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Understanding strongly interacting quantum matter and quantum gravity are both important
open issues in theoretical physics, and the holographic duality between quantum field theory and
gravity theory nicely brings these two topics together. Nevertheless, direct connections between
gravity physics and experimental observations in quantum matter are still rare. Here we utilize the
gravity physics picture to understand quench dynamics experimentally observed in a class of random
spin models realized in several different quantum systems, where the dynamics of magnetization are
measured after the external polarization field is suddenly turned off. Two universal features of the
magnetization dynamics, namely, a slow decay described by a stretched exponential function and an
oscillatory behavior, are respectively found in different parameter regimes across different systems.
This work addresses the issues of generic conditions under which these two universal features can
occur, and we find that a natural answer to this question emerges in the gravity picture. By the
holographic duality bridged by a model proposed by Maldacena and Qi, the quench dynamics after
suddenly turning off the external polarization field is mapped to disconnecting an eternal traversable
wormhole. Our studies show that insight from gravity physics can help unifying different experiments
in quantum systems.

The holographic duality between quantum field theory
at boundary and gravity theory in bulk has shed new in-
sights in understanding both quantum matter and grav-
ity [1, 2]. For example, on the gravity side, the wormhole
in local Einstein gravity is not traversable, and recently
mechanisms that can render a wormhole traversable have
been studied by coupling quantum fields on boundaries
[2–4]. On the quantum matter side, insights from gravity
theory can help us understand strongly interacting quan-
tum systems, such as non-Fermi liquids [2]. Nevertheless,
so far only a few specifically designed quantum models,
such as the Sachdev-Ye-Kitaev (SYK) model [1, 6, 7, 9],
have been explicitly shown to possess holographic dual-
ity to gravity theory. Such a model is seemingly differ-
ent from realistic systems in quantum materials and is
also hard to be realized by quantum simulations. There-
fore, so far little connection between sights from gravity
physics and realistic experimental observations in quan-
tum matter has been established through holographic du-
ality, except for few known examples such as bounds for
viscosity and transport coefficients [10–14].

In this work we focus on a typical random spin model
written as

Ĥ =
∑
i<j

Jij(Ŝ
x
i Ŝ

x
j + Ŝyi Ŝ

y
j + ∆Ŝzi Ŝ

z
j )− h

∑
i

Ŝxi . (1)

This model has recently been realized by cold molecules
in optical lattices [15, 16], and NV centers [17], fermions
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in harmonic traps [18], Rydberg atoms [19], high spin
atoms in optical lattices [20] and by solid state NMR
[21, 22]. Jij is random all-to-all spin interaction coeffi-
cients, which originates either from dipolar interaction or
from the spin exchanging interaction, and the random-
ness comes from the random locations of spin carriers in
these systems. We can denote Jij = J̄/N + δJij , where
J̄/N is the averaged value of all Jij and N is the num-
ber of spins. 〈δJ2

ij〉 = 4J2/N and J denotes the typical
strength of random spin interactions. ∆ is the anisotropy
between the longitudinal and the transverse spin-spin in-
teractions. h is an external polarization field. Among
these systems, ~/J varies from a few microseconds to a
few milliseconds, and the values of J̄/J and ∆ are also
different.

Taking the advantages of the controllability of these
systems, these realizations enable experimental studies of
far-from-equilibrium quantum dynamics, and the quench
dynamics in these random spin models have also been
reported in a number of recent experiments [15–20]. In
the quench dynamics, spins are initially polarized in the
transverse direction, say, along x̂, by h-term in Eq. 1,
and then the dynamics of the total magnetization along
x̂ are experimentally measured after h is suddenly turned
off. In some of these experiments where the magnetiza-
tion decay time due to the single-spin effect is shorter,
a spin echo is applied to eliminate the single-spin effect
[15–17, 20], which ensures that the observed features are
all due to spin-spin interactions described by Eq. (1).
Two features of the quench spin dynamics have been ob-
served in the time scale from a few to a few tens of ~/J .
They take place in different parameter regimes, but both
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FIG. 1. Illustration of Models and Phases: (A) The connection between the random spin models and the gravity theory
bridged by the Maldacena-Qi model. (B-C) Illustration of the black hole (BH) phase and the eternal traversable wormhole
(TW) phase in the Maldacena-Qi model and its dual gravity theory. The correspondence between the Penrose diagram in the
gravity theory (left) and the lesser Green’s function G<(t), as well as the spectral function ρ(ω) (right) in the quantum theory,
are shown for the BH phase (B) and the TW phase (C), respectively. In the Penrose diagrams, the colored regimes are the
physical space in the geometry. Two yellow dashed lines represent the physical boundaries of two AdS2 spaces, denoted by the
left (L) and the right (R) ones, where the quantum fields are defined. The black dotted lines with an arrow represent the null
geodesic. The horizontal axis is the real-time axis.

are observed in different systems and across different pa-
rameter regimes. These two features are listed below.

• Slow decay of the total magnetization has been
found when the magnetization decays to zero at
long time, and the time dependence of the total
magnetization is identified as a stretched exponen-
tial function. This feature has been observed in ex-
periments on NV centers [17], Rydberg atom [19]
and high spin atoms in optical lattices [20],

• When the total magnetization saturates at finite
value at long time, the total magnetization oscil-
lates in time. This feature has been observed in
experiments using cold molecules in optical lattices
[15, 16], and fermions in harmonic traps [18].

Here we will address the question of the general condi-
tions under which these two features will occur in these
random spin models. This work is to show that a sce-
nario emerged from the dual gravity theory unifies these
experiments.

This work establishes a connection between the quench
dynamics in these random spin models and the dynamics

after suddenly turning off the coupling in a traversable
wormhole. The connection is bridged by a model cou-
pling two SYK systems proposed by Maldacena and Qi,
as shown in Fig. 1(a). The Maldacena-Qi model is dual
to a gravity theory hosting an eternal traversable worm-
hole [2], and a clear correspondence can be established
between the behaviors of the spectral function in dif-
ferent phases of the Maldacena-Qi model and different
space-time geometry in the gravity side with or with-
out a traversable wormhole. We will show that the ran-
dom spin models are closely related to the Maldacena-Qi
model, and the spectral functions of these two models
share similar behaviors. Hence, by studying the evolution
of the spectral functions during the quench dynamics, we
can establish a gravity interpretation of the quench dy-
namics.

Maldacena-Qi Model and its Gravity Dual.
Since the Maldacena-Qi model is a coupled SYK model,
we need to first briefly introduce the SYK model. A sin-
gle SYK model is written as

ĤSYK({ψi}) = i2
∑

16i<j<k<l6N

Jijklψ̂iψ̂jψ̂kψ̂l, (2)
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where ψ̂i(i = 1, . . . , N) are N Majorana fermion opera-
tors, and Jijkl are random Gaussian variables with zero
mean and the variance 〈J2

ijkl〉 = 3!J2/N3. The SYK
model is exactly solvable in the large-N limit. It can be
shown explicitly that the low-energy physics of the SYK
model has an emergent conformal symmetry, which can
be dual to the Jackiw-Teitelboim gravity in the AdS2

geometry with a black hole.
Various extensions of the SYK models have been

considered, especially coupled SYK models [2, 4, 23–
31, 33, 34]. Here we focus on the version proposed by
Maldacena and Qi [2]. The Maldacena-Qi model is writ-
ten as

ĤMQ = ĤSYK({ψ̂Li })+ĤSYK({ψ̂Ri })+ iµ
∑
i

ψ̂L
i ψ̂

R
i . (3)

where ψ̂L
i and ψ̂R

i denote the left and the right Majorana
fermions. If µ = 0, there is no coupling between two SYK
models, and on the gravity side, two AdS2 spaces are also
independent. Therefore, the geodesic starting from the
boundary of one AdS2 space can never reach the bound-
ary of the other AdS2 space. The µ-term adds coupling
between two boundaries of the AdS2 spaces which dis-
torts the boundary geometries. At finite temperature,
when the distortion is weak, two boundaries still cannot
be connected by a geodesic and this is referred to as the
“black hole” (BH) phase. However, when the distortion
is strong enough, the geodesic starting from the bound-
ary of one AdS2 space can reach the boundary of the
other AdS2 space, which renders these two black holes
into a traversable wormhole. This is referred to as the
“traversable wormhole” (TW) phase. The difference be-
tween these two geometries is represented by two different
Penrose diagrams in Fig. 1(B) and (C).

In the presence of the holographic duality, the behav-
ior of correlation functions are closely related to the con-
nectivity of the space-time geometry through the stan-
dard holographic dictionary. Let us consider the lesser

Green’s function G<aa′(t) = i
∑
l〈ψ̂a

′

l (t)ψ̂al (0)〉/N , where
a, a′ = L,R. Roughly speaking, this Green’s function
can be physically interpreted as follows: first, a signal is
created at t = 0 by an operator at boundary a′, and then
the signal propagates following the geodesic, and finally,
the signal is detected at time t on boundary a. In the
BH geometry, since there is no connection between two
boundaries, it is natural to have G<aa′(t) = 0 for a 6= a′.
For a = a′, G<aa′(t) decreases as t increases, because as
one can see from the Penrose diagram in Fig. 1(B),
the geodesic, denoted by the black dotted line, moves
away from the boundary. However, the situation is dif-
ferent for the TW geometry. In the TW geometry, as
also shown by the Penrose diagram in Fig. 1(C), the
geodesic starting from the left boundary can reach the
right boundary and can be further bounced back and
forth between two boundaries for an eternal traversable
wormhole [2]. Thus all G<aa′(t) are always finite for a = a′

and a 6= a′. At a time when the geodesic arrives at
one of the boundaries, the corresponding Green’s func-

tion reaches a maximum. Therefore, G<aa′(t) shows an
oscillatory behavior in time. These two different be-
haviors of G<aa′(t) are also illustrated in Fig. 1(B) and
(C). Similar behaviors can also be found in the quan-

tity i
∑
l〈[ψ̂al (0), ψ̂a

′

l (t)]〉/N = −G>aa′(t)−G
<
aa′(t), which

more directly reflects whether and how the information
gets transferred from one side to the other.

Knowing the Green’s function G<aa′(t), one can ob-
tain G<aa′(ω) by performing the Fourier transforma-
tion, and then derive the spectral function ρaa′(ω) =
G<aa′(ω)/2πinF (ω) by the fluctuation-dissipation theo-
rem, where nF (ω) is the Fermi-Dirac distribution. In the
BH phase, ρaa′(ω) shows a single broad peak near ω ∼ 0
for a = a′, and is significantly smaller for a 6= a′. In
the TW phase, ρaa′(ω) displays multiple narrow peaks.
ρaa′(ω) behaves similarly for a = a′ and a 6= a′, except for
their different parities in ω. This difference is also shown
in Fig. 1(B) and (C). Hence, we have established corre-
spondence between the behavior of the spectral function
and the presence of a traversable wormhole. Equipped
with this correspondence, we are now ready to move on
to discuss the random spin models.

Connection between the Random Spin Models
and the Maldacena-Qi Model. When ∆ = 1, h = 0
and J̄ = 0, the model Eq. (1) possesses SU(2) symmetry,
which becomes the Sachdev-Ye model when the SU(2)
group is promoted to SU(M) group. The Sachdev-Ye
model can be solved in the large-N and large-M lim-
its where various simplifications can be found. Here we
will take similar large-N and large-M approximations for
studying the quench dynamics of the model Eq. (1) in
general, and the approximations can be justified by qual-
itative agreements with exact diagonalizations (see Sup-
plementary Materials) and experiments. Before studying
the quench dynamics, we first address the connection be-
tween this model and the Maldacena-Qi model.

First of all, the random spin model can be written in
terms of fermion operators ĉi,s with spins s =↑, ↓, by

rewriting the spin operators as Ŝαi = 1
2 ĉ
†
i,s(σ

α)ss′ ĉi,s′ ,
where α = x, y, z and σα denotes the corresponding Pauli
matrices. Then, we define the imaginary-time Green’s
function of fermions G(τ) as a 2 × 2 matrix, with the
matrix elements defined as

Gss′(τ) =
1

N

∑
i

〈
Tτ ĉi,s(τ)ĉ†i,s′(0)

〉
. (4)

We first consider the case with J̄ = 0. The Fourier trans-
formation of G(τ) defines G(iωn), and by the Schwinger-
Dyson equation, we have

G(iωn)−1 = −iωn −
h

2
σx − Σ(iωn), (5)

with the Matsubara frequency ωn = (2n + 1)π/β and
β = 1/(kBT ) being the inverse temperature, where
Σ(iωn) is the self-energy in the Matsubara frequency do-
main. With the large-N and the melon diagram approxi-
mations, the self-energy can be obtained as (see Methods
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FIG. 2. Phase Diagrams of the Hamiltonian before and after Quench: (A) Phase diagram for Hamiltonian before
quench. Here h 6= 0 and htol determines the spectral functions, and we set htol = 0.2J . (B) Phase diagram for Hamiltonian
after a quench. Here h = 0 and J̄ is the only parameter left, and we set J̄ = J . J is taken as the energy unit. “BH” denotes
the black hole phase and “TW” denotes the traversable wormhole phase. They are distinguished by the spectral functions, as
illustrated in Fig. 1. The dashed line represents a first-order transition separating two phases, associated with discontinuity in
observables, and it is a crossover between two phases for other places. (C) Several typical examples of the spectral functions of
BH and TW phases are plotted, with their corresponding locations marked by solid circles in (A).

for details)

Σ(τ) = −J
2

4

∑
αα′

ξαξα
′
σα

′
G(τ)σαTr

[
σα

′
G(τ)σαG(−τ)

]
,

(6)
where ξ = (1, 1,∆).

For the Maldacena-Qi model, we can similarly define a

2×2 matrix G(τ) with Gaa′(τ) =
∑
i〈Tτ ψ̂ai (τ)ψ̂a

′

i (0)〉/N ,
with a, a′ = L,R, andG(iωn) in the Matsubara frequency
domain also obeys the Schwinger-Dyson equation as

G(iωn)−1 = −iωn − µσy − Σ(iωn). (7)

It has been shown that the Green’s function obeys the
self-consistency equation [2]

Σaa′(τ) = J2Gaa′(τ)3. (8)

We first consider the case ∆ = 0, where direct evalua-
tion of Eq. (6) yields

Σss(τ) = −J2Gss(τ)Gs̄s̄(τ)Gs̄s̄(−τ),

Σss̄(τ) = −J2Gss̄(τ)Gs̄s(τ)Gss̄(−τ),
(9)

where s̄ 6= s. First of all, to compare Eq. (5) with
Eq. (7), we notice that the spin model has rotational

symmetry along ẑ, and therefore one can replace σx in
Eq. (5) by σy. Then note that the system is invari-
ant when rotating π along ŷ: ĉi → iσy ĉi, which gives
G↑↑(τ) = G↓↓(τ) and G↑↓(τ) = −G↓↑(τ), and the sys-

tem also has the particle-hole symmetry ĉi → ĉ†i that

corresponds to (Ŝxi , Ŝ
y
i , Ŝ

z
i ) → (−Ŝxi , Ŝ

y
i ,−Ŝzi ), which

gives G↑↑(τ) = −G↑↑(−τ) and G↑↓(τ) = −G↓↑(−τ).
These symmetry relations simplify Eq. (9) into Σss′(τ) =
J2Gss′(τ)3, which takes the same form as Eq. (8). In this
way, Eq. (5) and Eq. (9) for the random spin model be-
come completely identical to Eq. (7) and Eq. (8) for the
Maldacena-Qi model. Two spin components s, s′ =↑, ↓
play the role of a, a′ = L,R, and the Zeeman field h
plays the role of the coupling term µ, which is responsi-
ble for the wormhole being traversable. The equivalence
between these two models also holds approximately for
non-zero but small ∆, where a non-zero small ∆ provides
an extra channel to couple two sides, as one can see from
the low energy effective action (see Supplementary Ma-
terials for details).

Next, we discuss how to deal with a non-zero J̄ . Up to
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FIG. 3. Slow Dynamics after Quench: (A) The decay of the total magnetization Mx along x̂ as a function of time t (in unit
of 1/J) for three different temperatures βJ . The inset shows a zoom-in plot for tJ > t∗J ∼ 2. (B) The same curves as (A), but
the loglog-log plot is used. Here the vertical axes L(t) denotes log(| log(Mx(t)/Mx(0))|). The slope of L − log(tJ) curves give
the exponent in the stretched exponentials. (C) Four representative spectral functions ρ(ω) and distribution functions F(ω)
for different stages of the evolution, as marked in (A) and (B). Here we take ∆ = −0.73, which is realized in the Rydberg atom
experiment [19], and we set J̄ = J .

a constant, the term associated with J̄ can be cast into

J̄

2N

∑
α=x,y,z

ξα

(∑
i

Ŝαi

)(∑
i

Ŝαi

)
. (10)

We implement the molecular field approximation by de-
noting Mα =

∑
i〈Ŝαi 〉/N and hαeff = J̄ξαMα. Then, Eq.

(10) can be written as∑
α=x,y,z

hαeff

∑
i

Ŝαi . (11)

For equilibrium, Mα needs to be determined self-
consistently. For dynamics, Mα evolves in time. In this
work, since we initially polarize spins along x̂, we focus
on the situation only Mx 6= 0 and My = Mz = 0. Hence,
this term can be combined with the h-term by replacing
h with htol = h− hxeff = h− J̄Mx.

Phase Diagram. The quenching process we will con-
sider is instantaneously turning off h from non-zero to
zero, therefore, here we will first discuss the equilibrium
phase diagram for both finite and zero h, respectively.
The model parameters contain J , ∆, h and J̄ , as well as

temperature T . Here we take J as the energy unit. When
h is finite, it polarizes spins, and Mx is non-zero, which
further normalizes htol through the effect of J̄ . When
the self-consistency is reached, there is a one-to-one cor-
respondence between h and htol, and only htol enters the
equation that determines the spectral functions. Hence,
in Fig. 2(A), we fix htol and plot the phase diagram in
terms of the other two dimensionless parameters T/J and
∆. The phase diagram is obtained by numerically solv-
ing the self-consistency equations discussed above. Here
the “BH” and “TW” are distinguished by their different
behaviors of spectral functions, as we illustrate in Fig.
1 (B) and (C) and show in Fig. 2(C). Consistent with
the Maldacena-Qi model [2], the random spin model with
small ∆ displays the BH phase at high temperature and
the TW phase at low temperature (see Supplementary
Material for the discussion of the phase transition).

When h = 0, the system possesses a spin rotation sym-
metry of (Ŝxi , Ŝ

y
i , Ŝ

z
i ) → (−Ŝxi ,−Ŝ

y
i , Ŝ

z
i ). If this symme-

try is respected, then Mx is always zero and htol is also
zero. Nevertheless, the ground state can have non-zero
Mx due to the spontaneous symmetry breaking, which
leads to non-zero htol. Both a non-zero J̄ and a non-



6

FIG. 4. Oscillatory Behavior after Quench: (A) The decay of the total magnetization Mx along x̂ as a function of time
t (in the unit of 1/J) for two different temperatures βJ . (B) The spectral functions ρ(ω) at the initial time of these two cases
((B1) and (C1)), and at the long-time of these two cases ((B2) and (C2)). Here we have taken ∆ = −0.5 and J̄ = 0.

zero ∆ can lead the system into a TW phase [4, 33].
However, as shown in Fig. 2(B), the TW phase is signif-
icantly smaller compared with the h 6= 0 case shown in
Fig. 2(A).

Quench Dynamics. Now we discuss the two univer-
sal features observed in the quench experiments. As we
have seen, the h-term is mapped to the µ-term in the
Maldacena-Qi model, which couples two boundaries and
makes the wormhole traversable. Hence, in the gravity
picture, the quench dynamics of suddenly turning off h
corresponds to turning off the coupling term, which is re-
sponsible for making a wormhole traversable. Below we
will calculate the quench dynamics numerically by the
Kadanoff-Baym formula, which gives how the spectral
function evolves in time (see Method). By the correspon-
dence between the spectral function and the space-time
geometry discussed above, we can establish a gravity pic-
ture of the quench dynamics.

Firstly, we discuss the slow dynamics described by a
stretched exponential. Initially, the spectral function is a
typical TW-type one, as shown in Fig. 3(C1). We show
in Fig. 3(A) that the dynamics contain two stages. In
the first stage when tJ < t∗J , with t∗J ≈ 2 in the case
shown in Fig. 3(A), Mx decays quite fast. As shown
in Fig. 3(C2), the spectral function still retains TW-
phase-like in this stage. It is known that the distribution
function F(ω) at equilibrium should be tanh (βω/2), as
in the initial case shown in Fig. 3(D1). As one can see
in Fig. 3(D2), at the end of the first stage, the system
strongly deviates from equilibrium.

In the second stage, with tJ ranging from t∗J to a
few tens, the dynamics is much slower. Note that if Mx

obeys a stretched exponential e−C(t/t0)η , it should man-
ifest as a straight line in the log(| logMx|) − log t plot,
and the slope determines η. We show this in Fig. 3(B),
and the fitting yields η < 1, meaning that the dynamics
is slower than usual exponential decay. In Fig. 3(C3),
we show that the multiple peaks in the spectral func-
tion gradually merge into a single peak, and meanwhile,

ρss′ with s 6= s′ is gradually suppressed. At the long-
time limit, as shown in Fig. 3(C4), the spectral function
becomes BH-phase-like, where ρss′ shows a single broad
peak around ω ∼ 0 for s = s′ and is vanishing small for
s 6= s′. Hence, in the gravity picture, this process cor-
responds to the wormhole gradually closing. From Fig.
3(D3),(D4), we also see that the distribution functions
fast reach quasi-equilibrium in this stage, and by fitting
the distribution function with tanh(β̃ω/2), we can obtain

an effective temperature 1/β̃ for the saturated state. By
comparing Fig. 3(D4) with (D1), one can see that the
temperature for the final state is close to the tempera-
ture of the initial state. By examining various different
parameters (see Supplementary Material for more exam-
ples), we identify that the stretched exponential decay
occurs generically when a traversable wormhole is discon-
nected and becomes two decoupled black holes, and the
temperatures of the initial TW and the final BH phases
are close.

Secondly, we discuss the oscillatory behavior. In Fig.
4 we compare two cases which only differ by the param-
eter βJ but show two different behaviors. For the one
with a smaller βJ , Mx monotonically decays to zero as
discussed above. For the one with a larger βJ , Mx sat-
urates to a finite value in the long-time limit, and oscil-
lates in time before saturation. Here we also want to find
a generic condition to determine which behavior should
take place, and it turns out that the answer is also quite
clear in the gravity picture. As we show in Fig. 4(B)
and (C), these two cases have similar initial states in the
TW phase. However, their long-time saturation states
are very different. ρ(ω) at long-time exhibits typical be-
havior of the BH phase for the one with smaller βJ , but
exhibits typical behavior of the TW phase for the one
with larger βJ . Note that in Fig. 2(B), even with h = 0,
there still exists TW phase in the equilibrium phase dia-
gram, which means that turning off h does not always dis-
connect the wormhole. If the long-time saturation phase
is still retained in the TW phase, there will exhibit an
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oscillatory behavior of magnetization in time. This oscil-
latory behavior can also be found by using the effective
action with gravity dual (see Supplementary Material).
By examining different parameters (see Supplementary
Material), we also find that whether the monotonical de-
cay or oscillatory behavior occurs in the quench dynamics
essentially depends on whether the final state is the BH
phase or the TW phase.

Summary and Outlook. In summary, we show that
the quench dynamics of randomly interacting quantum
spins after turning off an external field can be under-
stood in the dual gravity picture as turning off a cou-
pling field for making the wormhole traversable. If this
process disconnects the traversable wormhole and finally
yields two decoupled black holes, the magnetization dis-
plays a slow decay described by the stretched exponential
function toward zero magnetization. If this process does
not disconnect the traversable wormhole, due to the ex-
istence of the residual couplings between the boundary
fields, the magnetization saturates to a non-zero value
at long time and oscillates around the saturation value.
This gravity picture conceptually unifies these two uni-
versal phenomena observed in the random spin model
realized in different physical systems.

The stratagem of our study is reminiscent of the con-
cept of the“fixed point” in the renormalization group the-
ory, where different microscopic models can share the
same low-energy description given by a fixed point ac-
tion. Here we use the Maldacena-Qi model, whose grav-
ity dual has been shown explicitly, as the “holographic
fixed point”, and we use the holographic fixed point to
define correspondence between quantum properties and
the gravity properties. We further share this correspon-
dence with different microscopic models in the neighbor-
hood of the Maldacena-Qi model with similar quantum
properties, and these models are much closer to reality.
Therefore, the success of this approach can inspire more
applications on realistic quantum models with insights
from the gravity theory.
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Methods.

Derivation of the Self-Consistent Equations. The orig-
inal model given by Eq. (1) can be written by fermion

representation with Ŝαi =
∑
ss′ ĉ

†
i,s(σ

α)ss′ ĉi,s′/2 and the

constrain
∑
s ĉ
†
i,sĉi,s = 1. We now promote this model

by adding an additional M indices as

Ĥ =
1√
M

∑
ij,αγ

Jijξ
αT̂α,γi T̂α,γj − h

∑
i

Ŝxi . (12)

where

T̂α,γi =
1

2

∑
si,mi

ĉ†i,s1,m1
(σα)s1s2(T γ)m1m2

ĉi,s2,m2
.

Here mi = 1, 2, ...M and T γ are the generators of the
SU(M) group that satisfies∑

γ

T γm1m2
T γm3m4

= δm1m4
δm2m3

− 1

M
δm1m2

δm3m4
.

The external field h only couples to the SU(2) part. The

constrain is also promoted as
∑
s,m ĉ

†
i,s,mĉi,s,m = M .

Firstly, we take the imaginary time approach in the large-
N and large-M limits. The constrain is satisfied au-
tomatically due to the particle-hole symmetry, and the
self-energy can be obtained by the melon diagrams as [6]

Σ(M)(τ) = −J
2

4

∑
αα′

ξαξα
′
σα

′
G(M)(τ)σα

× Tr
[
σα

′
G(M)(τ)σαG(M)(−τ)

]
.

(13)

Here we have defined

G
(M)
ss′ (τ) =

1

NM

∑
i,m

〈
Tτ ĉi,s,m(τ)ĉ†i,s′,m(0)

〉
.

By taking M → 1, we obtain Eq. (4) and Eq. (6) in the
maintext with Σ(τ) = Σ(1)(τ) and G(τ) = G(1)(τ).

Secondly, we also employ the real-time approach and
we consider the M = 1 case. We begin with the greater
and lesser Green’s functions in real-time defined as

G>ss′(t1, t2) ≡ −i 1

N

∑
l

〈
cl,s(t1)c†l,s′(t2)

〉
,

G<ss′(t1, t2) ≡ i 1

N

∑
l

〈
c†l,s′(t2)cl,s(t1)

〉
,

(14)

as well as the retarded and advanced Green’s function
defined as

G
R/A
ss′ (t1, t2) ≡ ∓iΘ (±t12)

1

N

∑
l

〈
{cl,s(t1), c†l,s′(t2)}

〉
,

(15)
where Θ (t) is the Heaviside step function and we have
defined t12 = t1 − t2. GR/A is related to G≷ as

GR/A(t1, t2) = ±Θ (±t12)
(
G>(t1, t2)−G<(t1, t2)

)
.

(16)
In the thermal equilibrium, all Green’s functions are only
functions of t12 due to the time-translational symmetry.
To solve the real-time Green’s functions self-consistently,
we introduce the spectral function as

GR(ω) =

∫
dz

ρ(z)

z − ω + i0
, (17)
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which implies ρ(ω) = −ImGR(ω)/π. Other Green’s func-
tions are determined by the fluctuation-dissipation theo-
rem as

G<(ω) = 2πinF (ω)ρ(ω),

G>(ω) = −2πinF (−ω)ρ(ω),
(18)

where nF (ω) is the Fermi-Dirac distribution function.
To derive the self-consistent equation for the spectral

function, we apply the Fourier transformation on the
Eq. (6) Σ(τ) → Σ(iωn) and perform the analytical con-
tinuation iωn → ω + i0 after the Matsubara frequency
summation for the internal dummy frequency [1]. We
then obtain GR(ω)−1 = ω + h

2σ
x − ΣR(ω), with

ΣR(ω) =
J2

4

∫ ∞
−∞

dt Θ(t)eiωt

∑
αα′

(
ξαξα

′
σα

′
G>(t)σα Tr

[
σαG<(−t)σα

′
G>(t)

]
−

ξαξα
′
σα

′
G<(t)σα Tr

[
σαG>(−t)σα

′
G<(t)

])
.

(19)

Iteratively solving these equations gives the spectral func-
tion ρ(ω) and real-time Green’s functions.

The Kadanoff-Baym Equation. To study the real-time
dynamics, we utilize the Kadanoff-Baym equation on the
Keldysh contour [35], which describes the real-time evo-
lution of G≷. Assuming the melon diagram approxima-
tion Eq. (6) and applying the Langreth rules [36] on the
Schwinger-Dyson equation, we find that [37]:

i∂t1G
≷(t1, t2) +

heff(t1)σx

2
G≷(t1, t2) =∫

dt3(ΣR(t1, t3)G≷(t3, t2) + Σ≷(t1, t3)GA(t3, t2)),

−i∂t2G≷(t1, t2) +G≷(t1, t2)
heff(t2)σx

2
=∫

dt3(GR(t1, t3)Σ≷(t3, t2) +G≷(t1, t3)ΣA(t3, t2)).

(20)
Here we have taken the contribution of J̄ into account by

hxeff(t) = i
J̄

2

(
G<↑↓(t, t) +G<↓↑(t, t)

)
. (21)

The real-time self-energies in Eq. (20) are given by

Σ≷(t1, t2) =
J2

4

∑
α,α′

ξαξα
′

σα
′
G≷(t1, t2)σαtr

[
σα

′
G≷(t1, t2)σαG≶(t2, t1)

]
,

(22)
with ΣR/A related to Σ≷ as

ΣR/A(t1, t2) = ±Θ (±t12)
(
Σ>(t1, t2)− Σ<(t1, t2)

)
.

(23)
For t1, t2 < 0, G

≷
χ (t1, t2) = G

≷
χ (t12) is given by the equi-

librium solution, which serves as the initial conditions for

the time dynamics. Evolving G
≷
χ (t1, t2) using Eq. (20)-

(22) gives the quantum dynamics.
To analyze the quench dynamics, we study the spectral

function and the quantum distribution function at given
time t. We firstly separate the relative time tr by defining
the temporal Green’s function G̃ι(t, tr) as

G̃ι(max{t1, t2}, t1 − t2) = Gι(t1, t2),

G̃ι(t, ω) =

∫
dtre

iωtrG̃ι(t, tr).
(24)

Here ι ∈ {>,<,R,A} and we perform the Fourier trans-
formation for the relative time. The temperal spectral
function is then defined as

ρ(t, ω) = − 1

π
ImG̃R(t, ω). (25)

Similar as Eq. (24), we could also define Σ̃ι. At thermal-

equilibrium, there is no time dependence for both G̃ and
Σ̃, and the fluctuation-dissipation theorem implies the
relation [35]

tanh
βω

2
=

Σ̃>(ω) + Σ̃<(ω)

Σ̃R(ω)− Σ̃A(ω)
. (26)

Then for the non-equilibrium case, motivated by Eq.
(26), we define the quantum distribution function at time
t as

F(t, ω) =
Σ̃>(t, ω) + Σ̃<(t, ω)

Σ̃R(t, ω)− Σ̃A(t, ω)
. (27)
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S1. EXACT DIAGONALIZATION RESULTS

Here we report the results from the exact diagonalization calculation of a finite-size spin system, which shows
both the slow dynamics and the oscillatory dynamics in different parameter regimes. The results are consistent
with those reported in the main text based on the large-N expansion and assuming the melon diagrams. This
consistency provides supports to our approximations used in the main text. Nevertheless, we should also emphasize
that, because the finite-size exact diagonalization and large-N theory are two different approximations, we do not
expect a quantitative agreement between these two calculations.

Firstly, slow dynamics is shown in the Fig. S1(A) and (B). In the same parameter region as in our large-N theory
discussed in the main text, we observe the stretched exponential decay behavior of Mx. In the log(| logMx|)− log t
coordinates, we find the decay exponent η < 1.

Secondly, we find some hints for the oscillatory behavior as shown in Fig. S1(C). Here we should first note that
the symmetry breaking behaviors can hardly be achieved in such a small size spin system with N = 10 by the exact
diagonalization method. In fact, we do not find oscillatory behavior in the exact diagonalization calculation when we
quench the external field h to zero. This is actually consistent with our conclusion that the oscillatory behavior is
associated with the final state in the TW phase, where Mx is non-zero. Hence, to show the oscillatory behavior in the
exact diagonalization calculations, we quench h to a very small value, say, h = 0.02, instead of h = 0. The results are
shown in Fig. S1(C). It shows that for small βJ , at a long time the magnetization saturates to a constant, with very
small variation. As βJ increases, the long time dynamics exhibits a larger and larger variation around its long-time
averaged value, although the variation is not a perfect oscillation due to the finite-size effect.

S2. LOW ENERGY EFFECTIVE ACTION ANALYSIS

A. Equilibrium solution

Here we will discuss the low-energy effective action for the random spin model in the TW phase. We can identify
two parts of contributions in addition to the Schwarzian action. The first part corresponds to the transverse magnetic
field htol, the effect of which has already been considered in the Maldacena-Qi’s work [2]. The second part represents
the effect from a non-zero ∆, with the assumption that |∆| � 1. Here we show how these two quantities affect the
energy gap Egap in the TW phase, and the equilibrium magnetization Mx.

To begin with, it is known that under the melon-diagram approximation, the effective action in the imaginary time
can be written as

I
N

= −Tr log(∂τ − Σ)−
∫

dτ1 dτ2

[
Tr [Σ(τ1, τ2)G(τ2, τ1)] +

∑
αα′

J2

16
ξαξα

′
(

Tr
[
σαG(τ1, τ2)σα

′
G(τ2, τ1)

])2
]

+

∫
dτ1

htol

2
Tr [G(τ1, τ1)σx] .

(S1)

Here we define the imaginary-time Green’s function as:

Gss′(τ) =
1

N

∑
i

〈
Tτ ĉi,s(τ)ĉ†i,s′(0)

〉
. (S2)

Here s, s′ =↑ or ↓ are the up or down spin indices respectively. From now on, we focus on the small htol/J , where
the dynamics can be described by the evolution of reparametrization modes. After imposing the spin rotational
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FIG. S1. Result of Exact Diagonalization. The results from the exact diagnolization calculation of the random spin model
Eq. (1) in the main text, with the number of spins N = 10. The quench dynamics is averaged over 60 different disorder
configurations. (A) Quench dynamics in J̄ = 0 and ∆ = −0.73, corresponding to the Fig. 3 in the main text. Initially, the
system is prepared at h = 0.2J , and we completely turn off h to observe the stretched exponential decay. (B) The same data
but in the log(| logMx|)− log t coordinates. Here we show the decay exponent η in the figure. (C) Quench dynamics in J̄ = 0
and ∆ = −0.5, corresponding to the Fig. 4 in the main text. Initially system is prepared at h = 0.2J . For (A) and (B), h is
quenched to zero, but for (C), h is quenched to 0.02J . The dashed line in (C) is the long-time averaged value.

symmetries and the particle-hole symmetries discussed in the main text, direct calculation shows∑
αα′

J2

16
ξαξα

′
(

Tr
[
σαG(τ1, τ2)σα

′
G(τ2, τ1)

])2

=
J2

4

[ (
∆2 + 2

)
G↑↑(τ1, τ2)4 +

(
∆2 + 2

)
G↑↓(τ1, τ2)4 + 2(∆− 4)∆G↑↓(τ1, τ2)2G↑↑(τ1, τ2)2

]
.

(S3)

To the order of O(∆), Eq. (S3) can be truncated as

J2

2

[
G↑↑(τ1, τ2)4 +G↑↓(τ1, τ2)4 − 4∆G↑↓(τ1, τ2)2G↑↑(τ1, τ2)2

]
. (S4)

When ∆ = 0, this effective action is identical to the effective action of the Maldacena-Qi model. After considering the
last term in Eq. (S4) and rescaling the time variable, the effective action for the reparametrization modes becomes

I
N

=

∫
dτ̃

{({
tanh

tl(τ̃)

2
, τ̃

}
+

{
tanh

tr(τ̃)

2
, τ̃

})
+ h̃

[
t′l(τ̃)t′r(τ̃)

cosh2 (tl(τ̃)−tr(τ̃))
2

]D}

+

∫
dτ̃1 dτ̃2∆̃

[
t′l(τ̃1)t′r(τ̃2)

cosh2 (tl(τ̃1)−tr(τ̃2))
2

]2D [
t′l(τ̃1)t′l(τ̃2)

sinh2
∣∣ (tl(τ̃1)−tl(τ̃2))

2

∣∣
]2D

.

(S5)

where τ̃ = J√
2αs

τ is the dimensionless imaginary coordinates time. For the SYK4 model, αs ≈ 0.007 is a positive

numerical factor in the action, and the scaling dimension D = 1/4. It’s known that the Schwarzian action itself
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describes the low energy fluctuations of the SYK model, and here we use {f, τ} to denote the Schwarzian derivative.
Variable tl(τ̃) and tr(τ̃) in the low energy action are the time reparametrization modes on the left and right boundaries
respectively. We have neglected other modes including the charge fluctuation modes, since they are not excited in our
cases. The rescaled coupling constants are

h̃ =
htol

4J

[
2α2

s

π

]1/4

, ∆̃ =
∆

8π
. (S6)

These two parameters are related to the magnetic field htol and the anisotropic paramter ∆. In the equilibrium case,
the classical solution assumes the ansatz tl(τ̃) = tl(τ̃) = t′τ̃ , where t′ is a constant. The ∆̃ term could be simplified
as:

(∆ term) =

∫ β̃

0

dτ̃1

∫ β̃

0

dτ̃2∆̃

[
t′l(τ̃1)t′r(τ̃2)

cosh2 (tl(τ̃1)−tr(τ̃2))
2

]2D [
t′l(τ̃1)t′l(τ̃2)

sinh2
∣∣ (tl(τ̃1)−tl(τ̃2))

2

∣∣
]2D

=

∫ β̃

0

dx1

∫ β̃/2

−β̃/2
dx2

2t′2∆̃

sinh |t′x2|

=

∫ β̃

0

dx1

∫ ∞
Λ

dx2
4t′2∆̃

sinh(t′x2)
.

(S7)

We have employed the ansatz and introduced the new coordinates x1 = 1
2 (τ̃1 + τ̃2), x2 = (τ̃1− τ̃2). The dimensionless

value β̃ = βJ√
2αs

. Since the UV divergence of the conformal solution is not physical, we have introduced a natural

cutoff Λ = (ε/J) J√
2αs

, where ε is a constant of the order O(1). Besides, because the effective action describes a zero

temperature wormhole, the upper bound of the integration x2 extends to infinity.
Adding up all the terms, the action reads

I/β = − Jt′2√
2αs

+
htol

4(2πα2
s)

1/4

√
t′ +

∆Jt′ log
(

tanh
(

t′ε
2
√

2αs

))
2
√

2παs
. (S8)

It is also known that the classical saddle point dI
dt′ = 0 determines the equilibrium solution as

d(I/β)

dt′
= −
√

2Jt′

αs
+

htol

8(2πα2
s)

1/4

1√
t′

+
∆J

(
t′ε csch

(
t′ε√
2αs

)
+
√

2αs log
(

tanh
(

t′ε
2
√

2αs

)))
4πα2

s

= 0. (S9)

After the asymptotic expansion and assuming t′ � 1, we can obtain equilibrium solution as

t′ =

 1
4

(
αshtol

J

)2/3 ( 1
8πα2

s

)1/6

∆ = 0,

∆
4π log

(
−eε∆

8
√

2παs

)
+ ∆

4π log
(
− log

(
−eε∆

8
√

2παs

))
+ · · · htol = 0.

(S10)

The ∆ = 0 case reproduces the result in Ref. [2]. It is known that, in the gravity interpretation, the energy gap in
the TW phase is Egap = J√

2αs
t′D. Then after using (S10), we reveal different contributions of htol and ∆ to the Egap

term.
Second, with the value of t′, the magnetization Mx can also be calculated by the Green’s function:

Mx = |G↑↓(tl(τ), tr(τ))|

=

(
1

16πJ2

)1/4
[

t′l(τ)t′r(τ)

cosh2 (tl(τ)−tr(τ))
2

]1/4

=
1

2(2π)1/4

√
t′

√
αs
.

(S11)

plugging Eq.(S10) into the above relation between Mx and t′, the effects of htol and ∆ are shown clearly.
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B. Quench Dynamics with Molecular Field Correction

In the subsection A, we have studied the equilibrium properties by the imaginary time approach. In this subsection,
we will study the real time evolution of this random spin model, starting from the TW phase. Therefore, we perform
the analytically continuation on the action (S5) by substituting the coordinate time τ̃ → it̃ + 0 (τ → it + 0) and
reparametrization modes tl/r → itl/r. Here, for simplicity, we consider the case with ∆ = 0. Subsequently, Eq. (S5)
becomes

I
N

=

∫
dt̃

{
−
({

tan
tl(t̃)

2
, t̃

}
+

{
tan

tr(t̃)

2
, t̃

})
+ h̃

 t′l(t̃)t
′
r(t̃)

cos2 (tl(t̃)−tr(t̃))
2

D}, (S12)

which is the same as the one in the Maldacena-Qi model. The action has SL(2) gauge symmetry, which means we

should require the Noether charge vanishes Q0 = 2Ne−ϕ[−e2ϕ − ϕ′′ + h̃De2Dϕ] = 0 with t′l(t̃) = t′r(t̃) = eϕ(t̃)[2].
This determines the corresponding quench dynamics, during which the magnetization at coordinate time t can be
expressed as

Mx(t) = |G↑↓(tl(t), tr(t))|

=

(
1

16πJ2

)1/4
[

t′l(t)t
′
r(t)

cos2 (tl(t)−tr(t))
2

]1/4

=
1

2(2π)1/4
√
αs
e

1
2ϕ(t).

(S13)

Considering the non-zero J̄ effect in the dynamical process, we can substitute htol as htol(t) = −J̄Mx(t). Consequently,
the equation of motion becomes

− e2ϕ − ϕ′′ − J̄

32
√
πJ

eϕ = 0, (S14)

with the proper initial conditions for this ordinary differential equation given by ϕ(0) = 2 log
(
2(2π)1/4√αsMx(0)

)
and ϕ′(0) = 0. By numerically solving this differential equation, we find that for J̄ < 0 and h > 0, and in a parameter
range of J̄/J , Mx first decreases and then oscillates around certain non-zero value as time increases.

S3. PHASE TRANSITION

Here we introduce more details of two methods that we used to determine the phase diagram. The first one
is the imaginary-time approach with which we can directly evaluate the thermodynamical quantities, such as the
free energy f = − 1

βN logZ = 1
βN I (see Eq. (S1)) and the magnetization Mx. The second one is the real-time

approach, from which we can obtain the spectral function ρss′(ω)(s, s′ =↑, ↓) and the spectral ratio we introduced as
r ≡ ρ↑↑(0)/max

ω
ρ↑↑(ω).

With the imaginary-time approach, we start the self-consistent calculation from the high-temperature region, ini-
tialized with a proper high-temperature initial guess of G(τ). When the self-consistent solution is reached at a certain
temperature, we decrease the temperature and continue the self-consistent calculation for a slightly lower temperature,
using the current self-consistent G(τ) as an initial guess. In this way, we can obtain a series of Mx and f evolving
from the high-temperature side, denoted by Mx

H and fH. The calculation can be carried out similarly by evolving
from the low-temperature side, which can also obtain Mx and f denoted by Mx

L and fL.
After obtaining the thermodynamics data by self-consistent calculation initiated from high- and low-temperature

sides, we can determine the two phases and their boundary, as well as the order of phase transitions. For the imaginary
time approach, we find both the crossover behavior (Fig. S2(A)) and the first-order transition behavior (Fig. S2(B,
C)). At relatively large |∆| region |∆| & −0.5, both Mx and f change continuously as lowering the temperature,
and solutions initialized from high-temperature or low-temperature are identical. At relatively small |∆| region, say
|∆| . 0.5, thermodynamical properties behave as typical first-order transitions. Both Mx and f show hysteresis effect
for two different initializations from high-temperature and low-temperature sides, and a discontinuous jump exists at
a certain temperature. Consequently, we can exactly determine the location of the first order transition temperature
T ∗ by the point fH(T ∗)− fL(T ∗) = 0.
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FIG. S2. Phase Transition Probed by the Imaginary Time Approach. (A,B) fL/H and Mx
L/H denote the free energy

and magnetization obtained from the initialization starting from the low-temperature side and the high-temperature side
respectively. Here htol = 0.2J , and ∆ = −0.73 for (A) and ∆ = 0 for (B). (C) The difference between fL/H and between Mx

L/H

for (B).

With the real-time approach, we can obtain the spectral function, and by definition, the spectral ratio r ∈ [0, 1].
r = 0 means a gap at ω = 0, describing the spectral function of the TW phase as discussed in the main text. r = 1
means that the spectral function is peaked at ω = 0, describing the spectral function of the BH phase. Here we can
also find different transition types. For the first order transition region, r jumps discontinuously between 0 and 1.
And in the crossover region, the gap closes gradually and r changes continuously.

S4. QUENCH DYNAMICS

In this section, we provide more examples to support the two main conclusions on the quench dynamics proposed in
the main text. Fig. S3 shows the results of the quench dynamics, including the time dependence of the magnetization
and the spectral functions in the initial and final states before and after the quench dynamics. In addition, we
summarize the examples in the Table. S1. Clearly, in all these examples, we can see that

• When initially r < 1 and finally r = 1, we observe a stretched exponential decay with exponent η < 1.

• When initially r < 1 and finally r is also < 1, we observe that the magnetization saturates at finite value at
long time and oscillatory behavior at long time.

TABLE S1. Summary of the Examples on Quench Dynamics. Results with various parameters J̄/J, ∆, βJ are
summarized in the table. For each given parameter, the results are described with a (decay exponent η/O, initial βJ → final βJ ,
initial r → final r). Where the symbol O stands for the oscillatory behavior around a non-zero saturation value. Here we recall
that spectral ratio r ∈ [0, 1] and r → 0 means the TW phase and r → 1 means the BH phase.

J̄/J 0 1
∆ \ βJ 8 12 8 12

-0.6 O, 8.0→ 15.3, 0.28→ 0.82 O, 12.0→ 16.6, 0.00→ 0.02 0.79, 8.0→ 5.5, 0.28→ 1.00 0.49, 12.0→ 8.4, 0.00→ 1.00
-0.5 0.59, 8.0→ 12.4, 0.48→ 1.00 O, 12.0→ 18.6, 0.01→ 0.06 0.89, 8.0→ 5.0, 0.48→ 1.00 0.75, 12.0→ 5.3, 0.01→ 1.00
-0.4 0.86, 8.0→ 8.2, 0.70→ 1.00 O, 12.0→ 22.5, 0.01→ 0.51 0.95, 8.0→ 4.8, 0.70→ 1.00 0.91, 12.0→ 4.3, 0.08→ 1.00
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FIG. S3. More Examples of the Quench Dynamics. (A) The time dependence of the magnetization for various parameters.
(B) Spectral functions for both the initial and the final states with J̄/J = 0. (C)Spectral functions for both the initial and the
final states with J̄/J = 1.
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