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Multirate Systems

12.0 INTRODUCTION

In this chapter we extend the basic concepts of multirate signal processing 
to the case of multidimensional (MD) signals, for example, two dimensional 
(2D) signals, and three dimensional (3D) signals. An example of a 2D signal 
is an image, whose intensity is a function of two variables (horizontal and 
vertical coordinates) [Jain, 1989]. A popular example of a 3D signal is an 
image which varies in time (such as a movie), “time” being the third di
mension. An example of a 4D signal is the temperature at a point in space, 
as a function of time. Multidimensional multirate systems find applications 
in image coding [Woods, 1991], sampling format conversion between various 
video standards, and high-definition television systems, to mention a few.

Some of the earliest contributions to multidimensional filter banks were 
due to Vetterli [1984], Woods and O'Neil [1986], and Wackershruther [1986a]. 
The idea of “sampling” a multidimensional signal is fundamental to many 
of our discussions here. This is a nontrivial concept, and involves the math
ematical concept of lattices [Cassels, 1959]. The use of lattices in sampling 
has been recognized for several decades, for example, see Petersen and Mid
dleton [1962], and references therein. A detailed treatment of 2D sampling 
can be found in Dudgeon and Mersereau [1984]. Theoretical aspects of mul
tidimensional systems are treated in Bose [1982].

The use of lattices has also been extended to the case of discrete time 
decimation and interpolation [Mersereau and Speake, 1983], [Dubois, 1985]. 
More recently, lattices have been used for the description and analysis of 
multidimensional filter banks [Ansari and Lee, 1988], [Ramstad, 1988], [Visc
ito and Allebach, 1988b], [Bamberger, 1990], [Karlsson and Vetterli, 1990], 
[Simoncelli and Adelson, 1990], [Vaidyanathan, 1990c, 1991b], [Chen and 
Vaidyanathan, 1991,1992a,b]. In particular the perfect reconstruction prob
lem has been addressed in Viscito and Allebach [1988b and 1991], Ansari 
and Guillemot [1990], Karlsson and Vetterli [1990], and Kovačević and Vet-
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terli [1992]. Design techniques for 2D filter banks can be found in Ansari 
and Guillemot [1990], Smith and Eddins [1990], Fettweis, et al. [1990] and 
Bamberger and Smith [1992]. The last two references show how to design 
filters which can be used for “directional decomposition” of images.

An article on MD filter banks, with excellent tutorial value can be found 
in Viscito and Allebach [1991]. Some of the notations to be developed in 
Sec. 12.4-12.9 are based on this reference and on [Vaidyanathan, 1990c].

Chapter Outline
Some of the basic concepts on MD signals are reviewed in Sec. 12.1-12.3. 
An attempt to do full justice to the basics will take up several chapters. 
The exposition here, accordingly, is brief (but technically complete). It is by 
no means a substitute for complete texts such as Dudgeon and Mersereau 
[1984], Jain [1989], and Lim [1990].

Sec. 12.4 to 12.10 are, however, self contained. They deal with multi- 
dimensional decimation, interpolation, polyphase decomposition, and filter 
banks. Four Tables in the end summarize key notations and concepts.

12.1 MULTIDIMENSIONAL SIGNALS
A D-dimensional signal xa(t0, t1, . . . ,tD-1) is a function of D real variables 
t0, t1, . . . ,tD-1. We define the column vector

12.1.1 The Fourier Transform
The Fourier transform of xa(t)(if it exists) is defined to be the D-dimensional 
integral

(12.1.2)

Thus, the Fourier transform is a function of D real variables (frequencies) 
Ω0, Ω1, . . . , ΩD-1. (Both xa(t) and Xa(jΩ) are scalar functions of vectors). 
The inverse transform relation analogous to (2.1.21) is

(12.1.3)
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(12.1.1)
and abbreviate the signal as xa(t). The subscript a indicates 'analog' which 
actually means that ti are continuous variables. Even though these variables 
do not (necessarily) represent time, it is customary to call them so, and refer 
to xa(t) as a continuous 'time' signal.



Defining the column vector of frequencies

The notation ∫ba indicates that the MD signal is integrated with respect to 
all variables, with each variable ranging from a to b. The above Fourier 
transform relations resemble the 1D versions [eqns. (2.1.20) and (2.1.21)] 
with the exceptions that (a) Ωt is replaced with the inner product ΩTt, and 
(b) there is a scale factor (1∕2π)D rather than l∕2π in the inverse transform 
relation.

Bandlimited signals. A multidimensional signal is said to be band 
limited if the Fourier transform Xa(jΩ) is identically zero everywhere except 
in a designated finite region. The region where Xa(jΩ) is allowed to be 
nonzero is said to be the support of Xa(jΩ). Figure 12.1-1 shows several 
examples, with gray areas indicating the support. The examples in parts (a) 
and (b) are lowpass signals. If the quantity ∣Xa(jΩ)∣ is a nonzero constant 
in the gray areas, it can be considered to be a lowpass filter [i.e., xa(t) is the 
impulse response of a 2D lowpass filter]. Part (c), on the other hand, would 
represent a bandpass filter.

Figure 12.1-1 Demonstration of supports for Xa(jΩ).

Discrete-Time Signals
Fourier transform relations for discrete-time 1D signals were defined in 

(2.1.4). In the D-dimensional case, the signal is denoted as x(n), where the 
'time' index n is a column vector

(12.1.7)
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(12.1.4)

we can abbreviate these relations as

(12.1.5)

(12.1.6)



Thus, x(n) is a function of D integer variables nk, 0 ≤ k ≤ D — 1. We refer 
to n as an integer vector (or just “integer”). The Fourier transform, if it 
exists, is defined analogous to the 1D case, and is a function of D frequency 
variables ωk, 0 ≤ k ≤ D - 1. With

(12.1.8)

the Fourier transform is defined by

(12.1.9)

where N denotes the set of all D-component integer vectors. The inverse 
Fourier transform relation is

(12.1.10)

Since
(12.1.11)

we see that X(ω) is periodic in each variable ωi with period 2π.

12.1.2 The z-Transform
Consider the summation

(12.1.12)

which is called the z-transform of x(n). Here z denotes the vector

This summation does not, in general, converge for arbitrary z. For details 
about convergence, see Lim [1990]. If it converges for all zk of the form

(12.1.13)

(ωk real) it reduces to the Fourier transform X(ω).
Notice the subscript z on X in (12.1.12). This is meant to distinguish the 

above from X(ω). This is necessary because we have to substitute zk = ejωk 
into Xz(z) (rather than substitute z = ω) to obtain X(ω). Introducing the 
notation
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the z-transform becomes

(12.1.15)

The notation Z(n) helps us to write the multidimensional z-transform 
in a manner which resembles the 1D z-transform. † Notice that when 
zi = ejωi, the quantity e-jωTn takes the place of Z(-n).

Special case of 2D signals. For the special case of 2D signals, we 
shall often use notations such as x(n0, n1), Xz(z0, z1), and X(ω0, ω1) in place 
of x(n), Xz(z) and X(ω).
Key Properties of the Fourier and z-Transforms

We now state a number of properties of Fourier and z-transforms. Proofs 
for some of these are requested in Problem 12.1.

1. Linearity. From the definition we can see that if Xz,1(z) and Xz,2(z) 
are the transforms of x1(n) and x2(n), then the transform of a1x1(n) + 
a2x2(n) is given by a1Xz,1(z) + a2Xz,2(z) for arbitrary a1,a2.

2. Shifting a sequence. The sequence y(n)=x(n — k) is said to be the
shifted version of x(n), with k denoting the vector-shift. To demonstrate 
this consider a 2D sequence x(n0,n1) which is equal to unity at the sample 
locations indicated in Fig. 12.1-2(a), and zero elsewhere. The shifted version 
is shown in Fig. 12.1-2(b) for k = [21].

Figure 12.1-2 (a) A sequence x(n) and (b) its shifted version x(n — k).

It is easily verified that the z-transform of the shifted sequence x(n - k) 
is given by Z(-k)Xz(z). So Z(-k) can be regarded as a delay (or shift) 
operator, which introduces k 'units' of delay. It can also be shown that (a) 
Z(-k) = 1∕Z(k), and (b) Z(k1 + k2) = Z(k1)Z(k2).

† An alternative, z(n), has some advantages; see comments after Example
12.4.2.
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3. Convolution theorem. Given two MD sequences x(n) and h(n) define 
the convolution sum y(n) = ΣmεNh(m)x(n-m). Then, the transforms are 
related as Yz(z) = Hz(z)Xz(z). In terms of Fourier transforms, this becomes 
Y(ω) = H(ω)X(ω).
Modulation and Frequency-Shift

Consider the sequence y(n) = x(n)eaTn, where a is a column vector. 
Then Yz(z) is obtained from Xz(z) by replacing each variable zi with zie-ai 
where ai is the ith element of a. Defining the diagonal matrix
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(12.1.16)

we can write Yz(z) = Xz(Λaz). Thus, in the 2D case,

In particular suppose a is purely imaginary, that is, a = jb for real b. 
Then we can verify that Y(ω) = X(ω - b). So multiplication of x(n) with 
ejbTn for real b amounts to a frequency shift by the amount b.

12.1.3 Multidimensional Digital Filters
Figure 12.1-3 shows the schematic for a multidimensional digital filter. This 
is an LTI system characterized by a transfer function

(12.1.17a)

where h(n) is the impulse response of the filter. The input-output relation 
of the system is given by the generalized convolution,

(12.1.17b)

or, in terms of z-transforms by Yz(z) = Hz(z)Xz(z). Given a two dimensional 
image x(n) with finite size, the convolution operation in (12.1.17b) produces 
a larger image y(n). In fact y(n) has infinite extent if the filter is IIR. There 
exist techniques to cut down the size of the image by appropriate processing 
of the boundaries.

The frequency response H(ω) of the filter is given by

(12.1.18)

This is Hz(z) evaluated at zk = ejωk,0 ≤ k ≤ D — 1. Figure 12.1-4 shows 
some typical frequency responses for the 2D case. The passband region (i.e., 
region where ∣H(ω)∣ ≈ 1) is said to be the support of the filter.



Figure 12.1-3 Schematics for multidimensional digital filters.

Figure 12.1-4 Typical two-dimensional frequency response plots. The magni- 
tude m dB is plotted. (a) Diamond filter, and (b) fan filter.
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Figure 12.1-5 Several possible supports for 2D filters. Gray areas denote 
passbands. If H(ω) is constant in gray areas, then (a) and (f) are separable 
filters.
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It is convenient to show the responses of filters in terms of their support. 
Figure 12.1-5 shows several examples of this kind. Note in particular that 
a lowpass response can have many possible supports, such as rectangular, 
circular, diamond, and so on. The supports shown in Fig. 12.1-5(g) and 
(h) correspond to the filters in Fig. 12.1-4. These are, respectively, called 
diamond and fan filters, because of the shape of the support.

The supports in the figure are shown only for the region - π ≤ ωi ≤ π, 
but the response is periodic (with period 2π) in each direction. This is 
demonstrated in Fig. 12.1-6 for lowpass and highpass filters.

Separable filters. A multidimensional filter is said to be separable if
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(12.1.19)
In other words, the transfer function is a product of D one-dimensional 
transfer functions. Separability implies, in particular, that the plot of H(ω) 
with respect to any one frequency variable ωi is unchanged (except for a scale 
factor) if the remaining frequency variables are changed. To demonstrate 
nonseparability, consider the 2D filter response in Fig. 12.1-7(a). The plot 
of H(ω0,ω1) with respect to ω0 is shown in parts (b) and (c), for two values 
of ω1. These plots are not scaled versions of each other so that the response is 
not separable. On the other hand, Fig. 12.1-5 (a) and (f) represent separable 
filters (if H(ω) is constant in the gray regions). Here are some analytical 
examples: (a) z-10z1-1 (separable), and (b) 1 — z-10z-11 (nonseparable).

The advantage of separable filters is that they can be designed easily 
from 1D filters. However, there exist many nonseparable filters which can be 
designed from 1D versions by clever mappings. A simple example is 1 — H(ω), 
which is not necessarily separable even if H(ω) is. [If H(ω) is unity in the 
gray area of Fig. 12.1-5(a), then 1 - H(ω) is as in Fig. 12.1-5(d).] More 
nontrivial examples of these will be mentioned in Sec. 12.7. (For a preview 
the reader can see Fig. 12.7-2!) Also see Problem 12.36.

Linear phase and zero-phase filters. A multidimensional filter 
H(ω) is said to have linear phase if

(12.1.20)
where k is a real constant vector, HR(ω) is a real function, and c is a (possibly 
complex) constant. (Notice that it is possible for ΗR(ω) to be negative, but 
in most cases this happens only in the stopbands). Linear phase systems do 
not introduce phase distortion (in the same sense as for the 1D case, Sec. 
2.4.2). If H(ω) has linear phase, then so does the frequency-shifted version 
H(ω — b) and the time shifted-version h(n — m).

A zero-phase filter is a linear phase filter whose frequency response is 
real for all ω. In other words, the response can be written as in (12.1.20) 
with k = 0, and c = 1. It can be shown (Problem 12.3) that a filter has 
zero-phase if, and only if, the impulse response satisfies

(12.1.21)



Figure 12.1-6 Demonstration of two-dimensional periodicity of the 2D digital 
filter response. (a) Rectangular lowpass filter and (b) highpass filter.

In the 2D real coefficient case, the condition

(12.1.22)

is therefore necessary and sufficient to ensure zero phase.
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Linearity of phase is important in image processing (unlike in many 
speech applications where some amount of phase nonlinearity is acceptable). 
Examples demonstrating this point can be found in Lim [1990] and references 
therein.

Figure 12.1-7 Demonstration of a nonseparable response. (a) Support of the 
filter, (b) and (c) responses for two fixed values of ω1.

12.2 SAMPLING A MULTIDIMENSIONAL SIGNAL
The theory behind sampling of a multidimensional signal is fundamentally 
more complicated because of the many different ways to choose the sampling 
geometry. To illustrate, we first consider the 2D case. Given a 2D signal 
xa(t0, t1), the simplest sampled version we can visualize is
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(12.2.1)

where n0 and n1 are integers. So all the values of t0 and t1, which are integer 
multiples of T0 and T1, are included by the sampler. The sample points 
are thus arranged in a rectangular pattern, as demonstrated in Fig. 12.2-1 
for T0 = 2, T1 = 1. This scheme is therefore termed rectangular sampling. 
We now demonstrate a more general sampling pattern. The motivation 
for considering such generalizations arises from the fact that rectangular 
sampling is often not the most efficient way to sample a bandlimited signal 
(as justified in Sec. 12.3.2).



Figure 12.2-1 Demonstration of rectangular sampling. Here T0 = 2, and T1 = 1.

Example 12.2.1
Consider the sequence generated as

(12.2.2)

The sample points are shown in Fig. 12.2-2. To see how this figure has 
been obtained, note that the sample locations, which are t0 = n0 — n1 
and t1 = n0 + 2n1, can be written compactly as

(12.2.3)

The matrix V is called the sampling matrix. Every sample location t is 
of the form

where v0 = and v1 = In other words, the sample locations
are vectors t that are integer linear combinations of the columns v0 and 
v1 of the sampling matrix V.

Given the matrix V, the sample points can be graphically obtained 
as follows: first sketch the vectors v0 and v1 (heavy lines in the figure). 
Then draw two sets of equispaced parallel lines such that the two vectors
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form two sides of a parallelogram generated by these lines. The sample 
points are then located at the intersections of these sets of lines.

In general V need not be an integer matrix (see next example), but 
it must be real and nonsingular. The sampling geometry in Fig. 12.2-2 is 
only one of an infinite number of possible ones. As we will see, the choice 
of sampling geometry affects the efficiency (in terms of required number of 
samples per unit volume) with which bandlimited signals can be represented.

Example 12.2.2
Suppose we sample a 2D signal xa(t) with the sampling matrix

(12.2.5)

This is a Givens rotation matrix [Eq. (6.1.9), with —θ in place of θm]. 
This means that the sample points

(12.2.6)

are obtained by rotating the sample points corresponding to

(12.2.7)

by an amount θ in the counterclockwise direction. Equation (12.2.7) in 
turn represents rectangular sampling with unit spacing between adjacent
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Figure 12.2-2 The set of sample points generated by V in Example 12.2.1.



samples in both directions. See Fig. 12.2-3 which demonstrates the 
above rotation for θ = π∕4. We can consider the sample points to be 
located at the corners and centers of appropriate hexagons, which fill the 
2D plane [see Fig 12.2-3(c)]. This is a special case of hexagonal sampling 
to be defined at the end of Sec. 12.3.2.

From Fig. 12.2-3(b) we also see that the samples can be considered 
to be located at equidistant points with spacing s (= √2) along equi 
spaced horizontal lines (spacing s∕2). The samples on any horizontal line 
are, however, displaced with respect to those on the adjacent horizontal 
line by the amount s∕2. These comments continue to hold if the word 
'horizontal' is replaced with 'vertical' everywhere.

Figure 12.2-3 (a) Sample points for rectangular sampling with T0 = T1 = 1, (b) 
rotated sample points obtained by using V with θ = 45°, and (c) demonstration 
that the rotated sample points are located at the center and corners of hexagonal 
figures.

12.2.1 Multidimensional Sampling
The sampled version of a D-dimensional signal xa(t) is defined as

(12.2.8)

where V is a real D × D nonsingular matrix

(12.2.9)
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and n ∈ N. The set of all sample points is the set

(12.2.10)

that is, the set of vectors Σk=0D-1 nkvk. This is the set of all integer linear 
combinations of the columns v0, . . ., vD-1 of V. This set, denoted LAT(V), 
is called the lattice generated by the matrix V. The matrix V is called the 
sampling matrix, and is also said to be the basis which generates LAT(V).

Evidently LAT(V) is a discrete set, but has infinite number of ele- 
ments. For the 2D examples above V was indicated in (12.2.3) and (12.2.5) 
respectively. For the rectangular case (12.2.1), we have

(12.2.11)

More generally rectangular sampling is defined to be a sampling scheme for 
which V is diagonal.
Nonuniqueness of the Lattice-Generator V

The matrix V that generates a lattice is not unique. Thus the lattice 
generated in Example 12.2.1 could also have been generated by the sampling 
matrix

(12.2.12)

Similarly, the rectangular lattice with T0 = T1 = 1, which is generated by 
V = I could also have been generated by

(12.2.13)

In Problem 12.5 the reader is requested to verify both of these statements 
graphically. The theory underlying these, though, is given in Lemma 12.2.1. 
But first we need a definition.

Unimodular integer matrix. An integer matrix E is said to be 
unimodular if [det E] = ±1. For such a matrix, the inverse E-1 is also 
an integer (since E-1 is equal to the matrix of cofactors divided by the 
determinant; Appendix A). Conversely, suppose the inverse F of an integer 
matrix E is integer. We have EF = I so that [det E][det F] = 1. Since each 
determinant must be an integer, this shows that both the determinants have 
unit magnitude, that is, both the matrices are unimodular. Summarizing, an 
integer matrix is unimodular if, and only if, its inverse is an integer matrix.

♠ Lemma 12.2.1. Let V be a D × D real nonsingular matrix generating 
the lattice LAT(V) [i.e., V is a basis for LAT(V)].
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But the determinants of E and F are evidently integers, so that the above 
equation implies det E = ±1 indeed. ▽ ▽ ▽

Comments. Part (a) of the lemma should be carefully interpreted. Con- 
sider the two sequences x(n) = xa(Vn) and y(n) = xa(Vn). Then it is not 
necessarily true that x(n) = y(n). Part (a) merely says that the samples of 
y(n) are obtained by a rearrangement (permutation) of the samples of x(n).
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(a) Define V = VE where E is some D × D integer matrix satisfying

(12.2.14)

Then V is another basis for LAT(V). [In other words, LAT(V) = 
LAT(VE).]

(b) Let V be another basis for LAT(V). Then there exists integer matrix 
E with [det E] = ±1, such that V = VE. ◊
Proof. First consider part (a). Let x belong to LAT(V) so that x = 

Vn for some integer n. So we can write

(12.2.15)

where m = E-1n. Since E-1 is also integer, m is an integer. This proves that 
every vector in LAT(V) can also be written as Vm for integer m. Conversely, 
consider any vector of the form y = Vm. We can write y = VEm = Vn for 
integer n, so that y belongs to LAT(V). Thus, V and V generate the same 
lattice.

Now consider proving part (b) which is more fun. The columns vi of 
V are evidently points belonging to the lattice LAT(V). Since V is also a 
basis, we can express these columns as Vni for integer ni. So we have

(12.2.16)

for integer vectors ni. By the same argument we can express each column of 
V as Vmi for integers mi, that is,

(12.2.17)

Combining these two expressions we obtain V = VEF. Since V is nonsin- 
gular, this implies EF = I so that

(12.2.18)



12.2.2 Sampling Density and Determinant of V

The determinant of the sampling matrix V plays a fundamental role in the 
sampling of a MD signal. We will see that 1∕∣det V∣ gives the sampling 
density, that is, number of samples per unit volume (area in the 2D case). 
For the special case of 1D signals we have V = T where T is the sample 
spacing. In this case 1∕∣det V∣ = 1∕T, which is the sampling density (number 
of samples per unit length).

The Fundamental ParalIelepiped (FPD)
Given a sampling matrix V, suppose we sketch all the basis vectors vk 

(columns of V) in a D-dimensional coordinate space. This is demonstrated 
in Fig. 12.2-4 for the sampling matrix V used in Example 12.2.1. We can 
now complete a parallelepiped with these vectors as edges as shown. (This 
can also be done for 3D and higher dimensional cases.) This is called the 
fundamental parallelepiped [denoted FPD(V)] of the sampling matrix V. 
In the 1D case, FPD(V) is the segment 0 ≤ x < V of the real line.

The points which fall inside FPD(V) (gray area in the figure) can be
represented as the set Vx where x = , with 0 ≤ x0, x1 < 1.

More general definition. Let [a,b)D denote the set of D-component 
vectors x such that the components satisfy a ≤ xi < b. Let V be a D × D 
real nonsingular matrix. Then the fundamental parallelepiped generated by 
V is defined as

(12.2.19)

Figure 12.2-4 The fundamental parallelepiped FPD( V) for a specific example 
of V.
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According to this definition the set x ∈ [0, 1)D itself can be denoted as 
FPD(I).



The Role of the Determinant

(12.2.20)

verifying that the area equals ∣det V∣.

Figure 12.2-5 The area of the parallelogram shown above is equal to ab∣sinθ∣.

Representation of Arbitrary Points in Terms of Lattice Points
Given any real number y, we can always express it as y = x + n where 

n is a unique integer and x is a unique real number with 0 ≤ x < 1 [i.e., 
x ∈ [0,1)]. Here n is merely the “integer” part (and x the fraction part) of 
y. Similarly, given a real vector y we can express it as

(12.2.21)

simply by expressing each component as above. Evidently x and n are 
unique.

In the scalar case, a generalization of such decomposition is this: given 
a fixed number v > 0, we can express an arbitrary real u as

(12.2.22a)

Moreover uP and n are unique for a given u. Note that vn belongs to the 
'lattice' generated by the real number v (which is the set of all points of the 
form vm, m = integer). So we can write u = uP + uL, with uP ∈ FPD(v) 
and uL ∈ LAT(v).
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It is well known in geometry that the volume of the fundamental par
allelepiped FPD(V) is equal to ∣det V∣. (The term “volume,” which we use 
for convenience, degenerates to “area” in the 2D case and 'length' in the 1D 
case.) This is particularly easy to verify in the 2D case. Thus, consider Fig. 
12.2-5 which shows a parallelepiped with one edge aligned to the horizontal 
axis. (There is no loss of generality in such alignment since we can always 
rotate a parallelepiped without changing its area). With a and b denoting 
the lengths of the sides, the area is given by ab∣ sin θ∣. On the other hand, the
matrix V generating FPD(V) has columns v0 = , and v1 =
so that



Decomposing a vector u with respect to matrix V. Here is an 
easy generalization, to the MD case, of the above decomposition: Let u be 
any real D-component vector, and V any D x D real nonsingular matrix. 
We can then write

(12.2.23)

Figure 12.2-6 demonstrates FPD(V) as well as shifted versions for some 
values of uL. According to the above decomposition, we can cover the entire 
D-dimensional EucIidean space by taking the union of the set FPD(V) and 
all these shifted copies. Referring to Fig. 12.2-6, the gray area contains all 
vectors u with uL = 0 in (12.2.22b). By shifting this gray area to a lattice 
point (and repeating this for each lattice point), we can cover all points in 
the two dimensional plane.
Sampling Density

By definition of FPD(V), only one lattice point falls inside it, namely 
the origin. Similarly, there is one lattice point in each shifted version. 
The number of sample points per unit volume is equal to the number of 
FPD(V)'s which we can fit into unit volume. Since ∣det V∣ is the volume 
of FPD(V), we conclude that the number of lattice points per unit volume 
(i.e., sampling densitiy) is equal to 1∕∣det V∣. So we have

(12.2.24)

For the sampling matrix in Example 12.2.1 we have ρ = 1/3 whereas for 
Example 12.2.2, we have ρ = 1.
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(12.2.22b)
where uP and uL are unique vectors such that

(12.2.22c)

In other words, any real vector u can be uniquely written as a sum of a 
vector uL in the discrete set LAT(V) and a vector uP in the continuous set 
FPD(V). One often says that uP is the remainder of u modulo the matrix 
V.

The above decomposition is justified as follows: define y = V-1u. Then 
y is a real vector and can be decomposed as in (12.2.21). So u = Vy = 
Vx +Vn. So we have (12.2.22b), with uP = Vx and uL = Vn. Since x and 
n are restricted as in (12.2.21), we have uP ∈ FPD(V) and uL ∈ LAT(V) 
indeed. The uniqueness of uP and uL follow from that of x and n.

Geometric interpretation. The set of points uP + uL where uL is a 
fixed point in the lattice and uP varies over FPD(V) can be considered to 
be a shifted version of FPD(V). Thus consider the example



The sampling density is an important concept. Intuitively we can see 
that for an MD signal which is bandlimited in a certain way, a certain mini- 
mum sampling density is required, if we desire to retain all information (and 
avoid aliasing). We will make this intuition more precise in the succeeding 
sections.

Figure 12.2-6 FPD(V) and copies obtained by shifting it to various points on 
LAT(V) (shown by heavy dots).

12.2.3 Aliasing Effects Created by Sampling
Given a signal xa(t) with Fourier transform Xa(jΩ), suppose we sample it 
with sampling matrix V and obtain x(n) = xa(Vn). How is the Fourier 
transform X(ω) of x(n) related to Xa(jΩ)? Recall what happens in the 1D 
case: if we define x(n) = xa(nT), then
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(12.2.25)

In other words, X(ejω) is formed by adding an infinite number of uniformly 
shifted copies of Xa(jΩ) (shifted by integer multiples of 2π∕T), replacing Ω 
with ω∕T, and scaling the result by 1∕T. So in the time domain the samples 
are spaced apart by T whereas in the frequency domain there is a periodicity 
of 2π∕T.
Effect of Sampling in the MD Case

In the MD case there is a similar effect. Let xa(t) be a D-dimensional 
signal with Fourier transform Xa(jΩ). Define the sequence x(n) = xa(Vn).



Then its Fourier transform is given by

(12.2.26)

Figure 12.2-7 (a) The lattice generated by V, and (b) the scaled reciprocal
lattice, generated by U = 2πV-T. The matrices are as in (12.2.28).

† The notation V-T stands for (V-1)τ.
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where N is the set of all D-component integers. † With V = T (1D case), 
this reduces to (12.2.25).

The reciprocal lattice. Before proving this, some discussion is in 
order. The matrix 2πV-T will play a crucial role in future discussions, and 
deserves a special notation

(12.2.27)

The lattice LAT(V-T) is said to be the reciprocal lattice of LAT(V). The 
lattice LAT(2πV-T) is called the scaled reciprocal lattice. For example, let 
V be as in (12.2.23). For this case

(12.2.28)
Figure 12.2-7 shows the lattice and the scaled reciprocal lattice.



Pictorial interpretation of (12.2.26). We now illustrate the proce- 
dure for constructing X(ω) from Xa(jΩ). For this we first make the change 
of variables
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(12.2.29)
(analogous to Ω → ω∕T) to rewrite (12.2.26) as

(12.2.30)

Consider a signal xa(t) bandlimited to the gray region shown in Fig. 12.2- 
8(a). According to the above expression, we produce an infinite number 
of copies of Xa(jΩ) by shifting its origin to the points on LAT(U). Thus 
X(VTΩ) has support equal to the union of gray regions in Fig. 12.2-8(b). 
Finally by making the change of variables Ω = V-Tω we obtain the Fourier 
transform X(ω) of x(n). This change of variables maps the gray region in 
Fig. 12.2-8(b) to the gray region in Fig. 12.2-8(c) so that X(ω) is indeed 
periodic (period = 2π) in each variable ωi.

The shifted versions of Xa(jΩ) mentioned above are called alias com
ponents. If any of these has overlap with the unshifted version, we cannot 
recover Xa(jΩ) from X(ω). This is similar to the aliasing effect in the 1D 
case. If the signal Xa(jΩ) is “appropriately bandlimited”, and if the sam
pling matrix V is appropriately chosen, this overlap can be avoided. We will 
return to this very important point later.

Proof of the relation (12.2.26). From (12.1.6) we have

(12.2.31)

With the change of variables Ω = V-Tω this becomes

(12.2.32)

(Note that dΩ should be replaced with dω∕∣det V∣.) Now we can decompose 
the vector ω as in (12.2.22b), with V = 2πI. In other words, we can write ω = 
ωP - 2πk where ωP ∈ [0, 2π)D and k is an integer vector. By substituting 
this into (12.2.32) (and dropping the subscript P on ω) we obtain

(12.2.33)
which, by comparison with (12.1.10), yields the desired result.



Figure 12.2-8 Demonstrating frequency domain effect of sampling of a 2D 
signal.

The Periodicity Matrix U
In the 1D case, we say that a function f(Ω) of a real variable Ω is 

periodic if there exists U > 0 such that f(Ω) = f(Ω — Uk) for all Ω, for all 
integers k. Graphically this means that we can shift its origin by any integer 
multiple of U, without changing the function. In the D-dimensional case the
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where ρ is the sampling density 1∕∣det V∣. So the separation between 'copies' 
of the basic spectrum Xa(jΩ) increases as the sampling density p increases. 
This suggests that if we sample a bandlimited signal at sufficiently high 
density, then we can avoid overlap between any two terms in (12.2.30). In 
this manner aliasing can been avoided. We can recover xa(t) from such 
sampled version by use of a lowpass filter whose passband includes the re- 
gion of support of Xa(jΩ), and stopband includes the regions of support of 
Xa(j(Ω - 2πV-Tk)) for all k ≠ 0.

It is clear that for a given region of support and a particular sampling 
geometry, p has to exceed a minimum sampling density ρmin. For a given 
region of support, the quantity ρmin itself may depend on the sampling 
geometry (as demonstrated below). So a judicious choice of sampling ge- 
ometry can help to reduce the number of samples per unit volume required 
to represent a given bandlimited signal. We will consider a specific class of
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idea is similar. We say that f(Ω) is periodic if

(12.2.34)

for all integer vectors k. The matrix U (which is required to be real and 
nonsingular), is said to be a “period” or "periodicity matrix." A periodicity 
matrix for which the determinant has smallest magnitude is said to be a 
fundamental periodicity matrix. Now recall that the set of vectors of the 
form Uk is the lattice generated by U. The right hand side of (12.2.34) is 
obtained by shifting the origin of the plot for f (Ω) so that its new origin is 
at the lattice point Uk. So f(Ω) is periodic (with periodicity matrix U) if 
it does not change as a result of relocating the origin to an arbitrary lattice 
point generated by U.

It is now clear that the function in Fig. 12.2-8(b) is periodic in Ω with 
periodicity matrix U. This is consistent with the fact that X(ω) is periodic 
in each of the variables ωi, i.e., it has periodicity matrix 2πI [Fig. 12.2-8(c)].

Summary and tables. Much of the theory of multidimensional sam
pling, decimation and interpolation can be understood without difficulty, as 
long as the above matrix notations are clearly understood (and efficiently 
used). As an aid to easy reading, we will summarize the main fundamentals 
in Tables 12.10.1 and 12.10.2 at the end of Sec. 12.10.

12.3 MINIMUM SAMPLING DENSITY
Suppose we sample a bandlimited lowpass signal xa(t) using the sampling 
matrix V. We know that the Fourier transform of the sampled version is 
periodic in Ω with periodicity matrix U = 2πV-T. The fundamental paral- 
lelepiped generated by U has area

(12.3.1)



bandlimited signals, namely those with circular support, and compare two 
sampling geometries.

12.3.1 Rectangular Sampling Under Circular Support
Consider a 2D lowpass signal xa(t) with circuIar support for Xa(jΩ) (Fig.
12.3-1(a)).  The circle is centered at the origin (0,0), and has radius σ. 
Suppose we wish to use rectangular sampling. So we have

(12.3.2)

Figure 12.3-1 Effect of rectangular sampling (circular support).

The region of support of (12.2.30) is the union of all circles of radius σ 
with centers at the lattice points generated by U. It is clear [Fig. 12.3-1(b)] 
that there is no overlap between Xa(jΩ) and any of the alias components 
if, and only if,

results in minimum sampling density for rectangular sampling. This mini- 
mum density is

(rectangular sampling). (12.3.5)

Sec. 12.3 Minimum sampling density 569

(12.3.3)

So the choice
(12.3.4)



12.3.2 Hexagonal Sampling Under Circular Support
Consider again the same circular lowpass support as above. Rectangular 
sampling at minimal density will result in the support region shown in Fig.
12.3-1(b).  The gaps in this figure (white areas) indicate regions where the 
sampled signal has no energy. Is it possible to reduce these gaps by changing 
the geometry of the lattice points? In other words, can we obtain a closer 
packing of these circles?

Consider Fig. 12.3-2(a) which shows a different arrangement of the 
circles. Once again the circles are arranged in rows, but there is a subtle 
difference: the centers of the circles in any given row are midway between 
the centers in the previous row.

It is already clear from the figure that the white areas are smaller com
pared to Fig. 12.3-1(b). We will show below that the circles are packed 
tighter. A second way to obtain this arrangement is as follows: (a) fill the 
2D frequency plane with hexagons having equal sides [one of these hexagons 
being centered at (0,0)], and (b) draw a circle (with radius σ) at the center 
and around each corner of each hexagon. If the sides of the hexagons are 
chosen large enough, we can avoid overlap between circles.†

Figure 12.3-2 Pertaining to hexagonal sampling.

The transform of the sampled signal will have such a support if the 
lattice points generated by U are located at the corners and centers of the 
hexagonal figures. Such lattice is indicated separately in Fig. 12.3-2(b), and 
can be obtained by taking the columns of U to be the vectors OA and OB 
indicated in the figure.

By symmetry of the hexagonal figure it is clear that the angle θ = 2π∕6.

† Notice that, in this arrangement, each circle has six "nearest neigh- 
bours," whereas there are only four in the rectangular arrangement of Fig.
12.3-1(b).
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(This is also clear from the requirement 2σ cos θ = σ which we can see from 
the figure.) So the vectors OA and OB can be written in regular notation 
as

(12.3.6)

The matrix U should, therefore, be chosen as

(12.3.7)

The corresponding sampling matrix V = 2πU-T can be simplified to

(12.3.8)

(hexagonal sampling). (12.3.9)

Summarizing, if we wish to sample a bandlimited signal with circular 
support (radius σ), then the minimum sampling density to avoid aliasing 
is given by (12.3.9) for hexagonal sampling, and by (12.3.5) for rectangular 
sampling. So hexagonal sampling is more efficient by a factor of about 1.15; 
it packs the circles more tightly in the frequency domain. The sample points 
generated by V are depicted in Fig. 12.3-3, and we see that we can fit 
hexagons into this sampling geometry, that is, the samples are located at 
the centers and corners of hexagons.

We conclude this section by defining hexagonal sampling (for the 2D 
case) to be one for which the sampling matrix has the form

(12.3.10)

where s0 and s1 are nonzero real numbers (stretching factors), θ = ±45º, 
and E is a unimodular integer matrix. Evidently (12.3.8) is a special case of 
this. The sampling matrix used in (12.2.6) (with θ = 45º) is another special 
case. Notice that the sides of the hexagons are not necessarily equal, and 
depend on the scale factors s0, s1.
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with θ = -45º. To calculate the minimum sampling density note that 
[det V] = 2π2∕√3σ2, so that



Figure 12.3-3 Sample points generated by V (hexagonal sampling).

12.4 MULTIRATE FUNDAMENTALS
Basic multirate ideas for 1D discrete-time signals and systems were intro- 
duced in Chapter 4. These include decimation, interpolation, polyphase 
decompostion, Nyquist filtering, and filter bank structures. We now extend 
these for the multidimensional case. Some of the notations to be introduced 
in this section (e.g., z(M)) were first introduced in [Viscito and Allebach, 
1988b], and are very useful in many of the developments.

12.4.1 Basic Building Blocks and Tools
Multidimensional Decimators

Given a 1D sequence x(n), the M-fold decimated version was defined as 
y(n) = x(Mn). In an analogous manner, given the D-dimensional sequence 
x(n), we define the M-fold decimated version as
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(12.4.1)

where M is a D × D nonsingular matrix of integers. Now we know that 
the set of vectors Mn is the lattice LAT(M) generated by M. Since M 
itself is an integer, this lattice contains only integer vectors. Basically the 
decimated version y(n) contains only those samples of x(n) which fall at 
the points belonging to LAT(M). Figure 12.4-1(a)-(e) demonstrates this for 
some examples of M. In this figure, black dots represent the lattice points, 
that is, sample points retained by the decimator. White circles represent



Figure 12.4-1 (a)-(c) Demonstration of two-dimensional decimation. Continued →
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Figure 12.4-1 Continuation. (d), (e) Demonstration of two-dimensional decimation.



Figure 12.4-1 Continuation. (f), (g) Demonstration of how a decimator renum
bers the samples. Here M is the hexagonal decimator (part (b)).

integers which are sample points discarded by the decimator. The black 
dots and white circles which fall inside FPD(M) are highlighted by the 
surrounding outer circles.

The decimator in part (a) is rectangular. More generally, a rectangular 
decimator is defined to be one for which M is diagonal. The decimator in 
(b) is said to be hexagonal. The one in (c) is called a quincunx decimator. 
See end of Sec. 12.4.5 for further comments on the term “hexagonal.”

It is important to notice that the decimator which retains a subset of 
samples of x(n), also re-numbers them. This is demonstrated in parts (f) 
and (g) for the hexagonal decimator. The samples x(0 ,0), x(1, 2), x(1, -2) 
and x(2, 0), which are among the samples retained by the decimator, are 
mapped as follows:

Decimation ratio. We know that FPD(M) contains a finite number 
of integer vectors. Denote this set of integers as N(M), that is,

(12.4.2)
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The decimator retains one sample point in the FPD(M) (namely the origin) 
and rejects the rest. So it retains one out of ∣det M∣ samples. In other words 
the M-fold decimator has decimation ratio ∣det M∣.

The decimation ratio is indicated in Fig. 12.4-1 for each of the five 
examples. Thus consider part (d) where we have ∣det M∣ = 3. Accordingly, 
we have three integers in FPD(M), indicated by double circles. (One of 
these has a black inner circle indicating that it is a lattice point.) We, 
therefore, retain one out of three points, and the sampling density is reduced 
by three indeed. Similarly in example (e) of this figure, we have ∣det M∣ = 10 
so that one out of ten samples are retained by the decimator. indeed, there 
are ten double circles in the FPD, one of which has a black inner circle.

Reasons for defining generalized decimators. The advantage of 
defining generalized (non rectangular) decimators is that for certain types of 
sequences, proper choice of M permits higher decimation ratio. For example, 
we will see later that if x(n) is bandlimited to the region shown in Fig. 12.5- 
2(a), rectangular decimation cannot reduce the sample density by more than 
a factor of two (without creating aliasing), whereas hexagonal decimation 
can reduce the density by four with no aliasing. Non rectangular decimation 
has also been found to be more efficient than rectangular, in image coding 
practice.
Multidimensional Expanders

In the 1D case, we defined the M-fold expander to be a device with 
input output relation

(12.4.4)

A multidimensional expander is defined similarly, but in terms of the ex- 
pander matrix M. This is a D × D nonsingular integer matrix, and generates 
a lattice LAT(M). The 'expanded' output y(n) is zero unless n belongs to 
this lattice. More precisely,

(12.4.5)

Thus y(n) = 0 for all n, with the exception that

(12.4.6)

† To prove this, note that the volume of FPD(M) is equal to ∣det M∣. 
This means that we can fit ∣det M∣ hypercubes with unit-length sides into 
this parallelepiped. We have one integer per hypercube, so that there are 
∣det M∣ integers in FPD(M).
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The number of integers J(M) in this set is given by †

(12.4.3)
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Referring again to Fig. 12.4-1, the output of the M-fold expander is zero at 
the points indicated by white circles, and typically nonzero at other places.

In all discussions to follow, the symbol M is used to denote nonsingular 
integer matrices (unless stated otherwise).

12.4.2 Polyphase Decomposition
For 1D sequences this was introduced in Sec. 4.3. Given a sequence x(n), 
we defined its Type 1 polyphase components as xk(n) = x(nM + k), 0 ≤ k ≤ 
M — 1. We could then express X(z) = ΣM-1k=0 z-kXk(zM). This decomposi
tion uses the fact that any integer n can be represented as

(12.4.7)

where n0 and k are unique integers such that 0 ≤ k ≤ M — 1. (This the well- 
known division theorem for integers.) Evidently k is the remainder (and n0 
the quotient) when we divide n by Μ. 

For a D-dimensional sequence x(n) a similar polyphase representation is 
possible, and is useful when we deal with M-fold decimators and expanders. 
The representation is based on the following fact.

♠ Division theorem for integer vectors. Let M be a D × D non- 
singular integer matrix, and let n be some D-dimensional integer. We can 
express n as

(12.4.8)
where k ∈ N(M) and n0 is an integer vector. Moreover k and n0 are unique 
for given n. ◊

Proof. We know we can write n as in (12.2.22b), that is,

(12.4.9)

where nP and nL are unique vectors with

(12.4.10)

Since M is an integer, nL is an integer. So it follows from (12.4.9) that nP 
is integer as well. Since nP ∈ FPD(M), it follows that nP ∈ N(M). By 
letting k = nP and nL = Mn0, we therefore obtain (12.4.8). ▽ ▽ ▽

Modulo notation. We say that n0 is the quotient and k the remainder 
obtained by dividing n with M. In many applications the remainder k is more 
important than the quotient. We often use modulo notation to indicate this 
remainder. Thus:

(12.4.11)

These notations imply that k is the unique integer in N(M) satisfying 
(12.4.8).



We have [det M] = -4 so that J(M) = ∣det M∣ = 4. The set N(M), 
therefore, has four elements (i.e., there are 4 polyphase components in 
this case). These four elements are the integer vectors in FPD(M). Fig. 
12.4-2(a) shows FPD(M) as well as these four integer vectors inside it. 
The set N(M) is thus seen to be
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Polyphase decomposition
The number of possible values of k in (12.4.8) is equal to J(M). Since 

any integer can be written as (12.4.8), we can classify the set of all integers 
into J(M) sets, depending on the value of the remainder k.† Thus, given any 
sequence x(n) and the matrix M, we can identify J(M) unique subsequences,

(12.4.12)

The signals xk(n) defined as above are called the Type 1 polyphase compo
nents of x(n). Notice that xk(n) is merely the M-fold decimated version of 
x(n + k).

Defining yk(n) to be the M-fold expanded version of xk(n), that is,

(12.4.13)

we can express each sample of x(n) in terms of one of the yk(n)'s as follows: 
compute k = n mod M. This determines the unique integer k ∈ N(M). 
Then

(12.4.14)

Example 12.4.1
Consider the matrix

(hexagonal M). (12.4.15)

(hexagonal M).
(12.4.16a)

The set of all two-component integers can therefore be partitioned into 
the four subsets shown in Fig. 12.4-2(b). We have used four different

†In set theoretic language, the set of all integer vectors n can be parti- 
tioned to J(M) equivalence classes. Also see end of this section for terms 
such as cosets and sublattices.



Figure 12.4-2 Demonstrating the four polyphase components generated by 
hexagonal M in (12.4.15). (a) Identifying the set N(M). (b) The partition 
of the two dimensional integer index n, which identifies the four polyphase 
components. (© Adopted from Sadhana, 1990 [Vaidyanathan, 1990c].) 

symbols to indicate the sample points in the four subsets. For example 
black dots ∙ indicate sample locations of the form Mn + k0.

By definition, vectors ki have the form Mxi with xi ∈ [0, 1)2. The 
vectors xi can be verified to be

(12.4.16b)
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Figure 12.4-3 Mappping of a polygon under linear transformation.

Multidimensional Expander (Transform Domain Analysis)
From (12.4.5) we have

(12.4.17)

Thus the effect of the expander is merely to perform a (invertible) transfor
mation of the frequency vector ω. It is clear that the periodicity matrix for 
Y(ω) is 2πM-T rather than 2πI. So ∣det M∣ copies of the basic spectrum 
X(ω) are squeezed into the region [0, 2π)D.
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12.4.3 Transform Domain Expressions
Linear Transformation of Polygons

We now study the effects of the decimator and expander in the frequency 
domain. In order to visualize these effects pictorially, we will use several 2D 
examples which use polygonal support for X(ω). In many of the discussions 
and examples, we are required to perform transformations of the form q =
Vp where p = , q = , and V is a 2 × 2 real nonsingular matrix.

Suppose P is some polygon in the plane (p0, p1) (Fig. 12.4-3(a)). How 
does this map into the (q0, q1) plane? The answer is that the mapped region 
continues to remain a polygon with the same number of edges, and moreover 
the mapped versions of pairs of touching-edges continue to remain touching- 
edges. This is demonstrated in Fig. 12.4-3(b) where edges are numbered 
for convenience. Finally, for every interior point in the (p0, p1) polygon, 
there exists a unique point interior to the (q0, q1) polygon and vice versa. 
The procedure to find the mapped polygon is as follows: simply map each 
vertex using the transformation q = Vp, and then join these vertices by 
straightlines. Proofs of these statements are developed in Problem 12.6.



This effect is graphically demonstrated in Fig. 12.4-4 for the expander 
matrix

(12.4.18)

The support of X(ω) which is shown in Fig. 12.4-4(a) is mapped into the 
polygon indicated in Fig. 12.4-4(b), using the rules indicated above. Since 
the periodicity matrix for Y(ω) is given by 2πM-T, we have additional 
copies of this polygon, centered at the points of LAT(2πM-T). Of these, 
those that are not centered around integer multiples of 2π are the images 
created by the expander. In the figure, images are shown in light gray. If 
these are eliminated by filtering, only the dark gray areas will remain, and 
will constitute the 'interpolated' signal. In Fig. 12.4-4(b), the parallelogram 
in heavy lines indicates FPD(2πM-T) for reference purposes.

Evidently we can recover X(ω) from Y(ω) by doing a change of variables 
ω → M-Tω. This is achieved trivially by passing y(n) through an M-fold 
decimator.

We can express (12.4.17) in terms of z-domain quantities. The z- 
transform of the signal y(n) is given by

(12.4.19)

Definition of z(M)
We now introduce a new notation, viz., z(M). The quantity z(M) is a 

column vector with D components, obtained from the column vector z = 
[ z0 . . . zD-1]T. The kth component of z(M) is obtained as follows:

With this notation it is easily verified that

which has an appealing resemblance to the corresponding 1D relation Y(z) = 
X(zM).

For diagonal M (i.e., rectangular interpolators), the relation (12.4.21) is 
easy to interpret. For example if M = , then Yz(z0, z1) = Xz(z20, z31).

To appreciate the meaning of the notation z(M) further, we consider a non 
rectangular example.
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by (12.4.5).

(12.4.20)

(M-fold expander), (12.4.21)



Figure 12.4-4 Frequency domain effect (imaging) caused by an expander. (a) 
Support of X(ω) and (b) support of Y(ω) = X(MTω). The white regions imply 
Y(ω) = 0; the light gray regions are images.
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Example 12.4.2

so that we have

(hexagonal M).

So for the hexagonal expander, the output can be rewritten as

Mathematically, the above notation can also be used for rectangular 
matrices. In particular, consider z(n) where n is a D x 1 column vector as 
in (12.1.7) [Viscito and Allebach, 1988b]. Then the above definition yields 
z(n) = zn00 zn11 . . . znD-1D-1. This is consistent with the notation Z(n) introduced 
in (12.1.14), i.e., z(n) = Z(n). The notation z(n) has the advantage that it 
reveals the dependence on z as well as n. It can be verified that [z(M)](n) = 
z(Mn), which is similar to the relation [zM]n = zMn in the scalar (1D) case. 
Furthermore, [z(L)](M) = z(LM).
Multidimensional Decimator (Transform Domain Analysis)

Consider the decimated version y(n) = x(Mn). If X(ω) and Y(ω) de- 
note the Fourier transforms of the sequences x(n) and y(n), how are these 
related? Recall that in the 1D case, the transform of y(n) is given by (4.1.4). 
This means that Y(ejω) is a sum of the stretched version Χ(ejω/Μ)/Μ with 
M — 1 uniformly shifted copies of this stretched version. In the MD case a 
very similar result holds, except that ω is now a vector so that 'stretching' 
and 'shifting' are more sophisticated matrix operations. When M is diagonal 
the result is easy to see; we merely apply the 1D formula for each frequency 
variable separately.

For the M-fold decimator, we will establish the relation
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Consider the hexagonal matrix M in (12.4.15). The kth element of z(M) 
is given by

(12.4.22)

where N(MT) is the set of integers of the form MTx, with x ∈ [0, 1)D 
[consistent with the notation N(.) defined in (12.4.2)]. Once again in the 1D 
case this reduces to (4.1.4). The number of terms in the above summation is 
equal to J(M). The term X(M-Tω) is the 'stretched' version, and the terms



with k ≠ 0 are the shifted versions. Even though the stretched version does 
not necessarily have period 2π in each frequency variable, the sum (12.4.22) 
does (Problem 12.7). If we replace k ∈ N(MT) in (12.4.22) with k ∈ 
N(MTE) for some unimodular integer matrix E, the result of the summation 
remains unchanged (Problem 12.33).

Before proving the above relation, we will consider some examples.

Example 12.4.3
Let

(12.4.23)

Here J(M) = 6 so that there are six terms in Y(ω). The elements ki in 
the set k ∈ N(MT) are

(12.4.24)

Figure 12.4-5 demonstrates the supports of X(ω) and the "stretched ver
sion" X(M-Tω), for bandlimited x(n) (with circular support). Notice 
that the stretched version in general has different "size" and "shape," 
compared to X(ω). The figure also shows some of the shifted versions, 
which are closest to X(M-Tω).

Note that, in this example, the shifted versions which take part in 
the summation have overlap with the stretched version so that there is 
aliasing.

Beauty of the RHS in (12.4.22): It can be shown that any shifted 
version X(M-T(ω — 2πm)) for arbitrary integer m can be rewritten in the 
form X(M-T(ω — 2πk)) for some k ∈ N(MT). So the RHS contains every 
possible distinct shifted copy of X(M-T(ω)). To see this note that m can 
be expressed as m = k + MTn for integer n, with k ∈ N(MT). Thus
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(12.4.25)

which reduces to X(M-T(ω — 2πk)) in view of the periodicity of X(.).

Derivation of (12.4.22). We will derive this expression by assuming 
that x(n) has been obtained by sampling an analog signal xa(t) with some 
sampling matrix V. There is no loss of generality here, but a reader wishing 
to obtain an independent derivation can go through Problem 12.30. We 
know (Sec. 12.2.3) that X(ω) and Xa(jΩ) are related as



Figure 12.4-5 Illustrating the frequency domain effects of decimation. (a) 
Support of the signal before decimation, and (b) supports of the stretched and 
various shifted versions.

(12.4.26)
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where N is the set of D-dimensional integers. Evidently y(n) is obtainable 
directly from xa(t) as

We now use the division theorem [similar to (12.4.8)] to write the summation 
index n as

(12.4.30) 
where ω = M-T(ω — 2πk). The inner summation can be written in terms 
of X(ω) so that Y(ω) reduces to (12.4.22) indeed!
Polyphase decomposition (Transform Domain Expression)

We wish to write the multidimensional polyphase decomposition in 
terms of z-domain quantities so that we can obtain an expression analo
gous to (4.3.7). Recall that the k-th polyphase component xk(n) of x(n) is 
defined as in (12.4.12), and that x(n) can be expressed uniquely in terms of 
the polyphase components yk(n) as in (12.4.14).

In terms of z-domain block diagrams we can express xk(n) and yk(n) 
as in Fig. 12.4-6. The relation (12.4.14) shows that we can obtain x(n) from 
the set of signals yk(n) as shown in the figure. Combining these we arrive 
at Fig. 12.4-7 which is merely a decomposition of x(n) into its polyphase 
components and re-synthesis of x(n) from these components. From this it 
is clear that we can express X(ω) as

or in the z-domain as

Figure 12.4-7 can also be looked upon as a generalization of the delay chain 
structure (Fig. 5.6-2), which represented a simple perfect reconstruction
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(12.4.27)
So Y(ω) is given by

(12.4.28)

(12.4.29)
with k ∈ N(MT) and n0 ∈ N. Thus, Y(ω) can be rearranged as

(12.4.31)

(Type 1 polyphase). (12.4.32)



QMF bank! In Sec. 12.9 this will be used as a starting point for design of 
multidimensional QMF banks.

Figure 12.4-6 Block-diagram representations of the relations among the signals 
x(n), xk(n), and yk(n).

Figure 12.4-7 Decomposition of x(n) into Type 1 polyphase components, and 
re-synthesis of x(n).

Example 12.4.4
Consider the rectangular decimation matrix

Here J(M) = 4 and the integers in N(M) are
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so that (12.4.32) becomes

Example 12.4.5. Polyphase Decomposition for Hexagonal M
Consider the hexagonal matrix (12.4.15) again. Here J(M) = 4, and 
the set of integers N(M) is given in (12.4.16a). We can now identify the 
elements Z(-k) as

Type 2 polyphase decomposition. Given any integer n, the de- 
composition (12.4.8) results in Type 1 polyphase decomposition. Now it is 
also possible to obtain a decomposition of the form n = —k + Mn0, where 
k ∈ N(M) and n0 is integer. We can use this to obtain the Type 2 polyphase 
decomposition given by
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So the quantities Z(—k) in (12.4.32) are

We now have z(M) =

In Example 12.4.2 we identified the meaning of z(M) for this M. By 
using this we can rewrite the expression (12.4.32) as

which is the Type 1 polyphase decomposition.

(12.4.33)

where x'k(n) are called Type 2 polyphase components. Notice that Type 
2 decomposition involves advance operators Z(k). We can avoid these by 
use of an overall fixed delay operator in the definition (as we did in the 1D 
case), but we will not do so. In most 2D applications, advance operators are 
realizable (because we would often work with pictures rather than real-time 
signals).



We can perform polyphase decompositions on a transfer function Hz(z) 
precisely as in (12.4.32) and (12.4.33). Figs. 12.4-8(a),(b) show these poly 
phase implementations. The quantities Ez,k(z) and Rz,k(z) are the poly- 
phase components. Figure 12.4-9 shows the details for the hexagonal matrix 
of Example 12.4.5.

Figure 12.4-8 Polyphase implementations of a transfer function.

12.4.4 Generalized orthogonal exponentials, and DFT

From Chapter 4 we know that the M × M DFT matrix plays an important 
role in filter bank design. For example, the uniform DFT bank (Sec. 4.3.2) 
is a very efficient way to implement M filters at the cost of (almost) one 
filter. The entries of W have the form e-j2πkℓ/M, so that W†W = MI.
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More explicitly,

In other words, the columns of W are pairwise orthogonal.
For the 1D case, we know that many important properties, such as 

Mth band property (Sec. 4.6), and the relation between AC matrix and 
polyphase matrix (Sec. 5.5) can be expressed in terms of the elements of the 
DFT matrix. Such valuable relations also exist in the MD case, provided 
the generalized-DFT matrix is defined properly. Such a definition can be 
found in Dudgeon and Merseareau [1984]. We will arrive at this definition 
in a different way, by applying polyphase decomposition.

Figure 12.4-9 Type 1 polyphase implementation of a filter, with hexagonal M 
as in (12.4.15).
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(12.4.34)

Generalized Exponentials
The polyphase component xk(n) is the decimated version of x(n + k). 

Using the relation (12.4.22) we therefore arrive at

(12.4.35)
We know that X(ω) can be expressed in terms of Xk(ω) as indicated in 
(12.4.31). Substituting the above into this and rearranging, we obtain

(12.4.36)



Since this relation holds for all possible functions X(ω), we conclude (see 
Problem 12.9)

(12.4.37a)

This is the MD extension of the orthogonality relation (12.4.34). Here m 
and k are D-component integers, and M is a D × D integer matrix. The 
reader can verify that the above equation can also be rearranged as

(12.4.37b)

Furthermore, by conjugating both sides, we see that these equations hold if 
all the minus signs on the exponentials are dropped.

The set of sequences e-j2πmTM-1 is called the generalized orthogonal 
exponentials. In Problem 12.29 a second derivation of (12.4.37) is presented, 
based on the fact that these are single-frequency sequences. This deriva- 
tion will not make use of results such as (12.4.22) and is therefore more 
independent.
Generalized DFT Matrix

We define the generalized DFT matrix to be the J(M) × J(M) matrix 
W(g) whose elements are given by
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(12.4.38)

Notice that the row and column indices for the matrix are taken as vec
tors m and k, which might appear to be strange. However, imagine that 
the sets of integers k and m are ordered in some way (the ordering itself 
being immaterial). Then there is no difficulty in identifying the meaning 
of [W(g)]m,k. Thus, given the vector k, suppose it is the ith vector in the 
set N(M). Similarly, let m be the ℓth vector in the set N(MT). Then the 
notation [W(g)]m,k actually means the (i,l) element [W(g)]i,ℓ. We continue 
to use vector subscripts on matrices and vectors, as it is more convenient.

In view of (12.4.37), W(g) is a unitary matrix satisfying

(12.4.39)
so that

(12.4.40)
In Sec. 12.9 we indicate further applications of the generalized DFT matrix 
in MD multirate systems. Notice that WM(g) would be a more appropriate 
notation, but we omit the subscript for simplicity.



ExampIe 12.4.6: Generalized DFT Matrix for Hexagonal M
Consider again M as in (12.4.15). To construct the matrix W(g), the 
sets N(M) and N(MT) should first be identified. Since [det M] = —4, 
we have J(M) = 4 so that each of these sets has four members. N(M) 
is the set of integers in FPD(M), and is given in (12.4.16a). Similarly 
N(MT) is the set of integers in FPD(MT). From Fig. 12.4-10(b) we 
identify the elements of N(MT) as

(12.4.41)

Figure 12.4-10 The fundamental parallelepiped for various cases. Such 
figures help us to identify the integer sets N(M) and N(MT). (© Adopted 
from Sadhana, 1990 [Vaidyanathan, 1990c].)

We now compute the sixteen products mTiM-1kℓ = mTixℓ, where xℓ 
are given in (12.4.16b). The sixteen computed products are arranged in 
matrix form below:

(12.4.42)
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(for hexagonal M), (12.4.43)

where W ≜ e-j2π/4. Therefore, W(g) is a column-permuted version of the 
traditional (1D) 4 × 4 DFT matrix! This, however, is not a general fact. 
For example, try the 2 × 2 matrix M = 2I. Also see Problem 12.13. The 
exact relation between W(g) and 'traditional' DFT matrices is given in 
Sec. 12.10.

12.4.5 Fine Points About the Decimation Matrix
Recall that the samples of x(n) which are retained by the decimator M, are 
assigned appropriate locations to form y(n). [See Fig. 12.4-1(f),(g)]. Recall 
also that LAT(M) does not change if we replace M with ME where E is 
an integer unimodular matrix. We can think up an infinite number of E- 
matrices like this. For example in the 2D case, any integer matrix of the form

works. As a result, there exist infinite number of decimation

, we can obtain simpler equivalent forms
for the hexagonal and qunicunx matrices m Flg. 12.4-1. Thus, we have the 
equivalent forms

and

(12.4.44)

(quincunx M). (12.4.45)

Comment on the term “hexagonal”
The reader should be warned that the jargon “hexagonal” is somewhat 

misleading. For, we can fit hexagonal patterns into several other kinds of 
decimators, which are not given that label. In Fig. 12.4-11 we demonstrate 
this for hexagonal, quincunx and rectangular (!) decimators. Thus, even the 
samples retained by a rectangular decimator are located at the centers and 
corners of a tilted hexagon.
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So the matrix W(g) is

E =
matrices which retain the same subset of samples from x(n). However, the 
ordering or “arrangement” of these retained samples is different, depending 
on E. In other words, the samples in x(Mn) are permuted versions of the 
samples in x(MEn).

For example, with E =

(hexagonal M),



Unimodular Decimation Matrices
What happens when the decimator matrix itself has determinant = ±1? 

This means that the decimation ratio is unity, and the result is a mere 
rearrangement of samples. No samples are lost in the decimation process. We
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Figure 12.4-11 Fitting hexagons into the set of samples retained by decimators.



can verify in this case that Y(ω) = X(E-Tω) (as the set N(ET) has only one 
element, viz., the zero-vector). Thus, with [det E] = ±1 there is no aliasing, 
and the frequency variable undergoes an invertible linear transformation.

Figure 12.4-12 demonstrates this for

(12.4.46)

Figure 12.4-12 Demonstrating the effect of a 'decimation' matrix with unit 
determinant (unimodular decimator).

The sample points of x(n) get mapped into y(n) as follows: 
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and so on. If the support of X(ω) is a diamond as in part (c), the transformed 
support [support of Y(ω)] is as in part (d). Notice that these supports 
actually repeat with periodicity 2π in each direction.

It can be verified from the definitions that when E is unimodular, the 
E-fold decimator is equivalent to the E-1-fold expander.

Some Algebraic Language

Much of our discussions (such as, for example, polyphase decomposi
tion) were based on the division theorem. As mentioned earlier, this the- 
orem is a tool by which we can partition the set N of all D × 1 integers 
into J(M) disjoint subsets Nk. The subset Nk is the set of all integers n for 
which (n mod M) = k, that is, division by M would yield the remainder 
k ∈ N(M). From the division theorem one can infer that no two subsets 
have a common member, and that the union of these J(M) subsets is the 
set of all integers N.

It is sometimes useful to express these in terms of cosets and sublattices. 
We now state a few facts in this connection, for which proofs can be found in 
Cassels, [1959]. Also see Problem 12.31. (We will not use these, and present 
them only for completeness.) Let V1 and V2 be D × D real nonsingular 
matrices (not necessarily integers). We say that LAT(V2) is a sublattice of 
LAT(V1) if it is a subset of LAT(V1). Under this subset relation, one can 
verify that L ≜ V-11V2 is an integer matrix. So ∣det L∣ = ∣det V2∣∕∣det V1|, 
and is guaranteed to be an integer. This integer is denoted as p, that is, 
ρ = ∣det V2∣∕∣det V1∣.

Given a fixed vector v1 ∈ LAT(V1), consider the set of all vectors of 
the form v1 + v2 where v2 varies over the set LAT(V2). This is essentially 
the lattice LAT(V2), shifted by v1. This shifted set (often indicated as 
v1 + LAT(V2)) is called a coset of LAT(V2) in LAT(V1). It can be shown 
that the number of distinct cosets is equal to p defined above. No two non 
identical cosets have a common element, and the union of all the ρ non 
identical cosets is the bigger lattice LAT(V1). In set theoretic language, the 
cosets therefore partition the bigger lattice into p subsets (called equivalence 
classes).

Cosets and polyphase decomposition. The most familiar example 
we have seen in this section is the case where V1 = I and V2 = integer matrix 
M. In this case, the lattice LAT(M) is a sublattice of LAT(I) (which in turn 
is merely the set N of all integers). A coset of LAT(M) in LAT(I) is the set 
of all integers of the form (12.4.8), where k is some fixed integer. There are 
precisely ∣det M∣ distinct cosets, one for each k ∈ N(M). The reader will 
now recognize that the kth coset gives rise to the kth polyphase component 
xk(n) of a sequence x(n).

Tables 12.10.1 and 12.10.2 at the end of Sec. 12.10 contain summaries 
of many of the notations and definitions introduce so far.

596 Chap. 12. Multidimensional multirate systems



12.5 ALIAS-FREE DECIMATION
In the 1D case we know that if the support of X(ω) is limited to —π∕M ≤ 
ω < π/M, then decimation by M does not create aliasing. Such bandlimiting 
can be accomplished by use of decimation filters. In the MD case, we can 
similarly restrict the support of X(ω) so that decimation by the matrix 
M does not cause aliasing. We will describe the appropriate bandlimiting 
support. This information can be used to design decimation filters (i.e., 
anti-alias filters which precede a decimator).

12.5.1 The Symmetric Parallelepiped
Given real nonsingular V, we know how to associate an FPD(V) with it.
(Sec. 12.2.2). The symmetric parallelepiped SPD(V), on the other hand, 
is defined as the set of vectors of the form

(12.5.1)

So the only difference from the set FPD(V) is that, for SPD(V) each 
component xi is allowed to be negative as well, that is, — 1 ≤ xi < 1. Notice 
that in the 1D case, SPD(V) is the segement —V ≤ x < V of the real line.

In Fig. 12.5-1(a), the set FPD(V) is shown for

(12.5.2)

Figure 12.5-1 Demonstrating the relation between FPD(V) and SPD(V).

This is the set of points Vx, with 0 ≤ x0, x1 < 1. This figure also shows the 
set of points Vx for three other cases, viz., (a) —1 ≤ x0 < 0, 0 ≤ x1 < 1, (b) 
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0 ≤ x0 < 1, —1 ≤ x1 < 0, and (c) -1 ≤ x0, x1 < 0. The union of the four 
sets in Fig. 12.5-1(a) is equal to SPD(V) shown in Fig. 12.5-1(b). One can 
verify that SPD(V) can be obtained by appropriately shifting and scaling 
FPD(V). More specifically, we have

(12.5.3)

This is clearly seen in the above example.
The Region SPD(πM-T)

The set of frequencies defined by SPD(πM-T) will play a crucial role 
in decimation and interpolation. This set reduces to 

for the 1D case. The gray areas in Fig. 12.5-2 show SPD(πM-T) for three 
cases, viz.,

(hexagonal M), (12.5.4)

(12.5.5)

([det M] = 1 here.) (12.5.6)

Notice that the volume of SPD(M-T) is equal to that of [—π, π)D divided by 
J(M). In Fig. 12.5-2(c) we have J(M) = 1 (so that an M-fold “decimator” 
merely rearranges the samples, rather than discarding any sample), and 
SPD(πM-T) has the same volume as [—π, π)2. But since SPD(πM-T) is 
not rectangular, it does not fit into the region [-π, π)2.

12.5.2 Alias-Free Decimation
Since X(ω) has periodicity matrix 2πI, the region of support given by 
SPD(πM-T) should be interpreted as the region

(12.5.7)
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(quincunx M),

and



Suppose the quantity X(ω) is bandlimited to the above region. We will 
show that M-fold decimation will not cause aliasing. In fact we will prove a 
slightly stronger result, namely, if the support of X(ω) is restricted to

Figure 12.5-2 Demonstration of SPD(πM-T) (gray region) for three cases.
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for arbitrary c, there is no aliasing due to M-fold decimation. In particular, 
by picking the vector c appropriately, we can obtain the alias-free support

Proof. We have to show that there is no overlap between any two terms 
in the summation of (12.4.22). If X(ω) has support as in (12.5.8), then the 
stretched and shifted version X(M-T(ω - 2πk)) has support

Suppose there is overlap between two terms. This implies

(12.5.12)

where x = 0.5(x1 — x2) ∈ (-1, 1)D, m = m1 - m2 ∈ N, and k = k2 - k1. 
Since MTm and k are integers, the above equation implies x = 0. Since 
ki = MTyi for yi ∈ [0, 1)D, we, therefore, have m ∈ (-1, 1)D. This means 
m = 0, i.e., k1 and k2 are not distinct. Summarizing, if k1 and k2 are 
distinct, there cannot be an overlap between the two terms!
Special Case of Two-Dimensional Signals

In the 2D case

so that

(12.5.13)

The region πM-Tx, x ∈ [-1, 1)2 can then be expressed in terms of the 
frequencies ω0 and ω1 as

(12.5.15)

To demonstrate, consider Fig. 12.5-3(a), which shows the above region of 
support for quincunx M given in (12.5.5). For clarity we have shown a larger 
region than [—π, π)2. The gray region in Fig. 12.5-3(b) is the stretched 
version X(M-Tω). Since ∣det M∣ = 2, there is only one shifted version 
X(M-T(ω - 2πk)) of interest. This occupies the white areas in the figure.

It should be emphasized that if X(ω) has support (12.5.7), then the 
stretched version X(M-Tω) has support ω = πx + 2πMTm, which therefore 
fills the region [-π, π)D completely. Figure 12.5-3(b) clearly demonstrates 
this.
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(12.5.9)

(12.5.10)

(12.5.11)

where In other words,

(12.5.14)



Figure 12.5-3 Supports of (a) X(ω), and (b) X(M-Tω), for quincunx M.

Subtle Things About the Support (12.5.7)
Ignoring the term 2πm in (12.5.7) (which just represents the periodic

ity), the support of X(ω) is given by
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(12.5.16)
which of course is SPD(πM-T). In the 1D case we know that, as long as 
M > 1, this region is a strict subset of —π ≤ ω < π. In the 2D (or MD)



case, such a result does not hold! That is, SPD(πM-T) is not necessarily a 
subset of [—π, π)D. This was demonstrated in Fig. 12.5-2(c) for the matrix 
M in (12.5.6). (In fact any integer unimodular matrix which is not a trivial 
modification of I is such an example.) This strange feature, however, does 
not violate any fundamental properties of the Fourier transform X(ω), as 
it continues to be periodic in each variable ωi with period 2π [because the 
complete support is given by (12.5.7)].
Deeper Nonuniqueness of Support of a Decimation Filter

Since the vector c in (12.5.8) is arbitrary, the desired support for the 
decimation filter is non unique, for example, it can be a bandpass rather than 
lowpass filter. There is a deeper reason for nonuniqueness which actually 
permits more complicated modifications of the support, than mere shifts. 
For this recall that the lattices generated by M and M1 ≜ ME are the same 
if E is an integer unimodular matrix. So we can use a modified decimation 
filter with support

602 Chap. 12. Multidimensional multirate systems

(12.5.17)

and decimate the filter output by M, without causing aliasing. (Problem 
12.11) And since E is arbitrary (except for unimodularity), we can generate 
an infinite number of permissible decimation filters. As an example, with 
quincunx M we can obtain

(12.5.18)

Figs. 12.5-4(a),(b) show SPD(πM-T) and SPD(πM1-T), either of which 
can be used as the passband region of the decimation filter. In view of 
periodicity of frequency response, the support in Fig. 12.5-4(b), in reality, 
degenerates to the infinite vertical strip shown in Fig. 12.5-4(c).

Most general alias-free support. What is the most general region 
of support, which will result in alias-free decimation? In the 1D case this 
support can be described as a union of an arbitrary number of supports such 
that (a) no two of them overlap modulo 2π∕M, and (b) the total support 
width is no greater than 2π∕M [Sathe and Vaidyanathan, 1992]. Some dis- 
cussions for the multidimensional case can be found in Chap. 2 of Bamberger 
[1990].

12.5.3 Frequency Partitioning
Consider the frequency region

(12.5.19)



Figure 12.5-4 (a) and (b): two possible supports of X(ω) for which quincunx
decimation does not cause aliasing. The support in (c) is equivalent to (b) because 
of periodicity with respect to ω1.

A simple modification of the preceding discussions shows that these regions 
are distinct for two different values of k ∈ N(MT). Furthermore, the union of 
all the above regions as k varies over N(MT) covers the entire frequency do- 
main. [This can be proved using the vector decomposition result (12.2.22b)]. 
The number of distinct regions is equal to the number of distinct values of 
k which, in turn, is equal to J(M).

Summarizing, the set N(MT) can be used to partition the frequency 
region into J(M) regions. The volume of each of the regions (12.5.19), 
which falls inside the fundamental region [—π, π)D, is equal to the volume 
of [—π, π)D divided by J(M).

For a preview of such a partitioning, see Fig. 12.8-4 which is obtained 
for the case where M is hexagonal. Such a partitioning is useful in filter bank 
theory. For example, each of the J(M) regions can be used as a subband, 
and we can decimate each subband signal by M, to obtain a maximally 
decimated filter bank. We will return to this topic in Sec. 12.9.

12.6 CASCADE CONNECTIONS
As in the 1D case, it is of interest to study cascaded arrangements of deci- 
mators, expanders and transfer functions. Fig. 12.6-1(a) shows a cascade of 
two decimators. Here M1 and M2 are D × D nonsingular integer matrices. 
This structure is equivalent to a single decimator with decimation matrix 
M = M1M2. To see this note that y1(n) = x(M1n) so that
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which is M-fold decimated version. Notice that the hexagonal decimator 
can be regarded as a cascade of a rectangular and the quincunx decimators:

Next, Fig. 12.6-1(b) shows a cascade of two expanders, and the equivalent 
circuit. This equivalence is easier to verify in the frequency domain. Thus, 
Y1(ω) = x(MT2ω), so that

(12.6.2)

which indeed is the M-fold expander output.

Noble Identities
The noble identities, which were introduced in Fig. 4.2-3 for the 1D 

case, can be extended to the multidimensional case. Figs. 12.6-1(c) and 
(d) show these identities. (Note that in block diagrams, filters are labeled 
either as Hz(z) or as H(ω) interchangeably.) Fig. 12.6-2 demonstrates these
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Figure 12.6-1 Useful multidimensional multirate identities.



identities for the case of rectangular decimators and expanders. See Example 
12.6.1 below for a more sophisticated case.

The second noble identity follows immediately from the frequency do- 
main relation (12.4.17). To prove the first noble identity, denote G(ω) = 
H(MTω) so that g(n) is the M-fold expanded version, that is, g(Mn) = 
h(n) and g(k) = 0 otherwise. So

Figure 12.6-2 Noble identitites for (a) rectangular decimator, and (b) rectan
gular expander.

Figure 12.6-3 (a) The polyphase identity, and (b) an application.
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(12.6.3)

Thus y2(n) = v(Mn) = Σk h(k)x(Mn - Mk). From the figure we also see 
that

(12.6.4)

Using u(n) = x(Mn), we therefore obtain y1(n) = Σk h(k)x(Mn — Mk) = 
y2(n) indeed.
The Polyphase Identity

In Sec. 4.3 we considered the cascade arrangement shown in Fig. 4.3- 
13(a) and showed that this is equivalent to a linear time invariant system 
with transfer function E0(z) [0th polyphase component of H(z)]. A similar 
result is true for the D-dimensional case, and is shown in Fig. 12.6-3(a). 
Here E0(ω) represents the 0th Type 1 polyphase component of H(ω). An 
application of this is indicated in Fig. 12.6-3(b). Proofs of these are re- 
quested in Problem 12.10.



Decimation and Interpolation Filters
Recall from Sec. 12.5 that decimation by M does not result in aliasing 

errors if the transform of the signal is bandlimited to SPD(πM-T). This 
bandlimiting is achieved by use of a decimation filter H(ω) as shown in Fig.
12.6-4(a).

Similarly, Fig. 12.6-4(b) shows an expander followed by a lowpass filter 
H(ω), whose purpose is to suppress the images created by the expander. 
Recall that there are J(M) - 1 images in [—π, π)D. These can be suppressed 
if H(ω) is chosen to have a passband support SPD(πM-T). If the signal 
x(n) is itself bandlimited in some way, then other choices of H(ω) can be 
used to suppress the images. For example if X(ω) and M are as in Fig. 12.4- 
4, then the images [light-gray regions in Fig. 12.4-4(b)] can be suppressed if 
H(ω) has support equal to the dark-gray areas.

Figure 12.6-4 (a) Decimation filter, and (b) interpolation filter.

Example 12.6.1: Polyphase Implementation and Noble Identities
Let M be the hexagonal decimator (eqn. (12.4.15)). For this case z(M) 
was computed in Example 12.4.2. The noble identities can therefore be 
redrawn in this case as shown in Figs. 12.6-5(a) and (b). Figs. 12.6- 
5(c)-(e) show this for some specific examples of f(z0, z1).

For this M we have already obtained the Type 1 polyphase imple- 
mentation (Fig. 12.4-9). Now consider a decimation filter with this M. 
The decimator M, which follows the structure of Fig. 12.4-9 can be 
moved using the noble identity so that the result is as shown in Fig.
12.6-5(f).

To obtain an improved feeling for these strange rules for moving 
decimators, consider the specific case shown in Fig. 12.6-5(c): this says 
that decimation of x(n0 — 1, n1 — 2) is the same as first decimating x(n) 
by M and delaying only in the horizontal direction, that is,

(12.6.5)

This is true for all inputs if and only if

(12.6.6)
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This equation merely says that the 0th column of M should be 
which is true by choice of M! Similarly the rule in Fig. 12.6-5(d) is 
another way of saying that the 1st column of M is equal to

Figure 12.6-5 Some details for hexagonal M. Parts (a), (b) indicate noble 
identities. Parts (c) - (e) are specific examples. Part (f) shows polyphase imple- 
mentation of a decimation filter.

More generally in the D-dimensional case, the noble identity for moving 
a decimator can be broken into D components. The kth component says that 
if we delay the decimated sequence x(Mn) in the kth direction only, it is 
the same as 'first delaying x(n) by the kth column mk of M, and then 
decimating'. In other words, noble identity says

(12.6.7)
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Example 12.7.1
Suppose we wish to decimate a 2D signal x(n) using the quincunx matrix

(12.7.2)

The black dots in Fig. 12.7-1(a) (which are the lattice points generated 
by M) are retained by the decimator. We have J(M) = ∣det M∣ = 2 so 
that the decimator reduces the sample density by a factor of two. Figure
12.7- 1(b) is a reminder that we can fit a hexagon to the sample points.

The region SPD(πM-T) for the above matrix M is shown in Fig.
12.7- 1(c), and the lowpass decimation filter H(ω) should have this sup- 
port. In the region [-π, π)2 we should, therefore, have

(12.7.3)
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where the '1' on the RHS occurs in the kth position. This of course is an 
"obvious identity."

Tables 12.10.1-12.10-4 at the end of Sec. 12.10 serve as a quick reference 
guide to many of the notations and concepts introduced so far.

12.7 MULTIRATE FILTER DESIGN
The design of decimation and interpolation filters for general M is a non- 
trivial problem. The most common frequency response of the filter H(ω) in 
Fig. 12.6-4 is lowpass with passband region SPD(πM-T) (Sec. 12.5). More 
specifically, the ideal frequency response has the form

(12.7.1)
This support was demonstrated in Fig. 12.5-2 for various choices of M. 
In practice, we approximate the above ideal response. With FIR filters it is 
possible to constrain the filter to have zero-phase, so that only the magnitude 
response is approximated. In the IIR case, H(ω) introduces phase distortion 
(which is not acceptable in many image processing applications). We now 
consider some examples of multirate filter design.

A number of techniques for 2D digital filter design have been reported 
in the past [Rabiner and Gold, 1975], [Dudgeon and Mersereau, 1984] and 
[Lim, 1990]. One of these techniques [McClellan, 1973] designs the 2D filter 
by transformation of a 1D filter. In the next few subsections, we will describe 
more recent techniques [Ansari and Lau, 1987], [Chen and Vaidyanathan, 
1991] for decimation filter design. Further results can be found in Smith and 
Eddins [1990], and Bamberger and Smith [1992].



Figure 12.7-1 (a) Lattice generated by quincunx M, (b) fitting hexagons
to lattice points, (c) lowpass decimation filter, and (d) highpass decimation 
filter.

for the ideal decimation filter. As indicated, the above response repeats 
periodically with period 2π in each frequency variable.

For M as above, we now identify the set N(MT) which appears in 
the decimation formula (12.4.22). This is the set of integers of the form

(12.7.4)

with 0 ≤ xi < 1. With xi in this range, the only combinations which 
result in integer valued k are: (a) x0 = x1 = 0 and (b) x0 = x1 = 0.5.
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The corresponding values of k are, respectively,

(12.7.5)

With the decimation filter having support as in Fig. 12.7-1(c), the 
stretched version X(M-Tω) has the support shown earlier in Fig. 12.5- 
3(b) (gray area). The only shifted version appearing in (12.4.22) is 
X(M-T(ω - 2πk1)), and its support is the white area in Fig. 12.5-3(b).

Figure 12.7-1(d) shows a different type of decimation filter, which 
is highpass. (This is obtained by shifting the lowpass response by π in 
both directions.) Thus, in the region [—π, π)2, the ideal response can be 
taken as

(12.7.6)

The decimated signal is still free from aliasing. The stretched version 
now has support identical to the white areas in Fig. 12.5-3(b) with the 
shifted versions occupying the gray areas.

12.7.1 Design of Diamond- and Fan-shaped Filters
From the previous discussions we see that the diamond response is applica
ble in some multirate designs (e.g., quincunx decimation). We now present 
an elegant method [Ansari and Lau, 1987] for designing such a response, 
starting from a 1D filter. Consider an ideal 1D filter G(ejω) with magni- 
tude response as shown in Fig. 12.7-2(a). Suppose we define a 2D transfer 
function G(z0z1). This has frequency response G(ej(ω0+ω1)). We will sketch 
this response in the 2D plane for the region [-π, π]2. For this note that as 
ω0 and ω1 span the range —π ≤ ωi ≤ π, the sum ω0 + ω1 spans the range 
—2π ≤ ω ≤ 2π. Thus, in the 2D region [-π, π]2 we have

(12.7.7)

This response is shown in Fig. 12.7-2(b). Next consider the 2D transfer 
function G(z0z1-1). This has frequency response G(ej(ω0-ω1)) so that its 
support is obtained by flipping Fig. 12.7-2(b) with respect to the horizontal 
axis. If we now consider the product

(12.7.8)

the magnitude response is as in Fig. 12.7-2(c), which does look like a dia- 
mond, but has the wrong size. Moreover, there are passbands around the 
four corner frequencies (±π,±π).
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Figure 12.7-2 Nonseparable 2D filters designed from a 1D filter.

Let k(n0, n1) denote the impulse response of Kz(z0, z1). Consider the 
decimated impulse response k(2n0, 2n1). We will show that this has the 
desired support shown in Fig. 12.7-2(d). For this note that the the transfer 
function of k(2n0, 2n1) is given by
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results in an approximation of the highpass response shown in Fig. 12.7-2(e). 
To see this note that Hz,1(z0, z1) = Hz,0(-z0, -z1) so that its frequency 
response is obtained by shifting by π in both directions.

Figs. 12.7-2(f),(g) show responses Hz,0(-z0, z1) and Hz,0(z0, -z1) re
spectively. Filters with such responses are said to be fan filters. So we see 
that a number of useful nonseparable responses can be designed by start- 
ing from a one dimensional prototype, and performing clever manipulations. 
All of the above mentioned filters will serve as decimation filters which avoid 
aliasing with quincunx M.

12.7.2 Multistage Systems
In Chap. 4 we saw examples of filters, expanders and decimators in cascade, 
such as Fig. 4.4-5 (multistage decimators), and Fig. 4.1-10(b) (fractional 
decimation circuit). We now consider some multidimensional examples of 
multistage designs.

Example 12.7.2: Rectangular to Hexagonal Conversion
Figure 12.7-3 shows a multistage structure in which a sequence x(n) is 
first interpolated and then decimated, to accomplish some purpose. We 
now indicate one example of such a “purpose,” for the 2D case. Suppose
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which, in view of (12.7.8), reduces to

(12.7.9)

Now the frequency response of Kz(-z0, z1) is obtained by shifting the re- 
sponse of Kz(z0, z1) to the right by π. If we add this to the response of 
Kz(z0, z1) and then perform zi → z1/2i (i.e., stretch the axes by doing 
ωi → 0.5ωi), the result has the desired diamond support [Fig. 12.7-2(d)] 
indeed.

We now express the above 2D filter in terms of polyphase components 
of G(z). Thus, let

(12.7.10)
Substituting this into (12.7.9), the decimation filter takes the form

(12.7.11)

Summarizing, we first design a 1D lowpass filter G(z) whose magnitude 
response approximates Fig. 12.7-2(a). We then take the 2D filter to be as 
in (12.7.11) where E0(z) and E1(z) are the polyphase components of G(z). 
Then the response of the 2D filter is an approximation of Fig. 12.7-2(d). In 
a similar manner, the 2D transfer function

(12.7.12)



Figure 12.7-4 (a), (b) Figure continued →
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Figure 12.7-3 Technique for conversion from rectangular to hexagonal 
sampling.



Figure 12.7-4 (c), (d). Sample points for various sequences, in the process 
of converting from rectangular to hexagonal sampling.

the signal x(n) is a rectangularly sampled version of some analog signal 
xa(t). We wish to convert it to the hexagonally sampled version y(n), 
without changing the sampling density. One technique for this would 
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followed by lowpass filtering with Gz(z0, z1). This filtering merely re- 
moves the image-support.

Next we decimate v(n) using the quincunx matrix (12.7.2). Figure
12.7- 4(c) shows the lattice generated by this matrix. The sample points 
retained by this decimator are shown as black circles (with big circles 
again denoting the new samples generated by the interpolator). Figure
12.7- 4(d) separately shows the sample locations of the resulting sequence 
y(n), and we clearly see the hexagonal pattern. For clarity, the figure 
also indicates the coordinates of some samples of y(n).

It should be noticed that the above scheme does not alter the sam
pling density [i.e., x(n) and y(n) have same density] because [det M] = 
[det L] here.

How should we design the filters Gz(z0, z1) and Hz(z0, z1) in the 
figure? Since Gz(z0, z1) merely removes the image [light-gray region in 
Fig. 12.7-5(b)], its response should be zero here, [and unity in the dark- 
gray region]. The decimation filter Hz(z0, z1) precedes M. From Sec. 
12.5 we know that if its passband coincides with the gray area in Fig. 
12.5-4(c), aliasing is avoided. But this is same as the passband of the 
interpolation filter, so that we really have no need for Hz(z0, z1)! So we 
set Hz(z0, z1) = 1.

Example 12.7.3: Two Stage Decimation
Consider the structure of Fig. 12.7-6(a) in which a signal is decimated 
in two stages, resulting in overall decimation by M = M1M2. The 
associated filtering is accomplished in two stages. The filters H1 (ω) and 
H2(ω) are required to ensure that x1(n) and x2(n) are appropriately 
bandlimited to avoid aliasing. For this we design Hi(ω) to be lowpass 
with appropriate support as described earlier. For analysis purposes we 
can rearrange the structure using noble identities as shown in Fig. 12.7- 
6(b). The overall decimation filter is therefore H1(ω)H2(MT1ω). If this 
filter is lowpass with response as in (12.7.1), then decimation by M does 
not cause aliasing.
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be to reconvert x(n) into the analog version, and then resample using a 
hexagonal lattice to obtain y(n).

A more elegant technique would be to perform the conversion di- 
rectly in the discrete domain, using the above structure. Here x(n) is 
first interpolated to produce v(n), which is a rectangular sampled ver
sion with two times higher density in the horizontal direction. Figures 
12.7-4(a),(b) demonstrate the sample locations before and after interpo
lation. (The big circles are the newly generated sample locations.) Such 
interpolation is accomplished by use of the expander matrix

(12.7.13)



Figure 12.7-5 (a) Support of X(ω), and (b) support of the output of the
expander (L as in (12.7.13)).

Figure 12.7-6 (a) A two-stage decimator, and (b) its equivalent structure.

As a specific example, let

(12.7.14)

so that
(12.7.15)

From here we have

(12.7.16)
The regions SPD(πM1-T) and SPD(πM2-T) are sketched in Fig. 12.7-
7. If the filters Hi(ω) are designed to have passband coinciding with 
SPD(πMi-T), then neither of the decimators creates aliasing.
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This is the same as the desired support for single stage decimation with 
the exception that the second term is 2πM1-T m rather than 2πm. In 
other words, the support SPD(πM-T) repeats with periodicity ma- 
trix 2πM1-T (rather than 2πI) so that there are additional images of 
SPD(πM-T). To understand this better, let us decompose the integer 
m (using division theorem, Sec. 12.4.2) as m = MT1m1 + m0, with 
m0 ∈ N(MT1) and m1 ∈ N. Then (12.7.17a) becomes
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With the support of H2(ω) chosen as above, the reader can verify 
that the support of H2(MT1(ω) is

Figure 12.7-7 Pertaining to example 12.7.3.

(12.7.17a)

(12.7.17b)



Since m0 can take J(M1) - 1 nonzero values from the set N(M∫), there 
are J(M1) - 1 unwanted image-passbands in H2(MT1ω). In Problem 
12.12 the reader is requested to show that none of these extra images 
overlaps with SPD(πM-T), and that these images are eliminated by 
H1(ω) in the cascaded filter H1(ω)H2(MT1ω).

Summarizing, the cascaded filter H1(ω)H2(MT1ω) has passband 
support given by (12.5.7), consistent with the decimation matrix M.

Subtle Things About Multistage Decimation
We now consider a different example which brings up a strange situation 

for which there is no 1D analogy. Thus consider the decimation matrix

(12.7.18)

Figure 12.7-8 Demonstration that SPD(πM-T) may not be contained in 
SPD(πM1-T). Matrices are as in (12.7.18).
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Figure 12.7-8 shows the region SPD(πM-T), which can be taken as the 
support for the decimation filter. Suppose we wish to implement the deci- 
mation in two stages as in Fig. 12.7-6(a), and take the support of H1(ω) in 
the usual way that is, as SPD(πM1-T) (Fig. 12.7-8). From the figure we 
see that SPD(πM-T) does not fit inside SPD(πM1-T). (Such a situation 
would never arise in the 1D case because of the condition M > M1.) This 
means that the filter H1(ω) would cut off a portion of the signal that would 
normally be passed by H(ω). In other words, the product H1(ω)H2(MT1ω) 
has a support which leaves out part of the desired support SPD(πM-T).

Summarizing, the idea of performing decimation in two or more stages 
does not work with the above choice of H1(ω). In the multidimensional 
case, one has to be careful in choosing the factors M1 and M2 and the 
supports of H1(ω) and H2(ω). In Problem 12.34 we request the reader to 
show that the region SPD(πM-T) will be contained within SPD(πM1-T) as 
long as SPD(M2-T) is contained within [-1, 1)D. In Example 12.7.3 above, 
the choice of factors happened to satisfy this condition, as evidenced from 
Fig. 12.7-7.

12.7.3. Multidimensional Filters From 1D Filters
In the previous section we saw that a certain class of 2D filters can be 

designed efficiently starting from 1D filters. These are useful in quincunx 
decimation. Now consider the more general problem where we wish to ap- 
proximate the decimation filter response (12.7.1) for arbitrary M, and for 
arbitrary number of dimensions D (i.e., M is D × D). Such design is normally 
complicated; the design as well as implementation of general (non separable) 
multidimensional filters has much higher complexity that 1D filters. Both 
of these complexities grow exponentially with the number of dimensions D 
[Dudgeon and Mersereau, 1984].

We will now outline a more efficient procedure for approximating the 
response (12.7.1) [Chen and Vaidyanathan, 1991]. The design as well as im- 
plementation complexity of this procedure will grow linearly with the number 
of dimensions D (rather than exponentially). The method works for arbi- 
trary M and arbitrary number of dimensions D. Further advantages and 
properties will be summarized at the end of this section. To explain the 
method, we first look at the impulse response of H(ω).
The Ideal Impulse Response

Let H(ω) = Σn∈N h(n)e-jωTn, i.e., let h(n) be the impulse response 
of H(ω). With H(ω) given as in (12.7.1), we obtain
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(12.7.19)

Note that mi are the components of the D-vector m = M-1n. We know
M-1 = [Adj M]∕[det M]. Since J(M) = ∣det M∣ , we can write

(12.7.20)

with M = J(M)M-1 = ±[Adj M]. Note that m is not necessarily an integer 
vector. From the above we obtain

(12.7.21)

Figure 12.7-9 The one-dimensional lowpass prototype.

Relation to 1D filters
Consider a one dimensional ideal filter with frequency response P(ω) as 

shown in Fig. 12.7-9. Its impulse response is given by

(12.7.22)

Starting from this P(ω), suppose we define the D-dimensional filter

This is a separable lowpass filter, with passband support SPD(πI∕J(M)). 
Its impulse response is
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(12.7.23)

(12.7.24)



that is, 

where c = [J(M)]D-1. In other words, h(n) is obtained simply by M-fold 
decimation of the D-dimensional separable sequence h(s)(n), followed by 
scaling with c.
Design Procedure

The above derivation gives us the following procedure for designing the 
decimation filter H(ω) for M-fold decimator.

1. First design a 1D lowpass filter P(ω) which approximates the response 
of Fig. 12.7-9. Let p(n) denote its impulse response.

2. Define the D-dimensional separable filter h(s)(n) as in (12.7.24).
3. Finally obtain the impulse response h(n) of H(ω) by decimating h(s)(n) 

with the matrix M and scaling, that is, as in (12.7.27).
Note that the method can be applied for any decimation matrix M, 

and for any number of dimensions. We will now demonstrate the idea for 
hexagonal M. In this case, we wish the ideal passband of H(ω) to be as in 
Fig. 12.5-2(a). Figure 12.7-10 shows the various frequency responses. The 
filter P(ω) is a linear phase equiripple filter of order 66 with response as 
in Fig. 12.7-10(a). The 2D separable filter h(s)(n) has the response shown 
in Fig. 12.7-10(b), and finally Fig. 12.7-10(c) shows the response of the 
decimation filter H(ω). The minimum stopband attenuation of the 1D filter 
is about 60 dB and that of the non separable 2D filter is about 53 dB.
Further Comments About the Method

A number of further details about this technique can be found in Chen 
and Vaidyanathan [1991]. It is shown in particular that

1. The resulting filter H(ω) can be implemented with computational com
plexity proportional to N × D rather than ND, where N is the order of 
the 1D filter P(ω).

2. If δ1 and δ2 are the peak passband and stopband ripples of the 1D filter 
P(ω), then the peak passband and stopband ripples of the multidimen
sional filter H(ω) are upper bounded by

Sec. 12.7 Multirate filter design 621

(12.7.25)

Now consider the quantity h(s)(Mn), which is the M-fold decimated version 
of h(s)(n). Since

(12.7.26)
we obtain the following very simple relation between the sequence h(n) in 
(12.7.21), and the sequence h(s)(Mn) :

(12.7.27)



(b)

Figure 12.7-10 Magnitude response plots in dB for (a) one dimensional fil 
ter P(ω), (b) two-dimensional separable filter Η(s)(ω) and (c) two-dimensional 
nonseparable filter H(ω).
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3. If we wish H(ω) to be a zero-phase filter, we can achieve this by design- 
ing the 1D filter P(ω) to have zero phase.

4. If we wish H(ω) to be a Mth band filter (see Sec. 12.8.1), we can 
achieve this by forcing P(ω) to be a J(M)th band filter.

In the above filter design method, we have restricted the elements of M to 
be integers. The method can easily be extended to the case of lowpass filters 
with passband supports of the form SPD(πP-T) where P is a nonsingular 
rational matrix (i.e., whose elements are rational numbers).

12.8 SPECIAL FILTERS AND FILTER BANKS
In Sec. 4.6 several special classes of filters and filter banks were discussed, 
with applications in multirate systems. These include Nyquist filters, uni- 
form DFT filter banks, and several types of complementary functions. We 
now indicate the multidimensional extensions of some of these. Some of 
these have appeared in Renfors [1989].

12.8.1 Nyqulst(M) Filters or M-th Band Filters
In the 1D case, there are several equivalent ways to define the 'Nyquist' 
property. The same is true in multidimensions. A discrete time filter with 
impulse response h(n) is said to have the Mth band property if
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(12.7.28)

(12.8.1)

where M is a nonsingular integer matrix. In analogy with the 1D case, such 
a filter is also called a Nyquist(M) filter. If an interpolation filter (for M-fold 
interpolation) has this property, then the original set of samples is preserved 
in the interpolated version, as we saw in the 1D case.

We know that any sequence x(n) can be expressed in terms of the 
polyphase components xk(n) as in (12.4.32). The quantity h(Mn) is in fact 
the 0th polyphase component e0(n) of the sequence h(n). So the M-th band 
property (12.8.1) is equivalent to the condition that the Fourier transform 
E0(ω) of the 0th polyphase component e0(n) be a constant.

Since e0(n) is the decimated version of h(n), we have

(12.8.2)

The fact that this is constant implies that the summation above is constant. 
Equivalently,

(12.8.3)



for all ω0. In other words, if we make copies of H(ω) by shifting the origin 
to the points 2πM-Tm (which are points on the lattice LAT(2πM-T)), 
and add the copies for all m ∈ N(MT), the result is constant! This is an 
extension of the 1D property (4.6.6).

Summarizing, the definition of M-th band (or Nyquist(M)) property 
can be taken to be any one of the following: (a) condition (12.8.1), or (b) 
condition (12.8.3), or (c) the property that E0(ω) be constant. †

Ideal Decimation Filter: Example of an Mth Band Filter
Recall that in the 1D case, an ideal lowpass filter with passband edge 

π∕M has the Mth band property. Now consider an ideal multidimensional 
filter H(ω) with passband support SPD(πM-T). (Fig. 12.5-2 demonstrated 
this for several values of M). We now show that such an ideal filter has the 
Mth band property.

From Sec. 12.7.3 we know that the impulse response has the form 
(12.7.27) where h(s)(n) is a separable filter, formed from the 1D filter p(n). 
We see that p(J(M)n) = 0 for n ≠ 0. This implies h(s)(J(M)n) = 0, n ≠ 0. 
From (12.7.27) we conclude that

proving that H(ω) is an Mth band filter indeed.

12.8.2 Uniform DFT Filter Banks

One dimensional uniform DFT filter banks were studied in Chap. 4. In these 
systems, a set of M filters was derived from a prototype H0(z) as shown in 
Fig. 4.3-5 where W is the M × M DFT matrix. The M filters satisfy 
the shift relation Hk(z) = H0(zWk). The quantities Ek(z) are polyphase 
components of the prototype H0(z). To generalize this for the MD case, we 
first consider an example.

Example 12.8.1

Consider the system of Fig. 12.8-1. Here the input x(n) is passed 
through a set of delays

(12.8.4)

† One can make the definition more general by saying that the filter h(n) 
is Nyquist(M) if, for some integer k, h(n — k) satisfies any of the above 
conditions.
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Figure 12.8-1 Multidimensional extension of the uniform DFT analysis 
bank.

Since there are J(M) integers in the set N(M), the result is a 
vector of the J(M) signals uk(n), k ∈ N(M). This vector is then passed 
through the matrix [W(g)]*, to produce the set of J(M) signals vm(n), 
m ∈ N(MT). This system is a multidimensional LTI system with one 
input and J(M) outputs, and is characterized by the J(M) transfer 
functions

(12.8.6)

Thus

where the proptotype response is

(12.8.7)

(Note that m0 = k0 = 0.) Equation (12.8.7) shows that the responses 
Hm(ω) are shifted versions of the response H0(ω). The shifted locations 
are the points on the scaled reciprocal lattice corresponding to M. So
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(12.8.5)

By using the expression (12.4.38) for the entries of W(g), we obtain

(12.8.8)



the system of Fig. 12.8-1 represents a multidimensional uniform-DFT 
analysis bank.

Figure 12.8-2 More general multidimensional uniform DFT analysis bank. (©
Adopted from Sadhana, 1990 [Vaidyanathan, 1990c].)

Figure 12.8-3 The multidimensional uniform DFT synthesis bank. (© Adopted 
from 1990 Sadhana.)

Figure 12.8-2 shows a further generalization of this system. The analysis 
filters are again related by (12.8.7) (Problem 12.17), with the prototype now 
given by

[Remember that according to our notations the quantity Ez,k(z(M)) trans
lates to Ek(MTω), if written in terms of ω.] Next, Fig. 12.8-3 represents 
a uniform DFT synthesis bank. In Problem 12.18 the reader is requested to 
show that the synthesis filters Fm(ω) are related exactly as in (12.8.7) (with
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H replaced by F everywhere), where the prototype is now given by

(12.8.10)

Example 12.8.2
Consider an uniform DFT analysis bank, with hexagonal M [given in 
(12.4.15)]. In Example 12.4.6 we calculated the elements of the set 
N(MT). From that we can verify the shift vectors 2πM-Tm in (12.8.7) 
to be

(12.8.11)

Assume that the prototype filter H0(ω) [i.e., Hm0(ω)] is lowpass with 
passband support as in Fig. 12.8-4 [which is SPD(πM-T)]. Then, the 
three shifted filters have supports as shown in the same figure.

If we keep in mind the fact that each of the responses in this figure is 
periodic (periodicity matrix 2πI), we can verify that the four passbands 
(which are disjoint), fill the entire frequency plane. If the prototype 
filter had some other kind of support (inconsistent with our choice of 
M), this would not be true.

Figure 12.8-4 Example 12.8.2. Filter supports in the uniform DFT bank.

12.9 MAXIMALLY DECIMATED FILTER BANKS
Figure 12.9-1 shows the maximally decimated filter bank structure (QMF 
bank) for the multidimensional case. The analysis filters Hz,k(z) essentially 
divide the signal x(n) into subbands in the D-dimensional freqency domain.
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The output of each analysis filter is decimated by M. Since the decimator 
reduces the sample density by J(M) (= ∣det M∣), we use a total of J(M) 
analysis filters so that the sampling density is preserved by the complete 
analysis bank. The decimated subband signals vk(n) are then expanded M- 
fold, and passed through the J(M) synthesis filters Fz,k(z). The outputs of 
these filters are added to obtain the reconstructed signal x(n). Notice that in 
Fig. 12.9-1, the index k which identifies the filter-number is a D-dimensional 
integer belonging to N(MT). The reader can regard this convention to be a 
matter of convenience. [One could equally have chosen to use a scalar index 
i (as in Hi(z)), and let i run from 0 to J(M) — 1.]

12.9.1 Analysis of the Structure
By using the transform domain relations for decimators and expanders (Sec. 
12.4.3), one can analyze the filter bank system to obtain the expression

(12.9.1) 
for the reconstructed signal. This shows that X(ω) is a linear combination 
of X(ω) and the shifted versions X(ω — 2πM-Tm) (which are the alias 
components). These aliasing terms can be eliminated if the filters are chosen 
such that

(12.9.2)
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Figure 12.9-1 The multidimensional maximally decimated filter bank.



Under this alias-free condition we have

(12.9.3)

with T(ω) representing the overall distortion function. If ∣T(ω)∣ is a nonzero 
constant for all ω (i.e., Tz(z) is allpass) the system is free from amplitude 
distortion; if T(ω) = ce-jωTn0 for some integer n0, the system has perfect 
reconstruction property, i.e., x(n) = cx(n - n0). The quantities

which are the weighting functions for X(ω — 2πM-Tm) in (12.9.1), can be 
collected into a vector A(ω), and expressed neatly in matrix vector notation
as

(12.9.5)

where H(ω) is the J(M) × J(M) alias component (AC) matrix with elements

(12.9.6)

and f(ω) is the synthesis filter vector with elements [f(ω)]k = Fk(ω). The 
condition for alias cancelation is equivalent to setting A(ω) in (12.9.5) to be 
of the form

(12.9.7)

Given the set of analysis filters (and hence the matrix H(ω)), we can there- 
fore find the synthesis filters satisfying alias-free condition by solving the 
equation (12.9.5), subject only to invertibility of the AC matrix.

We can rewrite the above formulation in terms of z-transform variables 
easily. For this recall (Sec. 12.1) that if the frequency variable ω is replaced 
with ω — b for a real vector

then the vector z is replaced with e-jΛbz. In other words, the scalar variable 
zi is replaced with zie-jbi. An example will make this idea clearer.
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Example 12.9.1
Consider the hexagonal decimator (12.4.15) again. We know that the 
elements of N(MT) are as in (12.4.41), so that the four vectors M-Tm 
involved in (12.9.4) are

The AC matrix has four rows, one for each xi. The 0th row corresponds 
to x0, and is given by 

where the subscript z on H is omitted for simplicity. For other values 
of xi, we obtain the corresponding row by replacing z0 with z0e-j2πxi,0 
and z1 with z1e-j2πxi,1. Thus the entire AC matrix is given by

Choice of Frequency Responses
Recall that if a decimation filter has passband support restricted to 

SPD(πM-T) (or an arbitrarily shifted version of this), then there is no 
aliasing. We can therefore choose the analysis filters in Fig. 12.9-1 according 
to this criteria. Since filters are never ideal, we still have some aliasing at the 
outputs of the decimators. This aliasing should be canceled by appropriate 
choice of synthesis filters.

For example suppose we use the hexagonal decimator (12.4.15). Since 
∣det M∣ = 4, we have four analysis filters. Figure -12.5-2(a) shows the region 
SPD(πM-T). Suppose we take the passband of Hz,0(z0, z1) to be this re- 
gion. This region, of course repeats with period 2π in both directions. By 
using four properly shifted copies of this region, we can fill the entire 2D
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Next consider the rectangular decimator M = . In this case the
AC matrix is verified to be



frequency plane as demonstrated in Fig. 12.9-2. (Only the region [—π, π)2 
is shown fully). We can therefore take the passbands of the four analysis 
filters to be these four regions. Again, in practice, we have nonzero transi- 
tion bands, so that there is overlap between passbands. So the passbands 
have areas exceeding the ideal areas. The decimators therefore cause aliasing 
which should eventually be canceled.

Figure 12.9-2 A possible choice of the passband regions for the four analysis 
filters, when hexagonal decimators are used in the QMF bank.

It is often desirable in practice to limit the filter coefficients to be real. 
This can be accomplished if the passband supports are chosen to have ap
propriate symmetry in the frequency domain.

12.9.2 Polyphase Representation
As in the 1D case, the theory and design of maximally decimated filter banks 
is considerably simplified by use of the polyphase representation. This has 
been observed in Viscito and Allebach [1988b], and used in Karlsson and 
Vetterli [1990] and Vaidyanathan [1991b]. To obtain this, recall that each 
analysis filter can be represented in the form
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where Ez,k,m(z) are the Type 1 polyphase components. The J(M) × J(M) 
matrix Ez(z) with elements

(12.9.9)

is the polyphase component matrix (or polyphase matrix) for the analysis 
bank. With this definition we can redraw the analysis bank as indicated in 
Fig. 12.9-3.



For the synthesis filters we will use the Type 2 polyphase decomposition
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(12.9.10)

The J(M) × J(M) matrix Rz(z) with elements

(12.9.11)

is the (Type 2) polphase component matrix (or polyphase matrix) for the 
synthesis bank. We can thus redraw the synthesis bank as shown in the 
figure.

By invoking the noble identities (Fig. 12.6-1) we now move the decima- 
tors and expanders to arrive at the equivalent structure of Fig. 12.9-4, where 
Pz(z) = Rz(z)Ez(z). Any multidimensional QMF bank can be represented 
like this.

Figure 12.9-3 Representation of analysis and synthesis banks in terms of 
polyphase matrices.



Figure 12.9-4 Equivalent structure for the multidimensional QMF bank. Here 
Pz(z) = Rz(z)Ez(z).

12.9.3 Perfect Reconstruction (PR) Systems
The theory of perfect reconstruction systems (Chap. 5) is easily extended to 
the MD case. For the 1D case, we started from the delay chain structure of 
Fig. 5.6-2 (which is a simple PR system) and obtained more general systems 
by insertion of the polyphase matrices E(z) and R(z). A similar approach 
works in the MD case. The extension of the delay chain structure is shown 
in Fig. 12.9-5(a). This system is essentially the QMF bank of Fig. 12.9-1 
with the filters taken as

Example 12.9.2: QMF Bank with Hexagonal Decimation
Let M be the hexagonal decimation matrix (12.4.15). The delay ele- 
ments Z(—mi) for this case were identified in Example 12.4.5. Using 
this, the perfect reconstruction system of Fig. 12.9-5(a) therefore re
duces to Fig. 12.9-6(a). If we insert matrices [W(g)]* and [W(g)]T as

Sec. 12.9 Maximally decimated filter banks 633

(12.9.12)
Thus the kith analysis filter is a delay in the direction mi, whereas the 
synthesis filter is an advance operator in the same direction. It can be 
verified (precisely as we did in Sec. 12.4.3 for Fig. 12.4-7) that this is a 
perfect reconstruction system, and satisfies x(n) = x(n). For the special 
case where M is the rectangular decimator in Example 12.4.4, this reduces 
to Fig. 12.9-5(b).

Now consider an arbirary QMF bank (Fig. 12.9-1). This can always be 
redrawn as in Fig. 12.9-3. If the product Rz(z)Ez(z) = I, this reduces to 
the perfect reconstruction system Fig. 12.9-5(a).



Figure 12.9-5 Examples of perfect reconstruction systems. In part (b), 
M = 2I.

shown in part (b), the perfect reconstruction property continues to hold 
(because the product of the two matrices equals J(M)I). We therefore 
obtain a perfect reconstruction system in which the analysis filters form 
a uniform-DFT bank (Sec. 12.8.2). The matrix W(g) was calculated in
(12.4.43).  Using this we obtain

Figure 12.9-6(c) shows an example in which the filters have higher order. 
Here the polyphase matrix for the analysis bank is

(12.9.13)
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Figure 12.9-6 Examples of FIR perfect reconstruction systems, when M 
is the hexagonal decimator.
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where

(12.9.14)

and Rm are nonsingular. With the synthesis bank chosen as indicated 
in the figure, the complete QMF bank is equivalent to the perfect recon- 
struction system of Fig 12.9-6(a). In fact this idea can be generalized 
by extending the cascade (12.9.13) to RKΛz(z)RK-1 . . . Λz(z)R0.

If the matrices Rm are unitary then Ez(z) is paraunitary, that is, 
satisfies the property

where “tilde” notation implies the following: (a) transpose the matrix, 
(b) replace zi with zi-1, and (c) conjugate the coefficients. When Rm 
is unitary, we can replace Rm-1 with Rm† and obtain perfect reconstruc
tion. With this choice the Type 2 polyphase matrix for the synthesis 
bank becomes Rz(z0, z1) = Ez(z0, z1). The unitary matrices can be pa- 
rameterized as explained in Sec. 14.6, and these parameters optimized 
to obtain good designs for the analysis filters.

Further properties of multidimensional paraunitary filter banks can 
be found in Problems 12.19 and 12.27.

The ideas used in the above example can be easily applied for the case 
of rectangular decimators. For example we can insert unitary matrices and 
delays at appropriate places in Fig. 12.9-5(b) and so on ... It should be 
noticed that the rectangular decimator structure does not necessarily restrict 
the analysis filters to be separable. See Problem 12.20.

12.9.4 QMF Bank with Quincunx Decimators
We now consider a 2D QMF bank with the decimators and expanders taken 
to be the quincunx matrix. Since J(M) = 2, the QMF bank has two chan- 
nels. The quincunx matrix [Fig. 12.4-1(c)] was discussed earlier on many 
occassions. In Table 12.10.4 we collect many of the facts pertaining to this 
matrix. Based on this we can infer that the perfect reconstruction system of 
Fig. 12.9-5(a) reduces to Fig. 12.9-7. Moreover, the noble identities take the 
simplified form shown in Fig. 12.9-8. Finally the polyphase decomposition 
for the two analysis filters can be written as
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Figure 12.9-7 The simple perfect reconstruction system with quincunx deci
mator.

Figure 12.9-8 Noble identities for quincunx M.

Choice of Analysis Filters
In Example 12.7.1 and Sec. 12.7.1 we considered filters for the quin- 

cunx decimator. From these we see that if the analysis filter Hz,0(z0, z1) 
is ideal lowpass with a diamond shaped passband support [Fig. 12.7-1(c)], 
then aliasing can be avoided. Similarly if Hz,1(z0, z1) is ideal highpass with 
support as in Fig. 12.7-1(d), this also avoids aliasing.

Filters with such shapes can be approximated by starting from an ideal 
1D filter with magnitude response as in Fig. 12.7-2(a). If this 1D filter 
has polyphase components E0(z) and E1(z), then the above lowpass and 
highpass filters can be obtained as in (12.7.11) and (12.7.12) respectively. 
These can be used as the analysis filters in the quincunx QMF bank. Since 
practical filters are not ideal, there is aliasing, which has to be canceled by 
the synthesis bank.

Example 12.9.3
Figure 12.9-9 shows a QMF bank with quincunx decimators. The signal 
x(n) is split into two subbands [typically with supports approximating 
Figs. 12.7-1(c),(d)] and then decimated by M. This creates aliasing. 
Our aim is to choose the synthesis filters such that aliasing is canceled. 
(After this we have to worry about amplitude and phase distortions too.) 
We now concentrate on a specific technique which completely eliminates 
aliasing and amplitude distortion.

Using the expressions (12.7.11) and (12.7.12), the analysis bank can 
be redrawn as in Fig. 12.9-9(b). Note that the analysis filters are related 
as
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Figure 12.9-9 (a) The quincunx QMF bank, (b) polyphase implementa
tion of analysis bank, (c) equivalent circuit for analysis bank, (d) proposed 
structure for synthesis bank, and (e) equivalent structure for complete QMF 
bank.

By invoking the noble identities we can move the decimators to obtain 
the equivalent of Fig. 12.9-9(c). If we now choose the synthesis bank as 
in Fig. 12.9-9(d), then the complete system can be redrawn (again with 
the help of noble identities) as in Fig. 12.9-9(e). By comparing with the 
perfect reconstruction system of Fig. 12.9-7 we conclude that this is an 
alias free system with transfer function (or distortion function)
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(12.9.18)
With synthesis bank as in Fig. 12.9-9(d), the expressions for the



Figure 12.9-10 Alias-free quincunx QMF bank, starting from Johnston’s 
32D filters. The plots show magnitude in dB. (a) Hz,0(z0, z1), (b) Hz,1(z0, z1) 
and (c) Tz(z0, z1).
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Thus, by designing a 1D prototype filter G(z) to approximate the re- 
sponse of Fig. 12.7-2(a), we can identify the analysis filter Hz,0(z0, z1) 
as in (12.7.11), and the remaining three filters according to (12.9.17) and 
(12.9.19). In particular if the 1D prototype is FIR, then the 2D analysis 
and synthesis filters are FIR as well.

Note that this QMF bank has correspondence with the 1D QMF 
bank studied in Sec. 5.2.2 where the filters were related as in (5.2.1) and 
(5.2.2). In Problem 12.26 we show that Tz(z0, z1) is allpass if the dis- 
tortion function T(z) of the 1D system is allpass. Fig. 12.9-10 shows a 
design example. Here the 1D filter G(z) is taken to be the lowpass filter 
H0(z) in Johnston’s 1D QMF bank design (Sec. 5.2.2). More specifically, 
G(z) is taken to be Johnston’s 32D filter (tabulated in Crochiere and Ra- 
biner [1983]). Figure 12.9-10(a) and (b) show the magnitude responses 
(dB) of the lowpass and highpass filters Hz,0(z0, z1) and Hz,1(z0, z1), 
with peak magnitude normalized to zero dB.

Figure 12.9-10(c) shows the magnitude of the distortion function 
Tz(z0, z1) in dB, with nominal distortion normalized to zero dB. The 
peak distortion function is about 0.05dB. This is two times the corre- 
sponding value in the 1D Johnston design.

The reader is requested to find the AC matrix for the quincunx QMF 
bank in Problem 12.24. Further discussions on hexagonal and quincunx 
filter banks can be found in Ansari and Guillemot [1990], and Karlsson and 
Vetterli [1990].

(12.9.20)

12.9.5 Tree-Structured QMF Banks with Separable Filters
One of the simplest approaches for the design of 2D (and higher dimensional) 
QMF banks is to start from 1D QMF banks and connect them in a tree 
structure. Fig. 12.9-11 shows such a system. Here, the filters H0(z), H1(z) 
are analysis filters of a 1D QMF bank, and F0(z), F1 (z) are the corresponding 
synthesis filters. Similarly G0(z), G1(z) and P0(z), P1(z) are the analysis and 
synthesis filters of a 1D QMF bank. The decimators M0 and M1 are given 
by

In other words, M0 decimates by two only in the horizontal direction (and 
M1 in vertical direction). The overall behavior of this 2D QMF bank (in- 
cluding aliasing and other distortions), evidently depends on the 1D QMF 
banks from which it is derived.

The 2D analysis filters which result from this approach are restricted to 
be separable, and can therefore be designed easily by designing 1D filters.
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synthesis filters are given by

(12.9.19)



Many properties of 1D filter banks (such as, for example, perfect reconstruc
tion) are automatically inherited by the 2D system. See Problems 12.22 and 
12.23 where we study this in greater detail.

Figure 12.9-11 A tree-structured arrangement of one-dimensional QMF banks, 
which produces a separable two-dimensional QMF bank.

12.10 CONCLUDING REMARKS
In this chapter we have presented several fundamental aspects of multidi
mensional multirate systems. Many of the 1D concepts have been extended, 
by using the theory of lattices as the starting point. Even though our cover- 
age was limited, it is our hope that the reader will be able to make further 
extensions of 1D results, with this chapter as the starting point. For exam- 
ple, one can extend many of the wavelet concepts (Chap. 11), by using the 
ideas in Sec. 12.9 [Kovačević and Vetterli, 1992]. Tables 12.10.1-12.10.4 at 
the end of this section summarize the key concepts, which can be used as a 
constant reference while reading the chapter.

12.10.1 Diagonalization of the Decimator Matrix
The main reason why the multidimensional ideas are more complicated is be- 
cause the decimation matrix M is not diagonal. If it were diagonal, we could 
do most of our work with separable filters, which in turn can be designed 
starting from 1D filters. In this chapter we found that some multirate filters 
(even with nondiagonal M) can be designed starting from 1D techniques 
(e.g., Sec. 12.7.1 and 12.7.3).

Any D × D integer matrix M can be factorized as [Smith, 1861]
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(12.10.1)
where U and V are integer unimodular matrices and Λ is a diagonal inte- 
ger matrix. In this decompostion, we can always ensure that the diagonal 
elements λi of Λ are positive (assuming M nonsingular) and such that

(12.10.2)



that is, λi is a factor of λi+1. Under these restrictions, Λ is unique for a given 
M, even though U and V are not. Furthermore we can find the elements 
λi as λi = ∆i+1∕∆i where ∆i is the greatest common divisor of all the i × i 
minors of M. (For i = 0 take Δ0 = 1.) The proof of this is very similar to the 
proof of the same result for polynomial matrices (Smith form decomposition, 
Theorem 13.5.1). † Here are some examples:

(12.10.3)

(12.10.4)

This decomposition brings the multidimensional problems much closer 
to the 1D case, since decimation by Λ is equivalent to independent deci- 
mation in each dimension. We now mention a few applications of this de- 
composition. More detailed discussions and applications can be found in 
Vaidyanathan [1991b].
Characterization of Decimators

The M-fold decimator can now be redrawn as in Fig. 12.10-1. U 
permutes the samples of x(n). The matrix Λ performs independent deci- 
mation by the factor λi in each dimension i. The matrix V then permutes 
the decimated samples. Any M-fold decimator is a succession of these three 
operations. Similar comment holds for expanders.

Since V is unimodular, LAT(UΛV) = LAT(UΛ) (Sec. 12.2.1). Thus 
the samples retained by a decimator can be represented by LAT(UΛ), i.e., 
a permutation of samples (due to U) followed by independent decimation 
by λi in ith dimension.

Consider the set of all decimators with decimation ratio 2. These can 
be characterized as UΛ. Since ∣det M∣ = 2, we have ∣det Λ∣ = 2, and the

† In fact such a factorization holds for any matrix whose elements belong 
to a so-called “principal ideal domain” (pid) [Forney, 1970], [Vidyasagar, 
1985]. The set of integers (as well as the set of polynomials with coefficients 
belonging to a field) just happen to be pid's. Also see Sec. 13.5.1.
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Figure 12.10-1 Three stage drawing of a decimator.



only possibility is
(12.10.5)

since λi∣λi+1. As a further example, every 2D decimation matrix with deci- 
mation ratio 4 can be characterized by UΛ where Λ has one of the following 
two forms

(12.10.6)

We therefore have a very satisfactory way to characterize all decimators of 
a given ratio.

As a further theoretical application, one can rederive the frequency do- 
main relation (12.4.22) in a more straightforward manner, by applying the 
1D relation (4.1.4) repeatedly for each dimension. Another application is 
that, by factorizing the elements λi into primes, we can identify many pos
sible multistage implementations of a given decimator.

Further Significance of the Property λi∣λi+1
Since λi is a factor of λi+1, we can write

(12.10.7)

where αi are integers. For example, in the 3D case,

(12.10.8)

Thus, decimation by M = UΛV can be interpreted as a succession of these 
steps: (a) permute samples by U, (b) decimate in all directions by α0, (c) 
decimate in all but the 0th direction by α1, (d) decimate in the last direction 
by α2, (e) and finally permute by V. This interpretation can be generalized 
for arbitrary dimensions.

Revisiting the Polyphase Implementation using Smith Form

Figure 12.10-2(a) shows a decimation filter, with decimator M = UΛV. 
By using the noble identity along with the fact that the unimodular deci
mator U is equivalent to a U-1-fold expander, we can redraw this as in 
Fig.12.10-2(b). Here G(ω) = H(U-Tω). Since Λ is diagonal, we can per
form a traditional (i.e., 1D) polyphase decomposition of G(ω) in each di- 
mension independently (e.g., as in Example 12.4.4), and then apply the 1D 
noble identities in each dimension individually. This results in Fig. 12.10-3.
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Figure 12.10-2 The decimation filter, redrawn.

Figure 12.10-3 Polyphase implementation after diagonalization.

Revisiting the Generalized DFT Matrix using Smith Form
In Sec. 12.4.4, we defined the generalized DFT matrix W(g) for ar- 

bitrary M. Let M = UΛV and let Wλi be the traditional λi × λi DFT 
matrix, i.e., [Wλi]km = e-j2πkm/λi. It can be shown that W(g) is a 'Kro
necker product' of all the WΛi's. More accurately, 

where P1 and P2 are appropriate permutation-matrices [depending on U, V 
and the ordering of the integer vectors k and m in (12.4.38)]. Here ⊗ is the 
Kronecker product defined as

(12.10.10)

This was also observed in Problem 2.20 of Dudgeon and Mersereau [1984].
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Kronecker product of the 1D DFT matrix W2 with itself because, in this 
case, λ0 = λ1 = 2. So, in general, the form of W(g) for a given M is governed 
essentially by the diagonal matrix Λ.

12.10.2 Commutation of Decimators and Expanders
One of the interesting results in the 1D case is that an M-fold decimator 
and L-fold expander can be commuted in a cascade whenever L and M are 
relatively prime. This result was used in Sec. 4.3.3 to obtain polyphase 
structures for fractional decimation. The equivalents of these results in the 
multidimensional case are quite complicated. They have been developed by 
Kovačević and Vetterli [1991b], for the 2D case. A problem of considerable 
interest is the generalization of this for the MD case. Many authors have 
worked on this, and a number of results (with a wide variety of viewpoints 
as well as details) can be found in Chen and Vaidyanathan [1992a,b], [1993], 
[Gopinath and Burrus, 1991], [Evans, et al., 1992], and [Kalker, 1992].
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For the hexagonal matrix M we have λ0 = 1 and λ1 = 4 so that W(g) 
reduces to a permutation of the 1D DFT matrix W4, as shown by (12.4.43)
On the other hand, if M = , then W(g) (which is still 4 × 4) is a



TABLE 12.10.1 Lattice related notions in D-dimensional multirate systems

Unless context dictates otherwise, 'vector' stands for D × 1 column vector. In- 
teger vectors are often referred to as 'integers'. 'MD' stands for 'Multidimensional,' 
and 2D for 'two-dimensional'.
Notations and terminology.

1. [a, b)D : set of D × 1 real vectors x with elements xi in the range a ≤ xi < b.
2. N : set of all D x 1 integer vectors.
3. Unless mentioned otherwise: V = D × D nonsingular real matrix, and M = 

D×D nonsingular integer matrix. An integer matrix E is said to be unimodular 
if [det E] = ±1.

4. LAT(V) : lattice generated by V, i.e., set of all vectors of the form Vn,n ∈ N.
5. LAT(V-T) : reciprocal lattice. LAT(2πV-T) : scaled reciprocal lattice. Here 

V-T denotes (V-1)T.
6. FPD(V) : fundamental parallelepiped generated by V. This is the set of all 

vectors of the form Vx,x ∈ [0, 1)D. See Fig. 12.2-4. Note: FPD(I) is same as 
[0,1)D.

7. SPD(V) : symmetric parallelepiped generated by V. This is the set of all 
vectors of the form Vx,x ∈ [—1, 1)D. See Fig. 12.5-1. Note: SPD(I) is same 
as [-1,1)D.

8. LAT(M), FPD(M) and SPD(M) defined similarly.
9. J(M) = ∣det M∣.

10. N(M) : set of all integer vectors in FPD(M). Has J(M) elements.
11. N(MT) : set of all integer vectors in FPD(MT). Has J(M) elements.
12. z = [z0 . . . zD-1]T.
13. z(M) : D × 1 vector with kth element (z(M))k = zM0,kzM1,k . . . zMD-1,kD-1.
14. Let n = [n0 . . . nD-1]T. Then z(n) = Z(n) = z0n0zn11 . . . znD-1D-1 .
Important properties.

1. The volume of FPD(V) is equal to ∣det V∣.
2. J(M) (i.e., ∣det M∣) = number of integers in N(M) (hence in N(MT)).
3. Any real vector u can be expressed asu = uP + uL, where uP ∈ FPD(V) and 

uL ∈ LAT(V). Here uP and uL are unique for given V.
4. In particular, therefore, any integer vector n can be expressed as n = nP + nL, 

where nP ∈ N(M) and nL ∈ LAT(M) (and the integers nP and nL are unique 
for given M). In other words, n = nP + Mn0 (division therorm for integers; 
n0 is the quotient and nP the remainder).

5. LAT(V1) = LAT(V2) iff V1 = V2E for unimodular integer E.
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TABLE 12.10.2 Fundamentals at a glance

Sampling a continuous 'time' signal.
1. Let x(n) = xa(Vn). Then X(ω) = Σk∈NXa (jV-T(ω - 2πk))∕∣det V∣.
2. Sampling density ρ = 1∕∣det V∣. (Number of samples/volume.)
3. The sampling is said to be rectangular if V is diagonal.
4. Minimum sampling density required for alias-free sampling depends on choice 

of sampling geometry. If Xa(jΩ) has circular support centered at origin, then 
hexagonal sampling is more efficient than rectangular.

Decimation of discrete 'time' signal.
1. y(n) = x(Mn) = M-fold decimated version of x(n). Decimation ratio = 

∣detM∣. (Fig. 12.+ 1.)
2. Y(ω) = Σk∈Ν(MΤ) X (M-T(ω - 2πk))∕∣det M∣.
3. Decimation does not cause aliasing if X(ω) has support SPD(πM-T) or any 

frequency-shifted version of this. The support SPD(π(ME)-T) also works for 
any unimodular integer matrix E.

'Expander' for the discrete 'time' signal. y(n) defined in (12.4.5) is the 
M-fold expanded version of x(n). Here Y(ω) = X(MTω). (Equivalently Yz(z) = 
X2(z(M)).) Y(ω) has J(M)-1 images, centered at lattice points of 2πM-T (scaled 
reciprocal lattice of M).

Polyphase decomposition. The signal xk(n) ≜ x(Mn + k) (k ∈ N(M)) is the 
kth Type 1 polyphase component of x(n). For given M, there are J(M) such com
ponents. See Fig. 12.4-2. Similarly Type 2 polyphase components are x'k(n) = 
x(Mn — k). In the transform domain Xz(z) =
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The notation z(k) is also used instead of Z(k)
Generalized DFT matrix. J(M) × J(M) matrix W(g) with elements defined as 
[W(g)]m,k = e-j2πmTM-1k, with m ∈ N(MT) and k ∈ N(M). For fixed row index 
m, the entries e-j2πmTM-1k can be considered to be one period of the sequence
e-j2πmTM-1n. (Single-frequency sequence with frequency -2πM-Tm; periodicity
matrix M.) W(g) is unitary; [W(g)]†W(g) = J(M)I. This is equivalent to the 
conditions (12.4.37a,b).

Noble identities. See Fig. 12.6-1(c), (d).



TABLE 12.10.3 Summary of properties of Hexagonal M

. The lattice generated byThe hexagonal decimator matrix is M =
this is shown in Fig. 12.4-1(b). We have J(M) = 4 so that the decimation ratio 
is four. Regions such as FPD(M), FPD(MT) and SPD(πM-T) are shown in 
Figures 12.4-10 and 12.5-2(a). The elements of N(M) are 

and those of N(MT) are

(Warning: The letters k and m are not standard, and are sometimes interchanged.) 
The delay elements Z(—k) in the Type 1 polyphase decomposition (12.4.32) are

The vector z(M) is given by

Using these, the Type 1 polyphase decomposition can be written as

The generalized DFT matrix W(g) is given by

The noble identities. See Fig. 12.6-5.
The AC matrix. See Example 12.9.1.
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TABLE 12.10.4 Summary of properties of quincunx M

. The lattice generated byThe quincunx decimator matrix is M =
this is shown in Fig. 12.+1(c). We have J(M) = 2 so that the decimation ratio 
is two. Regions such as FPD(M), FPD(MT) and SPD(πM-T) are shown in 
Figures 12.4-10 and 12.5-2(b). The elements of N(M) are 

and those of N(MT) are

(Warning: The letters k and m are not standard, and are sometimes interchanged.) 
The delay elements Z(—k) in the Type 1 polyphase decomposition (12.4.32) are

Using these, the Type 1 polyphase decomposition can be written as

The generalized DFT matrix W(g) is given by

The noble identities. See Fig. 12.9-8.
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The vector z(M) is given by



PROBLEMS

12.1. Let Xz(z) and Hz(z) denote the z-transforms of the D-dimensional sequences 
x(n) and h(n).

a) Show that the z-transform of x(n — k) is Z(—k)Xz(z).
b) With a = [a0 . . . aD-1]T, show that the z-transform of the sequence

y(n) = x(n)eaTn is given by Xz(Λaz), where Λa is as in (12.1.16).

c) In part (b) consider the 2D case with a = 
of Xz(z0, z1).

Express Yz(z0, z1) in terms

d) Establish that the z-transform of the convolution sum (12.1.17b) is Yz(z) = 
Hz(z)Xz(z).

12.2. Shown below are several 2D filter responses. (Only the region [—π, π)2 shown). 
Assume that H(ω) = 0 in the white (unshaded) areas. The values of H(ω) in 
the shaded areas are indicated ajdacent to them. Which of these responses is 
separable?

12.3. Let h(n) be a D-dimensional digital filter. If the frequency response H(ω) is 
real for all ω, the filter is said to have zero-phase. Show that the zero-phase 
property holds if and only if h(n) = h*(-n).
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12.4. Consider the following two matrices.

(P12.4)

For each of these:
a) Sketch the lattice LAT(Mi).
b) dearly indicate the fundamental parallelepiped FPD(Mi), and highlight 

the integer points which belong to FPD(Mi).
c) Verify that FPD(Mi) contains exactly ∣det Mi∣ integer points.
d) Sketch the reciprocal lattice.

12.5. (a) Sketch the lattice generated by the matrix V in (12.2.12), and verify that 
this is the same as that generated by V in Example 12.2.1. (b) Sketch the 
lattice generated by V in (12.2.13) and verify that it is the set of all integers.

12.6. Consider the linear transformation

where the 2 × 2 matrix is real nonsingular. This maps a point from the coor- 
dinate system (p0, p1) to the system (q0, q1) (see figure below).

Figure P12-6
Show that a straight line AB gets mapped into a straight line CD. Hence 
argue that a polygon gets mapped into a polygon with the same number of 
sides. (Hint. A vertex in (p0, p1) plane is mapped into a unique vertex in 
(q0, q1) plane.)

12.7. Consider the function Y(ω) = Σk X(M-T(ω-2πk)) where M is a nonsingular 
integer matrix, and k ranges over all integers in N(MT). Show that Y(ω) is 
periodic in ω with periodicity matrix 2πI.

12.8. Consider a bandlimited x(n) with support for X(ω) shown below.

Figure P12-8
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Suppose we decimate x(n) by the matrix M = . Show the support
of the stretched version X(M-Tω) and all the shifted versions which enter the 
formula (12.4.22). Is there aliasing?

12.9. Consider the equality

(P12.9)

where M is a nonsingular integer matrix. Suppose f (m) is such that this holds 
for all choice of X(ω). Show then that f (m) is zero for all nonzero m ∈ N(MT), 
and that f(0) = 1.

12.10. Consider the following multirate system, where M is D × D integer nonsingular 
matrix, and J(M) = ∣det M∣.

Figure P12-10

a) Show that this is a (linear and) shift invariant system. What is the transfer 
function?

b) Suppose H(ω) has the response given in (12.7.1). Show then that y(n) = 
x(n).

c) In part (b), suppose we replace H(ω) with H(ω — v) where v is some real 
vector. Show that the relation y(n) = x(n) continues to hold.

12.11. Consider the decimation filter circuit of Fig. 12.6-4(a) for M-fold decimation.
a) Define M1 = ME where E is an arbitrary unimodular integer matrix.

Suppose the support of H(ω) is equal to SPD(πM-T1) (and of course 
repeats with periodicity matrix 2πI). Show then that decimation does not 
result in aliasing [i.e., there is no overlap between the stretched version 
and shifted versions in (12.4.22)].

b) Instead of using the decimation filter in part (a), suppose we use the filter 
H(ω — v) where v is an arbitrary vector. Show that decimation still does 
not result in aliasing.

12.12. This is by way of completing Example 12.7.3, which the reader should first 
review. Recall that the support of H2(MT1ω) is as in (12.7.17a) and is basically 
SPD(πM-T) repeated with periodicity matrix 2πM-T1 rather than 2πI. So 
the support has additional images of SPD(πM-T) represented by the nonzero 
values of m0 in (12.7.17b).

a) Consider the regions
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and
(P12.12b)



where m0 and m'0 are fixed unequal integers in N(MT1), x varies over 
[—1, 1)D and m1 varies over N. Show that these two regions are disjoint.

b) Show that with H1(ω) chosen to have passband region SPD(πM-T1), the 
support of H1(ω)H2(MT1ω) has passband region SPD(πM-T) (i.e., the 
m0-term is removed in (12.7.17b)). Thus H1(ω) eliminates the images of 
passband (which were generated by letting m0 be nonzero).

12.13. For the following matrices, compute the generalized DFT matrix W(g) defined 
in Section 12.4.4.

(P12.13)

Which of these DFT matrices are obtainable by row and column permutations 
of the traditional 1D DFT matrix of corresponding size?

12.14. Consider the matrix
(P12.14)

a) Sketch the lattice generated by M. What is the decimation ratio J(M) for 
M-fold decimation?

b) Give sketches of FPD(M), FPD(MT), and SPD(MT).
c) Identify the elements in the sets N(M) and N(MT).
d) Identify the elements Z(—k) which would appear in the Type 1 polyphase 

decomposition. Hence write down this decomposition (similar to what we 
wrote in Examples 12.4.4, 12.4.5).

e) Identify all the elements of the generalized DFT matrix W(g).
12.15. Let M be as in Problem 12.14.

a) Give a sketch of SPD(πM-T).
b) Give three possible sketches for the support of a (ideal) decimation filter 

for M-fold decimation, which would prevent aliasing. (Make sure not all 
of them are shifted versions of the same thing. And avoid the example 
H(ω) ≡ 0, of course!)

12.16. Let M be as in Problem 12.14.
a) Express the elements of the vector z(M) in terms of z0, z1 and other known 

quantities.
b) Since this is a 2D system, there are two noble identities for decimators and 

two for expanders (analogous to those in Fig. 12.6-5(c),(d)). Draw these 
explicitly.

c) Give a schematic of the polyphase implementation of a decimation filter 
(analogous to Fig. 12.6-5(f)).

12.17. Consider the analysis bank shown in Fig. 12.8-2. Show that the filter H0(ω) 
(i.e. Hm0(ω)) is given by (12.8.9), and that the remaining filters are related to 
H0(ω) as in (12.8.7).

12.18. For the synthesis bank shown in Fig. 12.8-3 show that the filter F0(ω) is 
given by (12.8.10) and that the remaining filters are given by Fm(ω) = F0(ω- 
2πM-Tm).
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12.19. In this problem we consider the 2D quincunx QMF bank (Section 12.9.4). 
Assume all filters are FIR with real coefficients.

a) Redraw the QMF bank in the polyphase form (Fig. 12.9-3(b)), explicitly 
indicating the elements Z(—mi) and Z(mi) in terms of z0 and z1.

b) Suppose Ez(z) (i.e., Ez(z0, z1), which is a more convenient notation in this 
case) has the form

(P12.19a)

Express the analysis filters Hz,0(z0, z1) and Hz,1(z0, z1) in terms of the 
components Ez,0(z0, z1) and Ez,1(z0, z1), and show that

c) In part (b) if the analysis filter Hz,0(z0, z1) has the diamond shaped pass- 
band as in Fig. 12.7-2(d), what is the passband region of Hz,1(z0, z1)?

d) Suppose the matrix in (P12.19a) is such that the first column is power 
complementary, that is,

(P12.19d)

we now have a perfect reconstruction system. Express the synthesis filters 
Fz,0(z0, z1) and Fz,1(z0, z1) in terms of Ez,0(z0, z1) and Ez,1(z0, z1).

g) With Rz(z0, z1) chosen as above, show that

(P12.19e)

h) Re-express the relations (P12.19b) and (P12.19e) in terms of the impulse 
response coefficients h0(n0, n1), h1(n0, n1), f0(n0, n1), and f1(n0, n1).

. Evidently there are four channels
since [det M] = 4. Suppose the analysis filters have the form

(P12.20)
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(P12.19b)

(P12.19c)

for some constant c > 0. Show then that Ez(z0, z1) is paraunitary, that is, 
ETz(z0-1, z1-1)Ez(z0, z1) = cI.

e) With Ez(z0, z1) assumed to be paraunitary, show that the analysis filters 
form a power complementary pair.

f) Assume Ez(z0, z1) is paraunitary. With Rz(z0, z1) chosen as

12.20. Consider a QMF bank with M =



where T is nonsingular.
a) Suppose the 0th row of T is [ 1 1 1 2]. Construct the remaining three

rows (obviously not unique) so that T comes out to be nonsingular. With 
this T, find a set of FIR synthesis filters for perfect reconstruction.

b) With T chosen as in (a), show that Hz,0(z0, z1) is nonseparable [i.e., cannot 
be written as H0(z0)H1(z1)].

12.21. In Section 12.9 we formulated the multidimensional QMF problem in terms of 
the AC matrix Hz(z), as well as in terms of the polyphase matrix Ez(z). In 
the 1D case, we know that these matrices are related as in (5.5.8).

a) In the multidimensional case, show that the relation is
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(P12.21a)

where W(g) is the generalized DFT matrix for the chosen M, and

(P12.21b)
Here ki are the distinct integers in the set N(M), appropriately numbered. 
(It might be notationally easier to obtain the relation in terms of the 
frequency vector ω first. In any case, also give the the relation using ω 
rather than z.)

b) With M taken as the hexagonal decimator, explicitly fill the details of the 
above relation.

12.22. Consider the tree structure of Fig. 12.9-11, with M0 and M1 as in (12.9.20). 
This is equivalent to a four channel two-dimensional QMF bank (Fig. 12.9-1).

a) Express the four analysis filters and four synthesis filters in terms of the 
one dimensional filters in the figure. Are these two dimensional filters 
separable?

b) What is the decimation matrix M?
12.23. Consider again the tree structure of Fig. 12.9-11, with M0 and M1 as in 

(12.9.20). This is designed starting from two one-dimensional QMF banks, 
viz.,

and
a) Suppose the 1D QMF banks are alias-free. Show that the 2D QMF bank 

is alias-free.
b) Repeat part (a) with "alias-free" replaced by "alias-free, and free from 

amplitude distortion."
c) Repeat part (a) with "alias-free" replaced by "alias-free, and free from 

phase distortion."
d) Repeat part (a) with "alias-free" replaced by "perfect reconstruction."

12.24. Write down the entries of the AC matrix for maximally decimated QMF banks 
with the following decimation matrices.
a) Decimator as in Fig. 12.4-1(d).
b) The quincunx decimator.

12.25. Let Tz(z) be a linear phase function, and define Sz(z) = Tz (z(M)). Show that 
Sz(z) has linear phase as well.



12.26. Consider the quincunx QMF bank of Fig. 12.9-9(a) again. Let the filter 
Hz,0(z0, z1) be designed as in (12.7.11) starting from the 1D prototype G(z) = 
E0(z2) + z-1E1(z2). Assuming that the remaining filters are chosen as in 
(12.9.17) and (12.9.19), we know that the system is alias-free, and can be 
redrawn as in Fig. 12.9-9(e). The QMF bank now has distortion function 
Tz(z0, z1) given in (12.9.18).
We shall now compare this with the 1D QMF bank with filters
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(P12.26)
From Chapter 5 we know this system is alias-free with distortion function 
T(z) = 2z-1E0(z2)E1(z2).

a) Suppose the 1D prototype G(z) is of the form ΣNn=0 g(n)z-n where N is 
odd, and g(n) is real with g(n) = g(N — n). From Sec. 5.2.2 we know that 
T(z) has linear phase. Prove that for the 2D QMF bank Tz(z0, z1) has 
linear phase as well.

b) Instead, suppose the 1D prototype G(z) is such that T(z) is allpass. Show 
then that Tz(z0, z1) is allpass as well.

c) Finally suppose G(z) is such that T(z) is a delay z-K. So the 1D system 
has perfect reconstruction. Show that the 2D QMF bank also has perfect 
reconstruction.

12.27. Recall that any QMF bank (Fig. 12.9-1) can be drawn in polyphase form as 
in Fig. 12.9-3(a). Suppose the matrix Ez(z) is FIR and paraunitary, that 
is, Ez(z)Ez(z) = cI, c > 0. (See Example 12.9.2 for definition of the tilde 
notation.)
a) Show that the analysis filters forms a power complementary set, that is, 

Σk ∣Hk(ω)∣2 = constant.
b) Show that the AC matrix Hz(z) is paraunitary (Hint. Use Problem 12.21).
c) Suppose the matrix Rz(z) is chosen as Ez(z). Express x(n) in terms of 

x(n) and show that we have perfect reconstruction.
d) With Rz(z) = Ez(z), show that the synthesis filters are given by the 

relation Fz,k(z) = Hz,k(z).
12.28. Consider the multirate system shown below, where M is some nonsingular 

integer matrix, S = J(M) - 1, and mi ∈ N(M).

Figure P12-28



This is essentially the system of Fig. 12.9-5(a) with the additional transfer 
functions Rmi(ω) inserted. Find a set of necessary and sufficient conditions on 
these transfer functions such that the system is alias-free. Under this condition, 
what is the transfer function X(z)∕X(z)?

12.29. In this chapter we obtained the frequency domain formula (12.4.22) for a dec- 
imator based on the view that x(n) is the sampled version of some underlying 
'analog' signal xa(t). We then used the formula (12.4.22) in conjunction with 
our knowledge of polyphase decomposition, and obtained the generalized DFT 
and the orthogonality relation (12.4.37a).
We shall now take a reverse approach, which may be more appealing to some 
readers. In this Problem we shall derive the orthogonality relation (12.4.37a) 
independently, based on first principles, and then use it in the next Problem 
to get the decimation formula (12.4.22). This is closer to the approach taken 
in Chapter 4 for the one-dimensional case.

a) Let x(n) = ejωT0n, where ω0 is some real D × 1 vector. This is called a 
single-frequency sequence, and the Fourier transform is zero except at a 
'single frequency' ω0 (and repeats periodically). More specifically, show 
that the transform is 

by verifying that it satisfies (12.1.10).
b) Let x0(n) = ejωT0n, and x1(n) = ejωT1n. Assume ω0 and ω1 are two 

distinct frequencies, i.e., ω0 — ω1 ≠ 2πi for integer i. This means the 
Fourier transforms of the sequences x0(n) and x1(n) do not overlap, that 
is, X0(ω)X1(ω) = 0 for all ω. Using this, prove that

(P12.29b)

(Hint. Convolution in “time” is multiplication in frequency.)
c) Now consider the special case of (b) where the frequency vectors are 

ω0 = 2πM-Tm0 and ω1 = 2πM-Tm1 for integer m0, m1. Here M is 
a nonsingular integer matrix. Now the sequences are given by

(P12.29d)

(Hint. Decompose appropriate integer-vectors using appropriate division 
theorems.)

e) Hence prove the relation (12.4.37a).
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(P12.29a)

(P12.29c)

Verify that these are periodic with periodicity matrix M. 
d) Let ω0 and ω1 be distinct in (c). Using (P12.29b) verify that



12.30. We shall now derive the relation (12.4.22) for a decimator, using the orthog- 
onality condition (12.4.37a). The latter can be derived independently as in 
the previous problem. The M-fold decimated sequence y(n) = x(Mn) can be 
considered to be generated by a two stage process: first define

(P12.30a)

a) Show that v(n) can be expressed as
(P12.30b)

(P12.30c)

where J(M) = ∣det M∣. Hence derive a relation between V(ω) and X(ω).
b) Show that Y(ω) = V(M-Tω).
c) By combining the results of parts (a) and (b), obtain the relation (12.4.22). 

Note. In this problem be careful not to employ any results which have been 
derived based on (12.4.22), as it would imply a 'circular' proof!

12.31. At the end of Section 12.4.5 we introduced sublattices and cosets. Let V1 and 
V2 be D × D real nonsingular matrices and let LAT(V2) be a sublattice of 
LAT(V1).

a) Prove that L=V1-1V2 is an integer matrix. (Hint. Given any D × 1 integer 
n, we can find D × 1 integer m such that V2n = V1m.)

b) Let Ca and Cb be cosets of LAT(V2) in LAT(V1). Prove that these are 
either identical or disjoint.

c) Let ρ = ∣det L∣. (Evidently this is an integer.) Prove that there are pre- 
cisely ρ distinct cosets of LAT(V2) in LAT(V1), and that the union of 
these cosets is LAT(V1).

12.32. Recall how we obtained the 2D filter H2(z0, z1) of Fig. 12.7-2(d) starting from 
the 1D lowpass response G(ejω). Now suppose that G(ejω) is highpass as shown 
below.

Figure P12-32

Sketch the support of H(ω0, ω1).
12.33. In (12.4.22) suppose we replace the summation index k ∈ N(MT) with k ∈ 

N(MTE) for some unimodular integer matrix E. Show that the summation 
remains unchanged.
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and then define



12.34. Let M1 and M2 be nonsingular integer matrices and let M = M1M2. Sup- 
pose the region SPD(M2-T) is contained within [—1, 1)D. Show then that 
SPD(πM-T) will be contained within SPD(πM1-T).

12.35. Consider two zero-phase 2D digital filters Hz(z0, z1) and Gz(z0, z1) with fre
quency response supports as shown below.

The response is equal to unity in the shaded region and zero everywhere else in 
[—π, π)2. What are the frequency responses of the filters (i) Hz(z20, z1)Gz(z0, z1) 
and (ii) Hz(z0, z1) - Hz(z20, z1)Gz(z0, z1). Note. Using such combinations and 
clever extensions of these, one can design so-called "directional filter banks." 
See Bamberger and Smith [1990 and 1992] and Fettweis, et al. [1990] for further 
details.

12.36. Let Gz(z0, z1) be a separable filter. Show that 1 + Gz(z0, z1) is necessarily 
nonseparable (unless Gz(z0, z1) has the degenerate form G0(z0) or G1(z1)).
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