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1 Alternative axiomatization of twofold multiple-prior pref-
erences

We provide an alternative characterization of twofold multiple prior preferences. The main
result shows that some of the axioms in Echenique, Miyashita, Nakamura, Pomatto, and
Vinson (2021) (henceforth, EMNPV) can be replaced by monotonicity and transitivity-type
properties for the negation 6� of the decision maker’s preference relation.

We first recall the axioms in EMNPV:

Axiom 1. � is asymmetric and transitive. The restriction of � to X is non-trivial and
negatively transitive.

Axiom 2. For all f, g, h ∈ F , the sets {α ∈ [0, 1] : αf + (1 − α)g � h} and {α ∈ [0, 1] :
h � αf + (1− α)g} are open.

Axiom 3. For all f, g ∈ F , x ∈ X, and α ∈ [0, 1], f � g if and only if αf + (1 − α)x �
αg + (1− α)x.

Axiom 4. For all x ∈ X, the sets {f ∈ F : f � x} and {f ∈ F : x � f} are convex.

Axiom 5. For all f, g ∈ F and x ∈ X, if f ./ x and g ./ x, then f ./ g.

Axiom 6. For all f, g ∈ F and x ∈ X, if f(ω) ∼ g(ω) for all ω, then f � x implies g � x,
and x � f implies x � g.

Axiom 7. For all f, g ∈ F and x, y ∈ X, if x � f(ω) � y for all ω, then x � f � y.

In what follows we show that Axioms 5–7 can be replaced by two alternative axioms
on the negation of �.

1.1 Twofold justifiable preferences

We first make a number of preliminary observations regarding the negation of a twofold
multiple prior preference relation. To simplify the notation, we will denote by �† the
negation of a binary relation � over F . Formally, it is defined as f �† g if and only if
g 6� f . We will denote by f �† g the strict part of %†, defined as f �† g if and only if
f �† g but not g �† f . Note that given � is asymmetric, the strict part of the negation
�† coincides with the original strict order �.

We first observe that � admits a twofold multiple prior representation (u,C,D) if and
only if its negation �† admits the representation

f %† g ⇐⇒ max
µ∈D

∫
u(f)dµ ≥ min

µ∈C

∫
u(g)dµ, (1)
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We refer to a binary relation %† that admits the representation (1) as a twofold justifiable
preference. The relation between twofold multiple prior and justifiable preferences is
analogous to the relation between Bewley’s preferences and Lehrer and Teper’s (2011)
justifiable preferences.

Twofold justifiable preferences violate transitivity due to the “thickness” of their
indifference regions. An act f that satisfies

max
µ∈D

∫
u(f)dµ > min

µ∈C

∫
u(f)dµ

admits multiple distinct certainty equivalents: Any two consequences x and y that satisfy

max
µ∈D

∫
u(f)dµ > u(x) > u(y) ≥ min

µ∈C

∫
u(f)dµ

lead to a violation of transitivity for the symmetric part ∼† of %†, since f ∼† x and f ∼† y,
but x �† y. Similar to Luce’s (1956) “coffee and sugar” example where the DM could not
perceive a gram difference of sugar, here intransitive indifference is attributed to the DM’s
inability of perceiving a small difference between uncertain prospects.

However, a twofold justifiable preference %† maintains transitivity when the difference
between uncertain prospects is sufficiently large. Since � is asymmetric, it is immediate to
verify the strict part of %†, defined via f �† g if and only if f �† g and g 6�† f , coincides
with �. Because � is transitive, this means that �† is transitive as well. In other words,
�† is quasi-transitive according to the definition in Luce (1956).

1.2 Main result

We introduce two properties that combine transitivity and monotonicity. Given any binary
relation � over F , we write f �Ω g when f(ω) � g(ω) holds for all ω ∈ Ω.

Definition 1. A binary relation � satisfies constant-transitivity (C-transitivity, for short)
if for all f, g ∈ F and x ∈ X, f � x and x � g imply f � g.

Definition 2. A binary relation � satisfies unambiguous-transitivity (U-transitivity, for
short) if for all f, g, h ∈ F , it holds that (i) f � g and g �Ω h imply f � h, and that (ii)
f �Ω g and g � h imply f � h.

C-transitivity posits that the standard transitivity relations hold at least when the
intermediate act is constant.

U-transitivity is adapted from Lehrer and Teper (2011). It is similar in nature to the
standard transitivity axiom, except that in the premise “f % g and g % h” one of the two
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rankings is replace by state-wise dominance. If % is reflexive then U-transitivity implies the
standard monotonicity condition, i.e., f %Ω g implies f % g. Thus, for a reflexive binary
relation, U-transitivity is equivalent to monotonicity and a weak form of transitivity.

The next theorem shows that the above two properties, when imposed on the negation of
a preference relation �, can replace the Axioms 5–7 to obtain an alternative axiomatization
of the twofold multiple prior representation.

Theorem 1. Given any binary relation � over F , the following are equivalent:

1. � satisfies Axioms 1–4, and its negation �† satisfies C-transitivity and U-transitivity.

2. � admits a twofold multiple prior representation.

This alternative axiomatization highlights the difference between �, which describes
the action of accepting an alternative, and �†, which describes the action of sticking to
the status quo.

To illustrate, let f, g and h be three acts with the interpretation that h is the initial
status-quo, g the alternative, and f a second alternative to be offered to the agent.
Transitivity of � implies that the process by which the decision maker is willing to adopt
the alternative is order-independent: if the agent is willing to accept g against h, as well
as f against the new status quo g, then agent would also choose f over h if f was the
first alternative offered to the decision maker. So, in situations where the decision maker
repeatedly abandons the status quo, the order in which the decision maker is presented
with binary menus does not affect the final option the decision maker will adopt.

On the other hand, the fact �† may violate transitivity implies a form of order
dependence in situations where the decision maker sticks to the status quo. Indeed, the
fact that g is rejected against h and f is rejected against g does not necessarily mean
that f will be rejected against h. Intuitively, if the decision maker is conservative, there
should be a strong enough reason to encourage her to switch from the status quo to the
alternative.

1.3 Twofold justifiable preferences

As a corollary to Theorem 1, we obtain a characterization of twofold justifiable preferences.
Before stating this result, we translate the first two axioms of twofold multiple prior
preferences to fit for weak preference relations that we will derive.

Axiom 8. �† is complete and quasi-transitive. Moreover, the restriction of �† to X is
non-trivial and transitive.

4



Axiom 9. For all f, g, h ∈ F , the sets {α ∈ [0, 1] : αf + (1− α)g �† h} and {α ∈ [0, 1] :
h �† αf + (1− α)g} are closed.

Corollary 1. For a binary relation �† over F , the following are equivalent:

1. �† satisfies Axioms 8 and 9, C-transitivity, U-transitivity, and its strict part �†

satisfies Axioms 3 and 4.

2. �† admits a twofold justifiable representation.

Proof. It is immediate to verify that (ii) implies (i). For the converse, define � as the
negation of �†, i.e., f � g if and only if g 6�† f . One can easily show that �† satisfies
Axioms 8 and 9 if and only if � satisfies Axioms 1 and 2. We also remark that the strict
part �† coincides with its negation �.

Hence, Theorem 1 readily implies the statement (i) of the corollary holds if and only if
� admits a twofold multiple prior representation, which is further equivalent to that �†

admits a twofold justifiable representation.

1.4 Proof of Theorem 1

It is straightforward to verify that (ii) implies (i). To prove the converse implication, it is
sufficient to prove that a binary relation � that satisfies the properties stated in the (i)
also satisfies Axioms 5–7.

To prove Axiom 5, suppose that f ./ x and g ./ x. Since f ./ x means f 6� x and
x 6� f , it follows that f %† x and x %† f . Similarly, g ./ x implies g %† x and x %† g.
Since x is constant, applying the C-transitivity of %† twice, we get f %† g and g %† f ,
from which f ./ g follows.

To prove Axiom 7, assume that f(ω) ∼ g(ω) for all ω ∈ Ω. Note that this means
f �†

Ω g and g �†
Ω f . Now, if g 6� x, then x %† g. Together with g %† f , the U-transitivity

of �† implies x �† f , or f 6� x. Hence, we have shown that f � x implies g � x. That
x � f implies x � g can be shown similarly, hence, we confirm that � satisfies Axiom 7.

It remains to prove Axiom 6. Assume that x � f(ω) � y holds for all ω ∈ Ω.
Equivalently, x �† f(ω) �† y holds for all ω ∈ Ω, where �† is the strict part of �†. Since
Ω is finite, and since the restriction of �† to X is complete and transitive, we can take
xf , xf ∈ f(Ω) such that xf �†

Ω f �†
Ω xf . Now, if f �† x, then the U-transitivity of �†

implies xf �† x, but this is a contradiction to that x �† f(ω) for all ω ∈ Ω. Hence, we
must have f 6�† x, or x � f . Similarly, we can show that y 6�† f , or f � y holds. Q.E.D.
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