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entanglement between system and environment is also weak, which yields a small system
entropy in the long-time steady state. This manifestation of non-Markovian effects of the
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for the entropy dynamics. We argue that this physical scenario revealed by the exact solution of the Sachdev-Ye-Kitaev model is universally applicable for general chaotic quantum
many-body systems and can be verified experimentally in near future.
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Introduction

Studying open quantum many-body systems is of fundamental importance for understanding quantum matters and for future applications of quantum technology because all systems are inevitably in contact with environments, and decoherence due to coupling with
environments is a major obstacle for future applications of quantum devices [1]. So far,
most studies of open quantum systems are limited to either situations in which the systems are small or weakly correlated, or situations that the environment is treated by the
Born-Markovian approximation [2, 3]. Little effort has been made on strongly correlated
quantum many-body systems coupled to a non-Markovian environment. This is simply
because both strong correlation and non-Markovianity are difficult to handle theoretically.
Open systems are also of interest to gravity studies, and the best-known problem is the
black hole information paradox [4]. The central issue of the black hole information paradox
is whether the black hole evaporation can be considered as undergoing unitary dynamics. If
so, the entropy should first increase and then decrease as the black hole evaporates. Such an
entropy curve as shown in figure 1(a) is known as the Page curve [5]. Here the entanglement
entropy is the entropy of the reduced density matrix of the radiation part A after tracing
out the remaining black hole part B. As shown in figure 1(a), this entanglement entropy
reaches the maximum when half of the black hole is evaporated, giving rise to the Page
curve. Reproducing the Page curve from gravity theory is a challenging part of the black
hole information problem, and progresses have been made recently using the semi-classical
gravity calculations [6–10].
–1–
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1 Introduction

In this paper, we explore the Sachdev-Ye-Kitaev model [11, 12] with random fourMajorana fermions interactions (SYK4 ), and this SYK4 model is coupled to a system
with random quadratic Majorana fermions couplings (SYK2 ). The SYK2 part contains
a lot more degrees-of-freedom compared with the SYK4 part such that the SYK2 part
can be viewed as the environment. The motivations for considering such a model are two
folds. First, the SYK4 model is exactly solvable in the large-N limit and its solution gives
rise to a strongly correlated non-Fermi liquid state [11]. Recently, techniques related to
SYK4 model has been widely used to construct exact solutions to address open issues of
strongly correlated quantum matters [13–31]. Here the situation we explored is also exactly
solvable and we can use the solution to understand how a non-Markovian environment
affects strongly correlated phases [23–25]. Secondly, the SYK4 model is holographically dual
to the Jackiw-Teitelboim gravity theory in the AdS2 geometry with a black hole [32–37].
Thus, the entropy dynamics of the SYK4 system coupled to an environment [22, 26, 31]
resembles the black hole evaporation process [6–10] and it will be interesting to study when
a Page-like curve can emerge after turning on the coupling between the system and the
environment. Remarkably, the main findings of this work bring these two aspects together,
that is, we show that the Page curve emerges because of the non-Markovian effect of
the environment.

2

Model

The system under consideration is illustrated in figure 1(b) and the total Hamiltonian is
given by
Ĥ = ĤS + ĤE + ĤSE
=

X
i<j<k<l

S
Jijkl
ψi ψj ψk ψl + i

X
a<b

E
Jab
χa χb + i

X

Via ψi χa .

(2.1)

i,a

Here ψi (i = 1, . . . , N ) denotes N Majorana fermions in the system and χa (a = 1, . . . , M )
denotes M Majorana fermions in the environment, with {ψi , ψj } = δij and {χa , χb } = δab .

–2–
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Figure 1. (a) Illustration of the Page curve: the entanglement entropy between two sub-systems
with length xL and (1 − x)L. The total length is L and 0 6 x 6 1. (b) Illustration of the setup:
an SYK4 system with N Majorana fermions serves as the system and an SYK2 system with M
Majorana fermions serves as the environment. Here M  N .

Throughout the manuscript, we will use the subscript “S” and “E” to denote the system part
and the environment part respectively. ĤS and ĤE are then SYK4 and SYK2 Hamiltonians.
S , J E and V are independent random Gaussian variables with variances given by
Jijkl
ia
ab
S )2 =
(Jijkl

3!JS2
,
N3

E )2 =
(Jab

2!JE2
,
M

(Via )2 =

V2
.
M

(2.2)

The fact that this Green’s function has frequency dependence means that the environment
is treated beyond the Markovian approximation.
We consider the situation in which the system and the environment are initially decoupled, and both are in thermal equilibrium with inverse temperatures βS and βE respectively.
The initial density matrix is therefore given by ρ(0) = ZS1ZE e−βS ĤS ⊗ e−βE ĤE with ZS and
ZE being the corresponding partition functions. Evolving the system with the Hamiltonian
eq. (2.1) and tracing out the environment, one obtains the reduced density matrix of the
system ρS (t) at time t as
h
i
ρS (t) = trE e−iĤt ρ(0)eiĤt .
(2.4)
The corresponding second Rényi entropy S (2) of the system is then given by
(2)

e−SS

(t)

h

i

= trS ρS (t)2 .

(2.5)

(2)

Under the disorder replica diagonal assumption, SS (t) can be expressed in terms of pathintegral over bilocal fields. In the large-N limit, the integral is dominated by the saddle
point solution, and the entropy can be obtained by evaluating the on-shell action. We leave
the details of the derivation into the appendix.

3

Recovering the Markovian results

Below we will first discuss situations where the entropy dynamics of our model can recover
the Markovian results. Here, by Markovian results we mean dynamics obtained by solving
the following Lindblad master equation [2, 3]
∂t ρ̂ = −i[ĤS , ρ̂] +

X
i

1
κi L̂i ρL̂†i − {L̂†i L̂i , ρ̂} .
2




(3.1)

By treating the environment with the Markovian approximation, we only need to consider
the Hamiltonian of the system and the dissipation operators, without having to explicitly
include the environment. To make comparison with our model, we take κi = κ and

–3–
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Throughout the paper, we take JS = 1 as the energy unit. We focus on the limit
M  N  1 in which the Schwinger-Dyson equation for χ contains no contribution from
ψ, justifying that the χ part can be viewed as the environment. Therefore, the Green’s
function Gχ (τ ) = hTτ χi (τ )χi (0)i of the environment takes the standard form of the SYK2
model as [11]
2
q
Gχ (ω) = −
.
(2.3)
iω + isgn(ω) 4JE2 + ω 2

L̂i = ψi . Similar to previous procedures, we consider the initial thermal density matrix
ρS (0) = Z1S e−βS ĤS , and we then evolve the system with eq. (3.1). The second Rényi
entropy can also be represented as a path-integral where the saddle points approximation
is applicable. In the Markovian case, the Rényi entropy first grows linearly in time and
then saturates to its maximum value (N/2) log 2, forbidding the possibility of any page-like
behaviors [38]. For reasons that will become clear below, we consider the large JE limit
and fix V 2 /JE as κ in our model. Our discussions below will then identify the following
conditions as sufficient for our model to recover the Markovian results.

When βE = 0, the second term vanishes and the Green’s function of the environment
becomes frequency independent, which is equivalent to the Markovian approximation.
Under this situation, the standard derivation of the master equation eq. (3.1) through
a second-order perturbation theory yields the dissipation strength κ = V 2 /JE . As
one can see in figure 2(a), when βE is set to zero, the entropy curve becomes independent of κ. This universal curve also coincides with the results from the Markovian
approximation.
(ii) Short Time. With the Markovian approximation, it can be shown by the perturbation
theory that the entropy grows linearly at the initial stage, and when κt  1 [38, 39],
the growth rate derived analytically in the appendix gives
(2)



dSS (t)
= κN 1 − 2GW
S (0, 2βS ) .
dt

(3.3)

Here we have defined the Wightman Green’s function for the single SYK4 model as
GW
S (t, β)

1
=
ZS





ψi

β
t−i
2





ψi (0)

.

(3.4)

β

For our model, similar perturbative calculation [31] for short-time yields
(2)

dSS
dt

= 2V 2 N

Z t
−t

dt0

h

0
W 0
G>
S (t , 2βS ) − GS (t , 2βS )

0
× G>
E (t , βB ) .





(3.5)

By approximating t0 = 0 in the integrand, eq. (3.5) becomes
(2)

dSS
dt

=


V2 
N 1 − 2GW
S (0, 2βS ) .
JE

–4–

(3.6)

JHEP06(2021)156

(i) Infinite Environment Temperature. The SYK2 environment becomes a Markovian
one when βE = 0. This is because only the two-point function enters the effective
action for entropy dynamics, and in the large JE limit, the Fourier transformation
of the real-time Green’s function of the environment G>
E (t, β) = hχa (t)χa (0)iβ /ZB
gives
1
1
G>
.
(3.2)
E (ω, βE ) =
JE 1 + e−βE ω

By equalling V 2 /JE = κ, eq. (3.6) is the same as eq. (3.3). This can also be seen in
figure 2(a) that the initial growth is linear in κt and the slop is a constant for varying
βE with fixed βS . In other words, although the Green’s function of the environment
eq. (3.2) contains the frequency dependent part, it is not important for initial time
and the short-time behavior is always dominated by the frequency independent part.
(iii) Large System-Environment Coupling. The entropy curve of our model also matches
the Markovian results when κ is sufficiently large compared to JS . Since the short
time limit is always Markovian as discussed in ii), here we focus on the long-time limit.
Physically, when the coupling between system and environment is strong enough compared with the internal energy scales of the system, all Majorana fermions in the system tend to be maximally entangled with the environment, because the environment
contains more degrees of freedom. Consequently, the entropy is expected to saturate
to the maximum value (N/2) log 2 in the long-time limit, which is the same as the
Markovian case. This can also be shown more rigorously using the path-integral formalism by relating the Rényi entropy to the inner product of Kourkoulou-Maldacena
pure states [27, 29]. In figure 2(b), one can see that the entropy curve gradually
approaches the Markovian result as κ increases.

–5–
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Figure 2. (a) Entropy curves for different κ and βE . Here κ = 0.1 for solid lines and κ = 0.2 for
dashed lines. Three different βE = (0, 3, 6) are plotted. The red dashed straight line represents the
same initial slope for all curves. Two curves with βE = 0 in (a) coincide with the Markovian results.
(b) Entropy curves with different κ and a fixed βE = 6. The curve with large κ in (b) coincides
with βE = 0 curves in (a) and the Markovian results.

4

The Page curve

Above we have shown that, under these three situations, our model recovers the Markovian
results, and the Markovian results do not display the Page curve for entropy dynamics.
Hence, to reveal effects beyond the Markovian approximation, the following three conditions should be satisfied simultaneously, which are: i) the bath temperature should not be
too high; ii) the evolution time should not be too short; iii) the coupling between system
and environment should not be too large. Under these conditions, we find that Page curve
for entropy dynamics is often observed, as was shown in figure 3. Thus, this attributes the
emergence of the Page curve to the beyond Markovian effect. Since we have discussed that
the entropy always increases at the initial time, it is essential to understand the decreasing
behavior of the entropy curve at long time to understand the Page curve. Below we offer
two physical understandings.
The first understanding again relies on perturbation theory. When κ is small, the
entropy dynamics can be obtained by doing perturbation in κ, which yields the same
perturbative results as eq. (3.5). Here, since we focus on the long-time behavior, we can
simply replace t by infinity and the range of integration in eq. (3.5) is set to be (−∞, ∞).
By expressing the Green’s functions G> and GW in terms of the spectral function ρ [11]
1
,
1 + e−βω
1
GW (ω, β) = ρ(ω)
,
2 cosh (βω/2)
G> (ω, β) = ρ(ω)

(4.1)
(4.2)

and making use of the fact that ρ(ω) is even in ω, we obtain the following expression:
(2)

dSS
dt

2

= 2V N

Z ∞"
dω ρS (ω, 2βS )ρE (ω, βE )
0

2π

2 cosh βS ω

#

(eβS ω − 1)(1 − e(βE −βS )ω )
×
.
1 + e βE ω

(4.3)

Note that in eq. (4.3), all terms are positive definite except for the 1 − e(βE −βS )ω term.
When the temperature of the environment is lower than the temperature of the system,
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Figure 3. The entropy curve for varying βS with fixed κ = 0.1 and βE = 3. Three different
βS = (2, 3, 8) are plotted. Page-like behaviours is guaranteed when βS = 2 because the initial
entropy is higher than the saturated entropy.

(2)

5

CFT bath and holography

Now we discuss possible gravity interpretation of our results. It is known that the lowenergy sector of the SYK4 model is described by a Schwarzian action [11], which is equivalent to the AdS2 Jackiw-Teitelboim gravity [32]. Consequently, for βS JS  1, the initial
thermal ensemble of the SYK system can be viewed as a Rindler patch of the AdS 2 spacetime with gravity dynamics lying on the boundary. On the gravity side, previous works [6–9]
usually introduce the bath as a (1+1)-D boundary conformal field theory (bCFT), which
is glued to the AdS2 space-time with a transparent boundary condition.
In our model (2.1), we have chosen an SYK2 bath for simplicity, which is 0 + 1-D.
However, it is known that the SYK2 model shares a similar behavior to a higher-dimensinoal
Fermi liquid [11]. In particular, we can introduce an alternative bath as in [26]:


Ĥ 0 =

X
i<j<k<l

S
Jijkl
ψi ψj ψk ψl +

X

Λ

i


X

iχi,x χi,x+1 + iV ψi χi,0  .

(5.1)

x≥0

Now the bath χi,x becomes N copies of half-infinite Majorana chains, with x = 0, 1, 2 . . .
labeling different sites with lattice constant a. Although (5.1) and (2.1) describe very
different microscopic systems, after integrating out the bath χ, we find that the effective
action of the system takes the same form (see the first and the third line of (A.8)), and
only depends on the bath two-point function. Taking the limit of Λ/J → ∞ with fixed
Λa = 2π, we find that in the new model we have ρE (ω, βE ) ∼ 1/Λ, which is also a constant.
Consequently, the Majorana chain bath model (5.1) is equivalent to the SYK2 bath model
with Λ = JE and we can identify κ = V 2 /Λ.
The holographic interpretation requires that the system can be described purely by
the reparametrization modes in the low-energy manifold of the SYK4 model. This is valid
p
3/2 1/2
in the regime κ βS /JS  αS /βS JS or κβS JS  1 [22], αS being the coefficient of the

–7–
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βE > βS and 1 − e(βE −βS )ω < 0. Therefore, dSS /dt < 0 and the entropy decreases at long
time, which yields the Page curve. This gives a sufficient condition for the emergence of
the Page curve, that is, κ being small and the environment temperature lower than system
temperature, which also agrees with the three aforementioned conditions.
The second understanding replies on inspecting how the system entropy saturates
at sufficiently long times. It is reasonable to assume that the system eventually reaches
thermal equilibrium with the environment, and since the environment contains much more
degrees-of-freedom, the saturation entropy is determined by κ and βE and is independent
of βS . The saturation entropy is smaller when the environment temperature is lower, which
corresponds to a decrease in thermal entropy. When the coupling κ is smaller the saturation
entropy is also smaller because this lowers the entanglement entropy. On the other hand,
the initial entropy of the system is solely determined by parameters JS and βS of the system
itself. When this saturation entropy is smaller than the initial entropy, the entropy has to
decrease at a later stage, which also leads to a sufficient condition for the emergence of the
Page curve.

(b)

(a)
<latexit sha1_base64="7BY/x+VUns3FYonIA1k2e3ngYrc="></latexit>

<latexit sha1_base64="b/cMj/3MakpfvQl5kysPOUFaeE8="></latexit>

<latexit sha1_base64="SCwXse0hdD3NAYVpVqq9o7MiZUc="></latexit>

<latexit sha1_base64="O6PjPLidoS4ROJ4idFKSO6kRoxQ="></latexit>

AdS2
<latexit sha1_base64="cNtuRa7AImkic+gvcZt3lD37L3w="></latexit>

flat
<latexit sha1_base64="P2TCte/pdFA5R1BM2LVgBnGzOH8="></latexit>

Schwarzian action in the SYK model [11]. Since we expect the system to ultimately thermalize, βS JS will eventually become small enough to spoil the holographic interpretation
if the bath is initially prepared at a high temperature. Nevertheless, this can be avoided
by either considering a low-temperature bath or focusing on the short time physics. Under
these conditions, (5.1) then admits a direct gravity interpretation. The bulk system contains two regions (see figure 4), one with dynamical gravity, and one with flat space-time.
This is similar to the setup in previous works [6–9]. The main difference is that our model
contains no CFT degrees of freedom in the gravity region: using the holographic dictionary,
the Majorana fermion with scaling dimension ∆ = 1/4 is mapped to a two-component Majorana fermion satisfying the Dirac equation with mass m = 1/2 − ∆ = 1/4. Fortunately,
previous studies find this difference does not change the qualitative behavior of the entropy
dynamics [26]. Our work reveals the effect of gluing AdS2 to the flat space-time beyond
Markovian approximation. We find only in the short time limit, the effect of the flat spacetime region can be approximated by the Lindblad master equation. During this short
period, the entanglement builds up due to free excitations passing through the boundary
between the AdS2 and the flat space-time, long before the thermalization takes place. The
Page curve only appears at later time when the Markovian approximation breaks down
and the temperature of the bath is low enough. This is consistent with previous studies
for CFT matters in bulk [7, 8]. However, in these calculations, the entropy curve for Von
Neumann entropy contains a transition for the RT surfaces, which is smoothed in our case.
Whether having transitions or crossovers in the entropy dynamics in fact depends on the
details of the system-bath coupling, as was noted in [26].

6

Summary

To summarize, we address the issue of when a Page curve can emerge in entropy dynamics
of a system coupled to the environment. Although we use SYK model as an exactly
solvable model to study this problem, the lesson we learn from our model reveals a general
physical picture that should be applicable to generic chaotic quantum many-body systems.
This physical picture contains two ingredients. First, at the initial stage, the entropy
dynamics is always dominated by the Markovian process which leads to a linear increase
of entropy in time. Secondly, a chaotic system thermalizes with the environment in the

–8–
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Figure 4. A sketch for (a). the chain model (5.1), and (b) its gravity dual. Here the orange color
labels the system, which is an SYK4 model or a AdS2 region with gravity dynamics. The blue color
labels the bath, described by a Majorana chain or CFT on a flat space-time.
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A

Path-integral representation of the Rényi entropy

The method we use to calculate the entropy curve is the path-integral formalism [22, 26–31].
Here we briefly illustrate how this method can be tailored to solve our models.
A.1

Non-Markovian bath

We first write the initial thermal ensemble of the decoupled ψ/χ system with the inverse
temperature βS /βB as path-integrals. The initial density matrix is
ψ
1
1
ρ(t = 0) =
e−βS HS ⊗ e−βB HB =
ZB ZS
ZB ZS

χ

.

(A.1)

Here the solid arc represents the path integral on the imaginary time contour and the
end points represent the bra or the ket. We then evolve the system ρ under the total
Hamiltonian eq. (2.1) in the main text, and obtain the reduced density matrix of ψ by
tracing out the bath χ. This procedure is represented by the contour below:
ψ
ρS (t) =

1
1
trB e−iHt e−βS HS ⊗ e−βB HB eiHt =
ZB ZS
ZB ZS
h





–9–
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χ

e−iHt

. (A.2)
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long-time limit. After thermalization, a low environment temperature and a weak systemenvironment coupling respectively suppress the thermal and the entanglement contributions
to the system entropy, which ensures a lower system entropy at long time and forces the
entropy to decrease at the later stage. The long-time decreasing behavior is essential for the
emergence of the Page curve. This long-time behavior is distinct from the Markovian case
where the system is often heated to infinite temperature and the long-time steady state
is described by a density matrix given by the identity matrix. Therefore, the Page curve
is a consequence of the non-Markovian environment. Since the entanglement entropy can
now be measured experimentally [40–42] and the coupling to the environment can be also
highly controllable, for instance, in ultracold atomic systems, the physical picture revealed
in this work can be experimentally verified in near future.

Here the dotted lines indicate the interaction between the system χ and the bath ψ. The
n-th Rényi entropy is defined as
(n)

SS (t) ≡ −

1
log trS [ρS (t)n ] .
n−1

(A.3)

For n → 1, this gives the von Neumann entropy. As in the main text, we focus on the
(2)


n = 2 case. The purity e−SS (t) = trS ρS (t)2 can then be computed as path integral over
the following contour
ψ
i

trS ρS (t)2 =

ψ
+

χ

1
2 Z2
ZB
S

−

−

χ

.

(A.4)

+

s
Here ± represents the forward/backward unitary evolution. To proceed, we need to per(2)

form the disorder average over the random variables SS (t). A strict treatment requires
introducing additional disorder replicas. Here we assume that, to the leading order of 1/N ,
the disorder replicas are diagonal and we could interchange the order of performing the
disorder average:
(2)

SS (t) = −log trS [ρS (t)2 ] ≈ − log trS [ρS (t)2 ].

(A.5)

We further introduce the bi-local fields following the standard procedure. We define
Gψ (s, s0 ) =

1 X
ψi (s)ψi (s0 ),
N i

Gχ (l, l0 ) =

1 X
χa (l)χa (l0 ).
M a

(A.6)

Here s ∈ [0, 4t + 2βS ) parametrizes the contour of ψ (clockwise, as indicated in (A.4)) and
similarly l ∈ [0, 4t+2βB ) parametrizes the contour of χ. On the real-time evolution contour,
the dotted lines induce a mapping from s to l(s). Further introducing the Lagrangian
multiplier Σψ/χ and integrating out the fermion fields, we find
2
ZS2 ZB
trS [ρS (t)2 ] =

Z

(2)

DGψ DΣψ DGχ DΣχ exp(−Seff ),

(A.7)

(2)

where the action Seff is given by
(2)
Seff

N
N
= − log det(∂s − Σψ ) +
S
2
2

Z

M
M
−
log det(∂l − Σχ ) +
B
2
2

Z





−

N
2

Z





dsds

0

dldl0

J2
Σψ Gψ − f (s)f (s ) S G4ψ
4

!

0

J2
Σχ Gχ − g(l)g(l0 ) B G2χ
2

!

(A.8)

dsds0 V 2 p(s)p(s0 )Gψ (s, s0 )Gχ (l(s), l(s0 )).

Here S/B under the “det” indicates different boundary condition for the system and
the bath:
ψ(0+ ) = −ψ(2βS +4t− ), χ(0+ ) = −χ(βB +2t− ), χ(βB +2t+ ) = −χ(2βB +4t− ).

– 10 –
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h

f (s), g(l) and p(s) are introduced to distinguish the forward or the backward real-time or
imaginary-time evolutions. We have f (s) = 1, g(l) = 1 and p(s) = 0 if s or l lies on the
imaginary-time evolution and f (s) = ±i, g(l) = ±i and p(s) = ±i if s or l lies on the
forward/backward real-time evolution. Explicitly, for s we have
imaginary s ∈ [t, t + βS ] ∪ [3t + βS , 3t + 2βS ],
forward

s ∈ [t + βS , 2t + βS ] ∪ [3t + 2βS , 4t + 2βS ],

backward

s ∈ [0, t] ∪ [2t + βS , 3t + βS ].

(A.10)

0
Gψ (s, s0 ) = (∂s − Σψ )−1
S (s, s ),

Σψ (s, s0 ) = JS2 G3ψ (s, s0 )f (s)f (s0 ) + V 2 Gχ (l(s), l(s0 ))p(s)p(s0 ),

(A.11)

and for the bath χ, we have
0
Gχ (l, l0 ) = (∂l − Σχ )−1
B (l, l ),

Σχ (l, l0 ) = JB2 Gχ (l, l0 )g(l)g(l0 ).

(A.12)

Note that the Schwinger-Dyson equation for the bath χ does not contain the Green’s
function of ψ, further indicating that the bath is unaffected by the system. Consequently,
the Green’s function of χ is diagonal in the two replica space and takes the form of the
Green’s functions on the Keldysh contour.
After solving (A.11), we can compute the on-shell action with eq. (A.8) and obtain the
second Rényi entropy
(2)
SS (t)

N
N
= log detGψ +
S
2
2




Z

dsds0 f (s)f (s0 )

3JS2 4
G + 2 log ZS .
4 ψ

(A.13)

Here we have used the fact that the contribution from χ cancels 2 log ZB .
A.2

Markovian bath

Similarly, we can consider the evolution described by the master equation eq. (3.1) in the
main text. Now the contour can be drawn as
ψ
h

i

trS ρS (t)2 =

ψ
eLt

1
ZS2

,

(A.14)

eLt

where the dotted lines now represent the insertion of the Lindblad operators. Again, we
can relate the purity to a path-integral and introduce bi-local fields. We then arrive at
ZS2 trS [ρS (t)2 ] =

Z

(2)

DGψ DΣψ exp(−Seff ),
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For l, we just need to replace βS by βB . In the large-N limit, we could take the saddle-point
equation. For system ψ, we have

(2)

with the action Seff
(2)
Seff

N
N
J2
= − log det(∂s − Σψ ) +
dsds0 Σψ Gψ − f (s)f (s0 ) S G4ψ
S
2
2
4
Z
Nκ
−
dsds0 Gψ (s, s0 )g(s, s0 ) + N κt.
2




Z

!

(A.16)

Here g(s, s0 ) = −g(s0 , s) is an anti-symmetric function. For s > s0 , it is non-zero when
if s0 ∈ [0, t],

g(s, s0 ) = δ(3β + 6t − s − s0 )

if s0 ∈ [βS + 2t, βS + 3t].

(A.17)

The ψ system again satisfies the boundary condition ψ(0+ ) = −ψ(2βS + 4t− ) when we
compute the entropy. The saddle-point equation now reads
0
Gψ (s, s0 ) = (∂s − Σψ )−1
S (s, s ),

Σψ (s, s0 ) = JS2 G3ψ (s, s0 )f (s)f (s0 ) + κg(s, s0 ).

(A.18)

(2)

The second Rényi entropy SS (t) can again be calculated similar to eq. (A.13) as:
(2)

SS (t) =

B

N
N
log detGψ +
S
2
2




Z

dsds0 f (s)f (s0 )

3JS2 4
G + N κt + 2 log ZS .
4 ψ

(A.19)

Perturbation results

In this section, we elaborate on details of the perturbation theory introduced in the main
text. The parameter that controls the perturbation is κt, so our results apply both for
small κ and short t. Below we illustrate these two aspects respectively.
B.1

The short-time perturbation

We first consider the case where t is small and illustrate our perturbation scheme. This
result is crucial for understanding the universal initial growth in the main text. At t = 0,
(2)

the system is in a thermal ensemble, and SS (0) is given by the thermal entropy with the
inverse temperature βS . When the real-time evolution begins, the system entangles with
the bath, and the entropy grows. In this early-time regime, we could treat the coupling to
bath perturbatively.
We firstly consider the Markovian case where the early-time result can be computed
analytically. To the leading order of κ, we need to evaluate the second line of eq. (A.16)
directly using the Green’s function at κ = 0. We then have:
(2)



(2)



SS (t) ≈ SS (0) + N κt 1 − 2GW
ψ (0, 2βS ) .

(B.1)

This formula works for κt . 1. Here we have defined the Wightman Green’s function
GW
ψ (t, β) =

1
β
ψi t − i
Z(β)
2




– 12 –





ψi (0)
β
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g(s, s0 ) = δ(β + 2t − s − s0 )

for a single SYK4 model. In the low-energy limit βS JS  1, we have GW
ψ (0, β) =
and

(2)
SS (t)

≈

(2)
SS (0)

+ N κt 1 −

π
2
JS β 2



1/4

π
4JS2 β 2

!1/4 
.

(B.2)

We now consider the SYK2 bath. We similarly perform a perturbative calculation in
terms of V 2 . We then need to compute
(2)

(2)

N
2

Z

dsds0 V 2 p(s)p(s0 )Gψ (s, s0 )Gχ (l(s), l(s0 )),

(B.3)

using the Green’s function with V = 0. Instead of using the parameter s, we could now
directly focus on a single replica and write the integral in terms of the real-time t:
2V 2 N

Z tZ t
0

0

h

i

>
dt1 dt2 GTψ (t12 , 2βS )GTχ (t12 , βB ) − GW
ψ (t12 , 2βS )Gχ (t12 , βB ) .

(B.4)

Here GT is the real-time time-ordered Green’s function and G>
χ (t, βB ) = hχi (t)χi (0)iβB .
On the other hand, the perturbation of the partition function should be strictly zero. Then,
it yields an equality as
2

Z tZ t

2V N
0

0

h

i

>
dt1 dt2 GTψ (t12 , βS )GTχ (t12 , βB ) − G>
ψ (t12 , βS )Gχ (t12 , βB ) = 0,

(B.5)

Substituting this equality into eq. (B.4) we obtain
2

Z tZ t

2V N
0

0

h

i

>
W
>
dt1 dt2 G>
ψ (t12 , 2βS )Gχ (t12 , βB ) − Gψ (t12 , 2βS )Gχ (t12 , βB ) ,

(B.6)

We now focus on the initial time behavior of this perturbation term. Specifically, we take
its derivative with respect to t, which gives
(2)

d∆SS (t)
= 2V 2 N
dt
B.2

Z t
−t





W
>
dt12 G>
ψ (t12 , 2βS ) − Gψ (t12 , 2βS ) Gχ (t12 , βB ).

(B.7)

Long time asymptotic behavior with small κ

The small κ perturbation theory is utilized to illustrate the emergence of the page curves.
Revisiting (B.7) we note that there are two limits where we can obtain analytical results.
The first limit is when t → 0, which gives the initial entropy growth. The second limit
is when t → ∞, revealing the asymptotic entropy growth rate. We find that the sign of
the asymptotic growth rate only depends on whether the bath temperature is higher or
lower than the system temperature. To find the asymptotic growth rate we simply take t
to infinity in eq. (B.7). We now show that this expression can be cast into a form in which
the temperature dependence is manifest.

– 13 –
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SS (t) ≈ SS (0) −

Writing the Green’s functions in terms of the spectral function with the help of the
fluctuation-dissipation theorem, we obtain the following expression
Z ∞

2

R = 2V N
−∞

= 2V 2 N

Z ∞
dω
−∞

2

= 2V N



2π



>
W
G>
χ (ω, βB ) Gψ (−ω, 2βS ) − Gψ (−ω, 2βS )

Z ∞
dω ρψ (ω, 2βS )ρχ (ω, βB )
−∞

2π

2 cosh βS ω



e−βS ω − 1
e βS ω − 1
+
1 + e−βB ω
1 + e βB ω

!

Z ∞
dω ρψ (ω, 2βS )ρχ (ω, βB ) (eβS ω − 1)(1 − e(βB −βS )ω )
0

2π

1 + e βB ω

2 cosh βS ω

×

1
2

(B.8)

.

From this expression we can easily see that the sign of the long time derivative is solely
determined by βB − βS . When the bath temperature is lower than that of the system,
the perturbation term decreases linearly in the long time limit. This result is general in
the sense that it only requires the coupling between the system and the bath to be linear.
The bath can in principle be any SYK-like bath and this would still apply. We leave more
complex coupling terms, such as those involving higher order terms, for future discussions.

C

Numerical discretization

Equations (A.11) and (A.18) solely determine the Rényi entropy of our system in the largeN limit at any given t. It is however difficult to study them analytically since we do not
have time-translational symmetry. Instead, we resort to a numerical study, the details of
which will be described below [26–30]. We illustrate it with eq. (A.18) as an example.
We will use an iterative approach to solve eq. (A.18). The contour variable
s ∈ [0, 2β+4t) can be discretized with interval β/L, then both Gψ and Σψ become
(2 + 4t0 )L × (2 + 4t0 )L matrices, where t0 = t/β. We typically take L = 80 ∼ 160. After the discretization, the Schwinger-Dyson equation is written as:
(Gψ )ij = ((G0ψ )−1 − Σψ )−1
ij ,
(Σψ )ij = JS2 (Gψ )3ij fi fj + V 2 (Gχ )ij pi pj .

(C.1)

To obtain (Gψ )−1
ij we need to find the matrix of (Gψ )ij . Taking into account the boundary
condition for the bare Green’s function, we have:
1
(G0ψ )ij = sgn(i − j),
2

for

i, j ∈ {1, 2, . . . (2β + 4t0 )L}.

(C.2)

After the iteration converges, we can plug the solution matrix back into the action and then
obtain the entropy value. To further solidify our results we have performed an extrapolation
for different L.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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= 2V 2 N



W
>
dt12 G>
ψ (t12 , 2βS ) − Gψ (t12 , 2βS ) Gχ (t12 , βB )
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