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MINIMAL DEFINABLE GRAPHS OF DEFINABLE
CHROMATIC NUMBER AT LEAST THREE

RAPHAEL CARROY, BENJAMIN D. MILLER, DAVID SCHRITTESSER,
AND ZOLTAN VIDNYANSZKY

ABSTRACT. We show that there is a Borel graph on a standard
Borel space of Borel chromatic number three that admits a Bor-
el homomorphism to every analytic graph on a standard Borel
space of Borel chromatic number at least three. Moreover, we
characterize the Borel graphs on standard Borel spaces of vertex-
degree at most two with this property, and show that the analogous
result for digraphs fails.

1. INTRODUCTION

The investigation of definable chromatic numbers is a blooming field
of research with numerous applications, as can be found in [2, [6] [7, [8,
15, [16] 17, 18, 23]. The survey [13] contains many of the latest results.

Recall that a digraph on a set X is an irreflexive set G C X2, and a
graph on X is a symmetric digraph on X. A k-coloring of a digraph
G on X is a map ¢: X — k such that (z,y) € G = c¢(z) # c(y)
for all x,y € X. We will be interested in digraphs on spaces X which
are endowed with a standard Borel structure. In this case, one may
consider the Borel chromatic number of G, or xp(G), defined as the
least cardinal x that admits a standard Borel structure with respect
to which there is a Borel k-coloring of G. (Note that a standard Borel
structure exists on x iff K € {0,1,2,...,R8¢,2%}, and for each such x
it is unique up to Borel isomorphism.)

A homomorphism from a digraph G on X to a digraph G’ on X’ is
a map ¢: X — X' such that (z,y) € G = (¢(x),¢(y)) € G’ for all
x,y € X. When G and G’ are digraphs on standard Borel spaces, we
write G <p G’ to indicate the existence of a Borel homomorphism from
G to G'. Similarly, when G and G’ are digraphs on Polish spaces, we
write G <. G’ to indicate the existence of a continuous homomorphism
from G to G'. It is easy to see that G <p G' — x(G) < x5(G").
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The complete graph on k is given by K, = {(a, 8) € k? | a # B}. Tt is
also easy to see that if x is endowed with a standard Borel structure,
then xp(G) <k <— G <p K,.

The systematic investigation of Borel chromatic numbers was initi-
ated by Kechris, Solecki, and Todorcevic [14]. One of their primary suc-
cesses was the isolation of a Borel graph G, on 2% of uncountable Borel
chromatic number that admits a continuous homomorphism to every
analytic Borel graph on a Polish space of uncountable Borel chromatic
number. This result lies at the heart of a vast number of seemingly un-
related theorems in descriptive set theory (see, e.g., |4l 5], 19, 21l 22]),
often yielding shorter, more elegant proofs and substantial generaliza-
tions. Todorcevic and the fourth author [25] recently ruled out the
most straightforward analogs of the Gy dichotomy for graphs of Borel
chromatic number at least n, where 4 < n < N,.

We will introduce a Borel graph Ly that plays a role analogous to
Gy for graphs of Borel chromatic number at least three:

Theorem 1.1. Suppose that G is an analytic graph on a Polish space.
Then exactly one of the following holds:

(1) The graph G has Borel chromatic number at most two.
(2) There is a continuous homomorphism from Lgy to G.

It is easy to see that there is no analogous finite basis in the case of
finite graphs, where the notions of Borel graph and Borel chromatic
number coincide with their classical counterparts.

The graph Ly can be described using an inverse limit-like construc-
tion as follows: Let Xy be a two-point set, let Lyo be the unique
connected graph on Xy, and define Xy = X . Given n € N, a finite
set X, and a tree Ly, on Xy, of vertex degree at most two, let Xg ;41
be the disjoint union of two copies of X, with a set X,,;; of cardinal-
ity 2n + 2, fix a point s,, € X, of Lo ,-vertex degree one, fix a a tree
L, 41 on X, 41 of vertex degree at most two, and let Ly 41 be the graph
on Xy ,+1 whose restriction to each copy of Xy, is the corresponding
copy of Ly, whose restriction to X,,1; is L, 11, and which connects the
two copies of s,, in Xg 41 to distinct points of X,, of L,-vertex degree
one (see the Figure below). Let m,4+1: Xopnt1 \ Xny1 — Xon be the
projection sending each point in one of the two copies of X, within
Xon+1 to the corresponding point of X ,. Let X, be the set of pairs
of the form (n,x), where n € N and z € X, x [],,.,, Xom, such that
x(m) = Tppme1(z(m + 1)) for all m € N. Let Ly be the graph on X,
consisting of all pairs ((n, z), (n',2")) € X, x X, with the property that
(x(m),z'(m)) € Lo, for all m > max(n,n’). We will give a slightly
different description of this graph in §21
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FIGURE 1. The first four stages of the construction of L.

Our proof of Theorem [I1] splits into two parts: We first establish
the existence of continuum-many ILg-like Borel digraphs that serve as
a basis for the analytic digraphs on Polish spaces of Borel chromatic
number at least three under continuous homomorphism, and then show
that the undirected versions of any of these digraphs admits a contin-
uous homomorphism to the undirected version of any other.

Suppose that X is a set and L is a graph on X of vertex degree
at most two. We say that a set Y C X has large gaps if every L-
component contains L-connected sets disjoint from Y of arbitrarily
large finite cardinality. When X is a standard Borel space, we say that
L has the large gap property if there is a Borel set B C X with large
gaps that intersects every L-component. We say that L has the large
gap property modulo a two-colorable set if there is an L-invariant Borel
set M C X such that L | (X \ M) has the large gap property and
x(L [ M) < 2. We also characterize the family of Borel graphs L on
standard Borel spaces of vertex degree at most two satisfying the analog
of Theorem [T in which the existence of a continuous homomorphism

from Ly to G is replaced with the existence of a Borel homomorphism
from L to G:

Theorem 1.2. Suppose that X is a standard Borel space and L is
an acyclic Borel graph on X of vertex degree at most two. Then the
following are equivalent:

(1) There is a Borel homomorphism from L to every Borel graph
G of Borel chromatic number at least three.

(2) The graph L has the large gap property modulo a two-colorable
set.

An oriented graph on a set X is an antisymmetric digraph on X.
Whereas the oriented analog of G satisfies the analog of the Kechris-
Solecki-Todorcevic dichotomy for analytic digraphs, we also show that
there is no such analog of Theorem [LIk
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Theorem 1.3. Suppose that G is an analytic digraph on a Polish space
of Borel chromatic number at least three. Then there is a sequence
(L¢)ieon of Borel oriented graphs on Polish spaces of Borel chromatic
number three that admit continuous homomorphisms to G but for which
every analytic digraph on a standard Borel space that admits a Borel
homomorphism to at least two distinct graphs of the form L; has Borel
chromatic number at most two.

One can view Ly as being built via towers over a canonical acyclic
graph L on 2V of vertex degree at most two that is not the graph of a
Borel function. In a future paper, we will establish a basis theorem for
the analytic graphs on Polish spaces of Borel chromatic number at least
three under the finer notion of injective continuous homomorphism.
While the cardinality of the basis we will provide is necessarily (at
least) that of the continuum, its elements are reminiscent of Ly, in that
they too can be viewed as being built via towers, albeit this time over
three canonical graphs: the graph L over which I is built, the graph of
the odometer on 2%, and the graph of the unilateral shift on increasing
N-sequences of natural numbers (for a summary of the results, see, [3]).

In §2] we collect the most important definitions and facts used in
our arguments. In §3l we give the first half of the proof of Theorem
LI In 4, we give the second half and establish Theorem In §0
we establish our anti-basis result. In g6l we discuss open problems.

2. PRELIMINARIES AND BASIC FACTS

We refer the reader to [12] for general background on descriptive set
theory.

For each ordered pair (x,v), set (z,y)! = (z,y) and (z,y)"! = (y, ).
Define B™' = {(z,y)7' | (z,y) € B} for all sets B C X?. Given a
digraph G on a set X and z,y € X, an (undirected) G-path from x
to y is a pair p = ((x,...,xs),d,) consisting of a finite sequence of
vertices (g, ..., z¢) with 7o = x and 2, = y, and d, € {&1}* such that
(25, 7,1)%® € G for all i < £. In the case that p is a G-path and G is
a graph, we will omit the second coordinate of p.

For all d € {£1}<N, we use 3(d) to denote >, jom d(i). We set
dilength(p) = ¥(d,) and length(p) = ¢ for the directed length and
(undirected) length of p. Let distg(x,y) be the minimal length of a
G-path from z to y.

It is easy to verify the next claim.
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Claim 2.1. Let G be an acyclicﬁ oriented graph on the space X, and
x,y € X. Then for any two G-paths p and p' from x to y we have
dilength(p) = dilength(p’).

Thus, for an oriented acyclic graph G on the space X, and x,y € X
defining didist®(z,%) to be the directed length of a path from z to y
makes sense. If it is clear from the context, we will omit the superscript
from dist(-,-) and didist(-, -).

Note also that the parity of dilength(p) and length(p) are the same.
So, when referring to the parity of the length of a path, we will always
omit the word “directed”.

Define an equivalence relation Eg on X by letting xEqgy iff there
exists a G-path from x to y. The FEg equivalence classes will be called
the connected components or components of G. For standard definitions
and facts from the theory of equivalence relations (e.g., smoothness,
saturation, countability) see [10]. As usual, a set S C X will be called
G-invariant if it is Eg-invariant.

The restriction of G (Eg) to B, in notation G | B (Eg | B), is the
digraph G N B? (the equivalence relation Eg N B?%) on B. Aset BC X
is called G-independent if B>NG = 0.

Definition of LLg-type graphs. Now we outline a general scheme for
constructing Borel graphs, the graph Ly will be a particular example
of such a construction. First we define finitary approximations to our
graphs, parametrized by a sequence ¢ € NY. For all n € N, let L,
denote the graph on {(0),...,(n)} with respect to which (i) and (j)
are neighbors if and only if i — j| = 1. For the rest of the paper we fix
a sequence (s, )nen given by so = (¢(0)) and s, = (0)™ ~ (1), for n > 0.
Define graphs L., on X., = U, -, {0,...,c(m)} x 2"™™ by setting
L.o = Loy and L.y,41 to be the acyclic connected graph containing
{(vi ~ (4))iczls < 2 and (v;)i<2 € Lepn} and Legn41) in which (s,,0) is
a neighbor of (0), and (¢(n + 1)) is a neighbor of (s,, 1).

Now set X, = {(n,k,7) € Nx N x 2V | k < ¢(n)}, define 7.,,: X, N
({0,...,n} x Nx 2Ny — X_, by 7..(m,k,r) = (k) ~ 7 | (n —m)
for all n € N, and let L. be the graph on X. consisting of all pairs
of the form ((n;, k;,7;))i<2 such that (m.,(n;, ki,7i))ica € Lcy holds
VYn > max(ng, ny).

Recall that in the introduction we have described the graph Ly = L.
with ¢(0) =1, and ¢(n) = 2n — 1 for n > 0.

1Throughout the paper, the term “acyclic” will mean that there are no undirected
cycles, that is, the graph G U G~! contains no cycles.
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Definition of Lg-type oriented graphs. We modify slightly the preced-
ing construction, considering oriented finitary approximations, which
yield oriented Borel graphs as limits.

An extra parameter is necessary to encode the orientation of the
graphs. For all n € N and d € {—1,1}F with k > n, let L¢ denote the
oriented graph on {(0),...,(n)} containing ((7), (5))¥™{%}) whenever
i —jl = 1.

Let n € {0,1,...,R0}. In order to ease the notation, we will call a
pair b = (c,d) an odd n-pair if c: 1+n — 2N+1,d: 1+n — {—1,1}<N,
|d(k)| = c(k) + 2 for all k < n.

Given an odd Ny-pair b = (¢, d), define graphs Ly, on X, , by setting
Ly = Lg((g)) and letting Ly ,,+1 be the acyclic connected oriented graph

(n+1)

containing {(v; ~ (J))i<2lj < 2 and (v;)i<2 € Lp,} and Lc(n+1 n

which
(($n,0), (0)) 4O and ((c(n + 1)), (55, 1)) DD

are edges. Finally, let I, be the graph on X_. consisting of all pairs
of the form ((ng, ki, 7;))i<2 such that (mwe,(n, ki, 7;))ica € Lp, holds
VYn > max(ng, nq).

Basic observations. Note that for any ¢ € N¥ and any odd Ny-pair
b, the definitions of L. ,, X.,, and L, depend only on (c(i));<, and
(b(2))i<n, respectively. For n’ > n natural numbers define 7., 7 : Xc /N
{(k,t) | t € 2"'~™, for some m < n} — X, by Tepn(k,t) = (k) ~t ]
(n —m), where m is chosen such that ¢ € 2" ~™. Observe that

Tenn! © Ten! f dom(ﬂ-c,n) = Ten

holds.

Let us use the abbreviation E. for Ey,. We list a number of useful
basic observations about the family of digraphs and graphs defined
above.

Claim 2.2. Assume that b = (¢,d) is an odd Rg-pair. Then

(1) X, is a closed subset of N x N x 2V hence it is a Polish space
with the subspace topology.

(2) Le =Ly ULy, Loy = Ly U Ly .

(3) ]fforsomenk€N5<2t€2<N wehcwe(k) ()eLcn,
then (k) "t~ (1—¢) € Le,, and dist™((k) "t (¢), ( )t (1—¢))
is odd.

(4) Let (n,k,r),(n',k',7") € X. with n < n Then
(n,k,r)E.(n/,K',r") if and only if r =t~ r*, ' =t 7 r* with
it| = |t'| = n' —n for some r* € 2V, t, ¢ € 2<N.
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(5) L. is acyclic and is 2-reqular, except for a single vertex of degree
1.

(6) If B C X, is Borel and meager, then so is [B|g,.

(7) If B C X, is Borel and non-meager, then xp(L. | [B]g.) = 3.

(8) If limsup,, ¢(n) = oo then L. has the large gap property.

Proof. 1t is immediate from the definition of the graphs L, that (II) and
(@) holds, while (3] follows from the fact that ¢ € (2N + 1)N.

In order to see (@) note that if p = (zg,...,7) is an
injective [L.-path, then for a large enough m the sequence
(Team(T0), - -y Tem(zr)) is an injective L. ,-path. It follows from the

fact that the graphs L, are acyclic that dist"((n, k,r), (n/,k',r")) >
dist™™ (e (1, k, ), Tem(n', k', 7)) holds for every large enough m. In
particular, as the distance of the vertices in different copies of L. ,,—1
in L., is at least ¢(m) + 2, we have that (n,k,r)E.(n/,k',7") if and
only if 7., (n, k,7) and 7., (n', k',7") are in the same copy of L1
in L., for every large enough m, which is equivalent to the right side
condition in (@]).

For () observe that for every n every degree in L., is at most 2,
hence the same must be true for LL.. Also, it is easy to see that if the
degree of a vertex (n,k,r) € X, is < 2 then for every large enough n’
the degree of m.,/(n, k,r) in L., must be < 2. It follows that this is
only possible if (n,k,r) = (0,0, (0)Y). Finally, acyclicity follows from
the acyclicity of L. ,,.

From () we get that E, is the union of the graphs of the partial
maps and their inverses of the following form:

fn,n’,k,k’,t,t’(n,a k,> t, - T) = (TL, k? t T)a

where n’ > n, |t| — || = n’ —n. It is clear that the above partial maps
are injective and preserve category. Thus,

[B]Ec = U ff,i/,k,k',t,t/(B)
n,n’ k,k’ t,t/
is also meager and Borel.

To see (7)) first note that (B) implies xp(L. | [Blg,) < 3 using the
standard fact that the maximal vertex degree +1 is an upper bound
(see, e.g., [14]).

Assume that B is a non-meager Borel set and that ¢: [B]g, — 2 is
a Borel 2-coloring of L. [ [B]g.. Then there exists an ¢ < 2 and a
basic open set of the form [(n, k,t)](= {(n,k,r) € X. | » O t}) with
n,k € Nt € 2<N such that [(n,k,t)] \ (BN c (i) is meager. Using
@) we have that [[(n,k,t)] \ (BN c(i))]g, is also meager, so we can
pick a point (n,k,r) € [(n,k,t)] N B Nc (i) that does not belong to
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this meager set. Assume that r = ¢t~ (¢) = r/, then by [ we have
that (n,k,t ~ (1 —¢) " r') € [(n, k,t)] N BN c (i) holds, in particular
cn,k,t () 1) =c(n,k,t ™ (1 —¢) 1) =1i. As in the proof of (),
it follows that

dist™((n,k,t = (e) ~7'),(n,k,t ~ (1 —¢) ")) =
diSth’nHtHl(7Tc7n+|t\+1(n> kit (e) 1), 7Tcn+|t\+1(n kt™ (1—e)" 1)) =

dist et (k) ~ 7 (e)), (k) "¢ (1—¢)),
which is an odd number by (B). This contradicts the assumption that
c was a Borel 2-coloring of Lg [ [(n, k,7)]s, € Lp | [Blg..
Finally, for (8)), it is easy to verify that B = {(0,0,7) € X, | r € 2V}
witnesses the large gap property of L., whenever limsup,, ¢(n) = oo.
O

Claim 2.3. Assume that L, L' are < 2-reqular acyclic Borel graphs on
standard Borel spaces X, X'.

(1) Let A be an L-invariant analytic set so that Ep | A is smooth.
Then xg(L [ A) < 2.

(2) Assume that ¢ is a Borel homomorphism from L to L'. De-
fine M = {x € X | ¢ mapping [x]g, — [¢(7)]E,, is not onto}.
Then M is Borel and xp(L | M) < 2.

Proof. In order to see ([Il) note that Ej is countable, so smoothness
is equivalent to the existence of an L-invariant Borel partial mapping
xr — Yy, so that y,Erx holds, for every x € A. Clearly, the map
¢: A — 2 defined by c(x) = 0 iff dist”(z,y,) is even, is a 2-coloring of
the graph L | A, such that for i < 2 the sets ¢~!(i) are analytic. Using
the analytic separation this yields that yz(L [ A) < 2.

For (2), fix a Borel linear ordering < on X. Since L' | ¢([z]g,)
and L' | [¢(z)]g,, are < 2-regular acyclic connected graphs, there are
one or two vertices in [¢(2)|g,, \ ¢([7]g, ) which have an L'-neighbor in
o([x]g, ), let y, be the <-minimal such vertex. Now, similarly to (II),
letting ¢(z) = 0 iff dist” (¢(z),y,) is even, shows that yp(L | M) <
2. O

The following claim will be used to establish Theorem [L.1] for Borel
graphs.

Claim 2.4. Assume that G is a Borel graph on a standard Borel space
X, ce€ 2N+ DN and (¢,)nen is a a sequence of Borel partial maps
from X to X., with the following properties for every n € N:

(1) dom(¢,,) € dom(¢p41) and |, o dom(gy,) = X
(2) the map ¢, is a partial homomorphism from G to Le,,.
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(3) ¢n = Tenn+1 © ¢n+1 r dom(qﬁn)

Then there exists a Borel homomorphism ¢ from G to L..
Moreover,

(4) if X is Polish, for every n € N the set dom(¢,,) is open in X,
and the maps ¢, are continuous,

then ¢ can be chosen to be continuous.

Proof. Let x € X be arbitrary and take n§ to be minimal such that
x € dom(¢p,). For n > ny we have that ¢,(z) = (k,) ~ t, for some
t, € 2" and k,, m, € N. By @) for every n > ny the relations &, =
Knt1, My, = My, and t,, T t,41 hold. Let ¢(z) = (Mg, kno, Un>n0 tn)-
Clearly, ¢ is a Borel map, we check that it is a homomorphism. Indeed,
if (z;)i<2 € G then by (@) letting n > max{ng’ | i < 2} we have
that (¢n(x;))ica € Len. Notice that m.,(¢(x)) = ¢n(z), whenever
z € dom(¢y,), so we obtain (7, (H(x:)))ica = (dn(x;))ica € Len, which
verifies our claim by the definition of L..

Finally, one can easily check that the assumptions of |(4)| of the claim
yield the continuity of ¢. O

3. A BASIS UNDER CONTINUOUS REDUCIBILITY

In this section we construct a basis for Borel digraphs with Borel
chromatic number > 2. We will show these results in a somewhat
greater generality than stated in the introduction, namely for ana-
lytic graphs defined on Hausdorff spaces. The proof relies on a slight
modification of the idea behind the Gg-dichotomy together with an
observation about the Borel 2-colorability of Borel digraphs, which is
essentially summarized in Claims [B.3], B.4] and below.

Theorem 3.1. Let G be an analytic digraph on a Hausdorff space X.
Then exactly one of the following holds:

(1) xp(G) < 2.

(2) There exists an odd Ny-pair b so that L, admits a continuous
homomorphism to G. Moreover, for any f € NN the pair b =
(¢,d) can be chosen in such a way, so that for every i € N we

have 5(d(i)) > f(z) - 22;4; 15(d(5))]-

Proof. The proof will follow the proof of the Gy-dichotomy presented
in [20].

Fix a function f € NN, As G is analytic, there exist a continuous
surjection ¢g: NN — G and a continuous map ¢y : NN — X such that
¢x(NY) is the union of the two projections of G to X. By iteratively
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throwing away G-invariant sets restricted to which G has a Borel 2-
coloring we define a decreasing sequence (X®),<., of analytic subsets
of X. Let X° = ¢x(NV) and X* =, X if X is a limit ordinal.

Let us now describe the successor stage.

An approximation is a quadruple a = (n% b*, ¢* 1*), where n* €
N, 0% = (¢*,d*) is an odd n®pair, ¢*: X pa — N and ¢*: Lya pa —
N™*. An approximation @’ said to one-step extend a, if
(a) n® =n®+1.

(b) * j ¢, d¥ 4"

(c) B(d¥(n”)) > f(n*) - 32 e [B(d*(9))].

(d) Vx € dom(m, /na,na/) ¢ (r) 3 ¢ 0 Tea! o ot ()
(6) Y2,y € dom(mat o )

(ZE, y) € Lba/,n“/ — wa/(x7 y) -] wa(ﬂcal7na7nal (flf), 7Tc“/ n‘ﬁnal (y))
A configuration is a quadruple of the form v = (n?,b7,¢7,¢7), where
n? € N, b7 is an odd n7-pair, ¢7: X v — NV and ¢7: Ly v — NN
having the following property: for every (x,y) € Ly n

(3.1) (¢c o) (x,y) = (¢x 0 7 (x), dx 0 7 (y)).

A configuration « is said to be compatible with an approximation a,
if
) n®
) -
) Vz € ch n 0%(z) T ().
) (SL’ y) S Lb’y,n’y w (Sl?,y) L wﬂy(l’?y)
We say that a configuration 7 is compatible with a set ¥ C X, if
dx 0 ¢(Xevmv) C [Y]g,. An approximation a is Y-terminal if no

configuration is compatible with both Y and a one step extension of a.
Let

(1
(2
(3
(4

A(a,Y) ={¢x 0 ®"(spv) | v is compatible with @ and Y'}.

Lemma 3.2. Suppose that Y C X is an analytic set and a is a Y -
terminal approximation. Then there exists an G-invariant Borel set
B(a,Y) D [A(a,Y)]g, so that G | B(a,Y) has a Borel 2-coloring,
Cay -

We start with a series of claims.

Claim 3.3. Suppose that A C X s an analytic set such that for every
x,y € A, every G-path from x to y has even (undirected or, equiv-
alently, directed) length. Then there ezists a G-invariant Borel set
B D [Alg, on which G | B admits a Borel 2-coloring.
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Proof. For i < 2, define the A; C [A]g, as follows: let x € A; if there
exists a path of length n from x to some y € A, where n = ¢ mod 2.
It is clear that the sets (A;);<2 are analytic, their union covers [A]g,,
and they are G-independent. Note that their G-independence implies
that AgNA; = (). By the analytic separation theorem there exist Borel
sets B; D A; with ByN By = (). Define ¢(z) =i < x € B; and let
C ={x € X | cisa2-coloring of G | [z]g,}. Clearly, the sets X \ C
and Ag U A; are disjoint, analytic, and G-invariant. Hence, by [I1]
Lemma 5.1] there exists an G-invariant Borel set B O Ay U Ay, with
BN (X \C)=0. Then, ¢ | B is a Borel 2-coloring of G | B. O

Claim 3.4. Let A C A C X be analytic sets and d € Z be an odd
number. Assume that for every x' € A’ there exists an x € A, such
that there exists a G-path from x' to x of directed length d. Moreover,
assume that every odd length G-path between elements of A has directed
length < |d|. Then there exists an G-invariant Borel set B O [A|g,
on which G | B admits a Borel 2-coloring.

Proof. Suppose that d > 0, the other case is analogous. Let A = {2’ €
A" | there exists a G-path from 2’ to some element of A with odd neg-
ative directed length}. We claim that Aj satisfies the assumptions of
Claim B3] Assume that it is not the case, i.e., there exists 2,y € Aj
so that there exists a G-path of odd length between 2’ and 1’. As the
directed length of odd length path is non-zero, we can assume (switch-
ing the roles of ' and %/ if necessary) that there exists a path p from
2’ to y' of positive odd directed length. Then, using our assumptions
on Aj and A’ there exist z,w € A and G-paths ¢,r, such that ¢ is
a path from z to 2/, r is a path from ¢y’ to w and dilength(q) > 0,
dilength(r) = d and both of these numbers are odd. But then the path
q p~ r (ie., the path (¢(0) " p(0) r(0),d,  d,  d,)) connects z with
w and dilength(¢ ~ p ~ r) > d + dilength(p), and the former is an odd
number > d, contradicting our assumption on A.

Now let By be the invariant Borel superset of [A{]g, provided by
Claim and define A} = A’\ By. Clearly, by the definition of Aj
and as A} C A, the set A} also satisfies the requirements of Claim [3.3]
so let By D [A}]g. be the Borel set guaranteed. Then, it is easy to
see from the invariance of By and B; that B = By U B; satisfies the
requirements of the Claim. U

Claim 3.5. Let A C X be an analytic set, and assume that there exists
an n € N such that whenever x,y € A and p is a G-path of odd length
from x to y then dilength(p) < n. Then there exists an G-invariant
Borel set B D [A|g, such that G | B admits a Borel 2-coloring.
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Proof. We prove this statement by induction on the minimal n with
this property. If n = 0, then Claim yields the required conclusion.

Now assume that we have shown the statement for every number
<n-—1. If n > 0is even, then it cannot be minimal, hence there is
nothing to show. So we can assume that n is odd. For ¢ € {—1,1}
let A,. = {z € A : there exists a G-path from x to some y € A of
directed length € - n}. Now, we can apply Claim B4 to the sets A, .,
A and ¢ - n. This yields G-invariant Borel sets B, O A,, . on which G
admits a Borel 2-coloring. Note that if z € A\ (B_; U By) then every
odd length path between z and an element of A must have directed
length < n. So, by the inductive hypothesis, we can find an invariant
Borel set B"™! D [A\ (B_1 U By)|g., such that G | B admits a Borel
2-coloring. Using the invariance of B"~!, B_;, and B; again, we obtain
that G | B"'UB_, U B, also admits a Borel 2-coloring, which finishes
the proof. O

Proof of Lemmal32. By definition, the set A(a,Y") is analytic. If there
exists an n € N such that every path p of odd length between vertices
from A(a,Y’) have directed length < n then Claim yields the G-
invariant Borel set B(a,Y) D [A(a,Y)]r,., and a Borel 2-coloring ¢,y
of G | B(a,Y).

So, assume that such an n does not exist, we will show that a is not
Y-terminal. Using this assumption for n = f(n®) - > . . |X(d*(4))]
we obtain two configurations (7;);<2 compatible with aand Y, a G-
path of odd length p = ((zo, ..., Tm+2), d,) with dilength(p) > f(n?) -
> j<na |2(d?(j))] such that zg = (¢x0¢7°)(spa) and z; = ($x0¢™ )(spa).
Pick g, ..., 7me2 € N¥ and eq, ..., ene1 € NY so that

® 7y = gb%(sna)a T'm4+2 = QS% (Sn“)a
) \V/] §m—|—2 ¢X(Tj) :l’j,
o Vi <m+2dg(e) = (v;,1)41)%9.

We define a configuration 4 as follows: let n® = n?+1,0° = (¢, d°) =
(¢* " m,d* " d,), and define ¢° : X5 ,,5 — NN by

{¢6(x () = ¢(z), forx € Xeope,j < 2.

(7)) = i1, for j < m.
Finally, define v : Liys s — NN by
VT (G)y T () =9 (@y),  for (2,y) € Lyape,j < 2.
U ((sna ~ (0), (0))%?) = e,
W (((m), spa ~ (1))4mH0) = ¢, 1.
wé((jaj + 1)d(j+1)) = €j+1, for j <m—1.
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It is not hard to check that ¢ is a configuration. Moreover, as ~q
and ~v; are compatible with Y, so is 0. Finally, using the fact that
¥(d) = dilength(p) > f(n®) - >0;<,a [2(d*(5))], one can deduce that
there exists a unique one-step extension a’ of a, that is compatible
with . This contradicts the assumption that a was Y terminal. O

Define
Xot = xo\ U Bla, X®).

a is X< terminal,

Since there are only countably many possible approximations, and X°
is an analytic set, the sets X* are analytic for every a < w;. Note also
that each X“ is G-invariant.

Lemma 3.6. Assume that o < wy and a is an approrimation that
is not X _-terminal. Then a has a one-step extension that is not
X*-terminal.

Proof. Let a’ be a one-step extension of a for which there exists a
configuration v compatible with X*™' and a’. Then () # (¢x o
O Xevmr) C [X*Hp, = XM but if o was Xterminal, then
[(6x © @) (Xevmr)|es C [A(d', X¥)| g, would be covered by B(a', X®),
contradicting the definition and the G-invariance of X+, U

Note that the set of X*-terminal approximations increases as « in-
creases, and there are only countably many approximations. Thus, we
can fix an o < w; so that the X®-terminal and X “*!-terminal approx-
imations are the same.

Lemma 3.7. If every approzimation is X -terminal, then G has a
Borel 2-coloring.

Proof. Observe first that X! is G-independent: otherwise, if (z,y) €
G N (X2 then there exists a configuration v with ¢ = (1) com-
patible with {z,y}. Consequently, there exists an approximation a
that is compatible with v and X®*'. Then, a is X**!'-terminal, so
z,y € [Ala, X*™)|g., but then a is an X“-terminal approximation as
well, so z,y € [A(a, X*)|g, € B(a, X?*), contradicting the definition
of X+,

Moreover, X+t C X is G-independent and G-invariant, so by the
definition of X° it must be empty.

Let e : {(a,3) : ais X” terminal, 3 < a} — N be an injection and
let ¢, xs be the Borel 2-coloring of G | B(a, X”?) given by Lemma 3.2,
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for (a, ) € dom(e). If z € X, define ¢(x) =

caxe(z), if e(a, B) is minimal such that z € B(a, X”)
07 if ¢ U(a,ﬁ)edom(e) B(a7 XB)

It is easy to check that ¢ is a Borel map and it is defined on X, while
the G-invariance of the sets B(a, X?) implies that c is a 2-coloring. [J

Now we are ready to finish the proof of Theorem Bl Assume
xB(G) > 2. Then, by Lemma [B.7 there exists an approximation
that is not X®*l-terminal. Clearly, we can find such an ag with
n* = 0. By applying Lemma recursively, we obtain one-step ex-
tensions a1 of a, which are not X®-terminal, with n*» = n. Define
b = (c,d) = U, b, ¢ : X, = NV and ¢ : L, — NV by letting
o(m, k) = U, s, 0 (Ten(m, k,r)) and for (my;, ki, ri)ica € Ly let
V((my, ki, 1) icn) = Unsmomy U0 (Ten (M kiy 7i) )ic2). 1t follows from
the fact that a,, one—gtep extends a, (using conditions @ , and
the fact that 7., © 7.,y | dom(m.,) = 7.,) that ¢ and ¢ are well-
defined.

Now, we check that ¢x o ¢ is a continuous homomorphism of L,
to G. The continuity of this mapping is clear from its definition, we
check that it is a homomorphism. To this end, let (xg,z;) € L, with
x; = (ng, ki, r;), for © < 2. We claim that

(3.2) (¢c 0 1) (20, 21) = ((¢x 0 @) (20), (Px © ¢)(21)),

which is clearly sufficient, as the left side is an element of G. We
show that if U and V' are open neighborhoods of (¢¢ o ¥)(zo, z1) and

((¢X o (b)(.fl}'o), (¢X e} ¢)($1)), then U N V # @
By the definition of L, we have that (7., (x;))ic2 € Ly, for every

n > max(ng,n1). Thus, using the continuity of ¢, ¢g, and ¢x we
can find an n > max(ng, ny) so large that U D ¢¢ ([¥* ((7en(i))ic2)])

and V' 2 dx ([ o men(w0)]) X ¢x ([0 © men(21)]).
Let v be a configuration compatible with a,,. Then by (B.1]) we have

that

(3.3) (96 o ") (Ten(®:))ic2) =
((¢x 0 ¢")(Ten(T0)), (Px © @) (Ten (1))
Then from the compatibility of v and a,, it follows that

((¢x © ") (Ten(0)), (Px © ") (Ten(21))) €
Px ([0 o men(@o)]) X dx([¢™ 0 Wem(a1)]) €V

and

bG oV (e (i))ic2) € da([V* ((Ten(Ti))ic2)]) € U,
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which together with (B.3]) implies U NV # (), finishing the proof of
Theorem B.1] O

4. LARGE GAPS

In this section, we complete the proof of Theorem [I.I, and prove
Theorem [[.2l Note that graphs (rather than digraphs) will be consid-
ered. Let L be a graph on the space X, and assume that B C X. The
minimal cardinality of an L | X \ B-component will be denoted by
mgs(B).

We start with an easy observation.

Claim 4.1. Let L be a < 2-reqular acyclic Borel graph on a standard
Borel space X that has the large gap property. Then there exists an
increasing sequence (By)nen of Borel subsets of X, such that |, oy B
is L-invariant, E;, [ X \ U,cyBn is smooth, for every n € N the
L | B,-components are finite, and mgs(B,) — 00, as n — o0.

Proof. Let B be a Borel set witnessing the large gap property of L.
The graph L restricted to an L-component is an infinite, connected,
< 2-regular graph, which can be partitioned to disjoint L | X \ B-
components. Let Sy be the union of those L-components which
e contain an infinite L [ X \ B-component or
e the limsup of the cardinality of the L [ X \ B-components is
finite in one of the directions.

It follows from the choice of B that Sy is Borel and Ey, | Sy is smooth.
Let

B, = BU{x € X\Sy : the L | X \ B-component of = has size < n}.

Clearly, the sets B, are increasing, X \ Sy = |J,,cy Bn, mgs(B,) > n.
Finally, note that if the L | B,-component of x was infinite, then the
cardinality of L | X \ B-components would be bounded by n in some
of the directions in the L-connected component of x, in other words
r € Sy would hold. O

The next proposition is the essence of the argument.

Proposition 4.2. Assume that c € (2N + 1)N.

(1) Let L be a < 2-regular acyclic Borel graph on the standard Borel
space X. Assume that (Bp)nen 1S an increasing sequence of
Borel subsets of X with |,y Bn = X, mgs(B,) — oo, and for
every n the L | B,-components are finite. Then L <g L.

(2) If P € 2N+ 1), °(n) — oo, then Lo <, L..
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Our strategy is to inductively define sequences k, € N and ¢, :
By, — X.n, and appeal to Claim 2.4]
We start with the key lemma.

Lemma 4.3. (1) Let B C B" C X be Borel, n € N be given with
the properties that mgs(B) > 2-length(L ,,+1), every component
of L | B is finite, and ¢ is a Borel homomorphism from L | B
to L. Then there exists a homomorphism ¢’ from L | B’ to
Lpi1 so that Teppi10¢ | B = ¢ holds.
(2) If moreover, L = Lo, B = {(I,m,r) € Xpo : |l < k}, B' =
{(l,m,r) € Xeo : m < k'} for k <K', and ¢ is continuous then
@' can be taken to be continuous.

Proof. First we show ([I]). Note that the graph L [ B’ is a disjoint union
of finite paths. Fix a Borel linear ordering < of X. We will define ¢’
so that the value ¢/(z) will only depend on

(a) the values of ¢ on the L [ B’-component of z,

(b) the index of # in the unique enumeration (vf);<me of the L | B’-
component of x, with the property that vj < v’. and Vi < m®
we have (v7, v}, ;) € L.

CramM. For a connected component of L [ B’ let (v;)i<m be the
enumeration described in @ There exists a homomorphism ¢ of L |
{vo, ..., U} to L pt1 so that we have 7., ni1 09 [ {vg, ..., 0} NB =
¢ [ {vo,...,vm} N B.

Proof of the Claim. In order to see that such a homomorphism 1 exists,
note that the set {vy, ..., v,} decomposes into connected components
of L | B and paths connecting them: more precisely, there are an odd
number [, a sequence 0 < ig < 17 < --- < 1 < m with the property
that if ¢ € [0,40) U (41,172) U (i3,44) U -+ - U (3, m| (where the first and
last intervals could be empty) then v; € B"\ B, while for every j < I

even, {v;;,...,v;,, | is an L [ B-component.
Define 9 (v;) for i € [ig,...,41] to be ¢(v;) ~ (0), and extend this
to a homomorphism from L [ {vg,...,v;} to Lepy1. Now, assume

that ¢ has been defined on {v; : i < 4;} for j < [ — 1 odd with
Temme1 0 W [ {v; 1@ < ;)N B =¢ [ {v; : ¢ <i;} N B remaining
true on these vertices. We will extend ¢ to {v; : i < ij15}. Since
Temnt1(¥(vi;)) = @(vy;) holds, ¥ (vy,) has the form ¢(vs,) ~ (¢) for some
e € {0,1}. Note that by mgs(B) > 2 - length(L. 1), we have that
’éj+1 — ij > 2- length(LcmH).

If the parity of the distance of ¢(v;;) and ¢(v;;,,) in L is the same as
the parity of 4,1 —i; then by i;41—i; > 2-length(L, ,+1) > length(L. ),
the map v extends to a homomorphism from L [ {vo,...,v;,,} to
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Lepy1 with (vi,, ) = ¢(vi;,,) ~ (€). In this case define 1 (v;) = ¢(vs) ~
() if @ € [ij41, %542

Otherwise, if the parity is different, using 4,41 —i; > 2-length(L. ,+1)
again and the fact that the distance of ¢(v;,,,) = (0) and ¢(v;,,,) ~ (1)
is odd in L., (see (3) of Claim [2.2]) we have that 1 can be extended
to a homomorphism from L | {vo, ..., vy, } t0 Lepny1 with (v, ) =
P(vi;,,) (1 —¢). In this case define ¥(v;) = ¢(v;) ~ (1 —¢) if i €
[ij+1 %542

This inductive process yields a homomorphism from L [ {vy, ..., v;}
t0 Lept1 With Tepnt1 0 [ {voy ..., Um} = ¢ | {vo,...,v;}, and this
of course can be extended to a homomorphism to the set {v;,,..., v}
(which is disjoint from B). This finishes the proof of the claim. O

For a given m there are only finitely many homomorphisms from the
path of length m to L.,4;. Fix an enumeration of those homomor-
phisms (¢7");<,, for each m € N. Now, for an x € B’ let (v )i<pe be
the enumeration described in @, and 7% minimal index for which 1&;’;1
satisfies the Claim. It is clear that the map x — w]”z”x is Borel, and so
is the map ¢'(z) = 1&;’;1 (x). Moreover, ¢’ satisfies that it depends only
on and @ and the requirements of the lemma. This finishes the
proof of ().

Now assume that the assumptions of (2]) hold, and let < be the
lexicographic ordering on LL.. It is enough to check that the map ¢’
defined as in the first part is a continuous mapping. For a given x the
value ¢/(z) depends only on finitely many values. Hence, it suffices to
show that if x,, — z then the values determining ¢'(x,) converge to
the values determining ¢'(z).

From the definition of L. it follows that a connected component of
Leo | B’ contains the points of the form {(I,m,t " r) : | < k';m <
A(D),t € 2771} for some r € 2V, Moreover, if (I?,m},t* ~ ") —
(l;;mi, t; — r) for i < 2 with [; < K/, then (l;,m;,t; ~ )i« € L. holds
iff (77'007]6/_1(12‘, m;, tz a 7’))2'<2 c Lco,k’—l iff (7Tco7k/_1(lzn, m?, tln a ’T’n>>i<2 S
Lo j—1 is true for every large enough n. This, and the fact that < is
open, implies that if (v{");<men and (vf);<me are the enumerations of
Lo [ B’-components described in @ then m®™ must stabilize to m,
and v;™ — v¥ holds for all ¢ < m,. Hence, since B is clopen and ¢ is

continuous, we get that ¢'(x,) = ¢'(x) for every large enough n. O

Proof of Proposition[].3. We define a sequence (k,, ¢, )nen inductively.
For convenience, we will assume that By = (). Choose kg = 0, then
By, = 0, ¢o = 0 and mgs(By,) = N > 2 - length(L.;). Now
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assume that (¢;,k;)i<, had already been defined with the proper-
ties that mgs(By,) > 2 - length(L.,,+1) and ¢; is a Borel homomor-
phism from L [ By, to L.;. Choose k41 so large that mgs(By, ) >
2-length(L.n+42). An application of (Il) of Lemma B.8lto By, , B, ,,n,
and ¢, yields a homomorphism ¢,41 of L [ By, ., to Lc,41 so that
Temnt1© Ont1 | Br, = ¢n. Thus, we obtain a sequence (k,, ¢, )nen that
satisfies the assumptions ([Il)-(B]) of Claim 2.4 which finishes the proof
of the first part.

Finally, a similar proof yields the second half: first, note that that
it B={(l,m,r) € Xo : 1 < k} then mgs(B) = min{c(i) +1 : 7 >
k}. This, and the assumption that ¢’(n) — oo allow us to find the
sequence (B, )nen and iterate (2) of Lemmald3l This yields a sequence

(kn, On)nen satisfying (III) of Claim 2.4 O

Combining the preceding theorems we obtain the following result,
which of course implies Theorem LIl

Theorem 4.4. Assume that G is an analytic graph on a Hausdorff
space. Then exactly one of the following holds.

(1) xB(G) <2, i.e., G is Borel bipartite.

(2) Ly admits a continuous homomorphism to G.

Proof. The fact that (Il) and (2]) are mutually exclusive follows from the
observations xp(Lo) > 2 ((@) of Claim 22]) and that Ly <. G implies
x5(Lo) < x5(G).

Now, assume that (I]) is false. Recall that Ly = Lo, where ¢°(0) = 1,
and °(n) = 2n — 1. Then by Theorem B.I] there exists an odd Ro-pair
b = (¢,d), such that L, <. G. But then L. <. G, and using (@) of
Proposition we obtain Ly <. L. <. G. O

We conclude this section with proving Theorem [I.2] that is:

Theorem [M.2l Suppose that X is a standard Borel space and L is
an acyclic Borel graph on X of vertex degree at most two. Then the
following are equivalent:

(1) There is a Borel homomorphism from L to every Borel graph
G of Borel chromatic number at least three.

(2) The graph L has the large gap property modulo a two-colorable
set.

Proof. Assume first (2]). Using Claim B.1] together with (II) of .2 we
obtain a sequence (B,,),en of Borel sets and an L-invariant Borel set
M such that L | U, B, < Lo, Er, | X\ (M U, By) is smooth,
and X \ |, By, is L-invariant, and xp(L [ M) < 2. By Claim
and the invariance of M we have that xp(L [ X \ U, Bn) < 2, so
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L | X\U,, B, admits a Borel homomorphism to each non-empty Borel
graph. Putting together the Borel homomorphisms on the invariant
sets X \ U, Bn and |J,, B,, we obtain L <p L. Thus, by Theorem
44 L admits a Borel homomorphism to each Borel graph with Borel
chromatic number > 2.

Now assume that L <pg LLj, witnessed by the Borel map ¢. Let M
be the set from (2)) of Claim and let B C X, witness that Ly has
the large gap property ((§) of Claim 2.2)). To show the theorem, it
is enough to check that L | X \ M has the large gap property. Let
B' = (¢ | X\ M)™1(B), it is easy to see from the fact that ¢ | X \ M
maps L-components onto Lg-components that B’ witnesses the large
gap property of L [ X \ M. O

5. AN ANTIBASIS RESULT FOR DIGRAPHS

Finally, we show a slightly more general version of Theorem [L.3], that
is:

Theorem 5.1. Suppose that G is an analytic digraph on a Hausdorff
space with xp(G) > 2. Then there is a sequence (Li)ieqn of Borel
oriented graphs on standard Borel spaces such that for each t € 2 we
have Ly <. G, and xg(L;) > 2, and any Borel graph that admits a
Borel homomorphism to at least two oriented graphs of the form L,
has a Borel two-coloring.

Let us start with some definitions. Assume that G is an acyclic
oriented graph on a space X, and let B C X. Using Claim 2.1l we can
define the didistance set of B by letting DY(B) = {n € Z : Jz,y €
B didist®(z,y) = n}.

Lemma 5.2. Assume that L is a < 2-reqular acyclic Borel oriented
graph on the space X, b = (c,d) is an odd No-pair, and L, <p L.
Assume that C is a Borel Er-complete set. There exists a non-meager
Borel set B C X, such that D™ (B) C D*(C).

Proof. Let ¢ be a Borel homomorphism from L, to L, and let M =
{z € X, : ¢ mapping [x]p — [¢(2)]E, is not onto}. By Claim we
have xp(L, | M) < 2. By the invariance of M and (7]) of Claim
it must be meager. Define B = ¢~1(C) \ M, we check that B is
non-meager. Note that, as C' is an E-complete set, the set B is a
E. | (Xc\ M)-complete. As [B]p, 2 X.\ M is co-meager, it follows
from ([6) of Claim that B cannot be meager.

Finally, if z,y € B, let p = ((20,...,2),d,) be an Ly-path with
2o = x and 2z, = y. Then, p’ = ((¢(20),-..,¢(21)),d,) is an L-path,
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with dilength(p’) = dilength(p). It follows that didist™ (¢(z), p(y)) €
DE(C). Thus, D™ (B) C DX (C). O

In order to carry out our construction we will impose a growth con-
dition on the approximations to our graphs. Assume that b = (¢, d) is
an odd Ng-pair. We say that b has property (x) if for every i € N we

have
%(d(d)) > 8- 22“]' -[2(d(5))]-

Lemma 5.3. Suppose that b = (c,d) is an odd Ng-pair with property
(x). Then there exists a collection (P;),con of perfect subsets of X. such
that for every t #t' we have
(1) [D™(P)| = No,
(2) There exists an ig € N such that for every k,k' > ig if k €
D% (P,) and k' € D™ (Py) then £ & [1,4].
(3) xs(Lo | [P]E.) = 3.

Proof. Let S C 2" be a perfect almost disjoint family of infinite sets

(identifying 2N with P(N)). Of course (using a bijection between S and

2N it is enough to construct a family indexed by the elements of S.
Fort € S, let

CrAiM. Assume that © # y € P, and zFE.y. Let x
(0,0,7Y), and let @ € N be maximal with with 7*(i) # r¥(7)
)

(
exists by £FE,y). Then t(i) = 1 and | didist™ (x, y)| € [2(‘12(i) ,2:3(d(1))].

Proof. 1t is obvious from the definition of P;, that we have ¢(i) = 1.

Moreover, it follows from the definition of I, and the choice of i
that didist™ (z, y) = didist™ (7, 4(x), 7.s(y)), so it is enough to give an
estimation on the latter. Since 7*(i) # r¥(i), m.;(x) and 7. ;(y) are in
different copies of Ly;_; in L;;. But then,

X(d(i)) — [ dilength(Le,;-1)|) < [ didist(7e,i(x), 7ei(y))|
< X(d(i)) + | dilength(Ly,—1)]-
So, by an easy induction we have
S(d(@) = Y277 - 5(d()) < | didist(me (), 7 ()]
j<i

< N(d(i) + Y 27 - B(d(4)),

J<t
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which implies our statement by (x). O

The Claim clearly implies property ().

Assume that t # t' are given. By the choice of S there exists an
iy, € N such that t N’ C 4§, let ip = E(dgo and assume that k, k' > i
with k¥ € D“(P,), k' € D“(P,). The choice of i} and i, together
with the Claim and (%) yields that k € [W“”,z . ¥(d(9))] and ¥ €
(2D 9 53(d(#7))] with i # . But then £ & [1 4] follows from (x),
showmg @.

Finally, a Baire category argument analogous to the one in the proof

of (M) of Claim 2.2 yields that (B]) holds for each t € S. O

Lemma 5.4. Assume that b* = (c¢*,d*) is an odd Rgy-pair with property
(%), and B C X~ is a Borel set so that the set [B|p_. is co-meager.
Then there exists an 11 € N such that for every i > i, we have that
D (B) N[5, 2 5(d*(i))] # 0.

Proof. By our assumption on B and (@) of Claim 22 we can find an
i1 and a non-empty basic open set of the form [(i1, k, 0)] in which B is
co-meager. Let ¢ > 7;. By shrinking B with the E.. -saturation of the
meager set [(i, k,0)] \ B (which is also a meager set), we can assume
that [(¢ —1,k,0)]N B = [(i — 1,k,0)] N [Blg... In particular, we can
find an r € 2% so that (i — 1,k,0 ~ (0) " r),(i—1,k,0 (1) "r) € B
hold, let z = (i — 1,k,0 ~ (0) " r),and y = (1 — L, k,o — (1) " 7).

Again, it is clear that didist™ (z,y) = didist™ i (7.;(2), 7ei(y)),
moreover, 7.;(z) and 7.;(y) are in different copies of Ly« ;1 in Ly~ ;.
So,

Z2z J. ) < |didist(m.i(x), mei(y))]
)+ 27 N(d(j))

j<i

which implies our statement by (x). O

Proof of Theorem[52.1. By Theorem [B.I] without loss of generality we
can assume that G = L, for some odd Rg-pair b = (¢, d) with property
(¥). Now, using Lemma we obtain a family (F;),con of perfect
subsets of X, having properties [I)-(@). For each t € 2N let L, =
Ly | [P)g.. We show that (L;);con satisfies the requirements of the
theorem. The condition on the Borel chromatic numbers is clear from
@) of Lemma B3

Let t,¢ € 2V be distinct. Assume that H <p Ly, Ly with xg(H) =
3. Then, by Theorem Bl we can assume that H = L, and that
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b* has property (x). As P, and Py are Ep, and Ej ,-complete sets,
using Lemma we obtain non-meager Borel sets B, B’ in X, with
DY (B) C D*(P,) and D™ (B') C D" (Py). Let i > iy, 1y,4), where
ip comes from (2]) of Lemma 53] while i, | are obtained from applying
Lemma 54 to B and B'.

By Lemmamwe can find k € DY (B) N [ZLD 9.5 (d*(4)))], k' €

Dl (B N[22 9. 5 (d%(i))]. But then & € [4,4], which contradicts
ke DI(P), K € DLt’(Pt/) and (2) of Lemma [5.3 O

6. OPEN PROBLEMS

We conclude with a number of open problems. First, it is not clear,
how Theorem can be generalized to arbitrary Borel graphs.

Problem 6.1. Characterize the Borel graphs with Borel chromatic
number 3, which admit a Borel homomorphism to each Borel graph
G with xg(G) > 2, (or, equivalently, the ones which are <pg LLg).

The product of graphs G on X and G’ on X’ is the graph on X x X’
given by ((x,2'), (y,vy")) € G x G' <= (z,y) € G and (2/,¢) € G'.
The Borel version of Hedetniemi’s conjecture reads as follows: Is it the
case that xp(G x G') = min{xg(G), x5(G')}?

Theorem [LI implies that the answer 1is affirmative, if
min{xs(G), xs(G")} < 3. El-Zahar and Sauer [J] showed that
for finite graphs the bound 4 already implies an affirmative answer.
Hence the following problem is quite natural.

Problem 6.2. Assume that G,G" are Borel graphs on standard Borel
spaces, and min{xg(G), xg(G")} < 4. Is it true that xp(G X G') =
min{xp(G), x5(G)}?

Note that a recent breakthrough result of Shitov [24] is that the
answer is negative in general, there exists a counterexample for finite
graphs.

The Gy-dichotomy, the results in [25], and the current paper give a
complete description of the existence of simple bases for Borel graphs
with a given Borel chromatic number. However, the natural reformu-
lation of the notion of chromatic numbers in terms of homomorphism
raises the following problem:

Problem 6.3. Characterize the Borel graphs H so that the collection
{G : G is a Borel graph, G L5 H} has a single element basis.

It is conceivable that such a characterization is impossible due to a
complexity barrier.



MINIMAL DEFINABLE GRAPHS 23

Babai’s celebrated results [1] suggest that among finite graphs the
isomorphism relation is simpler than the homomorphism relation. It
would be interesting to know the answer to the analogous question in
the case of Borel graphs.

Problem 6.4. Determine the projective complexity of the isomorphism
relation on Borel graphs on Polish spaces.
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