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Abstract

The effects of static surface deformations on a spatially developing supersonic boundary layer flow at Mach
number M = 4 and Reynolds number Reδin ≈ 49300, based on inflow boundary layer thickness (δin ), are
analyzed by performing large eddy simulations. Two low-order structural modes of a rectangular clamped
surface panel of dimensions ≈ 33δin × 48δin are prescribed with modal amplitudes of δin . The effects of
these surface deformations are examined on the boundary layer, including changes in the mean properties,
thermal and compressibility effects and turbulence structure. The results are analyzed in the context of
deviations from concepts typically derived and employed for equilibrium turbulence. The surface deflections,
to some degree, modify the correlations that govern both Morkovin’s hypothesis and strong Reynolds analogy
away from the wall, whereas in the near-wall region both the hypotheses breakdown. Modifications to the
turbulence structure due to the surface deformations are elucidated by means of the wall pressure two-point
correlations and anisotropy invariant maps. In addition to the amplification of turbulence, such surface
deformations lead to local flow separation, instigating low-frequency unsteadiness. One consequence of
significance to practical design is the presence of low frequency unsteadiness similar to that encountered in
impinging or ramp shock boundary layer interactions.

1. Introduction

10

Significant progress has been made in understanding of supersonic turbulent boundary layers, as documented in classical experimental [1, 2, 3] as well as recent computational [4, 5, 6, 7] efforts. The canonical
flat plate configuration has defined important attributes inherent to equilibrium turbulent boundary layers. While turbulence generation is a major focus area in subsonic turbulent boundary layers, supersonic
counterparts include several other complicating factors, including the effects of the compressibility, boundary layer growth, and temperature on the turbulence structure [8]. Common simplifications invoked in
high-speed turbulent wall-bounded layers in mechanical equilibrium include Morkovin’s hypothesis and the
strong Reynolds analogy (SRA), where the fluctuations of the total temperature are assumed to be negligible; this facilitates the adoption of various aspects of the more commonly examined subsonic turbulence
dynamics [9, 10, 11]. These hypotheses are reasonable if the fluctuating Mach number or equivalently the
density and temperature fluctuations remain small: for boundary layers, this condition is typically assumed

Jou

5

rna

Keywords: supersonic turbulent boundary layer, compressible turbulence, fluid-structure interaction

∗ Corresponding

author
Email address: mcnamara.190@osu.edu (Jack McNamara)

Preprint submitted to European Journal of Mechanics - B/Fluids

July 12, 2021

Journal Pre-proof

25

30

35

40

45

50

lP
repro
of

20

55

Jou
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to hold if the flow Mach number is less than five. However, for flows of practical interest, which typically undergo strong pressure gradients and are no longer in equilibrium, the above approximations, and associated
simplifications, may no longer hold.
The imposition of strong pressure gradients on a supersonic turbulent boundary layer leads to enhanced
compressibility effects, dramatically modifying the flow turbulence [12, 13]. Several parameters govern such
flows, including Mach and Reynolds numbers, pressure and thermal field gradients and surface geometry,
complicating prediction of the state of the boundary layer [8]. Canonical supersonic flows that include
pressure gradients have been examined in recent experiments [14] as well as with direct numerical simulations
(DNS) and large eddy simulations (LES) [15, 16, 17]. Adverse/favorable pressure gradients can arise due
to many factors, including surface curvatures (concave/convex), wall heating gradients and shock wave
boundary layer interactions. Experimental and theoretical studies have gained insight into the separate
effects of each of these. For example, adverse pressure gradients and concave wall curvature destabilize the
boundary layer and enhance turbulent mixing, in terms of the conservation of angular momentum [3, 18]. The
destabilization manifests as an increase in the turbulent fluctuations due to streamline curvature, adverse
pressure gradients and bulk compression [19, 20]. This contrasts with the stabilizing effects of favorable
pressure gradients, which include weakening of coherent structures [21, 22] and lead to a decrease in the
turbulence, particularly in the outer region of the boundary layer [23]. The effects of pressure gradient and
surface curvature also manifest into the friction velocity and wall friction, which vary inversely due to the
flow compressibility, as elucidated by Wang et al. [24] by carefully analyzing the modification of principal
strain rate.
In the present work, we consider the effect on turbulence of statically deformed rectangular panels that
comply with basic modes arising commonly in fluid-structure interactions (FSI). This effectively breaks
down the fully coupled problem into a geometrically simpler variant that isolates some of the crucial effects
of surface deformations on the evolution of turbulent boundary layers and enables a better understanding
of fully coupled interactions such as those being performed experimentally by Neet and Austin [25]. To this
end, a rectangular panel is statically deformed in its fundamental modes of vibration, namely, Mode(1,1)
and Mode(2,1). The notation Mode(a,b) follows the convention that the first entry (‘a’) corresponds to
the wave number in the streamwise direction (two times the number of cycles per unit panel length) and
the second term (‘b’) corresponds to the wave number in the spanwise direction (two times the number of
cycles per unit panel width). For concreteness, the geometric and flow parameters are chosen to be similar
to those of Neet and Austin [25]. Thus, the aspect ratio of the panel is fixed at 1.377 (the ratio of the
spanwise to streamwise lengths), with modal deformation amplitude of 2.5% of the panel streamwise length,
which equals the inflow boundary layer thickness (δin ). These parameters generate a suitable response
in the boundary layer, and simplify the task of identifying the impact of pressure gradients imposed by
static surface deformations on the supersonic turbulent boundary layer. The specific areas of focus are
turbulence structure, thermal and compressibility effects and flow unsteadiness, with results being placed
in the context of various findings in the literature. The article is arranged as follows: Sec. 2 provides the
numerical methodology and the experimental and numerical flow configuration details. The results, Sec. 3,
are divided into Sec. 3.1, which presents variations in boundary layer quantities of practical interest, such
as the skin-friction, the wall pressure and wall temperature, Sec. 3.2 on flow compressibility, Sec. 3.3 on
turbulence structure and Sec. 3.4 on flow unsteadiness. Lastly, the findings are summarized in Sec. 4.

2.1. Flow governing equations

The governing full 3-D compressible Navier-Stokes equations are solved in curvilinear coordinates, (x, y, z, t) →
(ξ, η, ζ, τ ) with t = τ using the strong conservation form:
!
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~ = [ρ, ρu, ρv, ρw, ρE]T is the conserved solution vector. Here u, v and w are the Cartesian comwhere U
ponents of the velocity, while ρ is the density and E is the internal energy. J = ∂(ξ, η, ζ, τ )/∂(x, y, z, t)
denotes the transformation Jacobian. The flow variables are non-dimensionalized by their reference (∞)
values, except for pressure, which is normalized by ρ∞ u2∞ . The length scale is considered to be the panel
length in the streamwise direction (a), which is 40 times the boundary layer thickness at the domain inflow
(δin ); thus, Rea = ρ∞ u∞ a/µ∞ .
The inviscid fluxes F̂ , Ĝ and Ĥ can be given as,
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U , V and W are the contravariant velocity components:
U

= ξt + ξx u + ξy v + ξz w,

V

= ηt + ηx u + ηy v + ηz w,

(4)

= ζt + ζx u + ζy v + ζz w,

T
1 2
=
+
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2

(5)

W
and

E

(3)

(6)

where T , γ and M∞ are the temperature, ratio of specific heats and reference Mach number respectively.
The ratio of specific heats for air is assumed to be γ = 1.4.
The viscous fluxes F̂v , Ĝv and Ĥv are:
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ξx τxz + ξy τyz + ξz τzz 
ηx τxz + ηy τyz + ηz τzz 
ζx τxz + ζy τyz + ζz τzz 
ξx bx + ξy by + ξz bz
ηx bx + ηy by + ηz bz
ζx bx + ζy by + ζz bz
(7)
where, with index notation xi (≡ x, y, z), ξi (≡ ξ, η, ζ) and ui (≡ u, v, w),
bxi = uj τxi xj − q̇xi



q̇xi

70

75

(9)
(10)

Here µ is the dynamic viscosity of the fluid. Stokes’ hypothesis for the bulk viscosity λb = −2/3µ is
assumed, while the change in fluid viscosity due to the temperature is modeled with Sutherland’s law. The
2
fluid is assumed to be a perfect gas, which leads to p = ρT /γM∞
. A constant value of the Prandtl number,
P r = 0.72, is assumed.
The governing equations are solved with the second-order implicit time-marching scheme of Beam and
Warming [26], with two Newton-like subiterations in order to reduce factorization and explicit boundary
condition application errors. Further details on the time scheme are provided in Visbal and Gordnier [27].
The spatial derivative terms are discretized using a 6th-order compact central finite difference scheme,
ensuring no dissipation error on uniform meshes. A small value of artificial damping is added for numerical
stability, similar to Shinde et al. [28, 29]. Detailed validation studies may be found in Visbal and Gaitonde
[30], Gaitonde and Visbal [31], Visbal and Gaitonde [32], and Garmann [33]. In shock regions, which are
detected by a simple switch for a specified threshold parameters [34], the high-order compact scheme is
replaced by the classical Roe scheme with a 2nd order reconstruction.
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Flow
Re
(/m)

P0
(N/m2 )

T0
(K)

p∞
(N/m2 )

u∞
(m/s)

ρ∞
(kg/m3 )

δin
(mm)

δLE
(mm)

δT E
(mm)

4

2.375 × 107

5 × 105

290

3.3 × 103

674

0.17

1.65

2.60

3.70

a

b/a

δin /a

Panel
1

1.377

0.025
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M∞

Rea

Am /a

6

1.57 × 10

0.025

Table 1: Flow and panel parameters

(a) Mode(1,1)

(a) Mode(2,1)

Figure 1: Flow geometries with surface modal deformations: (a) Mode(1,1); (b) Mode(2,1).

2.2. Flow configuration
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The flow parameters are shown in Table 1. The Mach number (4) and other choices reflect those achieved
in the Caltech Ludwieg Tube [25], where fully coupled experiments are being conducted. Other attributes,
including panel dimensions are presented in Table 1. Length scales are normalized by the streamwise length
of the panel insert, a. Thus, the non-dimensional spanwise length of the panel insert (b/a) and inflow
boundary layer thickness (δin /a) are 1.377 and 0.025, respectively, while the Reynolds number based on a is
1.57 × 106 . The inflow boundary layer thickness is conveniently chosen to ensure a sufficient departure from
the equilibrium state when subjected to surface deformations. The characterization of the inflow turbulent
boundary layer, in terms of the boundary layer thickness and growth rate, is performed by means of the same
boundary layer edge detection procedure on the time-averaged schlieren images (in experiments) and density
gradient magnitude (in simulations) [25]. A verification study on the inflow boundary layer characterization
indicate that the simulated values of the boundary layer thickness at the leading and trailing edges of the
panel and the growth rate are within 2.7%, 5.2%, and 11% of the experimental values, respectively.
In addition to the flat plate base case, the deflected surfaces with Mode(1,1) and Mode(2,1) surface
deformations are considered to investigate the effect of surface static deformation. The geometries of the
modal surface deformations of Mode(1,1) and Mode(2,1) are displayed in Fig. 1(a) and Fig. 1(b), respectively,
with the peak modal amplitude Am /a for the both cases is 0.025. This value is sufficient to distort the
boundary layer to an extent that facilitates extraction of trends relative to the flat plate, with Mode(2,1)
imposing the distortion twice as rapidly as Mode(1,1).
The dimensions of the computational domain in the streamwise and spanwise directions are Lx /a = 3
and Lz /a = 2 for all three cases (Base, Mode(1,1), and Mode(2,1)). The computational domain extents are
−1 ≤ x/a ≤ 2 and −1 ≤ z/a ≤ 1 in the streamwise and spanwise directions, respectively, as shown in Fig. 1;
the panel extends 0 ≤ x/a ≤ 1 streamwise and −0.6889 ≤ z/a ≤ 0.6889 spanwise. The domain length in
the wall normal direction is Ly /a = 1 over 0 ≤ y/a ≤ 1, which extends out in the negative y direction by
Am /a = 0.025 for Mode(2,1) (Fig. 1 b). The computational mesh size is based on numerous other efforts
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at similar flow parameters, including coupled interactions [28, 35] and transitional and turbulent morphing
studies [36, 37, 38]. The computational domain is discretized in 901×283×601 grid-points in the streamwise
(x), wall normal (y) and spanwise (z) directions, respectively, where the discretization is uniform in the x
and z directions. The mesh, referred as G1 , is stretched in the y-direction by using geometric progression
with a growth rate of 1.03, where the first grid-point lies at a distance of 1.0 × 10−4 a from the wall, resulting
in ≈ 115 grid points inside the boundary layer at the domain inflow. At the entrance to the domain, these
+
results correspond to grid resolution of ∆x+ = 31.7, ∆ymin
= 0.95, ∆yδ+in = 3.92, and ∆z + = 31.7 in the
wall units.
The flow turbulence at the inflow boundary is generated by the digital filter procedure originally proposed
by Klein et al. [39]. Xu et al. [40] improved the method by limiting the filtering operation to a 2-D
inflow plane, while using a temporal correlation function to avoid 3-D filtering. Furthermore, spatial autocorrelations are assumed to be exponential rather than Gaussian, which leads to better correlations for the
dominant flow structures. Although DNS databases are often employed to obtain the time-mean velocity
and Reynolds stresses, in the present work, such a database is not available. Thus, modeled statistics from
a much cheaper Reynolds Averaged Navier-Stokes (RANS) simulation with a k −  turbulence model is
used, following the practices outlined by Adler et al. [41] to obtain an equilibrium turbulent boundary layer
that interacts with the surface deformation. Far field boundary conditions are specified with first-order
extrapolation of all variables on the downstream, top and side faces of the computational domain, while the
bottom surface is a no-slip adiabatic wall.
The simulations are performed for a non-dimensional total time duration of tu∞ /a = 200 for each case
(Base, Mode(1,1) and Mode(2,1)) with a constant time-step of ∆tu∞ /a = 0.001. The initial transients die
out by tu∞ /a = 40, which is equivalent to ≈ 13 flow-through times; while the statistics are accumulated
over ≈ 53 flow-through times, ensuring time-converged results.
To assess the mesh dependence of the results, we simulate the flat base case using a higher mesh resolution
with reduced the spanwise and wall normal extents of the domain to −0.1 ≤ z/a ≤ 0.1 and 0 ≤ y/a ≤ 0.5,
respectively, while maintaining the streamwise domain size. The mesh G2 uses 1051×221×167 grid-points in
the streamwise, wall normal and spanwise directions, respectively, leading to increased spanwise resolution
of ∆z + ≈ 7.14 in the wall units. The geometric progression in the wall normal direction uses a growth
+
rate of 1.02, which results in ∆ymin
= 0.5 and ∆yδ+in = 3.98 near the wall and edge of the boundary
layer, respectively. Figure 2 displays the mesh sensitivity of results in terms of the van Driest transformed
streamwise velocity and pertinent Reynolds stresses at a streamwise location x/a = −0.35, where the van
Driest transformation and normalization in wall units is obtained by
Z hui+ s
hu0i u0j i
hρi
yuτ
,
(11)
dhui+
y+ =
hu0i u0j i+ =
hui+
=
VD
hρiw
hµ/ρiw
u2τ
0
where uτ is the friction velocity. The establishment of turbulent boundary layer downstream of the inflow
can be compared with the near wall linear and logarithmic laws, respectively:
+
hui+
VD = y

135

hui+
VD =

1
ln(y + ) + 5.1.
0.41

(12)

In addition, the streamwise velocity and Reynolds stress profiles are compared with the DNS profiles of
Bernardini and Pirozzoli [42] at Mach 4 and Reynolds number Reδin = 83623, which is approximately
double the present case, providing an estimate of the departure from an equilibrium turbulent boundary
layer.
For perspective, an instance of the turbulent boundary layer obtained through LES is shown in Fig. 3
with normalized density. The leading and trailing edges of the panel insert are indicated by the vertical
dashed lines. The boundary layer thicknesses at these locations are δLE /a = 0.029 and δT E /a = 0.045,
respectively. A three-dimensional (3-D) view of the spatially developing TBL for all cases is shown in Fig. 4
using Q-criterion isosurface colored by velocity magnitude. The figure clearly shows the influence of surface
deformation on flow turbulence, including especially rapid changes in the form and density of hairpin like
flow structures due to the panel deflection, as they grow along the positive streamwise direction. In addition,
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hui +
V D = y+
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(b) Reynolds stresses (From top: hu01 u01 i+ , hu03 u03 i+ ,
hu02 u02 i+ , and hu01 u02 i+ )

(a) van Driest transformed mean velocity
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Figure 2: Development of the inflow boundary layer at x/a = −0.35 against the fully developed DNS [42] profiles at Mach 4
and Reynolds number Reδin = 83623, or equivalently Reδin ≈ 4.181 × 107 (/m).

Figure 3: Instantaneous turbulent boundary layer over the flat plate model in terms of the normalized density (ρ/ρ∞ )
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(a) Base case

(b) Mode(1,1)

(c) Mode(2,1)

Figure 4: Three dimensional flow structures, displaying a Q criterion isosurface colored with streamwise velocity, developing
over the Mode(2,1) configuration. The compliant panel is delineated by the black rectangle.
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3. Results and discussion

3.1. Modification of the boundary layer
In this section, we discuss the modification of the wall quantities of practical significance due to surface
deformation in terms of the difference with respect to the baseline case. The time-mean wall pressure profiles
∆hpw i along the panel center-line (z = 0), normalized by the free-stream pressure p∞ = ρ∞ u2∞ , are displayed
in Fig. 5(a) for the two cases: Mode(1,1) and Mode(2,1). As expected, the pressure profiles for the two cases
are identical in the inlet region of the computational domain (x/a / −0.25), whereas the pressure profiles
are considerably modified over the surface deformations for both cases, before returning to zero difference
with the baseline in the downstream region (x/a ' 1.25). The effect of surface deflection is reflected on the
wall pressure slightly upstream of the leading edge of the panel (Fig. 5a), indicating the flow deceleration
in the upstream near-wall region of the deflection. The deviation in the wall pressure profile occurs at an
upstream distance of ≈ 5δin (≈ 0.125a) for Mode(1,1) and ≈ 10δin (≈ 0.25a) for Mode(2,1) from the panel
leading edge. Comparing the two cases, the upstream influence length appears to scale linearly with the
surface curvature at the panel leading edge, which for Mode(2,1) is approximately twice that for Mode(1,1),
where a higher surface curvature corresponds to a smaller radius of curvature. However, in general, effects of
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the vertical spanwise mid-planes display the magnitude of density gradient, exhibiting the compression and
expansion waves emanated due to the surface deformations. These effects depend on the specifics of the
deflection, and are discussed further below.
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the streamline curvature, compression and pressure gradient are closely related to each other and separating
the influence of each is difficult [8]. The wall pressure profiles for Mode(1,1) and Mode(2,1), in Fig. 5(a),
are modified with respect to the Base case over the streamwise extent of −0.25 / x/a / 1.5 due to the
respective surface deflections of panel over 0 ≤ x/a ≤ 1.
The modified wall pressure due to surface deflection is often estimated by means of simplified flow
theories. For instance, for a surface deflection of δy, the time averaged wall pressure can be derived based
on the second-order potential (quasi-steady supersonic) flow theory by Van Dyke [43] as:
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1
d(δy)
hpw (x)i
=p
,
2 − 1 dx
p∞
M∞

170

175

180

185

190

where τw is the local wall shear stress on the wall. The effect of surface deflection on the skin-friction
coefficient is shown in Fig. 5(c), where the ∆Cf is the difference between the respective deflected case and
the baseline. Similar to the wall pressure profiles, the difference of the skin-friction profiles for Mode(1,1)
and Mode(2,1) deviate from the Base case at about x/a ≈ −0.25 and reunite downstream approximately
at x/a ≈ 1.5. For Mode(2,1), the difference in the skin-friction coefficient (Fig. 5c) becomes negative at
x/a ≈ 0.069 and also near x/a ≈ 0.478, indicating two distinct regions of flow separation. The flow separation
and reattachment locations are denoted by S and R, respectively, on the figure (Fig. 5c). The locations of
flow separation are consistent with the stronger pressure gradients induced by Mode(2,1) surface deflections.
The first region of separation forms near the leading edge of the panel in −0.069 / x/a / 0.1 with a
separation length of Ls1 /a ≈ 0.169; whereas the second region of separation arises in 0.478 / x/a / 0.812
with a separation length of Ls2 /a ≈ 0.334. For Mode(1,1), on the other hand, the skin-friction coefficient
remains positive, in the time mean sense; however, the value near the leading edge of panel is nearly zero,
suggesting the time-localized presence of separation in the unsteady flow. The streamwise variations in the
skin-friction coefficient for Mode(1,1) and Mode(2,1) follow the pattern that high values occur at streamwise
locations where the wall pressure gradient is favorable, such as in the vicinity of the apexes of the surface
deflections.
At constant Reynolds number and adiabatic conditions, generally, an increase in the Mach number leads
to the increase of the near-wall temperature and decrease of the near-wall density, resulting in a decrease of
the skin-friction coefficient [8]. The time-mean wall temperature for Mode(1,1) and Mode(2,1) relative to
the Base case (∆hTw i/T∞ ) are displayed in Fig. 5(d). The wall temperatures exhibit local variations due
surface deformations, which gradually relax to the Base case wall temperature in the downstream region
(x/a ' 1.5). These variations are, to some extent, associated with the rise and fall of the wall pressures
in Fig. 5(a), as well as with the flow separation regions for Mode(2,1). In addition to the wall pressure
gradient, the wall temperature and flow separation appear to affect the skin-friction coefficient, particularly
for Mode(2,1), which leads to much higher flow separation and temperature in 0.5 ' x/a ' 1.0. The
spanwise mean wall temperature variation for the two cases is displayed in Fig. 5(f), clearly indicating the
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The pressure profile for Mode(1,1) in Fig. 5(a) closely follows the profile of the gradient of surface deflection
d(δy)/dx as per Eq. 13, and it is also consistent with the correlation of streamwise gradients of the timemean wall pressures, as shown in Fig. 5(b), to d2 (δy)/dx2 . However, significant deviations are evident from
this correlation for Mode(2,1), most notably in areas corresponding to flow separation; this is consistent
with the anticipated breakdown of simplified inviscid models for wall pressure in such regions. The modified
time-averaged wall pressure profiles for the two cases along the spanwise direction at a streamwise location
of x/a = 0.75 are displayed in Fig. 5(e).The wall pressures exhibit Gaussian-like profiles for both Mode(1,1)
and Mode(2,1) in response to the corresponding surface deflections. The spanwise three-dimensionality
introduced by Mode(1,1) and Mode(2,1) surface deflections is evident (Fig. 5e), where in general Mode (1,1)
results in higher difference with the baseline, particularly at the centerline location (z = 0).
A measure of flow separation can be obtained by means of the skin-friction coefficient along the symmetry
plane:
du
hτw i
,
(14)
with τw = µ
Cf = 1
2
dy w
ρ
u
∞
∞
2
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-0.2

0
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1

(d) wall temperature

Mode(1,1)
Mode(2,1)

0

-0.5

x/a

(c) skin friction coefficient
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Figure 5: Comparison of the wall properties for the two cases (Mode(1,1) and Mode(2,1)) relative to the baseline. (a) Wall
pressure, (b) wall pressure gradient, (c) skin friction coefficient, (d) wall temperature as function of streamwise location, (e)
wall pressure along the span at x/a = 0.75 and (f) wall temperature along the span at x/a = 0.75.
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wall temperature rise for Mode(2,1) along x/a = 0.75 inside the separated flow with a peak at the centerline
(z/a = 0).
The shape factor, H, of a boundary layer provides useful information about the state of the boundary
layer [44], particularly when its susceptibility to separation under adverse pressure gradients [45].
H=

205

δ∗
θ

δ∗ =

Z

δx

0



1−

ρu
ρ∞ u∞



dy

θ=

Z

0

δx

ρu
ρ∞ u∞



1−

u
u∞



dy,

(15)

where δ ∗ and θ are the displacement and momentum thicknesses of the boundary layer. A theoretical
estimate of the shape factor of an equilibrium supersonic TBL may be obtained by using a power-law
relation for the mean velocity of an incompressible TBL [46, 20]. For instance, u/u∞ = (y/δx )1/n gives the
velocity profile of a zero pressure gradient incompressible TBL, where n weakly depends on the Reynolds
number (Rex ). This leads to Hi = (2 + n)/n, where i stands for incompressible. Thus, for n = 7, the
shape factor is Hi ≈ 1.26. For a supersonic TBL over a flat surface with adiabatic wall condition, the shape
2
factor can be expressed as, H/Hi = 1 + r(γ − 1)M∞
, where r is the recovery factor [46]. For Mach number
M∞ = 4, the ratio of specific heats γ = 1.4 and the recovery factors of r = 1 and r = 0.8, the shape factor
values are H = 9.32 and H = 7.7, respectively.
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Figure 6: Streamwise evolution of the (a) displacement thickness, (b) momentum thickness, and (c) shape factor along the
centerline z = 0 for the Base case, Mode(1,1) and Mode(2,1).
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Figure 6 displays the variation of δ ∗ , θ and H with distance along the centerline (z = 0). Although
the flow is not in equilibrium, particularly in locally separated regions, the integrations in Eq. 15 are
nonetheless carried, estimating the local boundary layer thickness δx corresponding to 0.99u∞ . The profiles
are significantly modified due to the presence of surface deformations in the Mode(1,1) and Mode(2,1). In
general, a constant value of shape factor indicates a well-behaved zero pressure gradient turbulent boundary
layer [44, 45]. The departure of profiles from equilibrium, due to surface deformation and/or pressure
gradient, is marked by dashed lines in Fig. 6. The displacement thickness, in general, decreases for the
positive slopes of surface deformation (concave curvature or compression effects) and vice versa; whereas
the momentum thickness exhibits opposite trends, where it increases for the positive slopes of surface
deformation and vice versa. Furthermore, the shape factor mainly follows the variations in the displacement
thickness (Fig. 6 c).
Similar to the displacement thickness, the shape factor decreases over the compression surfaces and
increases over the expansion surfaces, as shown in Fig. 6(c). The higher values of shape factor indicate
the regions of higher adverse pressure gradient where the flow is prone to separation, but only over the
expansion surfaces: 0.5 ≤ x/a ≤ 1 for Mode(1,1) and 0.25 ≤ x/a ≤ 0.75 for Mode(2,1). For instance, we
can infer about the possibility of separation at x/a ≈ 0.8 for Mode(1,1) and the occurrence of separation
at x/a ≈ 0.6 for Mode(2,1). The shape factor for the three cases converge to a constant value of H ≈ 6.6
for x/a ' 1.5, returning to equilibrium; however, the downstream evolution of the turbulent boundary layer
influenced by the effects of surface deflection [47]. In addition, the shape factor informs the effects of surface
deformations from the boundary layer stability point of view. The rise or fall of the shape factor, in Fig. 6(c),
corresponds to de-stabilization or stabilization of the boundary layer, respectively. This is consistent with
the fact that convex curvature stabilizes the boundary layer, whereas concave curvature destabilizes the
boundary layer [48, 20]. Furthermore, after an initial adjustment, concave curvature leads to increase in the
wall friction, heat transfer, and Reynolds stresses as well as it may give rise to Taylor-Görtler like vortices;
on the other hand, the convex surface deformation typically results in opposite effects. The skin-friction
and wall temperature of Fig. 5 are in agreement with these observations; however, the Taylor-Görtler like
vortices, which contribute to enhancement of the flow turbulence, are not observed.
In addition to these opposite effects of the concave and convex curvatures, the supersonic TBL responds
differently in the near-wall region as opposed to the outer region of boundary layer, in terms of the turbulence
kinetic energy and mean streamwise velocity. However, for the present parameters, the effect of combinations
of curvatures, such as in Mode(2,1), do not produce a linear superposition of the two; this contrasts with
the linear superposition observed for a single surface curvature and a pressure gradient by Smith and Smits
[49]. The boundary layers in Mode(1,1) and Mode(2,1), which are distorted due to the surface deformations,
relax to an equilibrium state (zero pressure gradient state) at a distance of ≈ 0.5a (≈ 20δin ) downstream
from the trailing edge of panel. The time-averaged streamwise velocity and Reynolds stresses at this location
(x/a = 1.5) for the three cases are displayed in Fig. 7. The streamwise velocity for Mode(1,1) and Mode(2,1)
exhibits a decrease and an increase respectively when compared to the Base case in 0 < y/δx/a=1.5 / 0.2,
the near-wall region of the boundary layer; whereas in the outer region, the distorted profiles are nearly
recovered (Fig. 7 a). The streamwise component of Reynolds stress tensor, hu0 u0 i/u2∞ , exhibits a slight
decrease in its peak values for both Mode(1,1) and Mode(2,1) compared to the Base case. On the other
hand, the wall-normal (hv 0 u0 i/u2∞ ), spanwise (hw0 w0 i/u2∞ ) and the off-diagonal hu0 v 0 i/u2∞ components of
the Reynolds stress tensor are significantly increased in the near-wall region, indicating an overall increase
of the turbulent kinetic energy.
The strength of the boundary layer distortion can be quantified in terms of an additional strain rate,
e, and the primary strain rate, ∂hui/∂y [10]. e/(∂hui/∂y) / 0.01 and e/(∂hui/∂y) ' 0.01 represent weak
and strong distortion values, respectively. The primary strain rate provides the measure of eddy strain rate,
estimated by (−hu0 v 0 i)1/2 /L , where u0 and v 0 are the fluctuating streamwise and wall-normal components
of velocity and L is a dissipation length scale. The flow or eddy response time scale can be approximated
by the turbulent kinetic energy (TKE) per unit rate of TKE production [50], and it is inversely proportional
to the primary strain rate. Furthermore, the characteristic time scale of turbulence, Tt , can be also defined
based on the integral length scale of turbulence (Lt ) and the root mean squared (rms) velocity fluctuations
u0rms as, Tt = Lt /u0rms [51]. The distortion is termed as rapid when a characteristic time scale of the
11
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Figure 7: (a) Time-mean streamwise velocity and (b)-(e) Reynolds stresses a downstream location x/a = 1.5 for the three
cases.
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x/a

−0.5

0.0

0.5

1.0
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Table 2: Streamwise reference locations on the wall surface (y/a = 0) along the domain centerline (z/a = 0).

turbulence (Tt ) is much larger compared to the distortion time Td , that is Td /Tt  1.
Rapid distortion theory (RDT) considerations [52, 53] can provide insights into the interpretation of the
observations. The distortion time for the Mode(1,1) and Mode(2,1) can be estimated based on the streamwise
lengths of a/2 and a/4 respectively and the sound velocity c; where the distortion length corresponds to the
distance of the first peak of surface deflection from the panel leading edge. This results in the time scales
of Td ≈ 2 and Td ≈ 1 for Mode(1,1) and Mode(2,1) respectively, where the values are also equal to the
respective gradient Mach number. The integral length scale (Lt ) of turbulence is typically associated with
most energy producing turbulent eddies; for turbulent boundary layers, this length scale can be assumed
to be δ, a local value of the boundary layer thickness. Thus the turbulence time scale is approximately
Tt ≈ 0.2, leading to Td /Tt ≈ 10 for Mode(1,1) and Td /Tt ≈ 5 for Mode(2,1). Evidently, the ratio Td /Tt
is much larger than 1 for both the cases, contrary to the assumption of Td /Tt  1 in the rapid distortion
theory, indicating that the boundary layer distortions are not rapid.
3.2. Compressibility and thermal effects

The implications of panel deflections are now examined in the context of Morkovin’s hypothesis [9],
specifically that key features of incompressible turbulence persist in the supersonic regime (1.5 / M∞ / 5)
without significant modifications, other than mean density variation. Beyond M∞ ' 5, compressibility
effects, in addition to the velocity and pressure fluctuations, density and temperature fluctuations may also
affect the different mechanisms of energy exchange among the turbulence scales. The relations between
the velocity and temperature fluctuations, encapsulated in the strong Reynolds analogy (SRA), can be
considerably affected due to the higher levels of the acoustic and thermal fluctuations.
The turbulent Mach number,
p 0 0
hui ui i
.
(16)
Mt =
hci

285

The results were again analyzed at locations (L2, L3, L4 and L5) (not included for brevity). The maximum
values of Mf in all cases remain less than the threshold of 0.3 considered necessary to manifest the special
effects of compressibility on turbulence. Although the profiles for Mode(1,1) and Mode(2,1) deviate from the
Base case in the region of the panel, particularly at the mid-chord (L3) and trailing edge (L4) locations (see
Fig. 8), they recover relatively rapidly towards the Base case profile within half the panel length downstream,
by location L5.
We now examine the effect of the panel distortion on interactions between the thermal and velocity
fluctuations, which are typically assumed small for equilibrium boundary layers when 1.5 / M∞ / 5.
The relevant parameter is the turbulent Prandtl number P rt , which is the ratio of turbulent momentum to
turbulent heat diffusivities. Typical considerations assume a P rt of unity for Reynolds analogy considerations
to derive the correspondence between velocity and temperature profiles. The assumption of negligible total

Jou

280

rna

often employed with a threshold of Mt ≈ 0.3 for the appearance of compressibility effects on turbulence [20],
is plotted Fig. 8 at the different streamwise locations of Table 2. For all cases and locations, the turbulent
Mach number is lower than the threshold of 0.3 for compressibility, indicating, in the equilibrium case, the
applicability of Morkovin’s hypothesis and strong Reynolds analogy by this measure. The analysis was also
be conducted in terms of the fluctuating Mach number (Mf ), which takes into account the variation in the
speed of sound [8]:
p
Mf = hM 2 i − hM i2 .
(17)
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(b) L3 (panel mid-chord location)

rna

(a) L2 (panel leading edge location)

(c) L4 (panel trailing edge location)

(d) L5 (a downstream location)

Jou

Figure 8: Turbulent Mach number (Mt ) wall normal profiles for the three cases at (a) the leading edge of panel (b) at the
center of panel (c) at the trailing edge of panel and (d) at x/a = 1.5 on the surface and at z/a = 0. For locations detail refer
Table 2.
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(a) L3 (panel mid-chord location)

(b) L5 (a downstream location)

(c) L3 (panel mid-chord location)

(d) L5 (a downstream location)

rna

Figure 9: Applicability of the strong Reynolds analogy for the three cases. (a) Eq. 18 at x/a = 0.5 (b) Eq. 18 at x/a = 1.5 (c)
Eq. 19 at x/a = 0.5 (d) Eq. 19 at x/a = 1.5

temperature fluctuations for adiabatic walls leads to the strong Reynolds analogy (SRA).
0
Trms
hT i
hu0 T 0 i
0
u0rms Trms

295

(γ − 1)hM i2

=

−1,

u0rms
hui

(18)
(19)

The simulations specify P r = 0.72 for air, which affects the underlying assumption. Nonetheless, the
application of the SRA greatly aids analysis and motivates an examination of its accuracy in the presence
of the surface deformation. The SRA relation of Eq. 18 is examined at two streamwise locations: the panel
mid-chord location L3 and downstream location L5 at x/a = 1.5 in Fig. 9(a) and Fig. 9(b) respectively. The
0
figures display the ratio (Trms
/hT i)/ (γ − 1)hM i2 u0rms /hui as a function of the wall distance (y/δx ) with
deviations from unity being the primary consideration. For the Base case, the ratio remains nearly constant
at ≈ 0.8 for most of the boundary layer (0.05 / y/δx/a=0.5 / 1) at both the mid-chord and downstream
locations (L3 and L5), closely following the SRA. However, in the close vicinity of the wall for y/δx / 0.06,
the left hand side (LHS) of Eq. 18 becomes significantly higher compared to the right hand side (RHS),
indicating the dominance of thermal effects. In the presence of surface deformations, the ratio of LHS to
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305

310

315

RHS of Eq. 18 reduces to a minimum of ≈ 0.35 for Mode(1,1) between 0.35 / y/δx/a=0.5 / 1 as shown in
Fig. 9(a); whereas for Mode(2,1), it drops significantly in the near-wall region for y/δx/a=0.5 / 0.06 due to
the negative streamwise velocity inside the flow separation. Nevertheless, at the downstream location L5,
the boundary layer for both Mode(1,1) and Mode(2,1) returns to the Base case profile, confirming the SRA
in most of the boundary layer (Fig. 9 b).
Similarly the second SRA relation, Eq. 19), is evaluated for the three cases. The normalized thermal shear
0
stress, hu0 T 0 i/u0rms Trms
, for increasing wall normal distance is displayed in Fig. 9(c) and Fig. 9(d) for location
L3 and L5 respectively. As anticipated, the anti-correlation between the velocity and thermal fluctuations
is evident for all the three cases at the panel mid-chord and downstream locations. The correlation profile
for Mode(1,1) (Fig. 9 c) at the upstream location L3 exhibits higher values (or lower negative values) as
high as −0.5 for the wall distance in 0.25 / y/δx/a=0.5 / 1 compared to the Base case and Mode(2,1). The
anti-correlations between the velocity and temperature, for all cases, drop sharply to near-zero values in the
near-wall region (y/δx / 0.1), as shown in Fig. 9(c) and Fig. 9(d).
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3.3. Effects on turbulence structure
We now examine the effect of surface deformation on the evolution of coherent structures. Their descriptions, including jet- and wake-like structures [7] or near-wall streamwise streaks [54] may be characterized
by different length scales. The turbulent eddies from the outer region of the boundary layer influence the
near wall streaks, whose imprints on the wall may be examined in terms of the coherent wall pressure fluctuations. The effect of compressibility on these structures is significant; for example, the streaks are known
to be relatively smaller in size compared to their incompressible counterparts [55].
The two-point cross-correlation is typically employed to extract turbulent scales of interest:
hφ0L ψ 0 i =

330

335

340

345

rna

325

(20)

where φ0 and ψ 0 , are two representative variables, ~xL is a specific chosen location in the flow (Table 2),
~ represents the separation between the two points and the normalization employs global reference values
∆x
of the two variables. The two-point correlations between the turbulent wall-pressure and flow pressure for
locations L3 and L4 are displayed in Fig. 10 for the three cases. The correlation hp0L3 p0 i/p2∞ in xz and
xy planes on the flat surface (Base case) is displayed in Fig. 10(a) and Fig. 10(b) respectively, while its
evolution at the downstream location L4 is displayed in xy plane in Fig. 10(c). The turbulent wall pressure
p0L3 exhibits positive correlation with the surrounding turbulent wall pressure; in addition, it displays two
lobes of negative correlation, one upstream and another downstream of the positive lobe, along the flow
direction as shown in Fig. 10(a). The streamwise and spanwise extents of the correlation are ≈ 0.15a
(≈ 4.06δx/a=0.5 ) and ≈ 0.075a (≈ 2.03δx/a=0.5 ) respectively, whereas in the wall normal direction (Fig. 10b)
the correlation extends up to ≈ 0.04a (≈ 1.08δx/a=0.5 ) from the wall, leading to three-dimensional cones of
the positive and negative correlations. The approximate base diameters for the positive and negative cones
of the pressure correlations are 0.075a (≈ 2.03δx/a=0.5 ) and 0.0167a (≈ 0.45δx/a=0.5 ) respectively. The size
of the correlation, hp0L4 p0 i/p2∞ , in the wall normal direction at the downstream location L4 increases to 0.05a
(≈ 1.24δx/a=1.0 ). This increase of about ≈ 25% occurs for the complete 3-D correlation, when compared
to ≈ 10% increase of the the boundary layer thickness from location L3 to location L4. These correlations
are integrally connected with various near wall dynamics on length-scales and flow structure orientations as
discussed by Na and Moin [56], Sillero et al. [57], Shinde et al. [58] for incompressible turbulent boundary
layers.
The boundary layer undergoes modifications due to the presence of surface deformations, as discussed
in Sec. 3.1; in the same vein, the two-point turbulent pressure correlations are also modified. The effects
of surface deflection on the correlations at locations L3 and L4 for Mode(1,1) and Mode(2,1) are displayed
in Figs. 10(d),(e),(f) and Figs. 10(g),(h),(i) respectively. For Mode(1,1), the turbulent pressure correlation
hp0L3 p0 i/p2∞ at L3 (Fig. 10d) is, relatively, weak compared to the Base case (Fig. 10a); whereas its dimensions
and shape appear nearly the same, in the absolute sense. However, the boundary layer height at this location
δx/a=1.0 decreases by ≈ 66% compared to the Base case. At the downstream location L4, the size of the
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(a) Base case (L3)

(b) Base case (L3)

(c) Base case (L4)

(e) Mode(1,1) (L3)

(f) Mode(1,1) (L4)
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(d) Mode(1,1) (L3)

lP
repro
of

Journal Pre-proof

Jou

(g) Mode(2,1) (L3)

(h) Mode(2,1) (L3)

(i) Mode(2,1) (L4)

Figure 10: Two-point turbulent pressure correlations at L3 (panel mid-chord) and L4 (panel trailing edge) locations (Table 2)
for the flat and deflected surfaces.
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conical pressure correlation increases by ≈ 10%, making an inclination of ≈ 20 deg to the wall normal, as
shown in Fig. 10(f)1 ; while the boundary layer height at this location becomes ≈ 98.5% of that in the Base
case.
For Mode(2,1) surface deflection, the two-point pressure correlations (Eq. 20) at the two locations L3
and L4 are significantly modified compared to the Base case, as shown in Figs. 10(g),(h) and (i). Unlike
Mode(1,1), the location L3 for Mode(2,1) lies in the separation region (Fig. 5 c, x/a = 0.5), in the mean
sense; thus the wall pressure fluctuations exhibit a much larger extent of the correlation compared to the
Base case and Mode(1,1), which is in agreement with the observations of Shinde et al. [58]. Furthermore,
the separation region of Mode(2,1) is accompanied by the presence of a set of expansion and compression
waves that emanate near the locations L3 and L4 respectively, which results in bridging the turbulent
flow structures at the two locations. Consequently, the turbulent wall pressure at location L3 manifests a
strong correlation with the pressure fluctuations near location L4, albeit an anti-correlation. The positive
correlation near location L3 spans over ≈ 0.15a (≈ 3.34δx/a=0.5 ) and ≈ 0.4a (≈ 8.9δx/a=0.5 ) in the streamwise
and spanwise directions respectively (Fig. 10g). In addition, an equally strong negative correlation manifests
at a downstream location of x/a = 0.85, spanning over ≈ 0.2a (≈ 4.46δx/a=0.5 ) and ≈ 0.4a (≈ 8.9δx/a=0.5 )
in the streamwise and spanwise directions respectively (Fig. 10g). Interestingly, the pressure correlation
at L3 escalates due to expansion and compression waves and extends into the far field, engaging the large
scales of turbulence (Fig. 10h). Similarly, the turbulent wall pressure at L4 exhibits an anti-correlation with
location L3, stretching the correlation into the far field, as shown in Fig. 10(i).
The effect of surface deformation on the structure of turbulence is estimated with Lumley’s traceless and
symmetric tensor that identifies deviation from isotropic turbulence[59]:
aij =

hu0i u0j i δij
−
,
2K
3

(21)

where K = hu0i u0i i/2 is the turbulent kinetic energy and δij is the Kronecker delta. For reference, the second
and third scalar invariants that aid in the deviation assessments are [60]:
II = aij aji =

375

380

III = aij ajk aki =

1 3
a
3 ii

rna

370

and

(22)

respectively, since variant I is zero. The invariant-map, plotted as III versus II map, manifests a triangular
shape (Lumley’s triangle), which includes all physically realizable states of turbulence inside the triangle.
The turbulence anisotropy invariant-maps for the three cases (Base case, Mode(1,1) and Mode(2,1)) at
four streamwise locations, namely L2, L3, L4, and L5 (refer Table 2), are displayed in Figs. 11(a),(b),(c),
and (d), respectively, where the black curves delineate Lumley’s triangle. In each sub-figure (of Fig. 11),
the invariants of the anisotropy tensor are estimated along the wall normal direction for the three cases.
The curves for the Base case, Mode(1,1) and Mode(2,1) are shown using square, triangle and circle symbols
respectively, colored using the wall normal distance normalized by the local boundary layer thickness. The
arrows indicate the direction of increasing wall normal distance. In general, the curves begin (near wall)
in the left corner of the triangle. In this region, the streamwise and spanwise components are similar
(two-component limit), and are much larger than the wall-normal velocity fluctuation component. As the
wall normal distance increases, invariants II and III increase together in somewhat linear fashion and the
curve forms the upper corner; this is the one-component limit where one component (here, the streamwise
component) is much larger than the other two components. With further distance from the surface, both III
and II decrease to finally yield the three-component limit or the isotropic turbulence at the bottom corner
of the triangle, where the II and III invariants become zero.
The near-wall turbulence at the panel leading edge (location L2) for Mode(1,1) and Mode(2,1) differs
from the Base case in terms of the starting (near-wall) values of the invariants, initiating at points far from
the two-components limit, as displayed in Fig. 11(a). The onset/presence of flow separation at location L2
appears to have influenced the near-wall turbulence structure for Mode(1,1) and Mode(2,1). However, the
1 The
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a
2 ii

axes of Fig. 10 use different scales for better comparison among the three cases.
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(b) L3 (panel mid-chord location)
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(a) L2 (panel leading edge location)

(c) L4 (panel trailing-edge location)

(d) L5 (a downstream location)
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Figure 11: Turbulence anisotropy map for Base case, Mode(1,1) and Mode(2,1) at different streamwise locations. The black
curves delineate Lumley’s triangle.
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3.4. Flow unsteadiness and turbulence spectra

The surface deformations in Mode(1,1) and Mode(2,1) locally modify the supersonic TBL in terms of
the flow properties and turbulence structure, in the time-mean sense, where, as noted before, the modified
boundary layer returns to an equilibrium state at about 0.5a (20δin ) downstream of the panel trailing edge.
However, the surface deformations in some regions introduce a strong adverse pressure gradient, leading
to flow separation. For example, the flow near the panel leading edge (location L2) for Mode(1,1) and
Mode(2,1) as well as near the mid-chord length (location L3) separates, transiently but not in the mean
sense for the former, due to the adverse pressure gradients, as discussed before in terms of the skin-friction
coefficient (Fig. 5c). The regions exhibiting the flow compression and expansion due the surface deformations
of Mode(1,1) and Mode(2,1) alongside the Base flow are displayed in Fig. 12, where the density increase
due to the compression and decrease due to the expansion are evident. The figure also manifests the
increased levels of flow turbulence downstream of the surface deformations for both Mode(1,1) (Fig. 12b)
and Mode(2,1) (Fig. 12c) compared to the flat Base case (Fig. 12a), which is consistent with the higher
Reynolds stresses in Fig. 7 for the two cases (Mode(1,1), Mode(2,1)).
The turbulence modification in the near wall region due to the surface deformations and flow separation is
also analyzed by using the power spectral densities (PSD) of the streamwise velocity and wall pressure. The
spectra are computed as a function of the spanwise wavenumber (ωz = 2π/λz , where λz is the wavelength)
at the leading (L2) and trailing (L4) edge locations of the panel, while the streamwise velocity spectra are
computed at a wall normal distance of ≈ 0.21δin . The pre-multiplied spectra of the streamwise velocity
(Euu ) as a function of the spanwise wavenumber (ωz ) for the three cases at the panel leading edge location
L2 are shown in Fig. 13(a); while the evolution of spectra at the downstream location L4 is displayed
in Fig. 13(b). The wavenumber and PSD are normalized by using the panel length (a) and free-stream
pressure p∞ , respectively. Overall, the spectral energy at the downstream location L4 is higher for all
wavenumbers, where both (the upstream L2 and downstream L4) spectra exhibit a short production range
(Euu ∝ ωz−1 ) that is centered around ωz ≈ 100. This wavenumber corresponds to a spanwise wavelength
scale of λz ≈ 0.063a (λz = 2.5δin ). Furthermore, the streamwise velocity spectra exhibit a very short inertial
−2/3
sub-range of turbulence at the both locations, as indicated by the solid black line with ωz Euu ∝ ωz
(i.e.
−5/3
Euu ∝ ωz
). As opposed to the velocity spectra for Base case, the magnitudes of PSD for Mode(1,1) and
Mode(2,1) are higher at the lower wavenumbers, as shown in Figs. 13(a) and (b), which correspond to the
flow three-dimensionality induced by the surface deformations.
A flat region of a pre-multiplied spectrum of the wall pressure represents the ωz−1 dependence of the
wall pressure PSD on the wavenumber/frequency. In this range of wavenumbers, the pressure contribution
is mainly due to the large eddies from the log-layer [61], which corresponds to the mid-range wavenumbers/frequencies of the pressure spectra (Figs. 13c and d). The magnitudes of wall pressure PSD at downstream location L4 are, to some degree, higher compared to upstream location L2 for all wavenumbers, as
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one-component limit for the three cases is reached at about y ≈ 0.25δx/a=0.0 , in addition to the similar
behavior for y/δx/a=0.0 ' 0.25 (Fig. 11a). At location L3, the anisotropy invariant-curves for the Base case
and Mode(1,1) follow the two-components limit and one-component limit, eventually reaching the isotropy
limit (Fig. 11 b). In contrast, the near-wall turbulence state for Mode(2,1) indicates the influence of the
flow separation at this location (L3), without reaching the isotropy limit at y/δx/a=1.0 = 1, where the flow
field undergoes an expansion. The similarities and differences of the state of turbulence at this location (L3)
among the three cases are consistent with the two-point turbulent pressure correlations discussed before.
The turbulent anisotropy state at the panel trailing edge (location L4) manifests similar behavior for the
Base case and Mode(1,1), where the curves follow the typical anisotropy limits; however, the invariant-curve
for Mode(2,1) exhibits a jump from the two-components limit in the near wall region to the axisymmetric
turbulence expansion path to isotropic turbulence, as displayed in Fig. 11(c). The anisotropy invariantcurves at the downstream location L5 for the three cases are shown in Fig. 11(d), where the boundary
layer turbulence for Mode(1,1), to large extent, returns to the relaxed state close to the Base line, whereas
Mode(2,1) turbulence anisotropy profiles exhibit some deviation, particularly in the outer boundary layer
region.
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(a) Base case

(b) Mode(1,1)

(c) Mode(2,1)

Jou

Figure 12: Normalized density at the mid-span (z = 0) plane for the three cases. (a) flat surface Base case (b) Mode(1,1)
surface deformation (c) Mode(2,1) surface deformation.
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(b) at location L4, and y/δin = 0.21
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(a) at location L2, and y/δin = 0.21

(c) at location L2, and y/δin = 0.0

(d) at location L4, and y/δin = 0.0

Jou

Figure 13: Turbulence spectra of the streamwise velocity and wall pressure versus the spanwise wavenumber for the three cases.
(a) Streamwise velocity spectra at the panel leading edge and y/δin = 0.21 (b) streamwise velocity spectra at the panel trailing
edge and y/δin = 0.21 (c) wall pressure spectra at the panel leading edge and y/δin = 0.0 (c) wall pressure spectra at the panel
trailing edge and y/δin = 0.0.
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(a) Base case

(b) Mode(1,1)

(c) Mode(2,1)

Figure 14: Pre-multiplied power spectral density of the wall pressure at z = 0
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shown in Figs. 13(c) and (d). Additionally, the flat range of the pre-multiplied spectrum (ωz Epw pw ∝ ωz0 ,
Fig. 13c) at L2 is increased at the downstream location L4 (Fig. 13d). At the lower wavenumbers however,
the wall pressure spectra do not exhibit ωz2 power law, or equivalently ωz3 for the pre-multiplied spectra, as
shown in Figs. 13(c) and (d); rather that manifest no dependence on the wavenumber, i.e. Epw pw ∝ ωz0 (or
ωz Epw pw ∝ ωz1 ), agreeing with the experimental observation of Beresh et al. [62]. Similar to the streamwise
velocity spectra, the wall pressure spectra for Mode(1,1) and Mode(2,1) exhibit higher spectral energy for
the lower wavenumbers at both locations L2 and L4 (Fig. 13c and d) when compared to the flat surface
Base case spectra.
In addition to the increased level of turbulence, the flow separation associated with the shock wave
boundary layer interaction (SWBLI) introduces a characteristic low-frequency unsteadiness [63, 37, 64]. The
low frequencies are 1 to 2 orders of magnitude lower compared to the turbulence frequencies, whose potential
origin mechanisms have been discussed in Clemens and Narayanaswamy [65]. The pre-multiplied wall
pressure PSD of the temporal data along the center-line (z = 0) for the three cases are displayed in Fig. 14.
As opposed to the Base case wall pressure PSD (Fig. 14a), the wall pressure spectra for Mode(1,1) (Fig. 14
b) and Mode(2,1) (Fig. 14 c) clearly manifest the presence of low-frequency unsteadiness, prominently in
the regions where the flow undergoes separation, that is, in the proximity of location L2 (x/a ≈ 0.0) for
Mode(1,1) and locations L2 and L4 (x/a ≈ 1.0) for Mode(2,1). The frequencies are normalized by using
the panel length (a) and free-stream velocity (u∞ ), leading to Strouhal numbers (St = f u∞ /a) of the order
of those observed in SBLI (as low as 0.02), particularly for Mode(1,1) and Mode(2,1). Furthermore, the
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magnitudes of wall pressure spectra increase due to the surface deformations (Fig. 14) for almost all Strouhal
numbers (0.02 ≤ St / 40), indicating an increased level of flow turbulence in addition to the low frequency
dynamics.
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4. Conclusion
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We have examined the effects of surface modal deformations on a spatially evolving supersonic turbulent
boundary layer. Although the surface deformations manifest minimal thermal and compressibility effects
on the flow in terms of the Morkovin’s hypothesis and strong Reynolds analogy, they result in local modification of the turbulence structure as well as, in general, amplification of the flow turbulence. The rapid
distortion theory, turbulence anisotropy maps, and turbulent two point correlations elucidate the effects of
surface deflections on the boundary layer in terms of the length and time scales, anisotropy and structure
of turbulence. The adverse pressure gradients induced by the surface deformations cause flow separation,
giving rise to the low frequency dynamics associated with the shock wave boundary layer interaction. For
the parameters considered, the surface deflection associated with Mode(2,1) impacts the TBL far more than
that associated with Mode(1,1); this is mainly due to the higher degree of flow separation induced by the
Mode(2,1) surface deflection. Thus from the fluid-thermal-structural-interaction (FTSI) point of view, an
initial static surface deformation caused by, for instance, thermal loading at high-speeds can lead to the
low-frequency flow dynamics (pressure loading); which can eventually result in a coupled fluid-structure interaction (FSI) and in turn a full FTSI. In future, we will extend the present investigation to a fully coupled
spontaneous FSI/FTSI alongside a strong impinging oblique shock wave.
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