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This paper considers an online control problem involving two controllers. A central controller chooses an

action from a feasible set that is determined by time-varying and coupling constraints, which depend on all

past actions and states. The central controller’s goal is to minimize the cumulative cost; however, the controller

has access to neither the feasible set nor the dynamics directly, which are determined by a remote local

controller. Instead, the central controller receives only an aggregate summary of the feasibility information

from the local controller, which does not know the system costs. We show that it is possible for an online

algorithm using feasibility information to nearly match the dynamic regret of an online algorithm using perfect

information whenever the feasible sets satisfy a causal invariance criterion and there is a sufficiently large

prediction window size. To do so, we use a form of feasibility aggregation based on entropic maximization in

combination with a novel online algorithm, named Penalized Predictive Control (PPC) and demonstrate that

aggregated information can be efficiently learned using reinforcement learning algorithms. The effectiveness

of our approach for closed-loop coordination between central and local controllers is validated via an electric

vehicle charging application in power systems.
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1 INTRODUCTION
The use of online learning methods for controlling dynamical systems has captured increasing

attention from both the learning and control communities. Significant effort has been made to

design online optimal controllers using tools from machine learning in a variety of contexts in

recent years [7, 9, 12, 13, 31, 48, 49]. One general dynamic model of particular interest for many

applications is the following, which has time-varying and time-coupling constraints:

𝑥𝑡+1 = 𝑓𝑡 (𝑥𝑡 , 𝑢𝑡 ), 𝑥𝑡 ∈ X𝑡 (x<𝑡 , u<𝑡 ) , 𝑢𝑡 ∈ U𝑡 (x<𝑡 , u<𝑡 ) , (1)
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where the deterministic function 𝑓𝑡 represents the transition of the state 𝑥𝑡 , and 𝑢𝑡 is the control or

action determined by the controller. Crucially, the constraints X𝑡 (x<𝑡 , u<𝑡 ) andU𝑡 (x<𝑡 , u<𝑡 ) may

change over time and they depend on the past history of states x<𝑡 = (𝑥1, . . . , 𝑥𝑡−1) and actions

u<𝑡 = (𝑢1, . . . , 𝑢𝑡−1). At each time 𝑡 , the action 𝑢𝑡 chosen by the online controller incurs a cost

𝑐𝑡 (𝑢𝑡 ) and the goal is to minimize the cumulative costs without violating the dynamical constraints.

Designing controllers for the general constrained dynamics in (1) is challenging and, as a result,

traditional online optimization models often adopt simplified versions of (1), such as unconstrained

optimization [11, 22, 38] or time-invariant constraints [26, 27] that are known a priori. More

specifically, previous studies in online control and online optimizationmostly focus on specific forms

of constraints or costs depending on different applications, such as switching costs [17, 33, 35, 43],

ramping constraints [4, 43], polytopic constraints [16], time-varying memoryless cumulative

constraints [9, 46, 48–50], convex loss functions with memory [1–3, 42] or inventory constraints [30,

35]. Within this literature, the goal is to derive policies with either small regret [9, 15, 33, 35, 49, 51]

or competitive ratio [4, 17, 34, 42, 43]. However, there has been little progress deriving policies

with small regret/competitive ratio under general forms of constraints, like in (1).

In particular, our work is motivated by settings where transmitting the constraints precisely is

hard, either due to complexity or privacy concerns. These issues often arise in a two-controller

system where a local controller governs large-scale infrastructure consisting of many controllable

devices and a central controller operates remotely. Therefore, the control system often contains two

controllers: a central controller that wishes to optimize costs but is far away from a large fleet of

controllable devices and a local controller that has direct access to the controllable devices, whose

dynamics can be modeled by (1). In many situations, full information about the local controllers’

dynamics and constraints is not available to the central controller and the local controller cannot

access the system’s costs. In such settings, the central and local controllers each have part of the

information needed to control the whole dynamical system online. The task of designing controllers

is therefore made even more challenging than the single controller case.

A motivating example for our work is the coordination between a system operator (central

controller) and an aggregator (local controller) in large-scale electric vehicle (EV) charging systems,

as discussed in [19, 29, 32, 39]. In a smart grid, it is desirable to increase the ability of the system

to provide flexibility via distributed energy resources (such as electric vehicles). Aggregators

have emerged as dominate players for coordinating these resources and they are able to provide

coordination among large pools of DERs and then give a single point of contact for independent

system operators (ISOs) to call on for obtaining the aggregate flexibility of DERs [32]. This enables

ISOs to minimize cost and respond to unexpected fluctuations of renewables. An example of

a system operator is the California ISO, that takes charge of managing and balancing various

controllable loads and providing auxiliary services, e.g., demand response, energy storage and

flexibility reserves to enhance the system stability and quality. In the case of managing an EV

charging garage, on the one hand the aggregator cannot solve the problem independently because

it does not have cost information (since the costs are often sensitive and only of the operator’s

interests) from the operator and even if the aggregator could, it may not have enough power to

solve an optimization to obtain an action, such as deciding the substation power level of the EV

charging garage. On the other hand, the operator has to receive flexibility information from the

aggregator in order to act. Well-known methods in learning or control cannot be used for this

problem directly. From a learning perspective, the aggregator cannot simply use reinforcement

learning and transmit a learned Q-function or an actor-critic model to the operator because the

aggregator does not know the costs. From a control perspective, although model predictive control

(MPC) is widely used for EV charging scheduling in practical charging systems [28, 29], it requires

precise state information of electric vehicle supply equipment (EVSE). Thus, to solve the induced
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MPC problem, the system operator or aggregator needs to solve an online optimization at each

time step that involves hundreds or even thousands of variables. This not just a complex problem,

but the state information of the EVSE is potentially sensitive. This combination makes controlling

subsystems using precise information impractical for a future smart grid [32]. Note that there are a

wide variety of other situations that face similar challenges, including data center scheduling [49]

and fog computing [12].

The complexities illustrated by the examples above highlight the necessity for system operators to

use aggregate information about the constraints of the agents being controlled. However, controlling

a dynamical system such as (1) using only aggregate information adds to the difficult of the design

of the controller. Specifically, the two-controller system is now faced with two design tasks: (i)

summarize – design a form of the aggregate signal summarizing the constraints and dynamics of

the controllable devices for a local controller, and (ii) optimize – design an central controller that

uses the aggregate signal to minimize the cumulative cost while satisfying the constraints of the

local controller.

Contributions of this paper. In this work, we consider a system formed by a central controller

and a local controller and propose a design of aggregate feedback that integrates into a novel

predictive control policy for online control of a system with time-varying and time-coupling

constraints. Importantly, the aggregate feedback can be efficiently approximated via a data-driven

approach. Our main results bound the dynamic regret of our policy and show that it achieves

near-optimal performance. In more detail, our main contributions are four-fold.

First, we design an approach for information aggregation, termed maximum entropy feedback

(MEF). MEF, introduced in Section 3.3, is defined as a density function on the action space. We

introduce a control policy, penalized predictive control (PPC) (see Section 4), that incorporates MEF

as a penalty term into an MPC-like policy. This technique for incorporating aggregate feedback is

a novel design approach that we expect to have applicability beyond the context of this paper. We

also introduce a method to approximate the MEF using model-free reinforcement learning.

Second, denoting by 𝑑 the diameter of the action space U,𝑇 the number of total time steps and𝑤

the number of predictions available, we show that the dynamic regret of any deterministic policy

must satisfy a lower bound on Regret(u) = Ω (𝑑 (𝑇 −𝑤)) for any feasible sequence of actions u
generated by the deterministic policy, even if it has full information of the constraints. Note that it

is well-known that, in the worst case, a sub-linear dynamic regret without the use of predictions

is impossible (cf. [24]). Therefore, conditions on the constraints and predictions are necessary to

obtain a sub-linear dynamic regret.

Third, we introduce a new assumption, termed causally invariance (see Definition 5.1) on the set

of feasible actions. The condition holds quite generally, including in applications with inventory

constraints (Example 1) and tracking problems (Example 2). We show that when the constraints

are causally invariant (see Definition 5.1), the dynamic regret of PPC is bounded from above by

Regret(u) = 𝑂
(
𝑑𝑇

(
𝛿 log _
√
𝑤
+
√
𝛿

𝑤1/4

))
where u is the sequence of actions generated by PPC, _, 𝛿 > 0 are parameters of the causal invariance

assumption,𝑤 is the prediction window size, and 𝑑 is the diameter of the action space. In particular,

when 𝑤 = 𝜔 (1), even with aggregate feedback information, PPC establishes a sub-linear (in 𝑇 )

bound on the dynamic regret. To the best of our knowledge, this is the first bound on dynamic

regret for a policy that uses only aggregate feedback information in the context of time-varying

and time-coupling constraints.
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Finally, to illustrate the performance of our controller in a practical setting, in Section 7 we

consider a cost minimization problem for an EV charging system controlled by a system operator.

We provide experimental results first showing that in the case when there is no prediction, our

approach can reduce the number of variables by 80% while outperforming classical MPC with full

information were available by achieving a lower total cost. We demonstrate that the cost can be

further reduced with predictions.

Related work. This model falls into the growing literature seeking to understand the role of

information and feedback in online decision-making. In this line of work, the online controller

does not know (at least) one of the objective function, dynamics or constraints in advance, and

therefore, feedback containing information about the objective function, dynamics and constraints

becomes necessary.

When the cost functions are unknown, using a semi-definite relaxation for an online con-

troller, [14] shows a𝑂 (
√
𝑇 ) regret where𝑇 is the length of the time horizon for quadratic costs and

stochastic noise. It is well known that without the curvature assumptions,𝑂 (
√
𝑇 ) regret is tight [23].

Similarly, in [1], 𝑂 (
√
𝑇 ) regret is proved for convex costs with adversarial noise. Recently, with

the help of online learning, [2] considers a linear dynamical system under adversarially changing

strongly convex cost functions, which includes the Kalman filter and the linear quadratic regulator.

Assuming the transition dynamics are known, the authors in [2] obtain a logarithmic upper bound

𝑂 (poly(log𝑇 )) on the regret. When the dynamics are not known, nonlinear control with safety

constraints have been considered in [6], wherein an algorithm is introduced to safely learn about

the dynamics modeled by a Gaussian process.

When the constraints and costs are not known a priori, results are less general and often hold for

specific forms of constraints. To help the online controller be aware of the constraint information,

feedback is necessary. Two widely adopted feedback signals are bandit feedback [9, 12], which

reveals the values of the objective and constraint functions with certain chosen actions, and gradient

feedback [7, 13, 48, 49], which further offers the gradient of the unknown functions. To briefly

mention some of the results, in [12], with bandit feedback, the dynamic regret is bounded by 𝑜 (𝑇 ).
In [9], the dynamic regret is bounded by 𝑂 (

√
𝑇Δ(𝑇 )) and the constraint violations are bounded

by 𝑂 (𝑇 3/4Δ(𝑇 )1/4) where Δ(𝑇 ) is the “drift" of the sequence of optimal actions. In [31], 𝑂 (
√
𝑇 )

regret is proven, and the results are extended to incorporate future information (predictions). In

the case of stochastic long-term constraints, the authors in [49] achieve 𝑂 (
√
𝑇 log𝑇 ) regret and

constraint violations with high probability. However, both bandit and gradient feedback are not

designed to deal with time-coupling constraints and there are no results providing guaranteed

performance for the general setting in (1). Indeed, for the case when the offline constraints on the

actions u = (𝑢1, . . . , 𝑢𝑇 ) are of the form
∑𝑇

𝑡=1 𝑔𝑡 (𝑢𝑡 ) ≤ 0, [37] shows that if the feedback at time 𝑡

contains only information on the function 𝑔𝑡 and a convex cost 𝑐𝑡 , it is impossible to achieve both

sub-linear regret and constraint violations even if the functions 𝑔𝑡 and 𝑐𝑡 are linear.

Finally, note that the literature described above typically compares algorithms with the best fixed

decision in hindsight, with notable exceptions such as [12, 48], which shows sub-linear dynamic

regret and constraint violations. This is in contrast to the current paper which compares to dynamic

optimal decisions in hindsight.

Notation and Conventions. The (differential) entropy function is denoted by H(·). Sequences
of vectors are written as boldface letters, such as u = (𝑢1, . . . , 𝑢𝑇 ) and 𝑢𝑡 is a vector in an Euclidean

space. To distinguish random variables and their realizations, we follow the convention to denote

the former by capital letters (e.g.,𝑈 and U) and the latter by lower case letters (e.g., 𝑢 and u). We fix

the base of the logarithms to be the natural number 𝑒 , unless otherwise stated. The concatenation

of two sequences x and y is denoted by (x, y). The ℓ2 norm of a vector 𝑥 is written as | |𝑥 | |2. Let

Proc. ACM Meas. Anal. Comput. Syst., Vol. 5, No. 2, Article 18. Publication date: June 2021.



Information Aggregation for Constrained Online Control 18:5

Fig. 1. Closed-loop interaction between a central controller and a local controller.

` (S) be the Lebesgue measure of a measurable set S. The Hausdorff distance between two sets S1
and S2 in an Euclidean space with respect to the ℓ2 norm is denoted as

𝑑H (S1, S2) := max

{
sup

𝑥 ∈S1
inf

𝑦∈S2
| |𝑥 − 𝑦 | |2, sup

𝑦∈S2
inf

𝑥 ∈S1
| |𝑥 − 𝑦 | |2

}
.

2 MODEL
We consider the deterministic dynamical system in (1) over a discrete time horizon [𝑇 ] := {1, . . . ,𝑇 }
with time-varying and time-coupling constraints.

The dynamical system is governed by a local controller 𝜓 , which manages a large fleet of control-

lable units. The collection of the states of the units is represented by 𝑥𝑡 in a state space X ⊆ R𝑛 .
There is a distant central controller 𝜋 that communicates with the local controller. The central

controller selects an action 𝑢𝑡 at each time 𝑡 ∈ [𝑇 ]. The actions must be selected from a closed and

bounded domain U ⊆ R𝑚 . The initial point 𝑢0 is assumed to be the origin without loss of generality.

Both the state and action at each time are confined by safety constraints that maybe time-varying

and time-coupling, i.e., 𝑥𝑡 ∈ X𝑡 (x<𝑡 , u<𝑡 ) and 𝑢𝑡 ∈ U𝑡 (x<𝑡 , u<𝑡 ) for 𝑡 ∈ [𝑇 ]. For simplicity, we

denote the safety sets U𝑡 (x<𝑡 , u<𝑡 ) and X𝑡 (x<𝑡 , u<𝑡 ) byU𝑡 and X𝑡 in future contexts. The central

controller receives time-varying cost functions online from an external environment and each

𝑐𝑡 (·) : U → R+ only depends on the action 𝑢𝑡 chosen by the central controller. We assume that

the local controller does not know the costs and has to choose the action given by the central

controller and the central controller cannot access the constraints directly, but some information

about the constraints, summarized as some feedback 𝑝𝑡 , can be transmitted during the control

(more details of 𝑝𝑡 will be given in Section 3.1). In settings with constraints, predictions are crucial

to maintaining feasibility and reducing costs. Thus, in this work, we suppose the online controller

has (perfect) predictions of the cost functions and feedback functions of the current and the next𝑤

time slots. We formally define the predictions available in Section 3.2. The goal of an online control

policy in this setting is to make the local and central controllers jointly minimize a cumulative cost

𝐶𝑇 (u) :=
∑𝑇

𝑡=1 𝑐𝑡 (𝑢𝑡 ) while satisfying (1). Our system model is shown in Figure 1.

Throughout this paper, we make the following assumptions on the model.

Assumption 1. The dynamic 𝑓𝑡 (·, ·) : X𝑡 ×U𝑡 → X𝑡+1 is a Borel measurable function for 𝑡 ∈ [𝑇 ].

Assumption 2. The action space U ⊆ R𝑚 is closed and bounded.

Assumption 3. The safety sets {U𝑡 : 𝑡 ∈ [𝑇 ]} and {X𝑡 : 𝑡 ∈ [𝑇 ]} are Borel sets in R𝑚 and R𝑛 .
Furthermore, the safety sets are atoms, i.e., ` (X𝑡 ) > 0 and ` (U𝑡 ) > 0 for all 𝑡 ∈ [𝑇 ] if X𝑡 ,U𝑡 ≠ ∅.

Additionally, we adopt the following smoothness condition for cost functions.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 5, No. 2, Article 18. Publication date: June 2021.



18:6 Tongxin Li & Yue Chen et al.

Assumption 4. For each 𝑡 ∈ [𝑇 ], the cost function 𝑐𝑡 (·) : U → R+ is Lipschitz continuous. We

assume that there exists a Lipschitz constant 𝐿c > 0 such that

|𝑐𝑡 (𝑢) − 𝑐𝑡 (𝑣) | ≤ 𝐿c | |𝑢 − 𝑣 | |2 for all 𝑢, 𝑣 ∈ U and 𝑡 ∈ [𝑇 ] .

2.1 Dynamic regret
The focus of this paper is the analysis of worst-case bounds on the dynamic regret [21, 52], which is

the difference between the cost of the algorithm and that of the offline optimal decision. Formally,

the offline optimal cost with full information of the functions and the safety sets is defined as:

𝐶∗𝑇 := inf

u
𝐶𝑇 (u) (2a)

subject to (1),∀𝑡 ∈ [𝑇 ], (2b)

and the dynamic regret, Regret(u), is:
Regret(u) := sup

c∈C
sup

f ∈F
sup

(U,X) ∈I
𝐶𝑇 (u) −𝐶∗𝑇 (3)

where u is the sequence of actions generated by the online policy 𝜋 , f := (𝑓1, . . . , 𝑓𝑇 ) denotes a
sequence of dynamics chosen from a set of Borel measurable functions F satisfying Assumption 1,

c := (𝑐1, . . . , 𝑐𝑇 ) denotes a sequence of cost functions chosen from the set of all Lipschitz continuous

functions C; U := (U1, . . . ,U𝑇 ) and X := (X1, . . . ,X𝑇 ) are the collections of safety constraints. It

is important to note that without any restrictions on U and X, Regret(u) can be no better than

Ω(𝑇 ) for any deterministic online policy 𝜋 , even with predictions (see Theorem 5.1 for more

details). Therefore, the focus of this paper is to find conditions on (U,X) so that given enough

predictions, the regret can be bounded by a sub-linear (in𝑇 ) function. We denote by I the domain of

safety constraints (U, X) satisfying certain conditions depending on the contexts and will formally

state the conditions (such as the causal invariance criterion used in Theorem 5.3) in the theorem

statements. In the remainder of the paper, we sometimes write Regret(𝜋), in replacement of

Regret(u) defined in (3), with 𝑢𝑡 = 𝜋 (c𝑡 :𝑡+𝑤−1, 𝑝𝑡 :𝑡+𝑤−1 (·|u<𝑡 )). It is worth mentioning that, to the

best of our knowledge, there is no existing bound on the dynamic regret defined in (3) in the

current setting, nor are there existing results for a similar worst-case metric called competitive

ratio [11, 34–36, 43].

2.2 Example: Coordination between an operator and an EV charging system
The model described above may seem abstract. We now illustrate it with a concrete example of EV

charging that we have briefly mentioned in Section 1. Consider a local controller that manages

multiple EV chargers in an EV charging system. The local controller, known as an aggregator,

interacts with a central controller that operates the electricity grid, known as a system operator. The

aggregator is able to provide coordination services among large pools of DERs such as batteries and

EVs and it serves as a single point of contact for the system operator to call on for demand response.

A common objective of the operator is to minimize the cumulative electricity costs, subject to the

constraints imposed by each individual DER. This example will also be used in our experiments in

Section 7. Figure 2 in Section 7 depicts the closed-loop interaction between the local controller and

the central controller, in the context of EV charging.

2.2.1 Local controller constraints. Let 𝑁 be the total number of accepted EV charging sessions.

For each EV 𝑗 ∈ [𝑁 ] := {1, . . . , 𝑁 }, it has a length-4 private vector (𝑎( 𝑗), 𝑑 ( 𝑗), 𝑒 ( 𝑗), 𝑟 ( 𝑗)) ∈ R4
where 𝑎( 𝑗) denotes its arrival (connecting) time; 𝑑 ( 𝑗) denotes its departure (disconnecting) time,

normalized according to the time indices in [𝑇 ]; 𝑒 ( 𝑗) denotes the total energy to be delivered, and

𝑟 ( 𝑗) is its peak charging rate. Fix a set of 𝑁 users with their private vectors (𝑎( 𝑗), 𝑑 ( 𝑗), 𝑒 ( 𝑗), 𝑟 ( 𝑗)),
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the system state 𝑥𝑡 at time 𝑡 ∈ [𝑇 ] is a collection of length-2 vectors 𝑥𝑡 := (𝑑𝑡 ( 𝑗), 𝑒𝑡 ( 𝑗)) for each EV

that has arrived and has not departed by time 𝑡 . Here 0 ≤ 𝑑𝑡 ( 𝑗) ≤ 𝑇 denotes the remaining charging

time and 0 ≤ 𝑒𝑡 ( 𝑗) is the remaining energy demand of user 𝑗 at time 𝑡 . The charging system is

running a scheduling policy, 𝜙 , which can be well-known scheduling policies such as earliest-

deadline-first, least-laxity-first, etc. For an active EV 𝑗 ∈ [𝑁 ], the charging decision 𝜙𝑡 ( 𝑗) ∈ R+ at
each time 𝑡 ∈ [𝑇 ] updates the remaining energy 𝑒𝑡 ( 𝑗) and charging time 𝑑𝑡 ( 𝑗) (unit 1), assuming

there is no power loss:

𝑑𝑡 ( 𝑗) = 𝑑𝑡−1 ( 𝑗) − Δ (4)

𝑒𝑡 ( 𝑗) =


[𝑒𝑡−1 ( 𝑗) − 𝜙𝑡 ( 𝑗)]+ , 𝑎( 𝑗) < 𝑡 < 𝑑 ( 𝑗)
𝑒 ( 𝑗), 𝑡 = 𝑎( 𝑗)
0, 𝑡 = 𝑑 ( 𝑗)

(5)

where Δ is a fixed time interval; 𝑑0 ( 𝑗) ≡ 𝑑 ( 𝑗) and 𝑒0 ( 𝑗) ≡ 𝑒 ( 𝑗) and [𝑥]+ := max{𝑥, 0}. The energy
demand of each EV needs to be satisfied, leading to the following charging constraints:

𝑒𝑡 ( 𝑗) = 0, ∀ 𝑑𝑡 ( 𝑗) = 0, (6)

𝑒𝑡−1 ( 𝑗) − 𝑒𝑡 ( 𝑗) ≤ 𝑟 ( 𝑗), ∀ 𝑡 ∈ [𝑇 ] . (7)

2.2.2 Central controller’s objective. The charging system manager needs to communicate with a

grid operator, which solves an online optimization. Besides satisfying the charging demands, the

charging decisions also produce an action

𝑢𝑡 =
∑

𝑗 :𝑎 ( 𝑗) ≤𝑡 ≤𝑑 ( 𝑗)
𝜙𝑡 ( 𝑗) (8)

representing the aggregate charging energy. The action is chosen from a set of power levels U. The
actions affects the loads on the power grid and the operational cost. Let 𝑐1, . . . , 𝑐𝑇 be the electricity

price at each time 𝑡 ∈ [𝑇 ]. The goal of the grid operator is to solve the following online optimization

problem:

min

u∈U𝑇

𝑇∑
𝑡=1

𝑐𝑡𝑢𝑡 subject to (4) − (8). (9)

Note that new EVs may arrive at each time slot and the constraint at at each time 𝑡 ∈ [𝑇 ] depends
on past charging decisions so the constraints in (6)-(8) are time-varying and time-coupling. The

action space is the set of substation power levels. It is often much smaller than the number of states,

which is the number of chargers in this example. In Section 7, using this EV charging example we

provide experimental results and exemplify concrete choices of system parameters for our proposed

policy.

In this work we introduce the design of a predictive controller that achieves near optimal

dynamic regret via aggregate feedback with a sufficiently large prediction window size. It is worth

emphasizing that it is difficult to achieve optimal dynamic regret even when full information is

available (see Theorem 5.1). So it is a non-trivial problem to figure out what information of the

constraints is the most useful and what conditions on the constraints can help. We answer the first

problem in the next section by formally defining a feedback function 𝑝𝑡 (and its predictions) and

handle the second issue later by presenting our main results in Section 5. The two key aspects of the

design are (i) how to design the aggregate feedback signal and (ii) how to use the combination of

predictions and aggregate feedback to determine control actions in an online setting. We describe

each in turn in Section 3 and Section 4.
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3 INFORMATION AGGREGATION
We first present the design of feedback in the two-controller system.

3.1 Limited Feedback Information
A distinctive feature of this paper is the question of how to design online controllers when limited

information is available. Limitations on the information available may occur because (1). the central

controller is distant from the local controller and sending the full information about the dynamical

system renders communication issues, (2). the central controller may have other tasks running in

parallel and its computational power is limited and (3). the size 𝑛 of the state space is much larger

than the size𝑚 of the action space, preventing the central controller from accessing the full state

{𝑥𝑡 ∈ R𝑛 : 𝑡 ∈ [𝑇 ]} and the safety sets {U𝑡 : 𝑡 ∈ [𝑇 ]} and {X𝑡 : 𝑡 ∈ [𝑇 ]} from the local controller.

For example, consider an electric vehicle charging station described earlier in Section 2.2, there may

be hundreds or even thousands of electric vehicle chargers. Each of the chargers has a state and

the overall state vector has a high dimension. However, there are often only a few choices of the

sub-station power levels to be chosen by a remote system operator (see Section 7 for more details

about a realistic EV charging setting). (4). Alternatively, limitations may result because of privacy

concerns, e.g., EV owners do not want to directly share their charging session information with a

third-party, making transmission of the exact constraints to the central controller undesirable.

To capture such limitations, we consider a settingwhere the central controller receives a simplified

feedback signal summarizing the state and safety sets. These signals have domains over the action

space U. The regime of interest is when the action space is much smaller than the state space, so

sending the density functions requires much less communication resources than sending the states

and constraints. While this definition is abstract, recall that we give a concrete example in the case

of power systems (see Section 2.2). In the following, we formally state the form of the feedback and

make the following model assumption on the feedback sent from the local controller to the central

controller.

Assumption 5. At each time 𝑡 ∈ [𝑇 ], the local controller is allowed to send a feedback (density)

function whose domain is the action space U, denoted by 𝑝𝑡 (·) : U→ [0, 1] to the central controller.

Remark 1. At first glance transmitting a density function from a local controller to a central

controller seems challenging. In practice, given the regime that we are interested in when the

action space dimension |U| is much smaller than the state space dimension X, sending a quantized

density function simplifies the communication compared to sending the whole state. Further, in

certain applications the action space is discrete, e.g., the EV charging application described in

Section 2.2, so 𝑝𝑡 becomes a probability vector whose length is much smaller than the state vector

(see the case study in Section 7 for more details). Moreover, later in Section 7 we demonstrate

that an data-driven feedback generator can be pre-trained and used ad hoc for the aggregator as a

black box. So the aggregator does not need as much computational power as required for solving

optimization problems. More discussion about learning the feedback function can be found in

Section 6. Note that the online control cannot be directly implemented in a local controller, because

the central controller may not want the local controller to know the exact process of how the

actions are generated. When generalizing to a multi-controller system, the central controller needs

to take into account of information from other aggregators as well. The discussion of this setup is

beyond the scope of this article and would be an interesting extension.

Since the dynamic system in (1) has memory, the feedback function also depends on previous

actions. To be more precise, at each time 𝑡 ∈ [𝑇 ], a (conditional) density function denoted by

𝑝𝑡 (·|u<𝑡 ) : U → [0, 1], given past actions u<𝑡 is sent from the local controller to the central
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controller. The density function contains only information about the constraints. A natural question

is how to design such feedback, and we discuss this question in Section 3.3.

3.2 Predictions
For general dynamics such as (1), it is well-known that, in the worst case, a sub-linear dynamic

regret without the use of predictions is impossible (cf. [24]). In many applications, while the

cost functions are not known a priori, predictions of future cost functions are available. The

question of how to make use of such predictions for online control and optimization has received

considerable attention in recent years, e.g., [11, 33, 34, 36]. Formally, at time 𝑡 ∈ [𝑇 ], the cost

functions 𝑐𝑡 , . . . , 𝑐𝑡+𝑤−1 are given to the central controller from an oracle and the joint feedback

function 𝑝𝑡 :𝑡+𝑤−1 (·|u<𝑡 ) : U𝑤 → [0, 1], as a density function on the subsequence of actions u𝑡 :𝑡+𝑤−1,
are sent to the central controller from the local controller where𝑤 > 0 is an integer denoting the

prediction window size. Let C<𝑡+𝑤 and P<𝑡+𝑤 be the sets of cost functions and feedback functions

received by the central controller at time 𝑡 ∈ [𝑇 ]. The goal of the central controller is to design an

online policy 𝜋 : C<𝑡+𝑤 × P<𝑡+𝑤 → U that generates actions. This model for predictions that we

consider is standard, and has been adopted in [11, 33, 36]. While the assumption that predictions

are perfect is overly optimistic, the insights derived typically extend to settings with inexact

predictions, albeit with considerable technical effort, e.g., [8, 10, 18]. We denote by𝜓 : X→ P𝑡 :𝑡+𝑤−1
an information aggregation function that outputs a sequence of feedback predictions and P𝑡 :𝑡+𝑤−1 is
the set of feedback functions 𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1.

3.3 Aggregation Feedback: Maximum entropy feedback (MEF)
A key feature of our model is the aggregate feedback signal 𝑝𝑡 provided to the controller. Such an

aggregate signal 𝑝𝑡 is needed in many situations for a variety of reasons. One prominent motivation

is that it can be hard to transmit complicated constraints precisely from large-scale controllable

units to the agent as a result of communication limitations. Another common motivation is that

the information structure among the agent and units is asymmetric, and the dynamical operating

parameters of each controllable unit are private. As a result, it is undesirable and impractical to

ask for exact constraints and system states. To ensure the feasibility of the chosen action profile

while avoiding the leakage of private parameters, one compromise is to aggregate the necessary

information via a feedback signal 𝑝𝑡 , defined earlier in Assumption 5. In the following we consider

a special design of 𝑝𝑡 .

Note that the design of an aggregate feedback signal must balance possibly competing goals. First,

it must contain the information about what actions are feasible. Second, it must contain information

about the future impact of the actions to be selected on the system’s feasibility. Finally, it must be

compact, leaking as little individually identifiable information as possible.

Before we proceed to the details of our proposed design, we first introduce some useful notation.

3.3.1 Set of all feasible actions S. We begin with defining a set 𝑓 −1 (X𝑡 ) denoting the inverse

image of the safety set X𝑡 for actions: 𝑓 −1 (X𝑡 ) (u<𝑡 ) := {𝑢 ∈ R𝑚 : 𝑓 (𝑥𝑡−1, 𝑢) ∈ X𝑡 } . The inverse
image 𝑓 −1 (X𝑡 ) depends only on the past actions u<𝑡 since the states x<𝑡 are determined by u<𝑡
via the dynamics in (1). Note that X𝑡 and the dynamic 𝑓 are Borel measurable by Assumption 1

and 3. Therefore the inverse image 𝑓 −1 (X𝑡 ) is also a Borel set, implying that the intersection

U𝑡

⋂
𝑓 −1 (X𝑡 ) is also Borel measurable. Denote by

S :=

{
u ∈ U𝑇

: 𝑢𝑡 ∈ U𝑡

⋂
𝑓 −1 (X𝑡 ) ,∀𝑡 ∈ [𝑇 ]

}
the non-empty Borel measurable set of all feasible sequences of actions satisfying the constraints

in (11b). Since the actions space U is bounded, the set S ⊆ U𝑇
is also bounded.
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3.3.2 Set of all subsequent feasible actions S𝑘 . We denote the set of subsequent feasible trajectories

by:

S𝑘 (u≤𝑡 ) :=
{
v𝑡+1:𝑡+𝑘 ∈ U𝑘

: v≤𝑡 ≡ u≤𝑡 ; v ∈ S
}
, (10)

which consists of all feasible 𝑘 actions at time 𝑡 + 1, . . . ,min{𝑡 + 𝑘,𝑇 } ∈ [𝑇 ], given the past actions

u≤𝑡 . For the case when all future actions are considered, we simplify S𝑘 (u≤𝑡 ) as S(u≤𝑡 ).
The core of our design is the following maximum entropy feedback (MEF) proposed by [32]

in a discrete form, which provides a way for summarizing the time-varying and coupling safety

sets {U𝑡

⋂
𝑓 −1 (X𝑡 ) ⊆ R𝑚 : 𝑡 ∈ [𝑇 ]}. The intuition behind our definition is that the conditional

density function 𝑝𝑡 (𝑥𝑡 |x<𝑡 ) encapsulates the resulting future flexibility of the constraints if the

agent chooses 𝑥𝑡 as the action at time 𝑡 , given the previous actions up to time 𝑡 − 1. The sum of

the conditional entropy of 𝑝𝑡 is thus a measure of the information in 𝑝𝑡 . This suggests choosing a

conditional density function 𝑝𝑡 that maximizes its conditional entropy.

Definition and properties. Consider the stochastic optimization problem:

sup

𝑝1,...,𝑝𝑇

𝑇∑
𝑡=1

H (𝑈𝑡 |U<𝑡 ) (11a)

subject to𝑈𝑡 ∈ U𝑡

⋂
𝑓 −1 (X𝑡 ) ,∀𝑡 ∈ [𝑇 ] (11b)

where the variables are density functions 𝑝𝑡 := 𝑝𝑡 (·|·) := P𝑈𝑡 |U<𝑡
(·|·) ; U is a random variable

distributed according to the joint distribution

∏𝑇
𝑡=1 𝑝𝑡 ; andH (𝑈𝑡 |U<𝑡 ) is the differential conditional

entropy of 𝑝𝑡 (·|·).
By definition, a quantity conditioned on “𝑢<1” means an unconditional quantity, so in the above,

H (𝑈1 |U<1) := H (𝑈1) := H (𝑝1). The chain rule shows that

∑𝑇
𝑡=1 H (𝑈𝑡 |U<𝑡 ) = H (U). Hence (11)

can be interpreted as maximizing the entropy H (U) of a random trajectory U sampled according

to the joint distribution

∏𝑇
𝑡=1 𝑝𝑡 , conditioned on U satisfying (11b), where the maximization is over

the collection of conditional distributions (𝑝1, . . . , 𝑝𝑇 ).

Definition 3.1 (Maximum entropy feedback). The conditional density function 𝑝∗𝑡 for 𝑡 ∈ [𝑇 ] is
called the maximum entropy feedback (MEF) if (𝑝∗

1
, . . . , 𝑝∗

𝑇
) is the unique optimal solution of (11).

Even though the optimization problem (11) involves variables 𝑝𝑡 for the entire time horizon [𝑇 ],
the individual variable 𝑝𝑡 in (11) is a conditional density function that depends only on information

available at time 𝑡 . Therefore the maximum entropy feedback 𝑝∗𝑡 in Definition 3.1 is indeed causal.

The existence and uniqueness of 𝑝∗𝑡 are guaranteed by Lemma 1 below.

The MEF possesses some nice properties summarized below.

Proposition 1. Let 𝑝∗𝑡 be the the maximum entropy feedback given by (11a)-(11b) at each time

𝑡 ∈ [𝑇 ].
(1) (Feasibility). For any sequence of actions u = (𝑢1, . . . , 𝑢𝑇 ), 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) > 0 for all 𝑡 ∈ [𝑇 ] if and

only if u ∈ S.
(2) (Interpretability). For all 𝑢𝑡 , 𝑢 ′𝑡 ∈ U at each time 𝑡 ∈ [𝑇 ], if 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) ≥ 𝑝∗𝑡 (𝑢 ′𝑡 |u<𝑡 ), then

` (S((u<𝑡 , 𝑢𝑡 ))) ≥ `
(
S((u<𝑡 , 𝑢 ′𝑡 ))

)
where ` (·) denotes the Lebesgue measure.

The proof of Proposition 1 can be found in the supplementary materials (see Appendix B.2). The

key part for the proof relies on the following explicit expression of the MEF.
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Lemma 1. Let ` (·) denote the Lebesgue measure. The MEF as optimal solutions of the maximization

in (11a)-(11b) are given by
1

𝑝∗𝑡 (𝑢 |u<𝑡 ) ≡
` (S((u<𝑡 , 𝑢)))
` (S(u<𝑡 ))

, ∀𝑢 ∈ U and u<𝑡 ∈ U𝑡−1. (12)

Moreover, the optimal value of (11a)-(11b) is equal to log ` (S).

The proof of Lemma 1 is given in Appendix B.1. Proposition 1 says that the density function

𝑝∗𝑡 provides the right information for the online agent to choose its action 𝑢𝑡 at time 𝑡 ∈ [𝑇 ].
Specifically, the first statement of the proposition (feasibility) says that if the operator always

chooses an action 𝑢𝑡 with a positive value 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) > 0 for each time 𝑡 , then the resulting

sequence of actions is guaranteed to be feasible, u ∈ S, i.e., the system will remain feasible at every

time 𝑡 along the way. Further, according to the second statement of the proposition, if the online

agent chooses an action 𝑢𝑡 with a larger 𝑝∗𝑡 (𝑢𝑡 ) value at time 𝑡 , then the agent will be more flexible

going forward than if it had chosen another signal 𝑢 ′𝑡 with a smaller 𝑝∗𝑡 (𝑢 ′𝑡 ) value, in the sense that

there are more feasible trajectories in S((u<𝑡 , 𝑢𝑡 )) going forward.

It is remarkable that the MEF only depends on the constraints, but not the costs. Further, the

theoretical definition we present in (11a)-(11b) involves the offline information of S, the set of all
feasible sequences of actions. This leads to computational difficulties; however learning techniques

can be used to generate the MEF, as we describe in Section 6.

4 PENALIZED PREDICTIVE CONTROL VIA AGGREGATE FEEDBACK
In this section, with the two-controller system described in Section 2 and the feedback and predic-

tions defined in Section 3, we are ready to formally present a closed-loop control framework and

the associated online algorithm.

4.1 Key Idea: Maximum entropy feedback is a penalty term for the offline optimal
When first seeing the definition of MEF it is not immediately clear why it is useful in the context of

predictive control. To make that clear, in this section we highlight the key idea in the design of our

controller – MEF can act as an effective penalty term in the offline optimization problem. More

specifically, there is in general a trade-off between ensuring future flexibility and minimizing the

current system cost in predictive control. The action 𝑢𝑡 guaranteeing the maximal future flexibility,

i.e., having the largest 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) may not be the one that minimizes the current cost function 𝑐𝑡
and vice versa. Therefore, we need to design an online algorithm for the central controller that

balances the MEF and the cost functions.

To further illustrate this point, note that Proposition 1 guarantees that the online agent can

always find a feasible action u ∈ S. Indeed, knowing the MEF 𝑝∗𝑡 for every 𝑡 ∈ [𝑇 ] is equivalent to
knowing the set of all admissible sequences of actions S. Using this observation, the constraints (2b)
in the offline optimization can be rewritten as a penalty in the objective of (2a). Formally, the offline

optimization can be recast as the following.

Lemma 2. The offline optimization (2a)-(2b) is equivalent to the following unconstrained minimiza-

tion for any 𝛽 > 0:

inf

u∈U𝑇

𝑇∑
𝑡=1

(
𝑐𝑡 (𝑢𝑡 ) − 𝛽 log𝑝∗𝑡 (𝑢𝑡 |u<𝑡 )

)
(13)

1
When the denominator ` (S(u<𝑡 )) is zero, the numerator ` (S( (u<𝑡 ,𝑢))) has also to be zero. For this case, we set

𝑝∗𝑡 (𝑢 |u<𝑡 ) = 0 and this does not affect the optimality of (11a)-(11b).
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This draws a clear connection between MEF and the offline optimal, which we exploit in the

design of an online controller in the next section.

Proof. The offline optimization (2a)-(2b) is equivalent to

inf

u∈U𝑇

𝑇∑
𝑡=1

𝑐𝑡 (𝑢𝑡 ) − 𝛽 log𝑞(u) (14)

for any 𝛽 > 0 and 𝑞(u) is a uniform distribution on S:

𝑞(u) :=
{
1/` (S) if u ∈ S
0 otherwise

. (15)

Further, decomposing the joint distribution 𝑞(u) = ∏𝑇
𝑡=1 𝑝

∗
𝑡 (𝑢𝑡 |u<𝑡 ) into the conditional distribu-

tions given by (11a)-(11b), the objective function (14) becomes

𝑇∑
𝑡=1

𝑐𝑡 (𝑢𝑡 ) − 𝛽 log
(

𝑇∏
𝑡=1

𝑝∗𝑡 (𝑢𝑡 |u<𝑡 )
)
=

𝑇∑
𝑡=1

(
𝑐𝑡 (𝑢𝑡 ) − 𝛽 log𝑝∗𝑡 (𝑢𝑡 |u<𝑡 )

)
. (16)

□

4.2 Algorithm: Penalized Predictive Control via maximum entropy feedback
Our proposed design, termed Penalized Predictive Control (PPC), is a combination of Model

Predictive Control (MPC), which is a competitive policy for online optimization with predictions,

and the idea of using MEF as a penalty term. This design makes a connection between the MEF and

the well-known MPC scheme. The MEF as a feedback function, only contains limited information

about the dynamical system in the local controller’s side. (It contains only the feasibility information

of the current and future time slots, as explained in Section 3.3). The PPC scheme therefore is

itself a novel contribution since it shows that, even if only feasibility information is available, it

is still possible to incorporate the limited information to MPC as a penalty term. Moreover, this

innovation allows PPC to achieve nearly optimal dynamic regret despite having only aggregate

feasibility information about constraints and dynamics, a setting where no prior algorithms have

any provable guarantees.

Algorithm 1: Penalized Predictive Control (PPC)

Input :Sequential cost functions and MEF with a prediction window size𝑤

Output :Actions u = (𝑢1, . . . , 𝑢𝑇 )
for 𝑡 = 1, . . . ,𝑇 do

if 𝑡 ∈ I then
Choose an action 𝑢𝑡 by minimizing over the next𝑤 time slots using (17)-(18)

end
end
Return u;

We present PPC in Algorithm 1, where we use the following notation. Let 𝑡 ′ := min{𝑡 +𝑤 − 1,𝑇 }.
Define a set of time indices I := {𝑡 ∈ [𝑇 ] : 𝑡 ≡ 1 mod 𝑤}. Consider for any 𝑡 ∈ I:

u𝑡 :𝑡 ′ = arg inf

u𝑡 :𝑡′

𝑡 ′∑
𝜏=𝑡

(
𝑐𝜏 (𝑢𝜏 ) − 𝛽 log𝑝∗𝜏 (𝑢𝜏 |u<𝜏 )

)
(17)

subject to u𝑡 :𝑡 ′ ∈ U𝑡 ′−𝑡+1
(18)
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where in above 𝛽 > 0 is a tuning parameter in predictive control to trade-off the flexibility in the

future and minimization of the current system cost. In the remainder of the paper, we denote by

𝜋PPC the online policy that uses the PPC scheme.

4.3 Framework: Closed-loop control between local and central controllers

Algorithm 2: Closed-loop online control framework

for 𝑡 = 1, . . . ,𝑇 do

Central Controller
Generate actions using the PPC:

𝑢𝑡 = 𝜋PPC (c𝑡 :𝑡+𝑤−1, p𝑡 :𝑡+𝑤−1)
𝐶𝑡 = 𝐶𝑡−1 + 𝑐𝑡 (𝑢𝑡 )

Local Controller
Update system state:

𝑥𝑡+1 = 𝑓𝑡 (𝑥𝑡 , 𝑢𝑡 )
Compute estimated MEF:

p𝑡+1:𝑡+𝑤 = 𝜓IA (𝑥𝑡+1)

end
Return Total cost 𝐶𝑇 ;

Given the PPC scheme described in Section 4, we can now formally present our online control

framework for the distant central controller and local controller (defined in Section 2). An overview

is given in Algorithm 2, where 𝜋PPC denotes a PPC online policy and 𝜓IA a specific information

aggregation function (see Section 6 for an example of learning-based 𝜓IA). To the best of our

knowledge, this paper is the first to consider such a closed-loop control framework with limited

information communicated in real-time between two geographically separate controllers seeking

to solve an online control problem. We present the framework below.

At each time 𝑡 ∈ [𝑇 ], the local controller first efficiently generates an estimated MEF sequence

p𝑡 :𝑡+𝑤−1 := (𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1) ∈ P using an information aggregation function (for example, in Section 7

we use a reinforcement learning algorithm to train an information aggregation function). After

receiving the MEF p𝑡 :𝑡+𝑤−1 and cost functions with predictions c𝑡 :𝑡+𝑤−1 = (𝑐𝑡 , . . . , 𝑐𝑡+𝑤−1), the
central controller uses the PPC scheme in Algorithm 1 to generate an action 𝑢𝑡 ∈ U and sends it

back to the local controller. The local controller then updates its state 𝑥𝑡 ∈ U to a new state 𝑥𝑡+1
based on the system dynamic in (1) and repeats this procedure again. Later in Section 5.1, we show

that if the generated MEF is exact, i.e., 𝑝𝑡 = 𝑝
∗
𝑡 , for every 𝑡 ∈ [𝑇 ], then feasibility can be ensured,

i.e., 𝑥𝑡 ∈ X𝑡 and 𝑢𝑡 ∈ U𝑡 for every 𝑡 ∈ [𝑇 ] and with assumptions, a sub-linear (in 𝑇 ) bound on the

dynamic regret is possible with𝑤 = 𝜔 (1) using our online control scheme presented above.

5 RESULTS
In this section we state our main results, which guarantee feasibility and bound the dynamic regret

of the PPC controller. Additionally, we present a lower bound for any online deterministic policy

that have full information about safety constraints. This lower bound highlights the near optimality

of PPC.
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5.1 Feasibility
To begin, we highlight that PPC always yields a feasible trajectory of actions. To see this, recall that

Proposition 1 shows that the MEF can guarantee feasibility if it is used appropriately. It implies that

the feedback measures the volume of the set consisting of all sequences of actions that are feasible,

conditional on the past actions taken by the agent. Therefore, as long as it is non-zero, the feasible

set remains non-empty and there is always a feasible sequence of actions the agent can choose.

The feedback is used as a penalty term in (17), therefore for any tuning parameter 𝛽 > 0, the action

𝑢𝑡 ∈ R𝑚 selected by PPC always satisfies that 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) > 0 and hence feasibility is guaranteed.

Otherwise, suppose 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) = 0 for the chosen action 𝑢𝑡 , then the objective in (17) would blow

up. This is summarized in the following corollary, which shows that the actions determined by

PPC are feasible, subject to the constraints in (1).

Corollary 5.1. For any predication window size𝑤 ≥ 1, the sequence of actions u = (𝑢1, . . . , 𝑢𝑇 )
generated by the PPC in (17) always satisfies u ∈ S.

5.2 A fundamental limit
Before proceeding to the analysis of the dynamic regret of the PPC, we first consider a lower bound

on Regret(u), for any sequence of actions u generated by a deterministic online policy.

Theorem 5.1 (Fundamental limit). For any sequence of actions u ∈ S generated by a deterministic

online policy that can access the safety sets {U𝑡 : 𝑡 ∈ [𝑇 ]} and {X𝑡 : 𝑡 ∈ [𝑇 ]} satisfying Assumption 2,

for any 𝑤 ≥ 1, Regret(u) = Ω (𝑑 (𝑇 −𝑤)) where 𝑑 := diam(U) := sup{| |𝑢 − 𝑣 | |2 : 𝑢, 𝑣 ∈ U} is the
diameter of the action space U,𝑤 is the prediction window size and 𝑇 is the total number of time slots.

The proof can found in Appendix This result highlights that additional assumptions are needed

if one hopes to obtain a positive result. The next section considers such an assumption. Note that

the proof shows that it suffices to have a memory size of one, i.e., the safety setsU𝑡 and X𝑡 only
depend on the action 𝑢𝑡−1 and state 𝑥𝑡−1.

5.3 Causally invariant safety constraints
Motivated by the lower bound in the previous section, we now introduce a particular class of safety

constraints where it is possible to have better performance. The class is defined by a form of causal

invariance that is intuitive and general. Specifically, we state a condition under which the sets of

subsequent feasible actions do not change too much if the measures of the sets are close.

We define the following specific sequences of actions. Let u≤𝑡 = (𝑢1, . . . , 𝑢𝑡 ) be a subsequence
of optimal actions that maximizes the volume of the set of feasible actions, defined as u≤𝑡 :=

arg supu∈U𝑡 ` (S(u)). With a slight abuse of notation, given u≤𝑡 , define the length-𝑘 maximizing

subsequence of actions as u𝑡+1:𝑡+𝑘 := arg supu∈U𝑘 ` (S𝑘 (u≤𝑡 , u)).

Definition 5.1 ((𝑘, 𝛿, _)-causal invariance). The safety sets are (𝑘, 𝛿, _)-causally invariant if there

exist constants 𝛿, _ > 0 such that the following holds:

(1) For all 𝑡 ∈ [𝑇 ] and sequences of actions u≤𝑡 and v≤𝑡 ,

𝑑H (S𝑘 (u≤𝑡 ), S𝑘 (v≤𝑡 )) ≤ 𝛿
(
|` (S(u≤𝑡 )) − ` (S(v≤𝑡 )) |

` (B)

)
1/( (𝑇−𝑡 )𝑚)

(19)

where B denotes the unit ball in R𝑚×(𝑇−𝑡 ) .
(2) For all 𝑡 ∈ [𝑇 ] and sequences of actions u≤𝑡 ,

` (S (u≤𝑡 ))
` (S (u≤𝑡 ))

≤ _
(
` (S ((u≤𝑡 , u𝑡+1:𝑡+𝑘 )))

` (S (u≤𝑡+𝑘 ))

) 𝑇−𝑡
𝑇−𝑡−𝑘

. (20)

Proc. ACM Meas. Anal. Comput. Syst., Vol. 5, No. 2, Article 18. Publication date: June 2021.



Information Aggregation for Constrained Online Control 18:15

Note that the definition of causal invariance is independent of the costs. Condition (1) is an

inverse of the isodiametric inequality. It says that if the two subsequences of actions u≤𝑡 and v≤𝑡
do not affect the measure of the space of feasible sequences of actions too much, then the Hausdorff

distance between the two sets S𝑘 (u≤𝑡 ) and S𝑘 (v≤𝑡 ) is also small. Condition (2) states that the ratio

of the measure of a space of feasible sequences of actions, given any previous actions u≤𝑡 , does not
differ too much from the ratio of the measure of another space by fixing the next 𝑘 actions to be

those preserving the most future flexibility.

Definition 5.1 is general and practically applicable, as the following examples show.

Example 1 (Inventory constraints). Consider the following set of inventory constraints, which

is a common form of constraints in energy storage and demand response problems [30, 35, 45]. The

summation of the squares of the ℓ2 norms of the actions is bounded from above by 𝛾 > 0, representing

the limited resources of the system:

∑𝑇
𝑡=1 | |𝑢𝑡 | |22 ≤ 𝛾 where 𝑢𝑡 ∈ R𝑚 . These inventory constraints are

(𝑘, 1, 1)-causally invariant for all 1 ≤ 𝑘 ≤ 𝑇 .
Example 2 (Tracking constraints). The following form of tracking constraints are common in

situations where the system has a target "optimal" resource configuration that varies depending on the

environment [21, 33, 40]. The agent seeks to track a fixed sequence of nominal actions y := (𝑦1, . . . , 𝑦𝑇 ).
The constraints are

∑𝑇
𝑡=1 |𝑢𝑡 − 𝑦𝑡 |𝑝 ≤ 𝜎 with 𝑝 ≥ 2 where 𝑢𝑡 , 𝑦𝑡 ∈ R and 𝜎 > 0 represents the system’s

adjusting ability. These tracking constraints are (𝑘, 2√
𝜋
, 1)-causally invariant for all 1 ≤ 𝑘 ≤ 𝑇 .

Additionally, to highlight the structures that are not causally invariant, we return to the con-

struction of constraints used in the proof of the lower bound in Theorem 5.1.

Example 3 (Constraints in the lower bound (Theorem 5.1)). Consider the following set of

constraints defined in the proof of Theorem 5.1 for obtaining a lower bound Ω(𝑑 (𝑇 − 𝑤)) on the

dynamic regret: S := {u ∈ U𝑇
: 𝑢𝑡 ∈ U𝑡 ,∀𝑡 ∈ [𝑇 ]} where

U𝑡 :=

{
B(𝑎/2), if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 ≤ 𝑎
U\B(𝑎), if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 > 𝑎

(21)

for some 𝑎 > 0. Suppose the action space U ⊆ R𝑚 is closed and bounded. These constraints are not

causally invariant for all 𝑘 = Ω(𝑇 ). The reason why the causal invariance criterion is violated for

the safety constraints in (21) is that, in order to satisfy Condition (1) in (19), it is necessary to have

𝛿 = Ω(𝑘) = Ω(𝑇 ), which is not a constant.

Motivated by the example above, and mimicking the adversarial construction in Theorem 5.1,

we can derive the following theorem and corollary, whose proofs are in Appendix B.4.

Theorem 5.2 (Lower bound onRegret). If there exist a sequence of actions v≤𝑠 ∈ U𝑠
, 1 ≤ 𝑠 ≤ 𝑇−𝑘 ,

𝑘 ≥ 𝑤 with 𝑘 = Ω(𝑇 ) and some constant 𝛼 > 0 such that 𝑑H (S𝑘 (u≤𝑠 ), S𝑘 (v≤𝑠 )) ≥ 𝛼𝑑𝑘 for any

u≤𝑠 ∈ U𝑠
, then for any sequence of actions u ∈ S generated by a deterministic online policy that can

access the safety sets {U𝑡 : 𝑡 ∈ [𝑇 ]} and {X𝑡 : 𝑡 ∈ [𝑇 ]}, Regret(u) = Ω (𝑑 (𝑇 −𝑤)) where _(𝑇 ) is a
parameter that may depend on 𝑇 ; 𝑑 is the diameter of the action space U;𝑤 is the prediction window

size and 𝑇 is the total number of time slots.

The theorem above states that, for any online policy knowing the safety sets {U𝑡 : 𝑡 ∈ [𝑇 ]}
and {X𝑡 : 𝑡 ∈ [𝑇 ]} in advance, if there are two sets of length-𝑘 subsequences of actions S𝑘 (u≤𝑡 )
and S𝑘 (v≤𝑡 ) that are far from each other in terms of the Hausdorff distance, then a sub-linear

regret is impossible. This highlights the necessity of the causal invariance condition. We make this

explicit by further restricting the power of the online policy and assuming that it can only access

the MEF 𝑝𝑡 , . . . , 𝑝𝑡+𝑘−1 at time 𝑡 , which yields the following impossibility result as a corollary of

Theorem 5.2.
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Corollary 5.2 (Lower bound on Regret). If there exist a sequence of actions v≤𝑡 ∈ U𝑡
, 1 ≤ 𝑠 ≤

𝑇 − 𝑘 , 𝑘 ≥ 𝑤 with 𝑘 = Ω(𝑇 ), a constant b > 0 and 𝛼 = Ω(𝑇 ) such that

` (S(u≤𝑠 )) >b` (S(u≤𝑠 )),

𝑑H (S𝑘 (u≤𝑠 ), S𝑘 (v≤𝑠 )) ≥𝛼
(
|` (S(u≤𝑠 )) − b` (S(v≤𝑠 )) |

` (B)

)
1/( (𝑇−𝑠)𝑚)

for any u≤𝑠 ∈ U𝑠
, then for any sequence of actions u ∈ S generated by a deterministic online policy

that can access the MEF 𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1 at each time 𝑡 ∈ [𝑇 ], Regret(u) = Ω (𝑑 (𝑇 −𝑤)) where _(𝑇 ) is
a parameter that may depend on𝑇 ; 𝑑 is the diameter of the action space U;𝑤 is the prediction window

size and 𝑇 is the total number of time slots.

The corollary above indicates that it is necessary to have an upper bound on the Hausdorff

distance between S𝑘 (u≤𝑡 ) and S𝑘 (v≤𝑡 ) (such as Condition (1) and (2) in the causal invariance

criterion) in order to make the dynamic regret sub-linear. In the next section, we show that,

however, if the causal invariance criterion holds such that both 𝛿 and _ are constants, then the

dynamic regret can be made sub-linear with sufficiently many predictions, even for arbitrary

Lipschitz continuous cost functions.

5.4 Bounding the dynamic regret of PPC
We are now ready to present our main result, which bounds the dynamic regret by a decreasing

function of the prediction window size under the assumption that the safety sets are causally

invariant.

Theorem 5.3 (Upper bound on Regret). Suppose the safety sets are (𝑤, 𝛿, _)-causally invariant.

The dynamic regret for the sequence of actions u given by PPC is bounded from above by

Regret(u) = 𝑂
(
𝑑𝑇

(
𝛿 log _
√
𝑤
+
√
𝛿

𝑤1/4

))
where 𝑑 denotes the diameter of the action space U,𝑤 is the prediction window size and 𝑇 is the total

number of time slots.

This theorem implies that, with additional assumptions on the safety constraints, a sub-linear (in

𝑇 ) dynamic regret is achievable, given a sufficiently large prediction window size𝑤 = 𝜔 (1) (in 𝑇 ).
Notably, Theorem 5.1 implies that for the worst-case costs and constraints, a deterministic online

controller that has full information of the constraints suffers from a linear regret. As a comparison,

Theorem 5.3 shows that, under additional assumptions, even if only aggregated information is

available, PPC achieves a sub-linear regret. This does not contradict to the lower bound on the

dynamic regret in Theorem 5.1, since if there is no regulation assumptions on the safety sets, in

the worst-case, the Hausdorff distance 𝑑H (S𝑤 (u≤𝑡 ), S𝑤 (v≤𝑡 )) = 𝑂 (𝑑𝑤). This implies that a trivial

upper bound of 𝑂 (𝑑𝑇 ) holds. Additionally, note that there is a trade-off between flexibility and

optimality when selecting the tuning parameter 𝛽 > 0. On the one hand, if the tuning parameter

is too small, the algorithm is greedy and may suffer losses in the future; on the other hand, if the

tuning parameter is too large, the algorithm is penalized by the feedback and therefore is far from

being optimal.

A proof is presented in Appendix B.5. Briefly, Theorem 5.1 is proven by optimizing 𝛽 in an upper

bound Regret(u) = 𝑂
(
𝑇𝑑

(
𝛿 log _/𝑤 + 𝑑𝛿

√
𝑤/𝛽 + 𝛽/𝑑𝑤

) )
, which holds for any sequence of actions

u given by the PCC with any tuning parameter 𝛽 > 0.
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6 LEARNING MAXIMUM ENTROPY FEEDBACK AND PREDICTIONS
In our analysis to this point, we assume the exact MEF is given at the local controller. However,

for practical applications wherein the dynamics are non-stationary, computing the MEF exactly

is computationally intensive. Thus, instead of computing it precisely, it is beneficial to learn the

MEF using a data-driven approach. In this section, we discuss the use of model-free reinforcement

learning (RL) to generate an aggregator functions 𝜓 . To be more precise, the learned aggregator

function𝜓 : X→ P𝑡 :𝑡+𝑤−1 outputs an estimate of the MEF given the state 𝑥𝑡 , where X is the state

space and P is the set of all possible MEF 𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1.
A wide variety of model-free deep reinforcement learning (RL) algorithms have been applied

to a variety of tasks. In this section, we demonstrate that RL can be used to train a generator that

outputs approximate MEF, given the state of the system. Note that the aggregator does not know

the cost functions, so it cannot directly use an RL algorithm and transmit the learned Q-function

or actor-critic model to the operator. It is also worth noting that a number of effective heuristics

may be available such as a greedy approximation in [32] and other gradient-based or density

estimation [44] methods. We leave to future work the question of finding an optimal approximation

algorithm. In the sequel, we restrict our discussion to the case when the action space U is discrete.

Approximation of discrete MEF
Suppose U is discrete. To approximate the MEF sequences 𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1 for the purpose of using
PPC, we approximate a joint distribution 𝑝𝑡 :𝑡+𝑤−1 =

∏𝑡+𝑤−1
𝜏=𝑡 𝑝𝜏 as a probability vector in [0, 1] |U |𝑤

since log

∏𝑡+𝑤−1
𝜏=𝑡 𝑝𝜏 =

∑𝑡+𝑤−1
𝜏=𝑡 log𝑝𝜏 , which is the penalty term used in (17). For estimating MEF

𝑝𝑡 :𝑡+𝑤−1 at each time 𝑡 ∈ [𝑇 ], we use actor-critic architectures with separate policy and value

function networks which enable the learning of a policy 𝜓 that outputs 𝑝𝑡 :𝑡+𝑤−1 given 𝑥𝑡 on

continuous RL action space X and state space [0, 1] |U |𝑤 .2 Among the actor-critic algorithms [5],

soft actor-critic (SAC) [20] is an off-policy maximum entropy deep RL algorithm that maximizes

both the expected return and the expected entropy of the policy𝜓 :

𝐽 (𝜓 ) =
𝑇∑
𝑡=1

E(y𝑡 :𝑡+𝑤−1,p𝑡 :𝑡+𝑤−1)∼𝜌𝜓 [𝑟 (y𝑡 :𝑡+𝑤−1, p𝑡 :𝑡+𝑤−1) + ^H (𝜓 (·|𝑥𝑡 ))] (22)

where y𝑡 :𝑡+𝑤−1 := (𝑥𝑡 , . . . , 𝑥𝑡+𝑤−1, 𝑢𝑡 , . . . , 𝑢𝑡+𝑤−1); p𝑡 :𝑡+𝑤−1 := (𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1); ^ > 0 and 𝜌𝜓 denotes

the state-action marginals of the trajectory distribution induced by a policy𝜓 . To estimate MEF, we

need to determine a reward function 𝑟 (y𝑡 :𝑡+𝑤−1, p𝑡 :𝑡+𝑤−1) in (22) that considers not only the current

state-action pair, but also the states and actions in the future𝑤 − 1 steps. We adopt the following

reward function that incorporates the constraints and the definition of MEF:

𝑟 (y𝑡 :𝑡+𝑤−1, p𝑡 :𝑡+𝑤−1) =H (p𝑡 :𝑡+𝑤−1) + 𝜎𝑔 (y𝑡 :𝑡+𝑤−1;X𝑡 , . . . , X𝑡+𝑤−1,U𝑡 , . . . ,U𝑡+𝑤−1) (23)

=

𝑡+𝑤−1∑
𝜏=𝑡

H (𝑝𝜏 ) + 𝜎𝑔 (y𝑡 :𝑡+𝑤−1;X𝑡 , . . . , X𝑡+𝑤−1,U𝑡 , . . . ,U𝑡+𝑤−1)

where the first term maximizes the entropy of the probability distribution 𝑝𝑡 , based on the definition

of the MEF in Definition 3.1 and 𝑔(y𝑡 :𝑡+𝑤−1) = 𝑔(𝑥𝑡 , . . . , 𝑥𝑡+𝑤−1, 𝑢𝑡 , . . . , 𝑢𝑡+𝑤−1) is a function that

rewards the state and action if they satisfy the constraints 𝑥𝜏 ∈ X𝜏 and 𝑢𝜏 ∈ U𝜏 for any 𝜏 =

𝑡, . . . , 𝑡 +𝑤 − 1. The reward function is independent of the price functions. A concrete example of

𝑔(y𝑡 :𝑡+𝑤−1) is given in the next section using an EV application and a typical training curve of the

reward is shown in Figure 3 (shadow region represents variance). For RL algorithms, because of

2
Note that the RL state space (consisting of 𝑥𝑡 ) and action space (consisting of 𝑝𝑡 :𝑡+𝑤−1) referred here are the standard

definitions in the context of RL and they are different from the “action space" U and “state space" X defined in Section 2.
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Fig. 2. Example of a local controller that charges EVs and a central controller that operates a power grid.

scalability issues, when the prediction window size𝑤 increases, the dimension of the RL action

space for p𝑡 :𝑡+𝑤−1 and RL state space for y𝑡 :𝑡+𝑤−1 grows exponentially in𝑤 . Thus, there is a trade-off

between the scalability of determining the feedback from predictions accurately and the benefit

that predictions provide using RL algorithms. In the next section, we demonstrate that 𝑤 = 4 is

a reasonable choice for RL algorithms. Recall that Theorem 5.3 indicates that when 𝑤 = 𝜔 (1), a
sub-linear regret is possible, which provides motivation for longer prediction windows. Therefore,

improving the current learning model to reduce the dimension of the action and state space is an

important future direction.

7 CASE STUDY
In this section, we demonstrate the use of PPC in a practical setting. Specifically, we study the EV

charging application described in Section 2.2. The steps in the closed-loop coordination between a

system operator and an EV charging aggregator are summarized in Algorithm 3, which is a concrete

realization of the closed-loop control framework presented in Algorithm 2.

To understandwhy the use of aggregate information is crucial in this case, note that the dimension

of the system states grows linearly with the number of chargers at time 𝑡 . For a system operator

that controls a large-scale EV charging station, solving the optimization in (9) requires transmitting

and processing a huge amount of data including the high-dimensional states and constraints. In

practice, the aggregate power rate at the substation is chosen from a small discrete set of power

levels. Therefore, for the online control of an EV charging system shown in Figure 2, it is desirable

to aggregate the constraints using the MEF defined in Definition 3.1 to both reduce the amount of

data to be transmitted and prevent the leakage of exact constraints by aggregating the constraints.

7.1 Setting
In our experiments, we use ACN-Data [29], which is a dataset collected from adaptive EV charging

networks (ACNs). The dataset represents a real-world charging system that operates 52 EV chargers.

The notation used in this section, if not defined, is introduced and explained comprehensively in

an example in Section 2.2 and Table 1 in the supplementary materials.

States. The system state 𝑥𝑡 is a 104-dimensional vector where a state is 𝑥𝑡 = {(𝑒𝑡 ( 𝑗), 𝑑𝑡 ( 𝑗)) : 𝑗 =
1, . . . , 52}, i.e., the remaining energy to be charged and the remaining charging time if it is being

used; otherwise the vector is an all-zero vector.

Actions. The actions represent the power levels for each charger. We suppose that there are

10 operating power levels for the first two experiments and 3 for the last test. The values range

between 0 kWh and 150 kWh, uniformly.
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Fig. 3. Average rewards (defined in (24)) in the training stage with tuning parameter 𝛽 = 6000.

Feedback. The feedback, i.e., MEF defined in Definition 3.1, is a length-10 (or length-3) probability

vector, whose dimension is much less than the dimension of 𝑥𝑡 , which can be as large as 104. The

space of all MEF functions is the 10-dimensional (or 3-dimensional) probability simplex.

Information aggregation. We adopt soft actor-critic (SAC) [20], an off-policy maximum en-

tropy deep reinforcement learning algorithm to learn the MEF. The policy in our experiments is

fixed to be a parameterized family of Gaussian distributions. We train an agent𝜓SAC : R104+ → P
using SAC whose input at time 𝑡 ∈ [𝑇 ] is a state 𝑥𝑡 that encodes the remaining energy to be

delivered and the remaining charging time for the EV being charged at each time 𝑡 ∈ [𝑇 ]. We

use the following reward function, as a special case of the general reward function in (23) for

our EV charging scenario to penalize the violations of constraints and maximize the entropy of

p𝑡 :𝑡+𝑤−1 = (𝑝𝑡 , . . . , 𝑝𝑡+𝑤−1) as an empirical sub-optimal solution for (11a)-(11b):

𝑟EV (y𝑡 :𝑡+𝑤−1, p𝑡 :𝑡+𝑤−1) =
𝑡+𝑤−1∑
𝜏=𝑡

(
H(𝑝𝑡 ) + 𝜎1 | |𝜙𝑡 (𝑥𝑡 , 𝑢𝑡 ) | |2

)
−𝜎2I(𝑡 < 𝑑𝑡 ( 𝑗) ≤ 𝑡 + 1)

[
𝑒 ( 𝑗) − 𝑒𝑡 ( 𝑗)

]
+
− 𝜎3

���𝜋PPC (p𝑡 :𝑡+𝑤−1) − 𝑛∑
𝑗=1

𝜙𝑡 ( 𝑗)
��� (24)

where I(·) denotes the indicator function and 𝜎1, 𝜎2 and 𝜎3 are positive constants. The second term

is to enhance charging performance. With the settings described above, in Figure 3 we show a

typical training curve of the reward function in (24).

Scheduling. Note that we do not directly learn the disaggregation of 𝑢𝑡 , which would have too

large an action space. Instead, we fix a specific scheduling algorithm 𝜙 and learn the feedback

vectors directly. Being able to work consistently with existing scheduling policies is another benefit

of the MEF. In our experiments we adopt Least Laxity First, but the results are consistent with

other algorithms.

Online control algorithm. We implement the PPC scheme described in Section 4 as our

online control algorithm. We test different choices of tuning parameters 𝛽 in Section 7.2. The

hyper-parameters used in our experiments are summarized in Table 1 and the closed-loop control

framework is presented in Algorithm 3.
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7.2 Results
In the following, we show our experimental results for online cost minimization, in the context

of the ACN-Data [29]. We first introduce two error metrics to measure the constraint violations.

To better approximate real-world cases, we consider an additional operational constraints for the

operator (central controller) and require that 𝑢𝑡 ≤ 𝛾 (kWh) for every 𝑡 ∈ [𝑇 ]. The total number

of tests is 𝐿 and the total number of charging sessions is 𝑁 . To measure the error induced by

undelivered energy (corresponding to constraint (6)), we define the following mean percentage

error (MPE):

MPE :=

𝐿∑
𝑘=1

𝑇∑
𝑡=1

𝑁∑
𝑗=1

𝜙
(𝑘)
𝑡 ( 𝑗)

/(
(𝐿 ×𝑇 ) ·

𝑁∑
𝑗=1

𝑒 ( 𝑗)
)
× %, (25)

where 𝑒 ( 𝑗) is the energy request for each load 𝑗 ∈ [𝑁 ] and 𝜙 (𝑘)𝑡 ( 𝑗) is the energy scheduled to the

𝑗-th charging session at time 𝑡 for the 𝑘-th test.

Experiment A. Trade-offs of MPE and Costs. First, in Figure 4 we show the changes of the

cumulative costs by varying the MPE (defined (25)). We use𝑤 = 1 for this experiment. There are

𝐾 = 14 episodes tested for days selected from Dec. 2, 2019 to Jan. 1, 2020 (days with less than

30 charging sessions are removed, i.e. we require, 𝑁 ≥ 30). Note that 0 ≤ MPE ≤ 1. We allow

constraint violations and relax the total energy constraint according to fixed MPE values. For the

PPC, we vary the tuning parameter 𝛽 to obtain the corresponding costs and MPE. For the MPC in

our tests, we solve the following optimization at each time for obtaining the charging decisions

𝑠𝑡 = (𝑠𝑡 (1), . . . , 𝑠𝑡 (𝑛′)):

𝑠𝑡 = argmin

𝑠𝑡

𝑡 ′∑
𝜏=𝑡

𝑐𝜏

( 𝑛′∑
𝑖=1

𝑠𝜏 (𝑖)
)
subject to : (26)

𝑠𝜏 (𝑖) = 0 , 𝜏 < 𝑎(𝑖), 𝑖 = 1, . . . , 𝑛′,

𝑠𝜏 (𝑖) = 0 , 𝜏 > 𝑑 (𝑖), 𝑖 = 1, . . . , 𝑛′,

𝑛′∑
𝑖=1

𝑠𝜏 (𝑖) = 𝑢𝑡 , 𝜏 = 𝑡, . . . , 𝑡 ′,

𝑇∑
𝜏=1

𝑠𝜏 (𝑖) = Z · 𝑒 (𝑖), 𝑖 = 1, . . . , 𝑛′,

0 ≤ 𝑠𝜏 (𝑖) ≤ 𝑟 (𝑖), 𝜏 = 𝑡, . . . , 𝑡 ′

where at time 𝑡 , the integer 𝑛′ denotes the number of EVs being charged at the charging station

and the time horizon of the online optimization is from 𝜏 = 𝑡 to 𝑡 ′, which is the latest departure

time of the present charging sessions; 𝑎(𝑖) and 𝑑 (𝑖) are the arrival time and departure time of the

𝑖-th session; Z > 0 relaxes the energy demand constraints and therefore changes the MPE region

for MPC. The offline cost-energy curve is obtained by varying the energy demand constraints

in (5) in a similar way. We assume there is no admission control and an arriving EV will take a

charger whenever it is idle for both MPC and PPC. Note that this MPC framework in (26) is widely

studied [41] and used in EV charging applications [28]. It requires the precise knowledge of a

104-dimensional state vector of 52 chargers at each time step. We observe that with only feasibility

information, PPC outperforms MPC for all 0 ≤ MPE ≤ 1.

The results in the figure show a trend that, as 𝛽 grows larger, the operator running the PPC scheme

favors a signal that preserves future feasibility; therefore improving the charging performance

(more energy is charged). This is reflected in the decreases of the mean percentage errorMPE(𝜙, x)
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Fig. 4. Cost-energy curves for the offline optimization in (2a)-(2b), MPC and PPC (introduced in Section 4).

Fig. 5. Pilot control signals and real energy allocated to EVs controlled by PPC for selected days (with no less
than 30 charging sessions, i.e., 𝑁 ≥ 30) from Dec. 2, 2019 to Jan. 1, 2020.

for charging. As a trade-off, the total costs increase. The costs for 𝛽 = 1 × 103, 2 × 103 and 4 × 103
are smaller than the offline costs because the EVs’ energy demands are not fully satisfied as in the

offline case (equivalently, MPE is positive).

Experiment B. Charging curves & performance. In Figure 5, pilot control and real energy

signals are shown. The agent is trained on data collected from Nov. 1, 2018 to Dec. 1, 2019 with

linear price functions 𝑐𝑡 = 1 − 𝑡/24, where 𝑡 ∈ [0, 24] is the time index and tested on Dec. 18, 2019

with average LMPs on the CAISO day-ahead market in 2016, shown on the bottom. We use a tuning

parameter 𝛽 = 6 × 103. The figure highlights that, with a suitable choice of the tuning parameter,

the operator is able to schedule charging at time slots where prices are lower and avoid charging at
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Fig. 6. Cumulative costs for different prediction window sizes:𝑤 = 1 to 4.

the peak of prices, as desired, for most of the tested days. (For the curve shown in the bottom center,

the operator does not shift the energy demands to avoid peak prices, because there is not enough

flexibility to do so.) The true substation energy (real charging signal) also accurately matches the

actions given by the operator (pilot control signal). To make our experiments closer to real-world

cases, we consider an additional operational constraints for the operator (central controller) and

require that 𝑢𝑡 ≤ 150 (kWh) for every 𝑡 ∈ [𝑇 ] and the learned MEF is able to automatically flatten

the charging curve within this range, without explicitly knowing it.

Experiment C. Cumulative costs & predictions. Finally, in Figure 6 we show that the cu-

mulative costs decrease as the prediction window size 𝑤 increases, up to a point. Because it is

challenging to obtain the exact MEF when predictions are used, we consider the MEF defined over

the action space U𝑤
and use SAC to learn this MEF with estimated predictions. To avoid an overly

large action space, we consider a smaller set of power levels that has two distinct choices spaced

equally in [0, 150] (kWh). The training and testing datasets are the same as Experiment A. and B.

We use a tuning parameter 𝛽 = 8 × 103.
The results highlight a decrease in the cumulative costs as the prediction window size𝑤 increases

from 1 to 4. It is worth noting that when the prediction window size goes beyond 4, because of

scalability issues, the reward given by SAC does not converge very well in the training stage. This

results in inaccurate aggregate feedback and significantly worse performance. This exemplifies an

important trade-off between the scalability of determining the feedback from predictions accurately

and the benefit that predictions provide using RL algorithms. In this example,𝑤 = 4 is the sweet

spot. However, as more scalable approaches for RL are developed in this context, more predictions

can be included, which our theory indicates will further reduce costs.

8 CONCLUDING REMARKS AND FUTURE DIRECTIONS
This paper studies and analyzes the closed-loop control framework created by the interaction

between a central controller and a local controller. Our analysis shows that it is possible to combine

model predictive control with limited aggregate feedback about feasibility to, under certain model

assumptions, achieve a sub-linear dynamic regret. We also illustrate the application of the proposed

scheme to an EV charging application.

Though we focus on the application of EV charging, the results in this paper are applicable well

beyond EV charging. For example, a similar scheme may be used in cloud computing and data

center scheduling [12, 49] to make the network more sustainable. Further, the same design applies

to the networks formed by other distributed energy resources (DERs) such as HVAC (heating,
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ventilation, and air conditioning) systems, rooftop solar PV units, energy storage systems and

inverters. It will be interesting for future work to explore these applications.

On the analytic side, this paper presents the first analysis of a two-controller system where

a local controller governs a complicated time-varying and coupling dynamical system and a

central controller minimizes costs. To achieve our analytic guarantees, we make several modeling

assumptions and the relaxation of these assumptions is an important task for future work. First,

our penalized predictive control scheme is designed for 1-1 coordination between two controllers.

It would be interesting to extend the control scheme to allow for the interaction between a central

controller and multiple local participants. Second, our analysis assumes perfect maximum entropy

feedback (MEF) but we see empirically that approximations of the MEF can still guarantee feasibility.

Generalizing our current results to approximations of MEF is an challenging and important direction.

Third, we have used reinforcement learning to approximate the MEF in this paper, but the approach

is general and it is important to explore additional deep learning techniques for the estimation of

the MEF.
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APPENDIX

Table 1. Hyper-parameters in the experiments.

Parameter Value

Central Controller (System Operator)

Number of power levels |U| 10

Cost functions 𝑐1, . . . , 𝑐𝑇 Average LMPs

Operator function 𝜋 PPC (this work)

Tuning parameter 𝛽 1 × 103 - 1 × 106
Local Controller (EV Charging Aggregator)

Number of Chargers𝑊 52

State space X R104+
Action space [0, 1]10
Time interval Δ 12 minutes

Private vector (𝑎( 𝑗), 𝑑 ( 𝑗), 𝑒 ( 𝑗), 𝑟 ( 𝑗)) ACN-Data [29]

Power rating 150 kW

Scheduling algorithm 𝜙 LLF

Laxity 𝑑𝑡 ( 𝑗) − 𝑒𝑡 ( 𝑗)/𝑟 ( 𝑗)
RL algorithm SAC [20]

Optimizer Adam [25]

Learning rate 3 · 10−4
Discount factor 0.5

Relay buffer size 10
6

Number of hidden layers 2

Number of hidden units per layer 256

Number of samples per minibatch 256

Non-linearity ReLU

Reward function 𝜎1 = 0.1, 𝜎2 = 0.2, 𝜎3 = 2

Temperature parameter 0.5
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EV charging Experiments in Section 7

Algorithm 3: Closed-loop coordination between an operator and an EV charging

aggregator in Section 7.2 (setting prediction window size𝑤 = 1 for simplicity).

Data: Electricity prices 𝑐1, . . . , 𝑐𝑇 .

Total number of time slots, 𝑇 .

Total number of charging sessions, 𝑁 .

Total number of EV chargers,𝑊 .

Sequential charging session data {𝑎( 𝑗), 𝑑 ( 𝑗), 𝑒 ( 𝑗), 𝑟 ( 𝑗)) : 𝑗 ∈ [𝑁 ]}.
Result: Total electricity cost 𝐶𝑇 =

∑𝑇
𝑡=1 𝑐𝑡𝑢𝑡 .

Initialize: Set of occupied EV chargersV = ∅. States 𝑥 (𝑖)
0

= (0, 0), 𝑖 ∈ [𝑊 ].
for 𝑡 ∈ [𝑇 ] do

System operator
Generate substation power (action 𝑢𝑡 ):

𝑢𝑡 = 𝜋PPC (𝑐𝑡 , 𝑝𝑡 )
Update electricity cost:

𝐶𝑡 = 𝐶𝑡−1 + 𝑐𝑡𝑢𝑡

EV aggregator
Update EV chargers (state 𝑥𝑡 ) for new arrivals:

for 𝑗 ∈ [𝑁 ] do
Check if there is a vacancy:

if 𝑡 < 𝑎( 𝑗) ≤ 𝑡 + Δ and ∃𝑖 ∈ [𝑊 ]\V then
𝑥
(𝑖)
𝑡 = (𝑒 ( 𝑗), 𝑑 ( 𝑗))
V ←− V ∪ {𝑖}

end
end
Schedule substation power to chargers: 𝜙𝑡 = 𝜙 (𝑥𝑡 , 𝑢𝑡 )
Update EV chargers (state 𝑥𝑡 ):

for 𝑖 ∈ V do
Check if a session ends:

if 𝑡 < 𝑥 (𝑖)𝑡 (2) ≤ 𝑡 + Δ then
𝑥
(𝑖)
𝑡+1 = (0, 0)
V ←− V\{𝑖 𝑗 }

end
else

𝑥
(𝑖)
𝑡+1 = 𝑥

(𝑖)
𝑡 − (𝜙𝑡 (𝑖),Δ)

end
end
Generate estimated MEF:

𝑝𝑡+1 = 𝜓SAC (𝑥𝑡+1)

end
return Total cost 𝐶𝑇
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A EXPLANATION OF DEFINITION 5.1 AND TWO EXAMPLES

Fig. 7. Graphical illustration of (19) in Definition 5.1.

Example 1: Inventory constraints.

Recall that the feasible set of actions for the inventory constraints is

S =

{
u ∈ R𝑇×𝑚 :

𝑇∑
𝑡=1

| |𝑢𝑡 | |22 ≤ 𝛾
}
.

The sequence of actions u≤𝑡 maximizing the size of the set of admissible actions is the all-zero

vector. Hence,(
` (S (u≤𝑡 ))
` (S (u≤𝑡 ))

) 1

𝑇−𝑡
=

(
1 −

∑𝑡
𝜏=1 | |𝑢𝜏 | |22
𝛾

) 𝑚
2

=

(
` (S ((u≤𝑡 , u𝑡+1:𝑡+𝑘 )))

` (S (u<𝑡+𝑘 ))

) 1

𝑇−𝑡−𝑘
.

Therefore setting _ = 1, (20) is satisfied. It remains to check the bound on the Hausdorff distance.

Figure 7 shows the idea behind the definition. If the two sets S(v≤𝑡 ) and S(u≤𝑡 ) are close to each

other, the Hausdorff distance of the projected sub-spaces S𝑘 (u≤𝑡 ) and S𝑘 (v≤𝑡 ) can also be bounded.

For inventory constraints, this is indeed the case. For all 1 ≤ 𝑘 ≤ 𝑇 , sequences of actions u≤𝑡 and
v≤𝑡 ,

𝑑H (S𝑘 (u≤𝑡 ), S𝑘 (v≤𝑡 )) =
(����� 𝑡∑
𝜏=1

| |𝑢𝜏 | |22 −
𝑡∑

𝜏=1

| |𝑣𝜏 | |22

�����
)
1/2

(A.1)

and

` (B)
2

(𝑇−𝑡 )𝑚

����� 𝑡∑
𝜏=1

| |𝑢𝜏 | |22 −
𝑡∑

𝜏=1

| |𝑣𝜏 | |22

����� = ���` (S(v≤𝑡 )) 2

(𝑇−𝑡 )𝑚 − ` (S(u≤𝑡 ))
2

(𝑇−𝑡 )𝑚
���

≤ |` (S(v≤𝑡 )) − ` (S(u≤𝑡 )) |
2

(𝑇−𝑡 )𝑚 . (A.2)

Therefore setting 𝛿 = 1, (A.1) and (A.2) imply (19). We validate that the inventory constraints in

Example 1 are (𝑘, 1, 1)-causally invariant for all 1 ≤ 𝑘 ≤ 𝑇 .
Example 2: Tracking constraints.
Recall that the feasible set of actions for the tracking constraints is (with 𝑝 ≥ 2):

S =
{
u ∈ R𝑇 : | |u − y| |𝑝𝑝 ≤ 𝜎

}
.
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The sequence of actions maximizing the size of the set of admissible actions is u≤𝑡 = y≤𝑡 . Similar

to Example 1, according to the formula of the volume of an ℓ𝑝 -ball [47], we have(
` (S (u≤𝑡 ))
` (S (u≤𝑡 ))

) 1

𝑇−𝑡
=

(
1 −
||u≤𝑡 − y≤𝑡 | |𝑝𝑝

𝜎

)
1/𝑝

=

(
` (S ((u≤𝑡 , u𝑡+1:𝑡+𝑘 )))

` (S (u<𝑡+𝑘 ))

) 1

𝑇−𝑡−𝑘
.

Therefore setting _ = 1, (20) is satisfied. Next,we give a bound on the Hausdorff distance. For all

1 ≤ 𝑘 ≤ 𝑇 , sequences of actions u≤𝑡 and v≤𝑡 ,(
(2Γ (1 + 1/𝑝))𝑇−𝑡

Γ ((𝑇 − 𝑡)/𝑝 + 1)

) 1

𝑇−𝑡

𝑑H (S𝑘 (u≤𝑡 ), S𝑘 (v≤𝑡 ))

≤ 2Γ(1 + 1/𝑝)√
𝜋

(
𝜋 (𝑇−𝑡 )/2

Γ ((𝑇 − 𝑡)/2 + 1)

) 1

𝑇−𝑡
����� 𝑡∑
𝜏=1

| |𝑢𝜏 − 𝑦𝜏 | |𝑝 −
𝑡∑

𝜏=1

| |𝑣𝜏 − 𝑦𝜏 | |𝑝

�����
=
2Γ(1 + 1/𝑝)
√
𝜋

` (B) 1

𝑇−𝑡

����� 𝑡∑
𝜏=1

| |𝑢𝜏 − 𝑦𝜏 | |𝑝 −
𝑡∑

𝜏=1

| |𝑣𝜏 − 𝑦𝜏 | |𝑝

�����
≤ 2Γ(1 + 1/𝑝)√

𝜋
|` (S(v≤𝑡 )) − ` (S(u≤𝑡 )) |

1

𝑇−𝑡

where Γ(·) is Euler’s gamma function. Therefore setting 𝛿 =
2Γ (1+1/𝑝)√

𝜋
≤ 2√

𝜋
for all 𝑝 ≥ 2, (19) holds.

The tracking constraints in Example 2 are (𝑘, 2/
√
𝜋, 1)-causally invariant for all 1 ≤ 𝑘 ≤ 𝑇 .

Example 3: Constraints in the Proof of Theorem 5.1.

Denote by A1 := B(𝑎/2) and A2 := U\B(𝑎/2). The feasible length-𝑘 sub-sequences of actions

are either in the Cartesian product of sets A𝑘
1
:= A1 × · · · × A1 or A𝑘

2
:= A2 × · · · × A2. If the two

sequences u<𝑡 and v<𝑡 are in the same set, then 𝛿 = _ = 1; otherwise, the RHS of (20) becomes a

constant term. Assuming 𝑡 +𝑘 ≤ 𝑇 , the Hausdorff distance between S𝑘 (u<𝑡 ) = A𝑘
1
and S𝑘 (v<𝑡 ) = A𝑘

2

is Ω(𝑘). Therefore, a non-scalar parameter 𝛿 = Ω(𝑘) is necessary for (20) to hold.

B PROOFS
B.1 Proof of Lemma 1
We prove the statement by induction. It is straightforward to verify the results hold when 𝑇 = 1.

We suppose the lemma is true when 𝑇 =𝑚. Suppose 𝑇 =𝑚 + 1. Let

𭟋(𝑢) := max

𝑝2,...,𝑝𝑇

𝑇∑
𝑡=2

H (𝑈𝑡 |U2:𝑡−1;𝑈1 = 𝑢)

denote the optimal value corresponding to the time horizon 𝑡 ∈ [𝑇 ], given the first action 𝑈1 = 𝑢.

By the definition of conditional entropy, we have

𭟋 = max

𝑝1

∫
𝑢∈U

𝑝1 (𝑢)𭟋(𝑢)d𝑢 + H(𝑝1).

By the induction hypothesis, 𭟋(𝑢) = ` (S(𝑢)). Therefore,

𭟋 =max

𝑝1

∫
𝑢∈U

𝑝1 (𝑢) log ` (S(𝑢)) d𝑢 + H(𝑝1)

=max

𝑝1

∫
𝑢∈U

𝑝1 (𝑢) log
(
` (S(𝑢))
𝑝1 (𝑢)

)
d𝑢

whose optimizer 𝑝∗
1
satisfies (12) and we get 𭟋 = ` (S). The lemma follows by finding the optimal

conditional distributions 𝑝∗
1
, . . . , 𝑝∗

𝑇
inductively.
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B.2 Proofs of Proposition 1 and Corollary 5.1
Proof of Proposition 1. Lemma 1 shows that the value of the density function corresponding

to choosing 𝑢𝑡 = 𝑢 in the maximum entropy feedback is proportional to the volume of S((u<𝑡 , 𝑢)),
completing the proof of interpretability. According to the explicit expression in (12) of the maximum

entropy feedback, the selected action 𝑢 always ensures that ` (S((u<𝑡 , 𝑢)) > 0 and therefore

S((u<𝑡 , 𝑢) is non-empty. This guarantees that the generated sequence u is always in S. □

Proof of Corollary 5.1. The explicit expression in Lemma 1 ensures that whenever𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) >
0, then there is always a feasible sequence of actions in S (u<𝑡 ). Now, if the tuning parameter 𝛽 > 0,

then the optimization (17) guarantees that 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) > 0 for all 𝑡 ∈ [𝑇 ]; otherwise, the ob-

jective value in (17) is unbounded. Proposition 1 guarantees that for any sequence of actions

u = (𝑢1, . . . , 𝑢𝑇 ), if 𝑝∗𝑡 (𝑢𝑡 |u<𝑡 ) > 0 for all 𝑡 ∈ [𝑇 ], then u ∈ S. Therefore, the sequence of actions u
given by the PPC is always feasible. □

B.3 Proof of Theorem 5.1
The actions space U is closed and bounded by Assumption 1. Therefore, there exists a closed ball

B(𝑎) of radius 𝑎 > 0 centered at v = (𝑣1, . . . , 𝑣𝑇 ) ∈ U such that B(𝑎) ⊆ U. Consider the following
safety constraints for all 𝑡 ∈ [𝑇 ]\{1} with memory size one:

U𝑡 :=

{
B(𝑎/2), if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 ≤ 𝑎
U\B(𝑎), if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 > 𝑎

(B.1)

where B(𝑎/2) is a closed balls around the same center as B(𝑎) with radius 𝑎/2. Let the state safety
set X𝑡 = R𝑛 for all 𝑡 ∈ [𝑇 ] (i.e., no constraints on states). Whenever the first action 𝑢1 at time 𝑡 = 1

is taken, the future actions have to stay in the ball B(𝑎/2), or stay outside B(𝑎). Any deterministic

policy at time 𝑡 ∈ [𝑇 ]\{1} has to take either | |𝑢𝑡 − 𝑣𝑡 | |2 ≤ 𝑎/2 or | |𝑢𝑡 − 𝑣𝑡 | |2 > 𝑎.
Consider the following Lipschitz continuous cost functions that can be chosen adversarially:

𝑐𝑡 (𝑢𝑡 ) =


0, if 𝑡 ≤ 𝑤
| |𝑢𝑡 − 𝑣𝑡 | |2, if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 > 𝑎, 𝑡 > 𝑤
(𝑀 − ||𝑢𝑡 − 𝑣𝑡 | |2) , if | |𝑢𝑡−1 − 𝑣𝑡−1 | |2 ≤ 𝑎/2, 𝑡 > 𝑤

where𝑀 := sup𝑢∈U | |𝑢 | |2. The construction of c = (𝑐1, . . . , 𝑐𝑇 ) guarantees that the dynamic regret

for any sequence of actions u given by a deterministic online policy is bounded from below by

Regret(u) ≥(𝑇 −𝑤)min

{
𝑎,

(
𝑀 − 𝑎

2

)}
.

Take 𝑎 = 𝑀/2 and note that 𝑀 = Ω(𝑑) where 𝑑 := diam(U) := sup{| |𝑢 − 𝑣 | |2 : 𝑢, 𝑣 ∈ U} is the
diameter of the action space U. Therefore the dynamic regret is bounded from below as

Regret(u) = Ω (𝑑 (𝑇 −𝑤))
for any sequence of actions u given by a deterministic online policy.

B.4 Proofs of Theorem 5.2 and Corollary 5.2
Proof of Theorem 5.2. Suppose there exists a sequence of actions v≤𝑠 ∈ U𝑠

, 1 ≤ 𝑠 ≤ 𝑇 − 𝑘 ,
𝑘 ≥ 𝑤 with 𝑘 = Ω(𝑇 ) and some constant 𝛼 > 0 such that

𝑑H (S𝑘 (u≤𝑠 ), S𝑘 (v≤𝑠 )) ≥ 𝛼𝑑𝑘 (B.2)

for any u≤𝑠 ∈ U𝑠
. For any safety sets satisfying (B.2), whenever the first 𝑠 actions u≤𝑠 are taken,

the future actions have to stay in S𝑘 (u≤𝑠 ). The same argument also holds for choosing v≤𝑠 . This
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means that there exist two subsequences u𝑠+1:𝑠+𝑘 and v𝑠+1:𝑠+𝑘 such that

| |u𝑠+𝑤:𝑠+𝑘 − v𝑠+𝑤:𝑠+𝑘 | |2 ≥ ||u𝑠+1:𝑠+𝑘 − v𝑠+1:𝑠+𝑘 | |2 − ||u𝑠+1:𝑠+𝑤−1 − v𝑠+1:𝑠+𝑘 | |2

≥ ||u𝑠+1:𝑠+𝑘 | |2 −
𝑠+𝑤−1∑
𝑡=𝑠+1

| |𝑢𝑡 − 𝑣𝑡 | |2

≥ 𝛼𝑑𝑘 − 𝑑 (𝑤 − 1)
= 𝑑 (𝛼𝑘 −𝑤 + 1)

Then the adversary can construct Lipschitz continuous cost functions similar to the one we used in

the proof of Theorem 5.1 so that the costs 𝑐𝑠+𝑤, . . . , 𝑐𝑠+𝑘 satisfy

∑𝑠+𝑘
𝑡=𝑠+𝑤 𝑐 (𝑎𝑡 ) = Ω((𝑘 −𝑤 + 1)𝑑) =

Ω(𝑑 (𝑇 −𝑤)) (since 𝑘 = Ω(𝑇 )) for the case when 𝑎𝑡 = 𝑣𝑡 for 𝑠 < 𝑡 ≤ 𝑠 + 𝑘 and 𝑎𝑡 = 𝑣𝑡 for 𝑡 ≤ 𝑠;
but 𝑐𝑠+𝑤 = · · · = 𝑐𝑠+𝑘 = 0 for the case when 𝑎𝑡 = 𝑢𝑡 for 𝑠 < 𝑡 ≤ 𝑠 + 𝑘 and 𝑎𝑡 = 𝑣𝑡 for 𝑡 ≤ 𝑠 and
vice versa. This “switching pattern” attack is possible, because the online agent knows nothing

about the costs 𝑐𝑠+𝑤, . . . , 𝑐𝑠+𝑘 at time 𝑠 and the adversary can design costs freely as long as they

satisfy Assumption 1. The bound on the dynamic regret follows since for the optimal actions

u∗ = (𝑢1, . . . , 𝑢𝑇 ),
∑𝑠+𝑘

𝑡=𝑠+𝑤 𝑐 (𝑢∗𝑡 ) = 0 but

∑𝑠+𝑘
𝑡=𝑠+𝑤 𝑐 (𝑎𝑡 ) = Ω(𝑑 (𝑇 −𝑤)) for any actions a generated

by a deterministic online policy. □

Proof of Corollary 5.2. Applying Theorem 5.2 and noting that𝛼 = Ω(𝑇 ) and at each time 𝑡 the

received MEF functions 𝑝∗𝑡 , . . . , 𝑝
∗
𝑡+𝑤−1 equivalently form a joint density function on u𝑡+1:𝑡+𝑤 , which

has less information than an online policy that knows the offline safety sets. Since u maximizes

` (S(·)),
` (S(u≤𝑠 ))
` (S(v≤𝑠 ))

≥ ` (S(u≤𝑠 ))
` (S(u≤𝑠 ))

> b,

it follows that (
|` (S(u≤𝑠 )) − b` (S(v≤𝑠 )) |

` (B)

)
1/( (𝑇−𝑠)𝑚)

= Ω(1).

Hence, the same argument in the proof of Theorem 5.2 follows and we obtain the desired regret

lower bound.

□

B.5 Proof of Theorem 5.3
In this appendix, we prove Theorem 5.3 in four steps. First, in Lemma 3, we bound the deviation of

the density function (feedback) evaluated at the actions selected by the PPC from the largest density

function value, given the previous actions selected by the PPC. The deviation decreases with the

tuning parameter 𝛽 > 0. Next, using the bound obtained from the first step, in Lemma 4 we show

that the ratio of the volume of the set of feasible actions, given the previous actions selected by the

PPC and the volume of the largest feasible set is bounded from above by an exponential function,

that is decreasing with 𝛽 as well. Next, we bound the partial cost difference, of the cost induced by

a subsequence of feasible actions and the offline optimal cost. Finally, combing the partial costs, we

bound the total cost and this leads to an upper bound on the dynamic regret.

Step 1. Bound the feedback deviation
Recall that 𝑡 ′ := min{𝑡 +𝑤 − 1,𝑇 }. For every 𝑡 ∈ I, let u𝑡 :𝑡 ′ = 𝑢𝑡 , . . . , 𝑢𝑡 ′ be a subsequence of

optimal actions that maximizes the penalty term:

u𝑡 :𝑡 ′ := arg sup

u∈U𝑡′−𝑡+1
𝑝∗𝑡 :𝑡 ′ (u|u<𝑡 ) = arg sup

u∈U𝑡′−𝑡+1
` (S ((u<𝑡 , u))) .
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Before proceeding to the proof of Theorem 5.3, we first show the following lemma, which gives a

lower bound on the feedback given the sequence of actions selected by the PPC. Note that when

𝑡 − 1 < 0, the density functions become unconditional.

Lemma 3. For any 𝑡 ∈ I, the sequence of actions u = (u≤𝑡 ′) selected by the PPC satisfies

𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )
𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )

≥ exp (−𝐿c𝑤𝑑/𝛽)

where 𝐿c is the Lipschitz constant, 𝑑 := diam(U) = sup{| |𝑢 − 𝑣 | |2 : 𝑢, 𝑣 ∈ U} is the diameter of the

action space U.

Proof of Lemma 3. First, we note that the actions u𝑡 :𝑡 ′ chosen by the PPC must satisfy

𝑡 ′∑
𝜏=𝑡

𝛽
(
log𝑝∗𝜏 (𝑢𝜏 |u<𝜏 ) − log𝑝∗𝜏 (𝑢𝜏 |u<𝜏 )

)
≤

����� 𝑡 ′∑
𝜏=𝑡

(𝑐𝜏 (𝑢𝜏 ) − 𝑐𝜏 (𝑢𝜏 ))
����� . (B.3)

To see this, suppose (B.3) does not hold. Then choosing u𝑡 :𝑡 ′ gives a smaller objective value in (17),

which violates the definition of PPC-generated actions u𝑡 :𝑡 ′ . Using the chain rule, (B.3) becomes

log𝑝∗𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 ) ≤ log𝑝∗𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 ) +
1

𝛽

����� 𝑡 ′∑
𝜏=𝑡

(𝑐𝜏 (𝑢𝜏 ) − 𝑐𝜏 (𝑢𝜏 ))
����� .

Therefore, since the cost functions are Lipschitz continuous,

𝑝∗𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 ) ≤ exp

(
1

𝛽

����� 𝑡 ′∑
𝜏=𝑡

(𝑐𝜏 (𝑢𝜏 ) − 𝑐𝜏 (𝑢𝜏 ))
�����
)
𝑝∗𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )

≤ exp

(
𝐿c
𝑤𝑑

𝛽

)
𝑝∗𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 ).

□

Step 2. Bound the Lebesgue measure deviation

Based on Lemma 3, the following lemma holds. For every 𝑡 ∈ I, let u<𝑡 ′ = 𝑢1, . . . , 𝑢𝑡 ′ be a

subsequence of optimal actions maximizing the volume of the set of feasible actions:

u<𝑡 ′ := arg sup

u∈U𝑡′−1
` (S(u)) .

Lemma 4. Suppose the safety sets are (𝑤, 𝛿, _)-causally invariant. For any 𝑡 ∈ I, the actions selected
by the PPC satisfy that

` (S (u≤𝑡 ′))
` (S (u<𝑡 ′))

≥ exp (−𝐿c𝑡𝑑/𝛽) _−⌈𝑡/𝑤 ⌉

where 𝐿𝑐 > 0 is the Lipschitz constant, 𝑑 := sup{| |𝑢 − 𝑣 | |2 : 𝑢, 𝑣 ∈ U} is the diameter of the action

space U.

Proof. For any 𝑡 ∈ I, since the safety sets are (𝑤, 𝛿, _)-causally invariant and ` (S (u<𝑡 ′)) =
` (S (u≤𝑡 ′)),

` (S (u≤𝑡 ′))
` (S (u<𝑡 ′))

≥ 1

_

(
` (S (u<𝑡 ))
` (S (u<𝑡 ))

) 𝑇−𝑡′+1
𝑇−𝑡+1

· ` (S (u≤𝑡 ′))
` (S ((u<𝑡 , u𝑡 :𝑡 ′)))

. (B.4)

Applying the explicit expression in Lemma 1, Lemma 3 implies that

` (S (u≤𝑡 ′))
` (S ((u<𝑡 , u𝑡 :𝑡 ′)))

=
𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )
𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )

≥ exp (−𝑤𝐿c𝑑/𝛽) .
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Therefore, applying (B.4) recursively leads to that for any 𝑡 ∈ I,
` (S (u≤𝑡 ′))
` (S (u<𝑡 ′))

≥ exp (−𝐿c𝑡𝑑/𝛽) _−⌈𝑡/𝑤 ⌉ .

□

Step 3. Bound the partial cost deviation
Lemma 4 implies that for the offline optimal solution u∗

𝑡 ′:𝑡 ′+𝑤 := (𝑢∗
𝑡 ′, . . . , 𝑢

∗
𝑡 ′+𝑤),

` (S (u≤𝑡 ′)) ≥ exp (−𝐿c𝑡𝑑/𝛽) _−2𝑡/𝑤` (S (u<𝑡 ′))
≥ exp (−𝐿c𝑡𝑑/𝛽) _−2𝑡/𝑤`

(
S
(
u∗<𝑡 ′

) )
,

which leads to

`
(
S
(
u∗<𝑡 ′

) )
− ` (S (u≤𝑡 ′)) ≤

(
1 + exp

(
2𝑡

𝑤
log _ − 𝐿c

𝑡𝑑

𝛽

))
`
(
S
(
u∗<𝑡 ′

) )
≤

(
𝐿c
𝑡𝑑

𝛽
+ 2𝑡

𝑤
log _

)
` (S (u∗<𝑡 ′))

≤
(
𝐿c
𝑡𝑑

𝛽
+ 2𝑡

𝑤
log _

)
` (B)

(
𝑑

2

) (𝑇−𝑡 ′+1)𝑚
where we have used the inequality 𝑒𝑥 ≥ 1 + 𝑥 for all 𝑥 ∈ R. The last inequality follows from the

isodiametric inequality, with B denoting the unit ball in R(𝑇−𝑡
′+1)𝑚

.

Since the safety sets are (𝑤, 𝛿, _)-causally invariant, it follows that for any 𝑡 ∈ I,

| |u∗𝑡 :𝑡 ′ − û𝑡 :𝑡 ′ | |2 ≤ 𝑑H
(
S𝑤

(
u∗<𝑡

)
, S𝑤 (u<𝑡 )

)
≤𝛿𝑑

(
𝐿c
𝑡𝑑

𝛽
+ 2𝑡

𝑤
log _

) 1

(𝑇−𝑡+1)𝑚

for some û𝑡 :𝑡 ′ ∈ S𝑤 (u<𝑡 ) satisfying 𝑝∗𝑡 :𝑡 ′ (û𝑡 :𝑡 ′ |u<𝑡 ) > 0.

Next, we consider the objective for the PPC. For any 𝑡 ∈ I, denote by 𝐶 (u𝑡 :𝑡 ′) :=
∑𝑡 ′

𝜏=𝑡 𝑐𝜏 (𝑢𝜏 ) the
cost for the times slots between 𝑡 and 𝑡 ′ := min{𝑡 +𝑤,𝑇 }. Since the costs are Lipschitz continuous,��𝐶 (û𝑡 :𝑡 ′) −𝐶 (u∗𝑡 :𝑡 ′)�� ≤ 𝑡 ′∑

𝜏=𝑡

��𝑐𝜏 (𝑢𝜏 ) − 𝑐𝜏 (𝑢∗𝜏 )��
≤

𝑡 ′∑
𝜏=𝑡

𝐿c | |𝑢∗𝜏 − 𝑢𝜏 | |2

≤
√
𝑤𝐿c | |u∗𝑡 :𝑡 ′ − û𝑡 :𝑡 ′ | |2

≤𝑑𝛿𝐿c
(
𝐿c
𝑡𝑑
√
𝑤

𝛽
+ 2𝑡
√
𝑤

log _

) 1

(𝑇−𝑡+1)𝑚
. (B.5)

Since u𝑡 :𝑡 ′ is a minimizer of (17), we obtain

𝐶 (u𝑡 :𝑡 ′) −
𝑡 ′∑
𝜏=𝑡

𝛽 log𝑝𝜏 (𝑢𝜏 |u<𝜏 ) ≤ 𝐶 (û𝑡 :𝑡 ′) −
𝑡 ′∑
𝜏=𝑡

𝛽 log𝑝𝜏 (𝑢𝜏 |u<𝜏 ),

which implies

𝐶 (u𝑡 :𝑡 ′) ≤ 𝐶 (û𝑡 :𝑡 ′) + 𝛽 log
𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )
𝑝∗
𝑡 :𝑡 ′ (û𝑡 :𝑡 ′ |u<𝑡 )

. (B.6)
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Step 4. Bound the dynamic regret Regret(u)

Proof of Theorem 5.3. For the total cost, it follows that

𝐶𝑇 (u) =
∑
𝑡 ∈I

𝑐𝑡 (u𝑡 :𝑡 ′) ≤
∑
𝑡 ∈I

[
𝐶 (û𝑡 :𝑡 ′) + 𝛽 log

𝑝∗
𝑡 :𝑡 ′ (u𝑡 :𝑡 ′ |u<𝑡 )
𝑝∗
𝑡 :𝑡 ′ (û𝑡 :𝑡 ′ |u<𝑡 )

]
≤

∑
𝑡 ∈I

𝐶 (û𝑡 :𝑡 ′)︸       ︷︷       ︸
:=(𝑎)

+ 𝛽
∑
𝑡 ∈I

log

` (S(u<𝑡 , u𝑡 :𝑡 ′))
` (S(u<𝑡 , û𝑡 :𝑡 ′))︸                           ︷︷                           ︸
:=(𝑏)

.

For (a), plugging in (B.5), the total cost for the sequence û is bounded from above by∑
𝑡 ∈I

𝐶 (û𝑡 :𝑡 ′) ≤𝐶∗𝑇 +
∑
𝑡 ∈I

��𝐶 (û𝑡 :𝑡 ′) −𝐶 (u∗𝑡 :𝑡 ′)��
≤𝐶∗𝑇 +

2𝑇 /𝑤∑
𝑘=1

𝑑𝛿𝐿c

(
𝐿c
𝑘𝑑
√
𝑤

𝛽
+ 𝑘
√
𝑤

log _

) 1

(𝑇−𝑘𝑤+1)𝑚

=𝐶∗𝑇 +𝑂
(
𝑇
√
𝑤
𝑑𝛿 log _ + 𝑑

2𝛿

𝛽
𝑇
√
𝑤

)
where 𝐶∗

𝑇
:=

∑𝑇
𝑡=1 𝑐

∗
𝑡 (𝑢∗𝑡 ) is the optimal total cost. Finally, (b) becomes 𝑂 (𝑇𝛽/𝑤) since the safety

sets are atomic and U is bounded by Assumption 2 and 3. Rearranging the terms,

Regret(u) =𝑂
(
𝑇𝑑

(
𝛿 log _
√
𝑤
+ 𝑑𝛿
√
𝑤

𝛽
+ 𝛽

𝑑𝑤

))
.

Setting 𝛽 = 𝑑
√
𝛿𝑤3/4

immediately implies Regret(u) = 𝑂
(
𝑇𝑑

(
(𝛿 log _)/

√
𝑤 +
√
𝛿/𝑤1/4

))
. □
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