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6.0 INTRODUCTION

From Sec. 5.5 we know that the analysis and synthesis filters of the M 
channel maximally decimated filter bank can be expressed in terms of the 
polyphase matrices E(z) and R(z). If the filters are FIR and the filter bank 
has the perfect reconstruction (PR) property, then the polyphase matrix 
E(z) has to satisfy the property (5.6.10). That is, the determinant of E(z) 
must be a delay. This ensures that its inverse is FIR so that we can find 
FIR R(z) satisfying the PR requirement.

In this chapter we study PR filter banks in which E(z) satisfies a special 
property called the lossless or paraunitary property. This property automat
ically ensures (5.6.10) [even though paraunitariness is not a necessary condi- 
tion for (5.6.10)]. In addition to perfect reconstruction, the FIR filter bank 
based on paraunitary E(z) satisfies many other useful properties. These are 
summarized at the end of Sec. 6.7.1. Here is a short preview of some of the 
benefits.

1. The synthesis filter Fk(z) has the same length as the analysis filter 
Hk(z).

2. Fk(z) can be found from Hk(z) by inspection.
3. There exist good design techniques with fast convergence.
4. The paraunitary property is basic to the design of cosine modulated 

perfect reconstruction systems, described in Sec. 8.5. We will see that 
these systems combine the perfect reconstruction property with very 
low design as well as implementation complexity.

5. The paraunitary property is also basic to the generation of the so called 
'orthonormal wavelet basis' to be studied in Chap. 11.
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Brief historical notes

The ideas of passivity, paraunitariness, and losslessness originate from clas- 
sical electrical network theory [Brune, 1931], [Darlington, 1939], [Guillemin, 
1957], [Potapov, 1960], [Belevitch, 1968], [Balabanian and Bickart, 1969], 
and [Anderson and Vongpanitlerd, 1973]. These have been applied for the 
design of robust digital filter structures [Fettweis, 1971], [Swamy and Thya- 
garajan, 1975], [Bruton and Vaughan-Pope, 1976], [Antoniou, 1979], [De
prettere and Dewilde, 1980], [Rao and Kailath, 1984], [Vaidyanathan and 
Mitra, 1984], and [Vaidyanathan, 1985a,b]. Also see Sec. 14.1.

Paraunitary transfer matrices were applied to the design of perfect 
reconstruction systems in Vaidyanathan [1987a,b]. It turns out that the 
two channel power symmetric PR QMF bank (Sec. 5.3.6) has paraunitary 
E(z) (Sec. 6.3.2), even though the authors [Smith and Barnwell, 1984] and 
[Mintzer,1985] used a different approach in their derivation. It has been 
shown [Vetterli and Le Gall, 1989] that some of the earlier filter bank de
signs [Princen and Bradley, 1986] also have the paraunitary property. The 
lapped orthogonal transform (LOT) [Cassereau, 1985], [Malvar and Staelin, 
1989], has been shown later to have the paraunitary property (see Sec. 6.6). 
Paraunitary matrices have also been considered in the context of multidi
mensional multirate filter banks [Karlsson and Vetterli, 1990] (see Chap. 
12). Subsequently, paraunitary systems have been used in the design of co
sine modulated filter banks, which offer great simplicity of design as well 
as implementation [Malvar, 1990b], [Koilpillai and Vaidyanathan, 1991a], 
[Ramstad, 1991].

We will see that the paraunitary condition is a very natural choice. 
For example, if the anaysis filters have ideal brick-wall responses, then E(z) 
is paraunitary [see comments after eqn. (6.2.13) later]. Second, some of 
the approximate reconstruction designs (the pseudo QMF design, Chap. 8), 
developed prior to the introduction of paraunitary filter banks, are such that 
E(z) is “approximately” paraunitary.

Outline

The presentation in this chapter is in terms of discrete-time language, and 
will not require the electrical network theoretic background mentioned above. 
In Sec. 6.1 we introduce the lossless and paraunitary properties. Section 6.2 
studies the properties of filter banks with paraunitary E(z). In Sec. 6.3 and 
6.4 the two channel case is studied in depth. We present design techniques 
as well as robust lattice structures for FIR PR QMF banks with paraunitary 
E(z). These results are extended to the M channel case in Sec. 6.5. In Sec. 
6.6 we introduce transform coding and the lapped orthogonal transform 
(LOT). Section 6.7 provides a summary and comparison of the many design 
techniques introduced in this and the previous chapters.

In Sec. 8.5 we will return to the study of cosine modulated paraunitary 
filter banks. A detailed study of paraunitary systems is presented in Chap. 
14. As in Chap. 5, we will sometimes use the term 'QMF' even for the M
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6.1 LOSSLESS TRANSFER MATRICES
In Sec. 2.2 we introduced r-input p-output linear time invariant (LTI) sys- 
tems. These are characterized by p × r 'transfer matrices' H(z). Such ma
trices were used in Chap. 5 to characterize filter banks. For example, the 
analysis bank was described by an M × 1 transfer matrix h(z), and synthesis 
bank by a 1 × M matrix fT(z) [see Eq. (5.4.1)]. These two vectors were 
expressed in terms of the polyphase matrices E(z) and R(z) according to
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channel case. This is for simplicity, and is a misnomer unless M = 2.

(6.1.1)

The matrices E(z) and R(z) were defined in Sec. 5.5.
In this chapter we will impose the “paraunitary” or “lossless” property 

on E(z), and thereby obtain the perfect reconstruction property. Towards 
this end, we give a brief review of lossless systems, which will serve the 
purpose of this chapter.† For the interested reader, a detailed treatment can 
be found in Chap. 14.

6.1.1 Definition and properties
A p × r causal transfer matrix H(z) is said to be lossless if (a) each entry 
Hkm(z) is stable and (b) H(ejω) is unitary, that is,

(6.1.2)

for some d > 0. If in addition the coefficients of H(z) are real (i.e., H(z) 
real for real z), we say that H(z) is lossless bounded real (abbreviated LBR). 
Note that the phrase "H(z) is lossless" is equivalent to the phrase "the LTI 
system with transfer function H(z) is lossless."

The property (6.1.2) is the unitary property. Thus, H(z) is unitary on 
the unit circle of the z-plane. For p = r = 1 this reduces to the allpass 
property (Sec. 3.4). In order to satisfy (6.1.2) we require p ≥ r. (If p < r 
the rank of the left hand side in (6.1.2) is less than r, and the right hand 
side cannot be dIr.) The subscript r on Ir, which is a reminder that it is an 
r × r matrix, will be deleted unless there is room for confusion.

Paraunitary property. For rational transfer functions, it can be ver
ified (Problem 14.1) that (6.1.2) implies

(6.1.3)

which is termed the paraunitary property. Conversely, (6.1.3) implies (6.1.2). 
We can, therefore, define a lossless system to be a causal, stable paraunitary

† At this point, it is useful to review Sec. 2.3 on matrix notations, par
ticularly H†, H(z), H*(z) and so on.



system. So, in order to prove that a causal system is lossless, it is sufficient 
to prove (a) stability and (b) paraunitariness. If H(z) is square and lossless, 
then H(z) is paraunitary but not lossless (unless it is a constant). Whenever 
causality and stability are obvious from the context, we do not mention them; 
we then use "lossless" and "paraunitary" interchangeably. Notice that any 
constant unitary matrix is (trivially) paraunitary as well as lossless.

Columnwise orthogonality. Letting Hk(z) and Hm(z) denote the 
kth and mth columns of H(z), we see that these columns are mutually 
orthogonal, that is, Hk(z)Hm(z) = 0 for k ≠ m. Moreover, each column 
represents a set of p power complementary filters, i.e., Hk(z)Hk(z) = d. We 
say “each column is power complementary."

Normalized systems. If a lossless system has d = 1 in (6.1.2) we say 
that it is normalized-lossless. Correspondingly the properties (6.1.2) and 
(6.1.3) are termed normalized-unitary and normalized-paraunitary.
Square Matrices

For the case of square matrices, (6.1.3) implies

(6.1.5)

the paraunitary property H(z)H(z) = dI can be written explicitly in terms 
of the elements Hkm(z) as:

(6.1.6)

Some properties of Paraunitary Systems
1. Determinant is allpass. Assume p ≈ r, and let A(z) denote the deter

minant of H(z). From (6.1.3) we get A(z)A(z) = dr for all z, proving 
that A(z) is allpass. In particular, if H(z) is FIR then A(z) is a delay, 
that is,
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(6.1.4)

so that the inverse is obtained essentially by use of 'tilde' operation. More- 
over, in this case we have H(z)H(z) = H(z)H(z) = dI. So every row is 
power complementary, and any pair of rows is orthogonal.

For the special case where H(z) is 2 × 2, that is,

(6.1.7)



2. Power complementary (PC) property. For an M × 1 transfer matrix 
h(z) = [ H0(z) . . . Hm-1(z)]T, the paraunitary property implies the
power complementary property, that is,

Figure 6.1-1 A cascade of two paraunitary systems.

Example 6.1.1: Cascaded Paraunitary Systems
Consider the transfer matrix

(6.1.9)

Fig. 6.1-2(a) shows a flowgraph of this system. If y = Rmx, then y is 
obtainable by rotating x by θm, clockwise. This can be seen from Fig.
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(6.1.8)

This follows directly from h(z)h(z) = c.
3. Submatrices of paraunitary H(z). From the definition it is clear that 

every column of a paraunitary transfer matrix is itself paraunitary (i.e., 
PC). In fact any p×L submatrix of H(z) is paraunitary (Problem 14.2).
These three properties also hold if we replace "paraunitary" with "loss- 

less" everywhere.

6.1.2 Interconnections and Examples
We now consider examples of lossless systems, with particular emphasis on 
filter banks. We begin by noting a number of operations and interconnections 
which preserve the lossless property.
Operations Preserving Paraunitary and Lossless Properties

We can verify that if H(z) is square and paraunitary, then so are the 
following matrices: (a) H(zM) for any integer M (b) HT(z), and (c) H(z). 
If H(z) is lossless, then the first two are lossless as well.

Consider next the cascaded structure of Fig. 6.1-1. The overall transfer 
matrix is H(z) = H1(z)H0(z). (The sizes of H0(z) and H1(z) can be dif- 
ferent as long as the product makes sense.) This product is paraunitary if 
H0(z) and H1(z) are. (Proof: H(z)H(z) = H0(z)H1(z)H1(z)H0(z) = dI, 
since H0(z) and H1(z) are paraunitary.) Furthermore if H0(z) and H1(z) 
are lossless, so is the product (as it does not have new poles). Thus, the 
operation of cascading (or product) preserves losslessness.



6.1-2(b)), which shows the components of x and y in terms of θm. In 
this figure r is the 'length' of x, that is, r = √xTx.

Figure 6.1-2 (a) The Givens rotation, and (b) demonstration of rotation.

The operator Rm is known as the Givens rotation [Givens, 1958], 
[Golub and Van Loan, 1989], planar rotation or simply rotation. It is 
easily verified that Rm is unitary (with RTmRm = I). Next consider the 
2 × 2 system of Fig. 6.1-3 with transfer matrix

We have

(6.1.10)

so that Λ(z) is paraunitary.
Figure 6.1-4 shows a cascade of the above paraunitary systems, 

which is therefore paraunitary. Its transfer matrix is
(6.1.12)

As an example let N = 1 so that HN(z) = R1Λ(z)R0. With θ0 = θ1 = 
π∕4 the transfer function of the cascaded system is

(6.1.13)
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A second verification of the fact that (6.1.13) is paraunitary is obtained 
by noting that the matrix

(6.1.14)

is unitary. In this example, the building blocks are also causal and FIR 
so that HN(z) is lossless.

Figure 6.1-3 A simple, yet fundamental paraunitary system.

Λ(z)
Figure 6.1-4 A cascade of paraunitary building blocks. Rm is the planar 
or Givens rotation shown in Fig. 6.1-2(a).

Example 6.1.2: Paraunitary Vectors
The system of Fig. 6.1-5(a) has transfer matrix

(6.1.15)

We have
(6.1.16)

so that e(z) is paraunitary. Next consider the system of Fig. 6.1-5(b) 
with transfer matrix

(6.1.17)

We have PT0 P0 = 1 so that P0 is normalized lossless.
Finally consider the cascade of Fig. 6.1-6. Here the leftmost build

ing block is as in (6.1.17) and the other building blocks have transfer 
functions of the forms (6.1.9) or (6.1.10). Since all the building blocks
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are paraunitary, the cascaded system is paraunitary. It has transfer 
matrix

Figure 6.1-5 Examples of 2 × 1 paraunitary systems.

Figure 6.1-6 Example of more general 2 × 1 FIR paraunitary system. Each 
Rm is as in Figure 6.1-2(a).

Example 6.1.3: More on Paraunitary Filter Banks
Consider the system of Fig. 6.1-7 which is a cascade of two systems with 
transfer matrices e(z) and W* respectively. Note that W represents the 
M × M DFT matrix so that W* is unitary. Moreover e(z)e(z) = M so 
that e(z) is paraunitary. The overall transfer matrix

(6.1.19)

is thus paraunitary. This implies in particular that h† (ejω)h(ejω) = M2, 
so that the set Hk(z) is power complementary. Recall (example 4.1.1) 
that H0(z) is lowpass with approximately 13 dB stopband attenuation, 
and that the filters Hk(z) form a uniform-DFT analysis bank.

IIR lossless systems. One can obtain examples of IIR lossless systems 
simply by replacing each delay z-1 in the above examples with a stable
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(6.1.18)
This system is essentially a power complementary analysis bank.



unit-magnitude allpass function Ak(z). For instance, in Example 6.1.1 if the 
building block Λ(z) is replaced with the IIR lossless system

(6.1.20)

we obtain an IIR lossless system.

Figure 6.1-7 An M-channel filter bank. This is M × 1 paraunitary.

6.2 FILTER BANK PROPERTIES INDUCED BY PARAUNITARINESS
We now study some consequences of constraining the polyphase matrix E(z) 
to be paraunitary. Whenever E(z) is paraunitary, we often express it by 
saying that “the analysis filters form a paraunitary set,” or “the analysis 
bank is paraunitary”, or “paraunitary QMF bank” (whenever R(z) is also 
paraunitary). In the two channel case, we often say "[H0(z), H1(z)] is a 
paraunitary pair".

The paraunitary property implies
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(6.2.1)

So we choose R(z) as
(6.2.2)

for some c ≠ 0, to satisfy the perfect reconstruction condition (5.6.6). Nei- 
ther c nor K is fundamental, but choice of a positive K serves to ensure 
that R(z) [hence Fk(z)] is causal. For example, we know from the previous 
section that if E(z) is a cascade as in Fig. 6.1-4, and if the matrices Rm 
satisfy

(6.2.3)
then E(z) is paraunitary. With E(z) so chosen, we can satisfy (6.2.2) by 
taking R(z) to be

(6.2.4)



where
(6.2.5)

This corresponds to (6.2.2) with c = 1 and K = N.
Stability. If the analysis filters (hence E(z)) are stable and IIR, then 

the choice (6.2.2) results in unstable filters. This is because the poles of 
the (k, m) element of E(z) are reciprocal conjugates of those of Em,k(z), 
and therefore are outside the unit circle. So R(z) in (6.2.2) is unstable. We 
cannot therefore build useful perfect reconstruction systems with IIR lossless 
E(z). We therefore restrict attention to the FIR case. (However, see Problem 
6.12 where the adjugate of E(z) is used to define R(z), thereby eliminating 
stability problems).

6.2.1 Relation Between Analysis and Synthesis Filters

The condition R(z) = cz-KE(z) between the analysis and synthesis banks 
implies a very important relation between the analysis and synthesis filters. 
This relation enables us to find fk(n) simply by 'flipping' and conjugating 
the coefficients hk(n). More precisely we will show that the relation R(z) = 
cz-KE(z) implies
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(6.2.6)

where L = M -1 + MK. For the FIR case this means, in particular, that the 
synthesis filters have same length as the analysis filters! In the z-domain, 
(6.2.6) is equivalent to

(6.2.7)

that is, Fk(z) is the Hermitian image of Hk(z) (up to scale). To prove this, 
just substitute R(z) = cz-KE(z) into (6.1.1) to obtain

(6.2.8)

from which the desired result follows. As the proof shows, the relation (6.2.6) 
is induced by (6.2.2), and really has nothing to do with paraunitariness of 
E(z). Moreover, it holds whether the filters are FIR or IIR. If Hk(z) are IIR 
with poles inside the unit circle, then the synthesis filters given by (6.2.7) 
have poles outside the unit circle.

Frequency domain implication. Eq. (6.2.7) implies

(6.2.9)

which means that the magnitude response of Fk(z) is exactly the same as 
that of Hk(z) (up to scale).



Converse of the above property. As mentioned above, the relation 
(6.2.6) follows entirely from (6.2.2), and not from paraunitariness. In fact if 
(6.2.6) holds for all k, the polyphase matrices are related as in (6.2.2). To 
prove this converse, note that (6.2.6) is equivalent to

296 Chap. 6. Paraunitary perfect reconstruction filter banks

(6.2.10)

In terms of E(z) and R(z) this becomes

(6.2.11)

This implies (6.2.2) indeed (Problem 6.6).
The following theorem [Vaidyanathan, 1987a] summarizes the crucial re
lations between paraunitariness, perfect reconstruction, and the condition 
(6.2.6).

♠ Theorem 6.2.1. Consider the maximally decimated QMF bank with 
causal FIR analysis filters Hk(z), and let E(z) be the polyphase matrix for 
the analysis filters. Consider the following three statements.

1. E(z) is lossless (that is, paraunitary).
2. The synthesis filters are given by fk(n) = ch*k(L — n), 0 ≤ k ≤ M - 1, 

for some c ≠ 0 and some integer L.
3. The system has perfect reconstruction property.

If any two of these statements are true, then the remaining statement also 
holds. ◊

Proof. (Not very entertaining!) Suppose the first two statements are 
true. Paraunitariness implies E(z)E(z) = dI, whereas the second statement 
implies R(z) = cz-KE(z) (as proved above). Combining these we arrive at 
R(z)E(z) = c0z-m0I, implying statement 3.

Next let statements 2 and 3 be true. Statement 2 implies the relation 
R(z) = cz-KE(z) whereas statement 3 implies R(z)E(z) = c0z-m0I. Com
binining these we arrive at E(z)E(z) = dI, that is, E(z) is paraunitary. We 
can prove that statements 1 and 3 imply 2 in a similar manner. ▽ ▽ ▽

6.2.2 Other Properties Induced by Paraunitary E(z)
Power Complementary Property

Consider the vector of analysis filters given by h(z) = E(zM)e(z). Pa- 
raunitariness of E(z) implies that E(zM) is paraunitary. Moreover, the delay 
chain e(z) is also paraunitary. So, the product h(z) is paraunitary as well. 
This in turn implies that the analysis filters Hk(z) are power complementary, 
that is,



With E(z) chosen to be paraunitary, the only choice of synthesis filters Fk(z) 
to obtain perfect reconstruction is given by (6.2.6) (use Theorem 6.2.1). 
Since this implies (6.2.9), the M synthesis filters are also power complemen
tary.
The AC Matrix is Paraunitary if, and only if, E(z) is

Recall from Section 5.5 that the alias component (AC) matrix H(z) and 
polyphase matrix E(z) are related as

(6.2.12)

where
(6.2.13)

and W is the M ×M DFT matrix. By using the facts that WW† = MI and 
D(z)D(z) = I, we conclude that H(z)H(z) = βI if and only if E(z)E(z) = 
βI∕M. Summarizing, the AC matrix H(z) is paraunitary if and only E(z) is 
paraunitary.

As an application, we can show that if E(z)E(z) = I, then each analysis 
filter has unit energy, that is, ∫02π ∣Hk(ejω)∣2dω∕2π = 1. This is because 
E(z)E(z) = I implies H(z)H(z) = MI, that is, in particular,

If we integrate both sides over the range [0,2π), each term on the left hand 
side yields the same answer. From this we arrive at the desired result.

Another simple application of the above result is this: suppose the 
analysis filters are ideal and nonoverlapping, with

(6.2.14)
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Then the AC matrix H(z) is paraunitary (why?). So E(z) is paraunitary as 
well.
Relation to M-th band [or Nyquist(M)] filters

From the above property, we obtain a very interesting relation between 
paraunitary filter banks and Mth band filters (or Nyquist(M) filters; these 
were defined in Sec. 4.6.1): if E(z) is paraunitary, then each analysis filter 
Hk(z) is a spectral factor of a (zero-phase) Mth band filter. In other words, 
the filter Gk(z) defined as



is an Mth band filter.
To prove this, recall that the Mth band property is essentially defined 

by the property (4.6.6) (for zero phase systems). Thus it is sufficient to prove

(6.2.15)

Since paraunitariness of E(z) implies that of H(z), each column of H(z) is 
paraunitary, that is,

(6.2.16)

Using the definition of Gk(z), the desired property (6.2.15) follows.

6.3 TWO CHANNEL FIR PARAUNITARY QMF BANKS
In this section we consider the two channel QMF bank (Fig. 5.1-1(a)) in 
which the analysis filters are causal and FIR, that is,

We know that if the 2 × 2 polyphase matrix E(z) is paraunitary, then all 
properties stated in Sec. 6.2 are true. For the two channel case, some 
additional properties are satisfied, which we study next.

6.3.1 Further properties
Power Symmetric Property

We know the alias-component (AC) matrix (defined in Sec. 5.4) is given 
by

(6.3.2)

From Sec. 6.2.2 we know that paraunitariness of E(z) (i.e., E(z)E(z) = dI) 
implies that of H(z), i.e., H(z)H(z) = βI, where β = 2d. From this we 
obtain the three equations
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(6.3.3a)

(6.3.1)

(6.3.3b)
(6.3.3c)



Using the decimation notation A(z)∣↓2 defined in (4.1.14), we can rewrite 
the above three equations as

Thus paraunitariness of E(z) is equivalent to (6.3.4). From the first of the 
above equations we see that H0(z)H0(z) is a half-band filter (Sec. 4.6.1). In 
other words, H0(z) is power symmetric. (This property was defined in Sec. 
5.3. The original definition had β = 1, but it is convenient to allow arbitrary 
β > 0.) Same comment holds for H1(z).

Order of H0(z) is necessarily odd. Assume h0(0), h0(N) and N are 
nonzero (as in any useful design). Then the order N is necessarily odd, that 
is, N = 2J + 1. This is because H0(z)H0(z) is a zero-phase half band filter 
and has order of the form 4 J + 2 (Sec. 4.6.1).
Relation Between the Two Analysis Filters

From Sec. 6.2.2 we already know that the two analysis filters are power 
complementary if E(z) is paraunitary. We will show that the analysis filters 
are also related as

(6.3.6a)

From (6.3.6b) we have

(6.3.6c)

Equation (6.3.6a) implies that there are no common factors between H0(z) 
and H1(z) (since the right hand side is constant). So H0(-z) and H1(-z) 
have no common factors either. From (6.3.6c) we therefore conclude that
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(6.3.4)

(6.3.5a)

In other words, in the time domain,

(6.3.5b)

In view of this, we can find h1(n) from h0(n) by inspection. (In practice we 
do not lose anything by setting c = 1.)

Derivation of (6.3.5a). If E(z) is paraunitary then the AC matrix 
H(z) is paraunitary, so that (6.3.3) holds. Furthermore H(z)H(z) = βI as 
well. From this we obtain three equations similar to (6.3.3), two of which 
are

(6.3.6b)



H1(z) = cz-LH0(-z). By substituting this into (6.3.6a) and using (6.3.3a) 
we obtain ∣c∣ = 1. By substituting H1(z) = cz-LH0(-z) into (6.3.6b), it can 
further be verified that L has to be odd.

Frequency domain implication. The relation (6.3.5a) implies that 
the two analysis filters are such that

Example 6.3.2

which is paraunitary. Then, 

H0(z) = 1 + z-1 and H1(z) = 1 — z-1, and again the three properties 
listed in the previous example are satisfied. We can find a set of synthesis 
filters for perfect reconstruction, by setting c = 1 and L = 1 in (6.2.7). 
Thus F0(z) = 1 + z-1 and F1(z) = -1 + z-1.

Power Symmetry of H0(z) Implies E(z) is Paraunitary
We now consider the converse of some of the above results. We will 

show that, given any power symmetric H0(z), we can always force E(z) to 
be paraunitary by defining H1(z) as in (6.3.5a). For this, note that power 
symmetry of H0(z) implies that the 0th column of the AC matrix H(z) is 
paraunitary. In view of the relation H1(z) = cz-LH0(—z), the 1st column 
of H(z) is also paraunitary. By using this relation we can also verify that 
the two columns of H(z) are mutually orthogonal, that is,

In other words, H(z) satisfies the three properties (6.3.4), that is, we have 
H(z)H(z) = βI. This implies that E(z) is paraunitary.
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(6.3.7)
So the magnitude response of H1(z) is obtained by shifting that of H0(z) by 
π. For the real coefficient case this means that if H0(z) is lowpass then H1(z) 
is highpass; both filters have the same ripple sizes, and same transition band 
widths.

Example 6.3.1
Let E(z) = I, which is paraunitary. The analysis filters are H0(z) = 1, 
and H1(z) = z-1, and can be verified to satisfy all the above properties. 
For example, (a) each of these is power symmetric, (b) they are related 
as in (6.3.5a) for L = 1, and (c) they form a power complementary pair. 
The synthesis filters for perfect reconstruction can be found from (6.2.7), 
where c ≠ 0 and L is odd. Choosing c = 1 and L = 1 we get F0(z) = z-1 
and F1(z) = 1.

As a second example let E(z) =

(6.3.8)



We summarize all the above results as follows:
♠ Theorem 6.3.1. Let H0(z) and H1(z) be causal FIR and let E(z) 

be the 2 × 2 polyphase matrix of the analysis bank [H0(z), H1(z)]. Then the 
following statements are equivalent:

1. H0(z) is power symmetric (i.e., H0(z)H0(z)∣↓2 = 0.5β, β > 0), and
H1(z) = cz-LH0(-z) for some ∣c∣ = 1 and odd L.

2. E(z)E(z) = 0.5βI, that is, E(z) is paraunitary, (same as 'lossless' since 
E(z) is causal FIR).

3. H(z ) is paraunitary, that is, H0(z) and H1(z) together satisfy (6.3.4).◊

Comments. It is also true that, for a given power-symmetric H0(z), 
the function H1(z) which forces E(z) to be paraunitary must have the form 
(6.3.5a). This follows from the steps of the derivation of (6.3.5a).

Summary of Properties Induced by Paraunitary E(z)
Summarizing, the two-channel causal FIR QMF bank with paraunitary 

E(z) has the following properties.
1. H0(z) is power symmetric. This statement is equivalent to any one of 

the following:
a) H0(z) is a spectral factor of a half band filter, that is, H0(z)H0(z) 

is a half band filter.
b) H0(z)H0(z)∣↓2 = 0.5β.

2. H1(z) has all the properties of H0(z). Together they satisfy (6.3.4), that 
is, the AC matrix H(z) is paraunitary.

3. H1(z) = cz-LH0(-z) where ∣c∣ = 1, and L is odd.
4. H0(z) and H1(z) form a power complementary pair.
5. H0(z) has odd order N (as long as h0(0), h0(N) and N are nonzero).

6.3.2 Design of Perfect Reconstruction QMF Bank
The above results place in evidence the following procedure for the design of a 
two channel FIR perfect reconstruction QMF bank: first design a zero-phase 
half-band filter H(z) with H(ejω) ≥ 0, by using any standard technique 
(Sec. 4.6.1). Then compute a spectral factor H0(z) by using any method 
mentioned in Sec. 3.2.5 or Appendix D. This gives one of the analysis filters 
H0(z) = ΣNn=0 h0(n)z-n (a power-symmetric function), with order N = 
2J + 1. Obtain the other analysis filter H1(z) and the two synthesis filters 
F0(z) and F1(z) as
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This system is identical to the one presented in Section 5.3.6! In this 
section we have obtained an independent derivation starting from the pa
raunitary property. This derivation enables us to generalize the technique 
for M channels, as we will see. In addition, it gives rise to lattice structures 
which preserve perfect reconstruction in spite of quantization (see below).
Properties of the Above Filter Bank

If the above four filters (6.3.9) are used in the QMF bank of Fig. 5.1-1(a) 
then the following are true:

1. There is perfect reconstruction, and x(n) = 0.5βx(n — N).
2. The analysis filters are power complementary, and furthermore satisfy 

the relation ∣H1(ejω)∣ = ∣H0(-ejω)∣.
3. The synthesis filters Fk(z) satisfy ∣Fk(ejω)∣ = ∣Hk(ejω)∣, and are also 

power compementary.
4. All filters have order N = 2J + 1 which is automatically odd.
5. The polyphase matrix E(z) is paraunitary. Since the synthesis filters 

are chosen as in (6.3.9), the polyphase matrix R(z) of the synthesis 
bank is given by R(z) = z-JE(z), and is paraunitary as well.
Completeness. It is worth emphasizing that, every filter bank de- 

signed according to the design procedure in Sec. 5.3.6 has paraunitary E(z). 
Conversely, whenever E(z) is FIR and paraunitary, the four filters in the 
QMF bank are such that they can, in principle, be obtained by the above 
design procedure (Theorem 6.3.1).

6.4 THE TWO CHANNEL PARAUNITARY QMF LATTICE
We now consider the specical case of the above FIR two channel QMF bank, 
with real coefficient filters. In this case the paraunitary matrix E(z) has real 
coefficients. From Example 6.1.1 we know that a cascaded structure of the 
form in Fig. 6.1-4 is paraunitary whenever Rm has the form given in (6.1.9) 
(Givens rotations), and Λ(z) is as in (6.1.10).

It turns out that the above cascade is very general in the sense that every 
paraunitary system can be implemented like this! More precisely, we will 
show in Sec. 14.3.1 that any 2 × 2 real coefficient (causal, FIR) paraunitary 
matrix can be factorized as

(6.4.1)

where α is a positive scalar. To obtain the synthesis bank which would result 
in perfect reconstruction, we have to use (6.2.2). Let us choose K = J (so
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or, equivalently, in terms of impulse response coefficients as:

(6.3.9b)



that R(z) is causal), and c = 1. We then have

(6.4.2)

where Γ(z) is as in (6.2.5). Fig. 6.4-1 shows the complete lattice structure 
for the QMF bank. This is called the QMF lattice [Vaidyanathan and Hoang, 
1988]. The analysis and synthesis filters have order N = 2J + 1.

Figure 6.4-1 The QMF lattice structure. (a) Analysis bank, (b) synthesis bank, 
and (c) details of the unitary matrix Rm.
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The Two Multiplier QMF Lattice
In practice a more efficient version of the lattice structure can be used 

to implement this system. For this note that the rotation matrix Rm can 
be written as

(6.4.3)

if cos θm ≠ 0, and as
(6.4.4)

otherwise. Assume for simplicity of discussion that cos θm ≠ 0 for any m. We 
can then redraw the lattice structure as in Fig. 6.4-2 with S = α(Πm cos θm). 
Notice that we have also moved the decimators and expanders in accordance 
with the noble identities. The quantity S can be expressed directly in terms 
of αm as
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(6.4.5)

Notice that the element ±1 in (6.4.2) has been replaced with '-1.' The 
reason is that, the other choice of sign would be equivalent to replacing z 
with —z. This means that H1(z) becomes lowpass and H0(z) highpass. This 
does not add generality, as it can also be covered by renumbering the filters. 
Also see Problem 6.5.

6.4.1 Properties of the Paraunitary QMF Lattice
Most of the properties of the lattice structure follow immediately from the 
fact that E(z) is paraunitary and that R(z) = z-JE(z). These are summa- 
rized below, with notations adapted to the real coefficient case.

1. ∣H0(ejω)∣2 + ∣H1(ejω)∣2 = 2α2.
2. H1(z) = -z-NH0(-z-1), that is, h1(n) = (-1)nh0(N - n), with N = 

2J + 1.
3. Fk(z) = z-NHk(z-1), that is, fk(n) = hk(N — n) for k = 0,1. So the 

synthesis filters have same lengths as the analysis filters.
4. ∣H1(ejω)∣ = ∣H0(-ejω)∣. Also ∣Fk(ejω)∣ = ∣Hk(ejω)∣,k = 0,1.
5. H0(z) is power symmetric, that is, H0(z)H0(z) is a half-band filter.
6. The system satisfies x(n) = α2x(n — N), that is, it is an FIR PR QMF 

bank.
Completeness

It is worth emphasizing that every two channel (real-coefficient, FIR) 
paraunitary QMF bank can be represented using the above lattice structure. 
It is also important to note these points:
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1. Given a real coefficient power symmetric FIR filter H0(z), we can al- 
ways define H1(z) = —z-NH0(-z-1), and implement the analysis bank 
using the above lattice; the polyphase matrix E(z) is guaranteed to be 
paraunitary.

2. Any system designed as in Sec. 5.3.6 (by spectral factorization of a 
half-band filter) can be represented using the above lattice structure.

Hierarchical Property
Figure 6.4-3(a) is a redrawing of the analysis bank of Fig. 6.4-2(a), 

with decimators moved to the right for convenience of discussion. Suppose 
we eliminate the Jth stage, that is, just delete the lattice section which has 
the multiplier αJ, along with its delay element. We now have a new system 
with analysis and synthesis filters of reduced order N — 2. The polyphase 
matrix for the analysis filter is still paraunitary. Similar comment holds for 
the synthesis bank. So the reduced system is a perfect reconstruction system 
and satisfies all the properties listed above, with N replaced by N — 2.

So if we “cut” the lattice structure after m stages, we still have a FIR 
PR QMF bank with filters of order 2m + 1. In practice the only thing that 
happens as m increases is that the filters H0(z) and H1(z) have better and 
better attenuation characteristics (i.e., sharper cutoff and higher attenua
tion). Referring to Fig. 6.4-3(b), the analysis filters for the m-stage lattice 
are given by

Figure 6.4-3 (a) The analysis bank of the QMF lattice, and (b) schematic for
the m-th stage.
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So the new lowpass filter H0(m)(z) (order 2m+1) is obtained from the old 
lowpass filter H0(m-1)(z) (order 2m—1) by adding a “correction” proportional 
to αm. The same holds for the highpass filter H1(m) (z). Summarizing, the 
lattice structure represents a whole sequence of perfect reconstruction pairs 
[H0(m)(z), H1(m)(z)] with improved frequency responses as m grows. (How
ever, given a lattice structure with good frequency responses, if we delete 
the rightmost section, the resulting responses are not necessarily good, even 
though the perfect reconstruction conditions are preserved.)

Such a hierarchical property is not possible if we implement the filters 
H0(z), H1(z), F0(z), F1(z) using a direct-form structure. For example, if we 
merely replace the highest impulse response coefficient h0(N) with zero [and 
adjust the remaining filters to satisfy (6.3.9b)], the result is not a perfect 
reconstruction system.

Robustness to Coefficient Quantization
Suppose that we implement the lattice using finite precision arithmetic. 

So the coefficients αm have to be quantized to some value Q[αm]. Now the 
matrix

(6.4.8)
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remains unitary, that is, QTmQm = c1I, c1 > 0. So the cascaded lattice 
structures for E(z) and R(z) remain paraunitary, and all six properties in the 
preceding list continue to hold including (a) the power symmetric property 
of H0(z) and (b) the perfect reconstruction property of the QMF bank.

Such robustness to quantization is however not offered by the direct- 
form implementation of the filters. Direct quantization of the coefficients 
h0(n) [with other filters re-adjusted to satisfy (6.3.9b)] results in loss of 
power symmetric property of H0(z), which is crucial to perfect reconstruc
tion. Properties 2-4 in the preceding list are retained by the direct form 
under quantization, but these are only of secondary importance.

6.4.2 Calculating Lattice Coefficients from the Impulse Response

Suppose the power symmetric filter H0(z) has been designed somehow, say 
as in Sec. 6.3.2. We can now define h1(n) as in (6.3.9b) and write down 
E(z). From Theorem 6.3.1 we know that E(z) is paraunitary. So we are 
assured of the existence of a lattice structure as in Fig. 6.4-2(a) for the 
analysis bank (as we show in Sec. 14.3.1).

One can find the coefficients αm by inverting the recursion (6.4.6) to 
obtain



We initialize this recursion by setting H0(J)(z) = H0(z) and H1(J)(z) = H1(z). 
The coefficient αm is chosen so that the highest power of z-1 in H0(m)(z) — 
amH1(m)(z) is canceled. The fact that the lattice exists in this case assures 
the following things: (a) the next highest power of z-1 is also canceled (so 
that the order is reduced by two), and (b) the coefficients of z0 and z-1 in 
amH0(m)(z) + H1(m)(z) are reduced to zero so that H1(m-1)(z) in (6.4.8) is 
indeed causal. Problem 6.7 develops a direct proof that the recursion (6.4.8) 
works for any power symmetric filter H0(z).

Table 6.4.1 shows the lattice coefficients calculated in this manner for 
Design example 5.3.2 presented earlier. Notice that ∣αm∣ gets smaller and 
smaller as m gets large. Also note that the sign of αm alternates. This alter- 
nation property is consistently observed in all good designs with minimum 
phase H0(z), but has not yet been theoretically explained!

TABLE 6.4.1 Lattice coefficients 
for the perfect reconstruction anal- 
ysis bank example

m αm

0 -0.2588883 e+01
1 0.8410785 e+00
2 -0.4787637 e+00
3 0.3148984 e+00
4 -0.2179341 e+00
5 0.1522899 e+00
6 -0.1046526 e+00
7 0.6906427 e-01
8 -0.4258295 e-01
9 0.3111448 e-01

Numerical Accuracy
The lattice structure of the above form exists only if H0(z) is the spec

tral factor of a half-band filter. In practice, due to numerical errors (e.g., 
accuracy of spectral factorization, degree of quantization of h0(n) etc), this 
property does not hold. So the lattice generated by the above recursion rep
resents H0(z) only approximately. The numerical accuracy can be improved 
considerably as follows: since [H0(z), H1(z)] is a power complementary pair, 
we can synthesize a paraunitary lattice as shown later in Fig 14.3-3. And 
since H0(z) is almost power symmetric, the even numbered coefficients sat- 
isfy cm ≈ 1 and sm ≈ 0 (why?). If we replace these with cm = 1 and sm = 0,
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then the resulting structure resembles Fig. 6.4-1(a) (and can then be denor
malized as in Fig. 6.4-2(a)). In our experience, this lattice represents H0(z) 
more accurately than the lattice obtained by direct use of (6.4.8).

6.4.3 Direct Design Technique Based on Lattice
Since the lattice guarantees perfect reconstruction regardless of values of αm, 
we can use it to design the transfer function H0(z). Thus, we optimize αm 
in order to minimize
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(6.4.9)

which is proportional to the stopband energy of H0(z). The remaining three 
filters are completely determined by H0(z) because of (6.3.9b). We do not 
have to worry about the passband of H0(z) because the power symmetric 
property, which is guaranteed by the structure, ensures that the passband is 
good.

There are many standard optimization programs which can be used to 
minimize a specified nonnegative function of several parameters [Press, et 
al., 1989]. These programs require the designer to supply a routine which 
can calculate the objective function φ for a given set of coefficients αm. The 
first step in this calculation would be to compute the coefficients of H0(z) 
using the recursion (6.4.6). The recursion is initialized with

After J steps we get H0(J) which is the desired H0(z). The quantity φ can 
now be written as

(6.4.10)

where r(k) is the autocorrelation of h0(n), that is,

(6.4.11)

We interchange the summation with the integral to rewrite (6.4.10) as

(6.4.12)

So for a given set of αm, we can evaluate the objective function φ without 
having to perform numerical integration. Standard optimization techniques



[Press, et al., 1989] can now be employed to minimize φ with respect to the 
coefficients αm. The resulting H0(z) is a power symmetric FIR filter with 
smallest possible stopband energy. Note that in this design procedure no 
computation of spectral factors is required.

TABLE 6.4.2 Design example 6.4.1.
Optimized lattice coefficients for the per
fect reconstruction analysis bank

m

0 -0.3836487 e+01
1 0.1247866 e+01
2 -0.7220668 e+00
3 0.4951553 e+00
4 -0.3688423 e+00
5 0.2885146 e+00
6 -0.2327588 e+00
7 0.1913137 e+00
8 -0.1598938 e+00
9 0.1348106 e+00

10 -0.1140321 e+00
11 0.9681786 e-01
12 -0.8223478 e-01
13 0.6963367 e-01
14 -0.5867790 e-01
15 0.4913793 e-01
16 -0.4081778 e-01
17 0.3353566 e-01
18 -0.2713113 e-01
19 0.2149517 e-01
20 -0.1658255 e-01
21 0.1238607 e-01
22 -0.8895189 e-02
23 0.6072120 e-02

Design example 6.4.1. Perfect Reconstruction QMF Lattice

In order to demonstrate the above ideas, consider a lattice structure 
with 24 sections (J = 23) so that the filters have order N = 2J + 1 = 47. 
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Let the stopband edge be at ωS = 0.54π. Table 6.4.2 shows the coefficients 
αm, optimized in order to minimize the stopband energy (6.4.12). Notice 
that ∣αm| gets smaller as m grows, and that the sign of αm alternates. The 
impulse response h0(n) can be calculated from αm by using (6.4.6). Figure 
6.4-4(a) shows the analysis filter responses, which have a minimum stopband 
attenuation of 32 dB.

Figure 6.4-4(b) shows plots of ∣H0(ejω)∣2 + ∣H1(ejω)∣2 (which is twice 
the amplitude distortion, that is, 2∣T(ejω)∣), with quantized coefficients. For 
this example, the quantization was done by rounding the mantissa part to 
two decimal digits. For example, in Table 6.4.2, α20 was replaced with [-0.17 
e—01]. The solid curve is for the direct form implementation of the analysis 
and synthesis filters, whereas the broken curve is for the lattice structure. 
This demonstrates the perfect reconstruction property of the lattice inspite 
of coefficient quantization. The only effect of quantization in the lattice 
structure is a deterioration of the attenuation characteristics of the filters, 
as demonstrated in Fig. 6.4-4(c).

Figure 6.4-4(d) shows the response of another analysis bank designed 
using the same technique. The lattice has J = 31 (i.e., 32 sections) so that 
the filter order is N = 63. The value ωS = 0.58π was used in the opti- 
mization. The minimum stopband attenuation of the resulting system is 74 
dB. This example demonstrates that we can design perfect reconstruction 
systems with very large attenuation. If this filter were designed by starting 
from a half-band filter H(z) (as in Design example 5.3.2), the required at- 
tenuation would be 148 dB. Finding a spectral factor of such a half-band 
filter is subject to severe numerical errors, and the resulting analysis filter 
will not satisfy the PR condition. The lattice structure on the other hand 
avoids these steps, and provides the designer with filter coefficients which 
are guaranteed to have the PR property. The lattice coefficients for this 
and many other designs can be found in Vaidyanathan and Hoang [1988]; in 
this reference, the above two designs have been numbered as 48E and 64D, 
respectively.

6.4.4 Complexity of the Paraunitary QMF Lattice
The total number of multipliers required to implement the lattice sections 
in the analysis bank is equal to 2(J + 1) + 2. Each of these operates at half 
the input sampling rate so that we have an average of J + 2 MPUs, which 
simplifies to 0.5(N + 3) for the analysis bank. With each lattice section 
requiring two additions, the number of APUs can be verified to be 0.5(N + 1). 
The synthesis bank has same complexity. So the lattice structure is much 
more efficient, requiring half as many MPUs as the direct form. For a given 
filter order N, the lattice has nearly the same complexity as the polyphase 
implementation of Johnston’s QMF bank (Sec. 5.2.2).

For a given set of specifications (e.g., stopband attenuation, transition 
bandwidth etc.) Johnston’s filters may have higher or lower order (as com
pared to the above perfect reconstruction system) depending on the accept
able level of amplitude distortion. See Sec. 6.7.2 for more comparisons.
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Figure 6.4-4 Design example 6.4.1. (a) Magnitude responses of analysis filters, 
(b) amplitude distortion after quantization, and (c) response of H0(z) after lattice 
quantization.
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Figure 6.4-4 (continued) (d) Another example of lattice-optimized H0(z).

6.4.5 Summary of Advantages of the QMF Lattice

1. The lattice has the lowest implementation complexity (in terms of MPUs 
and APUs) among all known (real coefficient FIR PR QMF) structures 
with paraunitary E(z).

2. All six properties listed at the beginning of Sec. 6.4.1 are retained in 
spite of the values of coefficients αm.

3. In particular, perfect reconstruction property is preserved inspite of 
coefficient quantization.

4. Moreover the lattice can be used as a design tool. We can optimize the 
lattice coefficients to minimize the stopband energy. This method has 
the advantages that (a) there is no need to compute spectral factors 
of high order half-band filters, (b) the resulting filter H0(z) is auto- 
matically power symmetric with smallest stopband energy, and (c) the 
resulting filter bank is guaranteed to have perfect reconstruction regard- 
less of the quality of convergence of optimization.

5. In fact, if we want the power symmetric filter H0(z) to have minimum 
energy (rather than equiripple as in Design example 5.3.2), then there 
is no other known technique to design it, other than optimization of the 
above lattice.

6. Hierarchical property. If we delete an arbitrary number of lattice sec- 
tions, the resulting structure still satisfies all the six properties listed 
earlier, including perfect reconstruction. Thus, as we add more stages 
to the lattice, the frequency responses of Hk(z) improve, while retaining 
perfect reconstruction property.
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For an arbitrary FIR filter H0(z) of order N, it is possible for all the 
N zeros to be on the unit circle. However, if H0(z) is power-symmetric, 
then the maximum number (nmax) of zeros on the unit circle is restricted. 
The number nmax can be easily found. For example, if N = 47 (as in 
Design example 6.4.1), then nmax = 24. See Appendix A of Vaidyanathan 
and Hoang [1988] for details. From the plot of Fig. 6.4-4(a) we see that 
there are indeed 24 zeros on the unit circle (as there are twelve in the range 
0 ≤ ω ≤ π). Experience shows that, in all the examples obtained by lattice 
optimization, the filter H0(z) has this maximum permissible number (nmax) 
of zeros on the unit circle. The same is true if H0(z) is generated as a 
spectral factor of a optimal equiripple half band filter.

6.5 M-CHANNEL FIR PARAUNITARY FILTER BANKS
We now consider the case of M-channel filter banks. If the analysis filters 
Hk(z) are constrained to be FIR with paraunitary E(z), then the choice of 
synthesis filters as in (6.2.7) results in perfect reconstruction. In this section 
we outline some methods for finding the analysis filter coefficients hk(n), so 
that they have good bandpass responses, under the constraint that E(z) be 
paraunitary.

6.5.1 The Basic Optimization Problem
In Chap. 14 we will develop several systematic techniques for representing 
(or implementing) paraunitary systems in terms of simple budding blocks. 
in this section, we state and use one of these results.
A Characterization of Paraunitary Matrices

Consider the transfer matrix
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(6.5.1)

where vm are column vectors (size M × 1), with unit norm, that is, v†mvm = 
1. Using this unit norm property, it is easy to verify that Vm(z)Vm(z) = I 
so that Vm(z) is paraunitary. This matrix can be implemented as in Fig. 
6.5-1 using one delay, and therefore has degree equal to one. †

It can be shown that any causal degree-J FIR paraunitary E(z) can be 
expressed as

(6.5.2)
where Vm(z) are paraunitary systems as above, and U is a constant unitary 
matrix, that is, U†U = dI. This factorization result [Vaidyanathan, et al., 
1989] will be proved in Sec. 14.4.2. Fig. 6.5-2 shows the cascaded structure

† The degree of a transfer matrix is the minimum number of delays re- 
quired to implement it.



corresponding to this. We will also show (Sec. 14.6.2) that any constant 
unitary matrix U can be expressed as

Figure 6.5-1 Implementation of paraunitary Vm(z) using one delay.

Figure 6.5-2 Factorization of paraunitary E(z). Building blocks are as in Fig. 
6.5-1.
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(6.5.3)

where D is a diagonal matrix with diagonal elements Dii = ejθi, and

(6.5.4)

Here ui are unit-norm column vectors. Matrices of the form (6.5.4) are 
unitary with U†iUi = I, and are called Householder matrices. Fig. 6.5-3 
shows a structure implementing the building block Ui.

Figure 6.5-3 Cascaded structure for unitary U with Householder building 
blocks.



These representations hold whether the coefficients of E(z) (i.e., co- 
efficients of analysis filters) are real or complex. For the important real 
coefficient case, the vectors vk and ui are real.

Optimization of the Coefficients vm and ui
It now remains only to optimize the components of vm and ui such 

that the responses ∣Hk(ejw)∣ represent 'good' filters. For this we formulate 
an objective function φ as in the two channel case, representing the attenu- 
ation characteristics of the filters. We optimize vm and ui using nonlinear 
optimization techniques (e.g., see [Press, et al, 1989]), so as to minimize φ. 
The resulting vectors vm and ui completely determine E(z), thereby de- 
termining all the analysis filters Hk(z). The synthesis filters are then found 
from (6.2.7), resulting in a perfect reconstruction system.

Completeness. The characterization (6.5.2) is complete in the sense 
that all (causal FIR) paraunitary E(z) of degree J are covered. Moreover, 
the matrix E(z) is guaranteed to be paraunitary regardless of the values of 
the quantities vm and ui as long as they have unit-norm. As a result, the 
filter-bank system is guaranteed to have the perfect reconstruction property 
regardless of the values of these unit norm vectors, as long as the synthesis 
filters are chosen as in (6.2.7). So when the vectors vm and ui are being 
optimized, we are searching precisely over the complete class of FIR filter 
banks with paraunitary E(z).
Objective Function to be Minimized

For simplicity assume that the filters have real coefficients, so that 
∣Hk(ejω)∣ is an even function of ω. (Extension to complex coefficient case 
is easy.) Figure 6.5-4 demonstrates for M = 3, a typical set of desired mag- 
nitude responses for the analysis filters. The passbands of the filters are 
nonoverlapping. In the frequency region designated as “passband” for the 
filter Hk(z), all other filters have their stopbands.

The paraunitary property of E(z) ensures that the analysis filters are 
power complementary (Sec. 6.2.2), that is, satisfy (6.1.8). Consequently, if 
the stopband responses are sufficiently small, then the passband responses 
of ∣Hk(ejω)∣ are sufficiently close to unity (assuming c = 1 in (6.1.8) for 
simplicity). This means that, if we minimize an objective function φ which 
reflects the stopband energies of Hk(ejω), then the passbands of all the 
filters will automatically be “good”. Based on this logic we conclude that it 
is sufficient to formulate an objective function of the form
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(6.5.5)

Minimizing φ (by optimization of the parameters ui and vm) results in filters 
which have good stopbands as well as passbands.



(6.5.6)

Figure 6.5-4 Typical magnitude responses for an analysis bank with M = 3.

Figure 6.5-5 Design example 6.5.1. Magnitude responses of optimized analysis 
filters for a 3 channel FIR perfect reconstruction system. Filter order N = 14.
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Design example 6.5.1
Figure 6.5-5 shows the magnitude responses of the analysis filters for a 

three channel system designed in this manner. This is obtained by minimiz
ing

The impulse responses of the optimized analysis filters hk(n) are given in 
Table 6.5.1, with filter order N = 14. The coefficients of the synthesis filters 
for perfect reconstruction are given by fk(n) = hk(14-n). Notice that about 
20 dB stopband attenuation has been obtained for each filter.



TABLE 6.5.1 Design example 6.5.1. The optimized filter 
coefficients for the FIR perfect reconstruction analysis bank. 
Here N = 14 and M = 3.

n h0(n) h1(n) h2(n)

0 -0.0429753 -0.0927704 0.0429888
1 0.0000139 0.0000008 -0.0000139
2 0.1489104 0.0087654 -0.1489217
3 0.2971954 0.0000226 0.2972354
4 0.3537539 0.1864025 -0.3537496
5 0.2672266 -0.0000020 0.2672007
6 0.0870758 -0.3543303 -0.0870508
7 -0.0521155 -0.0000363 -0.0520909
8 -0.0875973 0.3564594 0.0875756
9 -0.0427096 -0.0000049 -0.0427067

10 0.0474530 -0.1931082 -0.0474452
11 0.0429618 0.0000230 0.0429677
12 0.0 0.0 0.0
13 -0.0232765 -0.0000026 -0.0232749
14 0.0000022 0.0 0.0000022

6.5.2 Incorporation of Symmetry
In most practical designs the response ∣MM-1-k(ejω)∣ can be taken to be 
the image of ∣Hk(ejω)∣ with respect to π/2, that is,

(6.5.7)

This is demonstrated in Fig. 6.5-6 for M = 5. (We assume the filter coef
ficients to be real so that the magnitude responses are automatically sym- 
metric with respect to π.) Indeed, in Design example 6.5.1 the responses 
∣H0(ejω)∣ and ∣H2(ejω)∣ do satisfy this property approximately, (and more- 
over ∣H1(ejω)∣ is self-symmetric with respect to π∕2) because the stopband 
regions [regions of integration in (6.5.6)] were chosen with such symmetry.

This opens up an idea. Suppose we modify the polyphase structure 
such that the symmetric constraint is built into the structure. Because of 
this constraint, the number of degrees of freedom (i.e., vm's) will be reduced 
by almost a factor of 2, which reduces the number of parameters to be 
optimized for a given filter order. This in turn will result in drastic reduction 
of optimization time [Nguyen and Vaidyanathan, 1988].
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For the three channel real coefficient case, we can incorporate the sym
metry condition (6.5.7) by the constraint

Figure 6.5-6 Demonstrating the symmetry of responses with respect to π∕2.

Figure 6.5-7 The three-channel analysis bank, with Hk(z) = H2-k(-z).

(6.5.10)
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(6.5.8)
[This is not the only way to achieve (6.5.7), but it works.] In particular H1(z) 
is constrained to be a function of z2. These imply ∣H2(ejω)∣ = |H0(ej(π-ω))| 
and ∣H1(ejω)∣ = ∣H1(ej(π-ω))∣, so that (6.5.7) is satisfied. Notice from Table 
6.5.1 that the filter coefficients of the previous design example almost sat- 
isfy (6.5.8)! It will, therefore, be judicious to force this symmetry prior to 
optimization.

Figure 6.5-7 shows a structure for imposing (6.5.8). Here the transfer 
functions are given by

(6.5.9)

Retaining the Perfect Reconstruction Property
It only remains to 'worry about' the perfect reconstruction property of 

this modified structure. Note that the analysis bank can be written as



The real matrix A is unitary, with ATA = 2I. So if we force E'(z) to be 
paraunitary in the usual way, and choose the synthesis bank as in Fig. 6.5- 
8, then the complete analysis/synthesis system is equivalent to Fig. 6.5-9. 
This, indeed, is a perfect reconstruction system, since the integers 2 and 3 
are relatively prime (see Fig. 5.6.3 and associated comments). The synthesis 
filter vector is given by

Figure 6.5-8 The synthesis bank corresponding to Fig. 6.5-7. This results in a 
perfect reconstruction system when E'(z) is paraunitary. (See text.)

Figure 6.5-9 The analysis bank of Fig. 6.5-7 followed by the synthesis bank of 
Fig. 6.5-8 is equivalent to the above structure when E'(z) is paraunitary. Here c 
is a nonzero constant, and α = integer.

Paraunitariness of E(z). Notice that the polyphase component ma- 
trix E(z) is not the same as E'(z). In the above design problem, it is not 
necessary to know what E(z) is, as it does not directly enter the optimiza
tion. It turns out, however, that E(z) is paraunitary. [This follows from

320 Chap. 6. Paraunitary perfect reconstruction filter banks

(6.5.11)

from which we verify that the relation

(6.5.12)

holds for appropriate c0 and L.



Theorem 6.2.1 because the system under consideration is a perfect recon- 
struction system satisfying (6.5.12)].

An extension of this idea for arbitrary M is possible [Nguyen and 
Vaidyanathan, 1988]. The details depend on whether M is even or odd. 
Figure 6.5-10 shows the structure for odd M (of which Fig. 6.5-7 is a special 
case), which forces the condition

(6.5.14)

Clearly A is unitary with ATA = 2I. If E'(z) is constrained to be parau- 
nitary, we have to choose the synthesis filters as fk(n) = c0hk(L - n) for 
perfect reconstruction. Notice that for a given filter order N, the number 
of parameters which enter the optimization problem is nearly halved, when 
compared with the direct approach [which uses E(zM) rather than E'(z2M)].

Figure 6.5-10 Extension of the symmetric analysis bank for arbitrary odd M.

Design example 6.5.2
Figure 6.5-11 shows the frequency response of an FIR perfect reconstruc

tion system designed in the above manner, using an optimization program 
from [IMSL, 1987]. The analysis filters have order ≤ 55, and the impulse 
response coefficients can be found in Table I of Vaidyanathan, et al. [1989].

In order for the optimization to converge to an acceptable solution in 
reasonable time, it is very important to ‘initialize’ the unknown parameters
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(6.5.13)

and hence (6.5.7). Here A is a generalization of the matrix A in (6.5.10). 
For example, with M = 5, we have



in a judicious way. This initialization can be done by designing approximate 
reconstruction systems (called pseudo QMF designs, Sec. 8.1). In Sec. 8.5 
we return to a more systematic design procedure (cosine modulated perfect 
reconstruction systems), and provide further details.

Figure 6.5-11 Design example 6.5-2. Magnitude responses of analysis filters for 
a three channel FIR perfect reconstruction system. Analysis filters are related as 
in (6.5.8), and filter order N = 55. (© Adopted from 1989 IEEE.)

6.6 TRANSFORM CODING AND THE “LOT”

Before the introduction of FIR QMF banks with paraunitary E(z), some 
authors have independently reported other techniques for perfect recovery 
systems, which work for the case where the filter order is N = 2M — 1. One of 
these is the lapped orthogonal transform (LOT) studied in Cassereau [1985], 
Malvar and Staelin [1989], and Malvar [1990a]. The second is a special case 
(introduced in [Princen and Bradley, 1986]) of the pseudo QMF bank to be 
discussed in Chap. 8. The polyphase matrices in these methods have the 
form E(z) = e0 + e1z-1 so that the analysis filters have order N = 2M — 1.

It was observed in Vetterli and Le Gall [1989] that the above two systems 
have paraunitary E(z), thereby offering a very simple explanation of the 
perfect reconstruction property. We now elaborate this point.

6.6.1 Review of Transform Coding

In the area of waveform quantization and coding, there exists a popular tech- 
nique called transform coding [Jayant and Noll, 1984]. In this technique, a 
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signal x(n) is divided into blocks of length M, and each block transformed 
into a new block of length M by a linear (nonsingular) transformation T. 
This can be schematically represented as in Fig. 6.6-1, using multirate no- 
tation. Let us denote a block of length M as

(6.6.1)

Then the transformed block is obtained as

(6.6.2)

Notice that successive blocks of input do not overlap, that is, x(n) and 
x(n + 1) do not have overlapping samples. If we take T = W*, the above 
system becomes the familiar uniform-DFT bank.

Figure 6.6-1 The transform-coder/decoder schematic.

The components of the transformed data y(n) are typically quantized 
and transmitted. With y(n) denoting the quantized y(n), the reconstructed 
signal is obtained by using the inverse transformation T-1, and unblocking 
the resulting vector x(n) by use of expanders and delay chain as shown in 
the figure. In the absence of quantization of y(n), the system has the perfect 
reconstruction property, i.e., x(n) = x(n — M + 1).

The aim is to quantize the components of y(n) in such a way that 
the quantization error in the reconstructed signal x(n) is minimized. In 
practically all applications, the transformation matrix T satisfies T†T = 
I (orthogonal transform coding). Under this condition, and with suitable 
statistical assumptions one can solve for the best set of quantizers, resulting 
in the so called optimal bit-allocation schemes (Appendix C).

The main advantage of transform coding is that, an appropriate choice 
of T results in reduced number of bits per second, after quantization. (The
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extent of this reduction is quantitatively measured by the so-called coding 
gain. † A related problem in transform coding is the choice of best unitary 
T. This has been solved for the case of wide sense stationary x(n): the 
best T is the one whose rows are equal to the eigenvectors of the M x M 
autocorrelation matrix E[x(n)x†(n)]. This T is called the Karhunen-Loeυe 
Transform (KLT) (see Appendix C for details).

A commonly observed disadvantage of transform coding is the blocking 
effect, caused by the encoding of x(n) block-by-block without overlap. In im- 
age coding, this manifests in the form of visible discontinuities across block 
boundaries; in speech coding it is perceived as extraneous tones. Elegant 
techniques for reducing the blocking effect have been proposed based on the 
so-called lapped orthogonal transforms (LOT) [Cassereau, 1985], [Malvar 
and Staelin, 1989]. We shall now define the LOT in the framework of multi- 
rate systems, and observe that it is a filter bank with paraunitary polyphase 
matrix E(z).

6.6.2 Transforms with Overlap
Figure 6.6-2(a) shows a modification of the transform coder, where the matix 
T is M × L rather than M × M, with L ≥ Μ. This means that the input is 
partitioned into overlapping blocks

† Notice the similarity of this philosophy to subband coding. We can 
think of subband coding as a generalization of this transform coding idea, 
with T replaced by E(z) [Fig. 5.5-3(b)].
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of length L, and each block transformed into a block of (smaller) length Μ. 
Fig. 6.6-2(b) demonstrates this overlap for L = 5,M = 3. The existence 
of overlap between blocks has been shown to reduce the 'blocking effect' in 
speech and image processing.

The 'inverse' transform operation is also indicated in the figure (where 
Q has to be chosen appropriately; see below). Note that the process of 
obtaining y(n) from x(n) is equivaIent to the use of an analysis bank, with 
the analysis filter vector h(z) [eqn. (5.4.1)] given by

(6.6.3)

with e1(z) = [1 z-1 ... z-(L-1)]T. In all known applications we have
L < 2M. We shall let L = 2M, (with the provision that some columns of T 
are allowed to be zero, permitting the L < 2M case). Evidently the analysis 
filters have lengths ≤ 2M. By partitioning T as

(6.6.4)



where T0 and T1 are M × M, we can write

(6.6.5)

where e(z) is the delay chain vector [ 1 z-1 ... z-(M-1) ]T. By com
paring with (5.5.2b), we see that the analysis bank has M × M polyphase 
component matrix

Figure 6.6-2 (a) The transform-coder/decoder with successive blocks overlap
ping. For appropriate choice of T, this leads to the Lapped Orthogonal Transform 
(LOT) technique. (b) Demonstration of overlap, with L = 5 and M = 3.

We know that if E(z) is paraunitary, we can obtain perfect reconstruc
tion (in absence of quantization) by taking the synthesis filters to be
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(6.6.6)

Paraunitariness of E(z) implies E(z)E(z) = cI. In terms of T0 and T1 this 
simplifies to

(6.6.7)



After making appropriate notational changes, we find that these are precisely 
the conditions (4) and (5) given by Malvar and Staelin, [1989]. So the LOT 
structure is a subclass of filter banks with paraunitary E(z), with analysis 
filter length = 2M.

We know that the above choice of fk(n), which results in perfect recon- 
struction, corresponds to the choice R(z) = z-1E(z) [Fig. 5.5-3(b)]. This 
in turn helps us to identify the matrix Q in Fig. 6.6-2(a) (Problem 6.17).

The LOT has been extended by Malvar to obtain the extended LOT 
(abbreviated ELT). This system, again, is a paraunitary filter bank with 
some additional structure on the filters, namely the cosine modulation prop- 
erty. We will return to this in Sec. 8.5.

6.7 SUMMARY, COMPARISONS, AND TABLES
In this and the previous chapters several types of filter banks have been 
presented. In Chap. 5 a number of techniques for the design of two-channel 
QMF bank were studied, and the general theory of M-channel maximally 
decimated filter banks was developed. In Tables 5.10.1-5.10.4 we already 
summarized these results.

In this chapter we have concentrated on filter banks with paraunitary 
polyphase matrix E(z). The main points are summarized in Table 6.7.1. Spe
cial properties of two-channel paraunitary filter banks were studied in Sec. 
6.3, and various results summarized at appropriate places in that section. In 
Sec. 6.4 we presented a lattice structure for these systems. This structure 
is such that, perfect reconstruction (PR) is preserved inspite of multiplier 
quantization.

6.7.1 Venn Diagram for Perfect Reconstruction Systems
Paraunitariness of E(z) is not a necessary condition for obtaining the PR 
property in FIR QMF systems. From Chap. 5 we know that (5.6.10) is 
really necessary and sufficient. Indeed, in Chap. 7 we will show for the two 
channel case, that if the analysis filters are required to have linear phase, it 
is necessary to give up the paraunitary property.

In Fig. 6.7-1 we show a Venn diagram which summarizes various possi- 
bilities with FIR E(z). Set 2 here is the set of E(z) for which the determinant 
is a strictly minimum phase polynomial, that is, has all zeros inside the unit 
circle (except possibly some zeros at z = ∞, as in the function z-1). In this 
case if we take R(z) = E-1(z), we obtain perfect reconstruction with stable 
synthesis filters. But the synthesis filters are IIR, and typically have very 
high order (for large M). Set 3 is further constrained by the requirement 
that the determinant of E(z) be a delay. In this case the synthesis filters are 
also FIR but still can have very high order for large Μ. Set 4 represents
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and
(6.6.8)



TABLE 6.7.1 Perfect reconstruction filter banks with paraunitary E(z)

Any M-channel QMF bank (Fig. 5.4-1) can always be redrawn as shown 
in Fig. 5.5-3(a), where E(z) and R(z) are the polyphase component matrices 
of the analysis and synthesis banks.

1. We say that E(z) is paraunitary if E(z)E(z) = dI for some d > 0. If in 
addition E(z) is causal and stable (as we assume in following summary), 
we say that it is lossless. We use 'lossless' and 'paraunitary' interchange
ably whenever causality and stability are clear from context.

2. Paraunitariness of E(z) is not necessary for perfect reconstruction. If 
E(z) is paraunitary, the choice R(z) = cz-KE(z) results in perfect 
reconstruction. Assuming E(z) is FIR, this choice of R(z) is also FIR 
and results in causal synthesis filters Fk(z) for proper choice of K.

3. The condition R(z) = cz-KE(z) is equivalent to
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with L = MK + M — 1. That is, coefficients of Fk(z) are essentially 
obtained by writing the coefficients of Hk(z) in reverse order and con- 
jugating; c is just a scale factor.) This choice of Fk(z) also implies 
∣Fk(ejω)∣ = ∣cHk(ejω)∣.

4. if E(z) is FIR and paraunitary, we obtain perfect reconstruction by 
choosing the synthesis filters as above, i.e., fk(n) = ch*k(L - n). See 
Theorem 6.2.1 for further complete summary.

5. Factorization. An FIR paraunitary system E(z) of degree J can al- 
ways be factorized as in (6.5.2), in terms of unit norm vectors vm and 
ui (see (6.5.1)-(6.5.4)). Conversely, (6.5.2) always represents a parau- 
nitary system as long as vm and ui have unit norm. The vectors vm 
and ui can be optimized to obtain good analysis filters Hk(z) for perfect 
reconstruction.

6. Paraunitariness of E(z) induces further properties (Section 6.2.2).
b) The analysis filters are power complementary: ΣΜ-1k=0 ∣Hk(ejω)∣2 = 

nonzero constant.
c) The function Hk(z)Hk(z) is an Mth band (Nyquist(M)) filter.
d) The alias component matrix H(z) is paraunitary. In fact H(z) 

is paraunitary if and only if E(z) is paraunitary because of the 
relation (6.2.12).

Results on two-channel paraunitary QMF banks.
These were derived in Sections 6.3 and 6.4, and the main results are 

summarized at appropriate places in these sections.



E(z) of the form

(6.7.1)

where Rm are nonsingular (not necessarily unitary) matrices, and Λ(z) is a 
diagonal matrix of delay elements [e.g., as in (6.1.10)]. This is a convenient 
subset of all matrices satisfing [det E(z)] = delay.

Finally set 5 is the paraunitary set, and has many advantages explained 
in this chapter. These advantages are summarized below, and hold for two- 
as well as M-channel cases.

Figure 6.7-1 Summary of various ways to force the perfect reconstruction 
property in FIR QMF banks.

Advantages of Paraunitary E(z) in FIR Filter Banks
1. No matrix inversions are involved in the design.
2. The synthesis filters are FIR, have the same length as the analysis filters, 

and can be obtained by time-reversal and conjugation of the analysis 
filter coefficients.
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3. If the paraunitary matrix E(z) is implemented as a cascaded structure 
(Fig. 6.5-2), the perfect reconstruction property can be retained in spite 
of multiplier quantization. For the two-channel case, this was justified 
in Sec. 6.4.1. For the M channel case, see Sec. 14.11.2.

4. The cascaded paraunitary structure also ensures that the computational 
complexity (for implementing the analysis bank) is low. This was justi
fied in Sec. 6.4.4 for the two channel case. For the M channel case, see 
below.

5. The objective function to be optimized during design is simple, and 
does not have to explicitly include passband error. (It is implicitly there 
because of power complementary property of analysis filters, induced by 
paraunitariness of E(z).)

6. Filter banks with paraunitary E(z) can be used to generate an orthonor
mal basis for the so-called wavelet transforms. See Chap. 11.

6.7.2 Complexity comparisions
For each of the methods studied in this and the previous chapters, we also 
presented design examples, and counted the number of multiplications and 
additions per unit time (MPU and APU). Table 6.7.2 gives a summary of 
the major features of various two-channel QMF banks, along with compu- 
tational complexities. Table 6.7.3 provides a comparison for a chosen set of 
specifications for the response of H0(z). It is clear that the perfect recon- 
struction QMF bank implemented with lattice structures (Method 2) is quite 
competetive with the approximate reconstruction systems (Method 1). Fi
nally Table 6.7.4 compares the FIR PR lattice with the IIR power-symmetric 
method (Sec. 5.3). The IIR system has the lowest complexity among all the 
methods with given specifications on H0(z).
Complexity of M-channel Paraunitary QMF Bank

First suppose that we implement the filters Hk(z) in direct form. Even 
though the filters are constrained by the fact that E(z) is paraunitary, there 
is no obvious relation among the coefficients of these filters (except the op- 
tional relation (6.5.13), if symmetry has been imposed through the struc- 
ture). So the cost of a direct form implementation is roughly proportional 
to MN where N is the filter order and M is the number of channels. Since 
each Hk(z) is followed by a decimator, we can implement it in polyphase 
form (Sec. 4.3). So the analysis bank requires N MPUs and N APUs.

The second method is to implement the system using polyphase matri- 
ces, that is, exactly as in Fig. 5.5-3(b). In this manner, the implicit relation 
between the analysis filters, induced by the paraunitariness of E(z), can be 
exploited. We will show below that the complexity of this system is only
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(6.7.2)

For example if J = 10 and M = 5, then N = 54 and the analysis bank 
requires 26.6 MPUs and 24.8 APUs. For the first method where each Hk(z)



TABLE 6.7.2 Comparison of three types of two-channel QMF banks.
Note: ALD = Aliasing distortion; AMD = Amplitude distortion; PHD = Phase distortion. 

N = Order of H0(z)

Method 1 (FIR)

Section 5.2.2

Method 2 (FIR) 
Perfect Reconstruction 

with lossless E(z) 
Section 6.4

Method 3 
IIR Allpass 

based.
Section 5.3.4

Relation between 
filters

H1(z) = H0(-z)
F0(z) = H0(z), F1(z) = -H1(z)

H1(z) = -z-NH0(-z) 
F0(z) = z-NH0(z), 
F1(z) = z-NH1(z) 

H0, H1 power comp.

Same as 
method 1

Phase response 
of H0(z)

linear nonlinear nonlinear 
since H0(z) IIR

Distortions 
in QMF bank

ALD canceled 
AMD minimized 
PHD eliminated

ALD canceled 
AMD eliminated 
PHD eliminated

ALD canceled 
AMD eliminated

PHD remains

Features of
H0(z)

H0(z)∕H0(z) is a 
(zero-phase FIR) 

half-band filter, i.e., 
H0(z) is power symmetric

2H0(z) = a0(z2) 
+z-1a1(z2), 

a0(z), a1(z) IIR 
allpass. H0(z) is 
power symmetric.

Complexity, i.e., 
No., of (MPU, APU) for 

analysis bank‡
0.5(N + 1), 0.5(N + 1), 

using polyphase
(N + 1), N using 

direct form polyphase. 
0.5(Λ + 3), 0.5(N + 1) 

using paraunitary lattice

0.25(N - 1),
0.5(N + 1)

Group delay 
of entire 

analysis/synthesis 
system

N samples N samples nonconstant

‡ In each case, complexity of the sythesis bank is essentially same as that of the analysis bank. 
MPU = multiplications per unit time. APU = additions per unit time.

One unit of time = separation between samples of input x(n).
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TABLE 6.7.3 Comparison of Design examples for two FIR two-channel QMF banks. 
In both methods, H0(z) has AS ≃ 40dB and ωS ≃ 0.586π.

Method 1 
(Johnston’s 32D filter) 

i.e., imperfect reconstruction 
with linear phase 

analysis and sythesis filters

Method 2 
(Vaidyanathan and Hoang) 

Perfect reconstruction lattice 
with nonlinear phase 

analysis and synthesis filters

Required order 
of H0(z) N = 31 for

peak amplitude distortion = 0.025 dB
N = 31

Group delay 
of entire 

analysis∕synthesis 
system

31 31

No. of (MPU, APU) 
for analysis bank (16, 16) (17, 16)

Price paid by 
the method

Amplitude distortion not 
equal to zero

H0(z) and H1(z) 
do not have linear-phase

TABLE 6.7.4 Comparison of Methods 2 and 3. 
In both cases, AS ≃ 40dB and ωS ≃ 0.62π.

Method 2
FIR Perfect reconstruction

QMF lattice

Method 3
IIR allpass based system 

with nonzero 
phase distortion

Required order N 
for H0(z) 21 5

No. of (MPU, APU) 
for analysis bank (12, 11) (1, 3)

Group delay 
distortion None

Difference between 
largest and smallest 
delays =14 samples

Other distortions None None
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is implemented independently in polyphase form, we require 54 MPUs and 
APUs. This shows that the implementation based on E(z) is more efficient.

To justify (6.7.2), recall that any FIR paraunitary E(z) of degree J can 
be implemented in cascade form as in Fig. 6.5-2. Here Vm(z) and U are M × 
M matrices. Each of the building blocks Vm(z) requires 2M real multipliers 
(since vm is real for real-coefficient case). The unitary matrix U can be 
implemented as a cascade of M — 1 Householder matrices [eqn. (6.5.3)]. 
Each Householder matrix is implemented as in Fig. 6.5-3. The unit-norm 
vectors ui appearing in these Householder matrices have a restricted number 
of nonzero entries as elaborated in Sec. 14.6.2. From these details, we can 
verify that E(z) (hence the analysis bank) requires 2N+M2 multipliers. The 
number of additions is 2N + (M - 1)2. Since E(z) is operating at M times 
lower rate, the matrix E(z) (hence the analysis bank) has the complexity 
given in (6.7.2). If the filters are constrained by symmetry conditions such as 
(6.5.13), we obtain a further saving by about a factor of 2 (since the degree 
of E'(z) in Fig. 6.5-10 is nearly halved for fixed filter order N).

The implementation in terms of the cascaded structure for E(z) has the 
additional advantage that when the multipliers are quantized, the perfect 
reconstruction property is unaffected (Sec. 14.11). The same is not true for 
the direct form implementation of Hk(z).

Cosine modulated FIR PR systems. In Chap. 8 we will study a 
class of FIR perfect reconstruction systems in which all analysis filters are 
derived from a single prototype by cosine modulation. This has the advan- 
tage that during the design (optimization) phase the number of parameters 
to be optimized is very small, even for large Μ. Another advantage is that 
the complexity of the implementation is very small. Indeed, among all tech- 
niques for designing (perfect or approximate) QMF banks for arbitrary M, 
this method appears to have least complexity (both during design and im- 
plementation). The perfect reconstruction property in this scheme is again 
acheived by exploiting paraunitariness of E(z), as we shall see in Sec. 8.5.
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PROBLEMS

6.1. Consider the following FIR analysis bank.

Figure P6-1

a) Find E(z), and the analysis filters H0(z), H1(z). Is E(z) paraunitary? 
What is its determinant?

b) Find a set of causal FIR synthesis filters which result in perfect recon- 
struction.

6.2. Find an example of a real-coefficient two-channel FIR perfect reconstruction 
QMF bank, with the following features: (i) E(z) is paraunitary, and (ii) H0(z) 
is causal, with order ≥ 3. You must explicitly indicate the values of the filter 
coefficients H0(z), H1(z), F0(z) and F1(z).

6.3. Consider the example generated in Problem 6.2.
a) Verify that H0(z) is power symmetric.
b) Draw the lattice structures for the analysis and synthesis banks, and indi- 

cate the values of the lattice coefficients αm.

6.4. Let E(z) denote the polyphase matrix of an M-channel analysis bank.
a) Suppose E(z) is normalized lossless. Show that all the analysis filters 

Hk(z) have unit energy, i.e., Σn ∣hk(n)∣2 = 1.
b) Conversely, let all the filters Hk(z) have unit energy, and furthermore let 

them be power complementary. This does not necessarily mean that E(z) 
is paraunitary. Prove this by counter example.

6.5. Consider the lattice structure of Fig. 6.+3(a). Suppose we perform the fol- 
lowing changes: (a) replace the multiplier "-1" (just prior to stage 0) with a 
multiplier equal to “+1,” and (b) exchange each αk with —αk. Show then that 
the analysis filter H0(z) remains unchanged, and that H1(z) gets replaced with 
—H1(z). This shows that the multiplier with value "-1" in the figure is not of 
major importance.

6.6. Let R(z) and E(z) be matrices with rational entries, and let e(z) be the delay 
chain vector [as in (5.4.1)]. Prove that the relation (6.2.11) implies R(z) = 
cz-KE(z).

6.7. In this problem we obtain a second, independent, proof that the recursion
(6.4.8) for synthesizing the perfect reconstruction lattice works. Let H0(m)(z) =
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Σ2m+1n=0 h(m)(n)z-n be a transfer function with real coefficients, satisfying

Figure P6-7

6.8. The system in (6.5.1) can be written as h(0) + h(1)z-1 where h(n) are the 
'impulse response' coefficients of Vm(z). Let

This is a unit norm vector. By using this in (6.5.1), evaluate the coefficients 
h(n). Hence fill all the nine entries of Vm(z).

6.9. Consider the paraunitary system Vm(z) of Problem 6.8. Suppose we take this 
as the polyphase matrix E(z) of a three channel maximally decimated filter 
bank.

a) Find the coefficients of the analysis filters.
b) Find the coefficients of a set of FIR synthesis filters, which would result in 

perfect reconstruction.
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(P6.7a)

where cm is a nonzero constant. This is nothing but the power symmetric 
property, except that cm is not necessarily unity. Define

(P6.7b)

Assume h(m)(0) ≠ 0. Suppose we define H0(m-1)(z) as in (6.4.8) where ατn = 
—h(m)(2m + 1)∕h(m)(0). Prove the following.
a) H1(m-1)(z) defined in (6.4.8) satisfies a relation similar to (P6.7b) with m 

replaced by m — 1.
b) H0(m-1)(z) satisfies a property similar to (P6.7a) with m replaced by m — 1.
c) h(m-1)(0) ≠ 0.
d) H0(m-1)(z) and H1(m-1)(z) are causal with degree ≤ 2m - 1.

Summarizing, the pair [H0(m-1)(z), H1(m-1)(z)] satisfies all the properties of 
the higher order pair [H0(m)(z), H1(m)(z)]. So the recursion can be repeated. 
After a finite number of recursions we obtain H0(0)(z) and H1(0)(z). Write 
down the forms of these. Hence show that the pair [H0(m)(z), H1(m)(z)] can be 
implemented in the form of the following lattice structure.



6.10. Consider the product Vm(z) . . . V1(z) where Vm(z) are M × M matrices as 
in (6.5.1). Let vm be chosen so that v†mvk = δ(m - k). Show that the product 
reduces to z-1I.

6.11. Consider the M-channel maximally decimated system of Fig. 5.4-1. Let H(z) 
be the alias component (AC) matrix for the analysis bank, and let E(z) be the 
polyphase component matrix for the analysis bank. Show the following:

a) [det H(z)] = cz-K for some c ≠ 0 and integer K if and only if [det E(z)] = 
dz-L for some d ≠ 0 and integer L.

b) [det H(z)] is allpass if and only if [det E(z)] is allpass.
6.12. In a certain QMF bank suppose the M × M polyphase matrix E(z) is lossless. 

Let the polyphase matrix for the synthesis bank be given by R(z) = Adj [E(z)], 
where 'Adj' denotes the adjugate matrix (Appendix A). Show that the system 
is alias-free. Find an expression for the distortion function T(z) and hence 
show that amplitude distortion has been eliminated.

6.13. Consider an analysis bank Hk(z), 0 ≤ k ≤ M — 1, with paraunitary polyphase 
matrix E(z). Define a new analysis bank H'k(z), 0 ≤ k ≤ M - 1, by replacing 
z with zejθ where θ is an arbitrary real number. In other words, H'(z) = 
Hk(zejθ). Show that the polyphase matrix E'(z) of the resulting system is 
paraunitary. [Note. In general E'(z) ≠ E(zejθ).]

6.14. Consider Fig. 5.2-5, where ai(z) are causal stable with ∣ai(ejω)∣ = 1. This 
represents a two channel QMF bank. Let E(z) and R(z) be the polyphase 
matrices of the analysis and synthesis banks.

a) Identify E(z) and R(z).
b) Is E(z) lossless?
c) Write down R(z) in terms of E(z).
d) What is the product R(z)E(z)?

6.15. We now look into some deeper properties of tree structured QMF banks. Con- 
sider Fig. 5.8-1 again. Let H0(k)(z) = ΣNkn=0 h(k)(n)z-n and let the filters be 
related as
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(P6.15a)
and

(P6.15b)
for k = 1, 2. Assume Nk to be odd. Let the synthesis filters be chosen as

(P6.15c)
a) Prove that the system has perfect reconstruction property.
b) Consider the equivalent four channel system of the form in Fig. 5.4-1. Verify 

that Fm(z) and Hm(z) are related as Fm(z) = cz-LHm(z) for 0 ≤ m ≤ 3, for 
some c and L.

c) Show that the 4 x 4 polyphase matrix E(z) of the equivalent four channel 
system is paraunitary.
Note. This problem is not tedious, if the properties in Sec. 6.2 are used judi
ciously. These results can also be generalized to tree structures with arbitrary 
number of levels, and arbitrary number of channels in a given level.



6.16. Consider Fig. 5.4-1. Find an example of a FIR perfect reconstruction system 
for which Fk(z) = Hk(z) for each k. To avoid trivialities, make sure M ≥ 2 in 
the example.

6.17. Consider the LOT structure of Fig. 6.6-2(a). Let T = [T0 T1], where T0
and T1 are M x M, and assume that (6.6.7) and (6.6.8) hold. Find Q in terms 
of T0 and T1, in order to have perfect reconstruction.
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