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Teukolsky equations for |s| = 2 provide efficient ways to solve for curvature perturbations around Kerr black
holes. Imposing regularity conditions on these perturbations on the future (past) horizon corresponds to imposing
an in-going (out-going) wave boundary condition. For exotic compact objects (ECOs) with external Kerr space
time, however, it is not yet clear how to physically impose boundary conditions for curvature perturbations on
their boundaries. We address this problem using the Membrane Paradigm, by considering a family of zero-
angular-momentum fiducial observers (FIDOs) that float right above the horizon of a linearly perturbed Kerr
black hole. From the reference frame of these observers, the ECO will experience tidal perturbations due to
in-going gravitational waves, respond to these waves, and generate out-going waves. As it also turns out, if both
in-going and out-going waves exist near the horizon, the Newman Penrose (NP) quantity ψ0 will be numerically
dominated by the in-going wave, while the NP quantity ψ4 will be dominated by the out-going wave — even
though both quantities contain full information regarding the wave field. In this way, we obtain the ECO boundary
condition in the form of a relation between ψ0 and the complex conjugate of ψ4, in a way that is determined by
the ECO’s tidal response in the FIDO frame. We explore several ways to modify gravitational-wave dispersion in
the FIDO frame, and deduce the corresponding ECO boundary condition for Teukolsky functions. Using the
Starobinsky-Teukolsky identity, we subsequently obtain the boundary condition for ψ4 alone, as well as for the
Sasaki-Nakamura and Detweiler’s functions. As it also turns out, reflection of spinning ECOs will generically
mix between different ` components of the perturbations fields, and be different for perturbations with different
parities. It is straightforward to apply our boundary condition to computing gravitational-wave echoes from
spinning ECOs, and to solve for the spinning ECOs’ quasi-normal modes.

I. INTRODUCTION

A black hole (BH) is characterized by the event horizon,
a boundary of the space-time region within which the future
null infinity cannot be reached. The existence of a horizon
has lead to the simplicity of black-hole solutions in general
relativity and modified theories of gravity, although the notion
of a horizon has also led to technical and conceptual prob-
lems. First of all, at the classical level, the even horizon has
a teleological nature: its shape at a particular time-slice of a
spacetime depends on what happens to the future of that slide.
Even if we are provided with a full numerical solution of the
Einstein’s equation (e.g., in the form of all metric components
in a particular coordinate system), it is much harder to deter-
mine the location of the event horizon than trapped surfaces,
whose definitions are more local.

In classical general relativity, it has been shown that a sin-
gularity (or singularities) should always exist inside the event
horizon [1], this requires that quantum gravity must be used
to study the space-time geometry inside black holes. Naively,
one expects corrections when space-time curvature is at the
Planck scale. However, the unique causal structure of the hori-
zon already leads to non-trivial quantum effects, e.g., Hawking
radiation [2, 3]. From considerations of quantum gravity, it has
been proposed that space-time geometry near the horizon can
be modified, even at scales larger than the Planck scale [4–11].
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It has also been conjectured that a phase transition might occur
during the formation of black holes, leading to non-singular,
yet extremely compact objects [12, 13]. All these considera-
tions (or speculations) lead to a similar class of objects: their
external space-time geometries mimic those of black holes
except very close to the horizon. We shall refer to these objects
as Exotic Compact Objects (ECOs).

Followed by the unprecedented discovery of gravitational
waves from the binary BH merger event GW150914 [14], and
follow-up observations of an order of ∼ 100 binary black-hole
merger events [15, 16], we now know that dark compact objects
do exist in our universe, and that their space-time geometry and
dynamics are consistent with those of black holes in general
relativity, better than order unity, and at scales comparable
to the sizes of the black holes. Observations by the Event
Horizon Telescope (EHT) provides yet another avenue toward
near-horizon physics of black holes [17–24].

Since the horizon is defined as the boundary of the unreach-
able region hence “absorbs” all radiation, instead of asking
whether the horizon exists, a more testable question might be
how absorptive the horizon is: any potential modifications to
classical general relativity near the surface of an ECO, be it
quantum or not, may impose a different physical boundary
condition near the horizon. That is, for any incoming gravi-
tational radiations, they not only can fall into the dark object,
but may also get reflected, and then propagate to the infinity.
In the context of a point particle orbiting a black-hole candi-
date, this was studied as a modified tidal interaction [25–27].
Alternatively, a stronger probe of the reflectivity is provided by
waves that propagate toward the horizon of the final (remnant)
black hole after the merger of two black holes — in the form
of repeated GW echoes at late times in the ringdown signal of
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a binary merger event [28–37]. Following this line of thought,
the gravitational echoes has been extensively studied in differ-
ent models of near-horizon structures [38–43]. Even though
the idea of ECOs might be speculative, one can always regard
the search for ECOs as one to quantify the darkness of the final
objects in binary merger events, and in this way its importance
cannot be overstated.

A major missing piece of the current echo program is how
to apply boundary condition near the horizon for curvature
perturbations obtained from the Teukolsky equation. This was
discussed, by Nakano et al. [44] and Wang and Afshordi [40],
but for Kerr there are still more details to fill in — even though
Kerr echoes have already been studied by several authors [33–
37]. This is the main problem we would like to address in this
paper.

Imposing a near-horizon boundary condition is more
straightforward in Schwarzschild spacetime. The
Schwarzschild metric perturbations can be fully con-
structed from solutions of the Regge-Wheeler equation [45]
and the Zerilli equation [46], both of which are wave equations
that have regular asymptotic behaviors at horizon and infinity.
These metric perturbations can then be used to connect to the
response of the ECO to external perturbations. In the Kerr
spacetime, perturbations are most efficiently described by the
s = ±2 Teukolsky equations [47] for curvature components
that are projected along null directions, and therefore are
less directly connected to tidal perturbations and responses
of an ECO. Furthermore, the Teukolsky equations for the
s = ±2 cases do not have short-range potentials, and result
in solutions that do not have the standard form of incoming
and out-going waves, leading to certain difficulties in finding
numerical solutions.

To solve the second issue, the Teukolsky equations can be
transformed into wave-like equations with short-ranged po-
tentials, namely the Sasaki-Nakamura (SN) equations, via the
Chandrasekhar-Sasaki-Nakamura (CSN) transformation [48–
50]. In order to define the near-horizon reflection of waves in
the Kerr spacetime, it was proposed that the reflection should
be applied to the SN functions — as has been widely used in
many literatures regarding gravitational wave echoes [26, 33–
36, 38, 51, 52]. Despite the short-rangedness of the SN equa-
tion, the physical meaning of SN functions are less clear than
the Teukolsky functions, especially in the Kerr case.

For the Kerr spacetime, Thorne, Price and MacDonald intro-
duced the “Membrane Paradigm” (MP) [53], by considering
a family of fiducial observers (FIDOs) with zero angular mo-
mentum. World lines of the collection of these observers form
a “membrane”, which can be used as a proxy to think about the
interaction between the black hole and the external universe.
In order to recover the pure darkness of the black hole, the
membrane must have the correct complex (in fact purely resis-
tive) impedance for each type of flux/current, so that nothing
is reflected. For example, the membrane must have the correct
specific viscocity in order for gravitational waves not to be
reflected, and the correct (electric) resistivity in order for elec-
tromagnetic waves not to be reflected. Extensive discussions
were made on the physics viewed by the FIDOs, in particular
tidal tensors measured by these observers in presence of gravi-

tational waves. The picture was more recently used to visualize
space-time geometry using Tendex and Vortex picture [54–56].

It has been proposed that reflectivity of ECOs can be mod-
eled by altering the impedance of the ECO surface [40, 44, 57].
In this paper, we generalize this point of view to ECOs with
nonzero spins. It is worth mentioning that the the membrane
paradigm point of view has been taken by Datta et al. [27, 58]
to study the tidal heating of Kerr-like ECOs, although reflec-
tion of waves by the ECO was not described. In this paper
we shall continue along with the membrane paradigm, and
propose a physical definition of the ECO’s reflectivity.

In order to do so, we make a careful connection between
Teukolsky functions, which efficiently describe wave propaga-
tion between the near-horizon region and infinity, and in-going
and out-going tidal waves in the FIDO frame of the Membrane
Paradigm. We then obtain boundary conditions for the Teukol-
sky equations in terms of tidal responses of the ECO in the
FIDO frame. Here the fundamental assumption that we rely
upon — as has also been made implicitly in previous ECO
reflectivity literatures — is that the ECO has a simple structure
in the FIDO frame — for example as a distribution of exotic
matter that modifies dispersion relation of gravitational waves
in the FIDO frame.

We organize the paper as follows. In Sec. II, by consider-
ing individual FIDOs, we introduce the modified boundary
conditions in Teukolsky equations based on the tidal response
of the ECO, and obtain input-output relations for Teukolsky
equations in terms of that tidal response. In Sec. III, we more
specifically consider a Rindler coordinate system near the hori-
zon, and put our discussion into a more firm ground by relating
the Teukolsky functions to Riemann tensor components in this
coordinate system. We further consider modified gravitational-
wave dispersion relations in the Rindler frame, and relate these
relations to the ECO’s tidal response. In Sec. IV, we translate
our reflection model into a model which fits most literatures on
gravitational-wave echoes, in particular making connections to
the SN formalism. In Sec. V, we apply our method to obtain
the echo waveform as well as the quasi-normal modes (QNMs)
of the ECOs. Showing that even- and odd-parity waves will
generate different echoes, and generalize the breaking of QNM
isospectrality found by Maggio et al. [57] to the spinning case.
In Sec. VI, we summarize all results and propose possible
future works.

Notation. We choose the natural units G = c = 1, and set the
black hole mass M = 1. The following symbols are also used
throughout the paper:

∆ = r2 − 2r + a2 , (1)

Σ = r2 + a2 cos2 θ , (2)

ρ = − (r − ia cos θ)−1 . (3)

Here (t, r, θ, φ) are the Boyer-Lindquist coordinates for Kerr
black holes and a is the black hole spin. The Kerr horizons
are at the Boyer-Lindquist radius rH = 1 +

√
1 − a2, while the

inner horizons are at rC = 1−
√

1 − a2. The angular velocity of
the horizon is given by ΩH = a/ (2rH). The tortoise coordinate
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r cos ! r sin !

t

FIG. 1. Trajectory of the FIDO in a constant θ slice of the Kerr
spacetime in the (t, r cos φ, r sin φ) coordinate system. Here the green
surface indicates the ECO surface with r = b, while the black surface
indicates the Kerr horizon. Each FIDO has r = b, but has (t, φ) =

(t, φ0 + ΩH t).

is defined by

r∗ = r +
2rH

rH − rC
ln

( r − rH

2

)
−

2rC

rH − rC
ln

( r − rC

2

)
. (4)

II. THE REFLECTION BOUNDARY CONDITION FROM
TIDAL RESPONSE

In a (3 + 1)-splitting of the spacetime, the Weyl curvature
tensor Cabcd naturally gets split into an “electric” part, which
is responsible for the tidal effect, and a “magnetic” part, which
is responsible for the frame-dragging effect. From now on, we
will focus on the electric part, as it gives rise to the gravitational
stretching and squeezing, i.e. the tidal force, which drives the
geodesic deviations of particles that are slowly moving with
respect to that slicing.

In MP, a relation is established between the Newman-
Penrose quantity ψ0 near the future horizon and components
of the tidal tensors in the FIDO frame. In this section, we
will extend this to include waves “originating from past hori-
zon”, which really are waves in the vicinity of the horizon but
propagate toward the positive r direction, see Fig. 2. More
specifically, we seek to derive the relation among the tidal
tensor components, the incoming waves, and the “reflected”
(outgoing) waves due to the tidal response. This will estab-
lish our model of near-horizon reflection for the Teukolsky
equations.

A. FIDOs

Starting from the Boyer-Lindquist coordinate system
(t, r, θ, φ), FIDOs in the MP are characterized by constant r
and θ, but φ = const + ωφt, with

ωφ =
2ar
Ξ

. (5)
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FIG. 2. Waves that propagate toward the ECO surface can be approxi-
mated as propagating toward the future horizon, while those originate
from the ECO surface can be approximated as originating from the
past horizon.

and

Ξ = (r2 + a2)2 − a2∆ sin2 θ . (6)

Each FIDO carries an orthonormal tetrad of 1

~er̂ =

√
∆

Σ
~∂r , ~eθ̂ =

~∂θ
√

Σ
, (7)

~eφ̂ =

√
Σ

Ξ

~∂φ

sin θ
, ~e0̂ =

1
α

(
~∂t + ωφ~∂φ

)
,

with

α =

√
Σ∆

Ξ
. (8)

Here ~e0̂ is the four-velocity of the FIDO. The FIDOs have zero
angular momentum (hence are also known as Zero Angular-
Momentum Observers, or ZAMOs), since ~e0̂ has zero inner
product with ~∂φ. Here α is called the redshift factor, also
known as the lapse function, since it relates the proper time of
the FIDOs and the coordinate time t.

Near the horizon, we have α→ 0; FIDO’s tetrads are related
to the Kinnersly tetrad [59] via

~l ≈

√
Σ

∆
(~e0̂ + ~er̂) , ~n ≈

√
∆

Σ

~e0̂ − ~er̂

2
, ~m ≈

eiβ(~eθ̂ + i~eφ̂)
√

2
, (9)

where

β = − tan−1
(

a cos θ
rH

)
. (10)

1 Note that MP uses different notations for the ρ, Σ.
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B. Tidal Tensor Components

Let us now introduce the electric-type tidal tensor E as
viewed by FIDOs, which can be formally defined as [55]

Ei j = hi
ah j

cCabcdUbUd . (11)

Here U = ~e0̂ is the four-velocity of FIDOs as in Eq. (7), and
hi

a = δi
a + UiUa is the projection operator onto the spatial

hypersurface orthogonal to U. In particular, we look at the
mm-component of the tidal tensor, as the gravitational-wave
stretching and squeezing will be along these directions. Near
the horizon, the tidal tensor component is then given by

Emm = C0̂m0̂m ≈ −
∆

4Σ
ψ0 −

Σ

∆
ψ∗4 . (12)

For convenience, let us define a new variable sΥ which is
the solution to the Teukolsky equation with spin weight s. For
s = ±2 we have

−2Υ ≡ ρ−4ψ4 , +2Υ ≡ ψ0 . (13)

We briefly review the Teukolsky formalism in Appendix. A. For
perturbations that satisfy the linearized vacuum Einstein’s equa-
tion (in this case the Teukolsky equation), at r∗ → −∞, in gen-
eral we can decompose sΥ using the spin-weighted spheroidal
harmonics sS `mω(θ), and write

−2Υ(t, r∗, θ, φ) =
∑
`m

∫
dω
2π

e−iωt
−2S `mω(θ) eimφ (14)

×
[
Zhole
`mω∆2e−ikr∗ + Zrefl

`mω eikr∗
]
,

+2Υ(t, r∗, θ, φ) =
∑
`m

∫
dω
2π

e−iωt
+2S `mω(θ) eimφ (15)

×
[
Yhole
`mω ∆−2e−ikr∗ + Y refl

`mω eikr∗
]
,

where k ≡ ω − m ΩH . We use the shorthand
∑
`m ≡∑∞

`=2
∑`

m=−`, in which ` is the multipolar index, and m is the
azimuthal quantum number. Note this m here should not be
confused with the label m in the Kinnersly tetrad basis. Here
Z`mω and Y`mω are amplitudes for the radial modes, with “hole”
labeling the left-propagation modes into the compact object
(in this paper, left means toward direction with decreasing r) 2

and “refl” labeling the right-propagation (reflected) modes (in
this paper, “right” means toward direction with increasing r).

Note that for outgoing modes of either +2Υ or −2Υ, we have

e−iωt eikr∗ eimφ = e−iω(t−r∗) eim(φ−ΩHr∗) , (16)

therefore the outgoing modes are functions of the retarded
time u = t − r∗, and the position-dependent angular coordinate
φ −ΩHr∗. Similarly for ingoing modes, we have

e−iωt e−ikr∗ eimφ = e−iω(t+r∗) eim(φ+ΩHr∗) , (17)

2 Of course here we refer to ECOs instead of black holes, the label “hole” is
for matching the notations from [60].

indicating that the ingoing modes are functions of the advanced
time v = t + r∗, and another position-dependent angular co-
ordinate φ + ΩHr∗. We can then write down one schematic
expression for either +2Υ or −2Υ, by decomposing both of them
into left- and right- propagation components:

+2Υ(t, r∗, θ, φ) =+2ΥR(u, θ, ϕ−) +
1
∆2 +2ΥL(v, θ, ϕ+) , (18)

−2Υ(t, r∗, θ, φ) =−2ΥR(u, θ, ϕ−) + ∆2
−2ΥL(v, θ, ϕ+) , (19)

where we have defined

ϕ− = φ −ΩHr∗ , ϕ+ = φ + ΩHr∗ . (20)

Here both the L and R components are finite, and the ∆ repre-
sents the divergence/convergence behaviors of the components.
As we can see here, once we specify these L, and R compo-
nents on a constant t slice, as functions of (r∗, θ, φ), we will be
able to obtain their future, or past, values by inserting t.

Here we also note that, while the vacuum/homogeneous
perturbation of space-time geometry are encoded in both ψ0
and ψ4 — either of them suffices to describe the perturbation
field [60, 61] 3. Near the horizon, the numerical value of ψ0
is dominated by left-propagating waves, while the numerical
value of ψ4 is dominated by right-propagating waves. Accord-
ing to Eq. (12), we then have

Emm ≈ −
1

4Σ∆
+2ΥL(v, θ, ϕ+) −

ρ∗4Σ

∆

[
−2ΥR(u, θ, ϕ−)

]∗
. (21)

Note that both terms diverge toward r∗ → −∞ and at the
same order. This divergence correctly reveals the fact that
the FIDOs will observe gravitational waves with the same
fractional metric perturbation, but because the frequency of the
wave gets increased, the curvature perturbation will diverge as
α−2.

C. Linear Response Theory

Now, suppose we have a surface, S at a constant radius
r∗ = b∗ (or in the Boyer-Lindquist coordinates r = b), with
eκb∗ � 1. Here κ = (rH − rC)/2(r2

H + a2) is the surface gravity
of the Kerr black hole. To the right of the surface, for r∗ > b∗,
we have completely vacuum, and to the left of the surface, we
have matter that are relatively at rest in the FIDO frame, we
shall refer to this as the ECO region. The ECO is assumed to
be extremely compact and S is close to the position, as viewed
as part of its external Kerr spacetime.

For the moment, let us assume that linear perturbation theory
holds throughout the external Kerr spacetime of the ECO. On
S and to its right, Emm will be the sum of two pieces,

Emm = Esrc
mm + E

resp
mm , (22)

3 One may imagine a very rough Electromagnetic analogy: for a vacuum EM
wave (without electro- or magneto-static fields), both E and B fields contain
the full information of the wave, since one can use Maxwell equations to
convert one to the other. Nevertheless, when it comes to interacting with
charges and currents, E and B play very different roles, and sometimes it is
important to evaluate both E and B fields.
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with the first term

Esrc
mm = −

∆

4Σ
+2Υsrc(v, θ, ϕ+) (23)

a purely left-propagating wave that is sourced by processes
away from the surface, e.g., an orbiting or a plunging a particle.
The second term can be written as

E
resp
mm = −

ρ∗4Σ

∆

[
−2Υrefl(u, θ, ϕ−)

]∗
, (24)

as the ECO’s response to the incoming gravitational wave.

Now we are prepared to discuss the reflecting boundary con-
dition of the Teukolsky equations in terms of the tidal response
of the ECO. According to the linear response theory, we can
assume the linear tidal response of the ECO is proportional to
the total tidal fields near the surface of the ECO. That is, we
may introduce a new parameter η, and write

E
resp
mm = η(b, θ)Emm . (25)

Here η is analogous to the tidal love number. This leads to the

following relation at r∗ = b∗:[
−2Υrefl(t − b∗, θ, φ −ΩHb∗)

]∗
+2Υsrc(t + b∗, θ, φ + ΩHb∗)

=
η

1 − η
e−4iβ

4
∆2 . (26)

In particular, when η→ ∞, we will have the Dirichlet boundary
condition,[

−2Υrefl(t − b∗, θ, φ −ΩHb∗)
]∗

+2Υsrc(t + b∗, θ, φ + ΩHb∗)
= −

e−4iβ

4
∆2 . (27)

This then provides us with a prescription for obtaining the
boundary condition at r∗ = b∗. Once we know the left-
propagating ψsrc

0 , the reflected waves due to the tidal response
are simply given by Eq. (26).

Let us now define a new parameter R(b, θ) as

R(b, θ) ≡ −
η

1 − η
. (28)

This parameter has the physical meaning of being the reflectiv-
ity of the tidal fields on the ECO surface. This local response
assumes that different angular elements of the ECO act inde-
pendently, which is reasonable since on the ECO surface, and
in the FIDO frame, the gravitational wavelength is blue shifted
by α, hence, much less than the radius of the ECO.

However, the response may also depend on the history of
the exerted tidal perturbation, and to account for this we can
write a more general boundary condition on the ECO surface
as

[
−2Υrefl(t − b∗, θ, φ −ΩHb∗)

]∗
= −

e−4iβ

4

∫ t

−∞

dt′R(b, θ; t − t′)∆2
+2Υsrc(t′ + b∗, θ, φ + ΩHb∗ −ΩH(t − t′)) . (29)

Here the −ΩH(t − t′) term has been inserted into the argument
of +2Υsrc because the FIDO follows φ = φ0 + ΩHt (see Fig. 1).
This is the key equation of our reflection model.

D. Mode Decomposition

We now have obtained the modified boundary condition (29)
in terms of the Newman-Penrose quantities, and are ready
to apply it to the Teukolsky formalism. The solutions to the
s = −2 Teukolsky equation, −2Υ, admits the near-horizon
decomposition as in Eq. (14). In this equation, Zhole is the
amplitude of the ingoing wave down to the ECO, which is
contributed by the source, and Zrefl is the amplitude of the
reflected wave due to the tidal response. For s = +2, the
corresponding amplitudes are Yhole and Y refl. We would like to
derive a relation among the four amplitudes.

Near the ECO surface S, +2Υsrc is given by

+2Υsrc(v, θ, ϕ+) =
∑
`m

∫
dω
2π

e−iωvYhole
`mω ∆−2

+2S `mω(θ, ϕ+) ,

(30)

where we have kept only the dominant piece—the left-
propagating mode, and Yhole

`mω is the amplitude of that mode.
The quantity −2Υrefl is given by

−2Υrefl(u, θ, ϕ−) =
∑
`m

∫
dω
2π

e−iωuZrefl
`mω −2S `mω(θ, ϕ−) , (31)

Inserting the above two equations into Eq. (29), we obtain∑
`

Zrefl
`mω −2S `mω(θ, φ)

=
1
4

∑
`′

e4iβ−2ikb∗ (−1)m+1R∗−k∗ Yhole∗
`′ -m -ω∗ −2S `′mω∗ (θ, φ) , (32)
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where Rω(b, θ) is the Fourier transform of R(b, θ; t − t′), and
k ≡ ω − mΩH . During the derivation, we have used the fact
that the spheroidal harmonic functions satisfy the relation

−2S ∗`mω(θ, φ) = (−1)m
+2S ` -m -ω∗ (θ, φ) . (33)

Assuming the normalization that∫ π

0
|−2S `mω(θ)|2 sin θdθ = 1 , (34)

from Eq. (32), we can write

Zrefl
`mω = (−1)m+1 1

4
e−2ikb∗

∑
`′

M``′mωYhole∗
`′ -m -ω∗ , (35)

with

M``′mω =

∫ π

0
R∗−ω∗+mΩH

(b, θ) e4iβ(θ)× (36)

× −2S `′mω(θ)−2S ∗`mω(θ) sin θ dθ .

In general the reflection will mix between modes with different
`, but not different m. Note that the mixing not only arises from
the θ dependence of R(θ, b), but also from the θ dependence of
β. This mixing vanishes for the Schwarzschild case. For our
calculation, it will be good to discard the phase term e4iβ and
make the assumption that R is independent of the angle θ. But
we should keep in mind that these assumptions only work well
in the Schwarzschild limit a→ 0.

In the simplified scenario where mode mixing is ignored,
we can write

Zrefl
`mω ≈ (−1)m+1 1

4
e−2ikb∗ R∗−ω∗+mΩH

Yhole∗
` -m -ω∗ , (37)

In this way, the ω frequency component of the ψ4 amplitude of
each (l,m) mode is related to the −ω∗ frequency component of
ψ0 of the (l,−m) mode. Here in a Fourier analysis, ω is always
real, but we have keptω∗ so that our notation will directly apply
to quasi-normal modes, where frequency can be complex.

III. WAVE PROPAGATION IN THE VICINITY OF THE
HORIZON

In the previous section, we have obtained a new reflecting
boundary condition (29) relating Newman-Penrose quantity ψ0
and ψ4 on a spherical surface near the Kerr horizon. This was
further converted as a relation between frequency components
of the in-coming ψ0 and the out-going ψ4. Before moving on
to the applications of these boundary conditions, in this section,
we put the discussions of the previous section onto a more solid
ground. We consider a concrete coordinate system associated
with the FIDOs, and relate condition (29) to modified refractive
indices or dispersion relations of gravitational waves in this
coordinate system. This way of modeling the ECO can be
thought of as a generalization of Refs. [39, 40, 44] to the
spinning case.

A. Rindler approximations

Let us now study the propagation of waves near the hori-
zon, and explore how emergent gravity might influence the
boundary condition there.

Inside the ECO boundary S, we can consider propagation
of metric perturbations in the near-horizon FIDO coordinate
system. According to MP, the unperturbed metric takes the
simple form [53]:

ds2 = −α2dt̄2
+

dα2

g2
H

+ ΣHdθ̄2 +
4r2

H

ΣH
sin2 θ̄dφ̄2 , (38)

where

gH =
rH − 1

2rH
, ΣH = r2

H + a2 cos2 θ̄ . (39)

This metric, only valid for α � 1, is a Rindler-like space-
time with spherical symmetry, with horizon located at α = 0.
According to the membrane paradigm [62], the new radial
coordinates (α, θ̄, φ̄) are defined as

t̄ = t , (40)

α =
(
2gH − 2aΩHgH sin2 θ

) 1
2 (r − rH)

1
2 , (41)

θ̄ = θ −
ΣH ,θ

4g2
HΣ2

H

α2 , (42)

φ̄ = φ −ΩHt . (43)

The Kinnersley tetrad, near the horizon, can then be expressed
in terms of the Rindler coordinates as

~l =
2rH

∆
(~∂t̄ + gHα~∂α) , (44)

~n =
rH

Σ
(~∂t̄ − gHα~∂α) , (45)

~m =
−ρ∗
√

2

[
ia sin θ̄~∂t̄ −

aΩH sin θ̄ cos θ̄
1 − aΩH sin2 θ̄

α~∂α

+ ~∂θ̄ +

( i
sin θ̄

− iaΩH sin θ̄
)
~∂φ̄

]
, (46)

where we have used the near-horizon approximations and dis-
carded all O(α2) corrections.

For convenience, we introduce a new radial coordinate x,
which is related to the lapse function via

α = egH x . (47)

The regime x→ −∞ is the horizon, where α→ 0. In fact, (t, x)
is exactly the Cartesian coordinate of the Minkowski space in
which this Rindler space is embedded. Now we consider metric
perturbations of the trace-free form

hθ̄θ̄(t, x, θ̄, φ̄) = ΣH H+(t, x, θ̄, φ̄) , (48)
hθ̄φ̄(t, x, θ̄, φ̄) = 2rH sin θ̄H×(t, x, θ̄, φ̄) , (49)

hφ̄φ̄(t, x, θ̄, φ̄) = −4r2
H sin θ̄2H+(t, x, θ̄, φ̄)/ΣH . (50)
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FIG. 3. Illustration of the constant-x contours in the (r∗, cos θ) plane.
Reflections from the same x for different θ will appear as being re-
flected at different r∗ for different θ.

Note that H+,× are metric perturbations in the angular direc-
tions, measured in orthonormal bases. We first find that the
Einstein’s equations reduce to

(−∂2
t + ∂2

x)Hp = 0 , p = +,×. (51)

Again, to obtain the equations above we have only kept the
leading terms in α-series. The absence of θ̄ and φ̄ derivatives
in this equation supports the argument that tidal response of
the ECO is local to each angular element on its surface, as we
have made in Sec. II C.

We can further decompose Hp(t, x) to the left- and right-
propagating piece as

Hp(t, x, θ̄, φ̄) = HL
p (t + x, θ̄, φ̄) + HR

p (t − x, θ̄, φ̄) , (52)

Using the Rindler approximations, we then find that the Weyl
quantities ψ0 and ψ4 near horizon can be written as

ψ0(t, x, θ̄, φ̄) =
8r2

He2iβ

∆2 (∂2
t − gH∂x)HL(t, x, θ̄, φ̄) , (53)[

ρ−4ψ4(t, x, θ̄, φ̄)
]∗

= 2r2
He−2iβ(∂2

t − gH∂x)HR(t, x, θ̄, φ̄) , (54)

where we have defined

HL = HL
+ + iHL

× , HR = HR
+ + iHR

× . (55)

Note that in this approximation, we only extract the leading
behavior of ψ0 and ψ4 near the horizon, namely a left-going
wave ∼ (r − rH)−2 for ψ0, and a right-going wave ∼ (r −
rH)0 for ψ4. Here, we are considering wave propagation and
reflection independently for each (θ̄, φ̄). Eq. (53) and Eq. (54)
are consistent with our reflection model given in Eq. (29). For
instance, in the case of total reflection, we have R = −1, and all
left-propagating modes HL

p become right-propagating modes
HR

p .

Let us now evaluate the Riemann tensor components in an
orthonormal basis whose vectors point along the (t, x, θ̄, φ̄)
coordinate axes. The results are

Rˆ̄t ˆ̄θˆ̄t ˆ̄θ = −Rˆ̄t ˆ̄φˆ̄t ˆ̄φ = −
e−2gH x

2

[
−∂2

t + gH∂x

]
H+ , (56)

Rˆ̄t ˆ̄θˆ̄t ˆ̄φ = −
e−2gH x

2

[
−∂2

t + gH∂x

]
H× . (57)

This also confirms the reflection model that we have obtained
from the previous section.

We also point out that near the horizon, x and r∗ differ by
a additive constant for each (θ̄, φ̄). Let’s work out the θ̄ de-
pendence of the asymptotic shift between x and r∗. More
specifically, near the horizon, the tortoise coordinate r∗ is ap-
proximately given by

r∗ ≈
1

2gH
ln[2gH(r − rH)] + I , (58)

with a constant

I = rH + ln
( rH

2

)
−

1
2rHgH

ln
(
8rHg2

H

)
. (59)

Here we have neglected O(r − rH) terms. Note that r∗ is inde-
pendent of θ̄. We define the difference between the two radial
coordinates as

x − r∗ ≡ δ(θ̄) − I , (60)

where

δ(θ̄) =
1

2gH
ln(1 − aΩH sin2 θ̄) . (61)

This may influence the mode mixing of reflected waves from
an ECO whose surface has a constant redshift. In Fig. 3, we
illustrate contant-x contours in the (r∗, cos θ) plane.

Finally let us derive the Teukolsky reflectivity R using the
Rindler approximation. Supposing for x in certain regions we
can write the wave solution as

H(t, x, θ̄, φ̄) = HL(t, x, θ̄, φ̄) +HR(t, x, θ̄, φ̄) , (62)

with

HL(t, x, θ̄, φ̄) =
∑

m

∫
dk
2π

Θk(θ̄)e−ikxe−ikteimφ̄ , (63)

HR(t, x, θ̄, φ̄) =
∑

m

∫
dk
2π

Θk(θ̄)ζkeikxe−ikteimφ̄ . (64)

Here Θk(θ̄) gives the k-dependent angular distribution. ζk ≡

ζ(k) is the reflection coefficient that converts left-propagating
to right-propagating gravitational waves. Thus ψ0 and ψ4 are
respectively given by
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ψ0(t, x, θ̄, φ̄) =
8r2

He2iβ(θ̄)

∆2

∑
m

∫
dk
2π

Θk(θ̄)(−k2 + igHk)e−ikxe−ikteimφ̄ , (65)

(ρ−4ψ4)∗(t, x, θ̄, φ̄) = 2r2
He−2iβ(θ̄)

∑
m

∫
dk
2π

Θk(θ̄)(−k2 − igHk)ζkeikxe−ikteimφ̄ . (66)

Now that we have obtained ψ0 and ψ4 using the Rindler approximations. We would like to relate ζ to the Teukolsky reflectivity
R. To accomplish this, recall that in Sec. II we have obtained a reflection relation (29) between ψ0 and ψ4 on the ECO surface.
Since the relation is written in the Boyer-Lindquist coordinates, we first perform the coordinate transformations on ψ0 and ψ4
according to x = r∗ + δ(θ) − I, θ̄ = θ, and φ̄ = φ − ΩHt. During the coordinate transformation, we have used the near-horizon
approximations and discarded all O(α2) terms. The results are given by

ψ0(v, θ, ϕ+) =
8r2

He2iβ(θ)

∆2

∑
m

∫
dk
2π

Θk(θ)(−k2 + igHk)e−i(k+mΩH )ve−ikδ(θ)eikIeimϕ+ , (67)

(ρ−4ψ4)∗(u, θ, ϕ−) = 2r2
He−2iβ(θ)

∑
m

∫
dk
2π

Θk(θ)(−k2 − igHk)ζke−i(k+mΩH )ueikδ(θ)e−ikIeimϕ− . (68)

Using the reflection model (29), we obtain that

Rk = ζk

(
−k − igH

−k + igH

)
exp [2ikb∗ + 2ikδ(θ) − 2ikI] . (69)

Thus once we know ζ, the Teukolsky reflectivity R can be
readily obtained. Here we point out that the phase factor e2ikb∗

here will cancel the e−2ikb∗ factors in Sec. II D. This is because
in the previous section we chose b∗ as the location for the “sur-
face of the ECO”, while in this section, the ECO is embedded
into the x coordinate system, therefore we no longer need to
introduce a reference location b∗ as “surface of the ECO”. The
information of ECO location will now be incorporated into ζk.

Before the end of this subsection, let us look at the factor
M``′mω in Eq. (36), and see how the mode mixing show up in
the reflected waves. We can pull out the angular dependence
of this factor by defining

M``′mω =

(
−k − igH

−k + igH

)
e2ikb∗−2ikIM̂``′mω , (70)

where

M̂``′mω =

∫ π

0
ζ∗−ω∗+mΩH

eiΦmω(θ)
−2S `′mω(θ)−2S ∗`mω(θ) sin θ dθ ,

(71)

with

Φmω(θ) = 2(ω − mΩH)δ(θ) + 4β(θ) . (72)

As an example, we simply let ζ = 1, thus M̂``′mω directly
shows the mixing of modes due to the phase. We plot the
absolute value of M̂``′mω for ` = 2, m = 2 and for various spin
and `′ in Fig. 4. For a = 0, we have M̂``′mω = 1, indicating
no mode mixing. As we raise the spin, modes get more mixed
and the reflected waves attain more contributions from `′ > 2
modes. This quantitatively shows the mixing of different `-
modes is a significant feature for reflection of waves near
horizon.

B. Position-dependent damping of gravitational waves

We now calculate the reflectivity R in a simplest setting —
by adding dissipating terms in the linearized Einstein equa-
tion in the Rindler coordinate system, obtaining ζ, and then
converting to R. Wang et al. already introduced a model in
which wave is damped, by introducing a complex “Young’s
modulus” of space-time [40]. They name the reflection coeffi-
cient they found as the Boltzman reflectivity. As an alternative
approach, let us introduce a position-dependent damping to
gravitational waves, which increases as we approach the hori-
zon. This model has the feature of being able to provide more
well-posed differential equations.

To do so, we modify the linearized Einstein equation by
adding an extra dissipation term, with coupling coefficient
ε, to the equation satisfied by the perturbation H defined in
Eq. (62):

− ∂2
tH − εe

−gH x∂tH + ∂2
xH = 0 . (73)

Assuming harmonic time decompositionH(x, t) = H̃(x)e−ikt,
we have [

d2

dx2 + k2 + ikεe−gH x
]
H̃(x) = 0 . (74)

Here k has the physical meaning of being the angular frequency
of the perturbation measured by FIDOs, before blue shift. The
modified Einstein equation then admits a general solution given
by

H̃(x) = C1Γ(1 − iν)J(1)
−iν(z) + C2Γ(1 + iν)J(1)

iν (z) , (75)

where

ν = 2k/gH , z = 2e
iπ
4 −

gH x
2
√
εk/gH , (76)
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FIG. 4. The absolute values of the factor M̂``′mω for various spin a and `′. This factor shows the mixing between different `-modes after an
incoming single mode gets reflected on the surface of an exotic compact object. Here we have chosen ` = 2, m = 2 as an example. In general for
higher spin the reflected waves gain more contributions from higher `′-modes, thus the effect of mode mixing are not negligible for rapidly
spinning ECOs.

and J(1)
ν (z) is the Bessel function of the first kind. The appro-

priate solution which damps on the horizon is given by

C1

C2
= −

Γ(1 + iν)
Γ(1 − iν)

e−πν . (77)

Here we shall assume ε � 1. In this way, there is a region
where x � −1, but still with εe−gH x � 1. In other words, this
is a region very close to the Kerr horizon, but here the damping
has not yet turned on. In this region, the damping solution can
be written as

H̃(x) ∝ e−ikx + ζDeikx , (78)

with

ζD(k) = −
Γ(1 + 2ik/gH)
Γ(1 − 2ik/gH)

e−
2ik
gH

ln k
gH e−

πk
gH e−

2ik
gH

ln ε
, k > 0 . (79)

Here we have imposed k > 0 because the sense of in-going and
out-going waves changes for k < 0, where we need to write

ζD(−k) = ζ∗D(k) . (80)

This is the same form of reflectivity proposed by Wang et al.
In Eq. (79), the first factor involving two Γ functions is a pure
phase factor that has a moderate variation at the scale k ∼ gH ,
and the phase factor e−

2ik
gH

ln k
gH is similar; the amplitude factor

e−
πk
gH provides unity reflectivity for k ∼ 0 and this reflectivity

decreases as |k| increases. We plot |ζD(k)| for gH = 1 in Fig. 5.

The final phase factor in ζD can be written in the form of

e−
2ik
gH

ln ε
= e−2ikxeff , xeff =

1
gH

ln ε . (81)

This provides an effective x location around which most of the
wave is reflected — as we can see, we no longer have a single
location r = b for the ECO surface at which all the waves are
reflected. To obtain the reflectivity R, we simply insert ζD into
Eq. (69), which adds an additional θ-dependent phase factor.
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C. GW Propagation in Matter

The damping term in the linearized Einstein equation causes
reflection in the near-horizon region. In this subsection we
consider another scenario where there exists some effective
matter fields in the vicinity of the horizon. The effective stress-
energy tensor is denoted as T eff

AB, and its existence may be
related to the emergent nature of gravity. We now modify the
linearized (1+1)-Einstein equation (51) by adding the effective
source, and get

− ∂2
tH + ∂2

xH = −16πe2gH xT eff
AB . (82)

In this equation, on the left hand side, we have a freely propa-
gating GW in (1 + 1)-Minkowski spacetime, while on the right
hand side, we have the effect of emergent gravity.

1. Tidal response of matter

We now discuss how T eff
AB should respond to H . Suppose

theses effective degrees of freedom act as matters that stay at
rest in the FIDO frame. The AB component of the Riemann
tensor is given by

RtAtB =
1
2

(
−∂2

t + gH∂x

)
H . (83)

We postulate that the response of the effective matter is given
by

T eff
AB =

µ

8π
RτAτB , (84)

where τ is the proper time for the Rindler metric (38), and µ
is a physical coupling constant measured in the local Lorentz
frame of the FIDO, which can be dependent on the driving
frequency felt by the FIDO. Thus we have

T eff
AB =

µ

8πα2 RtAtB =
µ

16πα2

(
−∂2

t + gH∂x

)
H . (85)

Note that the Einstein’s equation is now modified into

GAB = µRτAτB . (86)

With the effective stress-energy tensor, the metric equation of
motion can now be written as[

−(1 + µ)∂2
t + gHµ∂x + ∂2

x

]
H = 0 . (87)

Here (1 + µ) acts as the permeability of gravitational waves in
matter, and decreases the speed of gravitational waves. Now
let us consider two kinds of matter distributions for the exotic
compact object.

2. Homogeneous star

For a simplest model, let us look at a homogeneous star with
uniform µ in the interior region. For a frequency independent

µ, we can write H ∝ e−ikt+ik̃x, and the modified dispersion
relation is given by k̃ = k̃+ or k̃−, with

k̃± =
igHµ

2
±

√
(1 + µ)k2 −

g2
Hµ

2

4
. (88)

We immediately note that gravitational waves become evanes-
cent when

|k| ≤ |kth| =
|gHµ|

2
√

1 + µ
. (89)

That is, we have a total reflection of all waves below ωth.
Substantial reflection also takes place near the ωth frequency.
For |k| > kth and positive µ, waves will be amplified when
propagating towards the x → −∞ direction, i.e., towards the
horizon.

We may further postulate that µ is of order unity inside
a surface at which the surface gravity is blue-shifted to the
Planck frequency ωP:

µ =


µ0 , α

−1gH > ωP ,

0 , otherwise .
(90)

The surface is then located at x = xP, where

xP =
1

gH
ln

(
gH

ωP

)
. (91)

As before, we write down the general solutions to Eq. (87) as
H(x, t) = H̃(x)e−ikt. Outside the surface, we can write

H̃(x) ∝ e−ikx + ζMeikx . (92)

Inside the surface we have

H̃(x) ∝ eik̃−x . (93)

Matching the solutions on the surface gives

ζM =

k +
igHµ

2 −

√
(1 + µ)k2 −

g2
Hµ

2

4

k − igHµ
2 +

√
(1 + µ)k2 −

g2
Hµ

2

4

 e−2ikxP , k > 0 . (94)

Similarly to the previous section, ζM(−k) = ζ∗(k). For |k| ≤ kth,
we have |ζM | = 1, indicating a total reflection of low frequency
waves. For higher frequencies, |ζM | approaches a constant

lim
k→∞
|ζM | =

√
1 + µ − 1

1 +
√

1 + µ
. (95)

We plot |ζM | for different µs in Fig. 5. Since µ is supposed
to be a small number, high frequency waves have nearly zero
reflection near the surface. This ζM is qualitatively similar to
the Lorentzian reflectivity model adopted, e.g., by Ref. [52].
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FIG. 5. Absolute values of ζD and ζM as functions of the frequency
k. We have set gH = 1. Since ζ and the Teukolsky reflectivity R
only differ by a phase, |ζ | is the same as |R|. The blue solid line
represents |ζD|. The yellow dotted line, the green dashed line, the
red dot-dashed line, and the purple long dashed line give |ζM | for
µ = 0.1, 0.2, 0.5,∞ respectively. The “Boltzman” reflectivity, i.e.
ξD, exponentially decays for higher frequencies. For our model of
homogeneous stars, we have total reflection of waves on the ECO
surface below a certain threshold frequency. Beyond the threshold
frequency, the reflectivity gets decreased and converges to a constant.
When µ→ ∞, we have total reflection of waves for all the frequency
range, which is equivalent to the case of inhomogeneous stars we
have introduced.

3. Inhomogeneous star

Let us make µ grow as a function of the location, with

µ = µ0e−ηx , (96)

where µ0 and η are positive constants. In this way, we success-
fully “revive” µ near the horizon.

We write down the general solutions to Eq. (87) asH(x, t) =

H̃(x)e−ikt, and obtain that

H̃(x) =A1e−ikxe
ik
η ln

(
µ0gH
η

)
− πk

η M(a, b, z)+ (97)

A2eikxe−
ik
η ln

(
µ0gH
η

)
+ πk

η M(a∗, b∗, z) ,

where

a =
ik
η
−

k2

gHη
, b = 1 +

2ik
η
, z =

µ0gH

η
e−ηx , (98)

A1, A2 are some constants, and M(a, b, z) is the confluent hy-
pergeometric function.

The hypergeometric function behaves asymptotically as

M(a, b, z) ∼ ez za−b Γ(b)
Γ(a)

, z→ ∞ , (99)

M(a, b, z) ∼ 1 , z→ 0 . (100)

The solution that damps on the horizon is then given by

A2

A1
= −e−

2πω
η

Γ(b)
Γ(b∗)

Γ(a∗)
Γ(a)

. (101)

For x in the region that µ0gHe−ηx � 1 and positive k, this
solution can then be written as

H̃(x) = e−ikx + ζNeikx , (102)

where

ζN = − e
[
− 2ik

η ln
(
µ0gH
η

)] Γ (
1 + 2ik

η

)
Γ
(
1 − 2ik

η

) Γ(− ik
η
− k2

gHη
)

Γ( ik
η
− k2

gHη
)
. (103)

One immediately notes that |ζN | = 1 for all real k, indicating
a total reflection of waves. This may due to the fact that
our assumption of µ in (96) is equivalent to putting infinite
numbers of reflecting surfaces near the horizon, i.e. the µ→ ∞
case in Fig. 5.

IV. BOUNDARY CONDITION IN TERMS OF VARIOUS
FUNCTIONS

In calculations for gravitational waveforms, one does not
usually compute both ψ0 and ψ4; the Sasaki-Nakamura formal-
ism was also used to obtain faster numerical convergence. In
this section, let us convert our boundary condition (35), which
involves both ψ0 and ψ4 amplitudes, into those that only in-
volve ψ4 amplitudes, and compare our reflectivity with the one
defined using the Sasaki-Nakamura functions.

A. Reflectivity for ψ4 mode amplitudes

The Newman-Penrose quantities ψ0 and ψ4 can be tran-
formed into each other using the Teukolsky-Starobinsky identi-
ties. The amplitude Zhole and Yhole are related by [60]

C`mωYhole
`mω = D`mωZhole

`mω , (104)

with

D`mω = 64(2rH)4(ik)
(
k2 + 4ε2

)
(−ik + 4ε) , (105)

and C is given by

|C`mω|
2 =

(
(λ + 2)2 + 4aωm − 4a2ω2

)
(106)

×
[
λ2 + 36aωm − 36a2ω2

]
+ (2λ + 3)(96a2ω2 − 48aωm) + 144ω2(1 − a2) ,

with

Im C = 12ω , (107)

Re C = +
√
|C|2 − (Im C)2 . (108)

Here we have defined

ε =

√
1 − a2

4rH
, (109)

and λ ≡ −2λ`mω is the eigenvalue of the s = −2 spin-weighted
spheroidal harmonic. See Appendix. B for more discussions
on the Teukolsky-Starobinsky identity.
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Combining Eq. (35) with Eq. (104), we finally arrive at the
relation between Zrefl and Zin, which is given by

Zrefl
`mω =

∑
`′

G``′mωZhole∗
`′ -m -ω∗ , (110)

where

G``′mω = (−1)m+1 1
4

e−2ikb∗M``′mω
D`′mω

C`′mω
. (111)

We have used the relations D`mω = D∗` -m -ω∗ and C`mω =

C∗` -m -ω∗ in order to obtain the above equation.
If we restrict ourselves to the simple case where `- and `′-

modes do not mix up, we may simply write Eq. (110) as

Zrefl
`mω = Ĝ`mω Zhole∗

` -m -ω , (112)

with

Ĝ`mω ≡
D`mω

4C`mω
R∗-ω+mΩH

eiϕrefl
`mω , (113)

and

ϕrefl
`mω = (m + 1)π − 2kb∗ . (114)

Eq. (112) says that, the (`, m, ω)-mode of gravitational-wave
echoes are not induced by the reflection of the incoming
(`, m, ω)-mode but the (`, −m, −ω∗)-mode instead. The mix-
ing of these two types of modes essentially indicates the break-
ing of isospectrality as pointed out by Ref. [57]. We will get
back to this point later. The other new result is the extra phase
term ϕrefl for the reflected waves, which may be important for
observations.

B. Reflectivity for Sasaki-Nakamura Mode Amplitudes

Since most previous literatures on gravitational wave echoes
base their models on the reflection of Sasaki-Nakamura (SN)
functions, one may ask how the tidal reflectivity can be related
to the SN reflectivity. (See Appendix A for a brief review of
the SN formalism.) In the vicinity of the horizon, the s = −2
SN function, i.e., the one associated with ψ4, can be written as

XECO
`mω = ξhole

`mω e−ikr∗ + ξrefl
`mω eikr∗ . r∗ → b∗ . (115)

Under the Chandrasekhar-Sasaki-Nakamura transformation,
we have

ξhole
`mω = Zhole

`mωd`mω , ξrefl
`mω =

Zrefl
`mω

f`mω
(116)

with

d`mω =
√

2rH[(8 − 24iω − 16ω2)r2
H

+ (12iam − 16 + 16amω + 24iω)rH

− 4a2m2 − 12iam + 8] , (117)

and

f`mω = −
4k
√

2rH [2krH + i(rH − 1)]
η(rH)

. (118)

Inserting Eqs. (116) into Eq. (110), we obtain boundary condi-
tion for the `mω components of the SN functions:

ξrefl
`mω =

(−1)m+1e−2ikb∗

4 f`mω

∑
`′

M``′mω
D`′mω

C`′mωd`′mω
ξhole∗
`′ -m -ω∗ , (119)

Here we have used the identity that

d`mω = d∗` -m -ω∗ . (120)

As we will see later, the fact that reflection at the ECO surface
turns the in-going (`,−m,−ω) SN components into out-going
(l,m, ω) SN components leads to the breaking of isospectrality,
which has also been pointed out by Maggio et al. [57]; here we
take the further step of relating these coefficients to the tidal
response of the ECO.

For the most simplified scenario where Zhole∗
` -m -ω∗ = Zhole

`mω and
different `′-modes do not mix, we may simply write

ξrefl
`mω = RSN

lmoξ
hole
`mω , (121)

where

RSN
`mω = KT→SN

`mω R∗-ω+mΩH
, (122)

with

KT→SN
`mω =

(−1)m+1D`mω

4C`mω f`mωd`mω
. (123)

This is a simple linear factor that converts R into the RSN that
are used in SN calculations. In the Schwarzschild limit, we
have

KT→SN
`mω =

(−1)m(4ω − i) [12ω + iλ(λ + 2)]
(4ω + i) [12ω − iλ(λ + 2)]

, a = 0 , (124)

where λ = (` − 1)(` + 2). One immediately notes that
|KT→SN

`mω | = 1 in the Schwarzschild limit. For spinning ECOs,
we numerically investigate KT→SN

`mω for the (2, 2) mode for dif-
ferent spins in Fig. 6.

C. Energy Contents of Incoming and Reflected Waves

The reflection coefficient we defined in last subsection is in-
deed the (square root of) power reflectivity of the gravitational
waves on the ECO boundary. To see this, consider a solution to
s = −2 Teukolsky equation near the ECO surface. The energy
flux down to the surface is given by [60]

dEhole

dω
=

∑
`m

ω

64πk(k2 + 4ε2)(2rH)3 |Y
hole
`mω|

2 , (125)

while the energy propagating outward from the surface is given
by

dErefl

dω
=

∑
`m

ω

4πk(k2 + 4ε2)(2rH)3 |Z
refl
`mω|

2 . (126)
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FIG. 6. Conversion factor KT→SN
`mω from the Teukolsky R to the Sasaki-Nakamura RSN. Here we have ignored the `-`′ mode mixing. We plot real

and imaginary parts, as well as the modulus, of KT→SN
`mω for the (2, 2)-mode with a = 0, 0.3, 0.7, 1 respectively. The gray dot-dashed line marks

the horizon frequency mΩH . In the Schwarzschild case, the two reflection coefficients only differ by a phase. For Kerr spacetimes we have
|KT→SN

`mω | > 1 for both low and high frequencies, but |KT→SN
`mω | dips below 1 for some frequencies. Also note that |KT→SN

`mω | = 1 when ω equals to
the horizon frequency.

Here ω are all taken as real numbers. See Appendix B for
detailed discussions on the energy flux and the energy con-
servation law. In the simple case of neglecting `-`′ mixing,
incoming energy from the (` -m -ω)-mode will return from the
(`mω)-mode, with(

dErefl

dω

)
`mω

= |R-ω+mΩH |
2
(

dEhole

dω

)
` -m -ω

(127)

This means our reflectivity R indeed acts as an energy reflec-
tivity.

V. WAVEFORMS AND QUASI-NORMAL MODES OF THE
ECO

In this section, we show how our ECO boundary conditions
can be applied to echo computations and resonant conditions
for quasi-normal modes. We shall also restrict ourselves to the
case of

Ĝ`mω = Ĝ∗` -m -ω∗ . (128)

This is satisfied by all the reflectivity models discussed in
this paper, since in these cases the tidal response in the time-
domain, R(b, θ; t) [Cf. (29)] is real-valued.

A. Even and Odd-Parity Echoes

In this subsection, we derive the gravitational-wave echo
waveform based on our reflection model. Note that this echo
can be the additional wave due to the reflection at the ECO
surface during the inspiral phase — it does not necessarily
has to be the echo that follows the ringdown phase of the
coalescence wave.

Suppose now, we have some small perturbations towards the
ECO spacetime. We assume that the source in the Teukolsky
equation drives a −2Υ(0), which has the following form at r∗ →
−∞:

−2Υ(0) =
∑
`m

∫
dω
2π

Zhole (0)
`mω ∆2e−ikr∗

−2S `mω(θ, φ)e−iωt . (129)
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This satisfies the Teukolsky equation with the appropriate
source term away from the horizon, the out-going condition
at infinity, but not the ECO boundary condition near the hori-
zon. We will need to add an additional homogeneous solution,
which satisfies the out-going boundary condition at infinity.
Recall that for the radial part, we have

R+∞
`mω =


Din
`mω∆2e−ikr∗ + Dout

`mωeikr∗ , r → b ,

r3eiωr∗ , r → +∞ .

Thus we add the following homogeneous solution to Υ(0):

−2Υecho =
∑
`m

∫
dω
2π

c`mωR+∞
`mω−2S `mω(θ, φ)e−iωt , (130)

so that −2Υ(0) +−2Υecho is of the form (14), also satisfying (112).
The asymptotic behavior of −2Υecho is given by

−2Υecho =



∑
`m

∫
dω
2π

c`mωr3e+iωr∗e−iωt
−2S `mω(θ, φ) , r∗ → +∞ ,

∑
`m

∫
dω
2π

c`mω
[
Din
`mω∆2e−ikr∗ + Dout

`mωeikr∗
]

e−iωt
−2S `mω(θ, φ) , r∗ → b∗ .

(131)

Here we already see that the amplitudes clmω directly give us the additional gravitational waves due to the reflecting surface.
Identifying term by term between −2Υ(0) + −2Υecho and Eq. (14), we find

Zhole
`mω = Zhole (0)

`mω + c`mωDin
`mω , Zrefl

`mω = c`mωDout
`mω . (132)

Applying Eq. (110), we obtain

c`mωDout
`mω =

∑
`′

G``′mω

[
Zhole (0)∗
`′ -m -ω + c∗`′ -m -ωDin ∗

`′ -m -ω

]
,

c∗` -m -ωDout ∗
` -m -ω =

∑
`′

G∗``′-m-ω

[
Zhole (0)
`′mω + c`′mωDin

`′mω

]
. (133)

Here we restrict ourselves to real-valued ω only. Using the symmetry of the Teukolsky equation, for real-valued ω, it is
straightforward to show that the homogeneous solutions have the symmetry that

Din
`mω = Din ∗

` -m -ω , Dout
`mω = Dout ∗

` -m -ω . (134)

We can then write (
δ``′Dout

`mω −G``′mωDin
`mω

−G``′mωDin
`mω δ``′Dout

`mω

) (
c`′mω

c∗`′ -m -ω

)
=

(
G``′mω 0

0 G``′mω

) (
Zin (0)∗
`′ -m -ω
Zin (0)
`′mω

)
, (135)

G``′mω ≡ G
∗
``′ -m -ω , (136)

where the components in all matrices are also block matrices
with ` and `′ representing sections of rows and columns. This
will allow us to solve for c`mω, therefore leading to the addi-
tional out-going waves at infinity, i.e. the gravitational-wave
echoes.

In the simple case where there is no `-`′ mixing for reflected
waves (so that the relation between reflected waves and incom-
ing waves is simply given by Eq. (112)), and that

Ĝ∗` -m -ω ≡ Ĝ`mω , (137)

we can have simpler results. For each harmonic for the Z
components (similar for the c components), we can define

symmetric and anti-symmetric quadrature amplitudes

Zhole (0),S
`mω ≡

Zhole (0)
`mω + Zhole (0) ∗

` -m -ω
√

2
, (138)

Zhole (0),A
`mω ≡

Zhole (0)
`mω − Zhole (0) ∗

` -m -ω
√

2i
. (139)

We then have

cS
`mω =

Ĝ`mω

Dout
`mω − Ĝ`mωDin

`mω

Zhole (0),S
`mω , (140)

cA
`mω = −

Ĝ`mω

Dout
`mω + Ĝ`mωDin

`mω

Zhole (0),A
`mω . (141)
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Here we see that the A quadrature has a reflectivity of −Ĝ`mω,
compared with Ĝ`mω for the S quadrature. These quadratures
correspond to electric- and magnetic-type perturbations.

As it turns out, non-spinning binaries, or those with spins
aligned with the orbital angular momentum, only excite the
S quadrature — although generically both quadratures are
excited — they will have different echoes. In the case when
echoes are well-separated in the time domain, the first, third,
and other odd echoes, the A and S will have transfer functions
negative to each other, while for even echoes, they will have
the same transfer function.

If we further simplify the problem by demanding c`mω =

c∗` -m -ω, Eq. (135) gives that

c`mω =
Ĝ`mω

Dout
`mω − Ĝ`mω Din

`mω

Zhole (0)
`mω . (142)

This expression coincides, for instance, with the one obtained
in [31] for the spherically-symmetric spacetime with a reflect-
ing surface. Note that the phase factor e−2ikb∗ has been absorbed
into our definition of Ĝ.

B. Echoes driven by symmetric source terms

In our reflection model (112), as discussed in Ref. [63],
the coefficients Zhole∗

` -m -ω∗ and Zhole
`mω are related for quasi-circular

orbits. For such orbits, one can define a series of frequencies
as

ωmk = mΩφ + kΩθ , (143)

where Ωφ and Ωθ are two fundamental frequencies defined for
periodic motions in φ and θ. Then, for real frequencies, we can
decompose the amplitude Zin

`mω according to

Zhole
`mω =

∑
k

Zhole
`mk δ(ω − ωmk) . (144)

It is easy to check that for Kerr black holes,

Zhole∗
`-m-k = (−1)`+kZhole

`mk . (145)

That is, if we consider a specific circular orbit, we have the
symmetry that Zhole∗

` -m -ω∗ is either equal to Zhole
`mω, or they differ by a

minus sign. In this simple case, our reflection model (112) does
not involve different modes, and the model becomes similar to
those reflection models based on Sasaki-Nakamura functions
like in Ref. [40]. However, if we consider the full quasi-circular
motions, i.e. adding up all orbits, this symmetry no longer
exists, and one has to consider the mixing of modes when
dealing with the reflecting boundary. For general orbits that
are not quasi-circular, the symmetry between Zhole∗

` -m -ω∗ and Zhole
`mω

may not exist.
Now for the symmetric source, where there is no mode mix-

ing, let us consider a solution −2Υ(0) to the Teukolsky equation,
which has the following form at r∗ → −∞:

−2Υ(0) =
∑
`m

∫
dω
2π

Zhole (0)
`mω ∆2e−ikr∗

−2S `mω(θ, φ)e−iωt . (146)

Following the same steps as in the last subsection, it is straight-
forward to show that the echo solution to the Teukolsky equa-
tion at infinity is given by

−2Υecho =
∑
`m

∫
dω
2π

Zecho
`mω−2S `mω(θ, φ)e−iωt , (147)

with

Zecho
`mω =

Ĝ`mω

Dout
`mω − Ĝ`mω Din

`mω

Zhole (0)
`mω , (148)

where we have chosen the normalization D∞`mω = 1. The tidal
reflectivity can also be directly related to the SN reflectivity as

RSN
`mω = (−1)m+1 D`mω

4C`mω f`mωd`mω
R∗-ω+mΩH

. (149)

In this simple scenario, the tidal reflectivity is exactly the
energy reflectivity for each mode.

C. Quasi-Normal Modes and Breakdown of Isospectrality

For Quasi-Normal Modes, we set Z to zero, and analytically
continue Eq. (135) to complex ω. The QNM frequencies can
be directly solved by setting the determinant of the lhs matrix
of Eq. (135) to zero, i.e.

det
(

δ``′Dout
`mω −G``′mωDin

`mω
−G∗``′ -m -ω∗D

in
`mω δ``′Dout

`mω

)
= 0 . (150)

This will in general cause a mixing between QNMs with differ-
ent `, and break the isospectrality property of the Kerr space-
time and lead to two distinct QNMs for each (`,m).

Neglecting the `-`′ mixing, we can simply write[
Dout
`mω

]2
= Ĝ`mω

¯̂
G`mω

[
Din
`mω

]2
, ¯̂
G`mω ≡ Ĝ

∗
` -m -ω∗ . (151)

In the special case of Ĝ`mω =
¯̂
G`mω (which is satisfied by all

the reflectivity models discussed in this paper), we note that
the ECO’s QNMs split into S and A modes, with ωS

n`m and
ωA

n`m satisfying different equations:

Dout
`mωS

− Ĝ`mωS Din
`mωS

= 0 , (152)

Dout
`mωA

+ Ĝ`mωA Din
`mωA

= 0 . (153)

This still breaks the isospectrality properties of Kerr space-
time. Note that this property has also been found and studied
in Ref. [57] with their echo model which describes the ECO as
a dissipative fluid. Since modes of the ECO are usually excited
collectively, the main signature of the breakdown of isospec-
trality is still the fact that S and A echoes have alternating sign
differences in even and odd echoes.

VI. CONCLUSIONS

In this paper, we developed a more physical way to impose
boundary conditions for Teukolsky functions near the surface
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of extremely compact objects. We adopted the Membrane
Paradigm, and assumed that the ECO structure is well adapted
to the coordinate system of the Fiducial Observers, which is an
approximate Rindler coordinate system near the horizon. More
specifically, assuming that the additional physics near an ECO
can be viewed as modified propagation laws of gravitational
waves in the Rindler coordinate system, we were able to obtain
reflectivity models for spinning ECOs that are similar to those
proposed by previous literature, when taking the Schwarzschild
limit. In particular, the Boltzmann reflectivity of Oshita et
al. was obtainable from a position-dependent damping of
gravitational waves in the Rindler coordinate system, which
might be thought of as due to the emergent nature of gravity.

As it has turned out, the most directly physical condi-
tion is between in-going components of ψ0 and out-going
components of ψ4, although relations between in-going and
out-going components of ψ4, as well as those of the Sasaki-
Nakamura functions, can be obtained by using the Starobinsky-
Teukolsky transformation, as well as the Chandrasekhar-
Sasaki-Nakamura relations.

The deformation of space-time geometry due to the spin
of the ECO causes a mixing between different ` modes dur-
ing reflection at the ECO surface; reflection at the ECO also
takes (m, ω)→ (−m,−ω∗). This means an incoming (`,m, ω)
mode is reflected into (`′,−m,−ω∗) modes. For moderately
rapidly spinning holes, such `-`′ mixing is moderate, but non-
negligible, which means accurately modeling echoes will in-
deed have to take such mixing into account. For incoming
waves toward the ECO caused by a quasi-circular inspiral of
a non-spinnining particle, the waveform has a definite partiy,
and is invariant under the (m, ω) → (−m,−ω∗) transforma-
tion. For more general waves, the (m, ω) → (−m,−ω∗) map
causes echoes from even- and odd-parity waves to differ from

each other; it also causes the breakdown of quasi-normal mode
isospectrality, as has been pointed out by Maggio et al. in the
Schwarzschild case.
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Appendix A: The homogeneous Teukolsky and
Sasaki-Nakamura equations

Perturbations of Kerr spacetime can be described by the
Teukolsky equations [47]. In the vacuum case, one can de-
compose solutions to the homogeneous Teukolsky equation
as

sΥ =
∑
`m

∫
dω
2π

e−iωt+imφ
sR`mω(r)sS `mω(θ) , (A1)

where sS `mω(θ) is the spin-weighted spheroidal harmonic func-
tion, and s is the spin weight. The Teukolsky equations are
then separable, and the equations for R and S are respectively

[
∆−s d

dr

(
∆s+1 d

dr

)
+

K2 − 2is (r − 1) K
∆

+ 4isωr − sλ`mω

]
sR`mω = 0 , (A2)[

1
sin θ

d
dθ

(
sin θ

d
dθ

)
− a2ω2 sin2 θ −

(m + s cos θ)2

sin2 θ
− 2aωs cos θ + s + 2maω + sλ`mω

]
sS `mω = 0 , (A3)

where K = (r2 + a2)ω −ma, and sλ`mω is the eigenvalue of the
spin-weighted spheroidal harmonic.

For s = −2, the radial equation (A2) admits two indepen-
dent solutions, −2RH

`mω and −2R∞`mω, which have the following
asymptotic forms:

−2RH
`mω =


Bout
`mωr3eiωr∗ + Bin

`mωr−1e−iωr∗ , r → ∞ ,

Bhole
`mω∆2e−ikr∗ , r → rH ;

(A4)

−2R∞`mω =


D∞`mωr3eiωr∗ , r → ∞ ,

Dout
`mωeikr∗ + Din

`mω∆2e−ikr∗ , r → rH .
(A5)

The Sasaki-Nakamura-Chandrashekar transformation [49]
takes the Teukolsky radial function −2R(r) to the Sasaki-

Nakamura function X(r), and the Teukolsky equation becomes
the Sasaki-Nakamura equation. The homogeneous SN equa-
tion is given by

d2X`mω

dr2
∗

− F(r)
dX`mω

dr∗
− U(r)X`mω = 0 . (A6)

The explicit expressions for F(r) and U(r) are given in
Ref. [64]’s Eqs. (51-58). The SN equation also admits two inde-
pendent solutions, XH

`mω and X∞`mω, which have the asymptotic
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values:

XH
`mω =


Aout
`mωeiωr∗ + Ain

`mωe−iωr∗ , r → ∞ ,

Ahole
`mωe−ikr∗ , r → rH ;

(A7)

X∞`mω =


C∞`mωeiωr∗ , r → ∞ ,

Cout
`mωeikr∗ + Cin

`mωe−ikr∗ , r → rH .
(A8)

The amplitudes A and C can be related to the amplitudes B
and D by matching the asymptotic solutions to the SN and
the Teukolsky equation on the horizon and at infinity. The
B-coefficients and A-coefficients are related by

Bin
`mω = −

1
4ω2 Ain

`mω , (A9)

Bout
`mω = −

4ω2

c0
Aout
`mω , (A10)

Bhole
`mω =

1
d`mω

Ahole
`mω , (A11)

and the D-coefficients and C-coefficients are related by

Din
`mω =

1
d`mω

Cin
`mω , (A12)

Dout
`mω = f`mωCout

`mω , (A13)

D∞`mω = −
4ω2

c0
C∞`mω , (A14)

where

d`mω =
√

2rH[(8 − 24iω − 16ω2)r2
H (A15)

+ (12iam − 16 + 16amω + 24iω)rH

− 4a2m2 − 12iam + 8] ,
(A16)

and

f`mω = −
4k
√

2rH [2krH + i(rH − 1)]
η(rH)

. (A17)

Here η(r) is defined by

η(r) = c0 +
c1

r
+

c2

r2 +
c3

r3 +
c4

r4 , (A18)

with

c0 = −12iω + λ(λ + 2) − 12aω(aω − m) , (A19)
c1 = 8ia[3aω − λ(aω − m)] ,

c2 = −24ia(aω − m) + 12a2[1 − 2(aω − m)2] , (A20)

c3 = 24ia3(aω − m) − 24a2 ,

c4 = 12a4 ,

where λ ≡ −2λ`mω is the eigenvalue of the s = −2 spin-
weighted spheroidal harmonic.

Appendix B: Conservation of energy for gravitational
perturbations

In this section, we derive a new conservation relation among
four energies, which corresponds to waves that are outgoing at
infinity, ingoing at infinity, coming down to the “horizon”, and
being reflected from the “horizon”, respectively. A derivation
has been done by Teukolsky and Press in [60] for the relation
among the first three energies. Here we extend their results to
include the reflected one.

From the Newman-Penrose equations, one can derive the
Teukolsky-Starobinsky identities for s = ±2, which can be
written as

L−1L0L1L2 2S + 12iω−2S = C−2S , (B1)

DDDD−2R =
1
4 2R , (B2)

where we have omitted (`mω)-indices in R and S for the sake of
brevity. We will adopt these abbreviated notations throughout
this section. The operators L and D are defined by

Ln = ∂θ + m csc θ − aω sin θ + n cot θ , (B3)
D = ∂r − iK/∆ , (B4)

and C is given by

|C|2 =
(
(λ + 2)2 + 4aωm − 4a2ω2

)
(B5)

×
[
λ2 + 36aωm − 36a2ω2

]
+ (2λ + 3)(96a2ω2 − 48aωm) + 144ω2(1 − a2) ,

with

Im C = 12ω , (B6)

Re C = +
√
|C|2 − (Im C)2 . (B7)

Similarly we define

L †
n = Ln(−ω,−m) , (B8)

D† = D(−ω,−m) = ∂r + iK/∆ . (B9)

A complementary set of equations to Eqs. (B1) and (B2) then
gives

L †

−1L
†

0 L †

1 L †

2 C−2S + 12iωC∗2S = C2
2S , (B10)

D†D†D†D†∆2
2R=4|C|2∆−2

−2R . (B11)

Now let us derive the relation between ψ0 and ψ4 by using
the Teukolsky-Starobinsky identities. Note that at large r, the
radial function sR has the following asymptotic behavior,

2R = Yin
e−iωr∗

r
+ Yout

eiωr∗

r5 , (B12)

−2R = Zin
e−iωr∗

r
+ Zoutr3eiωr∗ . (B13)

Plugging these asymptotic expressions into Eq. (B2), and keep
the terms leading in (1/r)-expansions, we have

CYin = 64ω4Zin . (B14)
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A set of useful identities can be used during the derivations are

∆DD = 2(−iK + r − 1)D + 6iωr + λ , (B15)

∆2DDD = [4iK(iK − r + 1) + (λ + 2 + 2iωr)∆] D (B16)
− 2iK(λ + 6iωr) + 6iω∆ ,

∆3DDDD = [∆ (−4iK(λ + 2) − 8iωr(r − 1)) (B17)

+ 8iK
(
K2 + (r − 1)2

)
+ 8iω∆2

]
D

+ ∆ [(λ + 2 − 2iωr)(λ + 6irω)
−12iω(iK + r − 1)]
+ 4iK(iK + r − 1)(λ + 6irω) .

Similarly, plugging the asymptotic expressions of the radial
functions ±2R into Eq. (B11), we obtain that

4ω4Yout = C∗Zout . (B18)

On the horizon, the radial function sR is given by

2R = Yhole∆
−2e−ikr∗ + Yrefleikr∗ , (B19)

−2R = Zhole∆
+2e−ikr∗ + Zrefleikr∗ . (B20)

Plugging these expressions into Eq. (B2) and (B11), we obtain
that

CYhole = 64(2rH)4(ik)(−ik + 4ε)(k2 + 4ε2)Zhole , (B21)

4(2rH)4(ik)(−ik − 4ε)(k2 + 4ε2)Yrefl = C∗Zrefl . (B22)

In the Schwarzschild case, the energy conservation relations
can be most easily seen from the Wronskian of two linearly
independent homogeneous solutions to the perturbation equa-
tions such as the Regge-Wheeler equation. In the Teukolsky
equation, due to the existence of the dR/dr∗-term, the Wron-
skian is then dependent on r. To resolve this, one can rewrite
the radial Teukolsky equation (A2) in a form of

d2Y/dr2
∗ + VY = 0 , (B23)

which is possible if one defines

Y = ∆s/2(r2 + a2)1/2R , (B24)

V =

[
K2 − 2isK(r − 1) + ∆(4irωs − λ − 2) − s2(1 − a2)

]
(r2 + a2)2 −

∆(2r3 + a2r2 − 4ra2 + a4)
(r2 + a2)4 . (B25)

The Wronskian of any two solutions of Eq. (B23) is then conserved. By equating the Wronskian evaluated at infinity and that on
the horizon, we have

(
dsY
dr∗

−sY∗ − sY
d−sY∗

dr∗

)
r=rH

=

(
dsY
dr∗

−sY∗ − sY
d−sY∗

dr∗

)
r=∞

. (B26)

For s = 2, we substitute Eqs. (B12), (B13), (B19) and (B20) into the Wronskian equation, and we use Eqs. (B14), (B18), (B21)
and (B22) to obtain that

−iC∗|Yhole|
2

32k(2rH)3(k2 + 4ε2)
+

256(ik)r5
H(k2 + 4ε2)(k2 + 16ε2)|Yrefl|

2

C
=
−iC∗|Yin|

2

32ω3 +
8iω5|Yout|

2

C
, (B27)

where ε is defined in Eq. (109).

This is indeed the energy conservation law relating the ingoing energy at infinity Ein, the outgoing energy at infinity Eout, the
energy absorbed by the “horizon” Ehole, and the energy reflected from the horizon Erefl. The conservation law can be written as

dEin

dω
−

dEout

dω
=

dEhole

dω
−

dErefl

dω
, (B28)
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in which the explicit expressions for the four energies are

dEin

dω
=

∑
`m

1
64πω2 |Yin|

2 =
∑
`m

64ω6

π|C|2
|Zin|

2 , (B29)

dEout

dω
=

∑
`m

1
4πω2 |Zout|

2 =
∑
`m

4ω6

π|C|2
|Yin|

2 , (B30)

dEhole

dω
=

∑
`m

ω

64πk(k2 + 4ε2)(2rH)3 |Yhole|
2 (B31)

=
∑
`m

64ωk(k2 + 4ε2)(k2 + 16ε2)(2rH)5

π|C|2
|Zhole|

2 , (B32)

dErefl

dω
=

∑
`m

ω

4πk(k2 + 4ε2)(2rH)3 |Zrefl|
2 , (B33)

=
∑
`m

4ωk(k2 + 4ε2)(k2 + 16ε2)(2rH)5

π|C|2
|Yrefl|

2 . (B34)
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