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Lensing reconstruction of primordial cosmic microwave background polarization

Asantha Cooray
Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125

~Received 15 May 2002; published 25 November 2002!

We discuss the possibility to directly reconstruct the cosmic microwave background~CMB! polarization
field at the last scattering surface by accounting for modifications imposed by the gravitational lensing effect.
The suggested method requires a tracer field of the large scale structure lensing potentials that deflected
propagating CMB photons from the last scattering surface. This required information can come from a variety
of observations on the large scale structure matter distribution, including the convergence reconstructed from
lensing shear studies involving galaxy shapes. In the case of so-called curl, orB modes of CMB polarization,
the reconstruction allows one to identify the distinct signature of inflationary gravitational waves.

DOI: 10.1103/PhysRevD.66.103509 PACS number~s!: 98.80.Es, 95.85.Nv
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I. INTRODUCTION

The advent of high sensitivity cosmic microwave bac
ground ~CMB! experiments will soon allow detailed obse
vational studies on the CMB polarization field. In addition
confirmation of the basic picture of how anisotropies we
generated during the recombination era@1#, CMB polariza-
tion observations, at large angular scales, may allow m
surement of the reionization redshift based on excess po
created during the rescattering of the CMB quadrupole at
reionization surface@2#. An additional use of polarization
observations is the potential detection of inflationary gra
tational waves based on its contribution to the so-called
or B modes of polarization@3#.

In addition to primordial contributions involving densit
perturbations, which contribute solely toE modes, and tenso
modes or gravitational waves, the polarization field one
serves today also contains secondary contributions as
ated with large scale structure. This is similar to the w
known secondary contributions that dominate the small s
temperature anisotropy signal@4#. In the case ofB modes,
the arcminute scale polarization is dominated by a fractio
conversion of the dominantE mode contribution via the
gravitational lensing angular deflection of CMB photons@5#.
In Ref. @6#, we discussed an approach to separate
gravitational-wave signature inB modes from the dominant
and contaminant, weak lensing contribution at arcmin
scales. We also investigated the limits on gravitational w
B mode detection after a model-independent lensing subt
tion. This calculation followed previous discussions in t
literature on how CMB data can be used for the extraction
statistics involving the gravitational lensing effect, such
shear or deflection angles@7–9#.

In general, the reconstruction of lensing deflections fr
CMB data requiresa priori information on the primordial
CMB contribution at the last scattering surface. This know
edge cannot be easily obtained from data alone since
CMB contribution measured today involves contributions
sulting from secondary effects and any modifications dur
the transit to us from the last scattering surface. On the o
hand, we can consider an alternative approach to an an
gous problem involving a reconstruction of the primord
CMB contribution, at the last scattering surface, by accou
0556-2821/2002/66~10!/103509~6!/$20.00 66 1035
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ing for modifications due to large scale structure. This
effectively, an inverse problem from what was discussed
Refs.@8,9# and requires prior information related to the len
ing effect on CMB, such as the mass distribution of lar
scale structure in which photons propagated. In the pre
study, we briefly discuss this possibility using a tracer fie
of the large scale structure potentials that deflected C
photons via the gravitational lensing effect.

The discussion presented here follows the recent work
Ref. @9# where we discussed the lensing reconstruction fr
CMB data given information related to primordial CMB an
isotropy and polarization fields. We refer the reader to@9# for
the basic details of lensing and other important ingredie
related to the calculation. To illustrate our results, we assu
the currently favored cold dark matter model with a cosm
logical constant (LCDM! cosmology.

II. CALCULATION

The lensing effect on CMB data can be described sim
as a transfer of power via changes to photon propaga
directions on the sky. In Fourier space, we can consider
lensing modification following Ref.@10# and write

6Y~ l!5 6Ỹ~ l!2E d2l1

~2p!26Ỹ~ l1!e62i (w l1
2w l)L~ l,l1!,

~1!

where 6Y( l)5E( l)6 iB( l) follows the E- and B-mode de-
composition introduced in Ref.@3#. Note that we denote the
primordial contribution at the last scattering surface with
Ỹ, while the polarization field observed today, after gravi
tional lensing, is denoted withY. The lensing effect on the
polarization field in Eq.~1! is captured by

L~ l1 ,l18!5f~ l12 l18!~ l12 l18!• l181
1

2E d2l19

~2p!2
f~ l19!

3f* ~ l191 l182 l1!~ l19• l18!~ l191 l182 l1!• l18,

to the second order in the projected lensing potentialf given
by @9,10#
©2002 The American Physical Society09-1
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f~m̂!522E
0

r 0
dr

dA~r 02r !

dA~r !dA~r 0!
F~r ,m̂r !. ~2!

Here,r is the conformal time or comoving radial distance,dA
is the analogous comoving angular diameter distance, anF
is the gravitational potential. The latter is related to fluctu
tions in the density field via the Poisson equation. The
flection angle associated with lensing is the gradient of
projected potential,a(n̂)5¹f(n̂). Using deflections to the
first order, we write

E~ l!5Ẽ~ l!2E d2l1

~2p!2
@Ẽ~ l1!cos 2~w l1

2w l!

2B̃~ l1!sin 2~w l1
2w l!#f~ l2 l1!~ l2 l1!• l1 ,

~3!

B~ l!5B̃~ l!2E d2l1

~2p!2
@Ẽ~ l1!sin 2~w l1

2w l!

1B̃~ l1!cos 2~w l1
2w l!#f~ l2 l1!~ l2 l1!• l1 .

In order to extract the primordial contribution, unaffect
by lensing, consider the combination ofE andB fields with a
tracer field of the deflecting potential, which we label here
X. This tracer map has the property that it does not corre
strongly with eitherẼ or B̃, the quantities at the last scatte
ing. Thus the only correlation expected is the one result
due to lensing, and to a lesser extent from other secon
contributions to polarization. Since the latter contributio
involving scattering effects associated with large scale st
ture are significantly smaller@11#, we ignore them in this
discussion. In fact, as discussed in Ref.@12#, the secondary
polarization contributions resulting from effects due to clu
ters do not constitute a background for detection of either
gravitational lensing signal or the primordial polarization.
they did matter for some reason, most secondary scatte
effects associated with polarization can be removed fr
data based on their spectral dependences. This is simil
the approach suggested in Ref.@13# to remove the Sunyaev
Zel’dovich effect ~SZ; @14#! from dominant temperature
anisotropies.

We consider a map created by taking the product of
polarization field and the tracer field, e.g.,EX. In Fourier
space, we can write this product as a convolution of
Fourier moments of the two fields:

~EX!~ l!5
1

2E d2l1

~2p!2
@E~ l1!X~ l2 l1!

1X~ l1!E~ l2 l1!#W~ l,l1!, ~4!

whereW is a Fourier-space based filter that we will design
maximize the reconstruction of the primordial polarizati
information. Similarly, we can also construct another qu
dratic statistic involvingB andX fields. Using Eq.~3! in Eq.
~4!, we can simplify to obtain
10350
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~EX!~ l!5
1

2
Ẽ~ l!E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lcos 2

3~w l2w l1
!1Cl 1

Xfl1• lcos 2~w l2w u l2 l1u!#

2
1

2
B̃~ l!E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lsin 2

3~w l2w l1
!1Cl 1

Xfl1• lsin 2~w l2w u l2 l1u!#, ~5!

while analogous contribution to the quadratic statistic invo
ing B andX fields, (BX)( l), is

~BX!~ l!5
1

2
Ẽ~ l!E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lsin 2

3~w l2w l1
!1Cl 1

Xfl1• lsin 2~w l2w u l2 l1u!#

1
1

2
B̃~ l!E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lcos 2

3~w l2w l1
!1Cl 1

Xfl1• lcos 2~w l2w u l2 l1u!#. ~6!

As written, these quadratic combinations are proportiona
the primordial polarization contributions at the last scatter
surface,Ẽ( l) and B̃( l). This is essentially the basis for th
suggested reconstruction. In@8,9#, the suggested quadrati
statistics involve combinations ofEE andEB such that these
lead to terms which are proportional tof times integrals

involving Cl
ẼẼ andCl

B̃B̃ . Thus, with prior knowledge on pri-
mordial polarization power spectra, it was possible to rec
struct lensing deflection potentials. Our approach, thou
similar, involves the inverse problem of constructingẼ and
B̃ given information related tof.

In Eqs.~5! and ~6!, Cl
Xf is the cross correlation betwee

tracerX field and the lensing potentialsf defined such that

^X~ l!f~ l8!&5~2p!2dD~ l1 l8!Cl
Xf . ~7!

We can write this cross angular power spectrum as

Cl
Xf5

2

pE k2dkPdd~k!I l
X~k!I l

f~k!, ~8!

where

I l
X~k!5E

0

r 0
drWX~k,r ! j l~kr !, ~9!

and similarly forI l
f(k). Here,Wi(k,r ) is the window func-

tion of theX or f in radial coordinates,j l ’s are the spherica
Bessel functions andPdd (k) is the power spectrum of den
sity fluctuations~see, Ref.@9# for details!.

To extract power spectra associated with the primord

polarization,Cl
ẼẼ andCl

B̃B̃ , we can either use power spect
constructed from correlating quadratic statistics themselv
e.g.,^(EX)( l)(EX)( l8)&, or the quadratic statistic correlate
9-2
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with the polarization field, e.g.,̂(EX)( l)E( l8)&. The latter
approach involves an extraction of the power spectrum fr
the bispectrum formed by the fields traced by the quadr
statistic and eitherE or B; this is similar to what was sug
gested in Refs.@15,16# to extract the lensing-SZ correlatio
from a squared temperature-temperature power spect
The method based on̂(EX)( l)(EX)( l8)& extracts the power
spectrum information via the trispectrum formed by lens
and tracer field correlation associated with quadratic sta
tics. This is analogous to techniques in Refs.@8,9# to extract
the lensing information using CMB data. Here, for simpl
ity, we will use the approach based on the bispectrum;
approach based on the trispectrum can be followed by m
fying the discussion in Ref.@9# for the present calculation.

We first consider the power spectrum formed
^(EX)( l)E( l8)&. Following our standard definition, we de
fine the associated power spectrum in this case as

^~EX!~ l!E~ l8!&5~2p!2dD~ l1 l8!Cl
EX2E . ~10!

Similarly, we define the power spectra involved with oth
combinations ofE andB with (EX) and (BX).

We can write the angular power spectrum associated w
the ^(EX)( l)E( l8)& correlation as

Cl
EX2E5

1

2
Cl

ẼẼE d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lcos 2

3~w l2w l1
!1Cl 1

Xfl1• lcos 2~w l2w u l2 l1u!#. ~11!

Note that there is no contribution coming from theB̃ term
associated with (EX)( l) since there is no correlation betwee
Ẽ( l8) andB̃( l) due to parity considerations. Also, there is
resulting contribution associated with the first order lens
term ofE as lensing deflections,f, should not correlate with
the primordial polarization field. Similarly, the contributio
to ^(EX)( l)B( l8)& results in a power spectrum given by
u-

d
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Cl
EX2B52

1

2
Cl

B̃B̃E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lsin 2

3~w l2w l1
!1Cl 1

Xfl1• lsin 2~w l2w u l2 l1u!#. ~12!

Since (BX) provides an additional statistic to correlate
with polarization maps, we can also consider the cross
relation of (BX)( l) with E( l) andB( l). We can write the two
contributions as

Cl
BX2E5

1

2
Cl

ẼẼE d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lsin 2

3~w l2w l1
!1Cl 1

Xfl1• lsin 2~w l2w u l2 l1u!#, ~13!

and

Cl
BX2B5

1

2
Cl

B̃B̃E d2l1

~2p!2
W~ l,l1!@Cu l2 l1u

Xf ~ l2 l1!• lcos 2

3~w l2w l1
!1Cl 1

Xfl1• lcos 2~w l2w u l2 l1u!#, ~14!

respectively. As written,Cl
EX2E andCl

BX2E are proportional

to Cl
ẼẼ while Cl

EX2B and Cl
BX2B are proportional toCl

B̃B̃ .
This is the basis of the present approach which is leadin
an extraction of these primordial polarization power spec
uncontaminated by the lensing contribution. With an app
priate normalization and a description for the filter,W( l,l1),
that optimizes the polarization extraction, one can effectiv

extractCl
B̃B̃ andCl

ẼẼ from the higher order statistics involv
ing polarization maps as observed today and a map of
large scale structure.

The signal-to-noise ratio for the extraction of the primo
dial power spectra of polarization, for example, in the case

Cl
B̃B̃ extracted usinĝ(BX)( l)B( l8)&, is
S S

ND 2

5(
l

f sky~2l 11!@Cl
B̃B̃#2

@Cl
B̃B̃#212F E d2l1

~2p!2 W~ l,l1!$Cu l2 l1u
Xf ~ l2 l1!• lcos 2~w l2w l1

!1Cl 1
Xfl1• lcos 2~w l2w u l2 l1u!%G22

Nl
BXCl

B,t

,

~15!
ri-

ing

x-
w
e
n

where f sky is the fraction of sky covered and noise contrib
tions to the map constructed by taking the product ofB and
X are given by the variance of (BX)( l) and can be calculate
by considerinĝ (BX)( l)(BX)( l8)& to obtain

Nl
BX5

1

2E d2l1

~2p!2
W2~ l,l1!@Cl 1

B,tCu l2 l1u
X,t 1Cu l2 l1u

B,t Cl 1
X,t#.

~16!
In the above,Cl
B,t and Cl

X,t are the total contributions toB
mode andX fields, respectively. We can write these cont
butions asCl

i ,t5Cl
i1Cl

n1Cl
s whereCl

n is any noise contri-
bution, for example, instrumental noise in theB map, andCl

s

is any secondary contribution, such as the dominant lens
contribution in theB map.

In order to maximize the signal-to-noise ratio for the e
traction of primordial polarization power spectra, we follo
the approach in Ref.@9# and consider a description for th
filter. The maximum signal-to-noise ratio is obtained whe
9-3
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W~ l,l1!5
@Cu l2 l1u

Xf ~ l2 l1!• lcos 2~w l2w l1
!1Cl 1

Xfl1• lcos 2~w l2w u l2 l1u!#

@Cl 1
B,tCu l2 l1u

X,t 1Cu l2 l1u
B,t Cl 1

X,t#
. ~17!

FIG. 1. Left: The CMB polarizationB modes power spectra. We show the error bars associated with reconstruction of the prim
power spectrum using no-noiseE andB maps and a tracer of the large scale structure involving lensing potentials. For comparison, the
line shows the contaminant contribution arising from the transfer of power from primordialE to B modes via lensing deflections. Right: Th
cumulative signal-to-noise ratios for the reconstruction of the primordial power spectra. The long-dashed line is the signal-to-no
associated with the detection of aB mode power spectrum, under the assumption that contaminant lensing contribution can be trea
source of noise.
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We can define similar filters for the extraction ofẼ from
(BX) or (EX) estimators as well. In analogous to abov
these filters involve the noise contributions in the (BX) and
(EX) maps and the behavior of the function that integra
over the filter in each of the integrals in Eqs.~11!–~14!.

Since each estimate ofCl
ẼẼ andCl

B̃B̃ comes from two inde-
pendent statistics involving (EX) and (BX), we add the in-
dividual signal-to-noise estimates of the two. This is equi
lent to weighing individual noise contributions inversely.

In writing Eqs.~5! and~6!, we have only used the expan
sion of f in Eq. ~1! to the first order. The next term in
volved, which is proportional to*d2l18f( l18)f* ( l181 l1
2 l) f ( l,l1 ,l18)W( l,l1)—when combined with the tracer fiel
X—leads to a term that is effectively the bispectrum form
by two f terms and oneX term. This higher order correc
tion, say, is proportional to*d2l18BffX( l18 ,2 l182 l11 l,2 l
1 l1) f ( l,l1 ,l18)W( l,l1) and is considerably smaller than th
dominant term proportional to, say,Cu l2 l1u

Xf g( l,l1)W( l,l1) for

two reasons. Though large scale structure at low redshif
highly non-Gaussian, we can ignore higher order correcti
to this calculation, such as the one above due to the bis
trum formed byf andX, since lensing effect on CMB trace
large scale structure at redshifts of 2 to 3 at scales wh
fluctuations are still linear. Thus, higher order correlatio
such aŝ ffX& are significantly smaller than the domina
term involving ^fX&.

Another important reason why such corrections are sm
arises from the product of the mode coupling term captu
10350
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by f ( l1 ,l18 ,l19), involving dot products between the threel
vectors and the filter function,W( l,l1). When integrated over
l18 and l1, the combination off ( l1 ,l18 ,l19)W( l,l1) leads to sig-
nificant cancellations, since the associated dot products
tween length vectors lead to positive and negative osc
tions which are summed over. As we find later, in the case
the dominant first order term off involving Cl

Xf , the asso-
ciated dot products between length vectors, when consi
ing the combination ofg( l,l1)W( l,l1) following the above
discussion, come in as squared quantities such that canc
tions are avoided. Overall, the situation here is similar to
non-Gaussian noise contributions to the lensing reconst
tion discussed in Ref.@9#; the additional corrections are sup
pressed under the dominant Gaussian behavior of the po
tial field that lenses CMB as well as the asymmetry of t
filter function when compared to mode coupling involved
higher order correction terms.

III. DISCUSSION

We summarize our main results in Fig. 1 for the extracti
of primordial polarization power spectra based on inform
tion related to lensing modification to CMB anisotropies. F
the reconstruction, we assume a gravitational-wave contr
tion to B modes with a tensor-to-scalar ratio of 0.25 a
assume no instrumental-noise contributions to polariza
observations today. When calculating noise, we include
ditional secondary noise contribution from lensing toE and
B maps. For simplicity, we also take a tracer field,X, that
9-4



l-
i

a

o
e.
e
n

re
e

a

ro
d

o
e
t t
y

i
e

a

n
ib
rd
ly
r
o
co

ha
ia
th
c

p
at

on
hat
not
rc-
sug-
we
ute
of

ise
e

ith

ion

ise
d
te
s

one

r-
ug-
nd
re,
gy
con-
n-

s
ion
es
one

E-
n.

LENSING RECONSTRUCTION OF PRIMORDIAL COSMIC . . . PHYSICAL REVIEW D66, 103509 ~2002!
corresponds to lensing potentials themselves. Thus signa
noise ratios shown in Fig. 1 should be considered as optim
tic values. Any noise contribution to polarization observ
tions and a tracer field which is less correlated withf will
lead to a degradation in the signal-to-noise ratios of prim
dial polarization reconstruction from the ones shown her

With X5f, the assumption here is that one can us
properly cleaned CMB temperature map to reconstruct le
ing deflections following the approach in Refs.@8,9# and
apply such a construction to polarization observations to
duce contamination from lensing to gravitational-wave d
tection. We include a noise contribution to theX field, when
calculatingCl

X,t , following the noise calculation forf ex-
tracted from a no instrumental-noise CMB temperature m
in Refs. @8,9#. Additional possibilities forX include a fre-
quency cleaned SZ map, a map of the convergence f
large scale structure lensing observations, and the galaxy
tribution from surveys such as Sloan but imaged out t
higher redshift; since contributions to lensing in CMB com
at redshifts of a few and more, in general, a tracer field ou
redshifts of;3 –5 will be required to appropriately appl
this method.

As suggested, the primordial polarization construction
more important forB modes, given that they contain th
distinct signature of gravitational waves, thanE modes. For
the extraction of theB-mode power spectrum, we estimate
cumulative signal-to-noise ratio of;16. The cumulative
signal-to-noise ratio for the detection of this contributio
under the assumption that the contaminant lensing contr
tion can be treated as a known source of noise, is of o
;40. The suggested reconstruction here leads to a rough
factor of ;2.5 decrease in the associated signal-to-noise
tio. The reconstruction, however, has the advantage that
does not need to make any assumptions on the lensing
tribution to the power spectrum ofB modes. Relaxing our
assumption of a tensor-to-scalar ratio of 0.25, we find t
the suggested extraction can be used to separate primordB
modes with at least a signal-to-noise ratio of 1 when
tensor-to-scalar ratio is of order 0.01. In the case of Plan
one can use its temperature data to construct af estimator
which can then be used to clean Planck’s polarization ma
In this case, we determined a cumulative signal-to-noise r
of less than 1022 for the detection of primordialB modes.
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This low signal-to-noise ratio is dominated by a combinati
of the noise-contribution in the Planck data and the fact t
Planck’s poor resolution of the temperature map does
allow a reconstruction of the lensing signal down to a
minute scales required for an analysis such as the one
gested here. In an improved scenario, relative to Planck,
require temperature observations down to 1 to 2 arcmin
scale, from Planck’s 7–10 arc min, with at least a factor
100 better noise in polarization maps.

Though we have not separated individual signal-to-no
ratio values, the reconstruction ofB modes has less nois
with the combination of the (BX) statistic correlated with a
map of B modes instead of the (EX) correlated withB
modes. This is because the dominant noise associated wE

modes in (EX) limits the reconstruction ofB̃ modes signifi-
cantly. The signal-to-noise ratio values for the reconstruct
of Ẽ modes have similar values whether (EX) or (BX) is
used. This reconstruction has a cumulative signal-to-no
ratio in excess of 103 both due to its high contribution an
the fact that theẼ-mode power spectrum peaks at arcminu
scales compared to theB̃ mode power spectrum which peak
at degree scales.

It is clear that the reconstruction analysis can be best d
for the extraction of primordialẼ modes. The low signal-to-
noise ratio values forB̃ modes, however, should not discou
age one from attempting to do an analysis like the one s
gested here in upcoming CMB data. The ultimate, a
challenging, detection of gravitational wave signatu
which, in principle, gives a handle on the inflationary ener
scale requires various statistical techniques so that this
tribution can be identified confusion free. Since lensing co
tribution dominates theB-mode signal, we have exploited it
use as a possible way to extract the primordial polarizat
field. Given the importance of detecting gravitational wav
for future cosmological studies, statistics such as the
discussed are clearly warranted for further studies.
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