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This document contains appendices of the main text. In Appendix A, we present (and justify) a
generalized formalism of the stat mech mapping that allows for weak measurements to be inserted
in between the Haar-random unitary gates; then we apply this formalism to a model of 1D random
quantum circuits with weak measurements inspired by the CHR problem introduced in the main
text. In Appendix B we propose a second simulation algorithm (Patching) for random shallow 2D
quantum circuits which is qualitatively quite different from SEBD. In Appendix C we utilize the stat
mech mapping to establish evidence that Patching is efficient exactly when SEBD is efficient. In
Appendix D, we discuss implications of SEBD and Patching for the worst-to-average-case reduction
for random circuits of [1] based on truncated Taylor series. Appendix E contains deferred proofs.

Appendix A: General description and justification of
the stat mech mapping

In the main text, we described how one maps a ran-
dom quantum circuit to a classical stat mech model. Our
description assumed that the circuit consists of Haar-
random unitary gates and that at the end of the circuit,
some subset of the qudits experience projective measure-
ments. We only described how to perform the mapping
and not the background that is used to justify it. Here,
we present (and justify) a generalized formalism that al-
lows for weak measurements to be inserted in between the
Haar-random unitary gates; then we apply this formal-
ism to a model of 1D random quantum circuits with weak
measurements inspired by the CHR problem introduced in
the main text. The problem of 1D circuits interspersed
with weak measurements was previously studied using
this approach in [2, 3] (however, we analyze a different
weak measurement).

1. Generalized mapping procedure

a. Setup. Let our system consist of n qudits of local
dimension q. The circuits we consider are specified by
a sequence of pairs of qudits (indicating where unitary
gates are applied) and single-qudit weak measurements;
this sequence can be assembled into a quantum circuit
diagram. The single-qudit measurements are each de-
scribed by a setM of measurement operators along with
a probability distribution µ over the set M. These sets
are normalized such that tr

(
M†M

)
is constant for all

M ∈ M and EM←µM†M = Iq where Iq is the q × q
identity matrix. Thus we have tr

(
M†M

)
= q for all M .

The introduction of a probability measure overM in our
notation, which was also used in [3], is not conventional,
but it is equivalent to the standard formulation and will
be important for later definitions.

When a measurement is performed, if the state of the
system at the time of measurement is σ, the probabil-
ity of measuring the outcome associated with operator
M is µ(M) tr

(
MσM†

)
(Born rule for quantum measure-

ments). For a fixed outcome M , the quantity tr
(
MσM†

)
is a function of σ that we refer to as the relative likelihood
of obtaining the outcome M on the state σ, since it gives
the ratio of the probability of obtaining outcomeM in the
state σ to the probability of obtaining outcome M in the
maximally mixed state 1

q Iq. After obtaining outcome M ,

the state is updated by the rule σ →MσM†/ tr
(
MσM†

)
.

Thus a pure initial state remains pure throughout the
evolution. For notational convenience and without loss
of generality, we will assume that for each u, the uth
unitary is immediately followed by single-qudit measure-
ments (Mu, µu) and (M′u, µ′u) on the qudits au, a

′
u ∈ [n]

that are acted upon by the unitary, respectively; in the
case no measurement is performed, we may simply take
Mu to consist solely of the identity operator, and in the
case that more than one measurement is performed, we
may multiply together the sets of measurement operators
and their corresponding probability distributions to form
a single set describing the overall weak measurement.

Thus, the (non-normalized) output state of the circuit
with l unitaries acting on the initial state |0 . . . 0〉 can be
expressed as

ρ = E |0 . . . 0〉〈0 . . . 0|E† (A1)

with

E = (M ′lMlUl) . . . (M
′
2M2U2)(M ′1M1U1) (A2)

where each unitary Uu is chosen from the Haar measure
over unitaries acting on qudits au and a′u, while Mu and
M ′u are the measurement operators associated with the
measurement outcome obtained upon performing a mea-
surement on qudits au and a′u, respectively, following ap-
plication of unitary Uu.
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b. Goal. As discussed in the main text, the objective
of the stat mech mapping is to learn something about the
entanglement entropy for the output state ρ on some sub-
set A of the qudits. The k-Rényi entanglement entropy
for the state ρ on region A is defined as

Sk(A)ρ =
1

1− k
log

(
Zk,A
Zk,∅

)
(A3)

where

Zk,∅ = tr(ρ)
k

(A4)

Zk,A = tr
(
ρkA
)
. (A5)

and ρA is the reduced density matrix of ρ on re-
gion A. The von Neumann entropy S(A)ρ =

− tr
(
ρA

tr(ρ) log
(
ρA

tr(ρ)

))
represents the k → 1 limit.

For the purposes of assessing the efficiency of our algo-
rithms, we would like to be able to calculate the average
value of the k-Rényi entropy over the random choice of
the unitaries in the circuit and for measurement outcomes
drawn randomly according to the Born rule (for a rigor-
ous proof to follow, we would need to examine 0 < k < 1).
Mathematically, we let the notation EU (Q) represent the
expectation of a quantity Q when the unitaries of the
circuit are drawn uniformly at random from the Haar
measure and the measurement outcomes are drawn at
random from the distribution over their respective sets
of measurement operators

E
U

(Q) = E
M1←µ1

E
M ′1←µ′1

. . . E
Ml←µ1

E
M ′l←µ

′
1

∫
U(q2)

dU1 . . .

∫
U(q2)

dUl Q (A6)

Here
∫
U(q2)

denotes integration over the Haar measure

of the unitary group with dimension q2. To take into
account the Born rule, a certain choice of unitaries and
measurement outcomes leading to the output state ρ, as
in Eq. (A1), should be weighted by tr(ρ), i.e. the prod-
uct of the relative likelihoods of all the measurement out-
comes. Thus, the relevant average k-Rényi entropy values
are given by

〈Sk(A)ρ〉 :=
EU (tr(ρ)Sk(A)ρ)

EU (tr(ρ))
(A7)

=
1

1− k

EU
(

tr(ρ) log
Zk,A
Zk,∅

)
EU (tr(ρ))

. (A8)

However, the quantity naturally computed by the stat
mech model is not 〈Sk(A)ρ〉, but rather the “quasi-
entropy” given by

S̃k(A) :=
1

1− k
log

EU (tr(ρ)
k Zk,A
Zk,∅

)

EU (tr(ρ)
k
)

 (A9)

=
1

1− k
log

(
EU (Zk,A)

EU (Zk,∅)

)
(A10)

=
Fk,∅ − Fk,A

1− k
(A11)

where Fk,∅/A := − log
(
EU (Zk,∅/A)

)
. When clear, we ab-

breviate S̃k(A) by S̃k and 〈Sk(A)ρ〉 by 〈Sk〉. It is ap-

parent that 〈Sk〉 is not equal to the quasi-entropy S̃k:
the definition of 〈Sk〉 weights circuit instances by tr(ρ)
and takes the log before the expectation, while the defini-

tion of S̃k weights by tr(ρ)
k

and takes the log afterward.

Indeed, it is possible for S̃k to be smaller than some con-
stant independent of L (area law), while 〈Sk〉 scales ex-
tensively with L (volume law) due to fluctuations of the
random variable Zk,A away from its average value toward
0.

Importantly, as noted in the main text, S̃k → 〈S〉 as
k → 1, where 〈S〉 is the expected von Neumann entropy.
This conclusion is justified by L’Hospital’s rule and not-
ing that Zk,A/Zk,∅ → 1 as k → 1. We will see that the
stat mech mapping can only be applied for integers k ≥ 2,
so unfortunately it does not allow for direct access to for-
mula S̃k in this limit. As discussed in the main text, even
though computation of this limit is out of reach, we still
take S̃k to be an informative proxy for the entanglement
properties of the system, which determines the efficiency
of our algorithms.

c. Generalized interaction weights. The method of
forming an interaction graph from the random quan-
tum circuit diagram is discussed in the main text and
captured by the example in Figure 6. The quantities
EU (Zk,∅) and EU (Zk,A) are then given by a partition
function on this graph, as in Eq. (25). In the main text,
we gave equations for the edge weights for edges 〈sutu〉,
〈su1tu2〉, and 〈suxa〉 in Eq. (26), Eq. (27), and Eq. (28).
Here we first generalize these to the case where we al-
low weak measurements, and justify the formulas in the
next subsection. The former equation, which gives the
interaction weight between the incoming node tu and the
outgoing node su for the same unitary u, is unchanged,
and still reads

weight(〈sutu〉) = wg(τuσ
−1
u , q2) (A12)
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where wg(π, q2) is the Weingarten function. The Wein-
garten function arises from performing the integrals over
the Haar measure in Eq. (A6), and one formula for it
is given in the next subsection in Eq. (A19). Note that
there exist permutations π for which wg(π, q2) < 0, so
the overall weight of a configuration can be negative and
our stat mech model would only correspond to a physical
model with complex-valued energy.

Meanwhile, the weight of interactions between the out-
going node for one unitary u1 and the incoming node for
a successive unitary u2 (or between a unitary u and an
auxiliary node a) must be updated to account for the
case that a weak measurement occurs in between the uni-
taries. This weight, generalizing Eq. (27) and Eq. (28),
is given by

weight(〈su1tu2〉) = E
M←µ

tr
(

(M†M)⊗kWσu1
τ−1
u2

)
(A13)

weight(〈suxa〉) = E
M←µ

tr
(

(M†M)⊗kWσuχ
−1
a

)
(A14)

where Wπ is the operator acting on a k-fold tensor prod-
uct space that performs the permutation π of the reg-
isters. Later, in Appendix C, we will be interested
in expressing entropies of the classical output distribu-
tion of the circuit in terms of partition functions and
to handle this case we will update Eq. (A14). Note
that the quantity tr

(
X⊗kWπ

)
is equal for all π with

the same cycle structure, which corresponds to some
partition λ = (λ1, . . . , λr) of k, where

∑
i λi = k and

λ1 ≥ . . . ≥ λr > 0. Then we have

tr
(
X⊗kWπ

)
=

r∏
i=1

tr
(
Xλi

)
(A15)

This formula allows us to simplify the weight formulas
(A13) and (A14) in a few special cases. If no measure-
ment is made, then M = {I} and weight(〈su1

tu2
〉) =

qC(σu1τ
−1
u2

), where C(π) is the number of cycles r in the
permutation π, recovering the weight equations (27) and
(28) from the main text. On the other hand, if a pro-
jective measurement onto one of the q basis states is
made, then M = {√qΠm}q−1

m=0 and µ is the uniform
distribution, where Πm = |m〉 〈m|. Since in this case
tr
(
(M†M)w

)
= qw for any power w and any M ∈M, we

have weight(〈su1tu2〉) = qk−1 for any pair σu1 , τu2 .

2. Justification of stat mech mapping

In this subsection, our goal is to provide a justification
for (1) the mapping procedure that allows EU (Zk,∅) and
EU (Zk,A) to be expressed as a partition function as in
Eq. (25) of the main text and (2) the formulas for the
interaction weights for this partition function given in
the previous subsection in Eqs. (A12), (A13), and (A14).

To begin, for any integer k ≥ 2, we rewrite Zk,∅/A from
Eqs. (A4) and (A5) as

Zk,∅ = tr[(ρ⊗ . . .⊗ ρ)] (A16)

Zk,A = tr
[
(ρ⊗ . . .⊗ ρ)W

(A)
(1...k)

]
(A17)

where each trace includes k copies of ρ and W
(A)
(1...k) is

the linear operator that performs a k-cycle permutation,
denoted (1 . . . k) in cycle notation, of the copies for qudits
within region A while leaving the copies of the qudits
outside of A unpermuted. When k = 2 there are two

copies of ρ and W
(A)
(12) is the swap operator for qudits in

A.
After substituting Eq. (A1) for each copy of ρ that ap-

pears in the equations above, we obtain an expression
with k copies of each unitary Uu and k copies of its ad-
joint U†u, as well as k copies each of Mu, M†u, M ′u, and

M ′u
†
. Taking the expectation EU (Zk,∅/A) introduces in-

tegrals over Uu and expectations over Mu and M ′u drawn
from distributions µu and µ′u, for each u. To perform the
integrals, we rely on techniques for integration over the
Haar measure, invoking the formula [4, 5]∫

U(q2)

dU Ui1j1 . . . UikjkU
†
i′1j
′
1
. . . U†i′kj′k

=
∑

σ,τ∈Sk

δσ(~i,~j′)δτ (~i′,~j) wg(τσ−1, q2)
(A18)

where on the left hand side Uij is the (i, j) matrix ele-
ment of the unitary U and on the right hand side Sk is the

symmetric group, δσ(~i,~j′) is shorthand for
∏k
a=1 δiaj′σ(a)

and wg(τσ−1, q2) is the Weingarten function, which can
be defined in several ways, for example by the following
expansion [4, 5] over irreducible characters of the sym-
metric group Sk

wg(π, q2) =
1

(q2)!2

∑
λ

χλ(e)2

sλ,q2(1)
χλ(π) (A19)

where the sum is over all partitions λ of the integer k,
χλ is the irreducible character of Sk associated with the
partition λ, e is the identity permutation, and sλ,q2(1)
is the Schur polynomial evaluated at 1 which is equal to
the dimension of the representation of U(q2) associated
with λ. Note that there exist permutations π for which
wg(π, q2) is negative.

In words, formula (A18) states that Haar integration
can be performed by summing over all ways of pairing up
the incoming index for each of the k copies of U with an
outgoing index of a copy of U†, and the incoming index
of each copy of U† with an outgoing index of a copy of
U . The permutations σ, τ ∈ Sk encode which copies are
paired with each other, and each permutation pair (σ, τ)
is weighted by wg(τσ−1, q2) in the sum. It is helpful to
think of this formula graphically, as in Figure A.1, where
we have depicted how the indices pair up after integration
over a two-qudit Haar-random unitary.
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(a) Haar integration formula applied to k copies of two-qudit gate

(b) Mapping of unitary in circuit diagram

FIG. A.1. (a) Graphical depiction of Haar integration formula given in Eq. (A18). (b) Haar integration formula allows us to
replace Haar-random unitaries from circuit diagram with sums over configurations on a graph with nodes taking values in Sk,
and edges between graphs contributing a factor to the weight of a configuration.

By applying this formula to all of the Haar-random
gates, all of the integrals are eliminated and the tensor
network representation of Zk,∅/A can be expressed as a
weighted sum over many networks, where each network
in this sum corresponds to some choice of (σu, τu) for
every unitary u in the original circuit and some choice
of Mu and M ′u from Mu and M′u. Furthermore, each
network in this weighted sum is itself composed of many
disjoint parts that can be individually evaluated. We can
see this by observing that when unitary u2 succeeds uni-
tary u1 and shares a qudit, Haar integration forces the
k tensor indices representing that qudit at that place in
the circuit diagram to pair up with the k dual indices for
the qudit at the same place, according to some permu-
tation. This happens both at the output of unitary u1

(corresponding to permutation σu1
) and at the input of

unitary u2 (corresponding to permutation τu2
) yielding

a set of closed loops in the tensor network diagram. If
the weak measurement acting on that qudit between uni-
taries u1 and u2 is M , then k copies of M and k copies
of M† appear among these loops. An example of such a
subdiagram is shown in Figure Figure A.2.

This observation justifies the partition function
Eq. (25), as we have expressed EU (Zk,∅/A) as a weighted
sum, with each term labelled by pairs of permutations at
the locations of each unitary, where the weight is given
by a product of factors that depend only on two of these
permutations. These factors are the weights given by
Eqs. (A12), (A13), and (A14). Eq. (A12) accounts for
the factor wg(τσ−1, q2) in Eq. (A18). Meanwhile, we
can derive Eq. (A13) by performing the expectation in
Figure Figure A.2. We can graphically see that each
term in the expansion of this expectation is given by

µ(M) tr
(
WσM

⊗kWτ−1(M†)
⊗k
)

, and then simply note

that Wπ commutes with X⊗k for any X.

Our final task is to justify the introduction of the auxil-
iary nodes and corresponding weights in Eq. (A14). The

FIG. A.2. Disjoint part that forms tensor network repre-
sentation of EU (Zk,∅/A) after performing integrals over Haar-
random gates. The weight given by Eqs. (A13) and (A14)
is derived by evaluating this diagram and taking the expec-
tation with M drawn from M according to the distribution
µ.

tr in the definition of Zk,∅ implies that the indices of
the qudits at the circuit output are paired up with their
dual indices without permutation. This creates a disjoint
closed diagram for each qudit at the circuit output. To
evaluate it, we may use the same formula as Eq. (A13)
taking τu2

= e, the identity permutation. This is equiv-
alent to introducing auxiliary nodes, as we have done,
that are fixed to e for all qudits and across all terms in
the partition function. The same follows for Zk,A with

the exception that the operator W
(A)
(1...k) is applied to the

circuit output, which permutes the output indices of any
qudit a ∈ A prior to connecting them with their dual in-
dices. This is equivalent to introducing an auxiliary node
and fixing it to the value (1 . . . k).

There is no need to introduce auxiliary nodes at the
beginning of the circuit because we are assuming the cir-
cuit acts on the pure product state |0 . . . 0〉〈0 . . . 0|. Thus,
the k copies of the index that feeds into the first unitary
of the circuit are forced to be 0 and regardless of the per-
mutation value of the incoming node for that unitary, this
part of the circuit will contribute a factor of 1. If we had
considered circuits that act initially on the maximally
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mixed state, we could have handled this by introducing
a layer of auxiliary nodes at the beginning of the circuit
and fixing their value to e.

3. Mapping applied to 1D circuits with weak
measurements

In Section III C, we discussed the connection between
the effective 1D dynamics of our SEBD algorithm and pre-
vious work (originating from [6–8]) on 1D Haar-random
circuits with some form of measurements in between each
layer of unitaries.

In this subsection, we apply the stat mech mapping
to the 1D with weak measurement model and explain
the connection between the area-law-to-volume-law tran-
sition that has been observed in numerical simulations
and the disorder-to-order thermal transition in the clas-
sical stat mech model, which occurs at a non-zero critical
temperature Tc. This analysis was first performed in [2]
and independently in [3]. The results presented in this
section are essentially a reproduction of their analysis but
for a different weak measurement, chosen to be relevant
for the dynamics of the SEBD algorithm acting on the
CHR problem. We include this analysis for two purposes:
first, to shed light on the behavior of SEBD acting on CHR,
and second, to serve as a more complete example of the
stat mech mapping in action, complementing the more
heuristic analysis we give in Section VI of the main text.

a. Mapping to the honeycomb lattice. Let us assume
our circuit has n qudits of local dimension q arranged
on a line with open boundary conditions. A circuit of
depth d acts on the qudits where each layer consists of
nearest-neighbor two-qudit Haar-random unitaries. In
between each layer of unitaries, a weak measurement is
performed on every qudit, described by the set M of
measurement operators and a probability distribution µ
over M. The first step of the stat mech mapping is to
replace each Haar-random unitary with a pair of nodes
and connect these nodes according to the order of the
unitaries acting on the qudits. The second step is to in-
troduce a new auxiliary node for each qudit and connect
each outgoing node within the final layer of unitaries to
the corresponding pair of auxiliary nodes. The result-
ing graph is the honeycomb lattice, as shown in Figure
A.3(b). We now review what the interactions are on this
graph. The horizontal links in Figure A.3(b) host inter-
actions that contribute a weight equal to the Weingarten
function. When k = 2, the interaction depends only on
if the pair of nodes agree (σuτ

−1
u = e) or if they disagree

(σuτ
−1
u = (12)). In this case the interactions are given

explicitly by

weight(〈sutu〉) = wg(σuτ
−1
u , q2) (A20)

=

{
1

q4−1 if σuτ
−1
u = e

− 1
q2(q4−1) if σuτ

−1
u = (12).

(A21)

Meanwhile, the diagonally oriented links in Figure A.3(b)
host interactions that depend on the details of the weak
measurement being applied in between each layer of uni-
taries, which we now define.

b. Weak measurement and diagonal weights. The
weak measurement we choose is given as follows. First,
for a fixed q × q unitary matrix U , define

M
(m)
U :=

√
q · diag(Um,·) (A22)

that is, the q× q matrix whose diagonal entries are given
by the mth row of U , scaled by a factor of

√
q, and whose

off-diagonal entries are 0. Define the probability distri-
bution µU to be the uniform distribution over the set

MU = {M (m)
U }q−1

m=0. We can see that (MU , µU ) forms a
valid weak measurement since

q−1∑
m=0

µU (m)(M
(m)
U )†M

(m)
U =

q−1∑
m=0

diag(|Um,·|2) = Iq

(A23)
where the last equality follows from the fact that the sum
of the squared norms of the entries within a column of
a unitary matrix is 1. When U = Iq, the measurement

operator M
(m)
U is a projector onto the mth basis state

(scaled by a factor of
√
q), and the weak measurement is

simply a projective measurement onto the computational
basis.

The weak measurement that we consider for our analy-
sis will be a mixture of the weak measurement (MU , µU )
for different U . Formally, we take M = ∪U∈U(q)MU .
We let the distribution µ over M be the distribution re-
sulting from drawing U according to the Haar measure,
and then drawing M from MU uniformly at random.

This weak measurement is seen to exactly reproduce
the weak measurement of SEBD acting on CHR in Algo-
rithm 4 when q = 2, where the measurement operators
were the diagonal matrices

M (0) :=

(
cos(θ/2) 0

0 e−iφ sin(θ/2)

)
(A24a)

M (1) :=

(
sin(θ/2) 0

0 eiφ cos(θ/2)

)
. (A24b)

with angles (θ, φ) drawn according to the Haar measure
on the sphere. Indeed, even for q 6= 2, this weak mea-
surement arises from a natural generalization of the CHR
problem, where one makes Haar-random measurements
on a cluster state of higher local dimension, which is cre-
ated by applying a generalized Hadamard gate to each
qudit followed by a generalized CZ gate on each pair of
neighboring qudits on the 2D lattice.

To compute the weights on the edges of the stat mech
model for k = 2, we apply the formula in Eqs. (A13) and
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(a) (b) (c)

FIG. A.3. Summary of series of maps for Haar-random 1D circuits with weak measurements. (a) The quantum circuit
diagram for the unitary plus weak measurement model consists of layers of Haar-random two-qudit gates followed by layers of
weak measurements on every qudit, indicated by purple dots. (b) The stat mech mapping results in a model on the honeycomb
lattice, where horizontal orange links have weight given by the Weingarten function and diagonal black links have weight
that depends on the weak measurement. Blue dots and black dots represent incoming and outgoing nodes, respectively. (c)
By decimating the incoming (blue) nodes in the honeycomb lattice, we reduce the number of nodes by half and generate a
model with three-body interactions living on rightward-pointing triangles, shaded in blue. When k = 2 the weights are all
positive, and the three-body interaction can be decomposed into an anti-ferromagnetic interaction along vertical (red) links
and ferromagnetic interactions along diagonal (dark blue) links.

(A14).

weight(〈su1
tu2
〉)

=

∫
U(q)

dU

q−1∑
m=0

1

q
tr

((
(M

(m)
U )†M

(m)
U

)⊗2

Wσu1
τ−1
u2

)

=

∫
U(q)

dUq

q−1∑
m=0

{
tr
(
diag(|Um,·|2)

)2
if σu1

τ−1
u2

= e

tr(diag
(
|Um,·|4)

)
if σu1

τ−1
u2

= (12)

=

{
q2 if σu1

τ−1
u2

= e

q2 · w if σu1τ
−1
u2

= (12)
(A25)

where

w :=

∫
U(q)

dU
∑
m

1

q
tr
(
diag(|Um,·|4)

)
(A26)

= q

∫
U(q)

dU |U0,0|4 (A27)

= q
∑

σ,τ∈S2

wg(στ−1, q) (A28)

= 2q
∑
σ∈S2

wg(σ, q) (A29)

= 2q

(
1

q2 − 1
− 1

q(q2 − 1)

)
(A30)

=
2

q + 1
, (A31)

where in the second line we have invoked the Haar in-
tegration formula that appears in Eq. (A18), and then

substituted the explicit values for the Weingarten func-
tion when k = 2. The formula for weight(〈suxa〉) is given
similarly.

We can see that for all q > 1, the weight is larger when
the values of the nodes agree than when they disagree,
indicating a ferromagnetic Ising interaction. Indeed, the
interaction for k = 2 will be ferromagnetic regardless of

what weak measurement M is made since tr
(
M†M

)2 ≥
tr
(
(M†M)2

)
holds for all M . Furthermore, for our choice

of weak measurement, the ferromagnetic Ising interaction
becomes stronger as q increases.

c. Eliminating negative weights via decimation when
k = 2. The possibility of a negative weight on the hor-
izontal edges of the honeycomb lattice in Figure A.3(b)
appears to impede further progress in the analysis since
the classical model cannot be viewed as a physical system
with real interaction energies at a real temperature. As
discussed in the main text, for k = 2, this problem may
be circumvented by decimating half of the spins; that is,
we explicitly perform the sum over {τu}u in the partition
function in Eq. (25), yielding a new stat mech model in-
volving only the outgoing nodes su. Since the decimated
incoming nodes (except for those in the first layer) each
have three neighbors, all three of which are undecimated
outgoing nodes, the new model will have a three-body
interaction between each such trio of nodes.

We may furthermore observe that, for our choice of
weak measurement when k = 2, the three-body weight
may be re-expressed as the product of three two-body
weights acting on the three edges of the triangle. Below
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we give formulas for the two-body weights; our formulas
are a unique decomposition of the three-body interaction
up to a shifting of overall constant factors from one link to
another. Thus, via decimation we have moved from the
honeycomb lattice with two-body interactions to the tri-
angular lattice with two-body interactions, as illustrated
in Figure A.3(c). There are two kinds of two-body in-
teractions on this triangular lattice. Vertically oriented
links between nodes su1 and su2 host anti-ferromagnetic
interactions

weight(〈su1su2〉) (A32)

=

{
1

q4−1 if σu1σu2 = e
w

1+q2

(
(q2 − w2)(q2w2 − 1)

)−1/2
if σu1

σu2
= (12)

(A33)

and diagonally oriented links host ferromagnetic interac-
tions, where

weight(〈su1
su2
〉) =

{
q
√
q2 − w2 if σu1σu2 = e

q
√
w2q2 − 1 if σu1

σu2
= (12).

(A34)

For all values of the measurement strength p, the
ferromagnetic interactions are stronger than the anti-
ferromagnetic interaction.

d. Phase diagram. The model described above for
k = 2 is exactly the anisotropic Ising model on the tri-
angular lattice. In general this model may be described
by its energy functional

E/kT = −J1

∑
〈ij〉1

gigj −J2

∑
〈ij〉2

gigj −J3

∑
〈ij〉3

gigj (A35)

where gi ∈ {+1,−1} are Ising spin variables and the
three sums are over links along each of the three trian-
gular axes. This model has been studied and its phase
diagram is well understood [9, 10]. In the setting where
along two of the axes the interaction strength is equal
in magnitude and ferromagnetic, while along the third
axis it is weaker in magnitude and antiferromagnetic, the
model is known to experience a phase transition as the
temperature is varied. At high temperatures, it is in the
disordered phase; in other words, samples drawn from
the thermal distribution exhibit exponentially decaying
correlations between spin values σu with a constant cor-
relation length of ξ. At low temperatures, it is in an
ordered phase where samples exhibit long-range corre-
lation. At the critical point, the interaction strengths
satisfy the equation [9, 10]

sinh(2J1) sinh(2J2) + sinh(2J2) sinh(2J3)

+ sinh(2J1) sinh(2J3) = 1. (A36)

For us, parameter q plays the role of the temperature,
and the interaction strengths, derived from Eqs. (A32)

and (A34), are given by

J1 = J2 =
1

4
log

(
q2 − w2

w2q2 − 1

)
, (A37)

J3 = −1

2
log

(
w(q2 − 1)√

(q2 − w2)(q2w2 − 1)

)
. (A38)

Using these equations, we can solve for the critical point,
and we find it to be qc = 3.249. Only integer values of
q correspond to valid quantum circuits, so we conclude
that the model is disordered when q = 2 or q = 3 and
ordered when q ≥ 4. We plot this one dimensional phase
diagram in Figure A.4.

FIG. A.4. Phase diagram showing for which values of q the
anisotropic Ising model on the triangular lattice is ordered
and disordered. The critical point, indicated by the red dot,
occurs at qc = 3.249.

e. Connection between (dis)order and scaling of en-
tanglement entropy. We expect the scaling of the quan-
tity S̃2 = F2,A − F2,∅ = − log

(
EU (Z2,A)/EU (Z2,∅)

)
to

be related to the order or disorder of the model by the
following argument. For EU (Z2,∅), the auxiliary spins
are all set to χa = e, biasing the bulk spins nearby to
prefer e over (12). For EU (Z2,A), the spins within the
region A are twisted so that χa = (12), introducing a
domain wall at the boundary. In the ordered phase,
the bias introduced at the boundary extends through-
out the whole bulk since there is no decay of correla-
tion with distance. The domain wall at the boundary in
the calculation of EU (Z2,A) forces the bulk to separate
into two regions with distinct phases separated by a do-
main wall that cuts through the bulk. The domain wall
has length of order min(|A|, d) where |A| is the num-
ber of sites in region A and d is the depth. In the
calculation of EU (Z2,∅), there is no domain wall. The
addition of one additional unit of domain wall within
a configuration leads the weight of the configuration to
decrease by a constant factor, so in the ordered phase
we expect − log

(
EU (Z2,A)/EU (Z2,∅)

)
= O(min(|A|, d)).

Meanwhile, in the disordered phase, there is a natu-
ral length scale ξ that boundary effects will penetrate
into the bulk. The domain wall at the boundary due to
twisted boundary conditions will be washed out by the
bulk disorder after a distance on the order of ξ = O(1).
Thus we expect − log

(
EU (Z2,A)/EU (Z2,∅)

)
= O(1). A

cartoon illustrating this logic appears in Figure 9 of the
main text. For further discussion of the connection be-
tween order-disorder properties of the stat mech model
and entropic properties of the underlying quantum ob-
jects, see [2, 3, 11].

This logic suggests that, if we take the scaling of S̃2

to be a good proxy for the scaling of 〈S2〉, the disorder-
to-order phase transition in the classical model would be
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accompanied by an area-law-to-volume-law phase tran-
sition in the Rényi-2 entropy of the output of random
circuits.

f. Relationship to numerical simulation of SEBD on
CHR. In Section III C, with fixed q = 2, it was estab-
lished that the effective dynamics of SEBD running on
CHR are alternating layers of entangling two-qubit CZ
gates and weak measurements on every qubit of a 1D
line, where the form of the weak measurement is given
explicitly. The dynamics we have studied in this section
use the same weak measurement, but choose the two-
qubit entangling gates to be Haar-random. We have es-
tablished that the quasi-2-entropy S̃2 satisfies an area law
for this process when q = 2, and the statement remains
true for q = 3 when the weak measurement corresponds
to a natural generalization of the CHR problem to larger
local dimension. For q = 4, it is no longer true; the
dynamics of S̃2 satisfy a volume law.

Due to the similarity between the dynamics studied in
this section and that of SEBD running on CHR, our con-
clusion provides a partial explanation for the numerical
observation presented in Section V that the average en-
tanglement entropy 〈Sk〉 satisfies an area law when SEBD
runs on CHR for q = 2 and various values of k.

g. Additional observations appearing in previous
work. The above analysis is essentially a restatement
of what appears in recent works by Bao, Choi, and Alt-
man [2] and separately Jian, You, Vasseur, and Ludwig
[3], except that here we analyzed a different weak mea-
surement. In particular, [2] considered the case where a
projective measurement occurs with some probability p
on each qudit after each layer of unitaries, and otherwise
there is no measurement. They made the observation
that we describe above that the k = 2 mapping can be
written as a 2-body anisotropic Ising model on the tri-
angular lattice with an exact solution. Both of these
papers went beyond what we have presented here to an-
alyze the q →∞ limit directly, where they observed that
the stat mech model becomes a standard ferromagnetic
Potts model on the square lattice for all integers k. For
k = 2 this is exactly the square lattice Ising model and
indeed, we can see from Eq. (A38) that when q → ∞,
J3 → 0; the anti-ferromagnetic links along one axis van-
ish leaving a square lattice with exclusively ferromagnetic
interactions. The fact that the model becomes tractable
for all integers k ≥ 2 allows these papers to invoke an-
alytic continuation and make sense of the k → 1 limit,
where the quasi-entropy S̃k exactly becomes the expected
von Neumann entropy 〈S〉.

Appendix B: Patching

We now describe a second algorithm for sampling from
the output distributions and computing output proba-
bilities of 2D quantum circuits acting on qudits of local
dimension q. While the SEBD algorithm described in the
previous section is efficient if the corresponding effective

1D dynamics can be efficiently simulated with TEBD, the
algorithm of this section is efficient if the circuit depth d
and local dimension q are constant and the conditional
mutual information (CMI) of the classical output distri-
bution is exponentially decaying in a sense that we make
precise below. In Appendix C we will give evidence that
the output distribution of sufficiently shallow random 2D
circuits acting on qudits of sufficiently small dimension
satisfies such a property with high probability, and the
property is not satisfied if the circuit depth or local di-
mension exceeds some critical constant value.

The algorithm we describe is an adaptation and sim-
plification of the Gibbs state preparation algorithm of
[12]. In that paper, the authors essentially showed that
a quantum Gibbs state defined on a lattice can be pre-
pared by a quasipolynomial time quantum algorithm, if
the Gibbs state satisfies two properties: (1) exponen-
tial decay of correlations and (2) exponentially decaying
quantum conditional mutual information for shielded re-
gions. Our situation is simpler than the one considered
in that paper, due to the fact that sufficiently separated
regions of the lattice are causally disconnected as a re-
sult of the fact that the circuit inducing the distribution is
constant-depth and therefore has a constant-radius light-
cone. The structure of our algorithm is very similar to
theirs, except we can make some simplifications and sub-
stantial improvements as a result of the constant-radius
lightcone and the fact that we are sampling from a clas-
sical distribution rather than a quantum Gibbs state.

Before we describe the algorithm, we set some nota-
tion. Let Λ denote the set of all qudits of a L1 × L2

rectangular grid (assume L1 ≤ L2 ≤ poly(L1)). If
A and B are two subsets of qudits of Λ, we define
dist(A,B) := mini∈A,j∈B dist(i, j), where dist(i, j) is the
distance between sites i and j as measured by the ∞-
norm. There are two primary facts that our algorithm
relies on. First, if the circuit has depth d, any two sets
of qudits separated by a distance greater than 2d have
non-overlapping lightcones. Hence, if A and B are two
lattice regions separated by distance at least 2d, and ρ
is the quantum state output by the circuit (before mea-
surement), it holds that ρAB = ρA ⊗ ρB and therefore
DAB = DA ⊗ DB if D =

∑
xD(x) |x〉〈x| is the classi-

cal output distribution of the circuit and (for example)
DA denotes the marginal of D on subregion A. (Note
that our notation is slightly different in this section –
we now use subscripts on D to denote marginals, and
the dependence of D on the circuit instance is left im-
plicit.) Second, if the classical CMI I(X : Z|Y )p of three
random variables with joint distribution pXY Z is small,
then pXY Z is close to the distribution pX|Y pY pZ|Y cor-
responding to a Markov chain X − Y −Z. We state this
more formally as the following lemma, which follows from
the Pinsker inequality.

Lemma B.1 (see e.g. [13]). Let X,Y, Z be discrete ran-
dom variables, and let pXY Z denote their joint distribu-
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FIG. B.1. Patching. Pink represents marginals of the out-
put distribution that have been approximately sampled, while
white represents unsampled regions. In (a), the algorithm
has sampled from disconnected patches. Figure (b) depicts
how the algorithm transitions from configuration (a) to (c).
Namely, the algorithm generates a sample from the condi-
tional distribution on A, conditioned on the configuration of
region B. Similarly, figure (d) depicts how the “holes” of con-
figuration (c) are filled in. The end result is shown in (e), an
approximate sample from the global distribution on the full
lattice.

tion. Then

I(X : Z|Y )p ≥
1

2 ln 2
‖pXY Z − pX|Y pY pZ|Y ‖21.

Following [12], we also formally define a notion of CMI
decay.

Definition 1 (Markov property). Let p denote a proba-
bility distribution supported on Λ. Then p is said to sat-
isfy the δ(l)-Markov condition if, for any tripartition of a
subregion X of the lattice into subregions X = A∪B ∪C
such that dist(A,C) ≥ l, we have

I(A : C|B)p ≤ δ(l). (B1)

Intuitively, our algorithm works by first sampling from
the marginal distributions of spatially separated patches
on the lattice, and then stitching the patches together to
approximately obtain a sample from the global distribu-
tion. For a O(1)-depth circuit whose output distribution
has exponentially decaying CMI, the efficiency of this
procedure is guaranteed by the two facts above. We now
show this more formally.

Theorem B.1. Suppose C is a 2-local quantum cir-
cuit of depth d defined on a 2D rectangular grid Λ of
n = L1 × L2 qudits, and let D(x) := | 〈x|C |0〉⊗n |2 de-
note its output distribution. Then if D satisfies the δ(l)-
Markov condition, for any integer l > 2d Patching with
a length-scale parameter l runs in time nqO(dl) and sam-
ples from some distribution D′ that satisfies ‖D′−D‖1 ≤
O(1)(n/l2)

√
δ(l).

In particular, if d = O(1), q = O(1), and D is
poly(n)e−Ω(l)-Markov, then for any polynomial r(n), for
some choice of lengthscale parameter Patching runs in
time poly(n) and samples from a distribution that is
1/r(n)-close to D in total variation distance.

Proof. The algorithm proceeds in three steps, illustrated
in Figure B.1. First, for each square subregion Ri shaded
in Figure B.1(a) with i ∈ [O(n/l2)], sample from DRi , the
marginal distribution of D on subregion Ri. To do this,
first restrict to the qudits and gates in the lightcone of Ri.
Sampling from the output distribution on Ri produced
by this restricted version of the circuit is equivalent to
sampling from the marginal on Ri of the true distribution
produced by the full circuit. Since l > 2d, this restriction
of the circuit is contained in a sublattice of dimensions
O(l)×O(l). Using standard tensor network methods [14],
sampling from the output distribution of this restricted
circuit on Ri can be performed in time qO(dl). Since there
are O(n/l2) patches, this step can be performed in time
nqO(dl). After performing this step, we have prepared
the state DR1

⊗· · ·⊗DRk = DR1,...,Rk where the equality
holds because the patches are separated by l > 2d and
are therefore mutually independent.

In the second step, we apply “recovery maps” to
approximately prepare a sample from the larger, con-
nected lattice subregion S shaded in Figure B.1(c). The
prescription for these recovery maps is given in Fig-
ure B.1(b). Referring to this figure, a recovery map
RB→AB is applied to generate a sample from subre-
gion A, conditioned on the state of region B. Ex-
plicitly, the mapping is given by linearly extending
the map RB→AB(|b〉〈b|B) =

∑
aDA|B(a|b) |a〉〈a|A ⊗

|b〉〈b|B . Note that, for a tripartite distribution DABC ,
RB→AB(DBC) = DA|BDBDC|B . To implement this re-
covery map, one can again restrict to gates in the light-
cone of region AB and utilize standard tensor network
simulation algorithms to generate a sample from the
marginal distribution on A, conditioned on the (previ-
ously sampled) state of B. The time complexity for this
step is again qO(dl). After applying this and O(n/l2)
similar recovery maps, we obtain a sample from a distri-
bution D′S . By Lemma B.1, the triangle inequality, and
Definition 1, the error of this step is bounded as

‖D′S −DS‖1 ≤ O(1)(n/l2)
√
δ(l) = O(1)(n/l2)

√
δ(l).

(B2)
Note that the fact that the errors caused by recovery

maps acting on disjoint regions accumulate at most lin-
early has been referred to previously [12] as the “union
property” for recovery maps. The final step is very
similar to the previous step. We now apply recovery
maps, described by Figure B.1(d), to fill in the “holes”
of the subregion S and approximately obtain a sam-
ple from the full distribution D = DΛ. By a similar
analysis, we find that the error incurred in this step is
again O(1)(n/l2)

√
δ(l), and therefore the procedure sam-

ples from a distribution D′Λ for which ‖D′Λ − DΛ‖1 ≤
O(1)(n/l2)

√
δ(l).
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The second paragraph of the theorem follows immedi-
ately by choosing a suitable l = Θ(log n).

A straightforward application of Markov’s inequality
implies that a polynomial-time algorithm for sampling
with error 1/ poly(n) succeeds with high probability over
a random circuit instance if the output distribution CMI
is exponentially decaying in expectation. We formalize
this as the following corollary.

Corollary 1. Let C be a random circuit distribution. De-
fine C to be δ(l)-Markov if, for any tripartition of a sub-
region X of the lattice into subregions X = A ∪ B ∪ C
such that dist(A,C) ≥ l, we have

〈I(A : C|B)D〉 ≤ δ(l) (B3)

where the angle brackets denote an average over cir-
cuit realizations and D is the associated classical out-
put distribution. Then if d = O(1), q = O(1), and C
is poly(n)e−Ω(l)-Markov, then for any polynomials r(n)
and s(n), Patching can run in time poly(n) and, with
probability 1−1/s(n) over the random circuit realization,
sample from a distribution that is 1/r(n)-close to the true
output distribution in variational distance.

Thus, proving that some uniform worst-case-hard cir-
cuit family C is poly(n)e−Ω(l)-Markov provides another
route to proving the part of Conjecture 1 about sam-
pling with small total variation distance error. In Sec-
tion VI, we will give analytical evidence that if C is a
random circuit distribution of sufficiently low depth and
small qudit dimension, then C is indeed poly(n)e−Ω(l)-
Markov, and if the depth or qudit dimension becomes
sufficiently large, then C is not poly(n)f(l)-Markov for
any f(l) = o(1), supporting Conjecture 2, which states
that our algorithms exhibit computational phase transi-
tions.

Finally, we note that Patching can also be used to
estimate specific output probabilities of a random circuit
instance C with high probability if C is drawn from a
distribution C that is poly(n)e−Ω(l)-Markov. This shows
that the Markov condition could also be used to prove the
second part of Conjecture 1 regarding computing output
probabilities with small error. This is similar to how
SEBD can also be used to compute output probabilities,
as discussed in Section III B.

Lemma B.2. Let C be a circuit distribution over con-
stant depth d and constant qudit dimension q 2D circuits
on n qudits which is poly(n)e−Ω(l)-Markov and invariant
under application of a final layer of arbitrary single-qudit
gates. Then for a circuit instance C drawn from C and
a fixed x ∈ [q]n, a variant of Patching can be used to
output a number D′(x) in time poly(n) that satisfies

|D′(x)−D(x)| ≤ q−n/r(n) (B4)

with probability 1− 1/s(n) for any polynomials r(n) and
s(n), where D is the output distribution associated with
C.

Proof. With probability 1 − 1/ poly(n) over the circuit
instance C, Patching with some choice of lengthscale l =
Θ(log n) efficiently samples from a distribution D′C that
is 1/poly(n)-close in variational distance to DC for any
choice of polynomials. Hence, for an output probability y
chosen uniformly at random and a circuit C drawn from
C, it holds that

E
y
E
C
|D′(y)−D(y)| ≤ q−n/poly(n) (B5)

if l = c log n and c is a sufficiently large constant. By
a nearly identical argument to that used in the proof of
Corollary 3, due to the invariance of C under application
of a final layer of single qudit gates, for some fixed x ∈
[q]n we also have

E
C
|D′(x)−D(x)| ≤ q−n/ poly(n) (B6)

for any choice of polynomial. Finally, it is straightfor-
ward to see that an instance of Patching that samples
from D′ can also be used to exactly compute D′(x) for
any x. (To do this, the algorithm computes conditional
probabilities via tensor network contractions as before,
except instead of using these conditional probabilities to
sample, it simply multiplies them together similarly to
how SEBD can be used to compute output probabilities.)
Applying Markov’s inequality completes the proof.

Appendix C: Efficiency of Patching algorithm from
stat mech

We now study the predictions of the stat mech model
for the fate of the Patching algorithm we introduced in
Appendix B. To do so, we in turn study the predictions
of the stat mech model for entropic properties of the clas-
sical output distribution, as Patching is efficient if the
CMI of the classical output distribution is exponentially
decaying with respect to shielded regions.

We have previously applied the stat mech model to
study expected entropies of quantum states. However,
we now wish to study expected entropies of the classical
output distribution. To this end, we now consider the
non-unitary quantum circuit consisting of the original,
unitary circuit followed by a layer of dephasing chan-
nels applied to every qudit. The resulting mixed state is
classical (i.e., diagonal in the computational basis) and
is exactly equal to the output distribution we want to
study. That is, the state after application of the dephas-
ing channels is

∑
xD(x) |x〉〈x| where D is the output dis-

tribution of the circuit. Note that the application of the
dephasing channel is not described in the formalism we
have discussed previously, but is easily incorporated. In
particular, we need to compute the weights between the
auxiliary node xa and the corresponding outgoing node
su associated with the unitary u that is the last in the cir-
cuit to act on qudit a. We may update Eq. (A14) (whose
original form was derived in Appendix A 2) and compute

the following, letting |Φk〉 ≡
(∑q−1

i=0 |i〉 ⊗ |i〉
)⊗k

.
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weight(〈suxa〉) = 〈Φk|(I ⊗Wσ−1
u

)

(
q−1∑
i=0

|i〉〈i| ⊗ |i〉〈i|

)⊗k
(I ⊗Wχa)|Φk〉

=
∑

i1,...,ik

〈i1, . . . , ik|Wσ−1
u
|i1, . . . , ik〉 〈i1, . . . , ik|Wχa |i1, . . . , ik〉 .

(C1)

We therefore see that weight(〈suxa〉) in this set-
ting is exactly equal to the number of k-tuples of in-
dices (i1, . . . , ik) with ij ∈ [q] that are invariant un-
der both permutation operators σu, χa ∈ Sk acting as
σu · (i1, . . . , ik) = (iσ(1), . . . , iσ(k)). In fact, for our pur-
poses, the auxiliary spin χa will either be set to the iden-
tity e or to the k-cycle permutation (1 . . . k). In the for-
mer case, the weight reduces to tr(Wσu) = qC(σu). In the
latter case, since the only tuples that are invariant under
application of the cycle permutation (1 . . . k) are the q
tuples of the form (x, x, . . . , x) for x ∈ [q], the weight is
simply q for all σu. Summarizing,

weight(〈suxa〉) =

{
qC(σu), χa = e

q, χa = (1 . . . k).
(C2)

From these expressions, we may immediately note the
following facts. First, flipping some auxiliary spin from
e to (1 . . . k) cannot increase the weight of a configura-
tion, and hence such a flip corresponds to an increase in
free energy. Second, if an auxiliary spin is in the (1 . . . k)
configuration, then the auxiliary spin may be effectively
removed from the system since in this case the contribu-
tion of the auxiliary spin to the weight of a configuration
is constant across all configurations.

With these modified weights, we may now compute
“quasi-entropies” S̃k(X) as before, where now in the k →
1 limit S̃k(X) approaches the expected Shannon entropy
of the marginal of the output distribution on subregion
X, 〈S(X)D〉, where the average is over random circuit
instances.

a. Disordered stat mech model suggests Patching is
successful. We consider the quasi-CMI defined by

Ĩ2(A : C|B) := S̃2(AB) + S̃2(BC)− S̃2(B)− S̃2(ABC),
(C3)

where all quasi-entropies are taken with respect to the
collection of classical output distributions that arise from
the quantum circuit architecture. This definition is in
analogy to the definition of CMI as I(A : C|B) =
S(AB) + S(BC) − S(B) − S(ABC) [13]. Note that we

may define the quasi-k-CMI Ĩk(A : C|B) analogously for
any nonnegative k, and it holds that 〈I(A : C|B)D〉 =

limk→1 Ĩk(A : C|B) where the angle brackets denote an
expectation over random circuit instances.

Recalling that S̃2(X) = F2,X − F2,∅, we may rewrite
the quasi-2-CMI as

Ĩ2(A : C|B) = (F2,AB−F2,B)−(F2,ABC−F2,BC). (C4)

In stat mech language, the quasi-CMI is essentially the
difference in free energy costs of twisting the boundary

condition of subregion A in the case where (1) no other
spins have boundary conditions, and the case where (2)
subregion C also has an imposed boundary condition.

Now, consider some random circuit family C with asso-
ciated stat mech model that is in the disordered phase for
k = 2. For any subregion X of qudits, and partition of X
into subregions X = A∪B ∪C, we expect this difference
between free energy costs will decay exponentially with
the separation between A and C as

Ĩ2(A : C|B) ≤ poly(n, q)e− dist(A,C)/ξ (C5)

where ξ is a correlation length. This is because in the
disordered phase of the stat mech model, information
about the boundary of region C will be exponentially
attenuated as the distance from region C grows. If we
take Ĩ2(A : C|B) as a proxy for the average CMI of the
output distribution, 〈I(A : C|B)D〉, we conclude that
the random circuit family C is poly(n, q)e−Θ(l)-Markov
as defined in Appendix B. The results of that section
then show that Patching can be used to efficiency sample
from the output distribution and estimate output proba-
bilities with high precision and high probability. We take
this exponential decay of quasi-2-CMI as evidence that
the average CMI also decays exponentially, and there-
fore that Patching is successful. Recall from that main
text that the (worst-case-hard) depth-3 brickwork archi-
tecture’s associated stat mech model is disordered; we
therefore expect Patching to be capable of efficiently
simulating this architecture.

b. Ordered stat mech model suggests Patching is un-
successful. We first obtain exact, closed form results in
the zero-temperature limit of the stat mech model, which
corresponds to the q →∞ limit. However, we expect that
qualitatively similar results hold outside of this limit.

As before, consider the stat mech model obtained by
applying dephasing channels to all qudits after the appli-
cation of all gates. Consider some connected, strict sub-
set A of qudits on the original grid. Suppose we are inter-
ested in the quasi-entropy S̃k(A) = (Fk,A−Fk,∅)/(k− 1)
of the output distribution on this region. This quantity
is given by the free energy cost of twisting the bound-
ary conditions (auxiliary spins) associated with region A
from e to (1 . . . k). The auxiliary spins associated with
qudits in the complement of A are fixed to be in the
identity permutation configuration, e. For both sets of
boundary conditions, all non-auxiliary spins will order in
the configuration e. This is because the configuration e
maximizes the weights in Eq. (C2) for spins connected
to auxiliary spins in the configuration e, and the weight
of a spin connected to an auxiliary spin in the configura-



12

tion (1 . . . k) is independent of that spin’s configuration.
Hence, regardless of the configuration of the auxiliary
spins, all bulk spins are in the identity permutation con-
figuration in the q → ∞ limit of infinitely strong cou-
plings.

Therefore, twisting a single auxiliary spin from e to
(1 . . . k) results in a reduction of the total weight by a
factor of q/qC(e) = q/qk = q1−k, corresponding to a free
energy increase of (k − 1) log(q). We therefore compute

S̃k(A) =
Fk,A − Fk,∅

k − 1
= |A| log(q). (C6)

Note that this result is exact in the q → ∞ limit. No-
tably, we find that all integer quasi-entropies are equal in
this limit, and so we may trivially perform the analytic
continuation to the von Neumann (i.e. Shannon) entropy:

〈S(A)〉 = lim
k→1
|A| log(q) = |A| log(q). (C7)

Hence, in the q →∞ limit, the entropy of a strict subre-
gion of the output distribution is maximal.

Now, let X denote the set of all qudits. We want to
compute 〈S(X)〉. We again proceed by computing the
quasi-entropies:

S̃k(X) =
Fk,X − Fk,∅

k − 1
.

As before, for each auxiliary spin associated with re-
gion X that we “twist”, the weight of the configuration
is decreased by a factor of q1−k relative to the configu-
ration in which all auxiliary spins are set to e. However,
in this case, as opposed to our previous calculation, all
of the auxiliary spins are twisted. Recall from Eq. (C2)
that the weight between a twisted auxiliary spin and a
bulk spin is independent of the value of the bulk spin.
Hence, if all auxiliary spins are twisted, the lowest en-
ergy state in the bulk is no longer just the configuration
in which all spins take the value e – in the absence of
a symmetry-breaking boundary condition, there is now
a global spin-flip symmetry and the ground space is k!-
fold degenerate, consisting of all configurations in which
all bulk spins are aligned. This symmetry contributes a
factor of k! to the partition function and − log(k!) to the
free energy. We hence calculate

S̃k(X) = |A| log(q)− log(k!)

k − 1
. (C8)

We now perform the analytic continuation to the Shan-
non entropy:

〈S(X)〉 = lim
k→1

S̃k(X) (C9)

= |A| log(q)− lim
k→1

log(k!)

k − 1
(C10)

= |A| log(q)− 1− γ
ln(2)

(C11)

≈ |A| log(q)− 0.61, (C12)

where γ ≈ 0.557 denotes the Euler constant. The
expected Shannon entropy of the output distribution
is therefore 1−γ

ln(2) less bits than maximal in the low-

temperature limit, corresponding to q →∞.
From the above facts, we can immediately compute the

expected CMI of the output distribution in this limit. Let
(A,B,C) be any partition of the qudits. We have

〈I(A : C|B)D〉 (C13)

≡ 〈S(AB)D + S(BC)D − S(B)D − S(ABC)D〉 (C14)

= [(|A|+ |B|) log(q)] + [(|B|+ |C|) log(q)] (C15)

− [(|B|) log(q)]− [(|A|+ |B|+ |C|) log(q)− 1− γ
ln(2)

]

=
1− γ
ln(2)

≈ 0.61. (C16)

We therefore find that in this limit, the expected CMI
of the classical output distribution approaches a constant
equal to 1−γ

ln(2) . While this result was derived with respect

to the completely ordered stat mech model, correspond-
ing to q → ∞, we expect similar behavior for ordered
stat mech models in general. In particular, if X denotes
the set of all qudits, in the case of an ordered kth-order
stat mech model, S̃k(X) will similarly receive an extra
contribution corresponding to the global spin-flip symme-
try, which will also be contributed to the corresponding
quasi-CMI Ĩk(A : C|B)D. Hence, we do not expect the
quasi-CMIs to decay when the corresponding stat mech
model is in an ordered phase. We take this as evidence
that the average CMI does not decay, and therefore that
Patching is not successful in efficiently sampling from
the output distribution with small error.

Appendix D: Relation to worst-to-average-case
reductions based on truncated Taylor series

Recently, it was shown [15] that for any constant-depth
random circuit family with Haar-random gates acting
on n qubits for which it is #P-hard to compute out-
put probabilities in the worst case, there does not exist a
poly(n)-time algorithm for computing the output proba-
bility of some arbitrary output string x up to additive er-

ror 2−Θ̃(n3) with high probability over the circuit realiza-
tion, unless there exists a poly(n)-time randomized algo-
rithm for computing a #P-hard function. (Note: in even
more recent work using the same technique, the error ro-

bustness has been improved from 2−Θ̃(n3) to 2−Θ(n log(n))

[16, 17].) Essentially, for Haar-random circuits, near-
exact average-case computation of output probabilities
is as hard as worst-case computation of output proba-
bilities. Our complexity separation in Section IV shows
that the error tolerance for this hardness result cannot
be improved to 2−n/2n

c

for any c < 1.
This hardness result builds on and improves other prior

work [1] on the average-case hardness of random circuit
simulation. In particular, the original paper [1] uses a
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different interpolation scheme than that used in [15] to
perform the worst-to-average-case reduction. Interest-
ingly, as discussed below, we find that the interpolation
scheme of [1] cannot be used to prove hardness results
about our algorithms’ performance on a shallow random
2D quantum circuit possessing worst-case hardness for
computing output probabilities; this essentially is a con-
sequence of how SEBD and Patching exploit the unitar-
ity of the circuit to be simulated. While this observation
may be of technical interest for future work on worst-to-
average-case reductions for quantum circuit simulations,
the alternative interpolation scheme of [15] does not suf-
fer from this limitation.

While [1, 15] prove hardness results for the near-exact
computation of output probabilites of random circuits, it
is ultimately desirable to prove hardness for the Random
Circuit Sampling (RCS) problem of sampling from the
output distribution of a random circuit with small error
in variational distance, as this is the computational task
corresponding to the problem that the quantum com-
puter solves. A priori, one might hope that such a result
could be proved via such a worst-to-average-case reduc-
tion. In particular, it was pointed out in these works
that improving the error tolerance of the hardness result
to 2−n/ poly(n) would be sufficient to prove hardness of
RCS. Our work rules out such a proof strategy working
in general by showing that even improving the error tol-
erance to 2−n/2n

c

for any constant c < 1 is unachievable.
In particular, any proof of the hardness of RCS should be
sensitive to the depth and should not be applicable to the
worst-case-hard shallow random circuit ensembles that
admit approximate average-case classical simulations.

Implications for reductions based on truncated
Taylor series

In this section, we discuss the relation between our
algorithms (SEBD and Patching) applied to the com-
putation of output probabilities and the recent result
[1] on the hardness of average-case simulation of ran-
dom circuits based on polynomial interpolation via trun-
cated Taylor series. In particular, we discuss how this
polynomial interpolation argument is insufficient to show
that the task of even exactly computing output proba-
bilities and sampling from the output distribution of a
constant-depth Haar-random circuit instance with high
probability using our algorithms is classically hard, even
though these circuits possess worst-case hardness. We
first briefly review their technique before discussing a lim-
itation in the robustness of the polynomial interpolation
scheme. We then discuss how this robustness limitation
makes the interpolation scheme inapplicable to our algo-
rithms.

The main point is that our algorithms exploit unitar-
ity (via the fact that gates outside of the lightcone of the
qudits currently under consideration are ignored), but
the hardness result of [1] holds with respect to circuit

families that are non-unitary, albeit very close to unitary
in some sense. Our algorithms are unable to simulate
these slightly non-unitary circuits to the precision re-
quired for the worst-to-average case reduction, regardless
of how well they can simulate Haar-random circuit fam-
ilies. While it is true that in this scheme there is an ad-
justable parameter K which, when increased, brings the
non-unitary circuit family closer to approximating the
true Haar-random family, increasing K also increases the
degree of the interpolating polynomial. This makes the
interpolation more sensitive to errors in such a way that,
for any choice of K, the robustness that the interpolation
can tolerate is not large enough to overcome the inherent
errors that our algorithms make when trying to simulate
these non-unitary families. The existence of simulation
algorithms like SEBD and Patching, which exploit the
unitarity of the circuit, may present an obstruction to
applying worst-to-average-case reduction techniques that
obtain a polynomial structure at the expense of unitar-
ity. Note that, as discussed previously, a very recent
alternative worst-to-average case reduction [15] based on
“Cayley paths” rather than truncated Taylor series does
not suffer from this same limitation.

Background: truncated Haar-random circuit ensembles and
polynomial interpolation

In this section, we give an overview (omitting some de-
tails) of the interpolation technique of [1] used to show
their worst-to-average-case reduction, partially depart-
ing from their notation. Suppose U is a unitary opera-
tor. Then we define the θ-contracted and K-truncated
version of U to be U ′(θ,K) = U

∑K
k=0

(−θ lnU)k

k! . Note

that U ′(θ,∞) = Ue−iθ(−i lnU) is simply U pulled-back
by angle θ towards the identity operator I. Note that
U ′(0,∞) = U and U ′(1,∞) = I. For U ′(θ,K) for
K <∞, the operator that performs this pullback is then
approximated by a Taylor series which is truncated at
order K. If K <∞, U ′(θ,K) is (slightly) non-unitary.

Suppose C is some circuit family for which computing
output probabilities up to error 2− poly(n) is classically
hard. Now, for each gate G in C, multiply that gate
by H ′(θ,K) with H Haar-distributed and supported on
the same qubits as G. This yields some distribution over
non-unitary circuits that we call D(C, θ,K). Note that if
θ = 0, D exactly becomes the Haar-random circuit dis-
tribution with the same architecture as C. When θ = 1,
the hard circuit C is recovered up to some small correc-
tion due to the truncation. If K is sufficiently large, we
can assume that computing output probabilities for this
slightly perturbed version of C is also classically hard.

Fix some circuit A drawn from H(C), the distribution
over circuits with the same architecture as C with gates
chosen according to the Haar measure. Let A(C, θ,K)
denote the circuit obtained when the θ-pulled-back and
K-truncated gates of A are multiplied with their corre-
sponding gates in C. Note that A(C, θ,K) is distributed
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as D(C, θ,K). Define the quantity

p0(A, θ,K) := | 〈0|A(C, θ,K)|0〉|2. (D1)

Assuming the circuit C has m gates, it is easy to verify
that p0(A, θ,K) may be represented as a polynomial in
θ of degree 2mK. Note also that p0(A, 1,∞) = p0(C),
which is assumed to be classically hard to compute.

Now, assume that there exists some classical algorithm
A and some ε = 1/ poly(n) such that, for some fixed
K ≤ poly(n) and for all 0 ≤ θ ≤ ε, A can compute
p0(A, θ,K) up to additive error δ ≤ 2−n

c

for some con-
stant c, with probability 1−1/poly(n) over A(C, θ,K) ∼
D(C, θ,K). Then, Amay evaluate p0(A, θ,K) for 2mK+
1 evenly spaced values of θ in the range [0, ε] (up to very
small error), and construct an interpolating polynomial
q0(A, θ,K). By a result of Rakhmanov [18], there is some
interval [a, b] ⊂ [0, ε] such that b − a ≥ 1/ poly(n) and

|p0(A, θ,K)− q0(A, θ,K)| ≤ 2−n
c′

for θ ∈ [a, b] where c′

depends on c. One then invokes the following result of
Paturi.

Lemma D.1 ([19]). Let p : R→ R be a real polynomial
of degree d, and suppose |p(x)| ≤ δ for all |x| ≤ ε. Then
|p(1)| ≤ δe2d(1+1/ε).

Applying this result, we find |p0(A, 1,K) −
q0(A, 1,K)| ≤ 2−n

c′

epoly(n,m,K). If c is sufficiently
large, then |p0(A, 1,K) − q0(A, 1,K)| ≤ 2− poly(n) and
the quantity q0(A, 1,K) is hard to compute classically.
But this would be a contradiction, because q0(A, 1,K)
can be efficiency evaluated classically by performing the
interpolation.

Hence, this argument shows that for some choice of
K and a sufficiently large c depending on K, computing
output probabilities of circuits in the truncated families
D(C, θ,K) with θ ≤ 1/ poly(n) up to error 2−n

c

is hard
(assuming standard hardness conjectures).

Limitation of the interpolation argument

The above argument shows that the average-case sim-
ulation of some family D(C, θ,K) of non-unitary circuits
which in some sense is close to the corresponding Haar-
random circuit family to precision 2− poly(n) is classically
hard, if simulating C is classically hard and the polyno-
mial in the exponent is sufficiently large.

We now explain how, based on this argument, we are
unable to conclude that exactly computing output prob-
abilities of Haar-random circuits is classically hard.1 In
other words, suppose that with probability 1−1/ poly(n),
some algorithm A can exactly compute output proba-
bilities from the distribution H(C). We argue that a

1 A simplified and slightly weaker version of our argument was also
reported in [15].

straightforward application of the above result based on
Taylor series truncations and polynomial interpolation is
insufficient to compute p0(C) with small error.

Consider some circuit realization A drawn from H(C),
and assume that we can exactly compute its output prob-
ability p0(A). To use the argument of [1], we actually
need to compute p0(A, θ,K) for some fixed value of K
and θ in some range [0, ε]. We first find an upper bound
for ε which must be satisfied for the interpolation to be
guaranteed to succeed with high probability. To this end,
we note that [1] the total variation distance between the
distributions D(C, θ,∞) and D(C, 0,∞) is bounded by
O(mθ). Hence, if we try to use the algorithm A to es-
timate p0(A, θ,∞), the failure probability over random
circuit instances could be as high as O(mθ). Therefore,
since the θ values to be evaluated are uniformly spaced
on the interval [0, ε], the union bound tells us that the
probability that one of the 2mK+ 1 values p0(A, θ,K) is
erroneously evaluated is bounded by O(m2Kε). Hence,
in order to ensure that all 2mK + 1 points are correctly
evaluated, we should take ε ≤ O(1/m2K).

Now, assume that we have chosen ε ≤ O(1/m2K) and
all 2mK + 1 points p0(A, ·,∞) are correctly evaluated.
Let θ be one of the evaluation points. We now must con-
sider the error made by approximating the “probability”
associated with the truncated version of the circuit with
the probability associated with the untruncated version
of the circuit, namely |p0(A, θ,∞)−p0(A, θ,K)|. This er-
ror associated with the truncated Taylor series is upper

bounded by δ ≤ 2O(nm)

K! [1].
Plugging these values into Lemma D.1, we find that

if we use these values to try to interpolate to the clas-
sically hard-to-compute quantity p0(C, 1,K), the error
bound guaranteed by Paturi’s lemma is no better than
2O(nm)

K! exp
(
O(2mK(1 +m2K))

)
, which diverges in the

limit n → ∞ for any scaling of m and K. Hence, the
technique of [1] is insufficient to show that exactly com-
puting output probabilities of circuits drawn from the
Haar-random circuit distribution HC with high proba-
bility is hard.

Intuitively, the limitation arises because there is a
tradeoff between the amount of truncation error incurred
and the degree of the interpolating polynomial. As the
parameter K is increased, the truncation error is sup-
pressed, but the degree of the interpolating polynomial
is increased, making the interpolation more sensitive to
errors.

Inapplicability to SEBD and Patching

To summarize the findings above, the argument of [1]
for the hardness of computing output probabilities of ran-
dom circuits applies not directly to Haar-random circuit
distributions, but rather to distributions over slightly
non-unitary circuits that are exponentially close to the
corresponding Haar distributions in some sense. We ar-
gued that the interpolation scheme cannot be straight-
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forwardly applied to circuits that are truly Haar-random,
and therefore it cannot be used to conclude that simulat-
ing truly Haar-random circuits, even exactly, is classically
hard.

A priori, it is not obvious whether this limitation is a
technical artifact or a more fundamental limitation of the
interpolation scheme. In particular, one might imagine
that if some algorithm A is capable of exactly simulating
Haar-random circuit families, some modified version of
the algorithm A′ might be capable of simulating the as-
sociated truncated Haar-random circuit families, at least
up to the precision needed for the interpolation argument
to work. If this were the case, then the hardness argu-
ment would be applicable.

However, SEBD and Patching appear to be algorithms
that cannot be straightforwardly used to efficiently sim-
ulate truncated Haar-random circuit families to the pre-
cision needed for the interpolation to work, even under
the assumption that they can efficiently, exactly simu-
late Haar-random circuit families. This is because the
efficiency of these algorithms crucially relies on the ex-
istence of a constant-radius lightcone for constant-depth
circuits. The algorithm is able to ignore all qubits and
gates outside of the lightcone of the sites currently being
processed. However, the lightcone argument breaks down
for non-unitary circuits. If the gates are non-unitary and
we want to perform an exact simulation, we are left with
using Markov-Shi or some other general-purpose tensor
network contraction algorithm, with a running time of
2O(d

√
n) for a depth-d circuit on a square grid of n qubits.

Consider what happens if one tries to use one of
these algorithms to compute output “probabilities” for
a slightly non-unitary circuit coming from a truncated
Haar-random distribution D(C, θ,K), and then use these
computed values to interpolate to the hard-to-compute
value p0(C, 1,K) via the interpolating polynomial of de-
gree 2mK proposed in [1]. Even without any other
sources of error, when one of these algorithms ignores
gates outside of the current lightcone, it is essentially ap-
proximating each gate outside the lightcone as unitary.
This causes an incurred error bounded by 2O(nm)/K! for
the computed output probability. Then, by an argument
essentially identical to the one appearing in the previ-
ous section, one finds that this error incurred just from
neglecting gates outside the lightcone is already large
enough to exceed the error permitted for the polynomial
interpolation to be valid. We conclude that this worst-to-
average-case reduction based on truncated Taylor series
expansions cannot be used to conclude that it is hard for
SEBD or Patching to exactly simulate worst-case hard
shallow Haar-random circuits with high probability.

Appendix E: Deferred proofs

Lemma 1. Let εi denote the sum of the squares of all
singular values discarded in the compression during it-
eration i of the simulation of a circuit C with output

distribution DC by SEBD with no bond dimension cutoff,
and let Λ denote the sum of all singular values discarded
over the course of the algorithm. Then the distribution
D′C sampled from by SEBD satisfies

1

2
‖D′C −DC‖1 ≤ E

L2∑
i=1

√
2εi ≤

√
2EΛ, (E1)

where the expectations are over the random measurement
outcomes.

Proof. We rely upon a well-known fact about the er-
ror caused by truncating the bond dimension of a MPS,
which we state in Lemma E.1.

Lemma E.1 (follows from [20]). Suppose the MPS |ψ〉 is
compressed via truncation of small singular values, and ε
is the sum of the squares of the discarded singular values.
Then if

∣∣ψ(t)
〉

is the truncated version of the MPS after
normalization,

‖|ψ〉〈ψ| − |ψ(t)〉〈ψ(t)|‖1 ≤
√

8ε. (E2)

The second inequality follows from the fact that√∑
i x

2
i ≤

∑
i xi for xi ≥ 0. To prove the first inequal-

ity, we start by considering the version of the algorithm
with no truncation, which we have argued samples ex-
actly from D. Let Nt denote the TPCP map correspond-
ing to the application of gates that have come into the
lightcone of column t and the measurement of column
t. That is,

Nt(ρ) =
∑
xt

Πxt
t VtρV

†
t Πxt

t , (E3)

where xt indexes (classical) outcome strings of column
t. Note that Nt(ρ) is a classical-quantum state for which
the sites corresponding to the first t columns are classical,
and the quantum register consists of sites which are in
the lightcone of column t but not in the first t columns.

Define ρt := Nt−1(ρt−1) and ρ1 := |0〉〈0|⊗L1

column 1, so that
ρL2+1 is a classical state exactly corresponding to output
strings on the L1 × L2 grid distributed according to D.

Now consider the “truncated” version of the algorithm,
which is defined similarly except we use σt to denote the
state of the algorithm immediately after the truncation
at the beginning of iteration t. That is, we define

σt := (Tt ◦ Nt−1)(σt−1), (E4)

where Tt denotes the mapping corresponding to the MPS
truncation and subsequent renormalization at the begin-
ning of iteration t, and we define σ1 := T1(ρ1) = ρ1

(there is no truncation at the beginning of the first iter-
ation since the initial state is a product state).

We now have

‖DC −D′C‖1 = ‖ρL2+1 − σL2+1‖1 (E5)

≤ ‖ρL2+1 −NL2
(σL2

)‖1 + ‖NL2
(σL2

)− σL1+1‖1
(E6)

≤ ‖ρL2
− σL2

‖1 + ‖NL2
(σL2

)− σL2+1‖1, (E7)
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where the first inequality follows from the triangle in-
equality, and the second from contractivity of TPCP
maps. Applying this inequality recursively yields

‖DC −D′C‖1 ≤
L2∑
i=1

‖Ni(σi)− σi+1‖1 (E8)

=

L2−1∑
i=1

‖Ni(σi)− (Ti+1 ◦ Ni)(σi)‖1 (E9)

where we also used the fact that no truncation oc-
curs after NL2

is applied (i.e. TL2+1 acts as the
identity). Now, note that ‖Ni(σi)− (Ti+1 ◦ Ni)(σi)‖1
is exactly the expected error in 1-norm caused
by the truncation in iteration i + 1. (This is
true because of the following fact about classical-

quantum states:
∥∥∥Ei |i〉〈i|C ⊗ (|ψi〉〈ψi|Q − |φi〉〈φi|Q)

∥∥∥
1

=

Ei ‖|ψi〉〈ψi| − |φi〉〈φi|‖1 where {|i〉C}i is an orthonormal
basis for the Hilbert space associated with register C.)
By Lemma E.1, this quantity is bounded by E

√
8εi+1.

Substituting this bound into the summation yields the
desired inequality.

Lemma 5. Let λ1 ≥ λ2 ≥ · · · denote the half-chain
Schmidt values after at least n/2 iterations of the toy
model process. Then with probability at least 1 − δ
the half-chain Schmidt values indexed by i ≥ i∗ =

exp
(

Θ(
√

log(n/δ))
)

obey the asymptotic scaling

λi ∝ exp
(
−Θ(log2(i))

)
. (E10)

Furthermore, upon truncating the smallest Schmidt co-
efficients up to a truncation error of ε, with probability
at least 1− δ, the half-chain Schmidt rank r of the post-
truncation state obeys the scaling

r ≤ exp
(

Θ
(√

log(n/εδ)
))
. (E11)

Proof. Suppose that an EPR pair is measured 2t times,
corresponding to each of the two qubits being measured t
times. A calculation shows that the probability of obtain-
ing s M1 outcomes is given by a mixture of two binomial
distributions. Letting S be the random variable denot-
ing the number of M1 outcomes, we find that Pr[S = s]
is given by

1

2
Pr
[
B2t,sin2(θ/2) = s

]
+

1

2
Pr
[
B2t,cos2(θ/2) = s

]
, (E12)

where Bn,p denotes a binomial random variable associ-
ated with n trials and success probability p. If after the 2t
measurements we obtain outcome M1 s times, the post-
measurement state is given by (up to normalization)

|00〉+ tan2(t−s)(θ/2) |11〉 . (E13)

Note that s can be assumed to be generated by sampling
from either B2t,sin2(θ/2) or B2t,cos2(θ/2) with probability

1/2 each. In the former case, the post-measurement state
may be written

|00〉+ tan2(t−B2t,sin2(θ/2))(θ/2) |11〉

= |00〉+ tan2t cos(θ)−2X2t,sin2(θ/2)(θ/2) |11〉 (E14)

where we have defined the random variable X2t,sin2(θ/2)

via Bn,p = np+Xn,p. That is, the random variable Xn,p

is distributed as a binomial distribution shifted by its
mean. Now, defining γ := (tan(θ/2))2 cos(θ) and X ′n,p =
Xn,p/ cos(θ), we may write the post-measurement state
as

|00〉+ γ
t−X′

2t,sin2(θ/2) |11〉 . (E15)

We assume WLOG that 0 < θ < π/2, so that 0 <
γ < 1. Similarly, if s is drawn from B2t,cos2(θ/2), then the
post-measurement state is given by

|00〉+ γ
−t−X′

2t,cos2(θ/2) |11〉 . (E16)

Note that, under a relabeling of basis states 0↔ 1, the
post-measurement state in this case is

|00〉+ γ
t−X′

2t,sin2(θ/2) |11〉 , (E17)

where we used the fact that −X ′2t,cos2(θ/2) is dis-

tributed identically to X ′2t,sin2(θ/2). Since we will be

interested in studying the entanglement spectrum of
this process, which is invariant under such local basis
changes, we may assume WLOG that the random post-
measurement state after 2t measurements is given by

|00〉+ γ
t−X′

2t,sin2(θ/2) |11〉.
We can then model the final state as⊗

t

|00〉+ γ
t−X′

2t,sin2(θ/2) |11〉 (E18)

up to normalization. This allows an estimate of the trade-
off between rank, truncation error, and associated prob-
ability of success.

Let Q(`) denote the number of “strict partitions” of
`, i.e. the number of ways of writing ` = t1 + t2 + . . .
for positive integers t1 < t2 < . . . . Precise asymptotics
are known forQ(`) (see https://oeis.org/A000009 and
[21]):

Q(`) = exp
(

Θ(
√
`)
)
. (E19)

By expanding Eq. (E18) as a superposition over com-
putational basis states, we obtain the unnormalized
Schmidt coefficients λ̃1 ≥ λ̃2 ≥ · · · ; each coefficient
in the expansion gives an unnormalized Schmidt coeffi-
cient. There are Q(`) unnormalized Schmidt coefficients

that are distributed as γ
`−X′

2`,sin2(θ/2) , where we used

https://oeis.org/A000009
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the fact that X ′t1,sin2(θ/2) + X ′t2,sin2(θ/2) is distributed as

X ′t1+t2,sin2(θ/2). We say that these Q(`) coefficients live

in sector `. For a fixed probability p, let K`,p denote
the smallest positive integer for which, with probability
at least 1 − p, all sector-` coefficients lie in the range
[γ`+K`,p , γ`−K`,p ]. By the union bound, to upper bound
K`,p it suffices to find an integer a for which

Pr
[∣∣∣X ′2`,sin2(θ/2)

∣∣∣ ≥ a] ≤ p

Q(`)
= p exp

(
−Θ(
√
`)
)
.

(E20)
By Hoeffding’s inequality, we have

Pr
[∣∣∣X ′2`,sin2(θ/2)

∣∣∣ ≥ a] ≤ exp
(
−Θ(a2/`)

)
; this yields the

bound

K`,p ≤ Θ

(√
` log(1/p) + `

√
`

)
. (E21)

Furthermore, note that since there are Θ(n2) sectors, by
the union bound, with probability at least 1− δ, for each
sector j, all coefficients lie in the range [γj+Kj,p , γj−Kj,p ]
if we take p to be p = δ/Θ(n2). We make this choice
of p and assume for the remainder of the argument that
all coefficients of sector j lie in the given range, which
is true with probability at least 1 − δ. We also note the
following fact which will be used below: if ` and p are
related as ` ≥ Θ(log(1/p)), then K`,p = O(`).

Still working with the unnormalized state of Eq. (E18),
we now study the scaling between the Schmidt index i
and corresponding coefficient λ̃i for i in the regime i ≥
exp
(

Θ(
√

log(1/p))
)

. Note that λ̃i = γ` for some integer

`. We first lower bound `. Note that the lower bound is
achieved if, for each sector j, all coefficients in that sector
are equal to γj−Kj,p . In this case, the exponent ` is equal
to `′ −K`′,p, where `′ is the smallest integer such that

i ≤
`′∑
j=1

Q(`′) = exp
(

Θ(
√
`′)
)
. (E22)

Rearranging, we see that `′ = Θ(log2(i)) ≥ Θ(log(1/p)),
and hence ` = Θ(log2(i)) since `′ −K`′,p = Θ(`′). Simi-
larly , an upper bound on ` is achieved if, for each sector
j, all coefficients in that sector are equal to γj+Kj,p . In
this case, ` is equal to `′ + K`′,p, where `′ is defined
as above. This yields a matching upper bound for ` of
Θ(log2(i)). We therefore have the scaling ` = Θ(log2(i)),

which, using the fact that λ̃i = γ` yields

λ̃i = exp
(
Θ(− log2(i))

)
, i ≥ exp

(
Θ(
√

log(1/p))
)
.

(E23)

Noting that λi is proportional to λ̃i via λi = 1
N λ̃i with

N =
√∑

i λ̃
2
i , this shows the first statement of the

lemma.
Now, suppose that for some i ≥ i∗ =

exp
(

Θ(
√

log(1/p))
)

, we truncate all Schmidt coef-

ficients with index ≥ i. The incurred truncation error is

ε =
∑
j≥i

λ2
j <

∑
j≥i

λ̃2
j = exp

(
−Θ(log2(i))

)
(E24)

where the inequality holds because the unnormalized
state has norm strictly greater than one (i.e. N > 1).
Rearranging, this becomes

i ≤ exp
(

Θ(
√

log(1/ε))
)
. (E25)

Hence, if we truncate the state at the end of the process
up to a truncation error of ε, the rank r of the post-
truncation state is bounded by

r ≤ max
(

exp
(

Θ(
√

log(1/ε))
)
, exp

(
Θ(
√

log(1/p))
))

(E26)

= exp

(
Θ

(√
log
( n

ε · δ

)))
(E27)

as desired, where we used the relation p = δ/Θ(n2).

Lemma 7. Suppose a 1D random circuit C is applied to
qubits {1, . . . , n} consisting of a layer of 2-qubit Haar-
random gates acting on qubits (k, k + 1) for odd k ∈
{1, . . . , n−1}, followed by a layer of 2-qubit Haar-random
gates acting on qubits (k, k + 1) for even k ∈ {1, . . . , n−
1}. Suppose the qubits of region B := {i, i + 1, . . . , j}
for j ≥ i are measured in the computational basis, and
the outcome b is obtained. Then, letting |ψb〉 denote the
post-measurement pure state on the unmeasured qubits,
and letting A := {1, 2, . . . , i− 1} denote the qubits to the
left of B,

ES(A)ψb ≤ c|B| (E28)

for some universal constant c < 1, where the expectation
is over measurement outcomes and choice of random cir-
cuit C.

Proof. We will use a smaller technical lemma, which we
state and prove below.

Lemma E.2. Let |ψ〉AB be some state on subsystems
A and B with subsystem B a qubit, and let |H〉CD be
some two-qubit Haar-random state on subsystems C and
D. Suppose a Haar-random two-qubit gate U is applied
to subsystems B and C. If subsystem B is measured in
the computational basis and outcome b is obtained, then
the von Neumann entropy of the post-measurement state
|ψb〉ABCD in subsystem A satisfies

E
b,H,U

S(A)ψb ≤ c · S(A)ψ (E29)

for some constant c < 1, where the expectation is over the
random measurement outcome, the random state |H〉CD,
and the Haar-random unitary U .
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Proof. Consider the Schmidt decomposition |ψ〉AB =√
p |e1〉A |f1〉B +

√
1− p |e2〉A |f2〉B where we assume

WLOG that p ≥ 1/2. We also assume that p < 1,
because the statement is trivially true for any value of
c when p = 1. Note that the entanglement entropy
of this state is simply S(A)ψ = H2(p) where H2(p) :=
−p log p−(1−p) log(1− p) is the binary entropy function.
Let M0 := (Π0 ⊗ I)U and M1 := (Π1 ⊗ I)U denote the
measurement operators acting on subsystems B and C,

where Πi denotes the projector onto the computational
basis state |i〉 and U is the Haar-random unitary applied
to subsystems B and C. Let X denote a random variable
equal to 1 with probability p and equal to 2 with proba-
bility 1 − p. Let Y denote the measurement outcome of
{M0,M1} when applied to the state |eX〉A |fX〉B |H〉C,D.
The probability of obtaining measurement outcome b on
the original state is simply Pr(Y = b), and the post-
measurement state after obtaining outcome b is

1√
Pr(Y = b)

(√
p · Pr(Y = b|X = 1) |e1〉A |b〉B |φb,1〉C,D +

√
(1− p) · Pr(Y = b|X = 2) |e2〉A |b〉B |φb,2〉C,D

)
=
√

Pr(X = 1|Y = b) |e1〉A |b〉B |φb,1〉C,D +
√

Pr(X = 2|Y = b) |e2〉A |b〉B |φb,2〉C,D
(E30)

where |φb,j〉C,D are normalized states on subsystems C

and D. Define

ε := min
b
|〈φb,1|φb,2〉|2. (E31)

Letting ρA,b denote the reduced density matrix on
subsystem A of the post-measurement state af-
ter obtaining measurement outcome b, the maxi-
mal eigenvalue of this matrix is lower bounded as
λmax(ρA,b) ≥ Pr(X = 1|Y = b) + εPr(X = 2|Y = b).
(To see this, observe that the reduced density ma-
trix on CD is σ = Pr(X = 1|Y = b) |φb,1〉〈φb,1| +
Pr(X = 2|Y = b) |φb,2〉〈φb,2|, and the maximal eigen-
value is lower bounded as λmax(ρA,b) = λmax(σ) ≥
〈φb,1|σ|φb,1〉 ≥ Pr(X = 1|Y = b) + εPr(X = 2|Y = b)).
Furthermore, note that

E
Y
λmax(ρA,Y ) ≥ E

Y
[Pr(X = 1|Y ) + εPr(X = 2|Y )]

(E32)

= p+ ε(1− p). (E33)

Now, using concavity of the binary entropy function, we
have

E
Y
S(A)ψY = E

Y
H2(λmax(ρA,Y )) (E34)

≤ H2(E
Y
λmax(ρA,Y )) (E35)

≤ H2(p+ ε(1− p)). (E36)

Consider the ratio r(p, ε) := H2(p+ε(1−p))
H2(p) . We want to ar-

gue that for any ε > 0, r(p, ε) is bounded away from one
on the interval p ∈ [1/2, 1). This statement is clearly true
for any p bounded away from one since H2 is monotoni-
cally decreasing on the interval [1/2, 1). Furthermore, it
is straightforward to show limp→1 r(p, ε) = 1− ε. Hence,
we have

EY S(A)ψY
S(A)ψ

≤ r(p, ε) ≤ c(ε) (E37)

where c(ε) < 1 unless ε = 0. We now average both
sides over the choice of Haar-random state on CD as
well as the Haar-random unitary U acting on BC. Since
the event ε > 0 occurs with nonzero probability (in
fact, with probability one), we have the strict inequality
EH,U [c(ε)] := c < 1, from which the desired inequality
follows.

We may assume that i 6= 0 and j 6= n, as in these cases
we trivially have S(ρA(b)) = 0. The post-measurement
state may be constructed as follows. Apply all gates in
the lightcone of qubit i, then measure qubit i. Now apply
all gates in the lightcone of qubit i + 1 not previously
applied, then measure qubit i + 1. Assume that qubits
are introduced only when they come into the lightcone
under consideration. Iterate until all qubits in region
B have been measured. Finally, apply any gates that
have not yet been applied. It is straightforward to verify
that this is equivalent to applying all gates of the circuit
before performing the measurement of region B, in the
sense that the measurement statistics are the same, and
the post-measurement state given some outcome b is the
same.

By Lemma E.2, after the first iteration we are left with
the state |ψ〉LR |bi1〉i1 , such that ES(L)ψ ≤ c for some
constant c < 1. In all iterations, we let L denote the cur-
rent subsystem to the left of the measured qubits, and
R denote the subsystem to the right of the measured
qubits. Now consider the second iteration. Depending
on whether i was even or odd, R may consist of one or
two qubits immediately after the measurement of i. In
the former case, we may apply Lemma E.2 again, obtain-
ing ES(L)ψ ≤ c2 after the measurement of qubit i + 1,
and obtaining a two-qubit subsystem to the right of the
measured qubits. In the latter case, as a consequence of
concavity of von Neumann entropy, we have ES(L)ψ ≤ c
after measurement, and are left with a one-qubit sub-
system to the right of the measured qubits. Iterating
this process, after all qubits of subregion B have been
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|ψ〉

A

L3 R3

L2 R2

L1 R1

≈ 2r

FIG. E.1. Illustration of the state after the qubits of columns
i, i + 1, . . . , j have been measured, but before gates in the
lightcone of registers A and L have been performed. In each
row i, we are left with a post-measurement bipartite state
|φi〉LiRi depicted by a wavy line. The expected entanglement

entropy S(Li)φi decays exponentially in r. The final state
of interest |ψ′〉 is obtained by applying local unitaries to the
qubits in the dashed red box before measuring all of these
qubits in the computational basis, inducing the final state
|ψ′〉 on R = R1 ∪ · · · ∪RL. By concavity of the von Neumann
entropy, the expected entanglement entropy of |ψ′〉 across the
cut defined by the dotted blue box is upper bounded by the
entanglement entropy across this cut before the unitaries and
measurements in the dashed red box are performed.

measured, we are left with some state |ψ〉LR such that

ES(L)ψ ≤ c|B|/2 ≤ c′|B| where c′ =
√
c < 1. Finally, lo-

cal unitary gates are applied to |ψ〉LR to obtain the final
post-measurement state on the entire chain. Since each
unitary is applied to only the left of region B or only
the right of region B, the entanglement entropy across
the (A,Ac) cut is unaffected by these gates, and remains
bounded by c|B| in expectation.

Lemma 8. Let C be an instance of Brickwork(L, r, v).
Then, with probability at least 1 − 2−Θ(r) over the cir-
cuit instance, SEBD running with maximal bond dimen-
sion cutoff D = Θ(1) and truncation error parameter
ε = 2−Θ(r) can be used to (1) sample from the output
distribution of C up to error n2−Θ(r) in variational dis-
tance and (2) compute the output probability of an ar-
bitrary output string up to additive error n2−Θ(r)/2n in
runtime Θ(n).

Proof. Suppose the state stored by SEBD immediately be-
fore entering into a 1-local region is |ψ〉A, defined on
register A. After another O(r) iterations of SEBD, just
before the end of the 1-local region, denote the new one-
dimensional state stored by SEBD as |ψ′〉. Note that |ψ′〉 is
a random state, depending on both the random choices of
gates in the 1-local region and the random measurement
outcomes. We now bound the expected entanglement
entropy of |ψ′〉 across an arbitrary cut.

To this end, we observe that the random final state
|ψ′〉 may be equivalently generated as follows. Instead of
iterating SEBD as usual for O(r) iterations, we first intro-
duce a contiguous block of qubits that lie in the 1-local
region. In particular, for all rows, we introduce all qubits
that lie in columns {i, i+1, . . . , j}. Here, i is chosen to be
the leftmost column such that the lightcone of column i

does not contain qubits in register A. Similarly, j is cho-
sen to be the rightmost column such that the lightcone of
qubits in column j does not contain vertical gates. Note
that |i− j| = Θ(r).

We next apply all gates in the lightcone of the qubits of
columns {i, i + 1, . . . , j}, before measuring these qubits
in the computational basis. Note that in this step, we
are effectively performing a set of L one-dimensional
depth-2 Haar-random circuits, and then measuring Θ(r)
intermediate qubits for each of the L instances. For
each instance, we are left with a (generically entangled)
pure state between a “left” and “right” subsystem, as
illustrated in Figure E.1. Let Li (Ri) denote the left
(right) subsystem associated with row i, and let |φi〉LiRi
denote the associated post-measurement pure state on
these subsystems. By Lemma 7, it follows that the ex-
pected entanglement entropy for any 1D instance obeys
ES(Li)φi ≤ 2−Θ(r) where the expectation is over random
circuit instance and measurement outcomes.

The next step is to apply all gates in the lightcone
of the qubits of registers A and L := ∪iLi before mea-
suring these registers, inducing a (random) 1D post-
measurement pure state on subsystem R := ∪iRi. It is
straightforward to verify that the distribution of the ran-
dom 1D pure state |ψ′〉R obtained via this procedure is
identical to that obtained from repeatedly iterating SEBD
through column j2. Indeed, the procedures are identical
up to performing commuting gates and commuting mea-
surements in different orders, which does not affect the
measurement statistics or post-measurement states.

Our goal is now to bound the entanglement entropy
S(R1R2 . . . Rk)ψ′ in expectation across an arbitrary cut
of the post-measurement 1D state. Such a bound fol-
lows from the concavity of the von Neumann entropy.
Let ρR1,...,Rk denote the reduced density matrix on these
subsystems before the measurements on A and L are per-
formed. Let ρxR1,...,Rk

denote the reduced density matrix
on these subsystems after the measurements on A and L
are performed and the outcome x is obtained; note that
the final state ψ′ implicitly depends on x. Now, letting
Pr[x] denote the probability of obtaining outcome x, we
have the relation

∑
x Pr[x]ρxR1···Rk = ρR1···Rk . To see

this, observe that for any set of measurement operators
{Mx}x satisfying

∑
xM

x†Mx = I, we have ρR1···Rk =

tr\R1···Rk (|ψ′〉〈ψ′|) =
∑
x tr\R1···Rk

(
Mx |ψ′〉〈ψ′|Mx†) =∑

x Pr[x]
tr\R1···Rk (Mx|ψ′〉〈ψ′|Mx†)

tr (Mx|ψ′〉〈ψ′|Mx†)
=

∑
x Pr[x]ρxR1···Rk .

2 Strictly speaking, we are actually studying a version of SEBD

that only performs the MPS compression step at the end of a
1-local region. Since 1-local operations cannot increase the bond
dimension of the associated MPS, the algorithm can forego the
compression steps during the 1-local regions without incurring a
bond dimension increase.
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Now, ∑
x

Pr[x]S(R1 . . . Rk)ψ′

=
∑
x

Pr[x]S(ρxR1,...,Rk
) (E38)

≤ S

(∑
x

Pr[x]ρxR1,...,Rk

)
(E39)

= S(ρR1,...,Rk) (E40)

=

k∑
i=1

S(Ri)φi (E41)

where the first line follows by definition, the second line
follows from concavity of the von Neumann entropy, the
third line uses the relation we discussed previously, and in
the final line we used the fact that ρR1,...,Rk is a product
state. Hence, we see that for any fixed set of gates and for
any outcomes of the measurements of qubits in columns
i, i + 1, . . . , j, the expected entanglement entropy of the
final 1D state ψ′ on R across any cut is bounded by
the entropy across that cut before the measurements on
subregions A and L. Taking the expectations of both
sides of this result with respect to the random gates and
measurement outcomes of the qubits in columns i, i +
1, . . . , j, we finally obtain

ES(R1 . . . Rk)ψ′ ≤ L2−Θ(r) (E42)

where we used the fact that k < L and ES(Ri)φi ≤
2−Θ(r). We now use the fact that the largest eigenvalue
λmax(R1 · · ·Rk) of the reduced density matrix is lower

bounded as λmax(R1 · · ·Rk)ψ′ ≥ 2−S(R1···Rk)ψ′ ; this fol-
lows from the fact that Shannon entropy upper bounds

min-entropy. Using this inequality as well as Jensen’s
inequality, we have the bound

Eλmax(R1 · · ·Rk) ≥ E 2−S(R1···Rk)ψ′ (E43)

≥ 2−ES(R1···Rk)ψ′ (E44)

≥ 2−L2−Θ(r)

(E45)

≥ 1− L2−Θ(r). (E46)

Therefore, if we truncate all but the largest Schmidt co-
efficient across the Rk : Rk+1 cut, we incur an expected
truncation error upper bounded by L2−Θ(r). Hence, by
Markov’s inequality, we incur a truncation error upper
bounded by L2−Θ(r) with probability at least 1−2−Θ(r).

Therefore, if we run SEBD using a per bond truncation
error of ε = L2−Θ(r) and a maximum bond dimension
cutoff of D = O(1), the failure probability will be upper
bounded by Lv2−Θ(r); here we used the union bound to
upper bound the probability that any of the O(Lv) bonds
over the course of the algorithm becomes larger than the
cutoff D. Hence, by Corollary 1, for at least 1 − 2−Θ(r)

fraction of random circuit instances, SEBD can sample
from the output distribution with variational distance
error Lv2−Θ(r) < n2−Θ(r). Similarly, by Corollary 3, for
at least 1− 2−Θ(r) fraction of circuit instances, SEBD can
compute the probability of the all-zeros output string up
to additive error n2−Θ(r)/2n.

Since the runtime of SEBD is O(nD3) when acting on
qubits as discussed previously, and D is chosen to be
constant for the version of the algorithm used here, the
runtime is O(n).
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