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Paraunitary 

and Lossless Systems

14.0 INTRODUCTION
In Sec. 3.4 we studied allpass functions. An allpass function H(z) satisfies 
the relation ∣H(ejω)∣ = c ≠ 0 for all ω. When c = 1 this implies that the 
input signal u(n) has the same energy as the output signal y(n). For this 
reason a stable allpass function is said to be a (single-input single-output) 
lossless system. The quantity c does not have a fundamental role, even 
though it is convenient to leave it there in the definition. The term 'lossless' 
is used even if c ≠ 1.

In Sec. 6.1 we defined multi-input multi-output (ΜΙΜΟ) lossless and 
paraunitary systems. For these, the transfer matrix H(z) (not necessarily 
square) is unitary on the unit circle. We applied these for the design of 
perfect reconstruction systems (Chap. 6 and 8). In this chapter we present 
a self-contained treatment of ΜΙΜΟ lossless systems, and develop useful 
structures for these. All the structures are based on factorization of the 
transfer matrix. Some of the structures developed here have already been 
used in Sec. 6.4 (two channel QMF banks), Sec. 6.5 (M-channel filter 
banks), and Sec. 8.5 (cosine modulated filter banks), but in these earlier 
chapters we did not provide a formal development of these structures.
Outline

After a brief review of history, we provide a self contained discrete-time 
development of lossless systems. The basics are reviewed in Sec. 14.2. We 
develop structures for lossless systems in Sec. 14.3 and 14.4. Sec. 14.5 
presents the state-space manifestation of lossless property. In Sec. 14.6 we 
present structures for unitary matrices (which are of importance in imple
mentation of lossless systems). Sec. 14.7 and 14.8 deal with advanced results 
such as the Smith-McMillan form, pole-zero patterns, and modulus proper- 
ties of lossless systems. Sec. 14.9 deals with structures for the IIR case, and 
Sec. 14.10 presents further modified structures which have certain advan-
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tages. In Sec. 14.11 we consider quantization of the parameters in these 
structures, and show how the lossless property can be retained in spite of 
quantization.

14.1 A BRIEF HISTORY
Classical electrical networks based on inductors and capacitors (LC net- 
works) can be considered to be the source from which the concept of loss
lessness originated. LC networks are lossless, that is, do not generate or 
dissipate energy. We now state their connection to the discrete-time case, 
even though our developments in the rest of the chapter do not use this con
nection. Our presentation in this chapter will be self-contained and entirely 
in the discrete-time domain.

An electrical network with M ports is associated with M port currents 
and voltages. With such an electrical multiport we can associate an M × M 
impedance matrix Z(s). This relates the M voltages and currents as V(s) = 
Z(s)I(s). Also defined in the classical literature is the scattering matrix

(14.1.1)

If the multiport is lossless (e.g., an LC network) then the impedance matrix 
Z(s) satisfies the property that Z(jΩ) has real part equal to zero for all Ω. 
This is equivalent to the property that S(jΩ) is normalized-unitary. If we 
now use the bilinear transformation to obtain

(14.1.2)

then H(z) is normalized-unitary on the unit circle of the z-plane. In other 
words, H(z) is paraunitary in the sense defined in Sec. 6.1. In this text 
H(z) is p × r (i.e., not necessarily square). Recall, in contrast, that Z(s) is 
square because it relates M currents to M voltages. And S(s) is square by 
its definition in terms of Z(s).

References on passivity and losslessness include Brune [1931], Darling- 
ton [1939], Guillemin [1957], Potapov [1960], Belevitch [1968], Balabanian 
and Bickart [1969], and [Anderson and Vongpanitlerd, 1973]. Many advanced 
results can be found in [Belevitch, 1968].

Passivity and losslessness have been applied for the design of robust 
digital filter structures [Fettweis, 1971], [Deprettere and Dewilde, 1980], [Rao 
and Kailath, 1984], [Vaidyanathan and Mitra, 1984]. Paraunitary transfer 
matrices were applied to the design of perfect reconstruction filter banks 
in Vaidyanathan [1987a], and subsequent references cited in Vaidyanathan 
[1990a]. They have also been used in the design of two-dimensional perfect 
reconstruction filter banks [Karlsson and Vetterli, 1990]. Results on discrete 
time lossless systems and their factorizations can be found in Potapov [1960],
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Deprettere and Dewilde [1980], Vaidyanathan, et al. [1989], and Doğanata 
and Vaidyanathan [1990]. See also references at the beginning of Chap. 6.

Our presentation will be entirely in the discrete-time domain. We be
lieve that this widens the cross section of readers who can appreciate the 
value of these concepts.

14.2 FUNDAMENTALS OF LOSSLESS SYSTEMS
At this point, the reader should review Sec. 6.1, where we introduced lossless 
systems first. In what follows, we will summarize the main points of Sec. 
6.1, for quick reference.

1. Definition. Let H(z) be a p × r transfer matrix representing a causal 
system. It is said to be lossless if (a) each entry Hkm(z) is stable and 
(b) H(ejω) is unitary on the unit circle, that is,
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(14.2.1a)
for some real constant c ≠ 0. [The matrix I above has size r×r, that is, 
it is Ir]. If in addition the coefficients of H(z) are real [i.e., H(z) real 
for real z], we say that H(z) is lossless bounded real (abbreviated LBR). 
In order to satisfy (14.2.1a) we require p ≥ r.

2. Paraunitary property. For rational transfer functions, (14.2.1a) implies

(14.2.1b)
which is termed the paraunitary property. Conversely, (14.2.1b) implies 
(14.2.1a). We can therefore define a lossless system to be a causal stable 
paraunitary system. For square matrices, (14.2.1b) implies H-1(z) = 
H(z)∕c2. So the inverse is obtained by use of “tilde” operation.

3. Normalized systems. If a lossless system has c2 = 1 in (14.2.1a) we say 
that it is normalized-lossless. Correspondingly, (14.2.1a) and (14.2.1b) 
are termed normalized-unitary and normalized-paraunitary.
Whenever causality and stability are clear from the context, we will use 

“paraunitary” and “lossless” interchangeably. In signal processing literature, 
the term “paraunitary” is somewhat more popular than “lossless” because 
of the more common use of FIR systems (which are stable automatically).

14.2.1 Properties Induced by Losslessness
The paraunitary property induces a number of other properties. We now 
summarize these, but elaborate only those not already presented in Sec. 6.1. 
More advanced properties will be presented throughout this chapter. In 
what follows, H(z) is p × r causal lossless and H(z) = ∑∞n=0 h(n)z-n.

1. Energy balance property. From the input-output relation Y(ejω) = 
H(ejω)U(ejω) we obtain

(14.2.2)



We can integrate both sides of this equation in the range 0 ≤ ω ≤ 2π and 
then apply the vector version of Parseval's theorem (2.2.12) to arrive at

(14.2.3)

The summations above represent the energies of the sequences y(n) and 
u(n). We denote them as Ey and Eu respectively. Thus
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(14.2.4)
Note that for c2 = 1 we have Ey = Eu, justifying the name “lossless” 
(which is employed even when c2 ≠ 1). Conversely, suppose (14.2.3) 
holds for every input sequence u(n). Then the system satisfies (14.2.1a). 
A proof of this is developed in Problem 14.18.

2. The impulse response h(n) satisfies

(14.2.5)

This follows by substituting H(z) = ∑∞n=0 h(n)z-n into (14.2.1b) and 
equating like powers of z. For FIR case, letting H(z) = ΣLn=0 h(n)z-n 
with L > 0, this property implies, in particular,

(14.2.6)

When p = r, this means that h(0) and h(L) are singular matrices.
3. Determinant is allpass. If p = r then the determinant of H(z) is a stable 

allpass function. In particular, if H(z) is FIR then [det H(z)] is of the 
form az-K, where K is a nonnegative integer and a ≠ 0.

4. Power complementary (PC) property. For a M × 1 causal stable transfer 
matrix it is clear that the lossless property is equivalent to the power 
complementary property.

5. Submatrices of lossless H(z). Every column of a lossless transfer matrix 
is itself lossless. Any p × L submatrix of H(z) is lossless.
In Sec. 6.1 several examples and interconnections of lossless systems 

were presented, which should be reviewed at this time. Notable among 
these is the Givens rotation matrix Rm. This is given in (6.1.9), and has 
the flowgraph shown in Fig. 6.1-2(a). We also defined the diagonal lossless 
system Λ(z) as in (6.1.10). We used cascades of the above two types of 
building blocks to generate more general lossless systems (e.g., Fig. 6.1-4).



14.2.2 Structures for Lossless Systems

Basic Philosophy
In this chapter we will derive structures for lossless systems, both FIR 

and IIR. Losslessness implies H(z)H(z) = c2I. So the coefficients of H(z) 
are not arbitrary, but are constrained in some manner. As a result, the 
number of 'degrees' of freedom for a lossless system is less than the number 
of coefficients. If we pick an arbitrary coefficient of H(z), and vary it in an 
arbitrary manner, the lossless property is not retained. The same is true 
of constant unitary matrices. For example, consider M × M real R with 
RTR = I. Even though R has M2 real elements, there are only M(M - 1)∕2 
degrees of freedom (Sec. 14.6).

We will obtain structures for lossless systems such that they have the 
minimum number of free parameters. (For example an M × M real R with 
RTR = I will be implemented with exactly M(M — 1)∕2 parameters.) An 
arbitrarily chosen parameter in the structure can be varied in an arbitrary 
manner (except for mild constraints which will become obvious later), and 
yet the transfer matrix will retain its lossless or unitary property. So, un- 
like the original matrix, the structure has fewer parameters, and these are 
essentially unconstrained. The lossless property is implicitly imposed by the 
structural interconnection. Thus, a good structure, in most cases, is an 
economic way to express a well-defined family of systems. This is the fun
damental philosophy behind all structures we derive.

An example of a lossless structure is the cascaded lattice derived in 
Chap. 3 (see Fig. 3.4-8). In this structure, the transfer function GN(z) is 
lossless (stable and allpass) as long as ∣km∣ < 1 for all m.

Factorization of Lossless Matrices
Each structure we obtain is a cascade of simple building blocks. We 

arrive at this product-form by performing a factorization of the lossless ma
trix. For this reason, the terms “structure” and “factorization” are often 
used interchangeably. All factorizations will have the following features.

1. Each building block has a simple “standard” form. It is easy to pre- 
serve its lossless property in spite of parameter variation, as long as the 
parameters satisfy some simple constraint (e.g., realness, or unit-norm 
property, etc.) For example, we can always factorize 2 × 2 real coeffi- 
cient FIR lossless systems in terms of Givens rotations (Fig. 14.3-2). 
The lossless property is preserved regardless of the choice of the real 
valued parameters θm.

2. The factorization is complete, that is, covers a well defined family of 
lossless systems. For example, we will show that every M × M FIR 
lossless system can be factorized as in (14.4.10).

3. The factorization is minimal. This means that the number of delays in 
the resulting structure is equal to the (McMillan) degree of HN(z).
Value of these structures. Perhaps the greatest advantage of these
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factorizations is that they give rise to structures which cover a complete fam
ily of lossless systems, and at the same time the parameters of the structures 
can be varied independently and arbitrarily, without impairing the lossless 
property. In Chap. 6 and 8, where we had to optimize filter bank responses 
under lossless constraint, such structural representations were useful. The 
lossless lattice structures (Sec. 6.4) can also be used to generate orthonormal 
wavelets (Sec. 11.4).

14.3 LOSSLESS SYSTEMS WITH TWO OUTPUTS
In this section we restrict attention to real coefficient FIR lossless systems 
with two outputs, that is, 2 × 2 and 2 × 1 systems. (These restrictions will be 
removed in the next section). Here are the main results we wish to establish:

1. For the 2 × 2 case we will show that the transfer matrix can be imple
mented as in Fig. 14.3-2.

2. For the 2 × 1 case we will show that the transfer matrix can be imple
mented as in Fig. 14.3-3.

14.3.1 2×2 Real-Coefficient FIR Lossless Systems
Suppose we are given the 2×2 FIR lossless system

(14.3.1)

where h(n) are real. If L = 0, then h(0) is a real unitary matrix and can 
always be represented as (Problem 14.12)

(14.3.2)

so that the discussion is trivial. So we will assume L > 0.
The meaning of subscript N in (14.3.1) will be clear in a moment. 

We will first show how HN(z) can be expressed in terms of a FIR lossless 
system HN-1(z) which is a "reduced system” in some sense to be described. 
Repeated application of this operation will result in the desired factorization.
The Degree-Reduction Step

From (14.2.6) we know that h(0) is singular so that there exists a real 
nonzero vector v such that vTh(0) = 0. We can always scale v to have unit 
norm and write vT = [sin θN cos θN] for real θN, so that

Now consider the product

(14.3.4)
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Here RN is the Givens rotation operator (as in (6.1.9)), and is therefore 
unitary, with RTNRN = I. In view of (14.3.3) we have

(14.3.6)

From this it is easily verified that HN-1(z)HN-1(z) = HN(z)HN(z). Since 
HN(z)HN(z) = c2I, we conclude that HN-1(z) is paraunitary. Further- 
more, by construction, HN-1(z) is causal and FIR.

We know that the determinant of HN(z) is a delay, that is,

Figure 14.3-1 The degree reduction step in the factorization of 2 x 2 lossless 
HN(z).
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where × denotes possibly nonzero entries, so that (14.3.4) becomes

(14.3.5)
where G0(z) and G1(z) are causal FIR row-vectors. We can rewrite this as

From (14.3.6) we see that
(14.3.7)

The matrix HN-1(z) is thus a reduced system in the sense that its determi
nant has lower degree.

Summarizing, we have expressed HN(z) in terms of another 2 × 2 causal 
real coefficient FIR lossless matrix HN-1(z) (see Fig. 14.3-1). In this pro- 
cess, the degree of determinant has been reduced by unity. Essentially, we 
have extracted a lossless degree-one building block to obtain a reduced re
mainder HN-1(z).



Complete factorization of HN(z)
Given HN(z), we can express it as in (14.3.6) and repeat this process by 

expressing HN-1(z) in terms of HN-2(z) and so on. After N repetitions we 
arrive at the matrix H0(z) with [det H0(z)] = β. If H0(z) is not a constant 
we can perform further reduction to obtain a causal system H-1(z), whose 
determinant is βz (from (14.3.7)). This being impossible, we conclude that 
H0 (z) is a constant unitary matrix, which can therefore be expressed as in 
(14.3.2). Summarizing, we have been able to express HN(z) as

(14.3.8)

This gives the structure of Fig. 14.3-2.

Figure 14.3-2 Lattice structure for 2 × 2 real coefficient FIR lossless system.
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where a = √∣β∣,

(14.3.9a)

and
(14.3.9b)

Minimality. Since HN(z) can be implemented as in Fig. 14.3-2 which 
has N delays, we have

(14.3.10)

From (14.3.8) we also have [deg det HN(z)] = N. But from Sec. 13.8 we 
know [deg HN(z)] ≥ [deg det HN(z)] so that

(14.3.11)



From the above two inequalities we conclude [deg HN(z)] = N. This proves 
that the structure is minimial.

Comment on degree of determinant. It follows from the above 
result, that the degree (i.e., McMillan degree) of the lossless system HN(z) 
is equal to the degree of its determinant. This fact, proved above for a 
very specific case, is true for any lossless system as justified in Sec. 14.7. 
Each degree-reduction step described above, therefore, reduces the McMillan 
degree of the system by unity. Notice that the degree-reduction step does 
not necessarily reduce the highest power of z-1 in the expression for HN(z). 
As seen in Chap. 13, this highest power does not indicate the degree, and is 
not directly involved in the reduction process.

Summarizing, we have shown the following:
♠Theorem 14.3.1. Factorizing 2 × 2 FIR paraunitary systems. 

Let HN(z) be 2 × 2 causal real-coefficient FIR lossless, with [det HN(z)] = 
βz-N. Then, we can implement it in terms of Givens rotations, as shown 
in Fig. 14.3-2 where θm are real, and α = √∣β|. Equivalently, HN(z) can 
be factorized as in (14.3.8), where Rm and Λ(z) are lossless building blocks 
as in (14.3.9). Furthermore the structure is minimal, that is, the number of 
delays N equals the degree of HN(z). There are N + 2 parameters in the 
structure, viz., the N + 1 angles θm and the real number α ≠ 0. Conversely, 
it is also clear that the transfer matrix of the above structure is lossless, 
regardless of the values of θm and α. ◊

14.3.2 2×1 real-coefficient FIR lossless systems
A lossless system with two outputs (p = 2) can be either 2 × 2 or 2 × 1 (since 
p ≥ r.) Suppose we are given a 2 × 1 lossless system

Losslessness implies the power complementary property

(14.3.12)

(14.3.13)

If PN(z) is (causal and) FIR, we can write

(14.3.14)

(14.3.15)
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Our aim is to find a lattice structure for this, similar to Fig. 14.3-2. For this 
define



This is evidently causal (because of the use of z-N at appropriate places) 
and FIR, and moreover satisfies HN(z)HN(z) = c2I.

The matrix HN(z) is therefore a lossless system. Furthermore it has 
real coefficients, so that it can be realized as in Fig. 14.3-2. By ignoring the 
lower input terminal, we obtain the structure of Fig. 14.3-3, for the original 
2 × 1 system PN(z). Without loss of generality, assume that at least one of 
h0(N), h1(N) is nonzero so that the degree of PN(z) is N. The structure, 
which evidently has N delays, is therefore minimal!

Figure 14.3-3 Lattice structure for 2 × 1 real coefficient FIR lossless system.

Given PN(z), the above structure can be synthesized by identifying θm. 
This is done by defining HN(z) as above, and peforming the degree reduction 
step described earlier in Sec. 14.3.1. Thus, given a power-complementary 
pair of FIR filters H0(z) and H1(z), we can always find the structure of Fig. 
14.3-3. Summarizing, we have proved the following [Vaidyanathan, 1986]:

♠Theorem 14.3.2. Factorizing 2 × 1 FIR paraunitary systems. 
Let PN(z) be a 2 x 1 causal real-coefficient FIR lossless system with degree 
N. Then it can be factorized as

(14.3.16)

where c, θ0 are real, and Rm and Λ(z) are as in (14.3.9). Thus PN(z) can 
be realized as in Fig. 14.3-3, and the structure is minimal. Conversely, the 
transfer matrix of the above structure is lossless, regardless of the values of 
the N + 1 real parameters θm and the parameter c > 0. ◊

Notice that if c < 0, we can replace it with ∣c∣ and replace θ0 with θ0 + ∏ 
to get the same transfer functions H0(z) and H1(z).

14.4 STRUCTURES FOR M× M and M× 1 FIR LOSSLESS SYSTEMS
We now generalize the results of the previous section. The generalization 
will take place in two respects. First, we remove the restriction p = 2,
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and consider M x M FIR lossless systems. Second the coefficients are not 
restricted to be real. At the end of this section we also consider factorization 
of power complementary filter banks (i.e., M × 1 FIR lossless systems).

Since the structures for 2 × 2 systems were based on planar rotations, 
one would expect that M × M lossless systems can also be factorized us- 
ing generalized rotations (i.e., M × M unitary matrices). This indeed is 
possible as we show in Sec. 14.10.2. In this section, however, we establish 
a much simpler factorization based on diadic matrices (to be defined). In 
addition to its simplicity, this also offers some practical advantages under 
finite wordlength conditions. To be more specific, rotation based structures 
lose the paraunitary property under coefficient quantization, whereas diadic 
based structures do not (as proved in Sec. 14.11).

♠ Main points of this section. The structures introduced in this 
section are based on a fundamentally different lossless building block. In 
this section we do the following:

1. We first introduce the degree-one lossless building block shown in Fig. 
14.4-1.

2. We then show (Sec. 14.4.2) that any M × M FIR lossless system HN(z) 
(with degree N) can be expressed as a product of N of these building 
blocks, and a constant unitary matrix H0 [as in (14.4.10)]. This results 
in the structure of Fig. 14.4-3. When HN(z) has real coefficients, the 
multipliers in the structure are real.

3. Finally we show (Sec. 14.4.3) that any M× 1 FIR lossless system (i.e., an
FIR power complementary filter bank) can be factorized as in (14.4.12), 
resulting in the structure of Fig. 14.4-4, where P0 is a constant nonzero 
vector. ◊

14.4.1 A Fundamental Degree-One Building Block
The structures we develop in this section are based on the M × M transfer 
matrix given by
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(14.4.1)
where vm is a (possibly complex) M × 1 vector with unit norm, that is,

(14.4.2)

Note the appearance of the diadic form vmv†m in (14.4.1). The resulting 
structures are said to be diadic-based. It is readily verified that Vm(z) can 
be implemented as in Fig. 14.4-1. Since there is only one delay in the figure, 
Vm(z) has degree = 1.

The system Vm(z) is normalized-lossless, that is, Vm(z)Vm(z) = I. To 
prove this, define for convenience P = vmv†m and Q = I —vmv†m. Note that 
P and Q are Hermitian. Using v†mvm = 1, the following identities are easily



Determinant of Vm(z). In the next section, where we obtain a struc- 
ture for FIR lossless systems based on degree reduction, a knowledge of the 
determinant of Vm(z) is required. We now prove

(14.4.5)

Taking determinants we arrive at (14.4.4). ▽ ▽ ▽
Summarizing, Vm(z) has the following properties:

1. It is a normalized lossless system, that is, Vm(z)Vm(z) = I.
2. It has degree = 1.
3. [det Vm(z)] = z-1.
4. Vm(1) = I (follows from definition).
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verified:
(14.4.3)

As a result

Figure 14.4-1 Implementation of Vm(z) using one delay.

(14.4.4)

Proof. We have Vm(z)vm = z-1vm (using v†mvm = 1). So vm is an 
eigenvector with eigenvalue = z-1. Next if u is any vector orthogonal to vm 
(i.e., v†mu = 0), then Vm(z)u = u. Suppose now that uk, 0 ≤ k ≤ M-1 is a 
set of M mutually orthogonal unit-norm vectors (with uM-1≜vm). Defining 
the M × M unitary matrix U = [u0 . . . uM-1], we then have



Example 14.4.1: Higher-degree Lossless Systems
To get familiar with the above properties of Vm(z), consider the product 
of two such building blocks, viz., V1(z)V2(z). This is lossless. Assume, 
for sake of this example, that v1 is orthogonal to v2 (i.e., v†1v2 = 0). 
Then, we can verify that V1(z)V2(z) = I - DD† + z-1DD† where 
D = [v1 v2].

Similarly, consider the product V0(z) . . . VM-1(z), where each fac- 
tor is as in (14.4.1). Let the M vectors vm, 0 ≤ m ≤ M - 1 be 
pairwise orthogonal unit-norm vectors. Then it can be verified (Prob
lem 6.10) that this product reduces to I - EE† + z-1EE† where E = 
[v0 v1 . . . vM-1]. Because of our choice of the vectors vm, E is nor- 
malized unitary (i.e., EE† = I) so that the above product reduces to 
z-1I.

This shows that trivial lossless systems such as z-1I (more generally 
z-KI) can be written as products of degree-one systems of the form 
(14.4.1). We will see later that any M × M FIR lossless system is 
essentially a product of these building blocks.

Most General Degree-One FIR Lossless System
The reader might wonder how the strange-looking building block Vm(z) 

was invented. We now present a logical development to show that it arises 
naturally when we try to identify the most general degree-one FIR lossless 
system.

More formally, let H(z) be ap× r causal FIR lossless system with degree 
= 1. We show that it can be written as

734 Chap. 14. Paraunitary and lossless systems

(14.4.6)

where v is p × 1 with v†v = 1. This is proved as follows:
Proof. We can write H(z) as H(z) = h(0) + h(1)z-1. This has degree 

= 1 if and only if h(1) has rank = 1 (Problem 13.8). Now consider the 
difference H(z) - H(1). This is equal to zero for z = 1 so that we can write 
H(z) - H(1) = (1 - z-1)S. Here S is a constant because the degree-one 
restriction forbids higher powers of z. So we can write



where R = H†(1)∕c2. Here we have used the fact that H†(1)H(1) = c2I. 
Since H(z) is paraunitary and H(1) unitary, it is clear from above that the 
quantity V(z)≜(I + SR - z-1SR) satisfies V(z)V(z) = I. Because of the 
degree-one restriction, SR has rank one, and can be expressed as wu† where 
u and w are nonzero p × 1 vectors. By setting V(z)V(z) = I and equating the 
coefficients of z on both sides we get wu† = — ||w|∣2uu†, that is, wu† can be 
written as — vv†. So we can rewrite V(z) = I — vv† + z-1vv†. By using the 
fact that V(-1) satisfies V†(-1)V(-1) = I, we obtain vv†(v†v — 1) = 0. 
Since v ≠ 0, this implies v†v = 1 indeed. This completes the proof that 
H(z) has the form (14.4.6). ▽ ▽ ▽

14.4.2 Factorization of M × M FIR Lossless Matrices
Our next aim is to show that an arbitrary M × M FIR lossless system can be 
factorized in terms of Vm(z). This is based on a degree-reduction procedure 
as before, and will again involve the reduction of degree of the determinant.
Degree-Reduction Procedure

Let HN(z) be an M × M causal FIR lossless system with determinant 
= βz-N. We first show how we can express HN(z) in terms of the building 
block Vm(z), and a “reduced” lossless system HN-1(z) with determinant 
βz-(N-1).

First recall that the FIR nature of HN(z) implies (14.2.6), so that h(0) 
is singular [unless h(L) = 0 in which case no reduction is necessary]. So, 
there exists a vector vN ≠ 0 such that
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(14.4.7)

Without loss of generality, assume vN has unit norm. Consider the product

(14.4.8)

In view of (14.4.7), the term zvNv†Nh(0) = 0 so that the above product 
remains causal. Since Vn(z)VN(z) = I, we can rewrite (14.4.8) as

(14.4.9)

Since HN(z) and VN(z) are paraunitary, it is easily verified that HN-1(z) 
is paraunitary. From (14.4.9) we obtain



So we conclude [det HN-1(z)] = βz-(N-1), since [det HN(z)] = βz-N.
Summarizing, we have expressed HN(z) as in Fig. 14.4-2, where VN(z) 

is a degree-one lossless system and HN-1(z) is another causal FIR lossless 
system. The system HN-1(z) has reduced determinantal degree N - 1. 
Essentially we have extracted the degree-one lossless building block VN(z) 
to obtain a reduced lossless remainder HN-1(z).

Figure 14.4-2 The degree reduction step in the factorization of M × M lossless 
HN(z).

Complete Factorization of the M×M FIR Lossless System
The lossless system HN-1(z) satisfies all the properties of HN(z) except 

for reduced degree of determinant. If we repeat this reduction N times, we 
eventually obtain the remainder H0(z). This is a causal FIR lossless system 
with [det H0(z)] = β. If H0(z) is not a constant matrix, we can repeat the 
reduction process to obtain a causal remainder H-1(z) with determinant βz, 
which is an impossible situation. The conclusion is that H0 is a constant 
unitary matrix. Thus, the structure of Fig. 14.4-3 follows. As in Sec. 14.3, 
we can also show that the structure is minimal. The overall factorization is 
given by

Figure 14.4-3 Factorization of HN(z). Building blocks are as in Fig. 14.4-1.

Real-coefficient case. Suppose HN(z) has real coefficients. The vec- 
tor vN, which is required to satisfy (14.4.7) can therefore be taken to be real. 
So the remainder HN-1(z) has real coefficients. Continuing this argument
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(14.4.10)

where Vm(z) is as in (14.4.1) with the M×1 vectors vm satisfying v†mvm = 1, 
and H0 is M × M unitary.

Notice, once again, that the highest power of z-1 is not necessarily 
reduced at each step of the reduction process. For example, if this reduction 
is performed on the matrix HN(z) = z-1I, it will require M steps before 
the coefficient of z-1 becomes zero!



we see that all the vectors vm and the matrix H0 in Fig. 14.4-3 will come out 
to be real. So there exists a structure of the said form with real multipliers.

Degree of the determinant of a lossless system. We now consider 
a by-product of the above result. There are N delays in the structure, since 
each building block Vm(z) requires one delay. Since the structure is minimal, 
it follows that N is the degree of HN(z). In other words, for an M × M causal 
FIR lossless system with degree N, we have

Figure 14.4-4 Factorization of PN(z).
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(14.4.11)

where deg [.] denotes the McMillan degree. (It turns out, as we show in Sec. 
14.7, that the FIR restriction in the above statement is not necessary.) The 
special relation (14.4.11) is not necessarily true for arbitrary (non lossless) 
transfer functions. For example, if HN(z) is unimodular (Sec. 13.10.2), then 
its determinant has degree = 0 regardless of degree of HN(z)!

Summarizing this subsection, we have proved the following factorization 
result:

♠ Theorem 14.4.1. Factorization of M × M FIR paraunitary sys- 
tem. Let HN(z) be M × M causal FIR lossless, with [det HN(z)] = βz-N. 
We can then factorize it as in (14.4.10). Furthermore, the structure result- 
ing from the factorization (shown in Fig. 14.4-3) is minimal. (In the real 
coefficient case, we can ensure that vm and H0 are real.) Conversely, the 
structure represents a degree N lossless system whenever vm has unit norm 
and H0 is unitary. ◊

Note. Since Vm(1) = I, we see from (14.4.10) that HN(1) = H0.

14.4.3 Factorization of M×1 FIR Lossless Matrices
Let PN(z) be an M × 1 causal FIR lossless system with degree N. (For 
example, PN(z) could represent an analysis bank with M filters.) We will 
show that it can be expressed as

(14.4.12)

where Vm(z) are as in (14.4.1) with the M × 1 vectors vm satisfying v†mvm = 
1, and P0 is a nonzero vector. As a result, we can implement the system as 
in Fig. 14.4-4 requiring N delays, so that the structure is minimal.

Conversely the above structure represents a lossless system PN(z) as 
long as P0 ≠ 0 and v†mvm = 1. (This is obvious because a product of 
lossless systems is lossless.)



Degree-Reduction Step
The proof of the above factorization is again based on a degree reduction 

step. Given PN(z) with properties stated above, we can write it as
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(14.4.13)

Since this is a column vector, the degree-N property is equivalent to the 
condition p(N) ≠ 0. From (14.2.6) it follows that

(14.4.14)

Consider the new M × 1 transfer matrix

(14.4.15)

If we choose the unit-norm vector vN as

(14.4.16)

then in view of (14.4.14), the noncausal term in (14.4.15) becomes

(14.4.17)

Moreover, the coefficient of z-N becomes

since v†NvN = 1. So PN-1(z) is causal and FIR with degree < N. We can 
rewrite (14.4.15) as

(14.4.18)
which shows that PN-1(z) cannot have degree smaller than N — 1 [since 
PN(z) has degree N]. So the degree of PN-1(z) is precisely N — 1.

It is clear from (14.4.18) that PN-1(z) is paraunitary. Summarizing, 
we have expressed PN(z) in terms of the M × M degree-one building block 
VN(z) and the reduced degree FIR lossless system PN-1(z). See Fig. 14.4-5.

Completion of the factorization. PN-1(z) has all the properties 
of PN(z), except that its degree is N — 1. Repeating the degree-reduction 
process N times, we obtain the structure of Fig. 14.4-4 where P0 is a nonzero



vector. When PN(z) has real coefficients, all the vectors vm and P0 will be 
real.

14.4.4 Uniqueness of the Factorizations
We have obtained two major factorization results in the preceding subsec- 
tions. For a given lossless system, are these factorizations unique? The 
answer depends on the case under consideration, and is best itemized as 
follows.
M × M case.

1. Since Vm(1) = I, we have H0 = HN(1), so that H0 is unique.
2. Vm(z) are not unique. The unit-norm vector vN is required to be 

such that (14.4.7) holds. No other condition is imposed on vN. As a 
result, it is not unique [unless h(0) happens to have rank M - 1 in 
which case vN is unique upto a scale factor of unit magnitude]. Thus 
the vectors vm are, in general, not unique. So, Vm(z) are not unique.

3. Now consider the product VN(z) . . . V1(z). Since H0 is unitary, its in- 
verse exists and this product has value HN(z)H0-1 (see (14.4.10)). From 
the uniqueness of H0 we conclude that this product is unique, even 
though individual factors Vm(z) are not.

M × 1 case
1. Once again P0 = PN(1) = unique.
2. Vm(z) are unique! Recall that vN is required to satisfy the condition
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Figure 14.4-5 The degree reduction step in the factorization of M × 1 lossless 
PN(z).

(14.4.19)

This implies p(N) = (v†NP(N))vN, which proves vN = s × p(N) for 
scalar s. Thus vN is unique upto a unit-magnitude scale factor (since 
its norm is also constrained to be unity). Since this scale factor does 
not affect the diadic vNv†N, the matrix VN(z) is unique, and so is 
the remainder PN-1(z). Repeating this argument we conclude that, 
for given PN(z), the vectors vm are unique upto unit-magnitude scale 
factor, and that Vm(z) are unique.
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Warning. The above uniqueness result is valid only when the factoriza
tion of PN(z) is minimal, that is, the number of factors Vm(z) equals N as 
in the above method. It is possible to obtain, using other means, an infinite 
number of nonminimal factorizations as shown in Problem 14.11.

14.5 STATE SPACE MANIFESTATION OF LOSSLESS PROPERTY
Given a structure for a transfer matrix H(z), we can always write down its 
state space description (A,B,C,D) as described in Sec. 13.4. Now consider 
the so-called realization matrix

(14.5.1)

It turns out that the lossless property of H(z) can be related to this matrix 
in a elegant way. In this section we will do the following.

1. We first show that whenever R is normalized-unitary (i.e., R†R = I), 
and A is stable, the transfer function is lossless.

2. This does not imply that any structure for a lossless system has unitary 
R. We show, however, that the FIR structures developed in the previous 
section have unitary R.

3. We then show that for any normalized lossless system (FIR or IIR), we 
can find a structure such that R†R = I (Theorem 14.5.1).

4. We finally show that if a structure has stable A and unitary R, it is 
necessarily minimal (i.e., number of delays is equal to degree of the 
system).
Thus the unitary property of the function HN(ejω) for each ω is equiv

alent to the unitary property of a single constant matrix R.
Brief historical notes. In the continuous-time world, the properties 

of state space descriptions of lossless electrical networks are well understood. 
Letting Z(s) denote the impedance matrix and S(s) the scattering matrix 
(Sec. 14.1) of a lossless electrical network, one can analyze the effects of 
lossless property on their state space descriptions. The results are known in 
various forms, e.g., the Kalman Yakubovic lemma, LBR lemma, LPR Lemma 
and so forth. An excellent comprehensive study of this topic can be found 
in Anderson and Vongpanitlerd [1973]. The discrete-time version of one of 
these results is particularly applicable in digital signal processing, and was 
presented in Vaidyanathan [1985b], and further reviewed in Prabhakara Rao 
and Dewilde [1987]. The results presented in this section are elaborations of 
these two discrete-time references.
Proof That R†R = I Implies H(z) is Lossless

Let (A,B,C,D) be the state-space description of some structure for a 
causal (possibly IIR, but stable) p×r transfer function H(z). Let R defined 
in (14.5.1) be normalized-unitary, that is, R†R = I. We now prove that 
H(z) is normalized-lossless.



Since H(z) is already given to be stable, it only remains to prove 
H(z)H(z) = I. For this recall (Sec. 13.4.1) that H(z) = D + C(zI-A)-1B, 
so that H(z)H(z) is equal to

Since R is normalized unitary, we have

Thus R†R = I implies

where ||v||2 is the energy v†v of the vector v. With Ex(n) = ||x(n)||2, Eu(n) 
= ||u(n)||2, and Ey(n) = ∣∣y(n)∣∣2, this becomes

which implies a beautiful energy balance property. The increase in the state- 
vector energy at time n is equal to the instantaneous input energy minus 
instantaneous output energy. In other words, a portion of the input energy 
Eu goes to the output and the rest goes to increase the internal energy.
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(14.5.2)

(14.5.3)

(14.5.4)

(14.5.5)

By using these we can show that proving H(z)H(z) = I is equivalent to 
proving B†(z-1I - A†)-1F(z)(zI - A)-1B = 0, where

(14.5.6)

Upon simplification F(z) reduces to 0 so that H(z)H(z) = I indeed. This 
completes the proof.
Energy Balance Property

From the definition of (A, B, C, D) we know that the realization matrix 
R relates two vector sequences in the following way:

(14.5.7)

(14.5.8)

(14.5.9)



There is no dissipation. This is a consequence of losslessness of H(z). For 
nonparaunit ary systems, there are no structures with R†R = I.

14.5.1 Finding Structures with Unitary Realization Matrix R

Not every structure for a normalized-lossless system has unitary R. (exam
ple: try the direct form structure for a second order allpass function). The 
next question, therefore, is how to find structures for lossless systems such 
that R is normalized unitary. For FIR H(z), the structures in Figs. 14.4-3 
and 14.4-4 already satisfy this property. Before proving this, we first consider 
an example.

Example 14.5.1

Consider the degree-one lossless system I-vv† + z-1vv† with ∣∣v∣∣ = 1. 
Figure 14.5-1 reproduces the structure, with various signals labeled. By 
comparing this with the standard state-space equations (Sec. 13.4), we 
conclude A = 0, B = v†,C = v and D = I - vv†. Computing R†R we 
find

so that R normalized unitary.
(14.5.10)

Figure 14.5-1 The degree-one FIR lossless building block.

u(n)

Figure 14.5-2 The cascade of Fig. 14.4-3 reproduced, with internal signals 
labeled.
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FIR Structures with Unitary Realization Matrix R
More generally, we claim this: let HN(z) be an M × r causal FIR matrix 

realized as in Fig. 14.5-2 with M × M building blocks Vm(z) as in Fig. 14.4- 
1. Let the M × r matrix H0 satisfy H†0H0 = I so that HN(z) is normalized 
lossless. Then R is normalized unitary. (Note that structures with r = 1 
and r = M, which were shown in Fig. 14.4-3 and 14.4-4, are special cases.)

To prove this, let Rm denote the R-matrix for the mth section Vm(z). 
From Example 14.5.1 we know that R†mRm = I, so that

This holds for 1 ≤ m ≤ N. By adding these (and using ∣∣u(n)∣∣ = ∣∣y0(n)∣∣ 
and y(n) = yN(n)) we obtain

Summarizing, the vectors and have the same norm for
all n. But these vectors are related as in (14.5.7). Since the above argument
holds regardless of the value of the vector 
unitary (Problem A.17, Appendix A).

R must be normalized

Existence of Structures with Unitary Realization Matrix R
From previous sections we know that any M × 1 or M x M causal 

FIR lossless system can be realized as in Fig. 14.5-2. As a result, these 
FIR systems always have an implementation with unitary R. Furthermore, 
structures based on planar rotations (as given by Figs. 14.3-2 and 14.3-3) 
also have unitary R (see Problem 14.13). We now prove a stronger result.

♠ Theorem 14.5.1. State space manifestation of losslessness. 
Let H(z) be a p × r causal stable system. Then it is normalized lossless if 
and only if there exists a structure with state space description (A, B, C, D) 
such that the realization matrix satisfies R†R = I. ◊

Proof. The 'if' part has already been proved. For the 'only if' part, 
assume H(z) is normalized lossless. Let (A1, B1, C1, D) be some minimal re- 
alization. We will construct an equivalent minimal realization (A,B,C,D) 
such that R†R = I. Since A1 is stable and (C1, A1) observable (due to min
imality), we know that there exists Hermitian positive definite P such that 
A†1PA1 + C†1C1 = P. Since P is positive definite, we can find a nonsingular T 
such that P = T-†T-1 (Appendix A). So we have A†1T-†T-1A1 + C†1C1 = 
T-†T-1, that is,
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(14.5.11)

(14.5.12)



where A≜T-1 A1T and C≜C1T. By using T as a similarity transformation, 
we can now define an equivalent minimal state-space structure (A,B,C,D) 
for H(z).

So far we have not used the lossless property. We will now show that 
when H(z) is normalized lossless, the condition (14.5.12) implies R†R = I. 
That is (14.5.3) automatically implies (14.5.4) and (14.5.5).

Suppose that we apply a finite-energy input u(n) such that u(n) = 
0,n ≥ M. Then

Adding this for n ≥ M, we get

[using (14.5.12)].

(14.5.13)

Note that as n → ∞, x(n) → 0 and y(n) → 0 since A is stable. The lossless 
property H(z)H(z) = I implies Σ∞n=-∞ ∣∣y(n)∣∣2 = Σ∞n=-∞ ∣∣u(n)∣∣2, that 
is,

(14.5.14)

by using (14.5.13). By causality, the quantities x(M) and y(n),n ≤ M - 1 
do not depend on u(n), n ≥ M, and hence on the assumption that u(n) is 
zero for n ≥ M. So (14.5.14) continues to hold if M is replaced by M + 1, 
i.e.,

Subtracting (14.5.14) from (14.5.15), we obtain

(14.5.16)

This is true for all possible u(M). More subtle is the fact that this is true 
for all possible x(M). To see this note that the minimality of (A,B,C,D) 
assures us that (A, B) is reachable so that we can obtain any value for x(M) 
by choosing u(M — 1), u(M - 2),..., u(M - N) appropriately where N is 
the degree of H(z).
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that is,

(14.5.15)



Since (14.5.16) holds for all x(M) and u(M), we conclude in view of
(14.5.7) that R†R = I. ▽▽▽

Remarks. Note that the result holds for FIR as well as IIR systems. 
Examples of IIR lossless structures for which R†R = I, can be found in 
Problem 14.28. For the case of real-coefficient lossless H(z), one can verify 
the existence of real (A,B,C, D) such that RTR = I.

14.5.2 Minimality of Structure and Unitariness of R
Let (A,B,C,D) be the state space description of some structure for an 
M × M transfer function H(z) with the following two properties: (a) A is 
stable, and (b) R defined in (14.5.1) satisfies R†R = I. Then the structure 
is a minimal realization of H(z).

We now prove this result. From Sec. 13.4.2 we know that proving 
minimality of a structure is equivalent to proving that (A,B) is completely 
reachable and (C,A) is completely observable. The property R†R = I 
implies in particular (14.5.3). Using this and the fact that A is stable, we 
show that (C,A) is completely observable. For this assume that (C, A) is 
not observable. Then there exists v ≠ 0 such that Cv = 0 and Av = λv. 
(This follows from Theorem 13.4.2). From (14.5.3) we then obtain ∣λ∣2v†v = 
v†v, that is, ∣λ∣ = 1, violating stability of A. This proves that (C,A) is 
completely observable.

For M × M matrix H(z), R is square so that R†R = I ⇒ RR† = I. 
If we write out the condition RR† = I in terms of A,B,C and D, one 
of the three equations is AA† + BB† = I. By using this along with the 
fact that A is stable, we can prove (similar to the observability proof) that 
(A,B) is completely reachable. These together establish that the structure 
is minimal.

14.6 FACTORIZATION OF UNITARY MATRICES
Unitary matrices play an important role in the theory and implementation 
of lossless systems. For example:
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Remarks
1. This result is not restricted to FIR H(z). However, it does not in general 

hold for p × r case with p ≠ r (Problem 14.15).
2. In the above, we assumed that A is stable, and proved that R†R = 

I implies minimality. As a complement of this, if one assumes that 
(A,B,C,D) is minimal and that R†R = I, it turns out that A is 
stable. See Problem 14.16.

3. In the next section we show how unitary matrices can be factorized into 
fundamental unitary building blocks. If such factorization is applied to 
the R-matrix in (14.5.1), we obtain new structures for lossless systems.



1. The lossless factorization in Fig. 14.4-3 involves a unitary matrix H0.
2. The factorization in Fig. 14.3-2 is in terms of 2 × 2 real unitary matrices.
3. For a lossless system we can always find a structure such that the real- 

ization matrix R defined in (14.5.1) is a constant unitary matrix.
In view of their frequent occurence, it will be very useful to develop 

cascade structures for unitary matrices, which is the purpose of this section. 
An M × M matrix R is unitary if

When d = 1 we say that R is normalized-unitary. Unitary matrices are 
evidently lossless. From (14.6.1) we have ∣∣Rv∣∣ = √d∣∣v∣∣ for any M × 1 
vector V. Conversely (Problem A.17 in Appendix A) if A is some M × M 
matrix with ∣∣Av∣∣ = √d∣∣v∣∣ for all v (for fixed d) then A†A = dI.

♠ Main points of this section. It is clear that a product of unitary 
matrices is unitary. In this section we show that any M × M unitary R is 
a product of finite number of standard unitary building blocks. To be more 
specific, the following results will be presented.

1. Rotation based structure. We show that when R is real, it can be 
factorized into a product of M(M - 1)∕2 simpler real unitary matrices, 
each of which represents a planar rotation operator (defined below). 
This will result in the structure of Fig. 14.6-3. Equation (14.6.4) below 
shows a 3 × 3 example.

2. Diadic based structure. For complex R a similar result is possible 
with the planar rotations replaced by complex versions. We will not 
prove this result (which can be found in Murnaghan [1962]). Instead, 
we prove a more convenient factorization called Householder (or diadic- 
based) factorization. According to this, R can be factorized in terms of 
the very elegant building block (14.6.11), resulting in the structure of 
Fig. 14.6-4. This also holds for real R, in which case uk are real. An 
advantage of diadic-based structures over rotation-based ones is that we 
can quantize the multipliers without losing unitariness (Sec. 14.11).

3. Degress of freedom. Even though R has M2 complex elements, the
unitary constraint imposes a relation among these. So the number of 
'free parameters' is less that M2. Thus for complex unitary R we have 
only about M2 real-valued free parameters. And for real unitary R we 
have about M(M — 1)∕2 real-valued free parameters (see end of Sec.
14.6.2 for precise statements). The factorizations to be presented are in 
terms of these free parameters. ◊
The results presented in this section can be deduced easily from a num

ber of texts and papers [Givens, 1958], [Murnaghan, 1962], [Golub and Van 
Loan, 1989].
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14.6.1 Factorization of Real Unitary Matrices Using Givens Rotations
Recall the Givens or planar rotation matrix given in (14.3.9a) and repeated 
below:

(14.6.2)

G satisfies GTG = I. It can be verified (Problem 14.12) that any 2 × 2 real 
unitary matrix R can be expressed in terms of Givens rotation as

Less obvious is the fact that any 3 × 3 real unitary R can be expressed as

where ck = cos θk, sk = sin θk (θk being real) and μk = ±1. Notice also that, 
given any set of real numbers {θk}, matrices of the form (14.6.4) are unitary. 
There are three rotation matrices in (14.6.4). Each of these performs rotation 
in a plane (two-dimensional subspace of the three dimensional space). For 
example the leftmost matrix above performs a planar rotation in the (1,2) 
plane. † So we say that R has been factorized in terms of planar rotations 
or Givens rotations.

More generally, it will be shown that any M × M real unitary R can be 
expressed in terms of M(M — 1)∕2 planar rotation operators. This is based 
on the following size-reduction step.
Size-reduction step.

Let R be M × M real with RTR = I. We show that it can be written
as

(14.6.5)

where S is a real (M — 1) × (M — 1) matrix with STS = I, μ = ±1, and 
Θ = ΘM-2ΘM-3 . . . Θ0 where Θm is the building block shown in Fig. 14.6- 
1, with θm real. Evidently ΘTmΘm = I, so that ΘTΘ = I. The matrix Θm 
performs a Givens rotation in the plane defined by the indices (m, M — 1) 
in the M dimensional space.
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(14.6.3)

(14.6.4)

† As always, row and column indices start from zero.



Figure 14.6-1 The building block Θm which is a planar Givens rotation in 
M-dimensional space.

Figure 14.6-2 Representation of R in terms of the smaller matrix S and the 
sequence of rotations θ. Each criss-cross here represents a Givens rotation.

Justifying the factorization (14.6.5). Let us first understand the 
product
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where c = cos θ and s = sin θ. We will show how to find real θ such that this 
product has the form

(14.6.7)

where × denotes possibly nonzero entries. The premultiplying matrix in
(14.6.6) is ΘTm-2. This premultiplication has the effect of replacing the last 
two rows of R by linear combinations of these rows. No other rows are 
affected. Our aim is to choose θ so that the last element of the (M — 2)th 
row, that is, the (M — 2, M — 1) element, is forced to be zero. This element 
is given in terms of the elements of R by

(14.6.8)

To force this to be zero we choose θ such that

(14.6.9)

This gives a unique value of θ in the range -π∕2 < θ ≤ π∕2. If RM-1,M-1 = 
0, then (14.6.9) gives θ = π∕2, that is, we simply take c = 0,s = 1.

It is clear that if the premultiplying matrix in (14.6.6) is chosen to be 
ΘTk for some other k, then we can force the last entry of the kth row to be 
zero. So by successive premultiplication with ΘTm for m = M —2, M—3, . . . 0, 
we can obtain a matrix of the form

(14.6.10)

Since every matrix on the left hand side is normalized-unitary, so is the 
right hand side matrix. So each column and each row of right hand side has 
unit norm. By looking at the last column we therefore conclude α = ±1. 
Since the last row has to have unit norm, the remaining elements in the 
ast row are also zero! Summarizing, the right hand side above has the form

. Since ΘTm = Θm-1, we can rewrite (14.6.10) to arrive at the claimed 
factorization (14.6.5).
Completing the Factorization by Repeated Size-Reduction

Pictorially we can represent the above factorization as in Fig. 14.6-2, 
where each criss-cross represents a Givens rotation. It is clear that we can
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repeat the factorization recursively. Thus, we can replace the (M — 1) ×
(M — 1) matrix S with S = Φ where T is (M — 2) × (M — 2)

with TTT = I, and Φ is a product of M - 2 planar rotations. If we keep 
repeating this we eventually arrive at a factorization of R as in Fig. 14.6-3.

This factorization is entirely in terms of Givens rotations. The matrix 
Tm contains m rotations. The total number of rotation operators is (M —
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Figure 14.6-3 (a) Complete factorization of M × M real R with RTR = I. (b)
Internal details of Tm. Each criss-cross is a Givens rotation.



1) + (Μ - 2) + ... + 1 = M(M - 1)∕2.
Summary. We have proved this: Let R be M × M real with RTR = I. 

We can then factorize R as in Fig. 14.6-3 in terms of M(M - 1)∕2 planar 
rotations, and M sign parameters μi. Conversely, the transfer matrix R of 
the above structure necessarily satisfies RTR = I for all possible choices of 
the rotation angles.

14.6.2 Householder Factorization of Unitary Matrices
We now show how to express unitary matrices in terms of what are called 
Householder building blocks. This factorization holds (and is equally simple) 
for real as well as complex matrices.

An M × M Householder unitary matrix has the form †
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(Householder matrix). (14.6.11)

This is unitary, and H†H = I. Evidently H is Hermitian so that H-1 = H. 
It is interesting to note that if we set z = —1 in the lossless system Vm(z) 
in (14.4.1), we obtain the Householder matrix.
Turning Arbitrary Vectors into Fixed Form

Much of the value of Householder matrices comes from the fact that they 
can be used to 'turn' a vector v into a vector of the form [0 . . . 0 X 0 . . . 0]T.

More formally, we claim this: let v = [v0 v1 . . . vM-1]T be some 
M × 1 nonzero vector and let θ = arg vi so that vi = ∣vi∣ejθ. Define

(14.6.12)

where ei = [0 . . . 0 1 0 . . . 0]T with the '1' in the ith position, and s = ±1. 
Then w ≠ 0 for at least one choice of s. Assuming w ≠ 0 we then have

(14.6.13)

where u = ejφw∕∣∣w∣∣ and φ is an arbitrary real number.
We now prove this. If w = 0 for s = 1 as well as s = -1, this implies 

v = 0, violating the stated conditions. So w ≠ 0 for at least one choice of s 
indeed. Assume this choice is made. By explicit computation,

(14.6.14)

† A more general definition permits a M × N unitary matrix A in place 
of u. We will not require it here.



The left hand side of (14.6.13) is equal to

(14.6.15)

Substituting from (14.6.14), this simplifies to v - w, which by the definition 
of w, reduces to the right hand side of (14.6.13) indeed.

The above fact is useful for factorizing a M × M unitary matrix in terms 
of Householder matrices, as stated next.
Householder Factorization

Let R be M × M unitary, that is, R†R = dI,d > 0. We will show that 
R can be written as

where D is diagonal with dii = ejθi (θi real), and Hk are Householder 
matrices, i.e., Hk = I - 2uku†k with u†kuk = 1. Figure 14.6-4 shows the 
resulting structure for R. Conversely, it is clear that the transfer matrix of 
the above structure is always unitary as long as u†kuk = 1, and θi are real.

Figure 14.6-4 (a) Cascaded structure for unitary R, and (b) Householder
building blocks.

Each column of S has unit norm. Consider the 0th column s0 of S. We know 
there exists a unit-norm vector u1 such that (I - 2u1u†1)s0 = ejθ0e0. As a 
result we have
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(14.6.16)

To prove the above factorization, we will work with S=R∕√d which 
satisfies

(14.6.17)

(14.6.18)



where × denotes possibly nonzero entries. Since S and H1 are normalized 
unitary, the right hand side of (14.6.18) is also normalized-unitary. In par
ticular this implies that the 0th row is equal to [ejθ0 0 . . . 0]. So

(14.6.19)

We can now repeat the process on T to reduce it to . Repeating

where D and Hk are as defined above. Since Hk = Hk-1, (14.6.20) implies 
S = H1H2 . . . HM-1D so that (14.6.16) follows.
Comments

1. Note that the factorization (14.6.16) is not restricted to real R. If R 
is real, the quantities uk and D are real. In particular the diagonal 
elements of D satisfy dii = ±1.

2. Special nature of uk. By construction, the unit norm vectors uk have a 
certain restricted form. For example, u2 has 0th element equal to zero; 
u3 has the top two elements equal to zero and so on. We thus have

where × denotes possibly nonzero entries. It should also be noticed that 
uk appears only in the form uku†k (diadic form) in Hk. So if we multiply 
uk with a scalar ejαk, this does not affect Hk. We can exploit this to 
reduce a nonzero entry of uk to be real valued.

Number of Free Parameters in the Factorization
We can now count the number of parameters used in the expression 

(14.6.20) to characterize the unitary matrix. We will use the results of this 
counting later on, in order to characterize the cost of implementing lossless 
systems.

The vector uk has M — k + 1 possible nonzero complex-valued entries.
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this M — 1 times we get

(14.6.20)

(14.6.21)

The M — 1 vectors uk are therefore associated with complex-valued
parameters, which is equivalent to M(M + 1) — 2 real valued parameters.



However, each uk is constrained to have unit-norm, that is, u†kuk = 1. 
This constraint takes away one degree of freedom from uk. Moreover, one 
component of each uk can be taken to be real without loss of generality. 
This takes away another degree of freedom. Summarizing, the total number 
of real degrees of freedom associated with the set of vectors {uk} is then 
M(M + 1) — 2 — 2(M — 1) = M2 — Μ. Add to this the real valued parameters 
θi (associated with D) and √d. This results in M2 + 1 real valued freedoms. 
This, of course, reduces to M2 if the matrix is normalized-unitary.

For real unitary matrices, the diagonal elements of D are ±1, and are not 
counted as degrees of freedom. The kth unit-norm vector uk has M — k real- 
valued freedoms. So the total number of freedoms is ΣM-1k=1(M — k) which 
simplifies to M(M — 1)∕2. This is consistent with Sec. 14.6-1. Counting √d, 
this becomes M(M — 1)∕2 + 1.

One can arrive at this counting-result in a direct way, even without 
using the factorization result (14.6.20). This is done in Problem 14.17. We 
summarize the above discussions as:

Degrees of freedom in a unitary matrix. An M × M unitary 
matrix is completely characterized by M2 + 1 real-valued degrees of freedom 
(M2 for the normalized case). A real M × M unitary matrix is completely 
characterized by M(M — 1)∕2 + 1 degrees of freedom (M(M - 1)∕2 for the 
normalized case).

14.7 SMITH-McMILLAN FORM AND POLE-ZERO PATTERN
In this and the next few sections we study a number of deeper properties of 
lossless systems. This includes the Smith McMillan form, pole-zero pattern 
(this section), factorization of IIR lossless systems (Sec. 14.9), new diadic 
based structures, and structures based on planar rotations (Sec. 14.10). 
While these concepts are not used anywhere else in this text, they do find 
applications in advanced research on multirate filter banks.
Reminder About Smith-McMillan Form

In Sec. 13.5 we saw that every causal rational transfer matrix H(z) 
can be written in the form (13.5.26) which is called the Smith-McMillan 
decomposition. Assume that H(z) is M × Μ. Then we can write
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(14.7.1)
where W(z) and V(z) are M × M unimodular matrices (polynomials in z 
with constant nonzero determinants) and Λ(z) is diagonal. The ith diagonal 
element λi(z) of Λ(z) has the form

(14.7.2)

where αi(z) and βi(z) are polynomials in z with no common factors, and 
satisfy the following divisibility condition

(14.7.3)



Losslessness implies that H(ejω) has full rank M so that none of the αi(z)'s 
is identically zero.

Recall that the zeros of βi(z) and αi(z) are the poles and zeros of H(z) 
respectively. Because of the causality of H(z), the order μ of Πiβi(z) (as 
a polynomial in z) is at least as large as that of Πiαi(z). Note that αi(z) 
and βj(z) are polynomials in z and not z-1. Under these conditions, if μi 
denotes the degree of βi(z), the degree of H(z) is

ExampIe 14.7.1
As always, it is best to begin with examples. Consider the FIR lossless 
system

(14.7.5)

The Smith-McMillan decomposition is

(14.7.6)

In this example W(z) and V(z) turn out to be constant nonsingular 
matrices. Also

So μ0 = 1, μ1 = 0 and μ = 1 so that H(z) has degree one. Notice that 
Λ(z) is causal.
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(14.7.4)

That is, H(z) can be implemented with μ memory elements, but not less.
♠ Main points of this section. Let H(z) be an M × M causal lossless 

system. We will study its Smith-form matrix Λ(z) and obtain the following 
conclusions.

1. If H(z) is FIR, the elements λi(z) are pure delays, that is, λi(z) = z-ni, 
with ni ≥ 0.

2. If p is a pole of H(z), then 1∕p* is a zero. If q is a zero, then 1∕q* is a 
pole. Since all poles are inside the unit circle, the zeros lie outside. So 
the polynomials αi(z) and βj(z) do not have common factors for any 
choice of i and j.

3. The degree of H(z) is equal to the degree of its determinant (which in
turn is allpass). ◊

(14.7.7)



From Example 13.9.2 we know that the Smith-McMillan form Λ(z) 
is not necessarily causal, even though H(z) is. However, for FIR lossless 
systems, Λ(z) is always causal as shown below.

Smith-McMillan Form for FIR Lossless Systems
Suppose H(z) is FIR. Then, we know from Sec. 13.9 that βi(z) have 

the form zni, ni ≥ 0, so that the determinant of H(z) is α∏i=0M-1 z-niαi(z) 
where a is constant. If this determinant is a delay [which is the case, for 
instance, when H(z) is lossless] then αi(z) must also have the form zmi, 
mi ≥ 0 so that [det H(z)] = az-K. Thus,

where n0 ≥ n1 ≥ . . . ≥ nM-1 ≥ 0. In particular, therefore, Λ(z) is causal. 
Also, the degree μ = ΣM-1i=0 ni.
Poles and zeros

Let p be a pole of an M × M causal lossless system H(z). We will prove 
that 1∕p* is a zero. This is a beautiful extension of a similar property of 
stable allpass functions, proved earlier in Sec. 3.4.1.

Proof. With αi and βi defined as in (14.7.2), define
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(14.7.8)

From Sec. 14.4 we know that if H(z) is causal FIR lossless, then [det H(z)] 
= az-μ. From (14.7.8) it therefore follows that mi = 0 for all i. So we have 
λi(z) = z-ni, with ΣM-1i=0 ni = μ. Furthermore n0 ≥ n1 ≥ . . . ≥ nM-1 ≥ 0 
in view of (14.7.3).

Summarizing, we have proved the following: Let H(z) be M × M causal 
FIR lossless. Then, the Smith-McMillan form is

Then Λ(z) = B-1(z)A(z), so that H(z) = W(z)B-1(z)A(z)V(z). Defining 
W1(z) = W-1(z) this becomes



where P(z)≜W1(z)W1(z), Q(z)=V(z)V(z). Since W(z) is unimodular, so 
is W-1(z). So, the M × M matrices P(z) and Q(z) have constant nonzero 
determinants, hence full rank for all z. Now let p be a pole of H(z), that is, 
βi(p) = 0 for some i, so that the ith row of the left hand side of (14.7.9) is 
zero for z = p. So the ith row of the right hand side is also zero for z = p, 
that is,
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Using the paraunitary property H(z)H(z) = c2I, we, therefore, obtain

(14.7.9)

(14.7.10)
But we know αi(p) ≠ 0 since αi(z) and βi(z) are relatively prime. Moreover, 
the ith row of Q(p) cannot have all elements equal to zero since Q(z) has 
full rank for all z. So αj(p) = 0 for some j, that is, αj(1∕p*) = 0 for some j 
so that 1∕p* is a zero indeed. ▽ ▽ ▽

Conversely, if q is a zero, one can show that 1∕q* is a pole.
All zeros are outside. As a consequence of the above result, all zeros 

of the lossless system are strictly outside the unit circle (since poles are 
inside)! So αi(z) and βj(z) are relatively prime even if i ≠ j. This would 
not, in general, be true if the system were just stable but not lossless.

We now turn to another important result which can be deduced from 
the Smith-McMillan form.

♠ Theorem 14.7.1. Degree of a lossless system. Let H(z) be 
M × M causal lossless. Then A(z)=det H(z) is stable allpass, and

(14.7.11)

Also p is a pole of A(z) if, and only if, it is a pole of H(z) and q is a zero of 
A(z) if and only if it is a zero of H(z). ◊

Proof. The stable allpass property of A(z) follows from H(z)H(z) 
= c2I. Next, from the Smith-McMillan decomposition we have

(14.7.12)

Since αi(z) and βj(z) are relatively prime for any i and j, there are no 
uncanceled factors in (14.7.12). Thus the degree of A(z) is equal to that of 
the product ΠM-1i=0 βi(z). This, in turn is equal to μ, which is the degree of 
H(z). 

Since there are no uncanceled factors in (14.7.12), it is clear that q is a 
zero of H(z) [i.e., a zero of some αi(z)] if, and only if, it is a zero of A(z); 
The same holds for poles. ▽ ▽ ▽



4.8 THE MODULUS PROPERTY
In Sec. 3.4.1 we proved a property called the modulus property, for stable 
allpass functions. We now establish the following extension of this result: 
Any M × M causal normalized-lossless H(z) satisfies

(14.8.1)

The property 'H†(z)H(z) = I' for ∣z∣ = 1 follows from definition. We 
will now prove

As in Sec. 3.4.1, one could try to invoke a matrix version of the maximum 
modulus theorem (which is proved in Problem 14.30). We will, instead, use 
a direct energy-balance argument here. We apply a specific type of input, 
and bring out the inequality H†(z)H(z) ≤ I in a simple way. Thus let the 
input to H(z) be

(14.8.3)

for some integer L. Here v is an arbitrary nonzero vector. So u(n) is a 
truncated exponential. Assume ∣a∣ > 1 so that u(n) is bounded as n → —∞. 
With h(n) denoting the impulse response of H(z), the output is
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(14.8.2)

(14.8.4)

This can be simplified to yield
(14.8.5)

(The value of y(n) for n > L will not enter our reasoning). The z-transform 
H(z) converges for ∣z∣ > 1 because H(z) is causal and stable (Chap. 2). So 
the quantity H(a) above is well defined. We now have the following sequence 
of inequalities:

(by (14.8.5))

(14.8.6)

(since H(z)H(z) = I)

[by (14.8.3)]
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Consider the leftmost and rightmost quantities above. Since ∣a∣ > 1, the
summation converges to a finite value, and can be canceled.
This results in

(14.8.7)

for any v, so that H†(a)H(a) ≤ I for any a with ∣a∣ > 1.
Now consider proving H†(z)H(z) ≥ I for ∣z∣ < 1. By using the property 

H(z)H( z) = I in (14.8.2), we can rearrange it as

(14.8.8)

By invoking the following facts (Problem 14.25): (a)P ≤ I, ⇔ P-1 ≥ I, 
(b) P ≤ I ⇔ PT ≤ I, and (c) P ≤ I ⇔ P* ≤ I for any Hermitian 
positive definite P, we can verify that (14.8.8) implies H†(z)H(z) ≥ I for 
∣z∣ < 1 indeed.

For p × r lossless systems a similar property is true.
Are the Inequalities Strict?

In Sec. 3.4.1 we found that the above inequalities were strict, unless the 
allpass function was just a constant. In the matrix case, however, this is not 
true. For the M × M case, we now explore the significance of the equality

(14.8.9)

This is possible if and only if the inequality in (14.8.6) holds with equality. 
This means, in particular, that y(n) = 0 for all n > L. In other words, the 
output y(n) ceases as soon as the input u(n) becomes zero!

This is equivalent to saying that if h(n) denotes the (causal) impulse 
response of H(z) then h(n)v = 0 for n ≠ 0 (Problem 14.26). In other words, 
H(z)v = c for all z. That is, the system H(z) acts like a memoryless system 
(i.e., just a constant) for inputs in the direction v [i.e., for inputs of the form 
f(n)v where f(n) is scalar]. If H(z) is not memoryless in any direction, then 
(14.8.2) holds with strict inequality. We then say that H(z) is a full-memory 
lossless system.

14.9 STRUCTURES FOR IIR LOSSLESS SYSTEMS
All the structures developed so far were for FIR lossless systems. We now 
consider the IIR case. It turns out that the main factorization results of Sec. 
14.4 can be extended to the IIR case simply by replacing the fundamental 
building block Vm(z) [eqn. (14.4.1)], with

(14.9.1)



where ∣am∣ < 1 [Doğanata and Vaidyanathan, 1990]. The main results 
of this section depend on the properties of this building block, which are 
summarized next.
Properties of Vm(z)

1. Vm(z) has been obtained by replacing z-1 in (14.4.1) with the stable 
allpass function G(z) = (-a*m + z-1)∕(1 - amz-1). The structure for 
Vm(z) is shown in Fig. 14.9-1.

2. The pole of Vm(z) is at am so that it is stable.
3. Vm(z) is a degree-one lossless system satisfying (a) Vm(z)Vm(z) = I, 

and (b) [det Vm(z)] = (-a*m + z-1)∕(1 -amz-1). These can be proved 
precisely as in Sec. 14.4.1.

14.9.1 Structures for M×M IIR Lossless Systems
We now show that any M × M causal lossless transfer matrix HN(z) with 
degree N can be factorized as

760 Chap. 14. Paraunitary and lossless systems

Figure 14.9-1 Implementation of the degree-one IIR lossless building block 
Vm(z).

(14.9.2)

where H0 is M × M unitary, and Vm(z) are as in (14.9.1) with ∣am∣ < 1. 
This results in the structure of Fig. 14.4-3 with building blocks as in Fig. 
14.9-1. Conversely, it is dear that the above structure represents a lossless 
system of degree N as long as v†mvm = 1 and ∣am∣ < 1 for all m.

Remarks. (a) The resulting structure has N delays (one per Vm(z)) 
so that it is minimal. (b) The above result also covers the FIR case, since 
we can set am = 0 for all m.



Evidently this is paraunitary. Suppose we choose aN to be a pole of HN(z). 
From Sec. 14.7 it then follows that HN(z) has a zero at 1/a*N. But any 
zero of HN(z) is also a zero of its determinant (Theorem 14.7.1). This 
means that there exists a column vector v ≠ 0 such that v†HN(1∕a*N) = 
0†. Choosing vN = v∕∣∣v∣∣ we see that v†NHN(z) will then have the factor 
(—a*N + z-1) which, therefore, cancels the “unstable pole” of VN(z). With 
the only unstable pole canceled, HN-1(z) is stable and hence lossless.

From Theorem 14.7.1 we know that the determinant of HN(z) has the 
factor (—a*N + z-1) in its numerator and the factor (1 — aNz-1) in the 
denominator. Since VN(z) is lossless, these same factors appear in the 
determinant of VN(z). When we take determinants of (14.9.3), these factors 
therefore cancel on the right hand side. So [det HN-1(z)] has degree N - 1. 
And since HN-1(z) is also lossless, Theorem 14.7.1 can be applied again to 
conclude that its degree is equal to N — 1.

Summarizing, we have extracted the degree-one lossless system VN(z) 
from HN(z) to obtained the 'remainder' lossless system HN-1(z) with degree 
N - 1.

Obtaining the complete factorization. By repeated application of 
the degree reduction step we eventually obtain the remainder H0(z). This 
is a lossless system with constant determinant. By Theorem 14.7.1 this is 
therefore a constant. This establishes the factorization (14.9.2).

14.9.2 M×1 IIR lossless systems
M × 1 lossless systems find application as power complementary filter banks. 
An M × 1 IIR system can be represented as HN(z) = PN(z)∕DN(z) where 
PN(z) is M × 1 causal FIR and

(14.9.4)

To avoid redundancies we assume zk ≠ 0 and that PN(z)∕DN(z) is an 
irreducible representation, that is, the greatest common factor of DN(z)
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The Degree Reduction Step
The proof of the above factorization is based on a successive degree- 

reduction technique. In all discussions we will freely use the fact that the 
degree of HN(z) is equal to the degree of the determinant (Theorem 14.7.1). 
Consider the function

(14.9.3)



and all the elements of PN(z) is a constant. As a result the system HN(z) 
has exactly N nonzero poles (zk ≠ 0). It should be kept in mind, however, 
that the entries of the numerator PN(z) can have degree ≥ N. So there may 
be an arbitrary number of poles at the origin, representing the FIR part.

Degree-Reduction Step
We will first establish the following: Let Hm(z) be M × 1 causal lossless 

with irreducible representation Hm(z) = Pm(z)∕Dm(z) where Dm(z) = 
Πmk=1(1 zkz-1). Let am = zm, and

since am = zm. With vm chosen as in (14.9.5a) we have

(14.9.6)

(14.9.7)

This means that (I — vmv†m)Pm(z) has the factor (1-zmz-1). So the factor 
(1 — zmz-1), which is also present in Dm(z), gets canceled in the right hand 
side of (14.9.6).

We now face the second main issue: the quantity (—z*m + z-1) in the 
denominator of (14.9.6) represents an unstable pole at z = i∕z*m, and must 
be canceled. It turns out, however, that the choice (14.9.5a) also results in 
such a cancelation - a consequence of losslessness!

To show this, we will prove that v†nPm(z) has the factor (—z*m + z-1). 
Losslessness of Hm(z) implies

(14.9.8)

The right hand side is zero for z = zm (due to Dm(z)) and for z = l∕z*m 
[due to Dm(z)]. So Pm(1∕zm)Pm(1∕zm) = 0. By rearranging this, one can 
conclude that
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(14.9.5a)

so that Vm(z) in (14.9.1) is completely defined. We can then write

(14.9.5b)

where Hm-1(z) is M × 1 causal lossless with irreducible representation 
Hm-1(z) = Pm-1(z)∕Dm-1(z) where Dm-1(z) = Πk=1m-1(1 - zkz-1).

Proof: Since Vm-1(z) = Vm(z), the relation (14.9.5b) can be rewritten 
as Hm-1(z) = Vm(z)Hm (z), that is,



so that v†mPm(z) does have the factor (—z*m + z-1).
Summarizing, Hm-1(z) is M x 1 causal, and is stable because the poles 

are zk, 1 ≤ k ≤ m — 1, ∣zk∣ < 1. Evidently, Hm-1(z) is paraunitary (from 
(14.9.5b)). Moreover Pm-1(z)∕Dm-1(z) is irreducible (otherwise, as seen 
from (14.9.5b), Pm(z)∕Dm(z) cannot be irreducible). So the remainder 
Hm-1(z) has all the claimed properties. ▽ ▽ ▽

Remarks. (a) The remainder Hm-1(z) therefore has only m — 1 poles 
zk ≠ 0 (subset of the original set of m poles). Thus the number of nonzero 
poles has been reduced by one. (b) Since Dm(zm) = 0, we are assured that 
Pm(zm) ≠ 0 (by irreducibility of Pm(z)∕Dm(z). So the above expression 
(14.9.5a) for vm is well-defined.

Obtaining the complete factorization. By repeated use of this 
reduction-step, we obtain the complete factorization, which is summarized 
as follows: Let HN(z) be M × 1 causal IIR lossless having N poles zk, with 
∣zk∣ > 0. Then it can be expressed as

(14.10.1)

Sec. 14.9 Structures for IIR lossless systems 763

(14.9.9)

where Vm(z) are as in (14.9.1) with am = zm, ∣|vm∣∣ = 1, and G(z) is M × 1 
causal FIR lossless.

The ordering of the N poles zk in (14.9.4) is arbitrary. So we obtain a 
number of equivalent structures simply by renumbering the poles.
Real Coefficient Systems

Recall the FIR versions of the above results, which were given in Sec. 
14.4. In the FIR case, whenever the coefficients of HN(z) were real, the 
vectors vm turned out to be real so that we could obtain a structure with 
real multipliers.

In the HR case, this is not necessarily so because the poles zm are not 
necessarily real. It is, however, true that the poles occur in complex con- 
jugate pairs. The corresponding pairs of Vm(z) can be combined to obtain 
real coefficient structures. But the structures lose the beautiful simplicity of 
the individual building blocks Vm(z).

14.10 MODIFIED LOSSLESS STRUCTURES
In this section we obtain two new structures, by modifying the structures 
obtained earlier. The main results are summarized below.

♠ Main points of this section. We start with the familiar cascaded 
lossless structure of Fig. 14.10-1 with building blocks Vm(z) as in Fig. 14.9- 
1. By performing some simple matrix manipulations, we will arrive at two 
new structures. These are cascaded interconnections of fundamental unitary 
matrices (e.g., Householder matrices), separated by a diagonal matrix of the 
form



where

(14.10.2)

1. The first structure (which, we believe, has not been reported before) 
has the form shown in Fig. 14.10-4, were Wm are Householder unitary 
matrices (defined in Sec. 14.6.2). This shows that any lossless system 
can be implemented as a cascade of Householder matrices separated by 
Φm(z). This structure has the advantage that it requires fewer additions 
compared to the earlier structures. It is also conceptually simpler, and 
is given entirely in terms of the very well-known Householder matrix.

2. The second structure has the form shown in Fig. 14.10-5. Once 
again it is a cascade of unitary matrices Θm separated by Φm(z), but 
the unitary matrices are not of Householder type. Instead they are 
based on planar rotations as shown in Fig. 14.10-5(b). This structure 
will be derived only for the FIR real coefficient case, and is the precise 
generalization (to the M × M case) of the lattice structure developed 
in Sec. 14.3.1 for the 2 × 2 FIR case (Fig. 14.3-2). This structure was 
derived in [Doğanata, et al., 1988] using a different procedure.

14.10.1 Lossless Structures Based on Householder Matrix
In earlier sections, we developed structures for FIR and IIR lossless systems. 
Both M × M and M × 1 cases were covered. We saw that the basic building 
block in all these cases had the same form, viz.,

where xm is as in (14.10.2), and v†mvm = 1. All the structures had the 
common form reproduced in Fig. 14.10-1, where N is the degree of the 
transfer matrix H(z). The size of H0 is equal to that of H(z).

The matrix Vm(z) has all the properties studied in Sec. 14.4.1 (with 
z-1 replaced by xm). In particular, therefore eqn. (14.4.5) holds, that is, 
there exists an M × M matrix Um with U†mUm = I, such that

(14.10.4)

We can thus redraw Fig. 14.10-1 as in Fig. 14.10-2, where Rm≜U†m+1Um 
for 1 ≤ m ≤ N - 1, RN = UN, and R0 = U†1H0. Clearly Rm are normalized 
unitary. Even though each of these matrices has M2 degrees of freedom (Sec.
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14.6), they can be replaced with much simpler unitary matrices (Householder 
matrices), as we now show.

Figure 14.10-1 General form of all lossless structures. Vm(z) can be FIR or 
IIR. H0 is M × M or M × 1.

Figure 14.10-2 An equivalent structure for Fig. 14.10-1.

Figure 14.10-3 Further simplification of Fig. 14.10-2.

Figure 14.10-4 The simplified equivalent structure for Fig. 14.10-1.

Given any normalized unitary matrix S, we can find unit norm u1 such 
that (14.6.18) holds. We will use this idea, with RN in place of S. By a 
slight modification, we can show that there exists unit norm wN such that

(14.10.5)
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Since WN-1 = WN, we can write (14.10.5) as

(14.10.6)

The cascade of the building blocks RN-1, ΦN(z), and RN which appears 
in Fig. 14.10-2 can now be manipulated as follows: (a) replace RN with 
(14.10.6) (Fig. 14.10-3(b)), (b) interchange ΦN(z) with Q (Fig. 14.10-3(c)), 
and (c) combine RN-1 with Q and obtain a new normalized unitary matrix 
R'N-1 = QRN-1 [Fig. 14.10-3(d)]. The second step is possible because

(14.10.7)

Since R'N-1 is just another normalized unitary matrix, we can repeat the 
above three operations on the cascade of RN-2, ΦN-1(z), and R'N-1. This 
process can be repeated until we obtain the cascaded structure of Fig. 14.10- 
4 where the building blocks Wm have the form
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(Householder matrix). (14.10.8)

The leftmost matrix G0 continues to be a unitary matrix. In general this is 
different from H0 or R0, but has the same size viz., M × M or M × 1 as the 
case may be.

Summarizing, we have proved the following: Any M × M causal loss- 
less system H(z) can be implemented as in Fig. 14.10-4 where Wm are 
Householder matrices, Φm(z) is as in (14.10.1) and G0 is an M × M unitary 
matrix. The quantity xm is as in (14.10.2) with ∣am∣ < 1. (For the FIR case 
just set am = 0 for all m.) The same holds for the M × 1 case, but now G0 
is M × 1.

A second (more direct) proof of this result without the above manipu- 
lations is developed in Problem 14.23. It is clear that each building block 
Wm requires one less addition than Vm(z) used in Fig. 14.10-1. Also, the 
structure is conceptually simpler.

The above manipulations do not affect the number of delays so that the 
structure continues to be minimal. Also the number of parameters in the 
structures are unchanged, viz., N unit norm vectors and a unitary matrix.

14.10.2 Structures Based on Givens Rotations
For the FIR real coefficient case, a slight modification of the preceding ar- 
guments results in a different structure, based on Givens rotations. Recall 
that Fig. 14.10-1 is equivalent to Fig. 14.10-2. When the lossless system 
H(z) is FIR with real coefficients, the unitary matrices Rm are real. We



know that a real normalized-unitary matrix can be factorized into the form
(14.6.5) with S†S = I, and μ = ±1, where Θ is a sequence of M — 1 Givens 
rotations (Fig. 14.6-2). Suppose we factorize RN like this, that is, as

(14.10.9)

Once again we can perform the above type of manipulations: (a) replace RN 
with (14.10.9), (b) interchange ΦN(z) with Q and (c) combine RN-1 with 
Q. Repeating this N times, we arrive at the equivalent structure shown in 
Fig. 14.10-5(a) where each Θm is a sequence of M — 1 Givens rotations as 
shown in Fig. 14.10-5(b). The matrix E0 isM×M (orM× 1) unitary. (In 
the M × M case it can further be expressed as a sequence of M(M — 1)∕2 
Givens rotations.)

Figure 14.10-5 (a) The equivalent structure for Fig. 14.10-1, when the lossless
system is real coefficient FIR. (b) Details of the building block Θm.

Summarizing, we have proved this: Let H(z) be an M × M FIR real 
coefficient lossless system. It can then be implemented as in Fig. 14.10-5(a) 
where

Sec. 14.10 Modified lossless structures 767



and where Θm represents a sequence of M — 1 Givens rotations as shown in 
Fig. 14.10-5(b). The leftmost matrix E0 is M×M unitary, that is, a sequence 
of M(M- 1)∕2 Givens rotations as in Fig. 14.6-3 (possibly followed by a 
fixed scale factor α on all lines). For the M × 1 case, the same result is true 
except that E0 is now a nonzero column vector.
Remarks

1. Once again, the structure of Fig. 14.10-5(a) is minimal. Notice also that 
the number of parameters involved in the new structure (for M × M 
case) is equal to N(M — 1) + M(M — 1)∕2 plus a possible scale factor. 
This is the same as the number of degrees of freedom in Fig. 14.10-1 
with real vm and H0.

2. For the real-coefficient HR case, the above unitary building blocks are 
not guaranteed to be real. The above results can however be easily ex- 
tended to the case where the matrices are complex. The only significant 
additional complication is that the Givens rotation should be replaced 
by its complex version.

14.11 PRESERVING LOSSLESS PROPERTY UNDER QUANTIZATION
In Chap. 9 we discussed finite wordlength (FWL) effects in the digital 
implementation of filters. We considered three effects, namely (a) roundoff 
noise, (b) limit cycles, and (c) coefficient quantization. When implementing 
filter banks, another important FWL effect comes to play. This is the effect 
of coefficient quantization on such properties as alias cancelation and perfect 
reconstruction (PR). It turns out that by careful implementation of the filter 
bank system, one can ensure that the alias cancelation and/or PR property 
are not affected by coefficient quantization. We saw examples of this in 
Chap. 5 and 6. Thus, in Sec. 5.3.5 we saw that the two channel IIR 
power symmetric QMF bank can be implemented such that aliasing as well 
as amplitude distortion are eliminated in spite of coefficient quantization. 
In Sec. 6.4.1 we saw that the two channel FIR QMF lattice has the PR 
property even when the coefficients are quantized.

We now show that these “robustness properties” hold also for the M 
channel case. We know from Sec. 6.2 that an M channel FIR filter bank 
can be designed to have the PR property by forcing E(z) to be paraunitary 
and taking the synthesis filters to be fk(n) = h*k(N — n). We show how the 
paraunitary (or lossless) property can be preserved in presence of quantiza
tion. This in turn shows how to perserve the PR property of the filter bank 
in presence of coefficient quantization.

14.11.1 Quantization of Unitary Matrices
An M × M unitary matrix R satisfies (14.6.1). Let the columns of R be 
denoted as rk, 0 ≤ k ≤ M - 1. Then unitariness implies

(14.11.1)
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Moreover, all columns have same norm, that is,

(14.11.2)

These two properties completely summarize the features of unitary matrices. 
If we quantize the elements of the matrix R directly then it is not possible 
to satisfy unitariness. For example, if the elements of the column r0 are 
quantized independently of r1, the mutual orthogonality is not preserved.
Limitations of Planar Rotation Building Blocks

First consider real unitary matrices. From Sec. 14.6.1 we know that 
these can be completely characterized by M(M - 1)∕2 angles θk and a real 
scalar c ≠ 0. For example, a 3 × 3 real unitary matrix R can be represented 
as in (14.6.4).

If we are interested only in storing the matrix in quantized form, we can 
store the angles θk. Then an approximate version of R can be recovered by 
computing (using higher precision) the cosines and sines of these angles and 
evaluating the above product, which will remain unitary to the extent that 
the effect of quantizations of sines and cosines can be neglected.

But if R is implemented as a cascade as in (14.6.4), then ck and sk are 
the multipliers in this structure, and their quantization will result in loss 
of unitariness. To see this note that if we multiply two matrices satisfying 
(14.11.1) and (14.11.2), the result also satisfies (14.11.1) and (14.11.2). But if 
we multiply two matrices satisfying only (14.11.1), the result does not satisfy 
even (14.11.1) (try it!). So the property (14.11.2) (equality of column-norms) 
is crucial for the building blocks. However the columns in the 3 × 3 matrix 
factors in (14.6.4) have unequal norms after the ck and sk are quantized 
because

(14.11.4)

and remains orthogonal. The two columns have same norm after quantiza
tion, even though this norm is not unity.

In the more general M×M case, the implementation of unitary matrices 
in terms of Given’s rotations is such that unitariness is not preserved under
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(14.11.3)
in general. The value of the left hand side above depends on θk, and on the 
details of quantization. [If we attempt to replace those entries in (14.6.4) 
which have value '1' by the norms of the quantized columns, this would 
require infinite precision because norms involve square-roots.] Because of 
this, after the three 3 × 3 matrix factors are multiplied, the result does not 
satisfy either (14.11.1) or (14.11.2).

A lucky exception to this difficulty is the M = 2 case. In this case the 
real orthogonal matrix after quantization becomes



coefficient quantization. For the same reason, structures for lossless transfer 
matrices based on Givens rotations (Fig. 14.10-5) do not preserve losslessness 
when the coefficients are quantized (except for the 2 × 1 and 2 × 2 cases).

Preserving Unitariness with Householder Building Blocks
Instead of using Givens rotations, suppose we implement R using the 

Householder factorization (14.6.16). Here the vectors uk and the parame- 
ters dii (diagonal elements of D) can be varied (say, quantized) completely 
independent of each other and yet the form (14.6.16) represents a unitary 
matrix as long as uk have unit norm, and ∣dii∣ are same for all i.

The unit norm requirement on uk cannot be satisfied when the com
ponents are quantized to a given precision. To overcome this difficulty, we 
rewrite (14.6.16) as
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(14.11.5)
where

(14.11.6)

In (14.11.6) we do not require uk to have unit-norm any more. The matrix 
Gk is a scaled version of a unitary matrix and is unitary for arbitrary non- 
zero uk. So the product (14.11.5) is unitary even after quantization as long 
as the diagonal elements dii of D have same magnitude after quantization. 
If this is not the case, then the product (14.11.5) does not satisfy (14.11.2) 
even though (14.11.1) holds. For the real case we have ∣dii∣ = √d∕α for all 
i so that even this minor difficulty does not arise.

Summarizing, the form (14.11.5) permits us to generate every unitary 
matrix by independently varying the complex parameters uk, and the di- 
agonal entries of D. In particular if these are quantized independently, the 
property (14.11.1) still holds. (Notice that ∣∣uk∣|2 in (14.11.6) requires higher 
precision, but it is still finite). For real R, the unitary property [i.e., both 
(14.11.1) and (14.11.2)] is itself preserved. So (14.11.5) leads to a structurally 
unitary system.

14.11.2 Preserving Losslessness under Quantization
The simplest structure which we can discuss under this topic is the lattice 
structure of Figs. 14.3-2 and 14.3-3 for the real-coefficient FIR lossless case. 
Recall that each Rm is the Givens rotation (14.3.9a). When this is quantized 
as in (14.11.4), it remains unitary with equal norm for both columns. So the 
cascaded structure continues to be lossless, and the QMF bank of Fig. 6.4-1 
preserves the PR property, as already seen in Sec. 6.4.1.

For the M × M case, rotation based structures do not preserve lossless 
property, as explained earlier. Consider however the diadic based FIR build- 
ing block in Fig. 14.4-1. This represents a degree-one lossless system if and



only if the column vector vm has unit-norm. Now the unit-norm property is 
usually lost when the elements of vm are quantized, and Vm(z) does not re- 
main lossless. To overcome this difficulty, note that Vm(z) can be rewritten 
as

(14.11.11)

where a0(z) and a1(z) are unit-magnitude allpass. So E(z) is paraunitary. 
The allpass filters ai(z) can be written as products of first order filters 
(5.3.25) with real coefficients αj,i. These filters remain unit-magnitude all- 
pass in spite of quantization of αj,i. So E(z) remains lossless. As a result, 
the system of Fig. 5.2-5 is free from aliasing and amplitude distortion in 
spite of multiplier quantization.

14.12 SUMMARY AND TABLES
The main points of the chapter are summarized in Tables 14.12.1, 14.12.2 
and 14.12.3. References on lossless systems were cited in Sec. 14.1, and a 
list can be found in the Bibliography at the end of the text.
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(14.11.7)

where vm is an arbitrary nonzero vector. Define Um(z) = ∣∣vm∣|2Vm(z), 
that is,

(14.11.8)
so that

(14.11.9)
Evidently Um(z) is lossless regardless of the value of the (nonzero) vector 
vm. The unit-norm constraint on vm has now been dropped so that its com
ponents can be quantized to any precision without violating losslessness of 
Um(z). Of course, the quantities ∣∣vm|∣2 and vmv†m require higher precisions, 
but these are finite precisions.

Now rewrite the cascade (14.4.10) as
(14.11.10)

If we implement the unitary matrix H0 using Householder building blocks as 
explained above, then H0H0 remains a constant diagonal matrix, inspite of 
coefficient quantization. Consequently HN(z)HN(z) is a constant diagonal 
matrix. This is as good as saying HN(z)HN(z) = c2I, for most applications.
IIR Lossless Systems

The above discussions can be generalized for the IIR lossless structures 
developed in Sec. 14.9. We will now recall a particularly simple system 
studied in Sec. 5.3, viz., IIR power symmetric QMF banks (Fig. 5.2-5). 
Here the polyphase matrix of the analysis bank is



TABLE 14.12.1 Losslessness at a glance.

Definitions.
1. Paraunitary property. H(z) is paraunitary if H(z)H(z) = c2Ir, ∀z, where c2 > 

0. (Note: this requires p ≥ r.) In particular this means H†ejω)H(ejω) = 
c2Ir, ∀ω.

2. Losslessness. H(z) is lossless if it is stable and paraunitary.
3. LBR (Lossless Bounded Real) property: implies lossless with real coefficients.
4. Normalized-lossless. Implies lossless with c2 = 1, that is H(z)H(z) = Ir.
5. Unitariness. R is unitary if R†R = dI,d > 0 {normalized if d = 1).

Basic properties of lossless systems.
1. Output energy = c2× Input energy, i.e.,

2. Σ∞n=0h†(n)h(n + k) = c2Irδ(k).
3. h†(0)h(L) = 0 (FIR case), assuming L > 0.
4. For p = r case, [det H(z)] = A(z) = allpass (= az-μ, μ > 0, for FIR case).
5. Let p = r. The degree of H(z) (i.e., the minimum number of delays required to 

implement H(z)) is equal to the degree of determinant, i.e.,

This follows from Section 14.4.2 for FIR case, and is proved in Section 14.7 for 
the general case.

For summary of further properties see Table 14.12.3.
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In what follows, H(z) is a p × r causal transfer matrix:

State-space manifestation.

Recall state space equations:

1. H(z) normalized lossless ⇒ there exists minimal realization for which the ma
trix R≜ (realization matrix) is normalized unitary.

2. Let (A,B,C,D) describe some structure of H(z). Let A be stable and R 
defined above be normalized unitary. Then (i) the structure is minimal if 
p = r, and (ii) H(z) is normalized-lossless (even if p ≠ r).



TABLE 14.12.2 Lossless systems: factorizations and structures.

In what follows HN(z) denotes a causal lossless system.
Basic building blocks.

1. Vm(z) = I - vmv†m + z-1vmv†m, where vm is a unit norm vector. Fig. 14.4-1 
shows the structure. Vm(z) is degree-one lossless, and [det Vm(z)] = z-1.

2. Householder matrix Hk = I — 2uku†k, where uk is a unit norm vector. Fig. 
14.6-4(b) shows the structure.

Structures for FIR lossless system HN(z).
1. Rotation based. If HN(z) is 2 × 2 FIR with real coefficients, it can be imple

mented using planar rotations as in Fig. 14.3-2. Corresponding 2 × 1 lossless 
structure is shown in Fig. 14.3-3. Generalizations of rotation-based structures 
for M × M (and M × 1) real coefficient case is given in Section 14.10 (Fig. 
14.10-5).

2. Diadic-based. If HN(z) is M × M or M × 1 degree-N FIR, it can be factorized 
into the form

Structures for unitary matrices.
1. Rotation based. Any real M × M matrix R with RTR = I can be factorized 

into the form shown in Fig. 14.6-3(a), involving M(M — 1)∕2 planar rotations.
2. Diadic based. Any M × M matrix R with R†R = I can be factorized into the 

form

where Hk are Householder matrices, and D is diagonal with ∣dii∣ = 1. If R is 
real, then Hk and D are real.
Variations. Variations of the above structures are given in Section 14.10, along 

with structures for the IIR case. See Table 14.12.3 for summary.
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where H0 is M × M unitary or M × 1 nonzero as the case may be. If coefficients 
of HN(z) are real, the vectors vm in Vm(z) and the matrix H0 are real.

3. Minimality. All structures mentioned above are minimal in delays.



TABLE 14.12.3 Lossless systems: further properties.

In what follows, H(z) is a causal transfer matrix:
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Smith McMillan form
Let H(z) be M × M with Smith-McMillan form Λ(z). The diagonal elements 

of Λ(z) are of the form λi(z) = αi(z)∕βi(z), where αi(z) and βi(z) are relatively 
prime polynomials in z. Assume further that H(z) is lossless. Then the following 
are true.

1. When H(z) is FIR, λi = z-ni, where ni are integers with n0 ≥ n1 ≥ . . . ≥ 
nM-1 ≥ 0.

2. In general if p is a pole of H(z) then 1∕p* is a zero, and vice versa. So all zeros 
are outside unit circle. The polynomials αi(z) and βj(z) are relatively prime 
for all pairs of i, j.

3. The degree of H(z) is the same as the degree of [det H(z)]. Every pole of H(z) 
is a pole of [det H(z)]. The same holds for zeros.

Modulus property
Let H(z) be M × M lossless with H(z)H(z) = I. Then H†(z)H(z) ≤ I for 

∣z∣ > 1. And H†(z)H(z) ≥ I for ∣z∣ < 1.
Structures.

1. Let H(z) be M × M lossless, with degree N. Then it can be factorized as

where (i) Vm(z) is the degree-one building block (14.9.1), (ii) Wm is the 
Householder unitary matrix (14.10.8), (iii) Φm(z) are diagonal matrices as 
in (14.10.1), and (iv) H0 and G0 are unitary matrices. In the real coefficient 
FIR case, H(z) can further be written as

where each Θm is a sequence of M — 1 planar rotations (Fig. 14.10-5(b)).
2. Let H(z) be M × 1 lossless. Then it can be factorized as

where Vm(z) are as in (14.9.1) and G(z) is causal FIR M × 1 lossless.



PROBLEMS

14.1. Let H(z) be a rational transfer function satisfying (14.2.1a). Prove then that 
(14.2.1b) holds.

14.2. Show that any p × L submatrix of a p × r lossless matrix is lossless.
14.3. Let H(z) = Σ∞n=0h(n)z-n, h(0) ≠ 0, be M × M lossless with degree > 0. For 

FIR H(z) we know that h(0) is singular. For IIR H(z), h(0) may or may not 
be singular. Give examples of both types.

14.4. Consider the following structure where T(z) is normalized lossless.

Figure P14-4

Let G(z) be stable with ∣G(ejω)∣ < 1 for all ω. Prove that (i) H(z) is stable 
and (ii) ∣H(ejω)∣ ≤ 1 for all ω.

14.5. Consider the following structure where ∣α∣ < 1.

Define H(z)≜Y1(z)∕U0(z). What is the maximum possible value of ∣H(ejω)∣ 
subject to the constraint that T(z) is normalized lossless?

14.6. Shown below is a feedback-cascade of 2 × 2 transfer matrices. The cascade has 
N building blocks, and is terminated at the right with a multiplier G0. An 
example of this type was presented in Chap. 3, viz., the lattice structures for 
allpass functions (e.g., see Fig. 3.+8).

Figure P14-6
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We assume that the cascaded feedback connection does not generate delay 
free loops. This assumption is valid for the lattice structures. Assume that 
each 2 × 2 building block above is normalized-lossless, and that the transfer 
function GN(z) is stable. Show that GN(z) is allpass when ∣G0∣ = 1 and that 
|GN(ejω)| ≤ 1 when ∣G0∣ < 1.

14.7. Consider the 2 × 2 lossless system

(P14.7)

Clearly its degree ≥ 2.
a) Verify that the determinant of H(z) is αz-2 for some α ≠ 0 so that 

[deg H(z)] = 2 exactly.
b) Obtain the cascaded structure based on planar rotations (Sec. 14.3.1).
c) Obtain the diadic-based cascaded structure (Sec. 14.4.2).

14.8. Consider the lossless system

(P14.8)

a) Find the vectors vm and P0 in the diadic based factorization given by 
(14.4.12).

b) Suppose we are given a M × 1 causal FIR lossless system PN(z). We know 
this can be factorized as in (14.4.12). Suppose we construct a unitary 
matrix H0 whose 0th column is P0. Consider now the product (14.4.10). 
This is evidently lossless, with 0th column equal to PN(z). So we have 
embedded the M × 1 lossless system PN(z) into an M × M lossless system 
HN(z). As a demonstration of this, let PN(z) be as in (P14.8). Find a 
3 x 3 lossless matrix HN(z) with 0th column equal to PN(z).

14.9. Let H(z) = . This is evidently lossless with degree two. Formally
perform the degree reduction steps to arrive at the cascaded structure in terms 
of planar rotations (Sec. 14.3.1).

14.10. Show that any 2 × 2 causal lossless system (not necessarily FIR) has the form

(P14.10)

where (i) the 0th column is lossless, and (ii) F(z)F(z) = 1. Note that (14.3.15) 
is a special case of this.

14.11. Let P(z) be M × 1 casual FIR lossless, factorized as P(z) = S(p)(z)P0 where 
S(p)(z) is a product of finite number of building blocks of the form (14.4.1). 
We know that if the factorization is minimal, then S(p)(z) is unique (Sec. 
14.4.4). However if the degree of S(p)(z) exceeds that of P(z) (nonminimal 
factorization) then there exist infinite number of matrices S(p)(z) satisfying
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P(z) = S(p)(z)P0. Prove this! [Hint. (I — vv† + z-1vv†)P0 = P0 for any v 
orthogonal to P0.]

14.12. Show that any 2 × 2 real unitary matrix has the form (14.3.2).
14.13. Consider the lossless structure of Fig. 14.3-2 based on planar rotations. Assume 

N = 1 and α = 1. Find the matrices (A, B, C, D) which occur in the state space 
description. Verify that the realization matrix (14.5.1) satisfies R†R = I.

14.14. As a generalization of Problem 14.13, consider the following cascaded structure

Figure P14-14
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where Rm are M x M with R†mRm = I, and

(P14.14)

With (A,B,C,D) denoting the state space description, show that the realiza
tion matrix R defined in (14.5.1) satisfies R†R = I.

14.15. Give example of a structure for an M × 1 causal lossless system such that (i) the 
realization matrix defined in (14.5.1) satisfies R†R = I, and (ii) the structure 
is not minimal. This demonstrates that the result of Sec. 14.5.2 does not hold 
hold unless H(z) is M × M.

14.16. Suppose (A,B,C,D) is the state-space description of a minimal structure for 
some system. Let the R-matrix (14.5.1) be such that R†R = I. Prove that A 
is stable.

14.17. Let R be M × M so that it has M2 entries, that is, 2M2 real degrees of freedom 
in absence of further constraints. Suppose we impose the constraint R†R = I.
So the columns Rk satisfy (i) R†kRm = 0 for k ≠ m and (ii) ∣∣Rk∣∣ = 1 for all 
k. Since the M2 complex entries are constrained by these two conditions, the 
number of freedoms in choosing these M2 elements is less that 2M2. Show by 
direct counting (i.e., without using any factorization result) that the number 
of freedoms is M2.

14.18. Let H(z) be a stable rational transfer function such that (14.2.3) holds for 
every input sequence u(n). Prove that H(z) is lossless. {Hint. Use Sec. 14.5.)

14.19. Consider the unitary matrix
(P14.19)

Identify the vectors uk, and the quantities d and D in the Householder factor
ization (14.6.16).



14.20. Repeat Problem 14.19 for the unitary matrix

(P14.20)

14.21. Consider the two-input two-output structure shown below, where 0 < σ < 1.

Figure P14-21

a) Show that the transfer matrix is given by

(P14.21)

and that it is lossless.
b) Find the Smith-McMillan form Λ(z). Also find appropriate unimodular 

W(z) and V(z) such that T(z) = W(z)Λ(z)V(z).
14.22. We know that the IIR lossless example in Problem 14.21 can be expressed as 

Vm(z)H0 where Vm(z) is as in (14.9.1). Identify am, H0, and the unit norm 
vector vm.

14.23. Let Hm(z) = ΣLn=0 h(n)z-n with h(0) ≠ 0 (i.e., Hm(∞) ≠ 0) be an M × M 
lossless system with degree = m.

a) We wish to find an M × 1 vector wm with ∣∣wm∣∣ = 1 such that

(P14.23)

where Hm-1(z) is causal FIR lossless with Hm-1(∞) ≠ 0 and with degree 
m — 1. Show that there exists a Wm satisfying all these requirements. 
Explain how this wm can be found.

b) Using this result show that any M × M causal FIR lossless system with de- 
gree N can be factorized as in Fig. 14.10-4 where (i) Φm(z) =

(ii) Wm = I — 2wmw†m with ∣∣wm∣∣ = 1, and (iii) G0 is M × M unitary.
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(P14.24a)

14.24. Consider the lossless system

a) Verify that [det H(z)] = αz-1 for some α ≠ 0, so that H(z) has degree 
one.

b) We know from Sec. 14.10 that H(z) can be factorized as

(P14.24b)

where G0 is unitary and W1 = I — 2w1w†1, with ∣∣w1∣∣ = 1. Find w1 and 
G0.

c) We know from Sec. 14.4 that H(z) can also be factorized as H(z) = 
V1(z)H0 where V1(z) is as in (14.4.1) with ∣∣v1∣∣ = 1, and H0 is unitary. 
Find v1 and H0.

14.25. Let P be M × M Hermitian positive definite, and let λi be its eigenvalues. We 
know that λi > 0. Prove the following:

a) P ≤ I ⇔ λi ≤ 1, ∀i.
b) P ≤ I ⇔ P-1 ≥ I.
c) Ρ ≤ I ⇔ PT ≤ I.
d) Prove that (14.8.8) implies H†(z)H(z) ≥ I for ∣z∣ < 1.
e) Now let k be a column vector with k†k < 1. Show that kk† < I, that is, 

I - kk† > 0.
Note that since P is Hermitian, PT = P* so that (c) also holds with PT 
replaced by Ρ*.

14.26. Let H(z) be a causal stable transfer function. Let the input (14.8.3) (∣a∣ > 1) 
produce an output which satisfies y(n) = 0 for n > L. Prove then that the 
impulse response h(n) of the system H(z) satisfies h(n)v = 0 for n > 0.

14.27. We now consider the state space description (A,B,C,D), and the matrix

(P14.27)

for some IIR lossless structures.
a) Write down R for the example in Problem 14.21. Is R unitary?
b) Consider Fig. 14.9-1. Assume ∣∣vm∣∣ = 1 and ∣am∣ < 1. Write down the 

state space matrices (A, B, C,D) and hence R. Is R unitary?
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14.28. Consider the structure shown below.

This is the normalized IIR lossless building block.

a) Write down the realization matrix R and show that R†R = I.

b) Suppose we use this building block in place of Vm(z) in Fig. 14.10-1. 
Assume H0 is p x r with H†0H0 = I. Show that the realization matrix for 
the entire system satisfies R†R = I.

14.29. Consider Problem 14.6 again. In particular let each 2 × 2 building block be as 
in Problem 14.21. There are N building blocks, and each is characterized by 
a parameter σm. Each building block requires 3 multipliers. Now suppose we 
replace each building block with the following modified version.

Figure P14-29

This requires only one multiplier (and four adders). Show that its transfer
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(P14.29)

matrix is given by

and that GN(z) is unaffected (as long as the values of σm and G0 are un
changed) . This structure requires only N + 1 multipliers. Evidently the in- 
equality |GN(ejω)| ≤ 1 continues to be true as long as 0 ≤ σm < 1 and 
∣G0| < 1. In other words, we have a strcturally bounded implementation, which 
therefore enjoys low passband sensitivity (Sec. 9.7).
Note: Low sensitivity structures of the above form can be used to implement a 
restricted class of filters for example, Butterworth filters. More general filters 
(such as elliptic) can be obtained by introduction of degree-two lossless build- 
ing blocks; see Swamy and Thyagarajan [1975] for details. These are closely 
related to wave digital filters, as elaborated in Vaidyanathan [1985a]. They 
are, however, of restricted use because of the lack of pipelineability in VLSI 
implementations; see Kung, et al. [1985].

14.30. We now give another proof of the matrix version of the maximum modulus 
theorem (suggested to the author by Prof. John Doyle at Caltech). This is 
perhaps more direct, and works for any closed contour, not just the unit circle.

a) Let A be any M × M matrix. Let μ be the maximum magnitude of the 
quantity x†Ay, as x and y are varied over ail unit-norm vectors. Let λ 
denote the maximum eigenvalue of A†A. Show that μ2 = λ.

b) Let H(z) be an M x M matrix function of the complex variable z. Assume 
that each entry Hkm(z) is analytic on and inside a closed contour C, and 
let H†(z)H(z) ≤ I on the contour. Show then that H†(z)H(z) ≤ I every
where inside the contour. (You can use the scalar version of the maximum 
modulus theorem, Sec. 3.4.1).
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