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Supplementary Information
The g mode period spacing. Because the C ring reveals two g-dominated modes of
consecutive radial order, we may estimate Saturn’s g mode period spacing, a fundamental
diagnostic of internal stratification that has been applied to measure convective core sizes in
main sequence stars[1, 2] and red giants[3]. In the asymptotic limit n ≫ 1, and ignoring the
effect of rotation, g modes are expected to be uniformly spaced in period by a separation[4]
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where the integral is carried out over the g mode cavity N > 0. Fig. S1 displays this asymp-
totic period spacing for models in our baseline sample, comparing it to the exact spacing
between the −2

2g1 and −2
2g2 periods derived from the calculated mode spectra. The asymptotic

spacing underestimates the exact spacing by typically 50%. The imperfect correspondence
between the two is unsurprising given that the modes in question are far from the asymptotic
limit, are affected by rotation, and are both interacting strongly with the nearby f mode.

It is significant, however, that the models universally over-predict the period spacing
compared to the spacing inferred directly from observations. We calculate the latter as the
period difference, in the planet’s rotating frame, between W76.44 and W87.19 (or the nearby
Maxwell ringlet wave). The inertial pattern speeds Ωp are related to the frequency ωα in the
planet’s frame by

ωα = −mΩp,α +mΩS. (S2)
Here we consider a broad range of bulk rotation rates ΩS corresponding to periods between
10h32m[5, 6] and 10h39m[7]. The ambiguity in identifying either W87.19 or Maxwell with
the higher-order g mode dominates the period spacing uncertainty, yielding a final estimate
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of 1.30 to 1.34 h for the observed spacing. Our numerical mode spectra on the other hand
predict 1.44 to 1.61 h, an overestimate also apparent in Fig. 4, Extended Data Fig. 8, and
Fig. S2 where our models on average satisfy the pattern speed of W76.44 but under-predict
those of W87.19/Maxwell. The inability of our model to satisfy the observed spacing may
indicate that a different functional from from the somewhat arbitrary parameterizations
chosen in Eqs. 1-2 might be necessary to capture Saturn’s deep composition profile. We
note that the smooth models assuming sigmoid radius dependence in Z(r) and Y ′(r) fare
somewhat worse in reproducing the observed spacing, predicting an larger spacing 1.62 to
1.73 h. Nonetheless, Fig. S1 demonstrates that even independent of an absolute frequency
scale, the period spacing of the m = −2 ring seismology spectrum strongly favors a modest
stratification Nmax/ωdyn ∼ 2 and hence an extended core-envelope interface.
Identifying g mode order. With the spacing between W76.44 and W87.19/Maxwell
accounted for as a single step in radial order n, there is a lingering possibility that the modes
responsible for these waves are offset in radial order compared to our interpretation. Indeed,
an earlier seismic model[8] (F14) identified W87.19 with the mode −2

2g3, placing a strong
resonance corresponding to −2

2g2 at Ωp ≈ 2350 deg d−1, just inside the inner boundary of
the C ring (see Fig. 5 of that work). With W76.44 now detected in the inner C ring, it is
reasonable to expect that with modest changes the same model could reproduce these two
resonances with n = 2, 3 g modes as in F14, in contrast with n = 1, 2 as in our favored model.
The n = 2, 3 interpretation would substantially change our conclusions regarding interior
structure, generally requiring larger values of N in the g mode cavity and consequently a
more abrupt composition gradient.

However, no such class of solutions emerged in the course of our democratic sampling
algorithm, even in the most general cases. We furthermore find that samples mandat-
ing that W76.44 be produced by −2

2g2 yield poor fits to both the seismology and grav-
ity constraints. The best models obtained in this way have a stable stratification from
rin/RS ≈ 0.1 to rout/RS ≈ 0.4 but systematically underestimate the frequencies of W84.64
and W87.19/Maxwell by ≳ 100 deg d−1 and overestimate the magnitude of J4 and J6 by
∼ 20 and ∼ 2.5 ppm respectively. We conclude that this scenario is not viable given
the gravity and seismology constraints together, and hence that the n = 1, 2 g modes are
overwhelmingly the best interpretation for W76.44 and W87.19/Maxwell respectively.
Constraints at higher azimuthal order. Although our analysis focuses on m = −2
where W76.44 offers a stringent constraint on deep interior structure, ring seismology has
probed prograde Saturn modes assuming all azimuthal orders from m = −2 through −11.
In addition to 4 bending waves [9] at outer vertical resonances, the C ring contains 17 known
density waves at outer Lindblad resonances[10, 11, 12, 9, 13] which we compare to the modes
of our preferred Saturn model in Fig. S2.

Beyond the lowest azimuthal orders |m| ≤ 3 already discussed, the observed waves are
readily identifiable with Saturn modes that are essentially pure f modes, consistent with
expectations from simpler interior models[14, 15]. This reflects the fact that the f and g modes
naturally decouple as the angular degree l is increased: f modes are trapped increasingly close
to the planetary surface while g modes are trapped strongly in the deep region where N > 0,
and the coupling between the two is weakened by this diminishing overlap in their radial
eigenfunctions. Coupling is simultaneously weakened by their diverging frequencies: f mode
frequencies increase with l as ωf/ωdyn ≈ l1/2 whereas g modes are confined to frequencies
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ωg ≲ N . As a result their frequencies are dissimilar beyond l ≈ (N/ωdyn)
2, which for the

typical value Nmax/ωdyn = 2 obtained in our models implies that the f modes cannot be
strongly contaminated beyond l ≈ 4, consistent with the lack of observed g modes starting
at m = −4.

Indeed, near this decoupling threshold the modes −5
5 f and −5

5 g1 are near an avoided cross-
ing and do exhibit some coupling, but the low level of overlap in their radial wavefunctions
fails to enhance the surface amplitude of the g mode to a level likely to be expressed in
the rings. Our preferred model does predict potentially observable m = −3 and m = −4
resonances in the inner C ring corresponding to the modes −3

3 g1 and −4
4 g1, a continuation of

the same n = 1 g mode sequence of which we argue W76.44 is a part. Another m = −3
resonance corresponding to −3

3 g2 is predicted to fall near 86,000 km, but at an estimated
wave amplitude dτ ≈ 3% its detectability is more dubious. We note that the two modes we
might label −4

4 g1 and −4
4 f in our usual scheme are virtually interchangeable because these

two have nearly equal surface potential perturbation amplitudes, and so we refrain from
attaching specific labels in Fig. S2 where they both fall near the observed m = −4 density
wave.

Finally this model systematically overestimates the frequencies of the sectoral f modes
−l
l f with l ≥ 4, in contrast to the good agreement found in a previous study that applied a

more simplistic three-layer structure model and neglected mode-mode coupling[15]. These
modes are insensitive to deep structure, their frequencies instead dictated mostly by outer
envelope structure and Saturn’s rotation. An adequate fit to the full set of ring seismology
constraints therefore motivates more complex envelope structures than have been considered
so far, as well as a treatment of realistic differential rotation profiles[16]. Independent of
these physical considerations, the results here also neglect third-order effects such as Coriolis-
ellipticity coupling that may reduce mode frequencies by as much as a few percent, significant
compared to the mismatch seen in Fig. S2.
Estimates of mode amplitudes. The mode excitation and dissipation processes operating
in gas giants are unknown[17, 18]. The only amplitude constraints available for Saturn
are the measured amplitudes of waves at Lindblad resonances with Saturn’s sectoral l =
2 − 10 f modes[13], and even this limited set evinces an unexpectedly complicated power
spectrum. To quantify the notion of detectability for the normal modes that we calculate, we
simply assume that the relative mode amplitudes are given by energy equipartition and then
anchor the overall spectrum such that a normal mode with frequency ω/ωdyn = 1 receives a
nondimensional mode amplitude A1 = 6× 10−10, with modes normalized by inertia [8]. The
ring response near a Lindblad resonance as a function of the effective forcing potential was
computed by Goldreich & Tremaine[19] and described in detail for the special case of Saturn
ring seismology by Fuller et al.[20] in their Section 5 and Appendix D. This procedure yields
optical depth semi-amplitudes of order 10% near Lindblad resonances for the l = 2, m = −2
modes in the C ring, roughly in line with the measured semi-amplitudes of the four m = −2
waves there[12, 11, 9]. These amplitudes are only an approximate guide due to Saturn’s
unknown mode excitation mechanism and our forgoing of any detailed local treatment for
the mass density and opacity throughout the ring.
Influence of differential rotation on mode frequencies. We estimate the effect of
deep zonal flows on mode frequencies by fitting the symmetric part of Saturn’s observed
cloud-level winds[21] with a polynomial and assuming that they decay with spherical radius
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following a logistic function:

Ω(r, µ) = ΩS

[
1 + η(r)

S∑
s=0

fsµ
2s

]
; (S3)

η(r) =

(
1 + exp

[
−2(r − r0)

∆ ·RS

])−1

. (S4)

Here µ = cos θ, ΩS = 2π/(10.561 h) is the rotation frequency assumed for the rigid deep
interior, and the coefficients fs are obtained by projecting the observed winds[21] onto even
Legendre polynomials and collecting terms of common order in µ. Taking r0 = 0.875RS and
∆ = 0.02 yields a radial decay profile similar to that inferred from gravity and magnetic
constraints by Galanti & Kaspi[22]; the resulting profile is shown in Extended Data Fig.7a-b
for two choices of the latitudinal expansion order S = 0 and S = 14.

For these rotation laws we calculate the first-order Coriolis perturbation to mode fre-
quencies using inner products given by Dziembowski & Goode[23]. This calculation does
not account for avoided crossings induced by the differential rotation, a process that would
affect the fine splitting observed between Maxwell/W87.19 and the three m = −3 patterns
but not the three well-separated m = −2 frequencies that drive our main results.

Extended Data Fig. 7c shows these corrections for sectoral (l = −m) modes in a typical
interior model, expressed as the pattern speed seen in inertial space. Both the realistic
latitudinal expansion S = 14 and the trivial expansion S = 0 produce similar frequency
shifts: to first order, the modes experience the zonal flows as a super-rotating near-surface
region. For either rotation law, frequencies are relatively unchanged for modes of low degree
such as l = 2 because these mode eigenfunctions mostly occupy the inner regions of the
planet (Extended Data Figs. 2-3) where rigid rotation holds. The wind contributions for all
ℓ = 2 modes are less than 1 deg d−1, an insignificant change compared to the conservative
pattern speed uncertainty enforced in our likelihood function (of order 50 deg d−1), and
compared to the residuals seen in Fig. 4 for our best model. Differential rotation corrections
are even smaller for g modes primarily trapped in the deep interior, but they are larger
(∼10 deg d−1) for high-l f modes trapped close to the surface. We caution that this simple
first-order estimate likely overestimates effect on high-degree f mode frequencies due to the
compensating effect of higher order corrections. We conclude that Saturn’s deep zonal flows
do not affect our main results, but future work should address their contributions to the fine
splitting at m = −2,−3, to the frequencies of high-degree f modes, and to the differentially
rotating background structure.
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Figure S1: Estimating Saturn’s g mode period spacing. The g mode period spacing
is plotted against Nmax for each model in our baseline sample, with color mapped to log
likelihood. The asymptotic spacing is given by Eq. S1 and the exact spacing labeled “spec-
trum” is calculated from the −2

2g1 and −2
2g2 mode frequencies. The lower (upper) bound for

the observed period spacing assumes that W76.44 and W87.19 (Maxwell) are generated by
l = 2 Saturn g modes of consecutive radial order.
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Figure S2: Saturn’s oscillation spectrum across m. Locations of observed patterns at
outer Lindblad resonances in the C ring (diamonds) are compared to modes of our preferred
Saturn model (circles, with marker size mapping to estimated wave optical depth amplitude).
Select modes are labeled by their dominant pseudo-mode component.
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