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Abstract6

Climate models are generally calibrated manually by comparing selected climate statistics, such7

as the global top-of-atmosphere energy balance, to observations. The manual tuning only tar-8

gets a limited subset of observational data and parameters. Bayesian calibration can estimate9

climate model parameters and their uncertainty using a larger fraction of the available data and10

automatically exploring the parameter space more broadly. In Bayesian learning, it is natu-11

ral to exploit the seasonal cycle, which has large amplitude, compared with anthropogenic cli-12

mate change, in many climate statistics. In this study, we develop methods for the calibration13

and uncertainty quantification (UQ) of model parameters exploiting the seasonal cycle, and14

we demonstrate a proof-of-concept with an idealized general circulation model (GCM). Un-15

certainty quantification is performed using the calibrate-emulate-sample approach, which com-16

bines stochastic optimization and machine learning emulation to speed up Bayesian learning.17

The methods are demonstrated in a perfect-model setting through the calibration and UQ of18

a convective parameterization in an idealized GCM with a seasonal cycle. Calibration and UQ19

based on seasonally averaged climate statistics, compared to annually averaged, reduces the20

calibration error by up to an order of magnitude and narrows the spread of posterior distri-21

butions by factors between two and five, depending on the variables used for UQ. The reduc-22

tion in the size of the parameter posterior distributions leads to a reduction in the uncertainty23

of climate model predictions.24

Plain Language Summary25

Climate models rely on parameterizations of physical processes that cannot be resolved26

with available computational resources. Empirical representations of physical processes, such27

as turbulence and cloud physics, reduce the computational cost of simulations, but introduce28

new unknown parameters into the climate model. The unknown parameters contribute to un-29

certainties associated with climate model predictions. Historically, fixed values of the model30

parameters have been hand-tuned using scientific intuition and a limited amount of available31

data. We develop methods for the computationally efficient estimation of the unknown climate32

model parameters and their uncertainty systematically from data, by using gradient-free op-33

timization and machine learning. Many processes and observable statistics of Earth’s climate34

used to produce this data are influenced by the seasonal cycle. We demonstrate that the in-35

corporation of seasonal information into these statistics significantly improves the resulting cal-36

ibration of climate model parameters, in contrast to annually averaged information alone. We37

show that including seasonal information also reduces the uncertainty associated with the model38

parameters, which consequently reduces the uncertainty of climate model predictions.39

1 Introduction40

The objective of quantifying uncertainty in computational models arises in a wide range41

of applications, including weather and climate modeling (Schneider, Lan, et al., 2017), fluid42

dynamics (Duraisamy et al., 2019), and energy systems (Constantinescu et al., 2010). Often,43

uncertainty associated with predictions from computational models is the result of processes44

that cannot be resolved on the computational grid, either due to computational complexity lim-45

itations (Meneveau & Katz, 2000) or due to uncertainty associated with the process itself (Schneider,46

Teixeira, et al., 2017). In general circulation models (GCMs), primary uncertainties arise from47

the representation of subgrid-scale turbulence, convection, and cloud physics, which have a48

significant impact on the evolution of climate under rising greenhouse gases (Cess et al., 1989;49

Bony & Dufresne, 2005; Webb et al., 2013; Suzuki et al., 2013; Brient & Schneider, 2016).50

While clouds are associated with turbulence and convective updrafts with scales of O(10 m),51

modern climate simulations have a typical horizontal resolution of O(10 km)–O(100 km) (Delworth52

et al., 2012; Hoegh-Guldberg et al., 2018). Climate simulations rely on physically motivated53

parameterizations that model the effects of subgrid-scale processes such as clouds and turbu-54

lence on the resolved scales (Hourdin et al., 2013). Such parameterizations come with para-55
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metric and structural uncertainties; quantifying these uncertainties and how they percolate into56

climate projections remains an outstanding challenge (Schneider, Teixeira, et al., 2017).57

Physical parameterizations have historically been individually developed and calibrated58

using data from isolated experiments (Smagorinsky, 1963; Spalart & Allmaras, 1992; Jakob,59

2010; Golaz et al., 2013; Hourdin et al., 2017). They are further adjusted so that global mod-60

els that incorporate them satisfy selected large-scale observational or physical constraints, such61

as a closed top-of-atmosphere energy balance or reproduction of the 20th-century global-mean62

temperature evolution (Mauritsen et al., 2012; Hourdin et al., 2017; Schmidt et al., 2017). Model63

calibration is usually done manually, focusing on a small subset of model parameters and ex-64

ploiting only a fraction of the available observational data.65

As a step toward automating and augmenting this process, here we further develop al-66

gorithms for model calibration and uncertainty quantification (UQ) that in principle allow mod-67

els to learn from large datasets and that scale to high-dimensional parameter spaces. In pre-68

vious work, these algorithms have been demonstrated in simple conceptual models (Cleary et69

al., 2021) and in a statistically stationary idealized GCM (Dunbar et al., 2020). We take the70

next step and demonstrate how these algorithms can exploit seasonal variations, which for many71

climate statistics are large relative to the climate changes expected in the coming decades and72

contain exploitable information about the response of the climate system to perturbations (Knutti73

et al., 2006; Schneider et al., 2021).74

Whereas numerical weather prediction assimilates spatiotemporally evolving trajectories75

of atmospheric states as initial conditions for forecasts (e.g., Kalnay (2003); Bauer et al. (2015)),76

in climate modeling it is preferable to assimilate time-averaged climate statistics. This focuses77

the learning problem on quantities of interest in climate predictions (i.e., climate statistics, in-78

cluding higher-order statistics such as precipitation extremes), and it avoids the need to esti-79

mate uncertain atmospheric initial conditions on which trajectories of states depend (Cleary80

et al., 2021). Calibration and UQ of climate models on the basis of time-averaged statistics81

smooths the prediction-error based objective function and enables the use of data that have dif-82

ferent resolution than the climate simulations (Schneider, Lan, et al., 2017; Dunbar et al., 2020).83

Given the dual desires to avoid having to estimate atmospheric initial conditions, which are84

forgotten over about 2 weeks (Zhang et al., 2019), and to exploit seasonal variations, it be-85

comes natural to choose averaging timescales between around 30 and 90 days. Such averag-86

ing timescales are the focus of this study.87

We consider the calibration and UQ of convective parameters in an idealized GCM with88

seasonally varying insolation (Frierson et al., 2006; O’Gorman & Schneider, 2008; Bordoni89

& Schneider, 2008). We develop an extension of the calibrate-emulate-sample (CES) Bayesian90

learning methodology (Cleary et al., 2021) to enable the use of statistics computed from a non-91

stationary statistical state. The qualitative and quantitative impacts of the time-averaging length92

of the climate statistics on the parameter calibration and UQ are assessed. GCMs are gener-93

ally tuned in situations which have low parameter identifiability based on available climate data94

(Hourdin et al., 2017). We perform numerical experiments with observable climate statistics95

that are informative about the convective parameters we wish to calibrate, but are not in any96

simple and direct way related to them. We also explore less informative climate statistics, which97

highlight the benefits of incorporating seasonal variations in the climate statistics that are be-98

ing exploited for UQ.99

The remainder of this paper is organized as follows. In section 2, the Bayesian learn-100

ing methods for time-dependent problems are introduced. The numerical details of the sea-101

sonally forced GCM and UQ experiments are introduced in section 3. The calibration and UQ102

results are shown in section 4, and conclusions are provided in section 5.103
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2 Uncertainty quantification methods104

The goal of this study is to estimate the probability distributions associated with model105

parameters θ that are used by a GCM and about which only imprecise prior information is106

known. We will consider a Bayesian approach to the estimation of the probability distributions107

of model parameters θ, where we seek P(θ|y), the conditional probability distribution of pa-108

rameters θ given observed data y. The GCM is a computationally expensive numerical model109

that evolves climate states in time. From the GCM, we extract statistical information that is110

denoted by G(θ). Here, G(θ) includes the numerical integration of the GCM states and the111

aggregation of relevant climate statistics in time. Although the data y will, in general, not pro-112

vide direct information about θ, we can estimate P(θ|y) using Bayesian learning by compar-113

ing the GCM outputs G(θ) with data y.114

Standard methods for Bayesian learning include Markov Chain Monte Carlo (MCMC)115

(Brooks et al., 2011), which typically requires O(105) forward model evaluations of G(θ) to116

sample the posterior distribution (Geyer, 2011). Instead, we perform calibration and UQ us-117

ing the recently developed CES methodology (Cleary et al., 2021), which consists of three steps:118

(1) Ensemble Kalman processes (Schillings & Stuart, 2017; Garbuno-Inigo et al., 2020) are119

used to calibrate parameters and to generate input-output pairs of the mapping θ 7→ G(θ);120

(2) Gaussian process (GP) regression is used to train an emulator GGP(θ) of the mapping θ 7→121

G(θ) using the training points generated in the calibration step; and (3) MCMC sampling with122

the computationally efficient GP emulator GGP(θ) rather than the expensive forward model123

G(θ) is used to estimate the posterior distribution P(θ|y). The CES methodology has previ-124

ously been used for calibration and UQ of parameters in simple model problems such as Darcy125

flow and Lorenz systems (Cleary et al., 2021) and for convective parameters in a statistically126

stationary GCM (Dunbar et al., 2020). More recent methodological developments by Lan et127

al. (2021) enabled the CES framework to perform simultaneous UQ on O(1000) parameters128

using deep neural network-based emulation and MCMC suited to high-dimensional spaces (Beskos129

et al., 2008, 2011). A schematic of the CES methodology is shown in Figure 1.130

The Bayesian learning methodology used in this study is described in the following sec-131

tions. In section 2.1, the inverse problem of estimating P(θ|y) in a setting with a periodic cy-132

cle is introduced. In section 2.2, the ensemble Kalman process calibration method is outlined.133

Section 2.3 introduces the GP emulation in an uncorrelated transformed space, obtained by134

a singular value decomposition (principal component analysis) of the noise covariance matrix.135

Section 2.4 describes how the Bayesian posterior distribution is approximated using the GP136

emulator.137

2.1 Seasonal GCM inverse problem138

With fixed insolation (Frierson et al., 2006; O’Gorman & Schneider, 2008), GCM statis-
tics are stationary and ergodic. With the seasonal cycle incorporated, the insolation varies as
a function of the ordinal day in the simulation. The resulting GCM states are statistically cy-
clostationary, with a dependence on the ordinal day. The data we use are constructed account-
ing for the seasonally varying boundary conditions, as the time-averaged GCM statistics

GT (θ, ξ, t) =
1

T

∫ t+T

t

H(t′;θ, ξ)dt′. (1)

Here, H(t;θ, ξ) ∈ RNy represents the output states of the GCM, depending on time t. The139

number of states being measured is Ny . The integration length is specified as T . The initial140

conditions for the GCM integration are represented by ξ, which depend on the initial time t.141

The time-averaged statistics are GT (θ, ξ, t) ∈ RNy .142

With seasonally varying insolation, the time-averaged statistics in Eq. (1) depend on the
ordinal day (t) in the GCM. With a specified integration length T , there are a corresponding
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Calibrate
EKI/EKS using Transformation

{θi,G(θi)}i → {θi, G̃(θi)}i

Emulate

Gaussian process

{G̃(θi), Σ̃(θi)}i → {G̃GP (θi), Σ̃GP (θi)}i

{θi,G(θi)}i
Uncorrelated space from truncated SVD

Sample
MCMC using

ΦMCMC(θ, ỹ)

G̃GP

P(θ|ỹ)

Calibrate− Emulate− Sample

Φ(θ,y)

Inputs :

• Data y, covariance Σ

• Characteristic values yc

• Prior P(θ)

Output :

Σ̃GP

Figure 1: Schematic of the calibrate-emulate-sample (CES) methodology to estimate model pa-
rameters θ. With inputs of data y, noise covariance Σ, characteristic values of the data yc (for
normalization), and the prior P(θ), the calibration stage generates input-output pairs {θi,G(θi)}i.
The input-output mapping is emulated using Gaussian process regression in a transformed, uncor-
related space (̃·), obtained from a truncated singular value decomposition on the noise covariance
matrix Σ. The GP emulator is used for efficient sampling using MCMC to approximate the pos-
terior distribution P(θ|ỹ). The objective functions for calibration and sampling are denoted by
Φ(θ,y) and ΦMCMC(θ, ỹ), respectively.

set of time-averaged statistics

GT,j(θ, ξ) =
1

T

∫ t0+jT

t0+(j−1)T

H(t′;θ, ξ)dt′, (2)

where j = 1 through Ns is an index representing the time of year in the GCM simulation,143

starting from j = 1 at vernal equinox (time t0). The integration windows are non-overlapping.144

The length of the year in the GCM is Tyr = 360 d, and the resulting number of non-overlapping145

time-averaged statistics are Ns = Tyr/T . In this framework, the number of batches of statis-146

tics Ns is a design parameter set by the integration timescale T . For T = 90 d, the data are147

aggregated seasonally, with Ns = 4. For T = 360 d, the statistics are averaged over the148

full year in the GCM, corresponding to annually averaged climate statistics, and Ns = 1.149

The GCM data are the concatenation of the time-averaged batches over collated ordi-
nal days

G(θ, ξ) = [GT,1(θ, ξ1),GT,2(θ, ξ2), ...,GT,Ns(θ, ξNs)]. (3)

In this study, we will consider perfect-model numerical experiments, with the data y being con-
structed using the same GCM at target true parameters θ = θ†. The synthetic data are given
by

y = [GT,1(θ†, ξ1),GT,2(θ†, ξ2), ...,GT,Ns
(θ†, ξNs

)]. (4)

The size of y and G is RN , where N = Ns·Ny . The resulting inverse problem relating pa-
rameters and data is

y = G(θ, ξ) + η, (5)

where η ∼ N(0,∆) is a realization of normal measurement error with zero mean and co-150

variance matrix ∆. We generate synthetic data and forward model data starting from the same151

initial conditions ξ in Eq. (5). Since the states of the GCM depend on the ordinal day, the av-152

eraging operation in Eq. (2) must be consistently aligned in ordinal day between the synthetic153

data and GCM outputs.154

The states of the GCM depend on the boundary conditions, specific to the ordinal day,
and the initial conditions ξ. The ensemble average of independent realizations of G(θ, ξi) over
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different initial conditions ξi is

G∞(θ) = lim
M→∞

1

M

M∑
i=1

G(θ, ξi). (6)

In the limit of infinite realizations of the climate statistics, the dependence of the ensemble155

average G∞(θ) on the initial conditions trends to zero by the central limit theorem. The cen-156

tral limit theorem applies since G(θ, ξi) contains a full year of data by construction (Eq. 3)157

and is therefore a statistically stationary object with respect to the cycle. But due to compu-158

tational limitations, only a finite number of ensemble realizations is available in practice. For159

the synthetic data, we can similarly define y∞; however, y∞ is generally not accessible from160

observations.161

The atmospheric initial condition is of minimal practical value in the climate model set-
ting, and we aim to avoid its estimation. We therefore reformulate the inverse problem such
that G and y can have different initial conditions, and such that we do not require the estima-
tion of the initial conditions. To do so, we assume the forward model output G(θ, ξ), is a noisy,
finite average approximation of the infinite ensemble average of the climate statistics, that is,
G(θ, ξ) = G∞(θ) + N(0,Σ), where Σ is the internal variability covariance matrix of the
GCM (Cleary et al., 2021). The realizations G(θ, ξ) and y are both subject to the internal vari-
ability of the climate system. In this study, given the definition of y and G(θ, ξ), the internal
variability is the interannual variability of the GCM. As a result, the inverse problem becomes

y = G∞(θ) + γ, (7)

where γ ∼ N(0,∆ + Σ). In Eq. (7), the initial conditions are removed from the inference
problem. The synthetic data are collected into the matrix Y ∈ RN×Nd , where N is the di-
mension of the data space and Nd is the number of data samples, or years in this study. The
internal variability covariance matrix is computed from the synthetic data matrix Y such that
Σ = cov(Y ). We assume that Σ does not vary as a function θ such that Σ(θ†) ≈ Σ(θ) and
that Σ does not depend on initial conditions ξ. Invoking Gaussian error assumptions based on
the central limit theorem, the corresponding negative log-likelihood objective function then is

Φ(θ,y) =
1

2
‖y − G∞(θ)‖2∆+Σ (8)

where ‖ · ‖A = ‖A−1/2 · ‖2. The likelihood is (Kaipio & Somersalo, 2006)

P(θ|y) ∝ exp(−Φ(θ,y)). (9)

In this perfect-model setting, where the synthetic data and forward model are obtained
from the same GCM, there is no direct measurement error (η) and no systematic model er-
ror. To emulate measurement error, we add Gaussian noise to the GCM output, with zero mean
and covariance matrix

∆ = diag(δ2
k). (10)

Here, the noise standard deviation is defined such that

δk = min
(
C min

[
dist(yk + 2

√
Σkk, ∂Ωk),dist(yk − 2

√
Σkk, ∂Ωk)

]
, Cm · yk

)
, (11)

where Cm = 0.1 caps the maximum measurement error standard deviation to 10% of the mean162

data values and C = 0.2 controls how close the noise-perturbed data can come within phys-163

ical boundaries ∂Ωi of the data (e.g., to keep relative humidities between 0 and 1 with high164

probability).165

2.2 Calibrate: Ensemble Kalman Inversion166

The first stage of the CES methodology is to calibrate the parameters θ of the model167

based on data y. We perform calibration with independent realizations of G(θi, ξi), viewed168
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as noisy approximations of G∞(θi). Calibration is performed using ensemble Kalman meth-169

ods, which demonstrate theoretical success, in idealized problems, and empirical success, in170

complex problems, to optimize parameters under such noise (Duncan et al., 2021).171

The utility of the calibration stage is two-fold: (1) optimize parameters to minimize the
mismatch between model output and data; and (2) provide good parameter–model output pairs
(θi,G(θi, ξi)) for training an emulator of the parameter-to-data map, with a higher density of
training points near the optimal parameters. The ensemble Kalman filter (EnKF) is a Kalman
filter implementation in which the covariances are approximated using Monte Carlo sampling
(Evensen, 2003). The EnKF has been used widely for derivative-free state estimation in nu-
merical weather prediction (e.g., Houtekamer and Zhang (2016)) and model-based control (e.g.,
Howland, Ghate, et al. (2020)). Ensemble Kalman methods for Bayesian inversion were in-
troduced by Chen and Oliver (2012) and Emerick and Reynolds (2013). These methods prov-
ably draw samples from the posterior of linear inverse problems subject to additive Gaussian
noise; however, they fail to do so more in more general, nonlinear problems. Recognizing this,
the offline ensemble Kalman inversion (EKI) (Iglesias et al., 2013) algorithm was introduced
for classical, optimization-based inversion. EKI generally drives the ensemble members toward
consensus near the optimal solution of the inverse problem (Schillings & Stuart, 2017). The
parameter update of ensemble member m at iteration step n is

θ(n+1)
m = θ(n)

m + C
(n)
θG

(
Σ + ∆ + C

(n)
GG

)−1 (
y − G(θ(n)

m , ξm)
)
, (12)

where CθG is the empirical cross-covariance between the parameters and the model outputs,172

and CGG is the empirical covariance of the model outputs.173

EKI is guaranteed to find the optimal parameters in linear problems (Schillings & Stu-174

art, 2017) and has empirical success in nonlinear problems (Dunbar et al., 2020). Several other175

approaches exist for estimation in nonlinear problems. Li and Reynolds (2009) and Sakov et176

al. (2012) developed iterative EnKF methods which improve state estimation in strongly non-177

linear problems. However, the distribution of the ensemble does not converge to the posterior178

distribution in the limit of infinite members for nonlinear problems (Zhou et al., 2006; An-179

nan & Hargreaves, 2007; Le Gland et al., 2009; Garbuno-Inigo et al., 2020), necessitating the180

emulation and sampling described in the following sections.181

The number of ensemble members and EKI iterations are hyperparameters; they are set182

to standard values of Nens = 100 and Nit = 5 in this study (Schillings & Stuart, 2017; Dun-183

bar et al., 2020; Cleary et al., 2021). Each ensemble member is run through the GCM, ini-184

tialized from the same initial conditions. A spin-up period of one year (360 days) is run be-185

fore the statistics are computed using Eq. (2), to ensure the forward model realizations are sub-186

ject to differing instantiations of internal variability in the chaotic GCM system.187

2.3 Emulate: Gaussian process emulation188

We emulate the mapping from parameters to model output using a machine learning method189

that enables the rapid execution of the mapping, compared to the computationally expensive190

forward model. The calibration stage (section 2.2) results in Nt = Nens · Nit input-output191

pairs {θi,G(θi, ξi)}Nt
i=1 of model parameter to model output. Harnessing the input-output pairs192

as training points, Gaussian process regression is used (Rasmussen, 2003) to create an emu-193

lator, composed of a mean function and covariance function pair, where GGP(θ) ≈ G∞(θ)194

and ΣGP ≈ Σ. Since the input-output pairs are subject to different realizations of the chaotic195

system, the emulator mean approximates G∞(θ) rather than G(θ, ξ) (Cleary et al., 2021; Dun-196

bar et al., 2020).197

The variables of interest in the synthetic data Y ∈ RN×Nd are correlated. The output
variables from the GCM forward model G(θ, ξ) are similarly correlated. The correlation be-
tween the GCM statistics results in nonzero off-diagonal covariance matrix elements. In or-
der to maintain a diagonal covariance in the GP emulator ΣGP, we transform the GCM statis-

–7–

ESSOAr | https://doi.org/10.1002/essoar.10507655.1 | Non-exclusive | First posted online: Wed, 4 Aug 2021 10:53:11 | This content has not been peer reviewed. 



manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)

tics into a decorrelated space using principal component analysis on Σ ∈ RN×N (Cleary et
al., 2021). That is, we decompose the covariance matrix using the singular value decompo-
sition

Σ = V D2V ᵀ, (13)

with a matrix of principal component vectors (or singular vectors) V and the diagonal matrix198

D containing the square roots of the singular values σi. Often, in practical data assimilation199

problems, N > Nd (Houtekamer & Zhang, 2016). In this case, the covariance matrix is rank200

deficient, with rank(Σ) ≤ min(N,Nd), with singular values σ2
i = 0 for i > rank(Σ). Meth-201

ods to decorrelate the data and model output with rank deficient covariance matrices are dis-202

cussed in Appendix A.203

The GP is trained using input-output pairs in the decorrelated space {θi, G̃(θi, ξi)}Nt
i=1

with the decorrelated space denoted by tildes, (̃·). The resulting input-output mapping is ap-
proximated as

G̃∞(θ) ≈ N(G̃GP(θ), Σ̃GP(θ)). (14)

The GP kernels used are a white-noise kernel added to an Automatic Relevance Determina-204

tion (ARD) radial basis function kernel; further details provided in Dunbar et al. (2020); Cleary205

et al. (2021). The GP hyperparameters are trained using the input-output pairs. The training206

process results in a GP regression function G̃GP(θ) which takes θ as input and emulates G̃∞(θ)207

in a computationally efficient fashion.208

2.4 Sample: Posterior sampling using MCMC209

The Bayesian posterior distribution is approximated through MCMC sampling with the
trained GP emulator G̃GP(θ). The data y is normalized and transformed into the decorrelated
space ỹ, as in section 2.3. The Bayesian posterior distribution is approximated as (Stuart, 2010)

P(θ|ỹ) ∝ P(ỹ|θ)P(θ) (15)

∝ exp

(
−1

2
‖ỹ − G̃GP(θ)‖2

Σ̃GP(θ)+∆̃
− 1

2
log det

(
Σ̃GP(θ) + ∆̃

))
P(θ). (16)

With a normal prior distribution governed by mean θ and covariance Γθ the resulting MCMC
objective function is

ΦMCMC(θ, ỹ) = exp

(
−1

2
‖ỹ − G̃GP(θ)‖2

Σ̃GP(θ)+∆̃

−1

2
log det

(
Σ̃GP(θ) + ∆̃

)
− 1

2
‖θ − θ‖2Γθ

)
. (17)

We use a random walk Metropolis MCMC algorithm. The number of MCMC samples is set210

to NMCMC = 200, 000 with a burn-in of 10, 000.211

3 Seasonal GCM uncertainty quantification212

We perform numerical experiments with an idealized GCM with a seasonal cycle. The213

GCM simulation setup is presented in section 3.1. Various climate statistics that we extract214

from the GCM and use in the numerical experiments are discussed in section 3.2 and shown215

in section 3.3.216

3.1 Seasonal simulation setup217

The GCM used in this study is based on the Geophysical Fluid Dynamics Laboratory’s218

Flexible Modeling System (Frierson et al., 2006). The GCM simulates an idealized aquaplanet219

with a homogeneous mixed-layer slab ocean bottom boundary condition with a depth of 1 m.220

The GCM has been used previously for simulations of the hydrological cycle over a range of221
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climates (O’Gorman & Schneider, 2008) and to characterize seasonal variability in the trop-222

ics (Bordoni & Schneider, 2008; Merlis et al., 2013a, 2013b; Kaspi & Schneider, 2011; Bischoff223

& Schneider, 2014, 2016; Wei & Bordoni, 2018). The GCM is axisymmetric and statistically224

cyclostationary. The spectral transform method is used in the horizontal directions, and finite225

differencing in sigma coordinates is used in the vertical direction. The horizontal resolution226

used is T21 with Nφ = 32 discrete latitude points on the transform grid, and 20 sigma lev-227

els (σp = p/ps, where p is the pressure and ps is the local surface pressure).228

A two-stream gray radiation scheme is used. The top-of-atmosphere (TOA) insolation229

is prescribed and varies according to a seasonal cycle (Bordoni & Schneider, 2008; Wei & Bor-230

doni, 2018). The diurnal cycle insolation variations are neglected, with a daily average inso-231

lation applied. The longwave and shortwave optical thicknesses depend on the latitude and pres-232

sure. The radiative effects of variations of atmospheric water vapor or clouds are neglected,233

and therefore, water vapor and cloud feedbacks are not included in the GCM.234

The convection is parameterized using a simplified quasi-equilibrium Betts-Miller (SBM)
scheme (A. K. Betts, 1986; A. Betts & Miller, 1986; Frierson, 2007). Vertical profiles of tem-
perature and humidity are used to calculate precipitation and associated temperature and hu-
midity changes through a relaxation to moist adiabatic reference profiles (Frierson, 2007). The
relaxation is included as a forcing to the temperature and humidity balances

∂T

∂t
+ · · · = ST − fT

T − Tref

τ
(18)

∂q

∂t
+ · · · = Sq − fqfT

q − qref

τ
, (19)

where the dots represent the dynamical terms in the equations, and ST and Sq represent the235

temperature and specific humidity forcings aside from the convection scheme. The term fT236

governs the spatiotemporal activation of the convection scheme, depends on the thermodynamic237

state, and is a function of z. The term fq modifies the specific humidity relaxation (O’Gorman238

& Schneider, 2008). The reference temperature Tref is a moist adiabat, chosen so that the con-239

vection scheme conserves enthalpy integrated over vertical columns (Frierson, 2007; O’Gorman240

& Schneider, 2008). The reference specific humidity qref is that which corresponds to a pre-241

scribed relative humidity with respect to the moist adiabat Tref . For the UQ experiments, our242

focus are two parameters: the prescribed reference relative humidity parameter (θRH) and the243

relaxation timescale parameter (θτ ).244

The GCM simulation starts from vernal equinox, and the year length is Tyr = 360 d.245

All climate statistics used for UQ are zonally averaged. We use the Betts-Miller convection246

scheme with standard reference values of the parameters of θ† = (θ†RH, θ
†
τ ) = (0.7, 7200 s)247

(Frierson, 2007; O’Gorman & Schneider, 2008). UQ of θ relies on a prior knowledge about248

the convective parameters. We use wide prior distributions of the parameters, which enforce249

physical constraints, such as 0 < θRH ≤ 1 and θτ > 0, but are otherwise uninformative250

(Dunbar et al., 2020). The selected priors are θRH ∼ Logit(N(0, 1)) and θτ ∼ Log(N(12h, (12h)2)),251

that is, normal distributions of logit- and log-transformed parameters. The parameter priors252

are independent, although joint prior distributions could be used in future work.253

3.2 Climate statistics used for UQ254

We calibrate and perform UQ on the parameters of the convection scheme using more255

and less informative time-averaged data from GCM simulations. The informative statistics, such256

as the mid-tropospheric relative humidity, are chosen because they are strongly affected by the257

choice of the convective parameters (e.g., O’Gorman and Schneider (2008); Schneider and O’Gorman258

(2008); O’Gorman et al. (2011)). For comparison, we also choose less informative statistics259

that are affected less by the choice of convective parameters, such as surface wind speeds. Nu-260

merical UQ experiments using the differing degrees of information in the climate statistics will261

illustrate the impact of incorporating higher frequencies in the climate statistics used for pa-262

rameter estimation.263
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Informative Less informative

Variables 1. Relative humidity (σp = 0.5)
2. Precipitation rate (mm/day)
3. Probability of 90th percentile precipitation

1. Precipitation rate (mm/day)
2. Surface wind speed (m/s)

Latitudes, Nφ 32 32
Ny 96 64

N, T = 360 d (annual) 96 64
N, T = 90 d (seasonal) 384 256

Table 1: Summary of the climate data used. Calibration and UQ is performed using data that are
more or less informative about the convective scheme. The total size of the data used for UQ is N .

For the informative climate statistics, we choose three variables: the mid-tropospheric264

(σp = 0.5) relative humidity, the total precipitation rate, and, as a measure of precipitation265

intensity, the probability that a daily precipitation total exceeds the latitude-dependent 90th pre-266

cipitation percentile threshold from a long control simulation with the true parameters (Dunbar267

et al., 2020). Since intense precipitation events are influenced by the convection scheme (O’Gorman268

& Schneider, 2009a, 2009b), exceedances of precipitation over a high threshold are anticipated269

to be informative about the convection scheme parameters. The three statistics, are evaluated270

at each of the Nφ = 32 discrete latitudes, giving 96 total quantities of interest. For less in-271

formative statistics, we use the zonally averaged precipitation rate and surface wind speed. As272

with the informative statistics, Nφ = 32 discrete latitudes are considered, giving 64 total quan-273

tities of interest (see Table 1 for a summary).274

We nondimensionalize the GCM statistics (Eq. (A1)) with the median yc, taken over lat-275

itude and time, of each specified data type. There is one characteristic value for each data type,276

e.g., one characteristic value for precipitation and a separate characteristic value for relative277

humidity.278

3.3 Synthetic data used for UQ279

As synthetic data, we used GCM output with different initial conditions, and perturbed280

with measurement error with covariance ∆. The synthetic states are constructed by running281

the seasonal GCM for 150 years at the true parameters θ†. For each case of T = 90 d and282

T = 360 d, the GCM states are aggregated according to the method introduced in section283

2.1. The informative synthetic statistics for T = 360 d days are shown in Figure 2a–c, which284

compares the Nd = 150 year ensemble average of the statistics with a 1 year sample sub-285

ject to internal variability and perturbed with measurement noise N(0,∆). The synthetic data286

for T = 90 d are shown in Figure 2d–f. For the data averaged over 90 d, a distinct seasonal287

cycle emerges with, for example, relatively high precipitation and relative humidity in the north-288

ern hemisphere summer (days 90–180). The less informative statistics of precipitation rate and289

surface wind speed are shown for T = 360 d and T = 90 d in Figure 3.290

4 GCM calibration and UQ results291

4.1 Informative statistics292

The convective parameters θRH and θτ are calibrated using EKI with the informative statis-293

tics with T = 90 d and T = 360 d (see Table 1). The EKI calibration is performed with a294

synthetic data sample y (Eq. 7). Since the synthetic data is subject to internal variability, the295

corresponding calibration is influenced by the synthetic sample values. The synthetic data sam-296
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(a)(a

a

aaa

(a) (b) (c)

(d) (e) (f)

Figure 2: Informative synthetic data with (a–c) T = 360 d and (d–f) T = 90 d. The light solid
lines correspond to y∞. The shaded regions correspond to a 95% confidence interval around y∞
with covariance Σ + ∆. The dark solid lines with circle markers correspond to a randomly se-
lected sample of the synthetic data y that has been subjected to measurement noise N(0,∆). Day
0 corresponds to vernal equinox and the Northern hemisphere seasons are provided.

(a) (b)

(c) (d)

Figure 3: Less informative synthetic data with (a, b) T = 360 d and (c, d) T = 90 d. The light
solid lines correspond to y∞. The shaded regions correspond to a 95% confidence interval around
y∞ with covariance Σ + ∆. The dark solid lines with circle markers correspond to a randomly
selected sample of the synthetic data y that has been subjected to measurement noise N(0,∆).
Day 0 corresponds to vernal equinox and the Northern hemisphere seasons are provided.
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(a) (b)

Figure 4: Ensemble Kalman inversion convective parameter estimates using informative statistics.
Mode of (a) the estimated relative humidity convective parameter θRH compared to truth value
θ†RH and of (b) the estimated relaxation time scale convective parameter θτ compared to truth
value θ†τ . The mean and standard deviation over independent instantiations with differing synthetic
samples are shown by the lines and shaded regions, respectively.

ple is randomly selected from the 150 years of historical data constructed with the true con-297

vective parameters θ† (see section 3.2). Calibration is performed with 10 independent synthetic298

samples, and the results in this section are presented as means and standard deviations over299

the 10 independent realizations. The cases with T = 90 d and T = 360 d are run with the300

same 10 synthetic samples.301

The modes of the EKI ensemble distributions are shown in Figure 4. The modes demon-302

strate a reduction in estimation error of the true convective parameters when the data are ag-303

gregated seasonally with T = 90 d. The calibrated convective parameters using annually av-304

eraged GCM statistics have higher mean bias and variability between the instantiations with305

different synthetic data samples. For both integration timescales, the error associated with the306

θτ estimation was larger than the estimation error for θRH. The percent error of the average307

mode at the last EKI iteration for θRH is 0.3% and 0.8% for T = 90 d and T = 360 d,308

respectively. For θτ , the percent errors are 1.2% and 11.5% for T = 90 d and T = 360 d,309

respectively. This indicates that the integration of the GCM states over an annual cycle filters310

information from the resulting GCM statistics that is informative, especially about the relax-311

ation timescale.312

The normalized mean square error (MSE) for θRH at EKI iteration (n) is

ε
(n)
RH =

1

θ†RH

√√√√ 1

Nens

Nens∑
i=1

(
θRH,i − θ†RH

)2

. (20)

The error is computed similarly for θτ . For both the relative humidity and relaxation timescale313

parameters, T = 90 d reduces the parameter estimation MSE relative to T = 360 d by about314

a factor 2–3: The MSE for θRH is 0.006 and 0.015 for T = 90 d and T = 360 d, respec-315

tively; for θτ , the MSE is 0.06 and 0.23 for T = 90 d and T = 360 d, respectively. The316

seasonally aggregated data also have a smaller spread among the realizations, as visualized317

by the uncertainty bands around the mean values. The reductions in the MSE standard devi-318

ations were 43% and 66% for θRH and θτ , respectively.319

The input-output pairs generated during EKI parameter calibration are used for training320

the GP emulator. These pairs of parameters and model evaluations are taken from four 100-321

member EKI iterations as well the initial 100-member ensemble drawn from the prior, giv-322

ing a total of 500 input-output pairs for GP training. The results of this study were not sig-323

nificantly different with more training points. The GCM outputs are mapped into a normal-324

ized and decorrelated space according to the SVD of the internal variability covariance ma-325
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(a) (b) (c)

(d) (e) (f)

Figure 5: Convective parameter posterior distributions computed using MCMC using a GP em-
ulator that was trained using data aggregated with an integration timescale of T = 360 d and
T = 90 d. The contours correspond to 50%, 75%, and 99% of the posterior distribution, the star is
the truth, and the circle is the average of the ensemble members after the last EKI iteration. Poste-
riors are shown for (a) T = 360 d, decorrelated with full SVD, and (b) a 95%-energy truncation of
the SVD. (c) Posterior for T = 90 d, decorrelated with 95%-energy truncated SVD. Panels (d–f)
same as (a–c) with the posterior distributions shown in the physical parameter space.
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Parameter space T = 90 d T = 360 d

Informative data 0.5%± 0.1% 1.3%± 0.3%
Less informative data 5.5%± 0.9% 26.0%± 7.0%

Table 2: The ratio (%) of the area occupied by the posterior to the area occupied by the prior. The
area of the convex hull containing 75% of the posterior mass for each value of T and data type is
normalized by the area containing 75% of the prior mass. The means and standard deviations over
independent synthetic data realizations are provided. Ten and four realizations are used for the
informative and less informative data, respectively.

trix Σ, truncated to contain 95% of the energy in the singular values. For T = 90 d, the trun-326

cation contains k = 47 singular values, while T = 360 d retains k = 23 (see Appendix327

B). A scalar-valued GP is trained for each of the k outputs. For comparison, we also ran the328

emulation and sampling steps for T = 360 d without SVD truncation.329

The posterior distributions are approximated using MCMC sampling with the trained GP330

emulators. Posterior distributions for the two convective parameters for a randomly selected331

synthetic data sample are shown in Figure 5. In Figure 5a, the posterior distribution was com-332

puted with normalized input data, aggregated annually with T = 360 d, but the SVD was333

not truncated before emulation and sampling. The posterior resulting from the same initial en-334

semble and synthetic data sample but with SVD truncation is shown in Figure 5b. The trun-335

cation of the SVD smooths and inflates the posterior distribution. While the posteriors are qual-336

itatively similar, they differ quantitatively. The true parameters are outside the region contain-337

ing 99% of the posterior mass for the untruncated case but are within the region containing338

75% of the posterior mass for the truncated case. Further investigation of the influence of SVD339

regularization on the posteriors is in Appendix B. Hereafter, all posterior results will focus on340

the posterior distributions estimated using emulation and sampling in the truncated SVD space341

(see Appendix A). The convective parameter posterior distribution using seasonally aggregated342

data with T = 90 d with the SVD truncated at 95% of the total energy is shown in Figure343

5c. As in the calibration stage, the posterior mode for T = 90 d is closer to the true param-344

eters than for T = 360 d. Compared to the posterior with T = 360 d, the T = 90 d poste-345

rior is also more compact.346

We quantify the size of the posterior distributions for the two integration timescales by347

computing the two-dimensional area of the convex hull containing 75% of the posterior mass348

(middle contour level in Figure 5). The area containing 75% of the posterior mass for each349

value of T is normalized by the area containing 75% of the prior mass for reference. The per-350

centages of the prior area taken up by the posteriors for T = 90 d and T = 360 d, aver-351

aged over the 10 CES instantiations, are shown in Table 2. The areas are computed in the logit(θRH)−352

log(θτ/1 s) transformed space, in which the sampling is performed. The area of the poste-353

rior distribution resulting from the seasonal integration is approximately a factor 2 smaller than354

the posterior from the annually integrated data. However, compared to the wide prior, both pos-355

teriors are tight, with the posterior areas occupying around 1% of the prior area.356

4.2 Less informative statistics357

In many UQ applications, intuition about which quantities of interest will lead to im-358

proved parameter estimation is not available before experimentation. While the idealized GCM359

and convective parameterization used in this study have a rich set of investigations to provide360

prior knowledge about the relationship between θ and G(θ), we also consider UQ of the pa-361

rameters using less informative GCM statistics. To do so, we use the precipitation rate and sur-362

face wind speed, zonally averaged and integrated with T = 360 d and T = 90 d (Figure363
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(a) (b)

Figure 6: Parameter calibration performed with EKI using less informative statistics. Mean square
error of (a) the estimated relative humidity parameter θRH compared to truth value θ†RH and of (b)
the estimated relaxation time scale θτ compared to truth value θ†τ . Solid lines are T = 360 d and
dashed lines are T = 90 d.

3). Four instantiations of CES with differing synthetic data samples are run for each integra-364

tion length of T = 90 d and T = 360 d.365

The MSE of the EKI parameter calibration with the less informative GCM statistics are366

shown in Figure 6 for T = 90 d and T = 360 d. With precipitation rate and surface wind367

speed as the basis for UQ, the annually averaged data result in significantly higher parame-368

ter estimation error than seasonally aggregated data. The T = 360 d MSEs are 0.26 and 1.56369

for θRH and θτ , respectively. The T = 90 d MSEs are 0.02 and 0.28 for θRH and θτ , re-370

spectively. The ensemble means and modes of the two parameters are shown in Figure 7. In371

Appendix C, the calibration is performed by considering the seasonal data sequentially, rather372

than collectively, to restrict the data size for both T = 90 d and T = 360 d to N = 64.373

The results demonstrate that the reductions in MSE are the result of the incorporation of sea-374

sonal information in the data, rather than the dimensionality of the data space.375

Posterior distributions computed from CES with GP training data generated by EKI for376

T = 360 d and T = 90 d are shown in Figure 8. We use SVD truncation for both T =377

360 d and T = 90 d (Appendix A). The posterior for T = 360 d is significantly larger than378

for T = 90 d, indicating that the annually averaged precipitation and surface wind speed do379

not provide substantive information regarding the convective parameters. As with EKI for T =380

360 d, the posterior distribution mode has substantial error when compared to the true param-381

eters. For T = 90 d, the uncertainty for θRH estimated with the less informative data has col-382

lapsed to a similar order as the uncertainty estimated with informative data. While the uncer-383

tainty is larger for θτ when estimated using the less informative data, the overall posterior area384

is reasonably collapsed, as it is of similar order to the T = 360 d posterior with informa-385

tive data. These results suggest that seasonally averaged precipitation rate and surface wind386

speed are sufficient statistics to estimate convective parameters while annually averaged pre-387

cipitation and wind speed introduce higher estimation error and parameter uncertainty.388

As with the informative GCM statistics, we compare the sizes of the posterior distribu-389

tions by computing the two-dimensional area of the convex hull containing 75% of the pos-390

terior mass. The posterior areas, normalized by the prior area, averaged over the four CES in-391

stantiations, are shown in Table 2. The posterior area for T = 360 d is approximately 5 times392

larger than the area produced with T = 90 d. The implications of the reduction in the size393

of the posterior distribution on the parametric uncertainty in the GCM are tested in section 4.2.1.394
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(a) (b)

(c) (d)

Figure 7: Parameter calibration performed with EKI using less informative statistics. Mean of (a)
the estimated relative humidity parameter θRH compared to truth value θ†RH and of (b) the esti-
mated relaxation time scale parameter θτ compared to truth value θ†τ . (c, d) Same as (a, b) for the
modes of the ensemble members.

(a) (b)

Figure 8: Posterior density for (a) T = 360 d and (b) T = 90 d for the less informative statistics.
Contours correspond to 50%, 75%, and 99% of the posterior distribution. The location of the true
parameters are indicated by the star, and the circle is the average of the ensemble members after
the last EKI iteration.
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Figure 9: Samples of size 100 from the posterior distributions for prediction experiments. Black
are samples from the T = 90 d posterior and red are samples from the T = 360 d posterior. The
true parameters are shown with dashed blue lines.

4.2.1 Prediction experiments395

To demonstrate the effect of parametric uncertainty in the GCM on climate predictions,396

we draw samples of 100 parameter pairs from the posterior distributions resulting from the less397

informative statistics of precipitation rate and surface wind speed (Figure 8). The samples of398

parameter pairs using seasonal integration (T = 90 d) and annual integration (T = 360 d)399

in the UQ are shown in Figure 9. With each sample of parameters, we produce climate quan-400

tities of interest, averaged over a 20 year period. We compute ensemble statistics over the out-401

puts from the samples (prediction uncertainty) and compare these with a 20 year simulation402

with the true parameters θ†.403

The relative humidity at σp = 0.5, the precipitation rate, and the intense precipitation404

probability (the probability of exceeding a 90th percentile threshold averaged over the 20 year405

simulation at θ†) are shown in Figure 10. The posterior distribution was estimated using (sea-406

sonally averaged) precipitation rate data directly, but neither relative humidity nor intense pre-407

cipitation probability were used. The mean absolute percent errors for the mean prediction val-408

ues, averaged across latitudes, for the T = 90 d posterior are 1.2%, 0.6%, and 1.4%, for the409

relative humidity, precipitation rate, and intense precipitation probability, respectively. For the410

predictions with the T = 360 d posterior, the mean absolute percent errors are 4.7%, 1.8%,411

and 21.5%.412

The prediction uncertainty in each climate quantity of interest is indicated by a 95% con-413

fidence interval, estimated as the values of the 2.5th and 97.5th percentiles of the variables414

of interest at each latitude over the convective parameter pairs (Figure 9). For both T = 90 d415

and T = 360 d, there is limited prediction uncertainty in the mean precipitation rate. The416

widths of the confidence intervals are 6% and 4% of the mean precipitation rate, averaged across417

latitudes, for T = 360 d and T = 90 d, respectively. The prediction uncertainties in rela-418

tive humidity and intense precipitation probability are significantly higher for UQ performed419

with annually averaged data (T = 360 d) compared to UQ with seasonally averaged data (T =420

90 d). The T = 90 d posterior reduces the size of the 95% confidence interval for the rel-421

ative humidity by 70%, averaged across latitudes, compared to T = 360 d. The reduction422

in the size of the 95% confidence interval for the intense precipitation probability is 9%.423

We also performed idealized global-warming prediction experiments. To represent global424

warming in the idealized GCM, the longwave opacity in the atmosphere is increased by 50%,425

as in O’Gorman and Schneider (2008) which results in a global-mean surface air temperature426

increase from 284 K in the control climate to 292 K in the warm climate. We accumulated427
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(a) (b) (c)

Figure 10: Prediction experiments for the case with no imposed warming for (a) relative humidity
at σp = 0.5, (b) precipitation rate, and (c) intense precipitation probability. The climate statistics
are averaged over 20 years. The posteriors from the less informative statistics (surface wind speed
and precipitation rate) are used. The lines correspond to the mean of the predictions and the shaded
regions, correspond to 95% confidence intervals. The climate statistics at the true parameters θ†

are shown with a dashed line.

(a) (b) (c)

Figure 11: Prediction experiments for the case with imposed warming (50% increase in longwave
opacity) for (a) relative humidity at σp = 0.5, (b) precipitation rate, and (c) intense precipita-
tion probability. The climate statistics are averaged over 20 years. The posteriors from the less
informative statistics (surface wind speed and precipitation rate) are used. The lines correspond to
the mean of the predictions, and the shaded regions correspond to 95% confidence intervals. The
climate statistics at the true parameters θ† are shown with a dashed line.

GCM statistics over a 20 year window after a spinup of one year, running simulations with428

the true GCM parameters θ† with increased longwave opacity for comparison. We use the same429

100 parameter pairs drawn from the posterior distributions estimated from the less informa-430

tive climate statistics.431

The idealized global warming results are shown in Figure 11. As expected, the warm-432

ing climate predictions with the T = 90 d posterior distribution are more accurate than with433

the T = 360 d posterior, especially for the relative humidity and intense precipitation prob-434

ability. The mean absolute percent error for the mean prediction values, averaged across lat-435

itudes, for the T = 90 d posterior are 1.7%, 1.1%, and 2.2%, for the relative humidity, pre-436

cipitation rate, and intense precipitation probability, respectively. For the predictions with the437

T = 360 d posterior, the mean absolute percent errors are 4.7%, 2.2%, and 10.4%. The T =438

90 d posterior reduces the size of the 95% confidence interval for the relative humidity in a439

warmed climate by 75% compared to T = 360 d, averaged across latitudes. The reduction440

in the size of the 95% confidence interval for the intense precipitation probability in a warmed441

climate is 35%. These results demonstrate that the incorporation of the seasonal cycle in the442

UQ reduces the parametric uncertainty in climate predictions in this model.443
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5 Conclusions444

We performed calibration and UQ of a convective parameterization in a seasonally forced445

idealized GCM. While GCMs are typically tuned using annually and globally averaged cli-446

mate statistics (Hourdin et al., 2017), our results demonstrate, in an idealized setting, the qual-447

itative, quantitative and systematic refinement of parameter distributions through the incorpo-448

ration of seasonal information. Performing parameter calibration with seasonally averaged data449

significantly reduced the error associated with the estimated parameters compared to calibra-450

tion using annually averaged data. The posterior distributions resulting from the Bayesian UQ451

with seasonally averaged data were reduced in size. One measure of success for Bayesian UQ,452

is to capture the true parameters within a high mass region of the posterior distribution (demon-453

strated in our results). We are also interested in the shape and size of the posterior distribu-454

tion, as this provides valuable information about parameter correlations and uncertainty, with455

respect to observed data. We demonstrate that choosing suitable data for UQ which reduce the456

size of the posterior distribution can lead to significant reductions of climate prediction un-457

certainty.458

The impact of incorporating additional frequency content is pronounced when the cli-459

mate statistics used for UQ are less informative about the parameterizations. Such situations460

often occur in the climate modeling setting where a number of parameterizations may simul-461

taneously and nonlinearly influence a quantity of interest and where it is not always clear which462

climate statistics should be used to calibrate an unknown GCM parameter.463

To enable UQ in the climate model setting, we used the calibrate-emulate-sample (CES)464

methodology (Cleary et al., 2021), which enables the efficient and accurate estimation of Bayesian465

posterior distributions of parameters from noisy climate data. CES uses gradient-free optimiza-466

tion to calibrate parameters and generate parameter-data pairs, Gaussian process regression to467

emulate the parameter-to-data mapping, and Markov Chain Monte Carlo (MCMC) to sample468

from the posterior distribution. The emulation and sampling is performed in a decorrelated datas-469

pace through a transformation based on the principal component analysis of the noise covari-470

ance matrix. In this study, we modified the original CES methodology by first normalizing the471

data to ensure all statistics are weighted equally in the UQ and second by regularizing the co-472

variance matrix to enable the UQ of applications with ill-conditioned or rank deficient covari-473

ance matrices. We quantified the impact of the normalization and regularization, with the reg-474

ularization smoothing the posterior and slightly increasing its size.475

Beyond convection, Earth system models rely on a number of parameterizations of cy-476

clostationary processes, including models of carbon accumulation and storage (Bloom et al.,477

2016) and of atmospheric boundary layer (ABL) turbulence which parameterize unclosed sub-478

grid processes (Stull, 2012). Carbon storage is inherently seasonal (Rowland et al., 2014). The479

ABL has distinct seasonal and diurnal variations (Wyngaard, 2010; Howland, González, et al.,480

2020). We expect our results to be relevant to calibration and UQ for statistical variations on481

different timescales, beyond the seasonal cycle. For example, based on our findings presented482

here, we anticipate that incorporating the diurnal variation of ABL turbulence statistics may483

improve the UQ of subgrid scale turbulence models in GCMs. More broadly, we anticipate484

the findings of this study to be relevant to UQ in problems with multi-scale temporal dynam-485

ics.486

The selection of the optimal aggregation timescale for climate statistics and choice of487

objective function remain open questions. In the context of parameter estimation, the integra-488

tion timescale used to generate time-averaged statistics is a hyperparameter that dictates the489

trade-off between the frequency content and signal-to-noise ratio of the climate statistics. In490

the limiting case of T → 0, the influence of the initial conditions on the state is pronounced,491

as in weather forecasting (Houtekamer & Zhang, 2016). Conversely, as T →∞, all frequency492

content is removed from the statistics, which, as this study demonstrates, can adversely im-493

pact parameter estimation. We anticipate that the selection of the filter timescale T may be494

problem and parameterization specific, as it relates to the question of parameter identifiabil-495

–19–

ESSOAr | https://doi.org/10.1002/essoar.10507655.1 | Non-exclusive | First posted online: Wed, 4 Aug 2021 10:53:11 | This content has not been peer reviewed. 



manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)

ity. In this study, we selected seasonal averages because of the large amplitude of the seasonal496

cycle in many climate statistics and indications that seasonal variations are informative about497

the climate change response in many climate variables (Schneider et al., 2021). Future work498

should develop a more generalized approach for the selection of T based on the frequency con-499

tent of the quantities of interest.500

Appendix A Data and model output decorrelation for rank deficient problems501

To facilitate the transformation into the uncorrelated space with rank deficient covari-502

ance matrices, the singular value decomposition/principal component analysis is truncated. Since503

the statistical quantities of interest have a range of magnitudes, the data are first normalized,504

and then the singular value decomposition is truncated as a form of regularization (Hansen,505

1987). A detailed investigation of the influence of the normalization and truncation on the pos-506

teriors resulting from CES is performed in Appendix B.507

The data used for UQ are provided concurrently to the CES pipeline in the concatenated
vector y. In this framework, the statistical quantities in the data y may have a range of mag-
nitudes, and normalization is required before regularization (e.g., Tibshirani (1996)). The data
are normalized by a characteristic value associated with each individual data type yc ∈ RN .
The normalized data are

y∗i = yi · y−1
c,i , (A1)

where (∗) denotes normalized data. The characteristic values in yc are described in the ap-508

plication of CES to the seasonally forced GCM in section 3. Each column of Y is normal-509

ized using Eq. (A1) to yield the normalized data matrix Y ∗. The normalized covariance is Σ∗ =510

cov(Y ∗). The SVD transformation is performed using covariance matrix Σ∗ and data y∗.511

The SVD is truncated in order to account for rank deficient or ill-conditioned covari-
ance matrices (Hansen, 1987). The truncated SVD is defined for covariance Σ∗

Σ∗ ≈ Σ∗k = VkD
∗2
k V

ᵀ
k D∗k = diag(σ∗1 , ..., σ

∗
k),

truncated at the k ≤ rank(Σ∗) singular value. The truncated singular vector matrix is Vk =
[v1, ..., vk] where vi is the singular vector corresponding to the singular value σ∗2i . The trun-
cated SVD space is given by

Σ̃k = D−1
k V ᵀ

k Σ∗VkD
−1
k (A2)

ỹk = D−1
k V ᵀ

k y
∗. (A3)

In this study, the truncation location is selected as the lowest value of k such that
∑k
i=1 σ

∗2
i ≥

0.95
∑N
i=1 σ

∗2
i , so that 95% of the variance is retained. The GP output can be mapped to the

original normalized space using

G∗GP = VkDkG̃GP (A4)

Σ∗GP = VkDkΣ̃GPDkV
ᵀ
k . (A5)

Finally, the GP output can be transformed into the dimensional space through GGP = G∗GP�512

yc and ΣGP = Σ∗GP � ycyᵀ
c , where � denotes pointwise multiplication.513

Appendix B Sensitivity of the posterior to covariance regularization514

In section 2.3, the SVD is truncated as a form of regularization. Here, we detail the sen-
sitivity of the CES posterior distributions to the SVD regularization using informative GCM
statistics (see Table 1) and annually averaged data with T = 360 d, for which the data co-
variance matrix is full rank. The data are normalized, as discussed in Appendix A. The cu-
mulative sum of the singular values is shown in Figure B1. Truncation at 95% of the singu-
lar value energy corresponds to k = 23. Regularization can also be performed using Tikhonov
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Figure B1: Cumulative sum of the singular values from the normalized T = 360 d synthetic data.

Parameter space Original Normalized Truncated Tikhonov

Informative data 0.5% 0.5% 0.8% 0.9%

Table B1: The ratio (%) of the area occupied by the posterior to the area occupied by the prior.
The area of the convex hull containing 75% of the posterior mass for each regularization method is
normalized by the area containing 75% of the prior mass.

regularization, which inflates the diagonal elements (Hansen, 1987; Schneider, 2001). Follow-
ing Hansen (1987), regularization in the form of diagonal inflation Λ = diag(λ2) is added
to Σ where λ = (σ3

kσk+1)1/4. The SVD is performed such that

Σ + Λ = V D2V ᵀ, (B1)

where D2 is a diagonal matrix of the singular values σ2
i+λ2. The orthonormal eigenvectors515

are in V . The influence of the truncation and Tikhonov regularizations on the posterior areas516

for T = 360 d are provided in Table B1. The T = 360 d posterior distributions are shown517

in Figure B2. The regularization slightly increases the posterior area and smooths the poste-518

rior roughness.519

Appendix C Parameter estimation with filtering and smoothing520

It is often of practical interest to estimate parameters in problems that are not statisti-521

cally stationary, such as the seasonally forced GCM with time-dependent boundary conditions.522

In problems which are not statistically stationary (e.g., with time-evolving boundary condi-523

tions), all requisite data for parameter UQ may not be available at the initialization of the es-524

timation. This arises in the EnKF setting for state estimation (e.g., Houtekamer and Zhang (2016)).525

We can instead pose EKI as a filtering approach for parameter estimation where the syn-526

thetic data are collected sequentially in a time-dependent problem. This differs from the def-527

inition of the data in section 2.1, where the data from each season are collected together into528

y (termed smoothing). For the filtering approach, the data is observed and averaged over time529

tj → tj + T in yT,j , where j indicates the time of the year in the GCM simulation. The530

EKI update is performed using yT,j and GT,j(θ(k)) to update θ(k+1), and this process is re-531

peated for the specified number of EKI iterations. The smoothing approach leverages the data532

averaged in each season concurrently (y and G(θ(k))) whereas the filtering approach uses the533

data averaged in each season sequentially (yT,j and GT,j(θ(k))), as it becomes available.534

The parameter calibration results comparing filtering and smoothing are shown in Fig-535

ure C1. For T = 360 d, filtering and smoothing are identical. For T = 90 d, the filtering536
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(a) (b)

(c) (d)

Figure B2: Posterior distributions using the informative statistics with T = 360 d. Compari-
son of the posteriors estimated with (a) original, (b) normalized, (c) normalized and regularized
(truncation), and (d) normalized and regularized (Tikhonov diagonal inflation) covariance matrix
Σ.

approach leverages the data from one season at a time to update the parameters θ. The final537

parameter errors for the T = 90 d filtering and smoothing approaches are similar, and are538

both significantly less than the error for the T = 360 d case. This result also demonstrates539

that the improvement in parameter estimates with T = 90 d, compared to T = 360 d, is a540

result of increased temporal information, rather than the dimensionality of the data space alone.541

Depending on the application, the filtering approach may be beneficial for computational ef-542

ficiency, since it reduces the length of the forward model simulations, instead of requiring tem-543

poral integration over the timescale corresponding to an impactful low-frequency cycle.544

Acknowledgments545

This work was supported by the generosity of Eric and Wendy Schmidt by recommendation546

of the Schmidt Futures program and by the National Science Foundation (NSF, award AGS-547

1835860). We thank Andrew Stuart for thoughtful comments on the work and the manuscript.548

Data Availability.549

All computer code used in this paper is open source. The code is available at:550

http://doi.org/10.5281/zenodo.5138467.551

An open-source Julia implementation of CES is accessible at:552

https://github.com/CliMA/CalibrateEmulateSample.jl553

References554

Annan, J., & Hargreaves, J. (2007). Efficient estimation and ensemble generation in climate555

modelling. Philosophical Transactions of the Royal Society A: Mathematical, Physical556

–22–

ESSOAr | https://doi.org/10.1002/essoar.10507655.1 | Non-exclusive | First posted online: Wed, 4 Aug 2021 10:53:11 | This content has not been peer reviewed. 



manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)

(a) (b)

Figure C1: Parameter calibration performed with EKI using less informative statistics. Mean
square error of (a) the estimated relative humidity convective parameter θRH compared to truth
value θ†RH and of (b) the estimated relaxation time scale convective parameter θτ compared to truth
value θ†τ . Solid lines are T = 360 d and dashed lines are T = 90 d.

and Engineering Sciences, 365(1857), 2077–2088.557

Bauer, P., Thorpe, A., & Brunet, G. (2015). The quiet revolution of numerical weather pre-558

diction. Nature, 525(7567), 47–55.559

Beskos, A., Pinski, F. J., Sanz-Serna, J. M., & Stuart, A. M. (2011). Hybrid monte carlo on560

hilbert spaces. Stochastic Processes and their Applications, 121(10), 2201–2230.561

Beskos, A., Roberts, G., Stuart, A., & Voss, J. (2008). Mcmc methods for diffusion bridges.562

Stochastics and Dynamics, 8(03), 319–350.563

Betts, A., & Miller, M. (1986). A new convective adjustment scheme. Part II: Single column564

tests using gate wave, bomex, atex and arctic air-mass data sets. Quarterly Journal of565

the Royal Meteorological Society, 112(473), 693–709.566

Betts, A. K. (1986). A new convective adjustment scheme. Part I: Observational and theoret-567

ical basis. Quarterly Journal of the Royal Meteorological Society, 112(473), 677–691.568

Bischoff, T., & Schneider, T. (2014). Energetic constraints on the position of the Intertropical569

Convergence Zone. J. Climate, 27, 4937–4951.570

Bischoff, T., & Schneider, T. (2016). The equatorial energy balance, ITCZ position, and571

double-ITCZ bifurcations. J. Climate, 29, 2997–3013.572

Bloom, A. A., Exbrayat, J.-F., Van Der Velde, I. R., Feng, L., & Williams, M. (2016). The573

decadal state of the terrestrial carbon cycle: Global retrievals of terrestrial carbon allo-574

cation, pools, and residence times. Proceedings of the National Academy of Sciences,575

113(5), 1285–1290.576

Bony, S., & Dufresne, J.-L. (2005). Marine boundary layer clouds at the heart of tropi-577

cal cloud feedback uncertainties in climate models. Geophysical Research Letters,578

32(20).579

Bordoni, S., & Schneider, T. (2008). Monsoons as eddy-mediated regime transitions of the580

tropical overturning circulation. Nature Geoscience, 1(8), 515–519.581

Brient, F., & Schneider, T. (2016). Constraints on climate sensitivity from space-based mea-582

surements of low-cloud reflection. Journal of Climate, 29(16), 5821–5835.583

Brooks, S., Gelman, A., Jones, G., & Meng, X.-L. (2011). Handbook of markov chain monte584

carlo. CRC press.585

Cess, R. D., Potter, G., Blanchet, J., Boer, G., Ghan, S., Kiehl, J., . . . others (1989). Inter-586

pretation of cloud-climate feedback as produced by 14 atmospheric general circulation587

models. Science, 245(4917), 513–516.588

Chen, Y., & Oliver, D. S. (2012). Ensemble randomized maximum likelihood method as an589

iterative ensemble smoother. Mathematical Geosciences, 44(1), 1–26.590

Cleary, E., Garbuno-Inigo, A., Lan, S., Schneider, T., & Stuart, A. M. (2021). Calibrate, em-591

ulate, sample. Journal of Computational Physics, 424, 109716.592

–23–

ESSOAr | https://doi.org/10.1002/essoar.10507655.1 | Non-exclusive | First posted online: Wed, 4 Aug 2021 10:53:11 | This content has not been peer reviewed. 



manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)

Constantinescu, E. M., Zavala, V. M., Rocklin, M., Lee, S., & Anitescu, M. (2010). A593

computational framework for uncertainty quantification and stochastic optimization in594

unit commitment with wind power generation. IEEE Transactions on Power Systems,595

26(1), 431–441.596

Delworth, T. L., Rosati, A., Anderson, W., Adcroft, A. J., Balaji, V., Benson, R., . . . others597

(2012). Simulated climate and climate change in the gfdl cm2. 5 high-resolution598

coupled climate model. Journal of Climate, 25(8), 2755–2781.599

Dunbar, O. R., Garbuno-Inigo, A., Schneider, T., & Stuart, A. M. (2020). Calibration and un-600

certainty quantification of convective parameters in an idealized GCM. arXiv preprint601

arXiv:2012.13262.602

Duncan, A. B., Stuart, A. M., & Wolfram, M.-T. (2021). Ensemble inference methods for603

models with noisy and expensive likelihoods. arXiv preprint arXiv:2104.03384.604

Duraisamy, K., Iaccarino, G., & Xiao, H. (2019). Turbulence modeling in the age of data.605

Annual Review of Fluid Mechanics, 51, 357–377.606

Emerick, A. A., & Reynolds, A. C. (2013). Ensemble smoother with multiple data assimila-607

tion. Computers & Geosciences, 55, 3–15.608

Evensen, G. (2003). The ensemble kalman filter: Theoretical formulation and practical im-609

plementation. Ocean dynamics, 53(4), 343–367.610

Frierson, D. M. (2007). The dynamics of idealized convection schemes and their effect on611

the zonally averaged tropical circulation. Journal of the Atmospheric Sciences, 64(6),612

1959–1976.613

Frierson, D. M., Held, I. M., & Zurita-Gotor, P. (2006). A gray-radiation aquaplanet moist614

GCM. part I: Static stability and eddy scale. Journal of the atmospheric sciences,615

63(10), 2548–2566.616

Garbuno-Inigo, A., Hoffmann, F., Li, W., & Stuart, A. M. (2020). Interacting langevin diffu-617

sions: Gradient structure and ensemble kalman sampler. SIAM Journal on Applied Dy-618

namical Systems, 19(1), 412–441.619

Geyer, C. (2011). Introduction to markov chain monte carlo. Handbook of markov chain620

monte carlo, 20116022, 45.621

Golaz, J.-C., Horowitz, L. W., & Levy, H. (2013). Cloud tuning in a coupled climate model:622

Impact on 20th century warming. Geophysical Research Letters, 40(10), 2246–2251.623

Hansen, P. C. (1987). The truncatedsvd as a method for regularization. BIT Numerical Math-624

ematics, 27(4), 534–553.625

Hoegh-Guldberg, O., Jacob, D., Taylor, M., Bindi, M., Brown, S., Camilloni, I., . . . Zhou, G.626

(2018). Impacts of 1.5◦c global warming on natural and human systems supplemen-627

tary material. In Global warming of 1.5◦C. An IPCC Special Report on the impacts628

of global warming of 1.5◦C above pre-industrial levels and related global greenhouse629

gas emission pathways, in the context of strengthening the global response to the630

threat of climate change, sustainable development, and efforts to eradicate poverty.631

Hourdin, F., Grandpeix, J.-Y., Rio, C., Bony, S., Jam, A., Cheruy, F., . . . others (2013).632

Lmdz5b: the atmospheric component of the ipsl climate model with revisited parame-633

terizations for clouds and convection. Climate Dynamics, 40(9-10), 2193–2222.634

Hourdin, F., Mauritsen, T., Gettelman, A., Golaz, J.-C., Balaji, V., Duan, Q., . . . others635

(2017). The art and science of climate model tuning. Bulletin of the American Meteo-636

rological Society, 98(3), 589–602.637

Houtekamer, P. L., & Zhang, F. (2016). Review of the ensemble kalman filter for atmo-638

spheric data assimilation. Monthly Weather Review, 144(12), 4489–4532.639

Howland, M. F., Ghate, A. S., Lele, S. K., & Dabiri, J. O. (2020). Optimal closed-loop wake640

steering–part 1: Conventionally neutral atmospheric boundary layer conditions. Wind641

Energy Science, 5(4), 1315–1338. Retrieved from https://doi.org/10.5194/642

wes-5-1315-2020643
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