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Topological insulators possess protected boundary states which are robust against disorders and
have immense implications in both fermionic and bosonic systems. Harnessing these topological
effects in non-equilibrium scenarios is highly desirable and has led to the development of topological
lasers. The topologically protected boundary states usually lie within the bulk bandgap, and
selectively exciting them without inducing instability in the bulk modes of bosonic systems is
challenging. Here, we consider topological parametrically driven nonlinear resonator arrays that
possess complex eigenvalues only in the edge modes in spite of the uniform pumping. We show
parametric oscillation occurs in the topological boundary modes of one and two dimensional systems
as well as in the corner modes of a higher order topological insulator system. Furthermore, we
demonstrate squeezing dynamics below the oscillation threshold, where the quantum properties
of the topological edge modes are robust against certain disorders. Our work sheds light on
the dynamics of weakly nonlinear topological systems driven out-of-equilibrium and reveals their
intriguing behavior in the quantum regime.

Topological invariance and its consequences on
material properties originally studied in condensed
matter physics has expanded its ambit and has been
investigated in diverse fields [1–5]. Of prime interest
is the presence of topologically protected edge modes
which inherit their robustness from the non-trivial
topology of the bulk. The introduction of topology
in photonics promises a number of functionalities that
leverage backscatter-free unidirectional light transport of
such modes[6].
Topologically protected edge states usually lie within
the bulk bandgap. Topological consequences in particle
conserving fermionic Hamiltonians are manifested when
the Fermi energy level lies within this bandgap. Under
these circumstances the near-equilibrium dynamics are
dictated by the degrees of freedom associated with the
boundary/edge modes of the system. On the contrary,
for bosonic systems, particles tend to condense in the
lowest bulk band, resulting in the system dynamics
being largely unaffected by the edge states. Thus
ensuring selective participation of edge modes in bosonic
topological insulator requires special attention, and most
experimental investigations for these systems involved
directly exciting bosons into these edge modes [3].
The topological insulator laser is a bosonic system
driven out of equilibrium where lasing happens
preferentially in the edge modes. These topologically
protected lasers can outperform their topologically trivial
counterpart in terms of slope efficiency, coherence, and
robustness against disorders [7–9]. To suppress the bulk
modes in the topological lasing, the edge modes should
be unstable while the bulk bands maintain stability.
One potential approach in this regard is non-Hermitian
PT symmetric Hamiltonian engineering of 1D systems
[10]. However, this cannot be extended in general to
higher dimensions. Another approach involves selective
pumping of the edge sites to realize topological lasing
[8, 9]. Nonetheless, it is highly desirable to achieve
topological edge-gain effect under uniform pumping [11,

12].
Recently, much attention has been devoted to the
rich interplay between optical nonlinearities and topology
[13, 14]. The addition of nonlinearity leads to a variety
of intriguing possibilities such as nonlinearity-driven
topological phase transitions [15] and self-localization
[16].
Incorporating parametrically driven quadratic
nonlinearity into a topological system can result in
topologically protected parametric amplification and
chiral inelastic transport [17–20]. Owing to the particle
non-conserving nature of these parametric interactions,
it can cause exponentially growing bosonic occupation,
which in the suitable regime of operation can lead to
edge-only dynamic instability [21, 22]. This parametric
gain being inherently instantaneous is devoid of slow
carrier dynamics that can cause deleterious effects in
case of topological lasers based on semiconductor gain
medium [23]. Exploiting the squeezing dynamics in these
quadratic nonlinear systems also opens new avenues for
leveraging topological effects in the quantum regime.
Topological insulating phenomenon when applied to the
quantum states can result in the topological protection
of quantum statistics and quantum correlations [24–26].
In this work, we show topological optical parametric
oscillation in a network of quadratic nonlinear resonators
where the underlying linear Hamiltonian is topological.
We drive the system in a parameter regime where it
exhibits edge instability under uniform excitation. We
demonstrate edge mode parametric oscillation in both
1D and 2D topological insulating systems as well as
corner mode parametric oscillation in a higher order
topological insulator. We show the presence of squeezed
quantum state below the oscillation threshold which is
robust against perturbations arising from symmetrypreserving disorders.
We aim to achieve topological edge-gain effect
using parametric interactions induced by quadratic
nonlinearity.
To illustrate the scenario, we begin
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be engineered with alternate gain and loss as shown in
Fig. 1(a) [10, 28]. Figure 1(d) shows that under the
application of this non-uniform phase-insensitive laser
gain, the edge mode selectively experiences instability
while the bulk modes remain stable (Im(λ) = 0).
Alternatively, we can exploit the unitary correspondence
between non-Hermitian dynamical systems and the
Heisenberg equations of motion governing parametrically
driven quadratically nonlinear systems to achieve the
topological edge-gain effect [29, 30].
The system
resembles a lattice of coupled nonlinear resonators that
experience uniform parametric gain as shown in Fig.
1(b). The parametric amplification/ de-amplification can
replicate the dynamics of non-Hermitian PT symmetric
SSH model in a non-dissipative setting as shown in Fig.
1(b) and Fig. 2(a).

I.
A.

FIG. 1.
Topological edge-gain induced by
parametric interaction. a) Conventional topological edgegain realized with alternate phase-insensitive laser gain and
loss arrangement in a SSH chain of resonators. b) Similar
edge-gain can be implemented with uniform parametric gain
in a SSH chain of nonlinear resonators, where the quadratic
nonlinearity (χ(2) ) couples the pump (2ω) and the signal
(ω) waves. c) Eigenvalue diagram (real part (top) and
imaginary part (bottom)) for a Hermitian SSH model showing
the topologically protected edge mode lying within the
bandgap. Edge-only instability is not possible in this case.
d) Eigenvalue diagram for a non-Hermitian setting realized
either utilizing phase-insensitive gain (left) as shown in (a)
or using the phase-sensitive parametric gain as shown in (b).
The eigenvalue diagram depicts the edge-gain effect where
the topologically protected mode has non-zero while the bulk
modes have zero imaginary part respectively.

with 1D Su-Schrieffer-Heeger (SSH) model, which was
originally proposed for the explanation of mobile neutral
defects in polyacetylene [27]. The SSH model consists
of a chain of coupled sites with intra-cell coupling
(κ1 = J(1 − )) and inter-cell coupling (κ2 = J(1 +
)), where  denotes the asymmetry in the hopping
strengths. Provided κ1 < κ2 , the 1D lattice hosts
topological edge modes. In the Hermitian case, the
edge mode lies within the bulk bandgap as shown
in Fig. 1(c), and the application of uniform laser
gain leads to bulk instability. To ensure edge-only
lasing, non-Hermitian PT symmetric Hamiltonian can

RESULTS

Classical mean-field regime

We consider quadratic (χ(2) ) nonlinear resonators with
phase-matched parametric interaction between the pump
at 2ω and signal at ω. The nonlinear part of the
Hamiltonian is given by:
Xg
(ân ân + H.c.)
(1)
ĤN L =
2
n
where, g is the strength of the parametric interaction
that depends on the effective χ(2) nonlinearity and the
incident pump power. â, â† , represents the annihilation
and the creation operators, respectively. The linear part
of the Hamiltonian according to the SSH model is given
by:
X

ĤL = J
(1 + (−1)n ) â†n ân+1 + H.c.
(2)
n

For a lattice of N sites, the full Hamiltonian
can be expressed as Ĥ = 21 ψ † Hψ, where ψ =
(â1 , . . . âN , â†1 , . . . â†N )T , and Ĥ = ĤL + ĤN L . H is the 2N
× 2N Bogoliubov-de Gennes (BdG) Hamiltonian. The
dynamics of the system is determined by the eigenvalues
of the BdG equation: σz Hψn± = ±En ψn± , where σz is
the Pauli matrix, ψn± is a 2N dimensional eigenvector
[21]. En are the eigenenergies. Because of the particlehole symmetry of the BdG Hamiltonian, the eigenvalues
±En appear in pairs. For each pair of real eigenvalues,
we can identify the eigenvector as being a particle with
†
a positive norm ψn+
σz ψn+ > 0, and the other being a
†
hole with a negative norm ψn−
σz ψn− < 0 [22].
If g < 2J, then we can ensure that the parametric
gain will only induce instability in the edge modes,
while the bulk will remain stable (see Supplementary
Section 1).
The eigenvalue distribution in such a
scenario is shown in Fig. 1(d). When the parametric
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FIG. 2. Non-propagating topological parametric oscillation. a) Schematic of 1D SSH model of quadratic nonlinear
resonators hosting 0D localized edge modes, where the intra-cell coupling (κ1 , thin lines) is weaker than the inter-cell coupling
(κ2 , thick lines). b) parametric oscillation when only the edge modes experience instability, while the bulk modes are stable.
c) oscillation when the parametric gain also induces instability in the bulk modes. d) Schematic of 2D lattice of quadratic
nonlinear resonators hosting corner modes. Thick and thin lines indicate strong and weak coupling respectively, while green
and blue colour represents positive and negative couplings. e) Eigenvalue diagram (the real part (left) and the imaginary part
(right)) showing the corner states lying within the bandgap with non-zero imaginary part while the bulk modes are stable. f)
parametric oscillation in the corner modes of the 2D lattice.

gain experienced by the edge modes exceed the net
loss, there will be growth of photon number in the
edge eigenmode. However, the onset of gain saturation
prevents the exponential growth and the parametric
oscillation reaches the steady state (see Supplementary
Section 4). The steady state intensity distribution of
the oscillating supermode is shown in Fig. 2(b). The
intensity distribution bears the characteristics of the
edge mode as evident from the alternate site occupation.
However, if g > 2J, the bulk modes will also become
dynamically unstable (see Supplementary Section 1).
The steady state intensity distribution in this scenario
is shown in Fig. 2(c).

higher order topological insulator can host localized
corner states. The schematic of the 2D lattice featuring
couplings with different hopping strengths and phases is
shown in Fig. 2(d). These couplings can be realized in a
photonic platform using auxiliary non-resonant coupling
cavities [3]. Under uniform parametric pumping, it
is possible to induce selective instability in the corner
states, while the bulk modes remain stable.
The
eigenvalue distribution in such a scenario is shown in
Fig. 2(e). When the parametric gain is above the
oscillation threshold, the system can undergo parametric
oscillation in the corner modes as shown by the lattice
intensity distribution in Fig. 2(f).

Next we consider a 2D lattice of quadratic nonlinear
resonators with quantized quadrupole moment [31]. The

So far we have considered parametric oscillation in
localized topological edge states.
Now we explore
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With appropriate values of the detuning (∆) and
the gauge flux (φ) the particle and hole bands cross
each other (see Supplementary Section 2). Thus, it
creates a bandgap where the chiral edge states cross
the zero energy. In the presence of non-zero parametric
interactions the chiral edge states can develop instability.
This is displayed in the band diagram shown in Fig.
3(c).
The parametric oscillation obtained in this
case is confined along the edge as depicted in the
lattice intensity distribution in Fig. 3(b). The chiral
nature can be observed in the dynamic evolution of
the parametric oscillation (see Supplementary Section 2).

B.

FIG. 3. Chiral topological parametric oscillation. a)
Schematic of an anomalous quantum hall effect topological
insulator arranged in the form of Kagome lattice. The zoomed
in view shows the nonlinear resonators with parametric gain
and the gauge flux (φ). b) parametric oscillation in the chiral
edge state of a one dimensional strip of the 2D Kagome lattice
(finite in y, and periodic boundary condition along x). c)
Band diagram (the real part (left) and the imaginary part
(right)) showing the edge modes experiencing gain.

parametric oscillation in chiral propagating edge states.
We consider an infinite strip of nonlinear resonators
(finite in Y, infinite/ periodic boundary condition in X)
arranged in the form of Kagome lattice as shown in Fig.
3(a). A gauge flux of φ is enclosed in each triangular
plaquette. The system corresponds to an anomalous
quantum Hall topological insulator [32]. The linear part
of the Hamiltonian is given by:
ĤL = J

X
n

∆â†n ân +

X

κn,n0 â†n ân0

(3)

0

<n,n >

where n=(nx , ny , s) is the vector site index, with
nx , ny indicating the position of the unit cell in the
2D lattice, while the index s ∈ (A, B, C) indicates the
component of the sublattice. < n, n0 > denotes the
sum of the contributions over nearest neighbours. ∆ is
the on-site detuning. The hopping term κn,n0 is given
iφ

by κn,n0 = Je s,s0 where φAB = φBC = φCA = φ3 .
The nonlinear part of the Hamiltonian (ĤN L ) is same
as before.
This nonlinear topological insulator is
characterized by the symplectic Chern numbers [19].

Quantum regime

Below the oscillation threshold, optical parametric
oscillators (OPOs) can display quadrature squeezing,
where the noise in one quadrature is squeezed below the
shot noise limit, and the excess noise is accumulated
in the orthogonal quadrature [33]. Squeezed quantum
states are an important resource in sensing [34]. However,
preserving the squeezing in the quadrature of interest is
challenging. The occurrence of detuning or any other
disorder can rotate the optimum squeezing quadrature
and the squeezing in the original quadrature can
be degraded due to the mixing of the anti-squeezed
component. Here, we investigate the behavior of the
topological quantum squeezed state in the presence
of disorders. We consider the 1D SSH model (Fig.
2(a)), whose dynamics is modelled using the Heisenberg
Langevin equations [35]. The quadrature squeezing
spectrum of the topological edge mode is shown in
Fig. 4(a). The edge mode is mostly confined in the
boundary resonator. Thus the squeezing obtained in the
edge/boundary OPO is close to that contained in the
edge mode. Thus by accessing the boundary OPO, we
can harness the benefits of the topological protection
in the quantum regime. The edge eigenvector spans
over multiple resonators, with occupations in only one
of the sublattice, and alternate in sign (π staggered) as
shown in the inset of Fig. 4(b). The adjacent A sites
of the edge mode i.e. (resonators 1 and 3) are entangled
as confirmed by the Duan inseparability criterion [36].
The entanglement is reflected in the sum of quadrature
component variances as shown in Fig. 4(b).
The bulk bands are affected by the presence of random
disorders in the coupling strengths, while the edge mode
exhibit robustness. This is shown in the variation of the
eigenvalue diagram over multiple disorder realizations in
Fig. 4(c,d). Consequently, the quadrature squeezing is
protected in the topological case (Fig. 4(e)). In contrast,
the non-topological case is more susceptible to squeezing
degradation the presence of coupling disorders as shown
in Fig. 4(f) (see Supplementary Section 3). The 1D
SSH model cannot provide protection from detuning
disorders which do not preserve the chiral symmetry
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(see Supplementary Section 3).
In summary, we have presented topological optical
parametric oscillation in both localized and propagating
chiral edge modes. We show that uniformly pumped
lattice of nonlinear resonators can exhibit the topological
edge-gain effect, where the edge mode undergoes
instability while the bulk bands remain stable.
Furthermore, we present the robustness of quantum
states in the presence of symmetry-preserving disorder.
Our proposed system consisting of lattice of OPOs can
be realized in thin-film lithium niobate on insulator
platforms [37]. Nanoscale OPOs can also be a promising
route to realize the same [38]. Alternatively, one can
exploit synthetic dimensions to construct a lattice of
OPOs in time/ frequency domain [39, 40]. Future
work includes investigating the interplay of topology
and nonlinearity in driven-dissipative non-equilibrium
systems and its impact on emergent phenomena such as
phase transitions [41, 42].

FIG. 4.
Topological protection in the quantum
regime. a) Quadrature squeezing observed in the topological
edge mode of the 1D SSH model of the quadratic nonlinear
resonators when the parametric gain is below the oscillation
threshold.
The edge super mode spans over multiple
resonators (inset of (b) showing the edge eigenvector), while
the edge OPO refers to the boundary resonator only. SNL
represents the shot noise limit. b) Entanglement between the
first and the third resonator of the edge mode as evident from
the Duan criterion, where the sum of the variances is less
than 4. Eigenvalue diagram c) real part and d) imaginary
part showing the robustness of the edge mode to the coupling
disorders. Multiple eigenvalue diagrams corresponding to
different coupling disorder realizations are overlaid together.
e) Protection of the quadrature squeezing in the presence
of coupling disorders in the topological case (κ1 < κ2 ). f)
The trivial case (κ1 > κ2 ) is more susceptible to squeezing
degradation in the presence of coupling disorders. Multiple
squeezing spectrum calculated in the fixed quadrature under
different disorder realizations are overlaid together. The black
dotted line corresponds to the squeezing spectrum in the
absence of disorder.
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