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The existence of supermassive black holes (SMBHs) with masses greater than ∼ 109M� at high
redshift (z & 7) is difficult to be accommodated in standard astrophysical scenarios. We study
the possibility that (nearly) totally dissipative self-interacting dark matter (tdSIDM)–in rare, high
density dark matter fluctuations in the early Universe–produces SMBH seeds through catastrophic
collapse. We use a semi-analytic model, tested and calibrated by a series of N-body simulations of
isolated dark matter halos, to compute the collapse criteria and timescale of tdSIDM halos, where
dark matter loses nearly all of its kinetic energy in a single collision in the center-of-momentum
frame. Applying this model to halo merger trees, we empirically assign SMBH seeds to halos and
trace the formation and evolution history of SMBHs. We make predictions for the quasar luminosity
function, the MBH-σ∗

v relation, and cosmic SMBH mass density at high redshift and compare them to
observations. We find that a dissipative dark matter interaction cross-section of σ/m ∼ 0.05 cm2/g
is sufficient to produce the SMBHs observed in the early Universe while remaining consistent with
ordinary SMBHs in the late Universe.

I. INTRODUCTION

Observations of quasars at z & 6 indicate that super-
massive black holes (SMBHs) with masses greater than
∼ 109M� formed in the early Universe (e.g. [1–5]). The
discovery of such SMBHs is puzzling in the current un-
derstanding of SMBHs, i.e., how did the first SMBHs
grow so large so quickly? One possible scenario is that
the SMBHs were seeded by the remnants of the Popu-
lation III (Pop III) stars, which are expected to form
in ∼ 105−6M� dark matter minihalos through primor-
dial gas undergoing molecular hydrogen cooling. Since
the primordial gas is significantly warmer than the usual
star-forming molecular clouds at low redshift, the cool-
ing is less efficient, leading to inefficient fragmentation
[6–13]. Therefore, Pop III stars are expected to be more
massive than stars in the Local Universe, and simulations
have suggested a mass range of 10 .M?/M� . 103 [14].
If SMBH growth is dominated by Eddington-limited ac-
cretion, SMBH seeds will grow exponentially within an
e-folding time tEdd ≈ 50 Myr, assuming a radiative effi-
ciency εr ≈ 10%. In the Eddington-limit, a 100M� Pop
III seed will need ≈ 0.8 Gyr to reach a billion solar mass,
a time greater than the age of the universe at z = 7 even
assuming a duty cycle fduty ≈ 1 over eight orders of mag-
nitude growth in mass, making it impossible to explain
the mass growth of SMBHs with masses 109M� at z = 7.
A high duty cycle (fduty ≈ 1) is also disfavored by the
feedback effects from accretion onto the SMBH, as well
as displacement of the gas reservoir by UV radiation and
supernovae explosions of the Pop III stars in the shallow
gravitational potential of minihalos [15–18].

Several different scenarios have been proposed to ease
the timescale constraints (see Inayoshi et al. [19] for a
review of the assembly of SMBHs at high redshift). Gen-
erally, one can increase either the SMBH seed mass or

the growth rate. One possibility is that a small frac-
tion of SMBH seeds in rare massive halos may be able
to sustain Eddington accretion over most of the his-
tory of the Universe or even grow at a super-Eddington
rate. Another popular scenario relies on the formation
of massive SMBH seeds with mass ≈ 104−6M� formed
through collapse of chemically pristine primordial gas in
so-called “atomic cooling halos” with virial temperature
Tvir ∼ 104 K at z ' 15 - 20 [13, 20–25]. However, even in
these models, an Eddington-limit accretion has to be sus-
tained for most of the lifetime of the seeds, which implies
a very high duty-cycle of SMBHs in the early Universe.
Thus, such a scenario is hard to reconcile with some of
the massive quasars at z & 6 with low measured Edding-
ton ratios [26, 27] as well as the short quasar lifetimes
(∼ 104−5 yr) found in observations of quasar proximity
zones at z ∼ 6 [28–32].

Self-interacting dark matter (SIDM) halos have the
potential to seed massive SMBHs in a much more ac-
celerated way through the “gravothermal catastrophe”
[33–37]. Finite self-gravitating systems (e.g. dark mat-
ter halos, globular clusters) have a negative heat capac-
ity and the heat conduction will eventually lead to the
“gravothermal catastrophe” of the system (e.g. [38, 39]).
In a halo with elastic dark matter self-interactions, ef-
fective heat conduction is realized by collisions between
dark matter particles and the SIDM halo cores could ul-
timately experience run-away collapse into compact ob-
jects (e.g. [33, 37, 40–43]). However, such elastic self-
interacting dark matter (eSIDM) requires a cross-section
σ/m = 5 cm2/g to seed SMBHs with masses 106M� at
z ∼ 10 [33], which is now ruled out by observations of
galaxy cluster collisions [44]. To avoid the constraints
on the cross-section, hybrid dark matter models were
proposed where the bulk of dark matter does not have
any self-interaction, but a small fraction is SIDM with a
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large cross-section [34, 45]. Alternatively, the presence of
baryons in protogalaxies has also been shown to acceler-
ate the gravothemal collapse of eSIDM halos [46] with a
smaller cross-section.

If the self-interaction is totally inelastic (hit-and-stick),
the collapse timescale can be two orders of magnitude
shorter than the prediction in elastic SIDM [45, 47, 48].
Therefore, totally dissipative self-interacting dark mat-
ter (tdSIDM) can greatly accelerate the catastrophic col-
lapse of halos, which leads to the formation of SMBHs in
the early universe. Our study is motivated by the analy-
sis of dark nuggets in Refs. [49–51], based on the model
of Refs. [52, 53] featuring hit-and-stick interactions that
are crucial for accelerating the catastrophic collapse of
SIDM halos. Other dissipative dark matter models, such
as atomic dark matter and exciting dark matter [54–61],
feature a constant kinetic energy loss in the center-of-
momentum frame, which needs to be tuned to acceler-
ate the catastrophic collapse efficiently. The proposal
of Ref. [49] was to consider rare, high density fluctua-
tions of dissipative dark matter which features hit-and-
stick interactions as the seeds of SMBHs at high red-
shift. The goal of this paper is to test this hypothesis
in detail, and determine whether a hit-and-stick dissipa-
tive dark matter model that produces SMBHs through
this mechanism can explain the SMBH abundance in the
early Universe while remaining consistent with observa-
tions of dark matter halos (and their SMBHs) in the late
Universe.

Though the timescale of seeding SMBHs in an iso-
lated tdSIDM halo was well-studied numerically using N-
body simulations [45, 47], the cosmological abundance of
SMBHs in the early Universe has never been calculated.
For the first time, we compute the cosmological abun-
dance of SMBHs seeded from tdSIDM halos and show
this seeding mechanism can be consistent with both high
redshift and low redshift observations of SMBHs. We
study the formation of initial SMBH seeds in isolated
dark matter halos using a series of N-body simulations
and calibrate our semi-analytic model based on the sim-
ulation results. Then, we run Monte Carlo simulations
to generate the merger trees of halos that can trace the
growth of those SMBH seeds. Our model is also testable
in the future when the abundance of SMBHs is better
measured at different redshifts.

This paper is organized as follows. In Sec. II, we
discuss our semi-analytical model of the dissipation
timescale and calibrate it with a series of N-body simula-
tions in isolated NFW halos. In Sec. III, we generate the
merger trees of halos and track the cosmological evolu-
tion of SMBH seeds in those halo progenitors, allowing us
to compute the mass function of SMBHs and compare it
with observables. In Sec. IV, we show our tdSIDM model
will not cause the formation of overly massive SMBHs at
low redshift, remaining consistent with low redshift ob-
servations.

II. SIMULATING BLACK HOLE FORMATION
IN ISOLATED HALOS

We performed N-body simulations of dark matter ha-
los with the NFW density profile as the initial condi-
tion, using the code Gizmo [62]. The initial condition
is generated using the code pyICs which was first used
in [63]. Gizmo is a multi-method gravity plus hydrody-
namics code and is capable of simulating both gas and
dissipative dark matter. Baryonic simulations are much
more computationally expensive, however, and the for-
mation of SMBH seeds in our model is mainly driven
by the dissipation in the dark sector. Therefore, we run
dark-matter-only (DMO) simulations to study the for-
mation of SMBH seeds from the catastrophic collapse
of halos. The gravity of dark matter is solved with an
improved version of the Tree-PM solver from GADGET-
3 [64]. Dark matter self-interactions are simulated in a
Monte-Carlo fashion with the implementation in Rocha
et al. [65]. In the tdSIDM model, when two dark matter
particles collide with each other, they lose a fraction fdiss
of their kinetic energy in the center-of-momentum frame.
We focus on the case that nearly all the kinetic energy
is dissipated in the interaction, fdiss ≈ 1. This is a par-
ticular feature of the nugget fusion model presented in
Refs. [49–53], not shared in general by other dissipative
dark matter models.

As explained in the introduction, we are interested in
SMBH seed formation in massive, rare halos in the mass
range 109 − 1013M�, which can produce SMBH seeds in
the mass range 106−1010M� (if the SMBH-to-halo mass
ratio is about 10−3 as we will show later in the simu-
lation results). In order to sample such rare structures
in cosmological simulations, a comoving boxsize of order
Gpc3 is required. Meanwhile, the physical size of the
collapsed region is about 0.07rs, as we will show later
in the simulation results, where rs is the scale radius.
This poses a challenge to cosmological simulations due
to limitations on mass and spatial resolution. For ex-
ample, if we are interested in SMBH formation in a rare
dark matter halo at high redshift with mass 1012M�, the
particle number in the central region within 0.07rs has
to be larger than ∼ 200 [66] to resolve the dense core.
Assuming the virial radius is 4rs, the particle number
in this halo is ∼ 2 × 104, which requires a mass resolu-
tion of 5 × 107M� in the simulation box. However, we
need a boxsize of & Gpc3 to simulate the structure for-
mation from extremely rare fluctuations. Therefore, the
particle number in the simulation box has to be ∼ 1012,
which is at least 100 times larger than the particle num-
ber . 1010 in state-of-the-art cosmological simulations
(e.g. [67–70]). Therefore, it is very challenging to sim-
ulate the formation of SMBH seeds with cosmological
simulations, even employing a zoom-in technique. An
alternative strategy is to simulate individual isolated ha-
los with various halo parameters and test the formation
of SMBH seeds separately. Large scale structure with
moderate dark matter self-interactions will not differ sig-
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nificantly from the CDM case [e.g., 43, 65, 71, 72]. The
calibration from the isolated halo simulations can then
be used to study the cosmological population of SMBHs
with semi-analytic approaches.

A. Semi-Analytic Model

Before introducing simulations, it is useful to develop
an analytic model that can predict the collapse timescale
of the dissipative dark matter model. The analytic pre-
dictions can then be compared to and calibrated by the
simulation results. In this section, we will discuss the
analytic model that predicts the collapse timescale and
show that it agrees well with our simulation results af-
ter calibrating the result by a universal O(1) prefactor
in the formula. We focus on SMBH seed formation in
rare, massive halos at high redshift with high central dark
matter density and thus high dissipative dark matter self-
interaction rates, following Ref. [49]. Dark matter halos
formed from rare fluctuations are the ideal environments
for seeding SMBHs, as such halos form at higher redshift
relative to typical halos, where the background density of
the universe is larger, implying a higher halo central den-
sity. The collapse rate of tdSIDM halos is characterized
by ρvσ/m, where ρ is the average density, v is the veloc-
ity dispersion and σ is the cross-section of dark matter
self-interaction. Thus higher densities shorten the dissi-
pation timescale, as we will discuss in detail in Eq. (14).
We will take the average density and velocity dispersion
to be those in the collapsing central region of the halo,
characterized by a collapse radius r0 determined by our
N-body simulations.

Because of our reliance on high density dark mat-
ter fluctuations to seed SMBHs, we must quantify the
rareness of halos, which can be explicitly define through
the variance of density fluctuation:

σh(M, z) = νhσ0(M, z), (1)

where σ0(M, z) is the variance in the density fluctua-
tion field smoothed over a top-hat filter of scale Rs =
(3M/4πρ̄)1/3, ρ̄ is the average comoving background den-
sity and σh(M, z) is the variance of a local density fluctu-
ation that can differ from the average fluctuation. Clearly
νh defines the rareness of the fluctuation and the halo
that just formed from this fluctuation. One can also de-
fine the peak height ν:

ν(M, z) ≡ δc
σ0(M, z)

=
δc

σ0(M, z = 0)D(z)
, (2)

where δc = 1.686 is the critical overdensity for collapsed
halos derived from the spherical top-hat model and D(z)
is the growth factor normalized to unity at z = 0. In
the spherical collapse model, a halo forms when the vari-
ance in the density fluctuation field satisfies σ = δc, cor-
responding to when typical halos with ν = 1 collapse.
However, rare, high-variance halos may collapse earlier

than typical halos, when ν = νh. In what follows, 5 − σ
(3 − σ) halos are defined by ν(M, z) = 5 (ν(M, z) = 3)
at z = zf , where zf is determined by when a density
perturbation reaches σ(M, zf ) = δc. Note that differ-
ent halos with different peak heights ν may collapse at
the same redshift, though rare fluctuations correspond to
more massive halos.

We use the model of Macciò et al. [73], which is a
modification of the Bullock model [74], to define the halo
parameters such as characteristic density ρ0, halo con-
centration cvir and halo mass Mvir and their evolution
with redshift. The density profile of virialized dark mat-
ter halos are well described by the Navarro–Frenk–White
profile [75]

ρ(r) =
ρ0

r
rs

(
1 + r

rs

)2 . (3)

where ρ0 is the scale density of the halo and rs is the
scale radius. ρ0 characterizes the central density of a dark
matter halo. As is typical in a halo formation model, we
can link the central density of a halo formed at redshift
zf to that of the critical density of the universe at zf .
Therefore we define the mass of the halo at the formation
redshift zf via

Mf =
4

3
πc30r

3
s ∆(zf)ρcrit(zf), (4)

where c0 is the halo concentration at the formation time,
ρcrit(z) is the critical density of the universe at redshift
z, and ∆(z) is the overdensity of the halo with respect
to the critical density. One common choice is to set
∆(zf ) = 200, which is motivated by the spherical col-
lapse model. The only dependence on cosmology in this
mass definition comes from ρcrit(z). It has been univer-
sally found that the initial halo concentration at the mo-
ment of the first collapse satisfies c0 ≈ 4 [76]. Therefore
the halo central density is ρ0 ≈ 200c30ρcrit(zf), suggesting
that a halo formed at high zf has a large central density.
The scale radius rs is determined at the time of formation
and does not evolve with time:

rs =

(
3Mf

4πc30∆(zf)ρcrit(zf)

)1/3

. (5)

The NFW profile is truncated at a virial radius that de-
pends on redshift, which is defined as Rvir(z) ≡ cvir(z)rs,
where cvir(z) is a redshift dependent concentration num-
ber. As the universe expands, the background density
drops but the halo central density ρs should remain the
same, leading to a larger concentration number and a
larger virial radius. Therefore the mass within the virial
radius for an NFW profile should grow (logarithmically)
as the universe evolves, which can be represented as

Mvir(z) = 4πρ0r
3
s f(cvir(z)) = Mf

f(cvir(z))

f(c0)
, (6)

where f(c) = ln(1 + c) − c/(c + 1). This equation is
obtained by integrating the NFW profile truncated at
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the virial radius. The redshift dependence of the halo
concentration is thus defined by

cvir(z)
3

f(cvir(z))
=

c30
f(c0)

∆(zf)ρcol(zf)

∆(z)ρcrit(z)
, (7)

such that we see that cvir(z) ∝ 1 + z in the limit of large
concentration parameters and ∆(z) = ∆(zf ). Equiva-
lently, we have a generalized form of Eq. (4):

Mvir(z) =
4

3
πcvir(z)

3r3s ∆(z)ρcrit(z), (8)

where we assume ∆(z) = ∆(zf ). From these relations,
one finds the characteristic density of dark matter halos

ρ0 =
Mvir(z)

4πr3s (z)f(cvir(z))
=

c30
3f(c0)

∆(zf)ρcrit(zf). (9)

This expression clearly states that the halo central den-
sity is directly determined by the background density of
the universe at the redshift of formation. The invari-
ance of ρ0 and rs indicates that the inner profiles of dark
matter halos do not change over time. The boundary
of a halo, described by Rvir, must move outwards owing
to the decreasing background density ρcrit(z), which is
known as the “pseudo-growth” of dark matter halos [77].

Now that we know how to determine the halo parame-
ters from the halo mass and concentration number at the
observation redshift, we can further study the behavior
of halos that are made of dissipative self-interacting dark
matter at high redshift. Dark matter particles dissipate
their kinetic energy through self-interactions (referred to
as “collisions”). The average timescale for a particle to
encounter one such collision in radius r can be estimated
as

trelax(r) =
1

αρ(r)σv(r)

1

σ/m
, (10)

where ρ(r) and σv(r) are the dark matter mass den-
sity and one-dimensional velocity dispersion at radius r,
α =

√
16/π is a constant factor assuming hard-sphere-

like scattering and a Maxwell-Boltzmann velocity dis-
tribution and σ/m is the dissipative interaction cross-
section per particle mass. If the velocity field of dark
matter is isotropic (as found in [78–80]), σv(r) can be
obtained by solving the spherical Jeans equation [81]

σv(r) =
√

4πGρ0r2sF (r/rs),

F (x) =
1

2
x(1 + x)2

[
π2 − ln (x)− 1

x

− 1

(1 + x)2
− 6

1 + x
+
(

1 +
1

x2
− 4

x
− 2

1 + x

)
× ln (1 + x) + 3 ln2 (1 + x)− 2Li2(−x)

]
, (11)

where Li2(x) is the dilogarithm. The timescale for local

kinetic energy to dissipate through such collisions is

tdiss(r) =
3ρ(r)σ2

v/2

Cfρ2(r)σ3
v(r)

1

σ/m

=
1

βfρ(r)σv(r)

1

σ/m
, (12)

where f is the fraction of kinetic energy loss in the center-
of-mass frame per collision, C is a constant factor and
β = 4α/3 [82], assuming a Maxwell-Boltzmann velocity
distribution, a velocity independent cross-section and all
the kinetic energy in the center-of-momentum frame is
dissipated during a collision.

Rapid kinetic (thermal) energy dissipation will in-
evitably result in gravitational collapse of the central
halo. The collapse timescale should be on the same or-
der as the dissipation time, tcol = Atdiss, where the order
one factor A is determined by our simulations of isolated
halos. Collapse is expected to happen at radii where
tcol(r) � tlife, where tlife is the lifetime of the system.
It is hard to determine the collapse radius analytically,
but our N-body simulations can give us the desired in-
formation. The details of our simulation results shall be
discussed in the next subsection but we can briefly de-
scribe the findings. We run a series of dark-matter-only
simulations for isolated NFW halos to study the evolu-
tion of their density profiles. We show the final stage
of the cumulative mass profile M(r)/M in Fig. 1, where
M(r)/M is roughly a constant in the central region, indi-
cating the formation of SMBHs. We studied the collapse
of dark matter halos with different masses, all of which
formed an SMBH with mass ∼ 3 × 10−3M , where M
is the halo mass. If an NFW halo within some radius
r0 collapses to an SMBH seed, the fraction of the initial
mass in the seed is

fcol =
ln(1 + r0/rs)− r0/(rs + r0)

ln(1 + c)− c/(c+ 1)
. (13)

Furthermore, if we take a collapse radius r0 = 0.07rs
and a concentration c = c0 = 4 at formation time, this
equation gives a collapse fraction fcol ≈ 3 × 10−3. Note
that c0 = 4 is a universal prediction for halos at formation
[83], independent of their rarity ν. A higher ν halo, of
a given mass, will simply form at a higher redshift zf
relative to typical halos, and hence will have a higher
concentration at lower redshift z, according to Eq. (7).
A large central density, as shown in Eq. (12), corresponds
to a smaller dissipation time.

As we will discuss in the next subsection, the simula-
tion results, as shown in Fig. 1, indicate that the collapse
fraction of tdSIDM halos is universally 3 × 10−3 inde-
pendent of halo mass. Therefore, we conclude that the
collapse radius (the radius where dark matter particles
will fall into the halo center and collapse) is about 0.07rs
independent of halo mass and redshift, corresponding to
a collapse fraction of 3 × 10−3. We thus evaluate the
collapse time within a collapse radius 0.07rs, which gives
the timescale of SMBH formation at the halo center. The
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FIG. 1. Enclosed mass fraction as a function of radius (nor-
malized to the scale radius rs), for 8 different 5- and 3-σ halos
(upper and lower panels, respectively) including dark matter
dissipation with cross-section 1cm2/g. Each of the 8 halos
is labeled with the mass (in units of 1011M�) and redshift.
The high spin curve corresponds to λ = 0.1 at z = 10, while
other halos have spin parameter λ = 0.03. In these figures,
the more dense 5 − σ halos show core collapse, indicated by
the region of constant density at small radius, while 3 − σ
halos have not been destabilized, consistent with Fig. 2. In
the collapsed halos, the collapse fraction is found universally
to be ∼ 3× 10−3.

corresponding collapse timescale tcol(0.07rs) is

tcol =
A

f
1.29× 1011yr

(
cvir(z)

3 ∆(z)

200

ρcrit(z)

Ωmρcrit(0)

)−7/6
× [f(cvir(z)]

3/2

(
1cm2/g

σ/m

)(
1015M�
Mvir

)1/3

,

(14)

where Ωm is the matter density today.

B. Simulations of halo collapse and black hole
formation

We ran series of DMO simulations with different initial
conditions to calibrate the collapse timescale and deter-
mine the SMBH-to-halo mass ratio. The initial condi-
tions are characterized by the NFW profile parameters
ρ0 and rs, which can be determined by the concentration
number cvir, halo mass Mvir and the observation redshift
z by using Eq. (9) and Eq. (5). We simulate the evolution
of 5 − σ and 3 − σ rare halos whose mass can be deter-
mined from ν = 5, 3. The concentration of those halos
can be determined from the models that give the relation
between halo mass M and peak height ν [83–86], though
for large ν, the halo concentration is roughly 4, with the
exact value weakly depending on redshift. Therefore we
assume those halos have a concentration of 4 in our sim-
ulations. Selecting an observation redshift z for 5− σ or
3− σ halos, we obtain the halo mass and concentration,
from which we determine ρ0, rs needed to create initial
conditions for our N-body simulations.

We expect the most massive halos at high redshift, cor-
responding to rare fluctuations, will have higher central
dark matter density and thus smaller collapse timescales.
The dark matter self-interaction cross-sections in our
simulation is taken to be σ0/m = 1 cm2/g. The analytic
formula in Eq. (14) suggests that the collapse timescale is
inversely proportional to the cross-section. Therefore we
can easily apply the simulation results to other cross-
sections. The gravitational softening length is chosen
to be 2d0 where d0 is the mean separation for particles
within radius 0.07 rs. The particle number in the whole
simulation box is 6× 106.

As the tdSIDM halo evolves, dissipation will drive
radial contraction of the halo as well as a “dark cool-
ing flow” found in recent cosmological simulations of
tdSIDM [82]. The contraction at a certain stage could
be halted by centrifugal forces. However, if dark matter
substructure torque, created by global gravitational
instability or dark matter viscosity, efficiently transports
angular momentum, the run-away collapse of the halo
into an SMBH may occur. During this process, the
central dark matter density is expected to very rapidly
increase, causing the integration time-step to approach
zero. Gizmo uses adaptive time-stepping, which allows
us to study the halo profiles at the moment of collapse.
In the extreme case, we expect dark matter particles
to lose all of their kinetic energy in the center-of-mass
frame, typical in the dark nugget model [49]. In the
simulation, we choose f = 0.8 to avoid numerical
difficulties (e.g. particles cluster in the same position
in phase space and blow out the integration time) but
the results are nearly identical for f ≈ 1 (if we correct
for the dependence of tdiss on f). After the catastrophic
collapse, the enclosed mass M(r) is expected to be flat
at the halo center, which agrees well with what we
found in simulations of isolated 5-σ halos, as shown
in Fig. 1. The NFW parameters of 5-σ halos are



6

rs = 39.1, 23.2, 14.6, 9.6, 6.5, 4.6, 3.3 kpc, and ρ0 =
0.030, 0.051, 0.081, 0.121, 0.173, 0.237, 0.316M�pc−3

for redshift z = 4− 10. The NFW parameters ρ0 and rs
can be obtained from Eqs. (9) and (5) once we fix the
halo mass Mvir and the concentration number cvir at a
given observation redshift. The halo spin parameter is
taken to be λ = 0.03. For comparison, we also run a
simulation with high spin parameter λ = 0.1. The halo
collapses within the same timescale, suggesting that
the centrifugal barrier discussed in Appendix B is not
important, such that we expect SMBHs to form if the
halo mass is above the threshold.

After running simulations for isolated NFW halos,
we calibrated our semi-analytic model and found the
timescale for SMBH formation is

tcol = 1.06tdiss. (15)

Therefore the collapse timescale can be determined from
our analytic prediction of the dissipation timescale, after
adding a calibration factor of 1.06. The collapse radius is
universally found to be ∼ 0.07 rs for 5-σ halos at different
redshift, corresponding to a collapse fraction ∼ 3×10−3,
independent of halo mass. Different mass halos have
slightly different calibration factors, which are found to
be 1.02, 1.05, 1.05, 1.15, 1.12, 1.05, 1.01 for 5-σ halos at
redshift z = 4 − 10. Even though there are some uncer-
tainties, our semi-analytic formula in Eq. (14) agrees well
with the simulation results after adding a calibration fac-
tor. To confirm that less rare halos will not collapse, we
also run simulations with 3 − σ halos and stop the evo-
lution at time σ/σ0εtH , where σ is the cross-section that
will be appropriate for seeding SMBHs, σ0 = 1cm2/g is
the cross-section we are using in our simulation and ε is
the parameter of seeding criterion discussed in Eq. (17).
We will show later in Sec. III that σ ∼ 0.1cm2/g is appro-
priate for seeding the high mass SMBHs at high redshift
while not causing inconsistencies at low redshift.

C. Mass Threshold of Black Hole Seeding

In this subsection, we discuss the collapse criterion
of dark matter halos analytically based on the collapse
timescale calibrated by our simulations. Other criteria
related to the halo spin parameter and halo dynamical
timescale are discussed in Appendix B, where we will
show they are not relevant for the problem at hand.
We also study the halo masses that lead to SMBH for-
mation at different redshifts, assuming a median mass-
concentration relation discussed in Diemer and Joyce
[83]. There will, however, always be a scatter in the
halo concentration, which is related to the halo assem-
bly history. The complication is that halos may form
early, but not merge until late. Such halos will have a
very large central density, corresponding to scatter above
the median mass-concentration relation. Another com-
plication is that even though a certain halo is not mas-
sive or concentrated enough to seed an SMBH, one of its

halo progenitors may have seeded an SMBH which sub-
sequently falls to the halo center. We will fully address
those questions in Sec. III with a merger tree. In this
section, we only discuss SMBH formation based on me-
dian mass-concentration relations for a given halo mass
Mvir and redshift z. This works well for rare halos that
have large masses at high redshift because we do not ex-
pect much scatter in their concentration. Therefore the
production of high mass SMBHs is well predicted in this
section with purely analytic formulae.

For a halo with mass Mvir(z), the criterion that an
SMBH seed form in the halo at redshift z is approxi-
mately given by

tcol(Mvir(z), σ/m, z)� tH(z), (16)

where tH(z) is the Hubble time at z. This indicates that
seeding happens when the collapse time is significantly
shorter than the lifetime of the system. Practically, we
determine that an SMBH seed would form when

tcol(Mvir(z), σ/m, z) = εtH(z), (17)

where ε is set to be 0.1; this parameter is somewhat
arbitrary, but also degenerate with a rescaling of the
cross-section, such that ε can be viewed as the uncer-
tainty on the cross-section. Therefore the only parame-
ter that will determine the seeding of SMBHs is εσ/m.
The choice of ε = 0.1 is reasonable because the time
threshold of collapse and the Hubble time are expected
to be roughly within the same order of magnitude. In our
seeding model, the collapse timescale is greater than the
halo dynamical timescale as discussed in Appendix B to
avoid local fragmentation. An extremely small collapse
timescale is disfavored if an SMBH is seeded in a halo
instead of forming many local dark stars. The fraction of
a dark matter halo that eventually collapses into a black
hole is crucial for determining the mass function of the
SMBH seeds. From the simulation, we know this collaps-
ing fraction is about 3 × 10−3. Eq. (16) gives the lower
bound of the halo mass that would lead to a collapsing
halo. For high redshift where the cosmological constant
is not important and the universe is dominated by mat-
ter, the critical density scales like ρcrit ∝ (1 + z)3/2. We
can further assume ∆(z) = 200 regardless of redshift and
the mass threshold for collapsed halos can be determined
by combining Eq. (14) and Eq. (17):

M >M0(cvir(z), z)

= 1.63× 1017M�

[
ln(1 + cvir(z))−

cvir(z)

cvir(z) + 1

]9/2
× 1

(cvir(z)/4)21/2

(
Ωmρcrit(0)

ρcrit(z)

)2(
0.01cm2/g

εσ/m

)3

.

(18)

For a given dark matter halo with mass M at z, it has
an SMBH seed with mass fM in the halo center if M >
M0(c, z), where f ∼ 3 × 10−3 is the collapse fraction of
the dissipative dark matter halo.
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FIG. 2. left panel: Shown as shaded contours, minimum halo mass M to seed an SMBH (labeled “SMBH seeds”) immediately
at redshift of halo formation zf , for a fixed tdSIDM cross-section (σ/m in units of cm2/g). The solid curves show the mass
of a ν = 1, 3, 5 halo in a spherical collapse model formed at redshift zf . A halo is available in the cosmological history to
seed an SMBH (for a given cross-section) if the shaded region corresponding to that cross-section is above a solid curve. For
comparison, we show as dashed curves the cosmological history of the Main Progenitors of a Milky Way Mass and Cluster Mass
galaxy, as given in Eq. (19). Interestingly, the main progenitor of a 1− σ halo at z = 0, can be a 3− σ halo at z ∼ 10, which
is more likely to form SMBHs. right panel: Mass M of a ν = 5 halo, again for fixed cross-section corresponding to colored
regions, that may seed an SMBH at a lower redshift z ≤ zf . We can see that rare halos that do not seed an SMBH immediately
may do so later in the history of the Universe. During the evolution of these halos, we assume the central density and the halo
mass are fixed; we will track the assembly history of halos more completely in Sec. III utilizing merger trees.

Eq. (18) suggests that the minimum halo mass to seed
an SMBH is much smaller at higher redshift, and fur-
thermore, high concentration (rare) halos are more likely
to form an SMBH at higher redshift. This is shown in
Fig. 2, similar to the proposal and discussion in Ref. [49].
In the left panel of Fig. 2, the minimum mass halo to form
an SMBH is shown in shaded regions for different cross-
sections. To determine whether a halo is available in the
cosmological history that meets this minimum mass re-
quirement, these colored regions are compared against
the solid lines corresponding to a ν = 1, 3, 5 halo of
mass M formed at redshift zf , using Eq. (18). When a
colored region is above a solid line of fixed ν, halos of a
given cosmological rarity ν are available to make SMBH
seeds via dissipation at redshift z. We can thus see that
rare halos can seed SMBHs at high redshift.

In the right panel of Fig. 2, we track the 5 − σ ha-
los to lower redshift z to determine if these rare halos
of mass M can seed a black hole later in the history
of the Universe. The shaded contours, with the colors
corresponding again to different cross-sections, indicate
where SMBH seeds can form at lower redshifts. Note
that we assume the halo mass and central density re-
mains fixed, while the concentration is given by Eq. (7);
this assumption is idealized since halos will accrete and
merge with other halos. Nevertheless, fixing the tdSIDM
cross-section, this demonstrates how rare halos that can-
not form an SMBH seed immediately may form one at

lower redshift.
Furthermore, if the halo is not massive enough to seed

an SMBH at high redshift, it may still have lighter SMBH
seeds because its progenitors may have formed black
holes at higher redshift. We can thus see that the as-
sembly history has to be determined to fully study SMBH
formation at low redshift. This will be discussed in detail
in Sec. III using Monte Carlo simulations to generate the
merger tree. However, there is still an analytic shortcut
to describe the evolution of the most massive progenitors,
known as main progenitors, during the assembly history.
Empirically, the mass accretion histories for main pro-
genitors, as observed at z = 0, can be characterized by a
simple function [87]

M(z) = M0e
−αz, (19)

where M0 is the halo mass at z = 0 and M(z) is the
most massive progenitor in the merger tree. Although
the mass accretion history of individual halos may devi-
ate from this form, it provides a good characterization of
the range of halo mass accretion trajectories, as we will
show later in Sec. III. α is related to the halo mass at
the observed time. The average α is ≈ 0.6 for a typical
halo with mass M = 1012M� at z = 0, and ≈ 0.9 for a
rarer halo with mass M = 1014M� at z = 0. We show
two halo trajectories in Fig. 2 for masses M = 1012 and
M = 1014M�. We can see from Fig. 2 that the most
massive progenitor of a typical (1 − σ) halo at low red-
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shift may instead be a rare 3 − σ halo at high redshift.
The rare progenitors, which formed relatively early, have
a large central density even at low redshift before merg-
ing, and they can potentially seed an SMBH at the halo
center. Thus, while the dissipative nature of dark mat-
ter helps us explain the most massive SMBHs at high
redshift, one must further examine the merger history of
halos to check consistency with observations of SMBHs at
low-z in Milky Way-like galaxies. We will show in Sec. III
and Sec. IV that this suggests a range of cross-sections
where high redshift SMBH formation could occur, while
simultaneously remaining consistent with low-z observa-
tions.

III. COSMOLOGICAL EVOLUTION AND
ABUNDANCE OF SMBHS

In this section, we aim to make predictions for the
cosmological abundance of SMBHs formed via direct col-
lapse of tdSIDM halos and the observed luminosity func-
tions of quasars formed via this mechanism. In contrast
to the canonical seeding mechanisms for smaller SMBH
seeds (e.g., remnants of Pop III stars with typical mass
of ∼ 10 - 103 M� [6–13] or directly collapsed pristine gas
clouds of mass ∼ 104 - 106 M� [13, 20–25]), the mecha-
nism in this paper could naturally explain the existence
of massive quasars (MBH & 109 M�) at z & 6 discovered
in recent years [26, 27, 88–94]. According to the mass cri-
terion for seeding in Eq. (18) and the seed-to-host mass
ratio fcol discussed in Sec. II, MBH & 109 M� SMBHs at
z ∼ 7 will form in M & 1012 M� halos with normal con-
centrations. However, it is still an open question whether
this model can produce the correct cosmic abundance of
the SMBHs and observed quasars at high redshift.

To investigate this aspect, the cosmological evolution
of SMBH seeds and their host halos need to be tracked.
In this model, halos with different masses and concentra-
tions could be coupled to the seeding mechanism at very
different cosmic times. The seeding should be considered
as a continuous process rather than happening only in a
short period of time. In addition, the decoupled seeds
could further increase their masses through the accretion
of baryonic matter, and the amount of such accretion de-
pends on the evolutionary history of halos (e.g. a major
galaxy merger could trigger such accretion). Further-
more, the seeding criterion has a strong dependence on
the concentration of the halo, which in turn depends on
the assembly history of the halo [e.g., 95], and is sub-
ject to various biases (e.g. environment of formation). A
simple median mass-concentration relation may not be
accurate enough to describe the seeding process of the
entire cosmological population of dark matter halos.

Given the physical processes and uncertainties involved
in the evolution of SMBH seeds, we employ halo merger
trees to trace the merger history of halos and SMBH
seeds and to evolve SMBHs using empirical prescrip-
tions. The halo merger trees are generated using the

SatGen [96] code [97], which is based on the Extended
Press-Schechter (EPS) formalism [98] and the algorithm
introduced in Refs. [99, 100]. The virial mass and radius
of halos in the merger trees are defined with the redshift-
dependent ∆vir in Ref. [101]. When creating the merger
trees, we uniformly sample 10 halos per dex of halo mass
ranging from 108 to 1016.4 M� at z = 4 and trace their
progenitors up to z ' 20, with a progenitor mass reso-
lution 5 (6 for trees more massive than 1015 M�) orders
of magnitude lower than the final halo mass at z = 4.
The merger tree traces the mass and concentration of
each halo from the time when it enters the tree (becomes
more massive than the mass resolution of the tree) to
the time when it merges into a more massive halo. The
halo concentration is obtained from an empirical relation
calibrated via simulations [95], which relates the main
branch (the branch that tracks the most massive pro-
genitor) merging history to the concentration parameter
by

cvir(Mvir, z) =
[
48 +

(
t(z)/t0.04(Mvir, z)

)8.4]1/8
, (20)

where t(z) is the cosmic time at redshift z and t0.04 is
the cosmic time when the host halo has assembled 4%
of its instantaneous mass, Mvir(z). In principle, the
gravitational impact of baryonic matter (e.g. adiabatic
contraction of dark matter [102, 103]), star formation
and subsequent feedback processes could potentially af-
fect the structure of high redshift halos. However, self-
consistently modelling the baryonic content of high red-
shift galaxies is beyond the scope of this paper, and we
defer a detailed analysis of this aspect to follow-up work.

All the progenitors of one merger tree are weighted by
the number density of the final halo sampled at z = 4,
determined analytically by the halo mass function from
the hmf code [104], which itself is calibrated based on
numerical cosmological simulations [105]. In Fig. 3, we
show the halo mass functions at z = 4, 6, 8 reproduced
with the weighted abundance of halos in the merger trees.
They are in agreement with the halo mass functions de-
termined analytically up to 1012 M� (1013.5 M�) at z = 8
(z = 6), which covers the mass range of quasar host halos
of interest. In the subsequent analysis, we will use the
weighted results for any predictions in the cosmological
context.

A. SMBH seeding and growth

Based on the halo merger trees, we initialize and
evolve the SMBH seeds with the following empirical pre-
scriptions. An SMBH seed is initialized when the halo
meets the seeding criterion introduced in Eq. (18). The
initial mass of the seed is set as a constant fraction,
fcol = 3 × 10−3, of the instantaneous mass of the host
halo, motivated by the simulation results in Sec. II. Sub-
sequently, as long as the host halo still meets the seed-
ing criterion, we maintain the seed-to-host mass ratio
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FIG. 3. Halo mass function. The reconstructed halo mass
functions at z = 4, 6, 8 based on the weighted abundance of
halos in the merger trees. They are compared to the halo
mass functions determined analytically using the hmf code,
which itself is calibrated based on numerical cosmological sim-
ulations [105]. The halo mass functions determined by the
merger trees agree reasonably well with the analytic ones up
to 1012 M� (1013.5 M�) at z = 8 (z = 6), which covers the
mass range of quasar host halos of interest.

as fcol (referred to as the reseeding mechanism). The
treatment relies on the assumption that, after the initial
collapse of the dark matter halo, the accretion of dark
matter onto the central SMBH seed will continue until
a dynamical equilibrium between the SMBH seed and
the host halo is reached. This dynamical equilibrium re-
sults in the roughly constant seeding fraction found in
the simulations, and should hold as long as dark matter
can still be efficiently fed to the halo center via dissi-
pative self-interactions. For halos that are coupled to
the seeding mechanism, the reseeding would effectively
erase the unique growth history of the SMBHs and set
a tight correlation between host halo mass and SMBH
mass. However, for halos that no longer meet the seed-
ing criterion, the subsequent growth of SMBHs they host
will no longer be affected by dark matter physics but
by hierarchical mergers of SMBHs during halo mergers
and accretion of baryonic matter. During the merger of
host halos, the dynamical friction against the dark matter
background could drag the satellite SMBH towards the
primary SMBH and a bound SMBH binary will form. We
assume that this happens when the mass ratio of the two
SMBH-plus-halo systems is larger than 0.3, as suggested
in Ref. [106]. For simplicity, we do not model the subse-
quent evolution of the binary and treat the bound binary
as a single SMBH right after the merger. We also do not
consider SMBH(s) ejected from the halo center due to
gravitational recoil or perturbation from a third SMBH
in subsequent mergers. These processes are unlikely to
have a major impact on the predictions of this model.

For the accretion of baryonic matter, we model the
“merger driven” accretion of SMBHs, which has been

adopted in previous studies of the cosmic evolution of
SMBHs [106–109]. The efficient gas inflow triggered
by galaxy mergers feeds both the accretion of SMBHs
and the star-formation in galaxy bulges. We assume
this feeding happens when the mass ratio between the
two progenitor halos is larger than 0.1 (defined as “ma-
jor merger”). The stellar/supernovae feedback from
rapid star-formation and potential active galactic nucleus
(AGN) feedback will eventually quench the gas inflow as
well as further growth of the SMBH. The total amount
of mass accreted during each major merger event is re-
lated to the complicated gas dynamics and feedback pro-
cesses in the galaxy bulge. Hypothetically, it manifests
as the observed statistical correlation between the SMBH
mass and bulge velocity dispersion of its host galaxy (the
MBH − σ∗v relation [110, 111])

MBH = (4.4± 0.9)× 107 M� (σ∗v/150 km s−1)4.58±0.52.
(21)

This motivates us to set the mass gain of an SMBH
through accretion of baryonic matter during each merger
event as

∆MBH = ∆M0(1− εr) (σ∗v/150 km s−1)4.58, (22)

where σ∗v is the bulge velocity dispersion of the merged
galaxy, εr is the radiative efficiency (assumed to be the
canonical value 0.1) and ∆M0 is a free normalization pa-
rameter, which has been set to ∼ 104 - 107 M� in previous
studies of low-mass seeds [106, 107, 109]. In observations,
the bulge velocity dispersion is found to correlate with
the asymptotic value of the halo circular velocity as [110]

log Vc = (0.892± 0.041) log σ∗v + (0.44± 0.09). (23)

And for the NFW profile, the maximum circular velocity
of the host halo is related to the halo mass as [68, 112]

Vc =
[
G
f(xmax)

f(cvir)

cvir
xmax

(4π

3
∆(z)ρcrit(z)

)1/3]1/2
M

1/3
vir ,

f(x) = ln (1 + x)− x

1 + x
, xmax = 2.15. (24)

Combining Eqs. (22), (23) and (24) above results in
a link between ∆MBH and host halo parameters (Mvir,
cvir) at a given redshift. This forms an empirical prescrip-
tion to model the mass growth of SMBHs during galaxy
mergers tracked by halo merger trees, with the assump-
tion that the statistical correlations between SMBHs and
their host galaxies (halos) are maintained throughout
cosmic time. Overall, the two free parameters of the
SMBH catalog are the self-interaction cross-section per
unit mass, σ/m, and the baryonic mass accretion con-
stant, ∆M0. Similar to the host halos, the SMBHs are as-
signed with statistical weights corresponding to the num-
ber density of the final halo of the merger tree at its sam-
pling redshift. For our fiducial model, we set ∆M0 = 0
to study the pure impact of dark matter physics and hi-
erarchical mergers of SMBH seeds. In addition, we will
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try varying ∆M0 to 107 M� to study the “maximum” ef-
fect (since 107 M� is already close to the normalization
of the local MBH − σ∗v relation) that baryonic accretion
can have on this population of SMBHs at high redshift.

B. Predictions for high redshift quasars

In this section, we aim to make predictions for the
abundance of luminous quasars at high redshift and ex-
plain the unexpectedly large masses of these quasars with
the seeding model discussed in this paper. We will first
derive predictions for the mass function of SMBHs seeded
by tdSIDM, and then link it to the luminosity function
of quasars. Binned estimations of SMBH mass functions
are derived based on the weighted abundance of SMBHs
in the merger trees and the results are shown in Fig. 4. At
the massive end, the shape of the SMBH mass function
resembles the halo mass function with an exponential de-
crease, since the massive SMBHs are still coupled to the
seeding mechanism with mass proportional to the host
halo mass. At the low mass end, SMBHs start to decou-
ple from the seeding mechanism, so the SMBH mass func-
tion turns over and starts to decrease with lower MBH,
as opposed to the behaviour of the halo mass function.
Varying the self-interaction cross-section has almost no
effects at the massive end while changing the characteris-
tic lower mass when the SMBH mass function turns over.
The model with σ/m = 0.1 cm2 g−1 predicts a more ex-
tended tail of SMBHs at the low mass end, compared to
the model with σ/m = 0.05 cm2 g−1, with no apparent
mass cut-off. This is because the redshift range of seeding
in the model with σ/m = 0.1 cm2 g−1 is broader than the
model with σ/m = 0.05 cm2 g−1, as illustrated in the left
panel of Fig.2. SMBHs seeded and decoupled at higher
redshift can populate the low mass end of the SMBH
mass function. Quasar surveys and theoretical modeling
indicate that the number density of luminous high red-
shift quasars with MBH & 109 M� and Lbol & 1046 erg/s
is 10−9 Mpc−3 . Φ . 10−7 Mpc−3 [19, 113, 114], which
sets a lower limit of the abundance of underlying SMBH
population. The predictions here are consistent with this
limit. In the lower panel of Fig. 4, we compare the model
predictions with ∆M0 = 0 and ∆M0 = 107. Baryonic
accretion during major mergers only has a weak impact
at the low mass end (shifting the lowest mass of the seeds
produced by the mechanism) and can hardly affect the
mass of the most massive SMBHs seeded through this
mechanism.

In order to relate the SMBH mass function to the
quasar luminosity function, the fraction of SMBHs that
are active (the duty-cycle D) and the luminosity of active
quasars are required. The bolometric luminosity (lumi-
nosity integrated over the entire quasar spectrum and
free from extinction) of a quasar, Lbol, is often described
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FIG. 4. SMBH mass function. Top: Number density of
SMBHs as a function SMBH mass at z = 6, calculated from
the weighted abundance of SMBHs in the merger trees. The
prediction assuming σ/m = 0.1 (0.05) cm2 g−1 and ∆M0 = 0
is shown and compared to the halo mass function multiplied
by the collapse fraction fcol. The massive end of the BHMF
is coupled with the seeding mechanism, and the shape of the
SMBH mass function resembles the exponential cut-off in the
halo mass function. Low mass SMBHs has decoupled from
the seeding mechanism and the low mass end of the mass
function deviates from the halo mass function. The choice of
self-interaction cross-section does not affect the massive end
but changes the characteristic mass where the SMBH mass
function deviates from the halo mass function. The shaded
region indicates the abundance of observed massive quasars
(MBH & 109 M�) at high redshift and the abundance of un-
derlying SMBH population should at least be larger. Bot-
tom: We show the SMBH mass functions in the model with
σ/m = 0.1 cm2 g−1 and ∆M0 = 0 (107) M�. The baryonic
accretion arguably only has an impact at the low mass end
(shifting the lowest mass of the seeds produced by the mech-
anism), hardly changing the abundance of the most massive
SMBHs.
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as its ratio to the Eddington luminosity

Lbol = λeddLedd = λedd
4πGmpc

σT
MBH

= 1.26× 1047erg/s
(λedd

1

)( MBH

109 M�

)
, (25)

where mp is the proton mass and σT is the Thomson
scattering cross-section for the electron. The ratio λedd is
referred to as the Eddington ratio. For simplicity, we first
adopt a log-normal Eddington ratio distribution function
(ERDF)

P1(log λedd) =
1√

2πσedd
e−(log λedd−log λc)

2/2σ2
edd , (26)

with λc = 0.6 and σedd = 0.3, motivated by obser-
vational constraints of z ∼ 6 quasars [115], as well as
the extrapolation of models constrained at lower redshift
[e.g., 116, 117]. Such a log-normal ERDF implies that
active SMBHs accrete at close to the Eddington limit.
However, it is still possible that a substantial fraction
of active SMBHs accrete at much lower rates and the
observed massive quasars are only tip-of-the-iceberg of
the SMBH population. Therefore, in addition to the
log-normal ERDF, we also try using a cut-off power-law
ERDF that extends to λedd = 10−4

P2(log λedd) = N
(λedd
λc

)α
e−λedd/λc , (27)

where N is a normalization factor to keep the integrated
probability at unity, λc = 1.5 [117] sets a cut-off in the su-
per Eddington regime and α is the faint-end slope, which
is free and can be tuned to match the prediction with
the observed bolometric quasar luminosity function. The
SMBH mass function can then be mapped to the bolo-
metric quasar luminosity function through the convolu-
tion

φL(logLbol) = D

∫ ∞
−4

φM(logLbol − log λedd − logC)

P (log λedd)d log λedd, (28)

where C is 4πGmpc/σT (as in Eq. (25)) and we have as-
sumed that SMBHs with log λedd > −4 are active (which
also defines the duty-cycle). The duty-cycle can be de-
termined by making the normalization of the predicted
luminosity function consistent with observations at the
bright end. We note that the parameterization of the
ERDF and the simple constant duty-cycle assumed here
are purely for “a proof of concept”, with the intention
to check whether predictions from the seeding model can
be reconciled with observations with some level of tuning
of the model for SMBH growth. We do not try to argue
for a specific model of SMBH growth through the study
here.

The bolometric luminosity of quasars is the integrated
luminosity over the entire spectrum, representing the to-
tal energy output. However, in observations, the lu-
minosity function measurements are performed in cer-
tain photometric bands (commonly far-UV and X-ray

for quasars at high redshift) covering restricted parts of
the quasar spectral energy distribution and are subject
to corrections for dust and neutral hydrogen extinction,
survey completeness, and selection biases. Ref. [114] has
updated the constraints on the bolometric quasar lumi-
nosity function at high redshift based on the latest com-
pilation of observations in far-UV, X-ray, and infrared.
The observational binned estimations from compiled ob-
servations are converted onto the bolometric plane, tak-
ing account of the extinction and bolometric corrections.

In the top panel of Fig. 5, we show the predicted bolo-
metric quasar luminosity function at z = 6 from the
merger trees, assuming a log-normal ERDF. The results
are compared to the observational constraints compiled
in [114]. With a duty-cycle of 3 × 10−3 (6 × 10−4),
the predicted abundance of the most luminous quasars
in the model with σ/m = 0.05 (0.1) cm2 g−1 can
match the observed abundances. The prediction assum-
ing σ/m = 0.1 cm2 g−1 gives better agreement at faint
luminosities (Lbol . 1046.5 erg/s) but over-predicts the
quasars at intermediate luminosities (Lbol ∼ 1047 erg/s).
The prediction with σ/m = 0.05 cm2 g−1 agrees with
observations at the luminous end (Lbol & 1047.5 erg/s)
and is not in tension with observations at intermediate
and faint luminosities. Acknowledging that other seed-
ing mechanisms could still be responsible for the forma-
tion of low mass and faint quasars, the prediction with
σ/m = 0.05 cm2 g−1 is compatible with observations. In
terms of the duty-cycle, some observational studies of
quasar clustering [118–120] have suggested that the duty-
cycle of high redshift AGNs in the most massive haloes
may approach unity at z ' 6. That duty-cycle is much
larger than the median value required for our models,
especially for the σ/m = 0.1 cm2 g−1 case, to not over-
produce the abundance of luminous quasars. However, if
the Eddington ratio of SMBH has a strong positive de-
pendence on the host halo mass or environment, the aver-
aged duty-cycle of all SMBHs could be much smaller than
inferred from the clustering of currently observed lumi-
nous quasars. It is still debated observationally whether
high redshift quasars have order unity duty-cycles, or we
are observing the tip-of-the-iceberg of the SMBH popu-
lation. Some studies [117, 121] have instead argued for a
low duty-cycle of the quasar population at z & 6. We ex-
amine this possibility by using the cut-off power-law func-
tion defined in Eq. (27) as the ERDF, which essentially
includes a power-law tail of SMBHs with low Edding-
ton ratios. The quasar luminosity functions predicted
from this ERDF are shown in the lower panel of Fig. 5.
We have set D = 1 (since we have already considered
quasars with low activity with this ERDF) and tuned
α in order to best match the observational constraints.
The model with σ/m = 0.1 cm2 g−1 and α = −1.1 is in
perfect agreement with observations at all luminosities.
The model with σ/m = 0.05 cm2 g−1 with α = −0.6 can
produce the correct abundance of bright quasars but pre-
dicts a shallower faint-end slope. We note that this dis-
crepancy cannot be alleviated by tuning α and D, since
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further decreasing α will decrease the normalization at
the bright end and require an unphysical value D > 1 to
match observations. The comparisons here demonstrate
that with a little tuning of parameters of the ERDF,
the model can reproduce the observed quasar luminos-
ity function. Meanwhile, despite the detailed functional
form we use for the ERDF, our results suggest that if
the collapse of dissipative dark matter halo is the dom-
inant seeding mechanism for SMBHs at high redshift, a
significant fraction of non-active SMBHs or SMBHs with
low Eddington ratios would be expected. Such a feature
can be tested with future surveys of high redshift quasars
with improved completeness.

Since the most important implication of the model is
the existence of extremely massive SMBHs, we explic-
itly track the mass growth history of ∼ 300 randomly
selected massive SMBHs with logMBH ≤ 10 at z = 7
in the merger trees. The results of the model with
σ/m = 0.1 cm2 g−1 are shown in Fig. 6 and compared
to the mass measurements of high redshift quasars in the
Ref. [46] compilation, including observations from Refs.
[26, 27, 88, 90, 92–94]. The masses were measured using
the virial method based on the broad line emission from
quasars. The recent measurement of a z ∼ 7 quasar [124]
is added to this compilation. For these quasars, we show
their mass growth history assuming they have the same
Eddington ratio as the measured value at the redshift of
discovery. In addition, we show a more complete set of
196 quasars at z & 6 compiled by [19], where the SMBH
mass was inferred from the UV luminosity with bolo-
metric corrections and assuming λedd = 1. The massive
quasars observed at z ' 6 - 8 with relatively low measured
Eddington ratios are hard to reconcile with the canoni-
cal seeding mechanisms since the seeds need to continu-
ously accrete at the Eddington limit to reach more than
a billion solar mass at the redshift of discovery. On the
other hand, in our model, the masses of selected SMBH
seeds are in agreement with the massive quasars revealed
by observations at z ' 6 − 8. Among these seeds, the
relatively massive ones are still coupled to the seeding
mechanism down to z ' 6 and have their mass growth
following the growth of host halo mass. These seeds are
already very massive (MBH & 106 M�) when initially
seeded at z & 15 and the mass growth is dominated by
the accretion of dissipative dark matter, so the observed
low Eddington ratios can be tolerated. Such a picture
is consistent with the large fraction of in-active quasars
constrained above in the discussion of quasar luminos-
ity functions. In addition, recent observational studies
found that a few objects have extremely small proximity
zone sizes that imply UV-luminous quasar lifetimes of .
100,000 yr [28]. The short lifetimes of these quasars also
pose challenges to canonical black hole formation mod-
els which require a much longer period of seed accretion
to reach the SMBH mass at the redshift of discovery.
However, these young quasars can be accommodated in
our seeding model, where the mass growth of SMBHs is
dominated by dissipative dark matter accretion with no
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FIG. 5. Bolometric quasar luminosity function at
z = 6. Top: Model predictions, varying σ/m and ∆M0.
The predictions are derived by convolving the SMBH mass
function with a log-normal ERDF, tuning the duty-cycle to
match the abundance of luminous quasars. The solid circles
represent observational constraints compiled in [114]. The
prediction assuming σ/m = 0.05 cm2 g−1 is compatible with
the observations and produces the observed abundance of lu-
minous quasars at z = 6, assuming a relatively low duty-cycle.
On the other hand, the model with σ/m = 0.05 cm2 g−1 will
overproduce quasars of Lbol ∼ 1047 erg/s. Bottom: We show
the predictions with a cut-off power-law as the ERDF. The
duty-cycle is assumed to be unity. The faint-end slope of the
ERDF (α) is tuned to make the predicted quasar luminosity
function close to observations. Both models can agree well
with the luminous quasar abundances in observations. But
the model σ/m = 0.05 cm2 g−1 does not fit perfectly with the
faint end luminosity function regardless of the α adopted.

impact on the ambient intergalactic medium.
In Fig. 7, we show the MBH − σ∗v relation of z & 6

quasars. The SMBHs in the merger trees at z = 7 are
shown in this plane for comparison to observational re-
sults. We convert the host halo mass to the bulge veloc-
ity dispersion using Eq. (23) and Eq. (24), assuming that
the locally observed scaling relations can be applied to
high redshift galaxies. The SMBHs in the merger trees
tightly follow the MBH ∼ fcolMvir relation in massive
host galaxies, and start to scatter toward lower MBH
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FIG. 6. Mass growth history of SMBHs. The blue solid
lines show the mass of SMBHs as a function of redshift in
our model assuming σ/m = 0.1 cm2 g−1. These SMBHs are
selected from merger trees with MBH ≤ 1010 M�. The red
points are the observed massive quasars at z & 6 compiled
in [46, 122] with the mass estimated using the virial method.
The gray points are a more complete set of 196 quasars at
z & 6 compiled in [19], with the mass estimated indirectly
from UV luminosity. The red dotted lines indicate the growth
history of the observed quasars assuming they exhibit the
same Eddington ratio as the measured value at the redshift of
discovery. The typical mass and formation redshift of SMBH
seeds from classical seeding mechanisms are shown in shaded
regions, with the Eddington-limit growth tracks of these seeds
in dashed lines for reference. Seeds formed in canonical mech-
anisms need to accrete at rates near the Eddington limit in
order to produce billion solar mass SMBHs at z ' 6−8. This
is in tension with the low Eddington ratios of some observed
quasars, which require seed masses of ∼ 108M� implied by
their observed Eddington ratio. However, such quasars can
be accommodated in our seeding model.

at the mass when the halo decouples from the seeding
mechanism. We compare our results with the observa-
tional constraints compiled in Ref. [122], based on the [C
II] line observations of the quasar host galaxies compiled
in Ref. [123]. Observations [122, 123, 125] indicate that
the host galaxies of massive, luminous quasars at z & 6
have halo dynamical masses and velocity dispersions at
least an order of magnitude lower than expected from the
local MBH −Mbulge and MBH − σ∗v relations. However,
as shown in Fig. 7, SMBHs seeded by tdSIDM, which ex-
hibit a much larger SMBH-to-halo mass ratio than local
constraints, are in better agreement with these measure-
ments. Such an MBH−σ∗v relation predicted at high red-
shift will still be consistent with the relation measured at
low redshift, since the SMBHs below 1010 M� will have
already decoupled from the seeding mechanism and have
their mass growth dominated by baryonic accretion.

FIG. 7. The MBH−σ∗
v relation of high redshift SMBHs.

We show SMBHs in the merger trees selected at z = 7 in solid
circles, with the marker size scaling with the statistical weight.
Red and blue circles correspond to the model with σ/m = 0.1
and 0.05 cm2 g−1, respectively. The local MBH − σ∗

v relation
[111] is shown with the purple dashed line. The orange dashed
line shows the relation MBH ∼ fcolMvir, assuming the relation
between Mvir and σ∗

v (Eq. (23) and Eq. (24)) holds. Obser-
vational samples based on the [C II] line observations of the
quasar host galaxies compiled in [122] (originally from [123])
are shown in orange circles.

In Figure 8, we show the cosmic SMBH mass density
as a function of redshift predicted by our seeding mech-
anism and compare it to the local SMBH mass density
[126], which poses an upper limit. The mass density from
the model with σ/m = 0.1 cm2 g−1 is close to the local
value already at z ' 6. The mass density is quite sen-
sitive to the self-interaction cross-section and the model
with σ/m = 0.05 cm2 g−1 predicts about two orders of
magnitude lower mass density at z ' 6. On the other
hand, baryonic accretion has little impact on the SMBH
mass density in our model. Quasar surveys indicate that
the integrated quasar luminosity density matches the lo-
cal SMBH mass density [114] (at 0.5 dex level, assuming
εr = 0.1). Therefore, the SMBH mass density at high
redshift has to be significantly lower than the local value
in order to be consistent with the observation of quasar
luminosity functions, unless εr is larger (i.e. SMBHs are
rapidly rotating). The model with σ/m = 0.1 cm2 g−1

is thus potentially in tension with the observations while
the model with σ/m = 0.05 cm2 g−1 is still consistent
with observations. Meanwhile, since the mass growth of
the seeds is dominated by accretion of dissipative dark
matter rather than baryonic matter, our model predicts
that the integrated luminosity density of quasars (which
reflects baryonic accretion) at high redshift will be signif-
icantly smaller than the change in SMBH mass density
at high redshift. Future surveys of high redshift quasars
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FIG. 8. The comoving SMBH mass density in the
Universe versus redshift. The cumulative mass den-
sity of SMBHs integrated over the mass function. The re-
sults with different model parameters are shown as labelled
and compared to the local SMBH mass density, 4.4 − 5.9 ×
105 M� Mpc−3 [126], as indicated by the horizontal line. The
mass density from the model with σ/m = 0.1 cm2 g−1 ap-
proaches the local mass density already at z ' 6, which is
potentially problematic since the integrated quasar luminos-
ity density matches the local SMBH mass density [114] (at
0.5 dex level, assuming εr = 0.1). Therefore, the mass den-
sity at high redshift needs to be significantly lower than the
local value in order to be consistent with the observation of
quasar luminosity functions, unless εr is larger (i.e. SMBHs
are rapidly rotating).

with the next-generation instruments, such as the Nancy
Grace Roman Space Telescope, the Large Synoptic Sur-
vey Telescope (LSST), and the James Webb Space Tele-
scope (JWST), may be able to further test our seeding
mechanism.

IV. CONSISTENCY WITH LOW REDSHIFT
SMBHS

There are two branches of halos that are most likely
to host SMBH seeds, as illustrated in Fig. 2. The
first branch consists of rare, massive halos at high red-
shift that can seed SMBHs shortly after they formed.
These rare halos typically have low concentrations (usu-
ally below 4 as shown by most halo mass-concentration
relations e.g. [83, 127]). However, the central dark
matter density in these halos is still very high since
they form at unusually high redshift, as indicated by
Eq. (14), leading to efficient SMBH formation. For this
branch, according to Eq. (14), tcol depends on redshift

as ρ
−7/6
crit (z) ∼ (1 + z)−7/2, when Mvir and cvir are fixed.

At high redshift, when the dark energy is subdominant
to matter, tH depends on redshift as (1 + z)−3/2. There-
fore, the ratio tdiss/tH of this branch has a simple redshift
dependence as (1 + z)−2, indicating that the seeding is

more likely to happen at earlier times assuming a fixed
halo mass and concentration. The second branch consists
of normal mass halos at low redshift with early assem-
bly times, in which SMBH seeds do not form immediately
but when they evolve to low redshift. These halos inherit
high central dark matter densities at formation, which
manifests as high halo concentrations after they accrete
matter at late times. By first order approximation, the
central densities of such halos are roughly constant after
the majority of their mass is assembled, and the redshift
evolution of the ratio tdiss/tH is dominated by the evolu-
tion of the tH term assuming a fixed halo mass, which ap-
proximately gives a redshift dependence (1 + z)3/2. This
indicates that this branch of halos will more likely seed
SMBHs at low redshift.

The model predicts the SMBH-to-halo mass ratio to
be 3× 10−3 at seeding, which is apparently much larger
than that of local SMBHs in observations. Therefore,
the second branch must be checked for the formation of
overly massive SMBHs at low redshift. The distinct ha-
los in the Local Universe (with halo masses as large as
1014−15 M�) with median concentration could evade the
seeding criterion at low redshift and avoid hosting an
overly massive SMBH. However, given the strong depen-
dence of the collapse timescale on halo concentration, a
highly concentrated progenitor (assembled early in cos-
mic time) could still seed an SMBH, which is later merged
into the main progenitor. To investigate the SMBH seeds
formed in this scenario and check the consistency of the
model with local SMBHs, we generate a second set of
merger trees, sampling 5 halos of mass ∼ 1012 M� and 5
halos of mass ∼ 1014 M� at z = 0, which correspond to
the Milky Way mass and cluster mass galaxies in the Lo-
cal Universe. The mass resolution and highest redshift
they trace are the same as the first set. We explicitly
track the mass growth history of all the progenitors in
these trees to z = 0 and check if they are able to host
SMBH seeds. We will show that the model with small
cross-sections (σ . 0.1cm2/g) can stay consistent with
low redshift observations while explaining the massive
high redshift SMBHs.

In the top row of Fig. 9, we show the mass growth his-
tory of the progenitors of a Milky Way mass halo (left)
and a cluster mass halo (right). The evolution tracks
of progenitors are color coded by their halo concentra-
tion and end when the progenitors merge. The mass
growth history of the main progenitor is well described
by the analytical model M ∝ e−αz [87], with the α val-
ues consistent with the ones found therein for both ha-
los. Apparently, for both halos, there exists a popula-
tion of halos with early assembly times and with limited
mass accretion at late times. These halos become much
more concentrated than expected from a median mass-
concentration relation. Such halos are more abundant in
the Milky Way mass halo than in the cluster mass halo,
due to the later assembly time of the cluster mass halo
and its progenitor (i.e. larger α values). In the bottom
row of Fig. 9, we show the ratio tdiss/tH of halo pro-
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FIG. 9. Top: Mass growth history of halo progenitors. The growth tracks of relatively massive progenitors are color
coded by their concentrations. Low mass progenitors are shown by the gray cloud. The main progenitor is indicated by the
cyan solid line. The green dashed line shows an analytic model for the main progenitor mass growth history [87]. The gray
solid lines show the mass of the halo corresponding to a certain rareness of fluctuations. Bottom: Ratio tdiss/tH of halo
progenitors versus redshift. The cross-section (σ/m) = 0.05 cm2 g−1 is assumed here. Progenitors that are more massive
than 1010 M� are color coded by their halo masses. The labelling is the same as the top row. The green dashed lines show
analytic expectations for the timescales of the low and high redshift branches (as discussed in the main text). The horizontal
dashed line indicates the threshold where SMBH seeding will occur assuming (σ/m) = 0.05 cm2 g−1 and ε = 0.1.

genitors as a function of redshift and compare it to the
seeding threshold (assuming the fiducial choice of cross-
section σ/m = 0.05 cm2 g−1) indicated by the dashed
line. It is obvious that there are two branches of halos
that are close to the seeding threshold, with the redshift
dependence of the timescale as expected from the an-
alytic estimations above. For a Milky Way mass halo,
the low redshift branch is closer to the seeding thresh-
old. These highly concentrated, massive progenitors have
their central mass densities almost preserved towards low
redshift before they merge into the main progenitor and
the dissipation timescale is almost a constant in these
halos. We note that in most of the Milky Way mass halo
merger trees, under the choice of cross-section here, no
progenitor can cross the seeding threshold. Occasionally,
as indicated by the example in Fig. 9), a low mass pro-
genitor could cross the seeding threshold, but the mass
of the SMBH seed formed and its statistics are still com-
patible with the observed local SMBHs. Such a low mass

seed (compared to the main progenitor) may take too
long time to sink to the halo center under dynamical
friction to cause any real issues (e.g. [128]). Whether
this branch of SMBHs can fully explain the local SMBH
populations requires more careful modelling of the late
time evolution of SMBHs and galaxies, which is beyond
the scope of this paper. For the cluster mass halo, the
high redshift branch is closer to the seeding threshold.
Although the entire population of progenitors is closer
to the seeding threshold, the low redshift branch stays
at roughly the same position as those in the Milky Way
mass halo, primarily due to the late formation times and
low halo concentrations. Again, the low redshift branch
can hardly cross the seeding threshold. The high red-
shift branch in the cluster mass halo is at the edge of the
seeding threshold such that seeding is most likely to hap-
pen in the main progenitor. It is expected that, for more
massive halos, the seeding will continue favoring the high
redshift branch and eventually SMBH seeds may form in
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the main progenitor at high redshift. This is exactly the
SMBH population discussed in previous sections.

The discussion here demonstrates that there exists a
parameter space of dissipative dark matter where the pre-
dictions are consistent with observations at both high and
low redshift. The model with σ/m = 0.05 cm2 g−1 (or
εσ/m = 0.005 cm2 g−1 if we make ε free) can give rise to
the correct abundance of luminous quasars at high red-
shift while not producing overly massive SMBH in the
low redshift Universe. Note again the seeding criterion
depends on the product of σ/m and ε, so uncertainty in
ε is degenerate with uncertainty in σ/m.

V. CONCLUSIONS

In this paper, we have studied a mechanism to seed
high redshift SMBHs via the collapse of totally dissipa-
tive self-interacting dark matter (tdSIDM) halos, where
the dark matter particle loses nearly all its kinetic en-
ergy during a single collision. The study is motivated
by the existence of billion solar mass SMBHs observed
in the early Universe (z & 6), which are in tension with
canonical seeding mechanisms. We develop an analytical
model for the collapse criteria and timescale of tdSIDM
halos, calibrated based on numerical N-body simulations
of isolated halos, and then apply this model to Monte-
Carlo halo merger trees to make predictions of SMBHs
and observed quasars in the cosmological context. Our
findings can be summarized as:

• We have performed N-body simulations of iso-
lated, rare halos at high redshift initialized with the
Navarro–Frenk–White (NFW) profile, with the in-
clusion of dissipative dark matter self-interactions.
We find that a constant fraction, fcol ' 3 × 10−3,
of the halo mass will eventually collapse to the
scale below the spatial resolution of the simula-
tions. Surprisingly, the collapsed fraction is insensi-
tive to the mass, size, spin and redshift of the sam-
pled halo. An analytic description of the collapse
criteria and timescale is developed and calibrated
based on these simulations. This analytic prescrip-
tion can be applied to halos with various masses,
concentrations, formation redshifts and in different
cosmological models.

• The unique feature of our seeding mechanism is the
rapid formation of SMBHs seeds with an SMBH-to-
halo mass ratio of ∼ 3×10−3. The SMBHs directly
seeded from the catastrophic collapse of tdSIDM
halos are massive enough to explain the high mass
end of SMBHs at z & 6. The rapid formation of
SMBHs in our model implies the existence of very
young quasars at high redshift, which is consistent
with recent studies that attempt to measure the
lifetimes of quasars [28]. Such a young population
of quasars is difficult to explain in standard scenar-
ios where SMBHs have to live long enough to grow

at some modest multiple of the Eddington limit
from much smaller masses.

• We trace the seeding and growth of SMBHs via halo
merger trees and derive predictions for the cosmo-
logical abundance of SMBHs. With little tuning
of the fueling model of SMBHs (the ERDF and
the quasar duty-cycle), our model with σ/m =
0.05/0.1 cm2 g−1 (or εσ/m = 0.005/0.01 cm2 g−1

if we make ε free) successfully reproduces the ob-
served quasar luminosity functions at high redshift,
particularly at the bright end. The tuned ERDF
and duty-cycle imply that a significant fraction of
SMBHs seeded in this way must have low quasar
activity, which will hopefully be tested by future
quasar surveys.

• SMBHs seeded directly from tdSIDM halos exhibit
much larger SMBH-to-halo mass ratios than lo-
cal SMBHs and lie systematically above the local
MBH − σ∗v relation. This feature is in better agree-
ment with [C II] gas velocity dispersion and host
galaxy dynamical mass measured for high redshift
massive quasars.

• We compare the cosmic SMBH mass density pre-
dicted in our model to the observed SMBH mass
density in the Local Universe. We find that
the model with σ/m = 0.1 cm2 g−1 (or εσ/m =
0.01 cm2 g−1) is potentially in tension with obser-
vations, since the mass density in this model ap-
proaches the local value already at z ∼ 6, re-
quiring large radiative efficiency to remain con-
sistent with low redshift data. The model with
(σ/m) = 0.05 cm2 g−1 (or εσ/m = 0.005 cm2 g−1)
is still compatible with observations. In addition,
we find that the growth of SMBHs at high redshift
is dominated by dissipative dark matter rather than
baryonic matter, predicting that the integrated lu-
minosity density of quasars (which reflects bary-
onic accretion) will be significantly smaller than
the change in SMBH mass density at high redshift,
which is a testable feature of our seeding mecha-
nism.

• While the large SMBH-to-halo mass ratio (3×10−3)
found in our N-body simulations can easily explain
the most massive SMBHs at z & 6, which are the
most difficult to understand in the standard sce-
nario, one must check with consistency at low red-
shift, particularly if halos with mass M & 1015M�
also collapse to form overly massive SMBHs. We
show this does not occur because the dissipation
timescale sensitively depends on the halo central
density, which is relatively low for those massive
halos at z ∼ 0. Therefore our seeding model based
on dissipative self-interacting dark matter is capa-
ble of producing SMBHs that are challenging to
explain in standard scenarios while remaining con-
sistent with low redshift observations. Though this
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work focused on explaining the population of high
redshift SMBHs, tdSIDM may also explain the ori-
gin of SMBHs in Milky Way mass halos. As shown
in Fig. 2 and Fig. 9, Milky Way mass halos may con-
tain progenitors that are formed from rare fluctua-
tions at high redshift. Such rare progenitors have a
large central density and are more likely to collapse
compared to other progenitors.

Our model prefers a cross-section of σ/m ∼ 0.05cm2/g
(or εσ/m ∼ 0.005 cm2 g−1) to explain the quasar lumi-
nosity function at high redshift while remaining consis-
tent with low redshift observations. Such a model is
testable in the future once the quasar luminosity func-
tion is measured at more redshifts. In the future, quasar
surveys conducted with the Nancy Grace Roman Space
Telescope, the Large Synoptic Survey Telescope (LSST),
and the James Webb Space Telescope (JWST) can fur-
ther test our predictions of the quasar luminosity func-
tion and the density change of SMBHs at high redshift.
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Appendix A: Convergence Testing

This appendix investigates whether our primary results
for isolated NFW halos are sensitive to our choice of grav-
itational softening length. The worry is that the physics
of SMBH formation is significantly different from struc-
ture formation, and simulations with different gravita-
tional softening lengths may lead to very different results.
We compare our fiducial run to a simulation with differ-
ent particle number and gravitational softening length
and show that the central regions of dark matter halos
still collapse at the same timescale.

In a cosmological N-body simulation, the gravitational
softening length is often taken to be the d/30, where d is
the particle mean separation in the simulation box. How-
ever, our simulations with isolated NFW halos are differ-
ent from a cosmological simulation. Our focus in this
work is the SMBH formation process at the halo center.
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FIG. 10. Enclosed mass profile of two 5 − σ halos at z = 10
with the same NFW parameters but different simulation pa-
rameters. Solid curves represent the mass profile at different
times for the fiducial run, while the dashed curves are for a
run with a factor of 4 improved resolution (improving both
mass and force resolution accordingly). The vertical dashed
lines indicate the gravitational force softening length for both
the fiducial run and the high resolution run.

Therefore, we are more interested in the particle sepa-
ration length in the region where catastrophic collapse
happens. We take our gravitational softening length to
be 2d0 where d0 is the particle mean separation within
radius 0.07rs at the beginning of the simulation.

In our fiducial run for various halo masses, the particle
number is chosen to be 6 × 106 and the simulation box
size is fixed to be 1000 pc. The fiducial run simulated
the collapse of 5 − σ halos from z = 4 − 10. To test for
convergence, we select a 5− σ halo at z = 10 with NFW
parameter rs = 3.3 kpc and ρ0 = 0.316M�pc−3 with
gravitational softening length 0.033 kpc. We then run
another simulation with improved mass resolution and
correspondingly improved force resolution. The particle
number in the new run is taken to be 2.4 × 107 and the
gravitational softening length is still 2d0, corresponding
to 0.021 kpc.

As shown in Fig. 10, the enclosed mass profiles
M(r)/M converge very well when the time approaches
the collapse time 0.35t0. Even though the simulation
with an improved resolution has a larger M(r)/M for
small r before the catastrophic collapse, their final pre-
dictions for the collapse timescale and the SMBH-to-halo
mass ratio do converge. Therefore, we conclude that our
fiducial simulations reliably predict the collapse timescale
to form an SMBH seed and the SMBH-to-halo mass ra-
tio.
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Appendix B: Considerations in Centrifugal Barrier
and Fragmentation

The goal of this Appendix is to demonstrate that the
halo angular momentum is not an important considera-
tion for SMBH seeding with tdSIDM, justifying the ne-
glect of angular momentum in the bulk of the analysis.

1. Centrifugal Barrier

The collapse of a realistic halo with non-zero spin may
be halted by the centrifugal barrier [e.g., 129]. The scale
of the centrifugal barrier (∼ λRvir) is much larger than
the physical scale of SMBH seed formation.

Similar to the seeding mechanism in pristine gas
disks [13, 20–25], we first note that the non-axial-
symmetric structures originating from global gravita-
tional instability transfer angular momentum outward
and enable further collapse of the halo. As the halo cen-
ter becomes denser, instability builds, triggering a fur-
ther collapse of the halo. Run-away collapse to com-
pact objects is realized in this way, even when there is
no microscopic physical mechanism to transfer angular
momentum outward. Following [21–23], we consider the
configuration of the system as a spherical isothermal dark
matter halo of virial mass Mvir, with a constant circular
velocity Vc and some of the dark matter condensed to a
thick dark disk having mass mdMvir. The surface density
of the dark disk is assumed to be

Σ(r) = Σ0e
−r/Rd , (B1)

where Σ0 is the normalization of the surface density, Rd

is the scale length of the disk. Note that the qualitative
conclusion is not sensitive to the density profile assumed
here. The instability of the dark disk is evaluated by the
“Toomre Q” parameter [130], defined as

Q =
csκ

πGΣ
=
√

2
σvVc

πGΣ0Rd
, (B2)

where we have replaced the sound speed cs with the one-
dimensional velocity dispersion of dark matter in the
dark disk σv, κ =

√
2Vc/Rd is the epicyclic frequency

and we use Σ0 and Rd as a representative surface density
and disk scale. The disk is considered unstable when Q
drops below a critical value Qc of order unity. Since the
spherical halo plus dark disk we consider here is only a
crude approximation of the dissipative dark matter con-
figuration, the detailed value of Qc is uncertain and is
left as a free parameter.

If we assume that some mass, maM , is accreted at the
center of the halo and the remaining mass in the disk is
(md −ma)M , Σ0 and Rd are related with

(md −ma)M = 2πΣ0R
2
d. (B3)

We assume that the dark disk has angular momentum
Jd = jdJ , where J is the total angular momentum of the

halo. J is related to the spin parameter λ of the halo
[129]

J =
λGM5/2

|E|1/2
=
√

2
λGM2

Vc
, (B4)

where E is the total energy of the halo, and we have
assumed that the halo takes an isothermal distribution
of matter (circular velocity is a constant). Taking the
condensed dark disk to have the same circular velocity
as the halo, we obtain

Jd =

∫
VcΣ0e

−r/Rd(2πr)rdr

= 4πVcΣ0R
3
d

= 2(md −ma)MRdVc. (B5)

Combining Eqs. (B4) and (B5), we obtain the disk scale
length as

Rd =
1√
2
λ
( jd
md

)( 1

1−ma/md

)GM
V 2
c

. (B6)

Inserting this into Eq. (B3), we obtain Σ0, and further
substituting into Eq. (B2) gives

Q =
2λ

md

( jd
md

) 1

(1−ma/md)2
σv
Vc
. (B7)

At the end of accretion and collapse, the configura-
tion of the system is marginally stable, so that the ac-
creted/collapsed mass ma can be derived replacing Q
with Qc:

ma

md
= 1−

√
2λ

mdQc

( jd
md

)(σv
Vc

)
. (B8)

If we neglect angular momentum transfer and the dark
disk is formed adiabatically, jd/md should be 1. In the
absence of halo spin, the final SMBH seed mass is mdM ,
so we replace md with the collapse fraction fcol of a zero-
spin halo. Finally, since ma/md cannot exceed unity, we
obtain the instability criterion that collapse only occurs
when

λ < λmax =
Qcfcol

2

Vc
σv
. (B9)

The corresponding SMBH seed mass fraction is therefore

f = fcol

(
1−

√
2λ

fcolQc

(σv
Vc

))
. (B10)

If we approximate σv as σv(0.07rs) of an NFW halo given
by Eq. (11), and calculate Vc with Eq. (24), the ratio

Vc/σv will be a constant
√
f(2.15)/2.15/F (0.07) ' 1.9,

and the angular momentum barrier for seed formation
will thus be independent of halo mass. Under these
assumptions, we obtain λmax ' 0.003 when Qc = 1.
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However, in simulations, we have found that halos with
much larger spin parameters still collapse under dissi-
pative dark matter self-interactions at a similar collapse
timescale.

An alternative to the picture discussed above is an-
gular momentum transfer through microscopic physical
processes. In our case, the viscosity from dark matter
self-interactions transports angular momentum through
the dark disk. The viscosity of SIDM in the long-mean-
free-path regime [131] can be written as

η = Cρ
H2

tr

' ρ(σ/m)σ3
v

4πG
, (B11)

where C is a numerical constant of order unity, and H =√
σ2
v/4πGρ is the gravitational scale height. Similar to

the theory of accretion disks, the typical timescale for
angular momentum to be transported over a length scale
L is

tv =
ρL2

η
=

4πGL2

(σ/m)σ3
v

, (B12)

where we have used Eq. (B11) in the second line. If we
assume that the typical length scale L for angular mo-
mentum transport is the collapse radius ∼ 0.07rs found
in our simulations, and approximate σv with σv(0.07rs)
of a NFW halo given by Eq. (11), we obtain

tv =
0.072

(σ/m)F 3/2(0.07)

1√
4πGρ30r

2
s

. (B13)

The viscous timescale has exactly the same scaling be-
havior as the dissipation timescale in Eq. (12). The ratio

between them can be estimated as

tv
tdiss

' tv
1/ρ(0.07rs)(σ/m)σv(0.07rs)

=
0.07

(1 + 0.07)F (0.07)
∼ O(1). (B14)

This suggests that the viscous timescale is comparable to
the dissipation timescale. In this case, angular momen-
tum is transported efficiently, and the central collapse
mimics the zero spin case. This is the reason why we
do not observe the effect of the centrifugal barrier in the
simulations.

2. Fragmentation limit

Another criterion is that the dissipation timescale re-
mains larger than the dynamical timescale at the cen-
ter of the halos, such that local fragmentation does not
occur, preventing the formation of a single SMBH seed
[132]. If fragmentation does occur, the concentration
of the largest amount of mass in the center will be
suppressed and small clumps will form instead. The
dynamical time within a collapse radius is defined as
tdyn = 1/

√
4πGρcol, where ρcol is the average density

of dark matter halo within collapse radius 0.07rs. We
find the ratio of dissipation time to dynamical time is

tdiss
tdyn

≈ 1.8

(
4

c

)2(
10

1 + z

)2 [
ln(1 + c)− c

1 + c

]
×
(

1cm2/g

σ/m

)(
1012M�
M

)1/3

. (B15)

For rare halos that can seed SMBHs, the dissipation
timescale is always larger than the dynamical time when
σ/m . 1cm2/g. As we show in Sec. III and Sec. IV,
the preferred cross-section for seeding SMBHs at high
redshift, while maintaining consistency with low redshift
observations, is σ/m = 0.05cm2/g. In such cases, the dis-
sipation time scale is always an order of magnitude larger
than the dynamical timescale, preventing the fragmenta-
tion of the dark matter halo.
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