
Learning-based Adaptive Control via Contraction Theory

Hiroyasu Tsukamoto∗, Soon-Jo Chung∗, and Jean-Jacques Slotine†

Abstract— We present a new deep learning-based adaptive
control framework for nonlinear systems with multiplicatively-
separable parametric uncertainty, called an adaptive Neu-
ral Contraction Metric (aNCM). The aNCM uses a neural
network model of an optimal adaptive contraction metric,
the existence of which guarantees asymptotic stability and
exponential boundedness of system trajectories under the
parametric uncertainty. In particular, we exploit the concept
of a Neural Contraction Metric (NCM) to obtain a nominal
provably stable robust control policy for nonlinear systems
with bounded disturbances, and combine this policy with a
novel adaptation law to achieve stability guarantees. We also
show that the framework is applicable to adaptive control of
dynamical systems modeled via basis function approximation.
Furthermore, the use of neural networks in the aNCM permits
its real-time implementation, resulting in broad applicability to
a variety of systems. Its superiority to the state-of-the-art is
illustrated with a simple cart-pole balancing task.

I. INTRODUCTION

Future aerospace and robotic exploration missions require
that autonomous agents perform complex control tasks in
extreme and unknown environments, while ensuring stability
and optimality even for poorly modeled dynamical systems.
Especially when the uncertainties are too large to be treated
robustly as external disturbances, real-time implementable
adaptive control schemes with provable stability certificates
would enhance the autonomous capabilities of these agents.

In this work, we derive a method of adaptive Neural Con-
traction Metric (aNCM), which establishes a deep learning-
based adaptive controller for nonlinear systems with para-
metric uncertainty. We consider multiplicatively-separable
systems in terms of its state x and unknown parameter θ ,
i.e., f (x,θ)=Y (x)>Z(θ), which holds for many types of sys-
tems including robotics systems [1], high-fidelity spacecraft
dynamics [2], [3], and systems modeled by basis function
approximation or neural networks [4], [5]. The aNCM is a
real-time implementable neural network model of an optimal
adaptive contraction metric, the existence of which guaran-
tees global asymptotic stability and local exponential stability
of system trajectories under such parametric uncertainty. It
is constructed to minimize an upper bound of steady-state
tracking error explicitly considering a target trajectory xd
and estimated parameter θ̂ as the network inputs as in Fig. 1
unlike the Neural Contraction Metric (NCM) [6], where we
proposed learning-based construction of optimal contraction
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Fig. 1. Illustration of aNCM (M: aNCM; θ̂ : estimated parameter; Y : error
signal, see (17); x(t) and xd(t): actual and target state; u: control input.

metrics for control and estimation of nonlinear systems with
bounded disturbances. Asymptotic stability follows from a
novel adaptation law expressed using the aNCM, and prior
knowledge on the unknown parameter leads to exponential
boundedness of system trajectories under this adaptation. The
aNCM design in Fig. 1 and our contributions are as follows.

We first propose NCM-based adaptive control for systems
with matched uncertainty, using the NCM as a nominal
control for the sake of asymptotic and exponential stabi-
lization. Its adaptation law exploits the generalized State-
Dependent Coefficient (SDC) parameterization (i.e. A(x,xd)
s.t. A(x,xd)(x−xd) = f (x)− f (xd)) [7] to guarantee stability
even with a given target trajectory (xd ,ud), simplifying the
differential formulation proposed in [8]. We further general-
ize this approach to multiplicatively-separable systems with
f (x,θ) = Y (x)>Z(θ) where θ is an unknown parameter,
using the aNCM to model optimal contraction metrics as
a function of both the system state x and parameter estimate
θ̂ . The optimality of the aNCM follows from the ConVex
optimization-based Steady-state Tracking Error Minimiza-
tion (CV-STEM) [6], [7], [9], which constructs a contraction
metric via convex optimization to minimize a steady-state
upper bound of the tracking error under stochastic and deter-
ministic disturbances. The aNCM approximates the solutions
sampled by the CV-STEM at each state and parameter using
a neural network along with the novel adaptation law built
upon [1], [8] for asymptotic stabilization. We also present
an important feature of the aNCM, i.e., its applicability
to provably stable adaptive control of systems modeled
by neural networks and basis function approximation [4],
[5]. The proposed aNCM frameworks are demonstrated
to outperform existing state-of-the-art adaptive and robust
control techniques in the cart-pole balancing task in Fig. 2.
We remark that the concept of implicit regularization-based
adaptation [10] can also be incorporated in our framework
to avoid overfitting issues due to over-parameterization.

Related Work: There exist well-developed adaptive sta-
bilization techniques for nonlinear systems equipped with
some special structures in their dynamics [1], [11]–[15].
They typically construct adaptive control schemes on top of
a known Lyapunov function often found based on physical
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intuition (e.g. V = q>H(q)q for robotics systems where
H(q) is an inertia matrix [1]). However, finding a Lyapunov
function analytically without any prior knowledge of the
systems of interest is challenging in general.

Developing numerical schemes for constructing a Lya-
punov function in a given hypothesis function space has
thus been an active field of research [16]–[19]. In particular,
contraction analysis [20], where stability can be studied using
a quadratic Lyapunov function of a differential state δx (i.e.
V = δx>M(x)δx) leads to convex optimization-based search
algorithms for a contraction metric M(x) [9], [21]–[23]. In
[8], it is proposed that the obtained contraction metric can be
exploited to estimate unknown system parameters adaptively
with rigorous asymptotic stability guarantees, but its limita-
tion lies in the fact that its problem size grows exponentially
with the number of variables and basis functions [24].

We could also utilize over-parameterized mathematical
models to approximate the true dynamical system and
control laws with sampled data [6], [7], [25], [26]. This
includes [27], where a spectrally-normalized neural network
is used to model unknown residual dynamics with a nominal
feedback linearization controller. When the modeling errors
are sufficiently small with a large enough training dataset,
these techniques yield promising control performance even
for general cases with no prior knowledge on the underlying
dynamical system. However, poorly modeled systems with
insufficient training data result in conservative stability and
robustness certificates [27], [28] unlike the aforementioned
adaptive control techniques. Our proposed aNCM is for
combining the provably stable adaptive control schemes via
contraction theory, with the emerging machine learning-
based techniques for broader applicability [6], [7].

Notation: For x ∈ Rn and A ∈ Rn×m, we let ‖x‖, δx, and
‖A‖, denote the Euclidean norm, infinitesimal variation of
x, and induced 2-norm, respectively. For a square matrix A,
we use the notation A � 0, A � 0, A ≺ 0, and A � 0 for
the positive definite, positive semi-definite, negative definite,
negative semi-definite matrices, respectively, and sym(A) =
(A+A>)/2. Also, I ∈ Rn×n denotes the identity matrix.

II. NEURAL CONTRACTION METRICS FOR TRAJECTORY
TRACKING CONTROL

The Neural Contraction Metric (NCM) is a new deep
learning-based design framework for provably stable feed-
back control of nonlinear systems given as ẋ(t) = f (x(t))+
d(x), where d = supx ‖d(x)‖<+∞ [6]. This section presents
its modified version for tracking control, which explicitly
considers a given target trajectory (xd ,ud) governed by the
following dynamical system with a controller u ∈ Rm:

ẋ = f (x)+B(x)u+d(x), ẋd = f (xd)+B(xd)ud(xd) (1)

where t ∈R≥0, x,xd : R≥0 7→Rn, ud : Rn 7→Rn, f : Rn 7→Rn,
and B : Rn 7→ Rn×m. Lemma 1 is useful for this purpose.

Lemma 1: Suppose f and B are piecewise continuously
differentiable. Then ∀x,xd , ∃A(x,xd) s.t. f (x)+B(x)ud(xd)−
f (xd)−B(xd)ud(xd) = A(x,xd)(x− xd), and one such A is

given as A(x,xd) =
∫ 1

0 f̄x(cx + (1− c)xd)dc, where f̄ (q) =
f (q)+B(q)ud(xd). We call A an SDC parameterization.

Proof: See [7].
Lemma 1 allows us to incorporate (xd ,ud) in the NCM
formulation as follows.

Theorem 1: Let B = B(x) and A = A(x,xd) be an SDC
form of the dynamical system (1) given by Lemma 1 for
notational simplicity. Consider a neural network trained to
perfectly model the optimal contraction metric M(x,xd) =
W (x,xd)

−1 � 0 (we call such M a modified Neural Con-
traction Metric (NCM)), given by the following convex
optimization problem:

J∗CV = min
χ∈R,W̄�0

(dχ/α) s.t. (3) and (4). (2)

with the convex constraints (3) and (4) given as

− ˙̄W +2sym(AW̄ )−2νBR−1B> �−2αW̄ , ∀x,xd (3)
I � W̄ (x,xd)� χI, ∀x,xd (4)

where α,ω,ω > 0, χ = ω/ω , W̄ = νW , ν = 1/ω , and R =
R(x,xd)� 0 is a given weight matrix on the control input u.
If the dynamics (1) is controlled by

u = ud(xd)−R(x,xd)
−1B(x)>M(x,xd)(x− xd) (5)

then the Euclidean distance between x and xd is exponentially
bounded, and M minimizes its steady-state upper bound.

Proof: The virtual system of (1) which has x and xd
as its particular solutions is given as q̇ = ẋd + (A(x,xd)−
B(x)R(x,xd)

−1B(x)>M(x,xd))(q− xd) + dq, where dq(x) =
d(x) and dq(xd) = 0. Thus for a Lyapunov function V =
δq>Mδq, we have V̇ ≤−2αV +2δq>Mδdq by construction
of A as in the proof of Theorem 2 in [7]. The rest follows
from the proof of Corollary 1 in [6].

III. ADAPTIVE NEURAL CONTRACTION METRICS

In this section, we elucidate the method of adaptive Neural
Contraction Metric (aNCM) depicted in Fig. 1 for designing
real-time implementable control policies with an asymptotic
stability guarantee.

A. Affine Parameter Uncertainty

We first consider the following dynamical systems:

ẋ = f (x)+B(x)u−∆(x)>θ (6)

ẋd = f (xd)+B(xd)ud−∆(xd)
>

θ (7)

where θ ∈ Rp, ∆ : Rn 7→ Rn×p, and the other variables
are as defined in (1). For these systems with the matched
uncertainty condition [8], the modified NCM in Theorem 1
can be utilized to design its adaptive counterpart.

Theorem 2: Suppose that f and B in (6) are continu-
ously differentiable, and we have M(x,xd) given by (2)
in Theorem 1 for the nominal system (i.e. (6) and (7)
with ∆ = 0,∀x,xd). Suppose also that ∂bi(x)M+∂bi(xd)M = 0,
where ∂v(q)M = ∑i(∂M/∂qi)vi and B = [b1, · · · ,bm]. If the
matched uncertainty condition holds, i.e. (∆(x)−∆(xd))

>θ ∈
span(B(x)), and if there exists a bounded and Lipschitz
function γ(x,xd)> 0 which satisfies (3) with equality when
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α is replaced by γ(x,xd), then the following adaptive control
law guarantees asymptotic stability of (6):

u =ud−R(x,xd)
−1B(x)>M(x,xd)(x− xd)+ϕ(x,xd)

>
θ̂ (8)

˙̂
θ =−Γϕ(x,xd)B(x)>M(x,xd)(x− xd) (9)

where Γ� 0 and (∆(x)−∆(xd))
>θ = B(x)ϕ(x,xd)

>θ .
Proof: Let Acl = A(x,xd)− B(x)B(x)>M(x,xd). The

error dynamics of (6) and (7) for e = x − xd is given
as ė = Acle + B(x)ϕ(x,xd)

>θ̃ , where the relation (∆(x)−
∆(xd))

>θ = B(x)ϕ(x,xd)
>θ is used. Thus for a Lyapunov

function defined as V = e>M(x,xd)e + θ̃>Γ−1θ̃ , we have
V̇ ≤ −2αe>Me+ 2e>MBϕ>θ̃ + 2θ̃>Γ−1 ˙̃

θ by the proof of
Theorem 1 along with the relation ∂bi(x)M + ∂bi(xd)M = 0.
Therefore, (9) gives V̇ ≤ −2αe>Me, which implies bound-
edness of x and θ̂ as xd and θ are bounded. This also gives
bounded ẋ and ẋd due to (6) and (7). Since ∃γ(x,xd)> 0 s.t.
V̇ = −2γ(x,xd)e>Me, we have V̈ = −2γ̇e>Me− 4γe>Mė−
2γe>Ṁe, which is bounded as its arguments are all bounded.
Asymptotic convergence of e to 0 then follows from Bar-
balat’s lemma [1], [29]. An exponential stability result of e
can also be obtained with a boundeness assumption on θ̃ .

Corollary 1: The controller (8) with the adaptation law
˙̂
θ =−Γϕ(x,xd)B(x)>M(x,xd)(x− xd)−α(θ̂ −θn) (10)

where θn is a guess for the true parameter θ , gives the
following exponential bound on the tracking error:√

ρ‖x− xd‖ ≤
√

V (x(0),xd(0))e−αt +
√

ρ‖θ −θn‖. (11)

where ρ,ρ > 0 with ρI � diag(M,Γ−1)� ρI.
Proof: For V = e>M(x,xd)e+ θ̃>Γ−1θ̃ , we have V̇ ≤

−2αV + 2αθ̃>Γ−1(θn− θ) by Theorem 2, and thus Ṙ ≤
−αR(t) + α

√
ρ‖θn − θ‖, for R(t) = ‖Θ(x(t),xd(t))q(t)‖

with q = [e>, θ̃>]> and diag(M,Γ−1) = Θ>Θ. Applying the
comparison lemma [29] results in (11).

B. Modified NCM for Lagrangian-type Nonlinear Systems

We have thus far examined the case where f (x) is affine in
its parameter. This section considers the following dynamical
system with an uncertain parameter θ and a control input τ:

H(s)ṡ+h(s)+∆(s)θ = τ (12)

where s∈Rn, τ ∈Rn, H : Rn 7→Rn×n, h : Rn 7→Rn, ∆ : Rn 7→
Rn×p, and H(s) is non-singular for all s. We often encounter
the problem of designing a controller with an asymptotic
convergence guarantee, s→ 0, one example of which is the
tracking control of Lagrangian systems [1]. The modified
NCM is also applicable to such problems.

Corollary 2: Let M(s) be an NCM for the dynamical sys-
tem ṡ =−H(s)−1h(s)+H(s)−1τ given by (2) of Theorem 1,
which satisfies ∂bi(s)M = 0 for ∂v(q)M = ∑i(∂M/∂qi)vi and
B(s) = H(s)−1 = [b1, · · · ,bm]. If we design τ as

τ =−R(s)−1H(s)−>Ms+∆(s)θ̂ , ˙̂
θ =−Γ∆(s)>H(s)−>Ms

(13)

where R(s) � 0 is a given weight matrix on τ , and if there
exists a bounded and Lipschitz function γ(x,xd) > 0 which

satisfies (3) with equality when α is replaced by γ(x,xd),
then s of (12) asymptotically converges to 0.

Proof: We have for V = s>Ms+ θ̃>Γ−1θ̃ that V̇/2 ≤
−αs>Ms+ s>MH−1∆θ̃ + θ̃>Γ−1 ˙̃

θ using ∂bi(s)M = 0. Thus,
(13) gives V̇ ≤ −2αs>Ms, which results in asymptotic sta-
bility by the proof of Theorem 2.

Remark 1: An exponential boundedness result as in
Corollary 1 is obtainable with ˙̂

θ =−Γ∆(s)>H(s)−>M(s)s−
2α(θ̂ − θn). Also, the Lipschitz condition on γ (or on M)
can be guaranteed by using spectral normalization [7], [27].

C. Multiplicatively-Separable Parameter Uncertainty

Next, let us consider the following nonlinear system with
an uncertain parameter θ ∈ Rp:

ẋ = f (x;θ)+B(x;θ)u, ẋd = f (xd ;θ)+B(xd ;θ)ud . (14)

In this section, we assume the following.
Assumption 1: The system (22) is multiplicatively-

separable in terms of x and θ , i.e., ∃ Yf : Rn 7→ Rn×qz ,
Ybi : Rn 7→ Rn×qz ,∀i, and Z : Rp 7→ Rqz s.t.

Yf (x)Z(θ) = f (x;θ), Ybi(x)Z(θ) = bi(x;θ), ∀x,θ (15)

where B(x;θ) = [b1(x;θ), · · · ,bm(x;θ)].
Remark 2: When Assumption 1 holds, we could always

redefine θ as [θ>,Z(θ)>]> to have Yf (q)θ = f (q;θ) and
Ybi(q)θ = bi(q;θ). Since we can implicitly regularize such
an over-parameterized system using the Bregman divergence
as will be seen in Corollary 3, we denote [θ>,Z(θ)>]> as
θ in the subsequent discussion.

Under Assumption 1 with θ augmented as [θ>,Z(θ)>]>,
the dynamics for e = x− xd of (14) is expressed as follows:

ė =A(x,xd ; θ̂)e+B(x; θ̂)(u−ud)− Ỹ (θ̂ −θ) (16)
Ỹ =Y −Yd = (Yf (x)+Yb(x,u))− (Yf (xd)+Yb(xd ,ud)) (17)

where Yb(x,u)=∑
m
i=1 Ybi(q)ui, A is the SDC matrix defined in

Lemma 1, and θ̂ is the current estimate of θ . The following
lemma is useful for stability analysis of (16).

Lemma 2: For a Lyapunov function V (x,xd) = R(x,xd)
2

where R is continuously differentiable, ∃M(x,xd) s.t.
V (x,xd) = e>M(x,xd)e.

Proof: As in Lemma 1, ∃µ s.t. R = µ(x− xd) =
(
∫ 1

0 Rx(cx + (1− c)xd ,xd)dc)(x− xd). Defining M as M =
µ>µ gives the desired relation.
Lemma 2 indicates that the problem of finding a Lyapunov
function V (x,xd) reduces to the problem of finding a metric
M(x,xd), leading to the following theorem on the NCM-
based adaptive control for asymptotic stabilization of (16).

Theorem 3: Suppose that Assumption 1 holds and let
B = B(x; θ̂) and A = A(x,xd ; θ̂) be the SDC matrix given
in (16) for notational simplicity. Consider a neural network
trained to perfectly model the optimal contraction metric
M(x,xd , θ̂) = W (x,xd , θ̂)

−1 (we call such M an adaptive
Neural Contraction Metric (aNCM)), given by the following
convex optimization problem:

J∗aCV = min
χ∈R,W̄�0

(dχ/α) s.t. (19) and (20). (18)
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with the convex constraints (19) and (20) given as

− (d/dt)|
θ̂

W̄ +2sym(AW̄ )−2νBR−1B> �−2αW̄ (19)

I � W̄ (x,xd , θ̂)� χI, ∀x,xd , θ̂ (20)

where α,ω,ω > 0, χ =ω/ω , W̄ = νW , ν = 1/ω , (d/dt)|
θ̂
W̄

is the time derivative of W̄ computed along (14) with θ = θ̂ ,
and R = R(x,xd) � 0 is a given weight matrix on u. If the
true dynamics (14) is controlled by

u =ud−R(x,xd)
−1B(x; θ̂)>M(x,xd , θ̂)(x− xd) (21)

˙̂
θ =Γ(Y>dMx +Y>d dMxd + Ỹ>M)(x− xd) (22)

where dMq = [(∂M/∂q1)e, · · · ,(∂M/∂qn)e]>/2, e = x− xd ,
Γ� 0, and Y , Yd , Ỹ are as defined in (17), and if there exists
a bounded and Lipschitz function γ(x,xd)> 0 which satisfies
(19) with equality when α is replaced by γ(x,xd), then e of
(16) asymptotically converges to 0. Also, when θ in (14)
is given, the Euclidean distance between xd and x perturbed
by bounded disturbances is exponentially bounded, and the
metric M minimizes its steady-state upper bound.

Proof: Computing Ṁe along the dynamics (14)
yields Ṁe = ((d/dt)|

θ̂
M)e− 2(dM>x Y + dM>xd

Yd)θ̃ , where
(d/dt)|

θ̂
M is the time derivative of M computed along (14)

with θ = θ̂ . Thus for V = e>Me+ θ̃>Γ−1θ̃ , we have V̇ ≤
−2αe>Me−2e>(dM>x Y +dM>xd

Yd +MỸ )θ̃ + θ̃>Γ
˙̃
θ by (16),

(21), and Theorem 1 along with (19) and (20). The adaptation
law (22) applied to this relation gives V̇ ≤−2αe>Me, which
implies asymptotic stability of (16) as proved in Theorem 2
using Barbalat’s lemma. The final statement on optimality of
M follows by Theorem 1. Exponential stability of e can also
be obtained with a boundeness assumption on θ̃ .

We could also incorporate the Bregman divergence-based
implicit regularization on its parameter convergence [10].

Corollary 3: Let ψ : Rp 7→ R be a given convex function
and consider an adaptive controller (21) for (22) with the
following adaptation law

˙̂
θ =(∇2

ψ(θ̂))−1(Y>dMx +Y>d dMxd + Ỹ>M)(x− xd). (23)

Then e of (16) asymptotically converges to 0 under the
same assumptions as in Theorem 3. Also, suppose that
θ ∗ = limt→∞ θ̂(t) ∈ A, where A = {ϑ |Ξ(t)>ϑ = Ξ(t)>θ ,∀t}
for the true parameter θ with Ξ(τ) = (Y>dMx +Y>d dMxd +
Ỹ>M)|t=τ . Then we have

θ
∗ = argmin

ϑ∈A
dψ(ϑ‖θ ∗) = argmin

ϑ∈A
dψ(ϑ‖θ̂(0)) (24)

where dψ is the Bregman divergence defined as dψ(x‖y) =
ψ(x)− ψ(y)− (x− y)>∇ψ(y). Further, selecting θ̂(0) as
θ̂(0) = argminb∈Rp ψ(b) yields θ ∗ = argminϑ∈A ψ(ϑ).

Proof: Asymptotic stability follows by the proof
of Theorem 2 applied to V = e>Me + 2dψ(θ |θ̂) with
(23) and with the property of the Bregman divergence
d(dψ(θ‖θ̂))/dt = (θ̂ − θ)>∇2ψ(θ̂) ˙̂

θ . Next, we have for
any ϑ ∈ A = {ϑ |Ξ(t)>ϑ = Ξ(t)>θ ,∀t} that dψ(ϑ‖θ ∗)−
dψ(ϑ‖θ̂(0)) =

∫
∞

0 (θ̂(τ)− θ)>Ξ(τ)e(τ)dτ , where Ξ(τ) =
(Y>dMx +Y>d dMxd + Ỹ>M)|t=τ . Since the right-hand side
does not depend on ϑ and its minimum over ϑ ∈ A is clearly

obtained at θ ∗ ∈ A, we have (24) as desired. Also, θ̂(0) =
argminb∈Rp ψ(b) implies ∇ψ(θ̂(0)) = 0 by the convexity of
ψ , resulting in dψ(ϑ‖θ̂(0)) = ψ(ϑ).

Remark 3: An important example of ψ in (3) is a norm,
which could regularize the unknown parameter implicitly
by (24). Using different types of norms leads to different
properties of the steady-state estimated parameter such as
sparsity [10].

The following corollary could be more useful than Theo-
rem 3 or Corollary 3 in practical applications.

Corollary 4: Adding the decaying term −2α(θ̂−θn) with
the nominal parameter θn to the adaptation laws (22) and (23)
leads to exponential boundedness of the tacking error.

Proof: See Corollary 1.
Remark 4: We could remove the dependence on u and θ̇

in (d/dt)|
θ̂

M by incorporating ∂bi(x)M+∂bi(xd)M = 0 and by
using the extended matched uncertainty condition [8], [22].

IV. PRACTICAL APPLICATION OF ANCM CONTROL

This section delineates how to apply the aNCM control
law to several important engineering and robotics examples,
and proposes practical numerical algorithms to construct
aNCMs using Theorem 2 and 3.

A. Systems Modeled by Function Approximators

Utilization of function approximators, neural networks in
particular, has gained great popularity in system identifica-
tion due to their high representational power, and provably
stable techniques for using these approximators in closed-
loop have been derived in [5]. The aNCM framework can
also be used to guarantee asymptotic stability and exponen-
tial boundedness of system trajectories in this context.

Consider the following system with basis functions
φ(x) = [φ1(x), · · · ,φp(x)]> and ϕi(x) = [ϕi,1(x), · · · ,ϕi,q(x)]>,
i = 1, · · · ,m, which approximate f (x) and B(x) =
[b1(x), · · · ,bm(x)] of the true dynamical system, respectively:

ẋ = f (x)+B(x)u'Fφ(x)+
m

∑
i=1

Biϕi(x)ui (25)

where F ∈Rn×p, Bi ∈Rn×q, Fφ(x)' f (x), and Biϕi(x)'
bi(x). The following proposition introduces aNCM-based
adaptation laws to update the weights F and Bi for asymp-
totic stabilization.

Proposition 1: Suppose ∃F ∗ and B∗i s.t. F ∗φ(x) = f (x)
and B∗i ϕi(x) = bi(x),∀i, ∀x ∈Rn. Let M(x,xd ,F̂ ,B̂) be the
aNCM for (25) given by (18) with the same assumptions of
Theorem 3, where F̂ and B̂ are the estimates of F ∗ and
B∗. Also, let W denote the weights, and let ζ = φ(x) and
ζd = φ(xd) for W =F , and ζ = ϕi(x)ui and ζd = ϕi(xd)ud,i
for W = Bi. If u is given by (21), the following adaptation

˙̂W = (∇2
ψ(Ŵ ))−1:(dMxeζ

>+dMxd eζ
>
d +Meζ̃

>) (26)

where ζ̃ = ζ −ζd and : is defined as (A:B)i j = ∑k,` Ai jk`B`k,
guarantees asymptotic convergence of e= x−xd to 0 for (25).
Note that ∇2ψ(·) represents the fourth order tensor given as
∇2ψ(·)i jk` = ∂ 2ψ/(∂ (·)i j∂ (·)`k) for a convex function ψ(·).
Further, F̂ and B̂i are implicitly regularized by ψ when
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they converge to the true parameter in the sets {ϑ |M(W ∗−
ϑ)ζ̃ +dM>x (W ∗−ϑ)ζ +dM>xd

(W ∗−ϑ)ζd = 0}. Adding the
decaying term to (26) leads to exponential boundedness of
the tracking error as in Corollary 4.

Proof: Let us define V as V = 2∑W =F ,Bi dψ(W ∗|Ŵ )+

e>Me, where dψ(θ‖θ̂) = ψ(θ)−ψ(θ̂)+(θ̂ −θ):(∇ψ(θ̂)).
Also, let Ve = e>Me and W̃ = Ŵ −W ∗. Since M is the
aNCM of (19), we have as in the proof of Theorem 3 that
V̇e ≤ −2αe>Me − 2e>∑W =F ,Bi(dM>x W̃ ζ + dM>xd

W̃ ζd +

MW̃ ζ̃ ). This along with (26) gives V̇ ≤ −2αe>Me due to
a>Cb = C:(ab>) for a ∈ Rn, b ∈ Rp, and C ∈ Rn×p. The
regularization statement follows from Corollary 3.

We can utilize the same technique for neural net modeled
systems to adaptively update the weights of its last layer.

Corollary 5: Consider the following system, ẋ = f (x)+
B(x)u = F ∗ρ(x;F1:L)+∑

m
i=1 B∗i βi(x;B(i)

1:L)ui, where ρ and
βi are the nominal neural nets with the trained weights
of the first L layers, F̄1:L and B̄

(i)
1:L, and F ∗ and B∗i

are the true weights of their last layers. Then the aNCM
control (21) under the adaptation law (26) with φ(x) and
ϕi(x) replaced by ρ(x;F1:L) and βi(x;B(i)

1:L), respectively,
guarantees asymptotic convergence of e = x− xd to 0.

Proof: See the proof of Proposition 1.

B. Additional Remarks in aNCM Implementation

We finally propose several useful implementation tech-
niques for the practical application of the aNCM framework
introduced in Theorem 2 and 3.

1) Backward Approximation of Time Derivatives: The
construction of M by (2) and (18) requires computation of
Ẇ and (d/dt)|

θ̂
W , respectively. One way to solve them

as a finite-dimensional problem is to apply ˙̃W (x(ti), ti) '
(W̃ (x(ti), ti)−W̃ (x(ti−1), ti−1))/∆ti, where ∆t = ti − ti−1,∀i
with ∆t � ∆t2 > 0 by using backward difference approxi-
mation on ˙̄W , where we can then use −W̄ �−I to obtain a
sufficient condition of its constraints. We could also solve it
along pre-computed trajectories (see [6], [7], [30] for details).

2) Constraints as Loss Functions: Instead of solving (2)
and (18) for W̄ to sample training data {(x,xd ,M)}N

i=1, we
could directly solve them for the neural net weights treat-
ing the constraints as loss functions for stochastic gradient
descent in the network training. Since it is challenging to
optimize the weights from scratch, we could initialize them
with the solution given by the NCM [6], and use spectral
normalization [7], [27], [31] to regularize the network for
bounding ∂M/∂q (i.e. M: Lipschitz), where q = x,xd , θ̂ .

3) aNCMs with Control Lyapunov Functions: The aNCM
can also be utilized as a Control Lyapunov Function
(CLF) [32]. In particular, we consider a controller u =
ud +K∗(x,xd)e in (14), where K∗ is given by

K∗ = arg min
K∈Rm×n

‖u−ud‖2 = arg min
K∈Rm×n

‖K(x,xd)e‖2 (27)

s.t. (d/dt)|
θ̂

M+2sym(MA+MK(x,xd))≤−2αM. (28)

which is convex when (x,xd) is given at time t.
Proposition 2: If M of (18) in Theorem 3 is perfectly

modeled by a neural net, (27) is always feasible, i.e., V =

u
p

2l
𝜃

Fig. 2. Cart-pole balancing task.

Fig. 3. Simulation results for cart-pole balancing task with unknown drags
(LHS) and unknown dynamical system (RHS).

e>Me is a CLF for e = x− xd , and minimizes the deviation
of u from ud under the stability constraint (28). Further,
u = ud +K∗e guarantees asymptotic stabilization of e to 0.

Proof: See [32].
Remark 5: For not perfectly modeled M, the optimization-

based controller (27) can be modified to guarantee its fea-
sibility by rewriting the objective as ‖Ke‖2 + p2 and (28)
as (d/dt)|

θ̂
M + 2sym(MA + MK) ≤ −2αM + p, where p

is a decision variable to relax the stability constraint (28).
Convex input constraints can be incorporated by using the
same relaxation technique.

V. SIMULATION

We demonstrate the aNCM framework on a cart-pole
balancing problem [33] (https://github.com/astrohiro/ancm).
CVXPY [34] with the MOSEK solver [35] is used to
solve convex optimization. The task is selected to drive
the states x = [p,θ , ṗ, θ̇ ]> depicted in Fig. 2 to 0 con-
trolling the following under-actuated dynamics, (mc +
m)p̈ + ml cosθθ̈ = mlθ̇ 2 sinθ − µc ṗ + u, and ml cosθ p̈ +
(4/3)ml2θ̈ = mlgsinθ −µpθ̇ , where we used g = 9.8, mc =
1.0, m = 0.1, µc = 0.5, µp = 0.002, and l = 0.5. Note
that the system with all the control laws in this section is
perturbed by the same realization of the disturbance d(x)
with sup‖d‖= 0.15.

1) Cart-Pole Balancing with Unknown Drags: We first
consider the case where the drag coefficients, µc and µp, are
unknown. Since this system satisfies Assumption 1, we can
apply the aNCM in Theorem 3 for asymptotic stabilization.
Also, although the uncertainty does not satisfy the matching
condition in Theorem 2, a nominal NCM in Theorem 1 with
the adaptation law (9) is implemented using the pseudo-
inverse of B(x) in (6). Note that the adaptive robot trajectory
control [1, pp. 403] for fully actuated Lagrangian systems is
not applicable as the dynamics is under-actuated. We thus use
it for partial feedback linearization as in (68) of [9]. We im-
plement these three controllers to compare their performance
with the iterative LQR (iLQR) [36] and baseline robust NCM
control in Theorem 1 without any adaptation. The initial
conditions are selected as x(0) = [0.83,−0.32,0.39,0.45]>,
µ̂c(0) = 4.0, and µ̂p(0) = 0.0016.

v
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As can be seen from Fig. 3, the aNCM control law of
Theorem 2 and 3 achieve asymptotic stabilization, while the
other three baselines in [36], [1, pp. 403], and [6] fail to
balance the pole. Also, the aNCM of Theorem 3 has better
transient behavior than that of Theorem 2 as the matched
uncertainty condition does not hold in this case.

2) Cart-Pole Balancing with Unknown Dynamical System:
We next consider the case where the structure of the cart-
pole dynamics is completely unknown and thus modeled by a
neural network using a limited amount of its trajectory data.
The purpose of this section is to demonstrate the strength
of the aNCM framework, which provides an asymptotic
stability guarantee even for such systems by Proposition 1.
The number of neural net layers and hidden units are selected
as 3 and 5, and we compare the performance of the aNCM
control in Corollary 5 for updating the weight of the last
layer, with that of the iLQR [36] and baseline robust NCM
control in Theorem 1 constructed for the nominal neural net
dynamical system model trained with 10000 data points.

As shown in the right-hand side of Fig. 3, the proposed
aNCM control indeed achieves asymptotic stabilization even
though the underlying dynamics is unknown, while the
trajectories of the iLQR and robust NCM designed for the
nominal neural net dynamical system diverge.

VI. CONCLUSION

This work presents the method of aNCM, which mod-
els an optimal adaptive contraction metric to provide
provable asymptotic stability for nonlinear systems with
multiplicatively-separable parameter uncertainty. In essence,
the neural network-based differential Lyapunov function via
NCM guarantees stability of a nonlinear adaptive control law.
This framework is shown to be applicable to wide range of
systems including systems modeled by neural networks, and
demonstrated to outperform existing state-of-the-art robust
and adaptive control through numerical simulations. The
aNCM can also be used for adaptive control of stochastic sys-
tems using the stochastic NCM [7], and to adaptive motion
planning using the contraction-based imitation learning [32].
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