ(R'). With this proposition, we can estimate [AR](7, ) ~ (A(i,-)STS)R to \/%HA(’L, MNRH|g =
e||A(4,-)||o error using 1’ := O(¢ 2K log §) samples'®. Here, A'(i,-) := A(i,-)STS is our r'-sparse
approximation, giving that

IART — A'RI||p = \/Z?il IART) (i, ) — [A'RI)(i, )|* < \/Z?il || A(i,)|[P0® = ec||Allp.  (10)

Using this and the observation that max, #(z) = (1 +7)"2072 < 02, we can bound the quality of
our final approximation as

|A — Agylle < (AR — ARDECCHR||p + ||AREH(CCT)R — Ay yllr by triangle inequality

< IR - AR |[\/icon| || /iconr| + el Al by Eq. (9)
< eo||Allpo VI +e +el|Allr SellAllr by Lemma 3.2 and Eq. (10)

We can sample from A(i,-) = A'(i,-)R' f(CC)R by naively computing z := A’(i, )R f(CCT),
taking O(r'r + rc) time. Then, we use Lemma 2.10 and Lemma 2.9 to get a sample from =R with
probability > 1 — ¢ in O(éﬁd,(xR)) time, which is (Q(qb sqg(zR)log %), where sqg(zR) = O(r) and

S ialzDPIRGAI? _ i lzGPIANR ()2 Al2
2 ST A i ’
|zR|| [ AG, ))1*r | A, )2

o=

13Formally, to get a true approximation AR ~ A'R, we need to union bound the failure probability for each row,
paying a log m factor in runtime. However, we will ignore this consideration: our goal is to sample from one row, so
we only need to succeed in our particular row.
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Then, using previously established bounds and bounds from Lemma 3.2, we have

l=lP1AIE _ [[A"G, ) RTECCH]?[AllE

4G, 4G,
2
< (146 1= yecon] |yucen|+ 4. yrt - a6 ->R*H||t<cc*>u)2m
< (4G, o + oA, o2 LA
1G]

< IAG, P14l
1AG, )22

This sampling procedure and the SVD dominate the runtime. Since sampling is exact, the only
error in total variation distance is the probability of failure. O

Remark 4.4. This algorithm implicitly assumes that the important singular values are > o.
Without such an assumption, we can take o = ¢||A||lr and 7 = 1/2, and have meaningful bounds on
the output matrix A. Observe that, for p(z) = z(t(y/x) — 1),

3
|4 -4(ATA) — A = [p®V(A)] < el Al

So, our low-rank approximation output A satisfies |A — A|| < e||A||r, with no assumptions on A,

in 5(”%?!?22 log® %) time. This can be subsequently used to get SQ¢(121(2', ) = SQ¢(eZA) where

|A(i,-) — A@, )| < || Allr (in a myopic sense, solving the same problem as Problem 4.1), or more
generally, any product of A with a vector, in time independent of dimension.

4.2 Supervised clustering

The 2013 paper of Lloyd et al. [LMR13] gives two algorithms for the machine learning problem
of clustering. The first algorithm is a simple swap test procedure that was dequantized by Tang
[Tan18] (the second is an application of the quantum adiabatic algorithm with no proven runtime
guarantees). Since the dequantization is very simple, only using the inner product protocol, it rather
trivially fits into our framework.

We have a dataset of points in R? grouped into clusters, and we wish to classify a new data
point by assigning it to the cluster with the nearest average, aka centroid. We do this by estimating
the distance between the new point p € R¢ to the centroid of a cluster of points qi, ..., ¢n_1 € R?,
lp— —5(q1 + -+ + gn—1)||>. This reduces to computing ||wM| for

p/llpll
—q1/(|lg1]|vn —1 _
Malve=D | poxa o [, S0l o] g

\/n—lw"?\/n—l

M =

—n1 /(g1 VT =T)

Because the quantum algorithm assumes input in quantum states, we can assume sampling and
query access to the data points, giving the problem
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Problem 4.5. Given SQ(M) € R™*4 Q(w) € R", approximate (wM)(wM)T to additive e error
with probability at least 1 — §.

Corollary 4.6. There is a classical algorithm to solve Problem 4.5 in (’)(HM||FHwH4 log §) time.

Note that || M3 =2 and |w]* = []p||* + =15 >0 ! llgi]|?. The quantum algorithm also depends
on the factor ||w||? (the quantum-inspired algorithm is only quadratically slower).

Proof. Recall our notation for the vector of row norms m := [||M(1,-)|],...,|[|M(n,-)|] coming from
Definition 2.11. We can rewrite (wM)(wM)” as an inner product (u,v) where

n d n
wi=>Y YN M §)|M(k,)ei ® e; @ e = M @m
i=1 j=1 k=1
d

ZZZW}M 28 g e 0 e,

i=1 j=1 k=1

where u and v are three-dimension tensors. By flattening u and v, we can represent them as two
vectors in R(*¢7)*1 We clearly have Q(v) from queries to M and w. As for getting SQ(u) from
SQ(M): to sample, we first sample i according to m, sample j according to M (i,-), and sample
k according to m; to query, compute u;jr = M(i, j)m(k). Finally, we can apply Lemma 3.10
to estimate (u,v). |lul| = ||[M]||% and ||v| = ||w|?, so estimating (u,v) to ¢ additive error with
probability at least 1 — & requires O(||M||§||w||*e~?log %) samples. O

4.3 Principal component analysis

Principal component analysis (PCA) is an important data analysis tool, first proposed to be feasible
via quantum computation by Lloyd et al. [LMR14]. Given O(1/£%) copies of states with density
matrix p = XTX, the qPCA algorithm can prepare the state > Ai|v;) (vi| ® IAi) (N, where A; and v,
are the eigenvalues and eigenvectors of XX, and \; are eigenvalue estimates (up to additive error).
See Prakash’s PhD thesis [Pral4, Section 3.2] for a full analysis and Chakraborty et al. for a faster
version of this algorithm in the block-encoding model [CGJ19]. Directly measuring the eigenvalue
register is called spectral sampling, but such sampling is not directly useful for machine learning
applications.

Though we do not know how to dequantize this protocol exactly, we can dequantize it in the
low-rank setting, which is the only useful poly-logarithmic time application that Lloyd et al. [LMR14]
suggested for quantum PCA.

Problem 4.7 (PCA for low-rank matrices). Given a matrix SQ(X) € C™*" such that XX has
top k eigenvalues {\}E, and eigenvectors {v;}¥_,, with probability > 1 — 6, Compute eigenvalue
estimates {\;}%_, such that S>%_ | |A; — \;| < e Tr(X1X) and eigenvectors {SQy(9:)}_, such that
|0; — ;|| < e for all i.

Note that we should think of \; as 07, where o; is the ith largest singular value of X. Note that,
to robustly avoid degeneracy COIldlthIlb, our runtime must depend on parameters for condition
number and spectral gap:

K o= Te(XTX) 0 2 b and o= i = A /1K (11)
1€
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We also denote # := || X||?/A\x. Dependence on K and 7 are necessary to reduce Problem 4.7 to
spectral sampling. If K = poly(n), then A, = Tr(XTX)/poly(n), so distinguishing A, from A1
necessarily takes poly(n) samples, and even sampling \; once takes poly(n) samples, so learning
v is also impossible. A straightforward coupon collector argument (given e.g. by Tang [Tan18])
shows that Problem 4.7 can be solved by a quantum algorithm performing spectral sampling'?, with
runtime depending polynomially on K and %. We omit this argument for brevity. Classically, we
can solve this PCA problem with quantum-inspired techniques, as first noted in [Tan18].

Corollary 4.8. For 0 < e < || X||?/| X ||, we can solve Problem 4.7 in O(A!)\\()llﬂﬂf(i ~6log? )

time to get SQu(9;) where sq(v;) = (’)(/\”f)gﬂg n~2e72log? 3>.

Note that K > k, so these runtimes make sense. We briefly remark that the normalization
of our 7 is not done in the typical way relative to qPCA procedures, which take gap relative to
Frobenius norm (that is, using 7 = 7|| X||?/|| X ||%). With this re-normalization, our runtime becomes
6(#56776 log® %), which roughly means that this algorithm gets better with larger || X||%/[ X%,
since the type of eigenvalue bound we need is weaker.

Proof. We will assume that we know A and 7. If both are unknown, then we can estimate them
with the singular value estimation procedure described below (Lemma 3.9).

Notice that n||X|[|?> < Ak follows from our definition of n. The algorithm will proceed as follows:
first, consider C' := SXT € C°*" as described in Theorem 3.1, with parameters

~( X2k ~(IXIBIX)2 .k

= 0| =5 log - =0 —555—log - ).

" (n2||X||2s2 ®5) ¢ VR
X112

Consider computing the eigenvalues of CCT; denote the i eigenvalue \i. Since r,c = Q( e log %),

by Lemma 3.9 with error parameter 8€||\Xﬁ|| , with probability > 1 — 6,

mll’l mn A 51/
— )2 X

These j\i’s for ¢ € [k] have the desired property for eigenvalue estimates:

k
~ k N
> = < VST (= 02 < VBRI < <)X
=1

This bound also implies that, for all i, |A; — A < IIX |3 Next, consider the eigenvalue transforma-
tions f; for i € [k], defined

( ~
’ z =X < —nllX?
2+ i@ — &) —mlX|? <z =N < —gnl X7
filz) =41 —snll X2 <z =X < 4n) X2
2— Bm@—A) Il X|P <2 - A < in] X2
0 %UHXHQ <z N

\

“The quantum analogue to SQ(X) is efficient state preparation of X, a purification of p.
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This is a function that is one when |z — )| < || X2, zero when lz—\i| > 11] X ||?, and interpolates
between them otherwise. From the eigenvalue gap and the aforementioned bound |A; — ;| < Inl| X2,
we can conclude that f;(XTX) = Uﬂ};r exactly. Further, by Theorem 3.1, we can conclude that
R'f;(CC")R approximates vivg , with C| R the exact approximations used to estimate singular values.
The conditions of Theorem 3.1 are satisfied because ¢ < 8 < % = L|| X||? for L the Lipschitz constant

of f;. The values of r, ¢ are chosen such that ||Rff;(CCTR — f;(X1X)| < &/2 (note f;(0) = 0):
~ 1.1 ~( |IX|3 1
= O L2X|2X|2=1og= | = O 2 E 150 =
r= O LIXIPIX IR S tox 5 ) = O e g log 5
~( = 1.1 ~ X% X1 1 ~(IXIPIX0E, 1
c= O<L2||X||6||X||%2log ) —0 XY Hl I log = | = (9<”’2|l2”Flog )
et 7o PIX N4 = gl X|[2)2e2 70 " Aje 0

Further, f; is chosen with respect to \; such that R fi(CCHR is rank one, since CC' has one
eigenvalue between \; — 79[| X ||> and A; + 1n[|X||2. Thus, this approximation is an outer product,

R fi(CCHR = f[}i@g , and we take the corresponding vector to be our eigenvector estimate: ||0; <

V1+e/2<1+4¢€/4,s0

e/2 > [|(6:0] — viv) i) by definition
= [[{0s, vi) i — vi| by [|vil|* = 1
> ||v; — vi|| — ((Dg, v5) — 1)||04]] by triangle inequality
2 (105 = wil| = ([%allllvill = 1)l by Cauchy-Schwarz
2 [[oi —wil| = (A1 +e/4=1)(1 +¢/4) by [[0i]] <1+¢/4

> |0 — vi|| —€/2,

which is the desired bound. By choosing failure probability d/k, the bound can hold true for all k
with probability > 1 — 4. B
Finally, we can get access to ¥; = R'7;, where v; € C satisfies 172172- = fi(CCT). Since

_ 1
HT);LH < Vmax, fi(z) $A; *, using Lemmas 2.9 and 2.10, we have SQ(?;) with

Sialvi(s)PIRGs,IP _ i loPIXIE _ IalPIXIE o (X1 [1XIE
[ Foq? [ R[> IRfw:[I> ™ Al =) ™ A

¢ =

2
0 §,(5:) = ¢ sq,(v) log § < FlErlog 3. -

4.4 Matrix inversion and principal component regression

The low-rank matrix inversion algorithm given by Gilyén et al. and Chia et al. [GLT18, CLW18]
dequantizes Harrow, Hassidim, and Lloyd’s quantum matrix inversion algorithm (HHL) [HHLO09]
in the regime where the input matrix is low-rank instead of sparse. The corresponding quantum
algorithm in this regime is given by Chakraborty, Gilyén, and Jeffery [CGJ19], among others.
Since sparse matrix inversion is BQP-complete, it is unlikely that one can efficiently dequantize it.
However, the variant of low-rank (non-sparse) matrix inversion appears often in quantum machine
learning [Pral4, WZP18, RML14, CD16, RL18|, making it an influential primitive in its own right.

39



Using our framework, we can elegantly derive the low-rank matrix inversion algorithm in a manner
similar to prior quantum-inspired work [GLT18, CLW18].

Moreover, we can also handle the approximately low-rank regime and only invert the matrix on a
well-conditioned subspace, solving principal component regression—for more discussion see [GSLW19].
Namely, we can find a thresholded pseudoinverse of an input matrix:

Definition 4.9 (Af,). We define AT, to be any singular value transform of A satisfying:

=1/A A>o
AL, = tlnv(sv)(A) tinvy,(A)< =0 A<o(l—-n) (12)
€ [0,071] otherwise
This definition is analogous to A, in Section 4.1: it is A" for singular vectors with value

> o, zero for singular vectors with value < o(1 — 1), and a linear interpolation between the two in
between.

Problem 4.10. Given SQ,(A4) € C™*", Q(b) € C™, with probability > 1 — §, get SQ4(&) such
that |2 — z*|| < e|2*||, where z* := AZ,b.

Corollary 4.11. For 0 < e < ?L'Q and n < 0.99, we can solve Problem 4.10 in (’)( 6K3 0 log® %)

. . ~ — N 4 2 K5 *||2
time to give SQg4(2) for squ (%) = (’)( n§e2 HHg;||||2 log? 3>.

If we further assume that ¢ < 0.99, then sq(#) can be simplified, since HH ”” m < 100.
However, this algorithm also works for larger &; namely, if we only require that ||Z — z*| < eo~1|b]|
(a “worst-case” error bound), then this algorithm works with runtime smaller by a factor of 3 (and

sq,(2) smaller by a factor of ).

Proof. We will solve our problem for 2* = AT b = L(ATA)ATh where

0 r<o?(l—n)
(@)= L@ -1 —n) o*(l—n) <z <o
% 02§x

So, if we can estimate t(ATA) such that ||c(ATA) — Rfz(CCT)

Ae”z, then as desired,
|AS,b— RTH(CCT)RATY| < HAHHbH <cel|Af,bl.

By Theorem 3.1 with L = 4 and L = we can find such R and C with

1
n*(1-n)?c®’

I zgsi 5 o\ %5
o Taf

_ AllBlIAll2 1 ~ (V2K K 1
cC = O (@2 2 1’ H |l 1”2F 22 IOg 5) = O(SD 25,; IOg 5> .
(1 —=n)?0 P e U
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Computing the SVD of a matrix of this size dominates the runtime, giving the complexity in the
theorem statement. Next, we would like to further approximate Rfz(CCT)RATh. We will do this
by estimating RA'b by some vector u to o3| A|| 7 ||b|| = z-:HAH%HbHK*lH_% error, since then, using
the bounds from Lemma 3.2,

IRtz (cChRA N — RY(CCHu| < HRT\/Z(CCT)HH\/z(CCT)HHRATb |

S0+ pape e [AITHB) < ell AN b

We use Remark 3.11 to estimate u(i) = R(i,-)A'b, for all i € [r], to || R(i, )HHAHFHbHK*%_% error,
with probability > 1—¢§/r. This takes O (@Ks—z“ log %) samples for each of the r entries. This implies

that & := RTZ(CC")u has the desired error and failure probability. Finally, we can use Lemmas 2.9
and 2.10 with matrix Rf and vector 7(CCT)u to get SQ, (%) for

" |lecChHul(s)IR(s, )2
o= ElFCC Rt

[H(CCT)ul?]| Al
- [ER s by [R(s, )|l < [|Allev//r

(lzCCHRIAT][b]] + Z(CCH[[RATD — ul)?[| Allf

= [ER by linear algebra
-3 A b 4 3 b A 9 A 9

< 2l lAll H+0Hi; 1BI/IAID AR e b

T

—6 2 2 2

o5 | A[|2 ]2 Al
SRR by & < [ A]2/0?
< LK o [l = e
=CEE R v Aol < [l

o A B

SO Sq¢($) = ¢Sq¢(x> log% — O<T¢2Kﬁ2% log %) -

4.5 Support vector machines

Support vector machine (SVM) is an important technique for classification with wide applications
in supervised learning. A quantum algorithm for solving SVM was first introduced in [RML14]. In
this paper, we present a dequantization of this quantum algorithm. Mathematically, the support
vector machine is a simple machine learning model attempting to label points in R™ as +1 or —1.
Given input data points z1,...,z, € R and their corresponding labels y € {+1}". Let w € R"
and b € R be the specification of hyperplanes separating these points. It is possible that no such
hyperplane satisfies all the constraints. To resolve this, we add a slack vector e € R™ such that
e(j) > 0 for j € [m]. We want to minimize the squared norm of the residuals:

1wl
min
w,b 2 2

st y(@)(whe; +b) =1—e(i), Vie[m]

AT
+ 2llel
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The dual of this problem is to maximize over the Karush-Kuhn-Tucker multipliers of a Lagrange
function, taking partial derivatives of which yields the linear system

txxreqi] o] = ) 1

where 1 is the all-ones vector and X = {z1,...,2n} € C™*™. Call the above m + 1 x m 4 1 matrix
F,and F := F/ Tr(F).

The quantum algorithm, given X and y in QRAM, outputs a quantum state |F; 001[2])
(Definition 4.9) in poly(%, é, logmn) time. The quantum-inspired analogue is as follows.

Problem 4.12. Given SQ(X) € R™*" and SQ(y) € R™, for ||F|| < 1, output SQu(v) € R™H! such
that ||z — FIW[S]H < EHFIH[S]H with probability > 1 — 4.

Note that we must assume ||F|| < 1; the quantum algorithm makes the same assumption'®.
Another dequantization was reported in [DBH19], which, assuming X is strictly low-rank (with
minimum singular value o), outputs a description of (X X7)*y that can be used to classify points.
This can be done neatly in our framework: express (XX7)* (or, more generally, (XX T);f,n) as
Xf(XTX)XT for the appropriate choice of f. Then, use Theorem 3.1 to approximate f(X7X) ~
RTZR and use Lemma 3.5 to approximate XRT ~ CW?. This gives an approximate “CUC”
decomposition of the desired matrix, since X f( X7 X)XT ~ XRTZRXT ~ CWTZWCT, which we
can use for whatever purpose we like.

To solve Problem 4.12, though, we find it convenient to simply reduce to matrix inversion as
described in Section 4.4: we first get SQ¢(F ), and then we apply Corollary 4.11 to complete. Section
VI.C of [DBH19] claims to dequantize this version, but give no correctness bound' or runtime
bound (beyond arguing it is polynomial in the desired parameters).

Corollary 4.13. For 0 <e <1 and n < 0.99, we can solve Problem 4.12 in (5()\_2877_65_6 log? %)
time, where we get SQu(v) for squ(v) = O(A"Mn~2e 4 log?(}) log(%)).

The runtimes in the statement are not particularly tight, but we chose the form to mirror the

runtime of the QSVM algorithm, which similarly depends polynomially on % and %

Proof. Consider constructing SQSO(K ) € C™*™ as follows. To query an entry K (i,j), we estimate
X (i, )X (4, )" to || X (4, )| X (4, -)|| error. We define K (i, j) to be this estimate. Using Lemma 3.10,
we can do this in (9(%2 log %) time. g here refers to the number of times the query oracle is used, so
in total the subsequent algorithm will only have an errant query with probability > 1 —§. (¢ will
not appear in the runtime because it’s folded into a polylog term.) Then, we can take K = 22T,

where x € R™ is the vector of row norms of X, since by Cauchy-Schwarz,
K(i,7) < X(i,)X (G, )" + e X @ MX G < A+ )X EANX G-I = K, ).
Since we have SQ(z) from SQ(X), we have SQ(K) with sq(K) = O(1) by Lemma 2.12. ||K||Z =

2|y ||4 _ 2 |IX1I5 - _ [0 17
(1+e)?[| XI5, so we have SQ,,(K) for ¢ = (1+¢) TR We can trivially get SQ(L) for L := [Ifll]
F

5The algorithm as written in [RML14] assumes that ||F|| < 1; we confirmed with an author that this is a typo.
16The correctness of this dequantization is unclear, since the approximations performed in this section incur
significant errors.
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with sq(L) = O(1). Our approximation to F' is

X2 <.

1 0 oF - 1
M::(L—i—[ﬂ ]) IM = B|| < ——— K — XX"||p <

Tr(F) 0 K Tr(F) Tr(F)

Using Lemma 2.13, we have SQ,, (M) with

2((1 2 IXle 1 12 I
(( + 5) HKH% H HF =+ H HF) < HXH% +’y*2m +2m < 1
Te(F)2(| M]3 ~UXNE A my D2 ME S IME

¢ =

where the last inequality uses that Tr(F) > v/m, which follows from ||F|| < 1:

L= 1B e ) 2 1 L) 2

Note that we can compute Tr(F') given SQ(X). So, applying Corollary 4.11, we can get the desired
SQ(v) in runtime

6 6 22 22

~[ P HA4WhrHA4H 31 A HAJH 31 A 1 3l
@) 1 -1 <Ol —Fi———1 - | <O 1 - .
(s 06’ 5) =0 5) = ®

Here, we used that ||M]| < ||M||r < 1, which we know since ¢’ > 1 (by our definition of oversampling
and query access). That Q(M) = (’)(EL2 log %) doesn’t affect the runtime, since the dominating cost
is still the SVD. On the other hand, this does come into play for the runtime for sampling:

4 4 10
— ~ (" ||M|%|| M 1,1 m
sq¢(v) = (9( Ml | M log? (5) 2 log (—(S ))

n2e2
We take ¢ = m to guarantee that all future queries will be correct with probability > 1 — 4. ]

The normalization used by the quantum and quantum-inspired SVM algorithms means that
these algorithms fail when X has too small Frobenius norm, since then the singular values from
XXT are all filtered out. In Appendix B, we describe an alternative method that relies less on
normalization assumptions, instead simply computing F'*. This is possible if we depend on || X |2~
in the runtime. Recall from Eq. (13) that we regularize by adding v~ 'I, so v~! acts as a singular
value lower bound and || X |3~ implicitly constrains.

Corollary 4.14. Given SQ(XT) and SQ(y), with probability > 1 — &, we can output a b such that
|b—b| < e(1+4b) and SQ4(&) such that [|&—af| < ev|lyl|, where a and b come from Eq. (13). Our al-

. . ~ — . . _ A ~ 2 —
gorithm runs in O (|| X||%[| X ||**+ eClog® §) time, with 8q, (&) = O(HXH%HXHG’Y5 Waﬁgg *log? %)

Note that when v~'/2 is chosen to be sufficiently large (e.g. O(| X ||r)) and ||a| = Q(y||y|l), this
runtime is dimension-independent.

Notice that ev||y|| is the right notion, since v is an upper bound on the spectral norm of the
inverse of the matrix in Eq. (13). We assume SQ(X7) instead of SQ(X) for convenience, though
both are possible via the observation that f(XX7) = Xf(XTX)XT.
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4.6 Hamiltonian simulation

The problem of simulating the dynamics of quantum systems was the original motivation for quantum
computers proposed by Feynman [Fey82]. Specifically, given a Hamiltonian H, a quantum state |1},
a time t > 0, and a desired error € > 0, we ask to prepare a quantum state |¢;) such that

lwe) — )| < e.

This problem, known as Hamiltonian simulation, sees wide application, including in quantum physics
and quantum chemistry. A rich literature has developed on quantum algorithms for Hamiltonian
simulation [L1096, ATS03, BCK15], with an optimal quantum algorithm for simulating sparse
Hamiltonians given in [LC17]. In this subsection, we apply our framework to develop classical
algorithms for Hamiltonian simulation. Specifically, we ask:

Problem 4.15. Consider a Hermitian matrix H € C"*" satisfying |H|| = ¢, a unit vector b € C",
and error parameters ¢,d > 0. Given SQ(H) and SQ(b), output SQ(b) with probability > 1 — ¢ for

some b € C" satisfying ||b — e'b|| < .

We give two algorithms that are fundamentally the same, but operate in different regimes: the
first works for low-rank H, and the second for arbitrary H.

Corollary 4.16. Suppose H has minimum singular value o and ¢ < min(0.5,0). We can solve
Problem 4.15 in O(t5K3k5e6log® 1) time, giving SQg(b) with sq,(b) = O(K2k*tte~* log® 1).

This runtime is dimensionless in a certain sense. The natural error bound to require is that
|b — eHp|| < te, since |%(e‘”””)] =t (considering x € R). If we rescale ¢ up to te, the runtime is
6(K 345e01o0g? %), which is dimensionless. The runtime of the algorithm in the following corollary
does not have this property, so its scaling with ¢ is worse, despite being faster for, say, ¢t = 1.

Corollary 4.17. ASuppose e < min£0.5,t3). We can solve Problem /.15 in O(tlﬁHHH%5_6 log? %)
time, giving SQu(b) with sq4(b) = O(t*|| H||5e™* log® 1).

Our strategy proceeds as follows: consider a generic function f(x) and Hermitian H. We can
write f(z) as a sum of an even function a(z) := 3(f(z) 4+ f(—z)) and an odd function b(z) :=
3(f(z) — f(—=)). For the even function, we can use Theorem 3.1 to approximate it via the function
fa(x) := a(y/z); the odd function can be written as H times an even function, which we approximate
using Theorem 3.1 for fy(x) := b(y/z)/\/z. In other words, f(H) = f,(HTH) + f,(H'H)H. Since
la'(z)], |b'(z)| < |f'(x)|, the Lipschitz constants don’t blow up by splitting f into even and odd
parts.

Now, we specialize to Hamiltonian simulation. We first rewrite the problem, using the function

sinc(x) := sin(z)/z.
eb = cos(H)b + i - sinc(H)Hb = feos(HH)b+ fsnc(HTH)Hb,

where feos(N) 1= cos(\ﬂ) and fginc(N) == - sinc(\f)\). When applying Theorem 3.1 on feos and fsine,
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we will use the following bounds on the smoothness of f.os and fginc.

o] = [T < min (5,572

() = |22V D VI (L5
 Finel)] = [YEEL TSV iy (11
Fela)] = [P BI < in (5, )

We separate these bounds into the case where x > 1, which we use when we assume H has a
minimum singular value, and the case where z < 1, which we use for arbitrary H.

Proof of Corollary 4.17. Using the Lipschitz bounds above with Theorem 3.1, we can find Rcos €
(C'rcos Xn) CCOS c CTCOSXCCOS’ RSiIlC c CTsinc Xn7 CSiIlC c (Crsincxcsinc SuCh that

|’R«T:osfcos(ccoscios)RCOS + I— fcos(HTH)H S € (14)
— . 8
H}%;rincfsinc(C’sinc61Jr )Rsinc 41— fsinc(HTH)H < Z (15)

sinc

where, using that our Lipschitz constants are all bounded by constants,

~ _ 1 ~ _ 1
Tcos = O(HHHI%‘t2E 2 log 5) Ccos = O(HH’%tﬁg 2 log 5)

A 244 _—2 1 A 248 —2 1
rsine = O ||H||5t" e logg csine = O\ ||H||pt%e logg )

As a consequence,

Note that, by Lemma 3.2, || Reos|| < [H |, || feos(CeosCllos) || S 1, and || Rlos\/ feos(CeosClos)|| < 1 the
same bounds hold for the sinc analogues. We now approximate using Lemma 3.6 four times.

eiHb - (Rlosfcos(ccoscgos)Rcosb + b + RT fsinc(csincCT'

sinc sinc

) Rainc HD + iHb) H <e.

1. We approximate Reosb ~ u to ||b|| error, requiring O(||H|/3e~2log §) samples.

2. We approximate RgncH ~ WC to ¢ error, requiring O(||HH‘1§5*2 log %) samples.

3. We approximate Cb ~ v to | H || ||b|| error, requiring O(||H||ge 2 log %) samples.

4. We approximate Hb ~ Riw to &||b|| accuracy, requiring r := O(||H||e%log }) samples.
Our output will be

8 = Riosﬁos(ccosc:;ros)u +b+ RT fsinc(csincCT' )W'U + iRTw,

sinc sinc
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which is close to e*tb by the argument

6= (Rl feos( CoosClos) Reosb + b+ Rl Funel CineCline) Reinc Hb + i) |
< HRZOSJ_.COS(CCOSCJOSX Rcosb)” + HRsmcfsiHC(CsmcCsmc)(RsincH - WC)bH
+ [|RL. faine (CaineCL_ )W (Cb — )| + |JiRTw — i Hb]|

simc

S Ilu = Reosbl| + || Rsine H — WO|[[o]l + | H|[Fl|Cb — v]| + | RTw — Hb|| < 4e]]b]

Now, we have expressed b as a linear combination of a small number of vectors, all of which
we have sampling and query access to. We can complete using Lemmas 2.9 and 2.10, where

the matrix is the concatenation (RCOS | b | RsmC | i - R), and the vector is the concatenation

( fcos(ccosccos)u | 1] fsmc(csmccsmc)WU | w). The length of this vector is 7eos + 1 4 Tsine + 7 < Tsine-
We get SQ¢(I;) where

< H HF c..ot 2 bl12 + |1H HF C. CT Woll? HHH% 2\ 15112
® S Tsine chos( cos Cos) ” +” H ||fsmc( sinc smc) UH + r HwH H ”

SlI’lC

Tsi Tsi _
S (:mc HHHF(l + &) bl + rainc bl + [1E|I (1 + &) [[BI|* + %HHH%HZDHQ) o]~

COos

= O(C||H | + rsie + [H|[F + ' H[F) = O(rsinc)-

In the second inequality, we use the same bounds that we used to prove ||3 e!fp|| < e, repurposed
to argue that all of our approx1mat10ns are sufficiently close to the values they are estimating, up to
relative error. So, sqd,(b) = (9( rk clog 3). O

Proof of Corollary 4.16. Our approach is the same, though with different parameters. For The-
orem 3.1, we use that in the interval [02/2,00), feos has Lipschitz constants of L = O(1/0) and
L=0(1/0%) and fsnc has L = O(1/0?) and L = O(1/a%). So, if we take

A RlHIE o, 1 A elHIE 5 1
Teos = O <t 2 e “log 5 Ceos = O t 6 e “log 5
~ H|3¢? 1 ~ H||3t5 1

Teine = (/) t2 H ”F 672 log - Coine = O t2 H HF 872 lOg* 7
ol ) o8 )

all the conditions of Theorem 3.1 are satisfied: in particular, 0?/2 > & in both cases, up to rescaling
€ by a constant factor:

g HI|||H =¢co < o’
co 2

2,1 2
=cot " <o
2| H|le

87sinc ~ HH”HHHF

Here, we used our initial assumption that ¢ < o. So, the bounds Egs. (14) and (15) hold. Note that,

by Lemma 3.2, HRCOSH 5 HHH> ”]Ecos(ccoscgosw 5 o2 , and ‘|Rcos\/ ]?cos(ccosc::ros)H < 1; the same
bounds hold for the sinc analogues. We now approximate using Lemma 3.6 four times.

1. We approximate Reosb & u to 0| error, requiring O(||H||3o %% log 5) samples.

46



2. We approximate RgncH ~ WC to o error, requiring O(HH |fo2e2log %) samples.
3. We approximate Cb ~ v to o || H||"||b] error, requiring O(||H| /o2~ 2 log %) samples.
4. We approximate Hb ~ Riw to ¢||b|| accuracy, requiring r := (’)(||HH%6_2 log %) samples.

Our output will be

lA) = RzostOS(CCOSCIOS)u + b + R;LincfSinC(CSinCCsTinc)WU + iRTw’
which is close to e*h by the argument
Hi) - <Riosfcos(ccoscgos)Rcosb +b+ R;ncfsinc(Csincc;rinc)Rsinch + ZHb) H

< ”Riosfcos(ccoscios)(u - Rcosb)H + HR;rincfsinc(CsincCJr

ine) (Rsinc — WCO)b|
+ ||Rlincfsinc(CsincC:inc)W(Cb - U)H + HZRT’U) - ZHbH

S 0l — Reosd|| + 0| ReincH = WO [b]| + o~ | H|plCb — vl + || RTw — Hb|| < 4e]jb]]

Now, we have expressed b as a linear combination of a small number of vectors, all of which
we have sampling and query access to. We can complete using Lemmas 2.9 and 2.10, where

the matrix is the concatenation (R(T;oS | b | RLHC | i - RT), and the vector is the concatenation

( fCOS(CCOSCEOS)u | 1] meC(CSmCC’;nC)Wv | w). The length of this vector is 7cos + 1 4 Tsine + 7 < Tsine-

We get SQg(b) where

Hl2 _ HI|%2 -
T e CorsClayal? + 00?0 i e

. sinc
Tcos sinc

LI, oY -
Wl + T ]2 152

¢ 5 Tsinc(

Tsin — — Tsin _
S (7: N H(Fo 21Dl + rsinc |0 + [ H[[Eo 2] 1b]1* + - HHH%HbHQ) ]|~
0S

~
C

%) - _ _ - 211 H |12
= O(P|H|[Fo ™ + reime + || H|[Fo ™ + t'o Y| H|}) = O<Tsinc i HU4HF>'

So, é\(i(z)(i?) = 6(rsinc(rsinc +t2||H||o~*)log %). Since € < o, the 7%, term dominates. O

sinc

Remark 4.18. In the case where H is not low-rank, we could still run a modified version of
Corollary 4.16 to compute a modified “exp,, (iHt)” where singular values below ¢ are smoothly
thresholded away. Following the same logic as Definition 4.9, we could redefine f.os such that
feos(z) =1 for 2 < (1 — 1), feos(x) = cos(vV/\) for z > o2, and is a linear interpolation between
the endpoints for the x in between (and fgpe similarly). These functions have the same Lipschitz
constants as their originals, up to factors of %, and give the desired behavior of “smoothing away”
small singular values (though we do keep the Oth and 1st order terms of the exponential).

Remark 4.19. Our result generalizes those of Ref. [RWC™20], which achieves essentially the same
result only in the much easier regime where H and b are sparse. They achieve a significant speedup
due to these assumptions: note that when H is sparse, and a subsample of rows R is taken, RR' can
be computed in time independent of dimension; so, we only need to take a subsample of rows, and
not of columns. More corners can be cut from our algorithm in this fashion. In summary, though
our algorithm is significantly slower, their sparsity assumptions are essential for their fast runtime,
and our framework can identify where these tradeoffs occur.
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4.7 Semidefinite program solving

A recent line of inquiry in quantum computing [BS17, vVAGGdW17, BKL 119, vAG19] focuses
on finding quantum speedups for semidefinite programs (SDPs), a central topic in the theory of
convex optimization with applications in algorithms design, operations research, and approximation
algorithms. Chia et al. [CLLW19] first noticed that quantum-inspired algorithms could dequantize
these quantum algorithms in certain regimes. We improve on their result, giving an algorithm which
is as general as the quantum algorithms, if the input is given classically (e.g., in a data-structure in
RAM). Our goal is to solve the e-feasibility problem; solving an SDP reduces by binary search to
solving log(1/¢) instances of this feasibility problem.

Problem 4.20 (SDP e-feasibility). Given an € > 0, m real numbers by, ..., b, € R, and Hermitian
n x n matrices SQ(AM), ..., SQ(A™)) such that —I < A® < T for all i € [m], we define S. as the
set of all X satisfying!”

Tr[ADX] < b +¢ Vie [m];
X = 0;
Tr[X] = 1.

If S = @, output “infeasible”. If Sy # @, output an X € S.. (If neither condition holds, either
output is acceptable.)

Corollary 4.21. Let F > maxje[m](HA(j)Hp), and suppose F' = Q(1). Then we can solve Prob-
lem 4.20 with success probability > 1 — 9 in cost

- F18 F22 F8 F14 1
O<(E40 In?"(n)sq(A) + ~ie In?(n) + m g In®(n) q(A) + Mm% lnlg(n)> log® 6> ,

providing sampling and query access to a solution.

Like prior work on quantum algorithms for SDP-solving, we use the matrix multiplicative weights
(MMW) framework [AK16, Kal07] to solve Problem 4.20. Corollary 4.21 immediately follows from
running the algorithm this framework admits (Algorithm 1), where we solve an instance of the
problem described in Lemma 4.22 with precision § = £/4 in each of the O(In(n)/e?) iterations.

MMW works as a zero-sum game with two players, where the first player wants to provide an
X € S, and the second player wants to find a violation for any proposed X, i.e., a j € [m] such
that Tr[A(j )X ] >bj +¢e. At the t* round of the game, if the second player points out a violation j;
for the current solution X, the first player proposes a new solution

Xig1 o exp[—e(AUD 4 ... 4 A6,

Solutions of this form are also known as Gibbs states. It is known that MMW solves the SDP
e-feasibility problem in (’)(h;—gn) iterations; a proof can be found, e.g., in the work of Brand&o et
al. [BKL"19, Theorem 3] or in Lee, Raghavendra and Steurer [LRS15, Lemma 4.6].

Our task is to execute Lines 3 and 4 of Algorithm 1, for an implicitly defined matrix with the

form given in Line 6.

For simplicity, we assume here that X is normalized to have trace 1. This can be relaxed; for an example,
see [VAGGAW17].
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Algorithm 1' MMW based feasibility testing algorithm for SDPs

Set X7 : , and the number of iterations T := 1661%;

1
2 fort=1,...,7 do

3 find a jt € [m] such that Tr[AU)X,] > b, + 5

4 or conclude correctly that Tr[AUt) X;] < bj, + ¢ for all j € [m]
5 if a j; € [m] is found then
6

7

8

9

X1 1= expl—5 YL, A/ Telexpl—5 Y1_, A6
else conclude that X; € S,
return X,

end
10 If no solution found, conclude that the SDP is infeasible and terminate the algorithm

Lemma 4.22 (“Efficient” trace estimation). Consider the setting described in Corollary 4.21. Given
0 € (0,1], t < lne(;l) and j; € [m] for i € [t], defining H := exp[—03 i_, AU)], we can estimate
Tr(ADH)/ Te(H) with success probability > 1 —§ for all i € [m] to precision 0 in cost

- 18 22 8 14 n(n
o<[§381n (n) sa(4) + o W) +m e n(n) a(A) + m e n'%(n) log3§+1§2>n<z4>)7

where sq(A) = maxX¢m sq(AY), and s(A), q(A), n(A) are defined analogously.

We will use Theorem 3.4 and Remark 3.11. In order to understand how precisely we need to
approximate the matrix Line 6 we prove the following lemmas. Our first lemma will show that,
to estimate Tr(AWH)/ Tr(H) to @ precision, it suffices to estimate both Tr(A® H) and Tr(H) to
30 Tr(H) precision.

Lemma 4.23. Suppose that 0 € [0,1] and a,a, Z, Z are such that |a| < Z, |a — a| < gZ, and
|Z - Z] < gZ, then

a a
- ——=| <40
z Z|~
Proof.
a a aZ aZ aZ —aZ aZ —aZ 3 1
- — — _ + _ < —la—al+ Z -7 79+70§0D
7z Z ‘ZZ 77 77 ‘ 77 Z| | 2Z2| < 2

Next, we will prove that the approximations we will use to Tr(A® H) and Tr(H) suffice. We
introduce some useful properties of matrix norms. For a matrix A € C™*" and p € [1, 0], we
denote by [|Al|, the Schatten p-norm, which is the ¢F-norm of the singular values (3_; of(A)V/P. In
particular, || Al|r = ||All2 and ||Aljop = ||A]|cc. We recall some useful inequalities [BhaQ? Section
IV.2]. Hélder’s inequality states that for all B € C™** and r, p,q € (0, 00| such that ]13 + 6 , We
have |AB||,. < [|All,||Bll,- The trace-norm inequality states that if n =m, then [Tr(A4)[ < ||AH1

Lemma 4.24 (Perturbations of the partition function). For all Hermitian matrices H, H e ¢crxn,

< (eHg*HH - 1) Tr(ef?).

e — et

Tr(eﬁ) - Tr(eH)‘ <

1
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The bound in the above lemma is tight, as shown by the example H := H + ¢I. The proof is
in the appendix. Before proving the following lemma, we observe that for any Hermitian matrix
H e C™*" with HH||% <%, we have by Holder’s inequality that

Tr(e!) = n+Tr(ef! — 1) _n—f—z >n+Z)\ =n+Tr(H) > n—nl|H[lp >n/2. (16)

Lemma 4.25. Consider a Hermitian matric H € C™*™ such that HH||% < 4. Let H have an
approzimate eigendecomposition in the following sense: for r < n, suppose we have a dzagonal
matriz D € R and U € C™" that satisfy |[UUT —1|| < & and |H — UTDU|| < & for e <1 and

§ < mm(m, ). Then we have

|(Tr(e?) +n —r) = Tr(e)] < 2(e — 1)e Tr(e"), (17)
and, moreover, for all A € C™*™ we have
ITr(AUT(eP — I)U) + Tr(A) — Tr(Ae™)| < || A|| Tr(e).

Proof. First, notice that U is close to an isometry. The bound that |[UUT — I|| < § implies that
the singular values o; of U satisfy o; € v/1 £ 6. Further, for U := (UUT)féU7 which is U with all
singular values set to one, UUT = I and

|U—-U| < max |o—1] < (2—?2)d.
oev/1+£6

Consequently,
|H-UTDU|| < |H-U'DU||+|U'DU~U'DU||+||U' DU ~UDU || < e +([U-U||(|DU|+[| D))
e+ = V2S(IUFIT + [UFTHIUTDU| < e + 45(| H| +e) < 22 (18)
By Lemma 4.24 we have
HeUTDU — eHHl < (€% — 1) Tr(e) < 2(e — 1)e Tr(e),

Utbu

and since e = Uf(eP —I)U +1, by the linearity of trace, the trace-norm inequality, and Holder’s

inequality,

ITr(AUT (e — DU) + Tr(A) — Tr(Ae))|
= [Tr(A( PV — )| < [[4]le” PV = ey < 2(e — 1| Alle Tr(e"). (19)
In particular, setting A = I, we get the first desired bound
|(Tr(eP) +n —7) = Te(ef)| = | Te(UT(eP — 1)U + 1) — Tr(e?)] < 2(e — 1)e Tr(eH).

Note that the two identity matrices in the equation above refer to identities of two different sizes.
Now, if we show that Tr(AUT(e? — I)U) — Tr(AUT(eP — I)U) is sufficiently small, then the second
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desired bound follows by Eq. (19) and triangle inequality.

| Te(AUT (P — I)U) — Te(AUT (e — 1)D))|
= | Te(UAUT — U AU (P — 1))

< HUAUJr — ﬁAﬁTH HeD — IH1 by trace-norm and Hélder’s inequality
< (|U -U||AUt| + |TA||UT = T)||e” - 1|, analogously to Eq. (18)
< €||AHH€D — IHl by assumption that 6 < e/2
<cellA]l (Tr(eD )+ ) by triangle inequality
< e| Al Tr(e). by Egs. (16) and (17), Tr(eP) <n < Tr(ef)

O

Now we are ready to devise our upper bound on the trace estimation subroutine.

Proof of Lemma 4.22. By Lemma 4.23, it suffices to find estimates of Tr(e’) and Tr(Ae!) for all
A=AY to %Tr(eH) additive precision. Recall from the statement that H := —0>¢_, AU). B
triangle inequality, ||H||p < £ In(n). Because H is a linear combination of matrices, by Lemma 2.13,
after paying 1n6(2n) n(A) cost, we can obtain SQ(H) for ¢ < I;Z ‘l‘ﬁﬁg) with q(H) = q4(H) < lne(;m) q(A)
and sy(H) = s(A).

If % In(n) > y/n/18, then we simply compute the sum H by querying all matrix elements of

every AU in the sum, costing O(tn*q(A)). Then we compute e and its trace Tr(e”) all in
time O(n?) [PC99]. Finally, we compute all the traces Tr(ef A(™)) in time O(mn?). The overall
complexity is O(n?(tq(A) + n+m)) = @(g—f q(A) In®(n) + m};—: ln4(n)).

If Fln( ) < f/18 we do the following. Note that if ||[H| < 1, then Tr(e”’) > n/e and

Tr(A(We HA H HeHHF < Fey/n, so Tr(AWe) ) Tr(ef) < €2F/\/n < 6, and outputting 0 as
estlmates is acceptable We use Theorem 3.4 (W1th f(z) =z, so that L =1, and choosing ¢ := ©(0))

to find a diagonal matrix D € R®*® with s = <¢2HHHF/56 log(1/5)> (F69 61n%(n)e=%log(1/4))
= (5(F69*12 In®(n)log(1/6)) together with an approximate isometry U = N(SH) € C*™ such
that HH - (,NTTD(?H < O(g). If every diagonal element is less than 3/4, then we conclude that
|H|| < 1, and return 0. Otherwise we have ||H| > 1/2 and thus by Theorem 3.4 we have
Hﬁfﬁ —I|| <H|T? < ”H”Jra + ¢ with probability at least 1 — §. As per Theorem 3.4, the cost
of this is log3(1/6) times at most

H H H F14 H 10 F12
HH”F F14 15 ”HH%‘O F12 12
:O( c18 516 12 (n)sq(4) + 222 iz I (n)
~ /1 F18 F22
= O 18 120 11119(71/) Sq(A) + EWI 22(77/)
eld g 0
S(F% . 2
=0 <038 In*(n)sq(A) + Y In (n)>



By Lemma 4.25 we have'® that Tr(e”) + (n — s) is a multiplicative g—approximation of Tr(ef)

as desired, and for all A = A®_ Tr((e? — I)UAUT) + Tr(A) is an additive (g Tr(ef?))-approximation
of Tr(Ae?). We can ignore the Tr(A) in our approximation: by Eq. (16) we have

Tr(A) < [|Alle|lI]lr < Fv/n < 6n/18 < 6 Tr(e)/9,

so | Tr((eP — NUAUT) — Tr(AeP)| < 2 Tr(e'?)). So, it suffices to compute an additive (§ Tr(e/))-
approximation of Tr((e? — INUAU') = Tr(AUT(e? — IU) to obtain the (§ Tr(e'!))-approximation
of Tr(Aef) we seck.

We use Remark 3.11 to estimate Tr(AUT(eP — I)U) to additive precision (g Tr(e?)). Note that
by Lemma 4.25 and Eq. (16) we have

|01? =)0 < 101 )e? = Tle < 2)1e” = Tllx < 2]l = ] S Te(e™),

and since s = 5(F60_12 In®(n)log(1/8)) and q(H) < IHQ(Q) q(A), we also have

a(U'(e” = NU) = a(SH)'NY(e” ~ )N(SH))
(s a(H) + 5°)

O(F59~11n" (n) log(1/8) a(A) + F'207 1n*%(n) log?(1/3)).

(@)
(@)

Therefore, Remark 3.11 tells us that given SQ(A), a (g Tr(ef))-approximation of Tr(AUT(eP — I)U)
can be computed with success probability at least 1 — % in time

A 2
(9(” 92||F (sa(A) +s-q(H) + s*) log Tg)
Since we do this for all i € [m], the overall complexity of obtaining the desired estimates Tr(A®efT)

with success probability at least 1 — g is m times

/8
O(;GIH( )log(1/6)log(m/d) q(A )+%ln (n )logQ(m/é)log(m/5)>, m

4.8 Discriminant analysis

Discriminant analysis is used for dimensionality reduction and classification over large data sets.
Cong and Duan introduced a quantum algorithm to perform both with Fisher’s linear discriminant
analysis [CD16], a generalization of principal component analysis to data separated into classes.

The problem is as follows: given classified data, we wish to project our data onto a subspace
that best explains between-class variance, while minimizing within-class variance. Suppose there
are M input data points {z; € RV : 1 <i < M} each belonging to one of k classes. Let . denote
the centroid (mean) of class ¢ € [k], and Z denote the centroid of all data points. Following the
notation of [CD16], let

k

SB:Z(MC—E')(MC—QC and Sy = ZZ x)T.

c=1 c=1 x€c

1811 case applying Theorem 3.4 would result in s > n, we instead directly diagonalize H ensuring s < n.
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denote the between-class and within-class scatter matrices of the dataset respectively. The original
goal is to solve the generalized eigenvalue problem Spv; = A;Syv; and output the top eigenvalues
and eigenvectors; for dimensionality reduction using linear discriminant analysis, we would project
onto these top eigenvectors. If Sy would be full-rank, this problem would be equivalent to finding the
eigenvalues of Sv_Vl Sp. However, this does not happen in general, and therefore various relaxations are
considered in the literature [BHK97, Wel09]. For example, Welling [Wel09] considers the eigenvalue
problem of

1 1
SESwSE- (20)

Cong and Duan further relax the problem, as they ignore small eigenvalues of Sy and Sp, and
only compute approximate eigenvalues of Eq. (20) (after truncating eigenvalues), leading to inexact
eigenvectors. We construct a classical analogue of their quantum algorithm.'® Cong and Duan also
describe a quantum algorithm for discriminant analysis classification; this algorithm does a matrix
inversion procedure very similar to those described in Section 4.4 and Section 4.5, so for brevity we
will skip dequantizing this algorithm.

To formally analyze this algorithm, we could, as in Section 4.3, assume the existence of an
eigenvalue gap, so the eigenvectors are well-conditioned. However, let us instead use a different

1 1
convention: if we can find diagonal D and an approximate isometry U such that S ES‘}} SpU ~UD,
then we say we have found approximate eigenvalues and eigenvectors of SITVS B.

Problem 4.26 (Linear discriminant analysis). Consider the functions

0 T <0?/2 0 T <0?/2
sqrt(z) = ¢ 2x/0 — 0 0?2 < x < o? inv(z) = ¢ 2z/0* —1/0% 0%/2 <2 < 0?
N x>0 1/x x>0

Given SQ(B,W) € C™ " with Sy := WIW and Sp := BB, find an a-approximate isometry
U € C™? and diagonal D € CP*P such that we have SQ4(U(-,7)) for all 4, [D;; — \i| < e||B||?/o?
for \; the eigenvalues of sqrt(Sg) inv(Sw ) sqrt(Sg), and

Isart(Sp) inv(Sw) sart(Sp)U — UD|| < e sart(Sp)||*|| inv(Sw)l| < €] BII* /0.

The choice of error bound is natural, since || B||?/o? is essentially || sqrt(Sg)|?| inv(Sw)||: we
aim for additive error.

Corollary 4.27. Fore < o/||B||, we can solve Problem 4.26 in O((“BH HBH6 + ”WQ:;”ZVHG ) log? )
time, with sG,(U (1)) = o(“B”F log? 1)

g204

Proof. By Theorem 3.1, we can find Rg,Cp, Rw, Cy such that

Isart(BTB) — Risart(CpCh) Ri|| < | B|
| inv(WTW) — Rl inv(Cw ClL) R || < /0

19 Analyzing whether or not the particular relaxation used in this and other quantum machine learning papers
provides a meaningful output is unfortunately beyond the scope of our paper.
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with

5(1BlE, 1 | BII*]|1 Bl
rg = O( 520'2 logg cCp = O Wl 5
S(IWIRIWIE, 1 SR, 1
- log = = o LI o0 = ).
O< e2o &5 caw =0 e208 &5

Let Zp = sqrt(CCY) and Zy := E(CWC‘T,V). These approximations suffice for us:

| sqrt(Sp) inv(Sw) sqrt(Sp) — R ZpReRYy, Zw Rw R Z5 Rp||
< || sart(Sg) — Ry Zp R ||| inv(Sw) sart(Sp)|
+ Ry Z5 Ry inv(Sw) — Rly Zw Rw ||| sart(Sp)|
+ IRy ZpRe R}y Zw Rw ||| sart(Se) — R Zp R,

each of which is bounded by ¢||B||?/o?. Next, we approximate ||RBR¥,V — R%RQVHF <ea’?/| B,
since then

S3ULRe Rl Uw S, — SEULR) 2} Ui 3|
BY BHVBILW YW Sy w

_1 _
< SLULIIRBRY, — R RN 0w S3|
< 0 %|RgRl, — RyR}, |02

<eV|Bll/o?

N

and so
RT ZBR RT ZwR RT ZpRp — RT A R, R/T VA R, R/TZ R < B 2 0’2
|| p4BIipliyy 4w iiwiip4 BB p4Biiplvy, LW vy Ilp 4B BH N5|| H / .

Now, we can compute Z := ZBRQBRQ;,ZWR R/T Zp and, using that Zg = Zp[Cp| o [C’B] > , rewrite
Vi

2

RL.ZRp = RL(ICB] %)) [CR]. Z[CBl - [CBl Rp.
B B B([ B]ﬁ)[ B]ﬁ [B]ﬁ[ B]ﬁ B

By Lemma 3.12, ([Cs]T RB)T is an €0 /|| B||-approximate projective isometry?’ onto the image of
[C’B]J\rf (where we use that e < o/||B||). To turn this approximate projective isometry into an
isometry, we compute the eigendecomposition [C’B} Al B] = VXV, where we truncate so that
V is full rank. Consequently, U := R}B([C B]%)TV is full rank the image of V' is contained in the

image of [Cp]% —and thus is an e0/|| B|-approximate isometry. So, our eigenvectors are U and our
2

eigenvalues are D := Y. This satisfies the desired bounds because
| sqrt(Sp) inv(Sw ) sqrt(Sp)U — UD|| < || sqrt(Sp) inv(Sw ) sqrt(Sp)U — UDUTU|

+loputy —up| < IZ o)+ wwpiivte - 1) < =

1B]*
o2

20We get more than we need here: an e-approximate projective isometry would suffice for the subsequent arguments.
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The eigenvalues are correct because, by the approximate isometry condition, ||U — U|| < 6”%” for U
an isometry:

|| sqrt(Sp) inv(Sw ) sqrt(Sp) — UDUT||
< || sqrt(Sg) inv(Sw) sqrt(Sg) — UDUT|| + |UDUT —UDU'| + |{UDUT — UDUT||

< e

~

1|2 - - IB]”
5 +|U=U|(|UD|| + |DUT||) < e S
o g

UDU' is an eigendecomposition. Furthermore, this is an approximation of a Hermitian PSD

matrices, where singular value error bounds align with eigenvalue error bounds. So, Weyl’s
2

inequality (Lemma 5.4) implies the desired bound |D;; — A;| < 5@ for \; the true eigenvalues.

We have SQ(U(+,4)) by Lemmas 2.9 and 2.10, since U(-,7) = RE([C’B]JFL)TV(-J). The runtime
G}
is 8q,(U(-,1)) = rpglog 1, where

SR GRS VNG
B B g Vv Yy ) —_— .
¢p=rp TG, S IBlEN( B]ﬁ) Lo < —
This gives the stated runtime. -
5 Proofs

5.1 Sampling and query access

Lemma 2.9. Suppose we are given SQu(v) and some § € (0,1]. Denote sq(v) := ¢sq,(v) log %.
We can sample from D, with probability > 1 — ¢ in O(sq(v)) time. We can also estimate ||v|| to v
multiplicative error for v € (0, 1] with probability > 1 —§ in (9( ! §?1(U)) time.

v
Proof. Consider the following rejection sampling algorithm to generate samples: sample an index ¢
12
from v, and output it as the desired sample with probability r(i) := % Otherwise, restart. We
can perform this procedure: we can compute r(i) given SQ4(v) and r(7) < 1 since © bounds v.
The probability of accepting a sample in a round is Y, D5(i)r(i) = ¢! and, conditioned on a
sample being accepted, the probability of it being 4 is [v(i)|*/||v]|2, so the output distribution is D,
as desired. So, to get a sample with > 1 — § probability, run rejection sampling for at most 2¢log%
rounds.
Further, since the probability of accepting is ¢! and we know ¢||v||?, we can use this to estimate
|v]|?. Suppose we ran z = O(r~2?¢log 5) rounds, of which Z fraction of them lead to acceptance.

Then, by a Chernoff bound,

<4

—

V2201
Pr|Z — 67| 2 w97 < 2exp (- 520
so Z(¢||v]|?) is a good multiplicative approximation to ||v||%. O
Lemma 2.10 (Linear combinations, Proposition 4.3 of [Tan19]). Given SQ,,, (v1),...,SQ,, (vx) €
C™ and A1, ..., A\, € C, we have SQy4 (> Aiv;) for ¢ = k%ﬁﬁ‘f and sq (> Aivi) = 1561%5]( Sy, (Vi) +

Zle qa(vi) (after paying (’)(Zle ng, (Uz)) one-time pre-processing cost to query for norms).
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Proof. Denote u := > A\jv;. To compute u(s) for some s € [n], we just need to query v;(s) for all
i € [k], paying O(>_ q(vi)) cost. So, it suffices to get SQ(u) for an appropriate bound @. We choose

= kS Nd(s)]2

That |@(s)| > |u(s)| follows from Cauchy-Schwarz, and ||a@]|? = k S35, [IAdi]|2 = k58, @il Aivil|%,
giving the desired value of ¢.
We have SQ(@): we can compute ||i/|? by querying for all norms ||;||, compute @(s) by querying

0;(s) for all ¢ € [k]. We can sample from @ by first sampling ¢ € [k] with probability %{fgz‘g, and

then taking our sample to be j € [n] from ;. The probability of sampling j € [n] is correct:

Z INall> w1 S aG) @)
< Dol Xeel® ol SO (IAewe)2 llall?

If we pre-process by querying all the norms ||| in advance, we can sample from the distribution
over i’s in O(1) time, using an alias sampling data structure for the distribution (Remark 2.15),
and we can sample from ¥; using our sampling and query access to it. O

Lemma 2.12. Given vectors u € C™,v € C" with SQ,, (u),SQ,, (v) access we have SQ,4(A) for
their outer product A := wv' with ¢ = @y, and sg(A) = sy, (u) + 54, (v), q4(A) = d,, (u) +4a,, (v),
q(4) = q(u) + q(v), and ny(A) = n,, (u) + 0y, (v),

Proof. We can query an entry A(i, j) = u(i)v( )T by querying once from u and v. Our choice of
upper bound is A = @', Clearly, this is an upper bound on uvl and || A2 = Hu|| 19]1? = pups | All3.
We have SQ(A) in the following manner: A(i,-) = @(i)o', so we have SQ(A(s, -)) from SQ(?) after
querying for @(i), and @ = ||9]|?@, so we have SQ(a) from SQ(@) after querying for ||o]|. O

Lemma 2.13. Given SQw(l)(A(l)), -3 SQum (A7) € C™", we have SQu(A) € C™™ for A :=

, . PO PWICT ,
ST NA® with ¢ = ZEESEERAE and so(4) = maxs o (AY) + ST ap0(A0), qg(4) =

> =1 Apt) (AD), q(A) = 37, a(A®), and ng(A) = 1 (after paying O(Z;l n (A(t))) one-time
pre-processing cost).

Proof. To compute A(i,7) = >, ) (1, §) for (i,7) € [m] x [n], we just need to query A® (4,7)
for all ¢ € [7], paying O(Z q(Al )) Cost So, it suffices to get SQ(A) for an appropriate bound A.
We choose

i.3) = /7 S INAD (2.

That |A(i, 7)| > |A(i, §)| follows from Cauchy-Schwarz, and we get the desired value of ¢:
1AIE =7 INADNE =7 oW INAD.
t=1 t=1

We have SQ(A): we can compute ||A||r by querying for all norms |A® |, compute a(i) =

|AG, )| = \/7' ST IMA® (G, )12 by querying a® (i) for all ¢ € [7], and compute A(i, j) by querying
AW (i, §) for all t € [r]. Analogously to Lemma 2.10, we can sample from @ by first sampling s € [7]
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[Xs A |15

= 7ay o then taking our sample to be ¢ € [m] from al®). If we pre-process by
Zt ”)‘tA HF

with probability

querying all the Frobenius norms || A® ||p in advance, we can sample from @ in O (maxte[T] Syt (A(t))>
[IXs A (i,0) |2
e I A® G2
taking our sample to be i € [m] from A®)(i,-). This takes O (22:1 Ay (A®) + MaX;c (] S, (A(t))>
time. ]

time. We can sample from A(i,-) by first sampling s € [r] with probability then

5.2 Sketching matrices and technical tools

Here, we present various lemmas about approximating matrices by sketches that will be used to
prove our results.

Lemma 5.1 (Frobenius norm bounds for matrix sketches). Given A € C™*™, let S € R™*"™ be
sampled according to p € R™, a ¢-oversampled importance sampling distribution from A. Then
ISA|E < @Al (always) and

¢*In(2/6)
2r

Pr [[SAI3 - |14J3] < JAIE] <o

Proof. ||SA||% is the average of the norms of r||[SA](i,-)||? for rows i € [r] and

Efrll[SAIGE )| —rzp TAGOIE _ 42

Tps

2 — IIA(Su')H >
rSAJG, )7 = o) S ol Al

Note that the second inequality implies that ||[SA||% < ¢||A||%. The other inequality in the theorem
statement follows by Hoeffding’s inequality. O

Lemma 2.18. Consider SQ,(A) € C™*" and S € R™™ sampled according to a, described as pairs
(i1,¢1), ..., (irycr). If 7 > 202 ln%, then with probability > 1— 4, we have SQ4(SA) and SQ¢((SA) )
for some ¢ satisfying ¢ < 2p. If p = 1, then for all v, we have SQ(SA) and SQ((SA)).

The runtimes for SQ,(SA) are q(SA) = q(A), sg(SA) = sg(4), q¢(SA) q,(4), and
ny(SA) = O(1), after O(ny(A)) pre-processing cost. The runtimes for SQ¢((SA) ) are q((SA)T) =
a(A), sp((SA)T) =s4(A4) + 7q4(4), qy (SA)H) = rq,(A), and n,((SA)T) = ng(A).

Proof. By Lemma 5.1, HSAHF > ||Al|2/2 with probability > 1 — . Suppose this bound holds. To
get SQ,(SA), we take SA = SA, which bounds SA by inspection. Further, |SA|z = ||A]|z by
Remark 2.17, so ¢ = ||SA||2/|[SA|% = || A||2/|ISA|% < 2¢. Analogously, (SA)T works as a bound
for SQ¢((SA) ). We can query an entry of SA by querying the corresponding entry of A, so all that

suffices is to show that we have SQ(SA) and SQ((SA) ).

We have SQ(SA). Because the rows of SA are rescaled rows of A, we have SQ access to them
from SQ access to A. Because ||SA|% = || A||Z and ||[SA](3,-)||> = ||A||%/r, after precomputing
HAHF, we have SQ access to the vector of row norms of SA (pulling samples simply by pulling
samples from the uniform distribution).
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We have SQ((SA)!). (This proof is similar to one from [FKV04].) Since the rows of (SA) are
length r, we can respond to SQ queries to them by reading all entries of the row and performing
some linear-time computation. ||(SA)t||2 = || 4|/, so we can respond to a norm query by querying
the norm of A. Finally, we can sample according to the row norms of (SA)" by first querying an
index ¢ € [r] uniformly at random, then outputting the index j € [n] sampled from [SA](7,-) (which
we can sample from because it is a row of A). The distribution of the samples output by this
procedure is correct: the probability of outputting j is

72 Z [SA](i, j)] ||l5Al('7j)l|2
1, ) ||2 = ISAIR IS All%
When ¢ = 1, the same argument as above works, except ||SA|Z = ||A||% because A = A, so the
oversampling constant remains the same, incurring no chance of failure. O

Lemma 3.5 (Asymmetric matrix multiplication to Frobenius norm error, [DKM06, Lemma 4]).
Consider X € C™*™Y € C™ P, and take S € R%*™ to be sampled according to p € R™ q
¢-oversampled importance sampling distribution from X orY . Then,

, ¢
E[|XTSTsY — XTY|F] < *IIXIIFIIYIIF and E[ZH SX1(i, )P ISY1G, )P S;IIXII%HYII%-
=1

Proof. Tt suffices to consider s = 1, because the variance of independent samples decreases as 1/s.
Since E[STS] = I, we have E[XTSTSY] = XY, so

E[|xTsTsy - XTY|§] < E[||XTSTsY||] = ZEl(XlSlSY)?,jl

=220

1
Xl (6, k)?Y (k, 5)* = > —=< X (k, )IPIY (R, )1 < SIXIR Y7
The second other inequality follows Similarly:

— p(k)

[Zusx IPISYIG ] = 5 3 po EEITEINE &z p. g

2 (k)
Drineas, Kannan, and Mahoney use a concentration inequality to prove tighter error bounds

for approximating matrix multiplication. We state their result in a slightly stronger form, which is
actually proved in their paper. For completeness, a proof of this statement is in the appendix.

Lemma 5.2 (Matrix multiplication by subsampling [DKMO06, Theorem 1]). Suppose we are given
AeC™m BeCY™P ceZ' and a distribution p € R™ satisfying the oversampling condition that,
for some ¢ > 1,

Ak I Bk, )|
PO = G A BT

Let S € R*™ be sampled according to p. Then ATSTSB is an unbiased estimator for ATB and

2ln
Pr[j41515B — A'Ble < \/ SRS A sk, ) > 16

<[lAlrlIBlr
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Our main technical tool follows as a simple application of Lemma 5.2.

Lemma 3.6 (Approximating matrix multiplication to Frobenius norm error; corollary of [DKMOG,
Theorem 1]). Consider X € C™*™)Y € C™*P, and take S € R**™ to be sampled according to
roi= p—;q, where p,q € R™ are ¢1, pa-oversampled importance sampling distributions from X,Y,

respectively. Then S is a 2¢1, 2¢2-oversampled importance sampling sketch of X,Y , respectively.

Further,
8 log2/6
Pr [|xtsTsy - xT¥ [ < /SR8 ) 51 s

Proof. First, notice that 2r(i) > p(i) and 2r(i) > q(i), so r oversamples the importance sampling
distributions for X and Y with constants 2¢; and 2¢s, respectively. The bounds on ||SX||r and

|ISY||p then follow from Lemma 5.1. We get the other bound by using Lemma 5.2; r satisfies the

oversampling condition with ¢ = ngﬁi)?%gﬁ\'\'ﬂl’}(;%\l’ using the inequality of arithmetic and geometric

means:

O IXGEOUYGEOL 2 XY
() S XY @ p() + ) S XY @]
L XGAIY G
= Vol S XY @]
_ VEBIX Yl XY G
= G TGS XY ()
_ VEBIX[ElY [y
S XY T

We will use the above approximation results to prove that sketching preserves singular values well.

O]

Lemma 3.9 (Approximating singular values). Given SQ,(A) € C™*" and € € (0,1], we can form
importance sampling sketches S € R™™ and TT € R in O((r+c) sq¢(A)) time satisfying the
following property. Take r = Q(f—j log %) and ¢ = Q(f—; log %) Then, if o; and &; are the singular
values of A and SAT, respectively (where ; = 0 for i > min(r, c)), with probability > 1 — 4,

min(m,n)

> (67— <el Al
i=1

If we additionally assume that ¢ < || Al|/||Allr, we can conclude |0? — 62| < e| Al|||Allg-

This result follows from results bounding the error between singular values by errors of matrix
products. For notation, let o;(M) be the ith largest singular value of M. We will use the following
inequalities relating norm error of matrices to error in their singular values:

Lemma 5.3 (Hoffman-Wielandt inequality [KV17, Lemma 2.7]). For symmetric X,Y € R™",
> loi(X) = oY) < | X - Y

Lemma 5.4 (Weyl’s inequality). For A, B € C"™*", |ox(A) — or(B)| < ||A — B|.
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Proof of Lemma 3.9. We use known theorems, plugging in the values of r and c¢. Using Lemma 3.6
for the sketch S, we know that

Pr [||AT5T5A —ATA|p < g||A||%} >1-4;

by Lemma 2.18, T is an < 2¢-oversampled importance sampling sketch of (SA), so by Lemma 3.6
for TT,

Pr [||SATTTATST — SAATST|R < g”SAH%] >1-4,

and from Lemma 5.1,
Pr[|SAIR <24l > 16

By rescaling § and union bounding, we can have all events happen with probability > 1 — . Then,
from Lemma 5.3,

VS Joi(SA?2 — oi( A2 < ]| A}
VS Ioi(SAT)? — oi(SARP < ]| |13

The result follows from the triangle inequality. The analogous result holds for spectral norm
via Lemma 3.8 and Lemma 5.4; the only additional complication is that we need to assert that
ISA| < ||All. We use the following argument, using the upper bound on &:

ISAN? = [|ATSTS Al < [|ATSTSA — ATA| + [ ATA| < [|AI* +ell Al Allr < 1A ]

Lemma 3.12. Given A € C™*", S € C"™*™ sampled from a ¢-oversampled importance sampling
distribution of A, and Tt € C" ¢ sampled from an < ¢-oversampled importance sampling distribution

t — — _ o lARIAIE 1 _
of (SA)T, let R :== SA and C := SAT. If, for a € (0,1], r = Q( = log 5) and ¢ =
k
~ 2 2 2
Q(% log %), then with probability > 1—6, ((Cx)TR) is an a-approzimate projective isometry
k

onto the image of (Cy)". Further, (DVTR) is an a-approzimate isometry, where C;" = UDV' is a
singular value decomposition truncated so that D € R¥*¥ s full rank (so k' < min(k, rank(A))).

Proof. The following occurs with probability > 1 — §. By Lemma 3.9, HC,;F |z U% By Lemma 3.8,
k

|RTR — ATA|| = O(||A||?), which implies that ||R|| = O(||A]|), and by Lemma 5.1, || R||r = O(||A||r).

Further, |[RRT — CCT|| < ao?} ”i””i”i = O(ao}). Finally, C;' C = C}f Cy, is an orthogonal projector.

So, with probability > 1 — 4,

I(CER)CER) — (CEONCEON | = G (RR! — cChY(C|| < ICGF IPIRR! — CCT) = O().
We get the computation for the a-approximate isometry by restricting attention to the span of U:

|(DVTR)(DVTR)! — I|| = |DVT(RR — cChVDT|| < |UDVT|]?|RRT — CCT|| = O(a). O
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5.3 Singular value transformation

We first introduce some lemmas which we will use in the section. The following three lemmas discuss
etgenvalue transformation, but also imply similar results for singular value transformation.

Lemma 5.5 ([Gil10, Corollary 2.3]). Let A and B be Hermitian matrices and let f: R — C be
L-Lipschitz continuous on the eigenvalues of A and B. Then || fEV)(A) — fEV)(B)||p < L|A— B||p.

Lemma 5.6 ([AP10, Corollary 7.4]). Let A and B be Hermitian matrices such that al < A, B < bl,
and let f: R — C be L-Lipschitz continuous on the interval [a,b]. Then

| ) — s (3| < 24 - B log<e‘j:%’>,

Lemma 5.7 ([AP11, Theorem 11.2]). Let A and B be Hermitian matrices and let f: R — C be
L-Lipschitz continuous on the eigenvalues of A and B. Then

Hf(EV)(A) _ f(EV)(B)H < L||A — BJ| log min(rank A, rank B).

The log term in Lemmas 5.6 and 5.7 unfortunately cannot be removed (following from the fact
that some Lipschitz functions are not operator Lipschitz). However, several bounds hold under
various mild assumptions, and for particular functions, the log term can be improved to loglog or
completely removed. We will only Lemma 5.7 because it makes subsequent analysis (Theorem 3.1)
easier. Using the reduction from [GSLW19, Corollary 21], we can conclude that the same result
holds for singular value transformation of general matrices.

Lemma 5.8. Let A, B € C™*" be matrices and let f: R — C be a singular value transformation
that is L-Lipschitz continuous on the singular values of A and B. Then

1£SV(A4) — fOVI(B)| < L||A — B| log min(rank A, rank B).
We now show how to perform singular value transformation on AfA more efficiently.

Theorem 3.1 (Even singular value transformation). Let A € C"™*" and f: RT — C be such that,
f and f(z) := (f(z) — £(0))/x are L-Lipschitz and L-Lipschitz, respectively, on U ,[0? —d, o2 + d]
for some d > 0. Take parameters ¢ and § such that 0 < e < L||A||? and § € (0,1]. Choose a norm
x € {F,Op}.

Suppose we have SQd)(A). Consider the importance sampling sketch S € R"™™™ corresponding to
SQ4(A) and the importance sampling sketch Tt € R*™ corresponding to SQS2¢((SA)T) (which we
have by Lemma 2.18). Then, for R := SA and C := SAT, we can achieve the bound

Pr[|RUF(CCHR + f(O)T - f(ATA)|. > €| <, (3)
. 2 29171 . . $* log(1/8) \1/2
if e > [|A]|%)| Allgo zlogs (or, equivalently, d > & := || A||||Al|r( N (re) )/?) and
r=Q(PLIARIAIR Slogs) o= Q(L2AIAIZIAIR 5 los ;) (4)
* F€2 (5 * F62 5 .
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Lemma 3.2 (Norm bounds for even singular value transformat_ion). Suppose the assumptions from
Theorem 3.1 hold and the event in Eq. (3) occurs (that is, RT f(CCHR ~ f(AYA) — f(0)I). Then
we can additionally assume that the following bounds also hold:

IR = O(IAl) and |[Rllx = O(Alle), (5)
min(r,c)

IFcch) < max{|f@) |z e |J 0?2 0?+e}, (6)
=1

when « = Op, |RIy/F(CCh| < \/If(aT4) - fO)1]+=. (™)

Proof of Theorem 3.1 and Lemma 3.2. Since f(ATA) = [f(x) — f(0)](ATA) 4+ £(0)I, it suffices to
show for those f such that f(0) = 0. We choose r, ¢ such that the following holds:

1. The ith singular value of CCT does not differ from the ith singular value of Aﬁby more than &.
This follows from Lemma 3.9 with error parameter e[| A||z || Al max(L~!, L7 A[72).

This immediately implies Eq. (6).

2. |R||*> = O(J|A||?). This is the spectral norm bound in Eq. (5) (the Frobenius norm bound
follows from Lemma 5.1). We use Lemma 3.8:

ellAl”
LIlAJ2

IR|I* < AJ* + | RTR — ATA|l < ||A|I* + = O([l A

This is the only place the assumption that ¢ < L||A||? is used.

3. [|[f(RTR) — f(ATA)||« < 5. We need the polylog factors in our number of samples to deal with
the logr that arises from Lemma 5.7 in the spectral norm case.

If(RTR) — f(ATA)],

< L|RTR — ATA||, log rank(R'R) (Lemma 5.7 or Lemma 5.5)
21 log(1
< L\/¢ 08 7108(1/9) \ 41 1 Al log (Lemma 3.8 or Lemma 3.6)
r
Se.

4. |f(CcCy — f(RRN)]« < 2”15%”2. This follows similarly to the above point, additionally using
that [|R]| = O([|A]).
Using the above points, we can conclude:
IRTF(CCHR — f(ATA).
< |R'F(RRNR — f(ATA)||. + | R'(F(RRT) — F(CCT)R.
= | f(B'R) — f(AT ) + | R'(F(RR") — F(CCH)R]. (Definition of f)
< [IF(RTR) — f(ATA)|ls + |RII*| f(RRT) — F(CCT)].
Se

This immediately gives Eq. (3). When the event occurs (and * = Op), we also have Eq. (7), since
|riFcon| = iRt fcehr) < \JIrata) - fo1) +e. =
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Theorem 3.3 (Generic singular value transformation). Let A € C"™*" be given with both SQ,(A)
and SQg(A") and let f : R — C be a function such that f(0) = 0, g(z) := f(\/x)/\/x is L-
Lipschitz, and g(x) := g(x)/x is L-Lipschitz. Then, for 0 < e < L||A||?, we can output sketches
R:=SAe€C™ and C := AT € C"™*¢, along with M € C"*¢ such that

Pr [HCMRJrg(O)A COITNES g} <4,

with r = Q(¢2L21\A\|2||A|y§5210g %) and ¢ = Q<¢2L2\|A||4|\A\|%€%log %). Finding S, M, and T

takes time

S(50(4) 4 55(47) + ) ()

) 1
+ (LA [ AllE + LY AL° HAHF) log 59(4)

<(L2||A|| 1Al + Z?]LA]” HAHF) log

(L4L2HAH16HAHF+L6||A||10||A||F) 10g 5+n¢(A))

Proof. Consider the the SVT g(z) := f(v/x)/\/z, so that fSV)(A) = Ag(ATA). First, use Theo-
rem 3.1 to get SA € C™*" SAT € C"*¢ such that, with probability > 1 —§/2,

I(SA4)'((SAT)(SAT))SA — g(ATA)| <

Second, use Lemma 3.6 to get a sketch T'1 € C¢*™ such that, with probability > 1 — 8 /2,
|A(S AT — AT'(SAT')T|| < e(L|Al)

The choices of parameters necessary are as follows (using that ||SA|lr = O(||Al|r) by Eq. (5) and
we have a 2¢-oversampled distribution for (SA) by Lemma 2.18):

1
r= (17 4]} log 5)
= O (L2 Al AlIR *1
¢ Fo og 5
d = @(¢2L2|\A\|2||A|!F—2 log f)
€ 4]
This implies the desired bound through the following sequence of approximations.

IA(SA)g((SAT)(SAT)")SA — Ag(ATA)|| < [JAIlll(SA)'g((SAT)(SAT))SA — g(ATA)|| < e

I(AT'(SAT")" — A(SA))g((SAT)(SAT)")S Al
< [|AT'(SAT")" — A(S )”III@((SAT)(SAT)T)SAH

< |AT'(SAT') — A(SA)|VE \/ng (ATA)| + -

IIAH
S IAT'(SAT')T — (SA)THLHAH <e
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This gives us a CUR decomposition of A, with AT as C, (SAT")'7((SAT)(SAT)T) as U, and SA
as R.
The time complexity of this procedure is

(’)((r +c+)s(A) + (re+rd)q(A) + r2d + ?“20),

which comes from producing sketches, querying all the relevant entries of SAT and SAT’, the
matrix multiplication in M, and the singular value transformation of SAT. We get r factors in
the latter two terms because we can separate 7((SAT)(SAT)") = vT(SAT)(V7(SAT))" where
V7(x) = /7 (). O

Theorem 3.4 (Eigenvalue transformation). Suppose we are given a Hermitian SQ,4(A) € C™*",

a function f : R — C that is L-Lipschitz on U_ [\; — d,\; + d] for some d > %, and some

e € (0,L||Al]. Then we can output matrices S € C>*", N € C***, and D € C*** with
5= O(¢2||A||4\\A\|%§—glog %) and s' = O(||A[2L2/=2), such that

Pr [||(5A)TNTDN(SA) + OV — FEV A > a] <4,
m time

_ 1 _ 1
O((L%e O AIF | AR 6% log 5 + L A% og 5)(s6(4) + au(4)

1)
(LA A6 tog? 5 + L% S A A6 log? 3) a(4)
1
+ L2241 AlR¢0 log? ).

Moreover, this decomposition satisfies the following further properties. First, NS A is an approximate
isometry: |[(NSA)(NSA)T —I| < (ﬁ)‘?. Second, D is a diagonal matriz and its diagonal entries
satisfy |D(i,1) + f(0) — f(N\)| < e for all i € [n] (where D(i,i) :=0 fori>s).

Proof. Keep in mind throughout this proof that ¢ is not dimensionless; if choices of parameters
are confusing, try replacing ¢ with ¢||A||. We will take f(0) = 0 without loss of generality. First,
consider the “smooth projection” singular value transformation

2

0 CC<2€?
() 2L2 1 a2< g2
1 =<

Since 7 is a projector onto the large singular vectors of A, we can add these projectors to our
expression without incurring too much spectral norm error.

|m(AANAT(ATA) — Al =  max |7(0?)oym(0?) — o4] < e/L

ic[min(mn)] ‘

Second, use Theorem 3.1 to get SA € C"™*", SAT € C"*¢ such that, with probability > 1 — ¢,
5

Tz f — (Al .
I(SAYR(SATHSAT)NSA ~ (A A)| <
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The necessary sizes for these bounds to hold are as follows (Lipschitz constants for 7 are 2L?/?
and 4L/, ||SA|r = O(]|A|r) by Eq. (5), and we have a 2¢-oversampled distribution for (SA)
by Lemma 2.18):

L2||Au2 !

_ 2 2 _ 2

r=6(¢2 4HAH Al tog ) = 6(# 1411413 % L 10g 5)
L2A2 L10 1

= o (e L1 10g 1) = 6 (62418413 Sy 105 2)

This approximation doesn’t incur too much error.

|RTZ(CCTYRARR(CCTYR — w(ATA)An(ATA)||
< ||w(ATA)A(m(ATA) — RT7(CCHR)|| + ||(m(ATA) — RTZ(CCTYR)ART7(CCMR)|
—(Imatayja) + R = (CCH R )

<7 a (4 -+ nap (1 + m)) <3-

Third, use Remark 3.11(b) lazily: pull ¢ := O(¢3||A||%§—§ log ;) samples from SQ,(A) such that,

given some Q(z), Q(y), with probability > 1 — 2, one can output an estimate of zf Ay up to LJ(';“UJWL'

F
additive error with no additional queries to SQ, (A). Then, by union bound, with probability > 1—4,
one can output an estimate of R(i,-)AR(j,-)" up to %W < L€3 error for all 7, j € [s] such

that i < j. Let M be the matrix of these estimates, so |M — RAR'||p < £3. From Egs. (6) and (7),

_ e \L? €
IRT7(CCT)(RART — M)7(CCR| <—||RT (CCNI? < o (1+ ) & <

2—.
LA L
We have shown that we can find an RUR approximation to A, with R as R and 7#(CCT)M#(CC)
as U. However, if we wish to apply an eigenvalue transformation to A, we need to access the

eigenvalues of A as well. Our goal is to modify our RUR decomposition to an approxunate unitary
eigendecomposition UDUT, where U is an a- approximate isometry for a := LH ik Recall that

U being an a-approximate isometry means that ||U -1 || < a, or equivalently, there exists an
isometry U such that |[U — U|| < . Then,

If(A) = U F(DYOT|
< |F(A) = UFDYUT| +[UF(D)U = O)|| + (U = O) f(D)UT|

D
<|I£(A) = FUDUN| + a||Uf(D)| + al| f(DYUT|| + ol f(D)(T — V)|
< L||A — UDU| logrank(UDU") + 3a|| f (D)

< L(I4=UDU| + |UDW — O] + (U ~ 0)DUY|| ) log rank(UDU™) + 3al| £ (D)

< L(% + 3a”f)||) log rank(UDU') + 3a|| f (D)
<e.
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The last line follows from noticing that [|A]| > |UDUT|| + £ < (14 a)?|D||%, so |D]| = O(||Al])-
Further, ||f(D)| < L||D| since f(x) = f(x) — f(0) < Lz. The logrank is folded into the polylog
term in 7, ¢, .

To get a-approximate isometries, we use Lemma 3.12. Using that 7 zeroes out singular values
that are smaller than 5 LQQ, we can rewrite our expression to get the desired approximate eigenvectors:

Riz(CChYM=(CCHR = (CT._ R)*(CL%(CCT)Mﬁ(CCT)Cﬁ)(0% R)

V2L V2L 2L
(10 (0 ) (0 W yrcohureehu p ) (0! WD @
i b o

By Lemma 3.12 with our values of 7 and ¢, we get that U := rR'U9 (D (D @ )t is an O(L3ﬁf4u3>'
V2L \FL

approximate isometry, which is better than what we need. Here, U € C"¢', where § is the rank of
Cﬁ’ so we can deduce that s’ < HA@# and s < min(r, ¢, n).

Finally, we wish to show our bound on eigenvalue estimates. Notice that, while bounding
|f(A) = Uf(D )UTH we inadvertently proved that || f(A) — Uf(D )UT|| < ¢ for U the isometry
such that |[U — U|| < a. We can compute the eigenvalues of Uf(D)U': they are precisely the
cigenvalues of f(D), where D is defined in Eq. (21). We can simply compute this eigendecomposition
and output the eigenvalues; these have the desired bounds by Weyl’s inequality. Though we
have not as of yet assumed that D is diagonal, we can compute its unitary eigendecomposition
U(D)D(D)(U(D))T; so, going by the notation in the theorem statement, we can take D := D and
N = (U@))T(D(fi))*(UE[i))T to complete (including the isometry (U(]j))T in our expression for U

2L 2L

does not change the value of «).

This completes the error analysis. The complexity analysis takes some care: we want to compute
our matrix expressions in the correct order. First, we will sample to get S and T, and then compute
the truncated singular value decomposition of C' := SAT, which we denote U(C)D(C)(V(C))]L with
U e ¢crxr D@ ¢ crxr v(© e C*". Then, we will perform the inner product estimation
protocol 72 times to get our estimate M € C"™", and compute the eigendecomposition

D =D pdy@nt = p©@ z( DN Ut MU @ =((DENY2 DO
) = T T((D)) D

Then, we compute D and N. By evaluating the expression for D from left-to-right, we only need
to perform matrix multiplications that (naively) take s'r? time. The only cost of ¢ we incur is in
computing the SVD of (', and further, by expressing it in this way we can see that we can take
s :=r for s as in the theorem statement. The runtime is

(5((7“ +c+1t)s(A) + (re+ r2t) q(A) + s+ rls + 7‘20). ]
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A  Proof sketch for Remark 3.16

Recall that we wish to show that, given SQ(A), we can simulate SQ(B) for B such that || B — Af|| <
e||A|| with probability > 1 — 4. , so we recommend going through Section 4 if the reader

Following the argument from Remark 4.4, we can find a B := AR'#(CC")R satisfying the above
property in (50”4?%5:22 log® %) (rescaling e appropriately). Here, R and £{(CC') come from an
application of Theorem 3.1 with ¢ : R — C a smooth step function that goes from zero to one around
(e]|AI)2. If we had sampling and query access to the columns of ART, we would be done, since then
B=3%, Z;Zl[f(CCT)](i,j)[A’R’T](-, i)R(j, ), and we can express B as a sum of 72 outer products
of vectors that we have sampling and query access to. This gives us both SQ4(B) and SQ¢(BT).

We won’t get exactly this, but using that Z(CCT) = (C:”A||/2)Tt(C’TC’)C:”A”/2, for UDV'T the
SVD of C and UEHAH/2D€HAH/2V;THAH/2 the SVD truncated to singular values at least || A||/2, we can
rewrite

_ 2 T
B = A(RTUza1/2D]) 1 2) ({D*) D) g 12Ul a) 2 B

Now it suffices to get sampling and query access to the columns of A(RTUEIIAII/2D§|A||/2)7 and by
Lemma 3.12, RTU€|| Al /2D€+” All)2 is an e3-approximate isometry. Further, we can lower bound the
norms of these columns, using that RTR ~ ATA and CCt ~ RRT.

HA(RTUE||A|\/2DE+||AH/2)H2 = H(Ue||A||/2D§||A||/2)TRATART(Us||A||/2D§||A||/2)H
~ H(Us||A||/2D:||A”/Q)TRRTRRT(Us||AH/QD:”AW)H
= ”RRT(Ua||AH/2D;L||AH/z)H2
~ HCCTU(EHAH/QD;T‘AH/Q||2
= HUD2UTUEHAH/2D:HAH/2H2
> || Alf?

Consider one particular column v := [RTUEH Al /QD;FH Al /2](~, ¢); summarizing our prior arguments,

we know [[v|| > 1 from approximate orthonormality and ||Av|| 2 || Al|, which we just showed.
We can also query for entries of v since it is a linear combination of rows of R. We make one
more approximation Av & u, using Lemma 3.10 as we do in Corollary 4.3. That is, if we want to
know [Av](i) = A(3, -)v, we use our inner product protocol to approximate it to v||A(s,-)||||v| error,
and declare it to be u(i). This implicitly defines v via an algorithm to compute its entries from
SQ(A) and Q(v). Let B’ be the version of B, with the columns of ARTUEHAH/QD+‘AH/2 replaced

el
with their u versions. One can set vy such that the correctness bound ||B’ — A'|| < ¢ and our lower
bound u 2 ¢||A]| both still hold. All we need now to get SQ(u) (thereby completing our proof
sketch) is a bound 4 such that we have SQ(u). We will take u(7) := 2||A(7,-)||. We have SQ(a)
immediately from SQ(A), ¢ = ||@]?/||ul* < €2||Al|3/]|A||? (from our lower bound on |u||), and
la(a)| > [JA®, )| + || AG, ) |lv]] > |u(i)] (from our correctness bound from Lemma 3.10).
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B Deferred proofs

Lemma 3.10 (Inner product estimation, [Tan19, Proposition 4.2]). Given SQu(u),Q(v) € C",
we can output an estimate ¢ € C such that [c — (u,v)| < e with probability > 1 — § in time

O(llull?[[v]]* 5 log 5 (say(u) + a(v))).

Proof. Define a random variable Z by sampling an index from the distribution p given by SQ(u),
and setting Z := u(i)v(i)/p(i). Then

8121 = () and B2 = 3 p) OO0 < 3 Jutie 2l = ol
=1

So, we just need to boost the quality of this random variable. Consider taking Z to be the mean
of z := 8¢||u|? ||1)H282 independent copies of Z. Then, by Chebyshev’s inequality (stated here for
complex-valued random variables),

2 Var[Z]
ze?

Pr(|Z — E[Z] > ¢/v/2) <

IN

1
T
Next, we take the (component-wise) median of y := 8log 4 5 independent copies of Z, which we call
Z, to decrease failure probability. Consider the median of the real parts of Z. The key observation
is that if R(Z — E[Z]) > €/+/2, then at least half of the Z’s satisfy R(Z — E[Z]) > ¢/v/2. Let
E; = x(R(Z; — E[Z]) > €/+/2) be the characteristic function for this event for a particular mean.
The above argument implies that Pr[E;] < %. So, by Hoeffding’s inequality,

1 & 1
Pr|=-SN"E > -

With this combined with our key observation, we can conclude that Pr[R(Z — (u,v)) > £/v/2] < §/2.
From a union bound together with the analogous argument for the imaginary component, we have
Pr[|Z — (u,v)| > €] < § as desired. The time complexity is the number of samples multiplied by the
time to create one instance of the random variable Z, which is O(sq(u) + q(v)). O

< Pr

| >

1< 1
52& > +PrE]| < exp(-q/8) <
=1

Lemma 3.15. Consider p(z) a degree-d polynomial of parity-d such that |p(x)| <1 for z € [—1,1].
Recall that, for a function f : C — C, we define f(z) := (f(z) — £(0))/x (and f(0) = f'(0) when f
is differentiable at zero).

If p is even, then max |q(z)] <1, max |¢(z)]

< d?, max |G(z)| < d?, and max |7 (x)| < d*.

~

z€[0,1] z€[—1,1] z€[—1,1] z€[—1,1]
If p is odd, then max |q(x)| < d, max |¢(z)| < d®, max |g(z)] < d?, and max |7 (z)| < d°.
ze[-1,1] ze[-1,1] ze[-1,1] we[~1,1]

Proof. We use the following Markov-Bernstein inequality [BE95, 5.1.E.17.f]. For every p € Clz] of
degree at most d

. d k
rr[lafil]|p ( )| < (mm{dz,ﬁ}) :pe[alxl}’ p(x)l, (22)

where < hides a constant depending on k. Note that by replacing x in the above equation with 2y —1,
we get that max,c 1) Ip®) ()| < d?* max,e(o,1)/p(y)| (paying an additional 2* constant factor).
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We first make a couple observations about 7(x) using Taylor expansions, where r(z) is any
degree-d polynomial. First,

where y € [0, z] comes from the remainder term of the Taylor expansion of r(x) at x. Similarly,

r(z) —r(0)

X

) = 5 (')~ r(@) + (0))

22
_ ! <xr (z) —r(z) +r(z) —r'(x)z + r"(y)—) = 1r”(y)

T2 2

(@) = (

for some y € [0,z]. Then, for p even, max,c( 1) |¢(z)| < 1 by definition. We also have

max |¢'(z)| < d” max |q(z)| < d*

z€[0,1] z€[0,1]
< < 2
Jnax, 1q(z)] Jnax, ld ()] S

< - < Jq4
xrg[gﬁ}l 7 (z)] rg[ggﬂlq W <

For p odd, the same argument applies provided we can show that max,e[o 1] lg(z)| < d, which we do
by splitting into two cases: = < % and x > %

p(z)

max |g(z)| = max = max < max max )| <d

zG[O%}!Q( )l e |7 e FAHIRS e /71—x e 11\ p(z)| <

max lg(z)| = max ‘p(w) < max [2p(z)| <2 O
ze(1.1) ze(i )l @ ze(1,1]

Corollary 4.14. Given SQ(XT) and SQ(y), with probability > 1 — &, we can output a b such that
|b—b] < e(14+0b) and SQ,(&) such that ||&—al| < ev|lyll, where a and b come from Eq. (13). Our al-

gorithm runs in 5(HXH%HXH167115*6 log® %) time, with sqg(&) = (HXHFHXHGW‘E’ Waﬁés 41og? %)

Note that when v~/? is chosen to be sufficiently large (e.g. O(|X||r)) and ||| = Q(y|yl), this
runtime is dimension-independent.

Proof. Denote 02 := 7!, and redefine X <~ X7 (so we have SQ(X) instead of SQ(XT)). By the
block matrix inversion formula?’ we know that

0 iT -1 [__1 ITM-t

- — IT M1 ITM-1T

1 M M1 M-l MM
L ITM~11 ITM-11

g —1 1T M1y
|:9 1T:| |:0:| _ TTMITM .
_1 g
LM Y M (y— TT M- 111)

2Tn a more general setting, we would use the Sherman-Morrison inversion formula, or the analogous formula for
functions of matrices subject to rank-one perturbations.
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So, we have reduced the problem of inverting the modified matrix to just inverting M ~! where
M = XTX 4+ 072]. M is invertible because M = ¢%I. Note that M~ = f(XT X), where

1

TN =375

So, by Theorem 3.1, we can find R f(CCT)R such that ||Rtf(CCHR + %I — f(XTX)|| €072,
where (because L = o4, L = 07 9)

~(L2|Al21 All2 4 .
:O( A2 Al logD:O(fglogl)

g2 )
5( LIAICAlRet 1\ 5 EwS. 1
C—O( 52 lOgg =0 ETlOgg
So, the runtime for estimating this is O(X 35“5 log® 1). We further approximate using Lemma 3.6:
€ o

we find r ~ R, r, ~ Rl and v = 1Ty in O(rg2 log %) time (for the first two) and O(Ei2 log 1)
time (for the last one) such that the following bounds hold:

|RTT — ry|| < ev/mo |RYy — 7| <ev/mo 1Ty —~| < em (23)
Via Lemma 3.2, we observe the following additional bounds:
MM <o RIFCCN < +e)o™  ((f(CCT)P <072 (24)

Now, we compute what the subsequent errors are for replacing M~ with N := RTZR + 0—121 ,
where Z := f(CCH).

M=ty  INRIZR+ o 2Dy £ |[1]||y||RTZR + 021 — M|
ITM-T  TH(R'ZR+ o~2D)1+||1))2|RTZR + 021 — M1
I'R1ZR 2Tty +e02
== Zi_'_a _,g o m by SVT bound
1TRTZR1 + 02111 £ e02m
TRt Zr, + |TTRT Z|||Ry — 7| + 072y £ 072y — TTy| £ o 2m
TRt Zry £ |TTRT Z||||RT — r1|| + (1 £ €)o—2m
'R Zr, + 1 -3 2y + 2072
_ 1 ry £ (Vm(l +e)o=°)(eoy/m) 4+ 0%y £ 20 *m by Eqs. (23) and (24)
1R Zr + (vVm(1 +e)o=3)(eoy/m) + o~ 2m + ec—2m
1 Zry + |RT = 1]]]| Zry|| + 0~y + O (o~ 2m)
r1Zr1 £ ||RT — ri]||| Zr1|| + 0=2m £ O(eo—2m)

_ rln oy ZR + 2Ry = )+ o £ O )
rIZn + eo/m(||ZR1|| + || Z|||RI — 1)) + 0—2m £+ O(co—2m)
1Zr, + 02y £ O(co2
_ TTl ry+ 02y & Ofeom) by Eqs. (23) and (24)
riZri + o 2m+ O(co—2m)
TZ -2
= NPT T (1 1+ 0(e)) + 0(e) by i Zr >0
rZr + o %m
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We will approximate the output vector as

1TTvm—1
-1 ?JM

t -2
Y — 11%RTZry+a*2 _ndryto Ty

RTZn + o0 27).
TtM-11 i Zr + o 2m )

To analyze this, we first note that

1M~y = R Zry + 0 %yl| < M~ = R'ZR — o 21 |[ly|l + |RTZ ||| Ry — |
<eo i/m+ (1 +¢e)o3eov/m
<eo2Vm

and analogously, |[M T — RTZr| + 0721 < eo—2/m. We also use that

TMly I M ) M )X
e N T

With these bounds, we can conclude that (continuing to use Egs. (23) and (24))

1z
) (RTZry+0' fM
1 Zr +o0-2m

ML <y Iyt Z/
TTM-17

(R"Zry + U_QT)> ||

Ttas—1 . T -2
< IM 'y — R Zr, + 0%y + VM~ y, g nlryto ™y

(RTZ’Fl + O'_QT))

ItM-11 TZrl +072m
1M~ 11 1z -2
<eo iYm+ = yHM YR Zr -0~ y_nfryto
TtM—11 UM=T  iZr +02m

Ity TTm—1
< - 7 -2 - I t 27
N(l—l—TT = )50 vm —|—€<1+_,T e )HR Zri+o 1
1TTm—1! Y -
1+ = )(0_2\/m—|— R'Zr + 0721 )
( 1M1 I8 Zr H

(25)

IR Zr + o721

X R = —
<X (o= 4 T 4 (B 2R+ o2 - M) 4 R 20 - RUZRT]) by B, (25)

X
< su (0_2\/m + o0 2/m+eo2/m + 60_2\/772)
g
X
<X e
o

||X||

So, by rescaling € down by , it suffices to sample from

T -2 T -2
b= Rz (r, - W2ET ) g2y N2 EO D)
riZr1 + o7 2m r1Zr1+ o7 2m

To gain sampling and query access to the output, we consider this as a matrix-vector product, where
the matrix is (RT | y | 1) and the vector is the corresponding coefficients in the linear combination.

76



Then, by Lemmas 2.9 and 2.10, we can get SQ(d&) for

| X2 i Zr +o0 2y 2 _ i Zr +072y\2 - o
¢:<r+2><‘fHZ(ry—”’ﬁ)H Fo (I + (52 )P ) a2

1Zr +02m riZn +o
2
< (11 o om ot I I” m ) a2
O'

< <||X||% +r> [X[]> o~ *m

~A o o a2

—~ A N X2 X||?

50 5q,(G4) = ¢ sqy(d) log% = O(r(” UQHF +7) ”02” ”aHQ 2 log 5) O

Lemma 4.24 (Perturbations of the partition function). For all Hermitian matrices H, H € C**",

Tr(eﬁ) - Tr(eH)‘ < HeH - eHH1 < (e”g_HH - 1) Tr(e).

Proof. We will use the following formula introduced by [KS48, Fey51] (see also [Bel97, Page 181]):

d me) _ / Lo M)y
oy . 2
pr ; e T dy (26)

Let A € C™*™ with ||A]| < 1, we define the function g4(t) := Tr (AeHth(ﬁ*H)), and observe that

ga(t) = 4 Tr (AeH+t(H H)) by definiton
dt
=Tr < H+HH-H )> by linearity of trace
= Tr< ey[H+t (H—H)] (H — H)e(l_y)[H"'t(H_H)]dy) by Eq. (26)
_ / Te( AN -] gy by linearity of trace??
0
1 . _ N
< / HAey[HH(H*H”(H — H)e(lfy)[HH(H*H)] Hldy by trace-norm inequality
/ HAey[HH (H-H)] H H(H H)e (1—y)[H+t(H—-H)] dy by Holder’s inequality
]

< / et 1 — g o0ty by Holder's inequality
0 y -y

. dy since || Al <1

1—y

<[] [ Jorco
0

1
y

=& = w0l @)

22Note that in case A = I, by the cyclicity of trace, this equation implies that % Tr(eH“)) = Tr(eH“) %H(t)).
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Now we consider z(t) := g;(t) = Tr (eHth(ﬁ*H)). From Eq. (27) we have 2/(t) < |[H — H||z(t).
Using Gronwall’s differential inequality, we can conclude that z(t) < z(0)el=Hl for every ¢ € [0, 00).

Finally, we use the fact that there exists a matrix A of operator norm at most 1 such that
e — eHH1 =Tr(A(e H_ ¢ ) (take, e.g., sgn(e! —ef!)). We finish the proof by observing that for

- eHHl - Tr(Aeg) — Tr(Ae') = gA(l) —9g4(0 fo g’y (t)dt and

1 @7 1 1 _ _
/ gut)ydt < / I — H|z(t)dt < Z(O)/ IH — H|etlA-Hl gt = Tr(eH)(eHH—HH - 1). O
0 0 0

Lemma 5.2 (Matrix multiplication by subsampling [DKMO06, Theorem 1]). Suppose we are given
AeCY™m BeCv™P ceZ" and a distribution p € R™ satisfying the oversampling condition that,
for some ¢ > 1,

[A(k, )| Bk, )l
P = S A TIBE T

Let S € R*™ be sampled according to p. Then ATSTSB is an unbiased estimator for A'B and

$?1n(2/6)
[latstsn - atBle < /DS 4GB > 1 -4

<|IAlrlIBlr

Proof. Using that the rows of S are selected independently, we can conclude the following:

E[(SA) (SB)] = ¢ E[[SA](1,-)[S —CZp (') — AT

E[|[atstSB — ATB](i, j)|]

Ms
NE

E[||ATSTSB — ATBI|] =

s
Il

—
<

Il
M- L

@
I
—
<.
Il
—

E[|[SAJ(1,9)[SB](1,4) — [A"B)(i, /)|*]

E[|[SA)(1.4) [SBI(L.5)|’]

M"@

@
Il
_
.
Il
—

n o AGk)P Bk
2P Tm) o)

[ . 2 . 2
o) [ACk, (1B (K, -]

L5 SZACOIBED oy,
< S TAG BRI ACRIEIBE

I
M-
M*@

.
Il

_

1j

Q-

o

k

= 2( 1Atk BN

To prove concentration, we use McDiarmid’s “independent bounded difference inequality” [McD89].
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Lemma B.1 ([McD89, Lemma (1.2)]). Let X1,...,X. be independent random variables, with X
taking values in a set Ag for each s € [c]. Suppose that f is a real valued measurable function on the
product set I3 Ag such that |f(x) — f(a')| < bs whenever the vectors x and ' differ only in the s-th
coordinate. Let' Y be the random variable f[X1,...,X.]. Then for any v > 0:

2
Pr{|Y — E[Y]| > 9] < 2exp ( - szbg).

To use Lemma B.1, we think about this expression as a function of the indices that are randomly
chosen from p. That is, let f be the function [n] — R defined to be

C

Firia, .. ie) 1= [ATB = 30— Al ) B )
s=1 s

Then, by Jensen’s inequality, we have

E[f] = E[||A'S'SB — A'B||p] < \/]E[IIATSTSB — AB|§] < \/fz A ) B, )I-
k

Now suppose that the index sequences i and 7 only differ at the s-th position. Then by the triangle
inequality,

1) = 1) < ¢ |5 Alie ) Blin) = s AL B
< i?éa[fj @A(k»')TB(’%')HF

< 205 Ak B
k=1

Now, by Lemma B.1, we conclude that

- Elf]| > 2R 5 HA<-,k>m|B<k,->u] <s.
k

So, with probability > 1 — 9,

21n(2/9)
4TSS ~ A'Blp < B[ ATSTSB - ATB]s] + | 2 ST aC BB )
< (/2 + 2R S a5k,
k
21n
< /SRR S A Ky a
k

Pr
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