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ABSTRACT
Although quasi-Keplerian discs are among the most common astrophysical structures, computation of secular angular momentum
transport within them routinely presents a considerable practical challenge. In this work, we investigate the secular small-
inclination dynamics of a razor-thin particle disc as the continuum limit of a discrete Lagrange–Laplace secular perturbative
theory and explore the analogy between the ensuing secular evolution – including non-local couplings of self-gravitating discs
– and quantum mechanics. We find the ‘quantum’ Hamiltonian that describes the time evolution of the system and demonstrate
the existence of a conserved inner product. The lowest-frequency normal modes are numerically approximated by performing
a Wick rotation on the equations of motion. These modes are used to quantify the accuracy of a much simpler local-coupling
model, revealing that it predicts the shape of the normal modes to a high degree of accuracy, especially in narrow annuli, even
though it fails to predict their eigenfrequencies.
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1 IN T RO D U C T I O N

Astrophysical discs are ubiquitous, and their long-term evolution
under self-gravity constitutes one of the classic problems of dynam-
ical astronomy. Having a generic formation channel characterized
by energy dissipation at constant angular momentum (Goldreich &
Tremaine 1982), astrophysical discs exhibit significant diversity.
Some discs, including active galactic nuclei and young protoplane-
tary discs, are primarily composed of gaseous hydrogen and helium.
In these fluid discs, self-gravity, viscosity, and pressure support all
play significant roles. Other systems, including debris discs and
discs of stars around supermassive black holes, have no appreciable
internal pressure and undergo purely gravity-dominated evolution.
Moreover, when the mass of the system is dominated by the central
body, the trajectories of the individual particles resemble the closed
elliptical orbits of a binary system, rendering the dynamics quasi-
Keplerian.

Although astrophysical discs are often envisioned to be planar and
perfectly circular, observations suggest that in reality, they can pos-
sess considerable large-scale structure. One common feature present
in discs spanning a broad range of scales is warping – a process
routinely attributed to an interplay between external perturbations
and internal angular momentum transfer (Binney & Tremaine 2008).
For example, the origin of the warped stellar disc at the centre of the
Milky Way has been ascribed to a mix of self-gravitational effects
and torques from nearby star clusters (Kocsis & Tremaine 2011).
Similarly, large-scale warps of young circumstellar discs are often
imagined to arise due to both self-interactions within the disc and
external perturbations (Nesvold et al. 2016). Gravitational torqueing
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of protoplanetary discs may even be responsible for planetary spin-
orbit misalignments (Bate, Lodato & Pringle 2010; Spalding &
Batygin 2014).

In these and other quasi-Keplerian discs, self-gravitational cou-
pling leads to long-period variations in the orbital elements. Although
qualitatively simple, obtaining quantitative descriptions of the long-
term consequences of this process can present a considerable practi-
cal challenge. In this work, we attack one aspect of this problem and
consider angular momentum transport on timescales much longer
than the orbital period but considerably shorter than the lifespan of
the system. In particular, we focus on the secular inclination evolution
of a dynamically cold particle disc.

Adopting an orbit-averaged framework, we investigate the secular
evolution as the continuum limit of a discrete model of disc dynamics,
assuming that the degree of warping is small. To this end, Batygin
(2018) has recently demonstrated that the dynamics captured by the
Lagrange–Laplace perturbative treatment of disc evolution mirror
the structure of the free-particle Schrödinger equation when coupling
between distant parts of the disc is neglected. In this local-coupling
model, the dynamics are equivalent to a particle-in-a-box with
Neumann boundary conditions; in terms of this analogy, propagating
waves in the disc formed from a superposition of normal modes
would correspond with nodal bending waves (Binney & Tremaine
2008).

The local-coupling model presents a compellingly simple picture
of the secular small-inclination evolution of a self-gravitating razor
thin particle disc, but more work is needed to understand its limits
of applicability. Notably, the secular eigenfrequencies predicted by
the naive local-coupling model are significantly lower than those
seen in simulations including non-local coupling (Batygin 2018).
Additionally, because asymmetric gravitational couplings between
narrow rings in the disc are neglected, the local-coupling model
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does not in general conserve angular momentum. Despite these
shortcomings, numerical simulations indicate that they are close to
the true normal modes for thin annuli, such as those that may occur
during pebble accretion in protoplanetary discs (Morbidelli et al.
2020). Even for wider discs, the equations of motion are almost
diagonal in the local-coupling normal mode basis.

In this paper, we extend the local-coupling Schrödinger model
to include non-local couplings and show that a conserved inner
product exists on the space of solutions to the equations of motion.
By exploiting this, we can extract close approximations of the true
small-inclination normal modes. We compare these normal modes
to those predicted by the local-coupling model to understand its
limits of applicability, finding that the local-coupling normal modes
provide an excellent approximation to the true normal modes in
narrow discs. The remainder of the paper is structured as follows.
We first introduce the secular theory of a discretized self-gravitating
disc and take the limit as the discretization becomes infinitely fine
to obtain an effective model for the long-wavelength excitations of
a continuous disc in Section 2. We then derive a conserved inner
product on the space of solutions of the equations of motion. The
first four nontrivial lowest-frequency, or low-lying, normal modes
of the disc are extracted by formally rotating time in the complex
plane and these modes are compared to the local-coupling normal
modes and the conventional Lagrange–Laplace normal modes found
by diagonalizing the equations of motion. Our results are summarized
in Section 4.

2 LAG R A N G E – L A P L AC E SE C U L A R T H E O RY:
C O N T I N U U M L I M I T

To understand secular angular momentum transport in razor-thin
particle discs, we adopt an orbit-averaged Lagrange–Laplace per-
turbative treatment. We partition the disc into a finite set of rings,
interacting through a lowest-order expansion of the secular perturb-
ing function (see chapters 6 and 7 of Murray & Dermott 1999), and
take the continuum limit by letting the spacing of the rings approach
zero while holding fixed the extent of the disc. We then derive the
equations of motion in the continuum limit and find a conserved
inner product on the set of solutions.

2.1 Parameters of the model

We assume that the mass of the central body dominates the short-
term dynamics of the system so that the orbits of individual particles
appear Keplerian over an orbital period, with a mean motion that is
well-approximated by Kepler’s third law

n =
√

GM

a3
, (1)

where M is the mass of the central body and a is the semimajor
axis. Additionally, we assume that orbital eccentricities and relative
inclinations are small throughout the disc. This ensures that the
velocity dispersion – which sets the vertical thickness of the system
– is small compared to the Keplerian velocity at a fixed semi-major
axis a. Accordingly, we consider the aspect ratio of the disc β = h/a
as a small parameter and assume that it is constant throughout the
disc. Finally, we assume that the disc extends from ain to aout, and
define L = log aout/ain. Realistic systems have L on the order of a
few;L exceeds 10 only in exceptional circumstances (Batygin 2018).
Location within the disc is parametrized by ρ = log a/a0, where a0

is taken to be ain by convention. The inclination and longitude of

ascending node are parametrized by a complex coordinate η such
that

η = iexp(ι�)√
2

, (2)

where i is the inclination and � is the longitude of ascending node.
ηj refers to the complex number parametrizing the inclination and
longitude of ascending node of the j-th ring of the discretized disc,
mj the mass , nj the mean motion, and aj the semimajor axis. After
taking the continuum limit, we parametrize position within the ring
by the variable ρ = log a/ain, so that ρ extends from ρ = 0 to ρ = L.

In our analysis of the local-coupling model, we assume that the
surface density profile is described by the power law:

�(a) = �0(ain/a)1/2. (3)

We focus on this case to make contact with the numerical work
performed in Batygin (2018), but the formalism described in this
paper applies more generally, and, when applicable, we will describe
the generalization to arbitrary surface density profile.

Moreover, by virtue of being orbit-averaged, we assume that the
system is gravitationally stable, implying that mdisc�βM/2 (Armitage
2009).

2.2 Dynamics

To correct the local-coupling model and understand its successes and
deficiencies, a similar method must be developed taking non-local
coupling into account. Accordingly, we will partition the disc into a
finite set of rings, indexed by i = 1, . . . , N, and will eventually take
N → ∞. In the ring-partitioned disc system, the disturbing function
including all couplings is (Batygin 2018)

Rj = Bjjη
∗
j ηj +

∑
i �=j

Bji(ηjη
∗
i + η∗

j ηi) (4)

Bjj = −
∑
i �=j

Bji

Bjk = njmk

4 M

⎧⎨
⎩

ak

aj
b̃

(1)
3/2(ak/aj ) k ≤ j

a2
j

a2
k

b̃
(1)
3/2(aj /ak) k > j

,

where b̃
(1)
3/2(α) is a Laplace coefficient (Binney & Tremaine 2008).

To prevent b̃
(1)
3/2(α) from diverging as α → 1, we soften1 the Laplace

coefficient by the disc aspect ratio β (Hahn 2003):

b̃
(j )
k (α) = 2

π

∫ π

0

cos jψ

(1 − 2α cos ψ + α2 + β2)k
. (5)

Because Bjk ∝ mk for j �= k, we can take the continuum limit of the
disturbing function to obtain

R(ρ) =
∫

C(ρ, ρ ′)
[
η(ρ ′)∗η(ρ) + η(ρ ′)η(ρ)∗

]
dm′

−
(∫

C(ρ, ρ ′)dm′
)

η(ρ)∗η(ρ)

C(ρ, ρ ′) = n(ρ)

4 M

{
eρ′−ρ b̃

(1)
3/2(eρ′−ρ) ρ ′ ≤ ρ

e2ρ−2ρ′
b̃

(1)
3/2(eρ−ρ′

) ρ ′ > ρ
.

(6)

1This is a standard technique to account for the finite vertical extent of the
disc; if we were performing an area integral dρdz, the result would be finite.
When we pass to a description ignoring the ẑ axis, we must include this
softening parameter to avoid unphysical singularities.
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Applying the equation of motion ι
∂η

∂t
= −∂R(ρ)/∂η(ρ)∗, we find

that

ι
∂η(ρ)

∂t
=

∫
C(ρ, ρ ′)(η(ρ) − η(ρ ′))dm′

=
∫

2πa2
ine

2ρ′
�(aine

ρ′
)C(ρ, ρ ′)(η(ρ) − η(ρ ′))dρ ′

=
∫

B(ρ, ρ ′)(η(ρ) − η(ρ ′))dρ ′. (7)

This can be written in the form of a general time-dependent
Schrödinger equation with Hamiltonian H, in which

Hη =
∫

B(ρ, ρ ′)(η(ρ) − η(ρ ′))dρ ′. (8)

If we expand η(ρ
′
) in a power series around ρ, we find that

H = −
∞∑

k=1

ck(ρ)
∂k

∂ρk

ck(ρ) = 1

k!

∫
B(ρ, ρ ′)(ρ ′ − ρ)kdρ ′. (9)

We should stress that we have so far only assumed that the relative
inclination is perturbatively small throughout the disc and that the
relevant dynamics are secular. We have not assumed anything about
the coupling between different parts of the disc; hence, the equation
of motion presented above is equivalent to the Lagrange–Laplace
equations of motion written in terms of the complex variable η.

We obtain the local-coupling equation by keeping only the term
proportional to ∂2/∂ρ2 and averaging over the spatial dependence of
c2(ρ):

ι
∂η

∂t
= HLCη = −c2

∂2η

∂ρ2

c2 = 1

L

∫ L

0
c2(ρ)dρ. (10)

In the interior of the disc, ck is small for odd k due to the
approximate symmetric coupling, while ck remains significant for
even k, so that the dominant contribution to the equations of motion
has k = 2. While ck tends to drop in magnitude as k increases,
it is worth noting that the higher-order contributions can become
significant for states with large wavenumbers.

2.3 The conserved inner product

To extend the analogy between the small-inclination dynamics of a
self-gravitating particle disc and the structure of quantum mechanics,
we need not only the emergence of a general time-dependent
Schrödinger equation but also the presence of a conserved inner
product. Many of the tools of quantum mechanics rely on the
existence of a set of orthogonal eigenmodes with real oscillation
frequencies, which is guaranteed by the conservation of some inner
product 〈ψ |φ〉. This will be true if the Hamiltonian is Hermitian with
respect to the given inner product. Correspondingly, in this section,
we first show that there exists an inner product such that 〈η|η〉 is
conserved by requiring that angular momentum is conserved; then,
we show that 〈η|ν〉 must be conserved as well for any solutions to
the equations of motion η and ν.

Consider the angular momentum of a small ring of mass dm
and semi-major axis a. Its ẑ angular momentum deficit is, in the
small inclination approximation,

√
GMai2dm/2 (Laskar 1997).

Integrating over all infinitesimal rings, the total z-angular momentum

deficit is
∫ √

GMai2dm

2
∝

∫
2πa�(a)

√
ai2da ∝

∫
a�(a)

√
ai2da = 〈η|η〉 . (11)

For the choice of disc parameters above, �(a)
√

a is constant, and
the inner product is given by (dropping an insignificant constant)

〈η|η〉 =
∫

aη∗ηda. (12)

For these dynamics to mirror completely the structure of quantum
mechanics, it must be that 〈η|ν〉 is conserved for any two solutions η

and ν. Indeed, this is the case for stable dynamics such as those
described by the Lagrange–Laplace model. Because the ‘matrix
elements’ B(ρ, ρ

′
) of H are real, (Hη)∗ = H[η∗]. Thus, if η is a

normal mode with frequency ω, η∗ must be a normal mode with
frequency ω∗. For stable dynamics, ω = ω∗ so that the amplitude
of normal modes does not grow with time. Hence, η∗ + η is also
a normal mode, and the normal modes can be taken to be real
functions of the coordinate ρ. Suppose that ηa and ηb are two real and
distinct eigenfunctions. Then, 〈ηa + ηb|ηa + ηb〉 is conserved, which,
by the conservation of 〈η|η〉, implies that 〈ηa|ηb〉 = −〈ηb|ηa〉 =
−〈ηa|ηb〉∗. Therefore, 〈ηa|ηb〉 = γ ι for γ ∈ R. 〈ηa|ηb〉 must also
be real, however, so γ ι ∈ R. The only way both conditions can be
satisfied is if 〈ηa|ηb〉 = 0 for unequal eigenstates. Now, any solution
can be written as the sum of eigenstates η = ∑

aαaηa, ν = ∑
aβaηa.

Then,

〈η|ν〉 =
∑
a,b

α∗
aβb 〈ηa |ηb〉

=
∑

a

α∗
aβa 〈ηa |ηa〉 . (13)

Because this quantity is independent of time, the inner product is
conserved, provided that the model conserves angular momentum.
We will provide a direct proof of the conservation of this inner
product in Appendix A.

For a general surface density profile �(a), it is easy to extend the
analysis above to show that the inner product

〈η|ν〉 ∝
∫

η∗(a)ν(a)a3/2�(a)da (14)

is conserved. This completes the analogy with quantum mechanics:
not only do the dynamical equations take the form of a generalized
time-dependent Schrödinger equation, the space of solutions of
the equations of motion possesses a conserved inner product. This
implies that the Hamiltonian is Hermitian with respect to the inner
product above.

It is worth noting that equation (14) is not the same inner product
as that preserved by the local-coupling model. The local-coupling
model preserves the inner product

〈η|ν〉 ∝
∫ L

0
η∗(ρ)ν(ρ)dρ,

which is the sum of the angular momentum deficit of each
infinitesimal ring with a nontrivial weighting. The source of this
difference is the assumption that the coupling was symmetric when
deriving the local-coupling model. As the true normal modes of
the disc are orthogonal with respect to the inner product given
by equation (14) rather than that preserved by the local-coupling
model, this inner product is not preserved by the true, non-local
dynamics. As a benchmark of the failure of the local-coupling
model to conserve angular momentum, we compute a measure of
the variation of angular momentum if the local-coupling model was
correct. Since we focus on the long-wavelength normal modes of the
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3958 W. Melton and K. Batygin

Figure 1. A quantitative measure of the non-conservation of angular mo-
mentum wihtin the framework of the local-coupling model. The quantity
r(L) is shown for a disc with an inverse square root density profile from
L = log aout/ain = 0 to L = 3. Note that the degree of angular momentum
non-conservation is only small for L � 1, implying that the local model is
applicable to annuli but not extended discs.

disc, we examine the failure of angular momentum to be conserved
in states dominated by the longest-wavelength normal modes. If
the local-coupling model was correct, we could consider a system
with state η(ρ, t) = c0(ρ)e−ιω0t + c1(ρ)e−ιω1t , letting c�(ρ) be the
local-coupling modes. Then, to linear order, the angular momentum
of this state is 〈η|η〉 = 〈c0|c0〉 + 〈c1|c1〉 + 〈c1|c0〉 eι(ω1−ω0)t +
〈c0|c1〉 eι(ω0−ω1)t = 〈c0|c0〉 + 〈c1|c1〉 + 2 〈c0|c1〉 cos(ω0 − ω1)t , so
that the width of the variation of angular momentum is 2〈c0|c1〉. We
thus define

r(L) = | 〈c0|c1〉 |√〈c0|c0〉 〈c1|c1〉
, (15)

which provides a measure of the extent of variation around the
average angular momentum that is insensitive to the normalization
of the inner product and the normalization of the solutions c0, c1. For
a disc with an inverse square root surface density profile,

r(L) = 4L2
√

2 − 2L2/(π2 + 2L2) cothL
π2 + 4L2

(16)

which is plotted in Fig. (1). The error is small (on the order of
5 per cent) forL � 0.1, so the local-coupling model may be expected
to hold for narrow annuli, but becomes progressively inaccurate as
L increases.

3 N O R M A L MO D E S O F T H E D I S C

The non-local equations of motion found in the previous section
are not amenable to analytical techniques in the same way as the
local model. Variational methods can be applied, but without a clear
understanding of the space of states described by these dynamics,
we risk finding false solutions. Additionally, these results may be
sensitive to the choice of family of trial functions. An approach that
extracts the normal modes without requiring assumptions about their
form would be far more useful.

Such a method can be found by rotating time in the complex plane,
turning the oscillatory solutions of the true equations of motion into
exponentially damped solutions. By applying the imaginary time
equations of motion and the orthogonality rules derived above, we
can successively extract the low-lying normal modes of the disc. In
this section, the imaginary time formalism is described and extended

to the equations of motion for a disc composed of a large but finite
number of rings.

3.1 The imaginary time formalism

In real time, the equations of motion are

ι
∂η

∂τ
= Hη

η(ρ, t) = e−ιHt η(ρ, 0). (17)

The solutions take the familiar form η(ρ, t) = ∑
k ckηk(ρ)e−ιωk t .

When we perform a Wick rotation, sending t → −ιτ , the equations
of motion take the form

∂η

∂τ
= −Hη

η(ρ, τ ) = e−Hτ η(ρ, 0). (18)

These equations have solutions of the form η(ρ, τ ) =∑
k ckηk(ρ)e−ωkτ , where ηk(ρ) is the shape of the k-th normal mode.

These solutions are exponentially damped, with higher-frequency
normal modes decaying more quickly than lower-frequency modes.
At large τ , η(ρ, τ ) will be dominated by the normal mode of lowest
frequency whose coefficient in the mode expansion above is non-
zero.

By choosing η(ρ, 0) such that 〈η(0)|ηk〉 = 0 for k < � and 〈η(0)|η�〉
�= 0, η(ρ, τ ) will be dominated by η�(ρ) for large τ . Because the
ground state η0(ρ) = 1 is known by symmetry, we can obtain low-
lying normal modes in turn by applying successive Gram–Schmidt
orthogonalization, which allows us to remove contributions from
lower-frequency normal modes. Even though continuum descriptions
of the disc are appealing, to apply this formalism numerically, the
Schrödinger-evolution model derived above must be cast into a
discrete form.

While the aforementioned non-local model applies to continuum
discs, a conceptually similar model governs the evolution of a discrete
ring-partitioned disc. Rather than being described by a function η(ρ),
the state of the disc will be described by a finite set of complex
numbers ηj, with j = 1. . . N. The Hamiltonian is a linear function of
the space of states with coefficients given by the discrete counterpart
of equation 4.3, and the inner product is

〈η|ν〉 =
∑

j

mj

√
ajη

∗
j νj (19)

so that 〈η|ν〉 is proportional to the ẑ angular momentum deficit. We
will use the equations of motion for this discretized model to extract
the normal modes of the disc.

3.2 Numerical simulations: the first four non-zero normal
modes of a � ∝ a−1/2 disc

A distinct prediction made by the local-coupling model outlined in
Batygin (2018) and recalled in Section 2.2 is that the normal modes
of the disc have the form:

ηk(ρ) = cos
kπρ

L = cos

(
kπ

L log
a

a0

)
. (20)

Correspondingly, in order to quantify the accuracy of the local-
coupling model, we simulated a trial disc numerically. For definitive-
ness, we adopted the same example as that considered by Batygin
(2018). The disc had total mass 1 M⊕, orbited a star of 1 M�, and
extended from a = 1 AU to a = 1.1 AU. Notably, this system is
similar to the annulus of solid debris, within which the formation
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Eigenstates of quasi-Keplerian discs 3959

Figure 2. The first four non-constant normal modes of the local-coupling model (right) and the corresponding numerically extracted modes for the fully coupled
model with the same disc parameters (left). The red line is the lowest-frequency non-constant mode (k = 1 in the local-coupling model), blue the second lowest
frequency mode (k = 2), green the third lowest (k = 3), and grey the fourth lowest (k = 4). For each model, the simulated disc spans a semi-major axis range
of 1–1.1 AU and is comprised of N = 100 equally spaced, interacting wires. The aspect ratio is taken to be β = 0.001 throughout. The cumulative disc mass is
equal to that of the Earth and the mass of the central body is equal to that of the sun.

Table 1. The periods and best-fitting wavenumbers of the first numerically
extracted modes.

i k Ti = 2π
ωi

(years)

1 24.1748 3947
2 61.2425 1670
3 90.6545 1041
4 120.424 756

of the Solar system’s terrestrial planets unfolds (Hansen 2009). The
surface density profile was taken to be �(a) ∝ a−1/2 as in Section 2.1.
The aspect ratio of the disc was β = h/a = 10−3. In the simulation,
the disc was partitioned into a series of N = 100 rings, each of which
coupled gravitationally to every other ring.

The imaginary time equations of motion ∂η/∂τ = −Hη were
solved using a conventional 4th-order Runge–Kutta integration. The
initial conditions were chosen so that η(ρ, 0) was close to cos kπρ/L
for k = 1, 2, 3, 4, with contributions from the lower-frequency
normal modes removed using Gram–Schmidt orthogonalization. To
prevent the desired state from becoming damped below machine
precision, the Hamiltonian was shifted by a term proportional to the
identity so that the frequency of the desired mode was close to 0. The
calculations were run for several thousand years of simulation time,
by which point higher-frequency modes had damped to the point that
they were negligible compared to the mode of interest. After the state
was extracted from the simulation, Gram–Schmidt orthogonalization
was applied again to remove residual contributions from low-lying
modes that grew exponentially. The modes derived were then used as
the input for a real-time simulation; upon completing this exercise,
no significant evolution of the magnitude of the inclination was
observed, indicating that these modes are indeed very close to the
true normal modes of the system. The results of these simulations
are presented in Fig. 2.

The periods of these normal modes were then estimated from the
real time simulations; the results are presented in Table 1 along with
best-fitting wavenumbers k. We reiterate that these normal modes
were not derived by assuming a specific form of the normal modes
beyond the initial condition η(τ = 0) = cos kπρ/L, and the results

are generally insensitive to the initial choice as long as the correct
orthogonalization procedures are followed. Hence, we use these
normal modes to test the accuracy of the local-coupling normal mode
approximations, which is given by equation (20).

While this may seem a numerically tedious way of extracting
the normal modes, convergence to the true normal mode is fast as
the difference to the true normal modes falls exponentially in time.
As such, when it is computationally simpler to simulate a system
over a small number of periods than to numerically diagonalize the
Lagrange–Laplace equations of motion (as becomes progressively
the case with increasing N), this will provide a useful way of
numerically extracting low-lying modes of the disc.

3.3 Comparison with traditional Lagrange–Laplace normal
modes

Now that we have used the Wick-rotated equations of motion to
numerically evaluate the normal modes, we compare to the results
found by diagonalizing the Lagrange–Laplace equations of motion.
Specifically, we will show that the normal modes for the N =
100 disc simulated here are close to the modes found by explicitly
diagonalizing the equations of motion.

The Lagrange–Laplace equations of motion take the form

dηj

dt
= −ιBjkηk. (21)

Bjk was explicitly diagonalized and its eigenvalues and eigenvectors
explicitly computed. The periods predicted by explicit diagonaliza-
tion of Aij are compared to those predicted from the imaginary-
time simulations in Table 2. The agreement between the predictions
derived using the imaginary time formalism are clearly excellent
approximations to those derived by explicit diagonalization of the
normal modes.

The normal modes derived from the imaginary time simulation
and from diagonalizing the equations of motion, normalized so that
η(0) = 1, are shown in Fig. 3 below. Differences between the exact
modes of the discrete system and those derived from the imaginary
time procedure were on the order of 10−10–10−3 as a fraction of the
exact mode, with particularly strong agreement for the two lowest
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3960 W. Melton and K. Batygin

Table 2. The periods in years from explicit diagonalization and the imaginary
time simulation.

i Ti (Imaginary time) Ti (Explicit diagonalization)

1 3947 3947
2 1670 1671
3 1041 1041
4 756 757

normal modes. Better agreement could be found by running the
imaginary time simulation for a longer period of time. We conclude
that the modes derived using the imaginary time simulations are in
excellent agreement with the modes found by explicitly diagonalizing
the equations of motion, validating our method that the Gram–
Schmidt orthogonalization is sufficiently reliable, and indicating that
we can use them to quantify the accuracy of the local-coupling modes.

3.4 The accuracy of the local-coupling normal modes

Although the curves delineated in Fig. 2 appear close to the prediction
of the local model (equation 20), their correspondence is not exact.
But just how inexact are they? Having strong estimates of the true
normal modes of the disc, we can now numerically measure the
accuracy of these local-coupling modes.

Let us consider a few different measures that are sensitive to
different aspects of the local-coupling model. The first, based on the
Fourier series expansion of the true normal mode, is sensitive to both
the sinusoidal nature of the mode as well as the boundary conditions
on the disc. Others, based on the accuracy of sinusoidal fits to the
true normal mode, are insensitive to the boundary conditions.

3.4.1 Power spectrum measures of the accuracy of the
local-coupling normal modes

If we assume that η�(ρ) is the true normal mode most closely
approximated by cos �πρ/L, we can expand η�(ρ) as a Fourier
series:

η�(ρ) = η0 +
∑

k

ck cos kπρ/L +
∑

q

sq sin qπρ/L. (22)

Then, if η� is well approximated by cos �πρ/L, we expect c� �
c�′ , sk in which �′, k ∈ N and �

′ �= �. As η� becomes more and more
like the local-coupling mode, c� will approach unity for a properly
normalized state and c�′ , sk will approach 0. As such, the number

f� = |c�|2∑
k |ck|2 + |sk|2 = |c�|2

2
L
∫

dρ|η�(ρ)|2 (23)

provides a reasonable measure of the similarity of the �-
th true normal mode to the local-coupling normal mode. As∫

dρ cos kπρ/L cos qπρ/L = Lδkq/2,

c� = 2

L

∫ L

0
dρη�(ρ) cos �πρ/L. (24)

Hence,

f� = 2

L

(∫
dρη�(ρ) cos �πρ/L

)2∫ L
0 η�(ρ)2

. (25)

The values of f� for � = 1, 2, 3, 4 were computed for the trial
disc simulated above; the results are reported in Table 3. For the
low-lying normal modes in the trial disc, the local-coupling normal
modes represent by far the dominant fraction of the power of the true

normal modes. Interestingly, fk appears to monotonically decrease as
k increases, which may indicate that the local-coupling normal mode
provides a more accurate model of large-wavelength excitations than
small-wavelength excitations, although our methods of extracting
the normal modes become infeasible for investigating these high-
frequency modes.

3.4.2 Best-fitting residual measures of the accuracy of the
local-coupling normal modes

Because the coefficient fk represents only the contribution from
cosine terms to the power spectrum, it is sensitive to assume
about the boundary conditions on the disc; in the local-coupling
model (Batygin 2018), these are taken to be the Neumann boundary
conditions ∂η/∂ρ = 0 for ρ = 0,L. However, the local-coupling
model may still provide an accurate picture of the normal modes even
if the boundary conditions differ from these Neumann conditions. It
is therefore important to develop a measure of the accuracy of the
local-coupling model that is sensitive only to the sinusoidal nature
of the normal modes and not to the specific choice of boundary
conditions on those modes.

One measure of the accuracy of the fit is the root-mean-square of
the residuals when a sinusoid is fit to a properly normalized state. To
carry out this analysis, a standard least-squares algorithm was used
to fit a function of the form Asin kx + Bcos kx to each of the first four
numerically extracted normal modes, each normalized so that η(ρ =
0) = 1. We should expect that the residuals are proportional to the
magnitude of the state, so this is a reasonable measure of the size of
deviations from harmonicity that is insensitive to the normalization
of the state. This method was applied to the first four non-constant
normal modes numerically extracted from the trial disc. The results
are presented in the middle column of Table 3.

Another reasonable measure of the accuracy of the fit is the
adjusted R2 value. The results of these measurements are reported
in the final column of Table 3. Just as in the power-spectrum
measure of the accuracy of the local-coupling model, these measures
indicate that the accuracy of the local-coupling model decreases with
increasing wavenumber. More investigation is needed for � ≥ 5.

3.5 The variation of the accuracy of the local-coupling normal
modes with the radial extent of the disc

Solutions of the form
∑

k cke
ιωt cos kπρ/L do not conserve angular

momentum if ck �= cδk,k0 for some c, k0. For the trial disc simulated,
the disc was rather narrow, with aout/ain = 1.1. For such a narrow disc,
the local-coupling modes are close to orthogonal, with only small
variations of angular momentum over the course of a period. As
the disc becomes wider, however, this failure of angular momentum
conservation can become more significant. It is thus reasonable to
question whether the excellent matches between the local-coupling
and general-coupling modes found here are an artefact of the narrow-
disc limit.

To investigate this possibility, the first normal modes of discs with
the same density profile were simulated for different values of the
width of the disc. More specifically, this was done by keeping the
separation between adjacent wires fixed, but increasing or decreasing
the number of rings of the partition. The results for N = 50, 100, 150,
300, 1000 are presented in Table 4. While the agreement between
the local-coupling modes and the general normal modes remains
high, there are indications that the local-coupling normal modes
become less accurate as the width of the disc increases, particularly
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Eigenstates of quasi-Keplerian discs 3961

Figure 3. The first four normal modes as extracted by the imaginary time formalism (red) and direct diagonalization (blue). The two are in excellent agreement.

Table 3. The accuracy of the local-coupling normal modes for a thin annulus.

� f� RMS R2

1 0.994026 0.0170737 0.99967
2 0.985995 0.0911971 0.990557
3 0.96852 0.107363 0.986908
4 0.943643 0.126079 0.981944

Table 4. The variation of the accuracy of local-coupling modes with disc
size for k = 1.

N f1 RMS residual R2

50 0.995754 0.00847134 0.99992
100 0.994026 0.0170737 0.99967
150 0.990185 0.0246727 0.999286
300 0.972407 0.0728 0.99446
1000 0.777252 0.2818 0.993884

for nb ≥ 1000. Even in this case, however, the difference between
the numerical normal mode and the corresponding local mode is a
constant shift (corresponding to a mixing between the lowest-energy
and first non-zero mode), so even for larger discs the Hamiltonian
derived is almost diagonal in the local-coupling mode basis. This is
well-illustrated by the � = 1 mode of the thousand ring disc, which
is to an excellent approximation a superposition of the � = 0, � =
1 local-coupling modes for some boundary condition, as shown in
Fig. 4.

To summarize the results in this section, the overall agreement
for the low-lying normal modes appears strong for narrow annuli, al-

Figure 4. The first normal mode of a disc with N = 1000 (red) and the
best-fitting curve of the form a + cos (kx + φ; blue).

though each of the measures indicates that the agreement decreases as
the wavenumber increases. Although local-coupling eigenfunctions
still offer adequate results for disc widths of the same order the mean
semi-major axis, their degradation with increasing L suggests that
for �a/a significantly in excess of unity, these expressions become
highly approximate. Based upon the results summarized in Table 3,
we further expect that the agreement will gradually worsen with
decreasing wavelength. Despite this, the local-coupling basis remains
useful as the Hamiltonian is almost diagonal in the local-coupling
normal mode basis. Even this level of agreement may be surprising,
however, as the local-coupling model is a drastic simplification of
the notoriously rich dynamics of self-gravitating discs.
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4 D ISCUSSION

The analogy between the secular small-inclination evolution of
a self-gravitating razor-thin particle disc and the time-dependent
Schrödinger equation of quantum mechanics was extended beyond
the local-coupling model developed in Batygin (2018). While the
time-dependent Schrodinger equation ιψ̇ = Hψ is most often seen
in quantum mechanical regimes, it can appear more generally in
situations in which the dynamics are linear and conservative. In such
a case, the map t�→U(t, t0) where U(t) is the generator of a unitary
representation of the Lie group R. The Hamiltonian, then, is the
generator H = ιdU (t)/dt (Stillwell 2008).

In this work, we have demonstrated that the stable small-
inclination dynamics of a self-gravitating disc form a unitary repre-
sentation of the time-translation Lie group R. This structure and the
deeper analogy with quantum mechanics provided by the existence
of the conserved inner product 〈 · | · 〉 give us analytical and numerical
tools to investigate the stable, secular inclination dynamics of particle
discs, both when the parameters of the disc are constant and when
they vary on a secular timescale.

By rotating time in the complex plane, we extracted the normal
modes of the disc. This rotation turned the conservative, oscillatory
dynamics of the real-time equations of motion into a purely dissi-
pative dynamical system in which higher-frequency normal modes
decay away. While explicit diagonalization is also feasible for the
discs discussed in this paper, the imaginary-time formalism provides
a numerical method that may prove useful for systems where explicit
diagonalization is computationally disadvantageous.

After using this formalism to find assumption-free approximations
for the first four non-constant normal modes, Fourier analysis and
least-squares fitting were used to estimate their similarity to the
purely sinusoidal normal modes predicted by the local-coupling
model. While there were indications that the agreement between the
two sets of normal modes decreases with increasing wavenumber and
with the width of the disc, we found that the modes are indeed very
close to the sinusoidal modes predicted by the local-coupling model
for narrow annuli, indicating that there is an interesting region of
parameter space where the local-coupling normal modes, which have
an explicit analytical form in the continuum limit, well-approximate
the true normal modes of the disc. Even in wider discs, the equations
of motion for the disc are almost diagonal when written in the local-
coupling mode basis, which can dramatically simplify numerical
calculations.

This quantum-mechanics-like formalism also provides a conve-
nient tool for estimating the response of discs to external forces.
If the perturbing system preserves the rotational symmetry of the
disc, the perturbing Hamiltonian generated by the external system
will be Hermitian, and quantum perturbation theory can be used to
estimate how the frequencies and shapes of the normal modes will
change and provide a measure of the rigidity of the disc to external
perturbations. This perturbative technique is justified by the existence
of a ‘quantum’ Hamiltonian that preserves an inner product, as has
been shown in this paper.

This work clarifies the applicability of the local-coupling model.
In thin, narrow discs, whose dynamics are dominated by self-
gravitational effects, the local-coupling normal modes provide an
excellent approximation to the true normal modes of the disc. These
systems include, for example, narrow annuli of dust formed during
planet formation in protoplanetary discs. Moreover, the Terrestrial
planets of the Solar system themselves are routinely envisioned
to have formed from a narrow annulus of solid debris (Hansen
2009). By carrying out the analysis of this work, we have also

lifted one of the chief limitations of the approach adopted by
(Batygin 2018): the assumption that the dynamics are effectively
local. While this breaks the theoretical tractability of the normal
modes, it provides a self-consistent method of finding the normal
modes and their frequency of evolution, as well as ways to compute
angular momentum and the rate of change of angular momentum.
Nevertheless, there are several important limitations to our updated
model. First, the dynamics considered in this paper occur only on
the secular timescale; this model fails to capture dynamics that occur
on timescales comparable to the orbital period or comparable to the
lifespan of the system. Correspondingly, the orbit-averaged nature
of the dynamics discussed in this paper preclude it from describing
some interesting behaviour.

Secondly, while this paper usefully extends the local-coupling
Schrödinger model of the secular small-inclination dynamics of a
razor-thin self-gravitating particle disc, significant work remains.
Most prominently, we assumed that the dynamics were generated
only through purely gravitational forces, and that the disc is a particle
disc. While neglecting pressure forces is a good approximation if√
G�a is much greater than the speed of sound (Tremaine 2001),

any comprehensive theory needs to account for these internal effects.
Other authors have argued that discs evolving purely through pressure
forces, neglecting viscosity and self-gravity, can be described by a
non-linear Schrödinger equation. Incorporating this formalism with
the theory contained in this paper may allow us to extend this
work to fluid pressure-supported discs. Indeed, such a development
constitutes an interesting avenue for future work.
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A P P E N D I X A : A D I R E C T P RO O F O F T H E
C O N S E RVAT I O N O F TH E I N N E R PRO D U C T

In this appendix, we present a proof that the inner product 〈η|ν〉
defined in equation (14) is conserved without assuming that angular
momentum (〈η|η〉) is conserved. Earlier, we took the continuum
limit of the disturbing function using a logarithmic parametrization
of radial distance ρ = log a/ain. Once we take the continuum limit,
we can choose to reparametrize the problem in terms of another
coordinate χ , such that the semimajor axis of the infinitesimal disc
parametrized by χ is a(χ ). In terms of χ , the Hamiltonian describing
the coupling becomes

Hη =
∫

C(a(χ ), a(χ ′)(η(χ ) − η(χ ′))2πa(χ ′)�(χ ′)
da

dχ ′ dχ ′, (A1)

with coupling between the points χ and χ
′

being described by the
function

B(χ, χ ′) = 2πa(χ ′)�(a(χ ′))
da

dχ
(χ ′)C(a(χ ), a(χ ′)). (A2)

Suppose that we choose a(χ ) such that B(χ , χ
′
) = B(χ

′
, χ ).

Rearranging this equation, we find that this implies

da

dχ
(χ ) = a(χ ′)�(a(χ ′))C(χ, χ ′)

a(χ )�(a(χ ))C(χ ′, χ )

da

dχ
(χ ′). (A3)

Because C(a, a
′
)C(a

′
, a

′′
)C(a

′′
, a) = C(a

′
, a)C(a

′′
, a

′
)C(a, a

′′
),

this equation provides a consistent definition of da/dχ . With this
parametrization, we can find a classical Hamiltonian that describes
the full system:

Hc =
“

B(χ, χ ′)(η(χ )η(χ ′)∗)dχdχ ′

−
∫ (∫

B(χ, χ ′)dχ ′
)

η(χ )η(χ )∗dχ. (A4)

Following the derivation above with this parametrization leads to a
Hermitian Hamiltonian with respect to the inner product 〈η|ν〉 =∫

η∗νdχ (Strocchi 1966). Incorporating formula (14) above, we have
the conserved inner product that is

〈η|ν〉 ∝
∫

η∗(a)ν(a)
a�(a)C(a0, a)

a0�(a0)C(a, a0)da/dχ (a0)
da. (A5)

For our choice of disc parameters, we have 〈η|ν〉 = ∫
η∗νada as

can be directly computed from the above expression. For arbitrary
surface density profile �(a), the inner product derived here takes
the form given by equation (14). We have not assumed that 〈η|η〉 is
conserved; hence, we have proved that this model conserves angular
momentum.
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