
Multiphase field modeling of grain boundary migration mediated by emergent
disconnections

Mahi Gokuli1, 2 and Brandon Runnels1

1Department of Mechanical and Aerospace Engineering,
University of Colorado, Colorado Springs, CO, United States

2Division of Engineering and Applied Science,
California Institute of Technology, Pasadena, CA, United States

Knowledge about grain boundary migration is a prerequisite for understanding and ultimately
modulating the properties of polycrystalline materials. Evidence from experiments and molecular
dynamics (MD) simulations suggests that the formation and motion of disconnections is a mechanism
for grain boundary migration. Here, grain boundary migration is modeled using a multiphase
field model based on the principle of minimum dissipation potential with nonconvex boundary
energy, along with a stochastic model for thermal nucleation of disconnection pairs. In this model,
disconnections arise spontaneously in the presence of an elastic driving force, and that their motion
mediates boundary migration. The effect is due to the fact that the formation of the disconnections
pairs results in a stress concentration, causing the elastic driving force to exceed the threshold
value and driving the propagation of the disconnection along the interface. The model is applied
to study the propagation/annihilation of single disconnection pairs, the relaxation of a perturbed
interface, and shear coupling at various temperatures. The results are consistent with the current
understanding of disconnections, and capture the effect of thermal softening.

I. INTRODUCTION

Microstructural evolution of structural materials
affects properties of materials ranging from strength
and ductility [1–3], to radiation resistance [4–6], and
processes ranging from grain growth and recrystal-
lization to severe plastic deformation [7, 8]. If and
when evolution does occur, it must do so in a con-
trolled and predictable manner in order to guaran-
tee reliability during the material’s lifetime. It is
often desirable to prevent certain behaviors such as
significant coarsening (e.g. in the case of nanocrys-
talline materials [9]), refinement (e.g. in the case
of transformer steels [10]), or general evolution (e.g.
in GB engineered materials [11, 12]). These behav-
iors can occur in response to a variety of thermal,
mechanical, chemical, or radiative loadings. Me-
chanical coarsening, in particular, has attracted sub-
stantial attention as a basic mechanism that couples
microstructure evolution and mechanical response
[3, 13, 14]. Coarsening is often balanced by the
eventual decrease in motion (which typically hap-
pens prior to the annihilation of all grains but one)
is referred to as stagnation. Both mechanical coars-
ening and stagnation have yet to be thoroughly ex-
plained due to the complex interplay between ma-
terial properties, GB properties, and elastic driving
force [15, 16].

Microstructure evolution is primarily mediated
through the motion of grain boundaries (GBs). GB
migration is a complex, non-equilibrium, dissipa-
tive process that exhibits a vast range of behav-
iors depending on crystallography and loading con-
ditions, and there is still little consensus on what

constitutes intrinsic GB migration properties [17].
Current knowledge of GB migration behavior has
been built up predominantly through atomistic sim-
ulations [18–22]. The seminal work of Cahn and
Mishin [18] established the existence of shear cou-
pled boundary motion as a means for GBs to me-
diate permanent deformation. Since then, shear
coupled boundary migration has been quantified for
a broad range of materials and boundary charac-
ters [23–27]. Shear coupled GB motion is gener-
ally understood to be mediated through the nucle-
ation, propagation, and annihilation of disconnec-
tions, boundary defects that carry both a Burgers
vector and a step height [28–31].

Although MD is the de facto method for deter-
mining boundary migration properties, molecular
dynamics is fundamentally limited in its ability to
treat problems with large (mesoscale) length and
time scales. This makes it infeasible to scale atom-
istic methods to large microstructures, and prompts
the need for multiscale modeling. Microstructure
modeling at the mesoscale has historically treated
boundaries as either immobile (and therefore irrele-
vant to microstructure evolution problems), or us-
ing isotropic properties and curvature-driven flow
(typically resulting in unrealistic soap-bubble-like
behavior with no nontrivial stable solution) [32,
33]. Curvature-driven flow models can be improved
with the inclusion of strongly orientation dependent
boundary energy, which endows the microstructure
with a length scale and produces complex structures
such as microfaceting [34, 35]. However, even with
these enrichments, the full complexity of boundary
migration behaviors such as GB mediated plasticity
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or GB stagnation is not fully captured.

Recently, several alternative approaches to mod-
eling GB migration at the mesoscale have been pro-
posed. By explicitly accounting for disconnections
and their modes, it was shown that GB migration
can be captured with greater accuracy using a con-
tinuum level model [22, 23, 36–38]. Alternatively,
the Kobayashi-Warren-Carter (KWC) method [39–
41], which has recently been coupled to crystal plas-
ticity [42–44], was shown to be able to successfully
capture shear coupling as well as grain rotation, al-
though it is limited in that it relies on a simpli-
fied model for grain boundary energy. At the larger
scale, recent work proposed that multiple modes of
GB migration can be accurately captured using the
principle of minimum dissipation potential [45], sug-
gesting that GBs have intrinsic properties that can
be compactly represented in a single dissipation po-
tential and extended to continuum scales.

By combining the dissipation potential model with
the traditional multiphase method, it was shown
that disconnection-like structures can arise as a con-
sequence of the dissipation potential and nonconvex
GB energy [46]. The work presented here builds
on this central idea: modeling disconnections as
emergent phenomena that arise as a consequence
of nonconvex energy minimization and the principle
of minimal dissipation potential. Consequently, the
contribution of this work is twofold. First, a number
of enhancements to the original phase field discon-
nections model are proposed to account for thermal
nucleation of disconnections, and to extend thresh-
olding to curvature terms as well as elastic terms.
Second, the enhanced model is applied to a variety
of boundaries and GB migration loading conditions.
It is used to investigate the behavior of single dis-
connections, disconnection-mediated relaxation, and
thermally activated disconnection pairs under shear
loading.

The remainder of the paper is structured as fol-
lows. In Section II, the model is developed start-
ing from the principle of minimum dissipation po-
tential, and integrating the multiphase field model,
special linearized elasticity, grain boundary energy,
second order regularization, and disconnection nu-
cleation. The computational methods are described
in Section III. The results are presented in Section
IV for three copper boundaries subjected to three
types of loading: a single disconnection pair, a sinu-
soidal interface relaxation, and thermally-activated
shear coupling. The results of the model are summa-
rized, along with the model limitations, in Section
V.

Notation used in this work is generally standard.
Tensor equations are expressed in invariant nota-
tion, with ∇ indicating the gradient, ∇· the vec-

tor/tensor divergence, ∇2 the Hessian, and ∆ the
Laplacian. Functions with arguments indicated us-
ing braces (e.g. W [u]) should be understood as func-
tionals that depend on the argument and its spatial
or temporal derivatives.

II. DIFFUSE BOUNDARY MODEL

This section presents a model for disconnection-
mediated grain boundary migration that builds on
the phase field disconnections model presented in
[46]. The premise of the model is that disconnec-
tions are natural mediators of GB migration, arising
automatically as a consequence of the concerted non-
convexity of grain boundary energy as well as elastic
energy. Therefore, the model does not presume the
existence of disconnections; rather, they arise spon-
taneously as an emergent phenomenon.

The master governing equation is taken to be the
principle of minimum dissipation potential. The
idea of an extremal principal for non-equilibrium
thermodynamics, though an inherently heuristic
construction, has proved extremely useful in the
modeling of a wide variety of non-equilibrium me-
chanical processes including plasticity [47–49] and
viscosity [50, 51]. Recently the construction of min-
imum dissipation potential was applied to planar
GBs in an attempt to identify the “intrinsic” GB
properties, and it was determined that the so-called
“dissipation energy” along with the traditional mo-
bility were able to capture a variety of planar GB
migration behaviors at the mesoscale [45]. Following
[46], the minimum dissipation potential construction
is used:

inf
η̇∈C4(Ω)N

[ ∂
∂t

[
inf

u adm.
W [u, η]

]
+ φ∗(η̇)

]
(1)

where W is the free energy, φ∗ is the dual dissipation
potential, and u is the elastic displacement field. In
[45] the internal variable was simply the scalar inter-
face position z; here, the interface descriptor is re-
placed with a vector of n order parameters η (where
N is the number of grains), where η satisfy the usual
properties of a multiphase field model. It should be
noted that C4 continuity on η is required in order
to perform second order regularization, and it is also
required that the displacement field u satisfy all nat-
ural and essential boundary conditions.

The free energy W depends on the gradient of
the displacement field ∇u, the order parameter η,
its gradient ∇η and Hessian ∇2η. It is decomposed
into the following components:

W = WM (η) +WB(∇η) +WC(∇2η) +WE(η,∇u),
(2)
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which are the chemical potential, the boundary en-
ergy, the corner penalization, and the mechanical
strain energy, respectively. The chemical potential
is taken from [52, 53] and has the form

WM (η) = µ

N∑
n=1

(1

4
η4
n −

1

2
η2
n +

3

4

∑
m>n

η2
nη

2
m

)
(3)

with µ = 3.26. WM is minimized when exactly one
order parameter is unity and the rest are zero. This
drives the grain segregation and can be interpreted
either as a mixing energy or simply as a Lagrange
multiplier. The boundary energy is

WB(∇η) =
1

2

N∑
n=1

k(nn)|∇ηn|2, nn =
∇ηn
|∇ηn|

, (4)

where nn is the GB normal to grain n along the
boundary. The coefficient k(nn) is generally given
by the quadratic mixing rule

k(n) =

∑N
n,m>n kmn(n)η2

nη
2
m∑N

n,m>n η
2
nη

2
m

, (5)

although for the present work only two grains are
used and so k is simply k12. The boundary term
kmn corresponds to the boundary energy between
grains m,n and, again following Moelans et al. [53],
is given by

kmn(n) =
3`

4
σmn(n), (6)

where ` is the diffuse grain boundary width and
σmn is the orientation-dependent, strongly noncon-
vex grain boundary energy. The calculation of σmn
will be discussed further in section II A.

The strong nonconvexity of σmn is well-known to
generate microfacets in the boundary [54]. Numeri-
cally this presents a challenge since the facets have
no inherent length scale, resulting in numerical in-
stability. The solution is to add an additional cur-
vature penalization, represented here by WC :

WC(∇2η) = β̂K23 (7)

where β̂ is a regularization parameter and K23 =
1
2 (κ2

2 + κ2
3), where κ2

2 and κ2
3 are the second and

third principle curvatures of η, calculated from ∇2η.
(In 2D κ2

3 = 0.) This form for WC is advantageous
for the the proposed model, as it depends only on
the physical curvature of the boundary and not the
diffuse curvature.

The elastic energy is given by the following quartic
mixture rule

WE(η,∇u) =
2
∑N
n Un(∇u)η4

n∑N
n,m>n η

2
nη

2
m

, (8)

Un(∇u) =

1

2
(I +∇u− FGB

n ) : Cn(I +∇u− FGB
n ). (9)

Cubic linear elasticity was used, with the elas-
tic modulus tensor Cn rotated to correspond to
the known crystallographic orientation of the grain.
Prior work [46] used a linear mixing rule, which does
not sufficiently localize the stress field to produce
the necessary driving force for disconnection motion.
The form for the elastic strain energy Un follows the
“special linear elasticity” convention [45], which uses
a second order Taylor expansion around the grain
boundary-induced deformation FGB . This allows
the computationally advantageous small strain to be
used for elasticity calculations, since the deviation
from the large FGB deformations is large.

The selection of grain boundary deformation ten-
sor FGB is used to encode the shear coupling factor
β. In all of the applications considered here, we con-
sider a single value for β, and then let

FGB
1 =

[
1 β/2
0 1

]
FGB

2 =

[
1 −β/2
0 1

]
. (10)

The value of β is calculated by crystallography and,
by the prior determination (via atomistic simula-
tions [24, 55]) of the most likely deformation mode
for the boundary. For any rational GB there is a
countably infinite number of shear coupling factors,
and it is possible for a boundary to move by one or
more of those factors [17, 45]. This model currently
aims to capture one shear coupling mode only. How-
ever, it should be emphasized that the value of β,
though determined based on prior experience with
GB migration, is not fundamentally a GB property;
rather, it is a property arising from the crystallogra-
phy of the elastic medium. Indeed, the elastic con-
tribution of this model could be modified to account
for a broad range of GB type deformations by ac-
counting for the multiplicity of GB-shears. We leave
this to future work.

The next component of the model is the dual dis-
sipation potential, which models the rate of energy
dissipation as a function of the derivative of the or-
der parameter. Here, a second order form is used:

φ∗(η̇) =

N∑
n=1

(
φ0|η̇n|+

1

2
φ1η̇

2
n

)
, (11)

where φ0 is the dissipation energy and φ1 = 1/L is
the rate-dependent coefficient, defined to be

L =
4

3

M

`
(12)

in which M is the GB mobility and ` is the dif-
fuse boundary width [53]. The mobility used in this
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model is constant, but in reality is a function of GB
character, orientation, and temperature. This de-
pendence is not explored here.

The governing equations for η and u are given by
solutions to (1). The equilibrium displacement field
u∗ are given by the Euler-Lagrange equations,

∂WE

∂∇u
= 0 ∀x ∈ Ω (13a)

u = u0 ∀x ∈ ∂1Ω (13b)

∂WE

∂∇u
n = t0 ∀x ∈ ∂2Ω (13c)

which are the governing equations of elasticity sub-
ject to appropriate boundary conditions. The com-
putational methods for solving the elasticity equa-
tions are given in Section III.

The Euler-Lagrange equation for η is given by

0 ∈ δ

δηn
W (u∗, η,∇η,∇2η) +

∂

∂η̇n
φ∗(η̇) ∀n, (14)

where δ/δη is the variational derivative and ∂/∂η̇
indicates the subderivative [56]. The subderivative
becomes necessary due to the lack of smoothness in-
duced by the φ0|η̇| term in the dissipation potential.
Accounting for the form of φ∗ enables the evolution
equation to be expressed in the following way:

∂ηn
∂t

= − 1

φ1


∂W/∂ηn − φ0 ∂W/∂ηn > φ0

∂W/∂ηn + φ0 ∂W/∂ηn < φ0

0 else

,

(15)

which amounts to a thresholding scheme for evolving
η. Unlike [46], which split η into elastic and inelastic
components, here, both are evolved together. It was
determined that there was no appreciable affect on
the diffuse boundary. In the case where φ0 → 0, the
familiar Allen-Cahn equations are recovered. The
variational derivatives for the chemical potential and
elastic energy portions of the free energy are easily
computed. It has been shown that the variational
derivative for the boundary energy term in 2D re-
duces to

δWB

δηn
= k(θn)∆ηn + k′′(θn)κ2, (16)

where θ is the orientation of the normal vector, and
κ2 is the second principal curvature. The variational
derivative for the second order regularization term is

δWC

δηn
= β

[∂4η

∂x̂4
2

+
∂4η

∂x̂4
3

]
(17)

where x̂1, x̂2, x̂3 are the coordinates in the basis cor-
responding to the principal curvatures of η. In the

sharp interface limit in 2D, where the eigenbasis cor-
responds to the angle θn, the fourth derivatives are
computed to be

∂4ηn
∂x̂4

2

=
(

sin θ
∂

∂x1
+ cos θ

∂

∂x2

)4

ηn. (18)

The above derivatives can be readily extended to 3D
when working in the eigenbasis of ∇2η [34]; however,
the 2D implementation is used for all examples con-
sidered here.

Mobility M = 1/φ1 = 1.0
Boundary width ` = 0.05
Dissipation energy φ0 = 0.4
Corner energy βGB = 5× 10−5

Elastic moduli [57] C11 = 171, C12 = 122, C44 = 75

TABLE I. Phase field and elasticity parameters

Copper is used for all examples considered here.
Model parameters (in nondimensionalized units) are
given in Table I.

A. Grain boundary energy

The energy of a grain boundary is a complex func-
tion of the five-dimensional space of macroscopic
grain boundary character. GB energy in FCC ma-
terials exhibits many sharp minima (“cusps”) that
can be highly localized in both the space of orienta-
tion relationships and interface inclinations. These
cusps are of preeminent importance at small scales,
where they become the primary driver of interface
morphology. In this work, it is necessary to compute
the boundary energy as a function of interface nor-
mal, σ(n), in order to account for GB orientation
dependence.

Over the past several decades, a multitude of
GB energy calculation methods have been proposed
ranging from the analytic expressions of Read and
Shockley [58] to large-scale molecular statics (MS)
simulations [24]. The lattice-matching model for GB
energy is an analytic model that uses optimal trans-
portation theory and lattice geometry to estimate
boundary energy [59]. Lattice matching is particu-
larly useful for bicrystal configurations in which it
is difficult to obtain a periodic unit cell for MS sim-
ulations, which is often the case when calculating
orientation-dependent GB energy for high Σ bound-
aries.

Because the GB energy exhibits sharp cusps, the
curvature σ′′(θ) is generally infinite at those points.
This creates numerical issues and discretization de-
pendency due to the dependence of the η evolution
equation (16) on the GB energy second derivative.
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FIG. 1. Energies with respect to interfacial orientation obtained using lattice matching method.

The GB energy is mollifed using a Gaussian (stan-
dard deviation 2.5◦) to regularize the energy. After
regularization, the energy is also rescaled and off-
set using coefficients C1, C2, respectively, to account
for the change in cusp magnitude resulting from the
regularization.

GB1 GB2 GB3

Tilt axis 〈0 0 1〉 〈0 0 1〉 〈1 1 1〉
Boundary plane {5 1 0} {7 5 0} {1 2 3}
CSL Σ13 Σ37 Σ7
Coupling factor β [45] 0.4 −0.33 0.69
Disconnection mode [18] 〈1 0 0〉 〈1 1 0〉 〈1 0 0〉
Offset C0 -0.65 -0.5 -0.2
Factor C1 2.0 1.75 1.1

Thermalized temp σ [59] 0.25a
Window parameter ε [59] 0.5
Lattice constant a 3.615

TABLE II. Grain boundary parameters for Cu bound-
aries

Three different boundaries in Copper are con-
sidered. All are symmetric tilt GBs; asymmetric
tilt GB migration behavior is substantially more
complex[60–62] and out of the scope of the present
work. Boundary 1, 2 and 3 have sigma values Σ13,
Σ37, and Σ7. Boundary 1 and 2 are 〈0 0 1〉 tilt
boundaries with {5 1 0} and {7 5 0} boundary planes,
respectively, and Boundary 3 is a 〈1 1 1〉 tilt bound-
ary with an {1 2 3} boundary plane. Previous work
has examined these and other boundaries using both
molecular dynamics [63] and a disconnection-based
model for grain boundary migration [17, 23, 36].
Parameters for these values were determined manu-
ally and from literature (Table II).

Using lattice-matching, the boundary energy is

calculated for each boundary (Figure 1). An an-
gle of 0◦ corresponds to an unrotated interface. All
of the boundaries exhibit cusps at 0◦, as expected,
although the magnitude of the cusps varies substan-
tially. The 〈1 1 1〉{1 2 3} STGB has a very small cusp
at 0◦, but very large cusps at ±90◦. On the other
hand the 〈0 0 1〉{7 5 0} boundary exhibits a moder-
ate cusp at 0◦ but a multiplicity of cusps at a vari-
ety of other angles. The differences in these energy
landscapes will contribute to the differing types of
disconnections observed in the phase field model re-
sults.

B. Nucleation model

As with plasticity by dislocation motion, bound-
ary motion relies on disconnection nucleation in ad-
dition to propagation. Disconnections can nucleate
in many ways; grain boundary dislocations [64, 65],
triple junctions [66], or other interfaces [67] can act
as disconnection sources. However for large, pris-
tine boundaries, disconnection nucleation becomes
primarily a thermally activated process. To capture
this, a thermally activated mechanism for disconnec-
tion nucleation must be introduced.

Due to the large energy barrier inherent to discon-
nection formation, the phase field model is not ca-
pable of generating nucleation events spontaneously.
Therefore, many phase field models include a zero-
mean noise term to provide perturbations that
mimic the effect of thermal fluctuations, making it
possible to access high-energy states. On the other
hand, in this present work, it was determined that
the energy barrier to disconnection formation was
high enough so that thermal noise was insufficient to
perturb the boundary to form a disconnection pair.
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In general, it was found that the boundary invariably
destabilized before it was able to spontaneously form
any disconnections.

In order to capture disconnections, therefore, a
new model for explicit pair nucleation is proposed.
Introduce a probability density function p(x, t) that
is the probability of disconnection formation within
a region with volume v0 over a characteristic time
interval τ . Let p : Ω× R→ [0, 1), where Ω ⊂ Rd) is
the d-dimensional domain. The probability density
function itself is defined to be

p(x, t) = exp
(
− E(x, t)

kBT

)
(19)

where kB is Boltzmann’s constant, T is the temper-
ature, and E an energy given as a function of space
and time. This energy is now connected to the phase
field model through the following:

E(x, t) =

{
E0/(ε− (2η1(x)η2(x))n) η1, η2 ∈ [0, 1]

+∞ else
.

(20)

E0 is a numerical parameter corresponding to the
creation of a disconnection pair. η1, η2 are the order
parameters (in this treatment we consider a bicrystal
system only). ε is a very small numerical parameter
(O(10−20) to prevent division-by-zero errors, and n
is a positive integer. The form of (20) is designed
to restrict nucleation events to the boundary, which
is characterized by the existence of non-zero values
for η1, η2. The value for n determines the width of
the region in which nucleation events are allowed.
Finally, E →∞ if the order parameter deviates out-
side the [0, 1] range. This prevents numerical insta-
bilities that can sometimes arise due to grain bound-
ary energy orientation dependence.

As stated in its initial definition, p is the proba-
bility of nucleation with respect to a pre-defined, ar-
bitrary spatial region and time interval. In practice,
this must be converted to an effective probability for
a pre-defined, possibly larger (or smaller) region of
time and space. Because an adaptive mesh is used,
along with temporal subcycling, it is essential to cal-
culate probabilities in a manner that is consistent
between various levels of refinement in space and
time. Towards that end, the following heuristic is
introduced to estimate the probability of nucleation
for some arbitrary region B ⊂ Ω over an interval
[a, b] ⊂ R:

P (B, [a, b]) =

1− exp
[ 1

τv0

ˆ
[a,b]

ˆ
B

ln(1− p(x, t)) dµ(x) dt
]
.

(21)

P is thus a functional on R3×R corresponding to the
probability of a nucleation event occurring in a cer-
tain domain and over a certain interval. We pause
briefly to point out some of the interesting math-
ematical properties of P . Although P is decidedly
not a measure or a distribution, it does possess some
analagous properties: (i) If µ(B) or |[a, b]| = 0 then
P (B, [a, b]) = 0; (ii) P (B, [a, b]) ≤ 1, and (iii) For
all countable collection {Ek}∞k=1 of pairwise disjoint
sets in the σ-algebra on B × [a, b],

P (B, [a, b]) = 1−
∞∏
k=1

(1− P (Ek))|Ek|. (22)

In other words, 0 ≤ P ≤ 0, and P possesses the
particularly useful property that the probability of
nucleation P over a region corresponds to the com-
bined probability of nucleation P in the correspond-
ing subsets.

The above definitions are now used to construct
an algorithm for nucleating a disconnection. Let x0

be a grid point on a level with timestep ∆t and (in
two dimensions) grid spacings ∆x1,∆x2. At each
timestep, the probability P of disconnection nucle-
ation can then be computed, which is

P (∆x1,∆x2,∆t) = 1− (1− p(x0))∆x1∆x2∆t/τv0 ,
(23)

using a quadrature rule to compute the integral. (It
should be noted that on fine levels, p varies smoothly
enough such that single-point quadrature is suffi-
cient; on coarse levels, p(x0, t) has been pre-averaged
through the AMR process.)

A uniform distribution random number is then
computed, and if P exceeds that number, then a
nucleation event occurs. Another random number is
generated to determine the permutation of the nu-
cleation, and then the order parameters are modified
thus (assuming a grain 1 permutation):

φ = exp
(
− 1

κ2
|x− x0|2

)
η1 7→ η1 + (1− η1) η1, η2 7→ (1− φ)η2 + φ

The mappings are naturally permuted depending on
the type of pair that was activated.

Nucleation energy [68] E0 = 0.0457
Regularization parameter ε = 10−20

Reference area-time τv0 = 10−3

Nucleation width κ = 0.005

TABLE III. Thermal nucleation model parameters

Nucleation model parameters are either deter-
mined by calibration or from literature (Table III).
Temperature is treated as an input, so that the effect
of temperature can be determined in the examples.
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III. COMPUTATION

All phase field methods require sufficient grid res-
olution in order to capture diffuse boundaries with-
out mesh dependency, usually requiring four to eight
grid spacings across the boundary [69]. This can in-
duce a computational bottleneck, since most diffuse
boundary models are considered accurate only in the
limit as the diffuse boundary width goes to zero.
Since one of the primary advantages of the proposed
method is its ability to scale well beyond the spatial
and temporal timescales of molecular dynamics, it
is necessary to employ methods to increase perfor-
mance and eliminate wasteful computations.

This work uses a block-structured adaptive mesh
refinement (BSAMR) strategy to selectively refine
the grid near the grain boundary. Unlike other AMR
methods (such as quad/octree division), BSAMR
treats each refinement level completely separately,
eliminating the need to explicitly track connectivity
information. Each refined region overlays a coarse
region, and both are evolved independently and then
periodically synchronized by averaging the fine re-
gion onto the coarse region. For explicit time in-
tegration, there are two main advantages. First,
the block-structured nature of the grid allows for
memory-efficient data organization, and the mini-
mal amount of connectivity reduces the amount of
parallel overhead for very efficient parallel scaling.
Second, it enables the use of temporal subcycling, so
that each level has its own timestep and fine levels
experience several iterations for each iteration ex-
perienced on the coarse level. This is particularly
useful in the present work, for which the temporal
integration involves a fourth order spatial derivative.
By using a subcycling ratio of 32, the mesh can be
refined arbitrarily without violating the CFL condi-
tion.

The implicit component, i.e. the solution to the
elasticity equations, requires special treatment on
a BSAMR grid. Unlike most elastic solvers, this
method solves the strong form of the elasticity equa-
tions directly, using a finite difference discretiza-
tion. The strong form method, when combined with
BSAMR, is advantageous for implicit solutions us-
ing the geometric multigrid method, as the struc-
ture of coarsened levels can be situated tidily within
the framework of the AMR refinement layers. Addi-
tional care is needed to treat the boundary between
levels (“coarse-fine boundary”) during the elastic
solve; here, the “reflux-free” method, proposed in
[70, 71], is used.

A staggered method for solving the implicit (elas-
ticity) equations and explicit (η̇) equations is used.
Because of the small timestep required due to the
fourth-order spatial derivative, it is determined that

Base grid/Base timestep 8x8 / 0.1
# AMR levels 4
Refinement threshold r = 0.1

TABLE IV. AMR parameters

elastic solves could be updated every 10 timesteps
without affecting the result. The method is imple-
mented using an in-house code (Alamo) written in
C++, built on the AMReX BSAMR library [72].
All of the simulations are performed on a single 16-
core desktop using 12 MPI tasks, and have generally
completed in approximately 1 minute per unit simu-
lation time. Regridding occurred every 10 timesteps,
and the criteria for regridding was

|∇ηn|∆V > r (24)

where r is the refinement theshold and ∆V the AMR
grid size.

IV. RESULTS

In this section, three examples of disconnection
migration are considered. In all cases, the ground
state is a 2D plane strain bicrystal occupying a do-
main with dimensions 8x8 in nondimensionalized
units. The top and bottom grains have eigenstrains
FGB

1 ,FGB
2 as described in the methods section,

where the FGB encodes the shear coupling factor
in the model. Neumann boundary conditions are
used on the left and right faces for both the order
parameters η1, η2 and the displacements u; Dirich-
let conditions are prescribed for the top and bottom.
In order to avoid numerical instability, each simula-
tion begins with isotropic curvature-driven flow until
t = 1; this is necessary to avoid instabilities result-
ing from the initially very high interface sharpness.
At t = 1 anisotropy is enabled, and the timestep
is decreased from dt = 0.05 to dt = 0.0005; then at
t = 1.1, elasticity is enabled and a positive shear dis-
placement is applied to the top face at a prescribed
rate.

A. Single disconnection pair

In this section the behavior of a single discon-
nection pair under an externally applied loading is
considered. Starting with a bicrystal, a single nu-
cleation pair is generated at the beginning of the
simulation. In each case, two possible disconnection
pairs are considered: “up-down” (a disconnection
pair extending into the top grain) and “down-up”
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〈0 0 1〉{5 1 0} traces.

〈0 0 1〉{7 5 0} traces.

〈1 1 1〉{1 2 3} traces

FIG. 2. Time evolution traces of η1 = 0.5 isocontours
for the evolution of a single disconnection pair. (Fig-
ures are vertically exaggerated with an aspect ratio of 4
to highlight the individual contours.) Blue traces corre-
spond to time intervals of ∆t = 2.0. The top boundary
is subjected to a strain from 0.0125 to 0.0625 over an
interval ∆t = 10. For the two boundaries with posi-
tive coupling factor, an “up-down” disconnection pair
repels, whereas the “down-up” disconnection pair anni-
hilates. On the other hand, the boundary with negative
coupling factor exhibits the reverse behavior. Because
of the small disconnection size, the “down-up” pair ad-
ditionally dissociates into smaller disconnections as they
move.

(extending into the bottom grain). The former cor-
responds to shear coupling action that moves the
boundary up; the latter, to moving the boundary
down. Initial tests without the presence of exter-
nal shear shows that the disconnection pair either
annihilated or did not move; as expected. The dis-
connection pairs are then subjected to an external
load. The three bicrystals are sheared with an initial
value of 0.0125 that linearly increases to 0.05 over an
interval of ∆t = 10.

For the “up-down” nucleation in the 〈0 0 1〉{5 1 0}
boundary, the disconnections immediately move
away from each other. The rate at which they move

is dependent on the elastic driving force from the
shear deformation. The profile of the disconnections
is constant over the course of their motion, and there
is no motion of the boundary due to curvature. On
the other hand, the “down-up” nucleation produces
a very different result: the two nucleations move to-
wards each other and annihilate immediately. Both
of these results are consistent with the known behav-
ior of disconnections in the 〈0 0 1〉{5 1 0} boundary,
and the resultant net positive shear coupling.

The second boundary, 〈0 0 1〉{7 5 0}, has a nega-
tive coupling factor. When the “up-down” discon-
nection pair was nucleated, the driving force (com-
bined with the general attraction) causes the pair to
annihilate almost immediately. On the other hand,
the “down-up” pair repels for a net effect of mov-
ing the interface downward. Unlike the other two
cases, the 〈0 0 1〉{7 5 0} downward disconnection pair
dissociates into four smaller disconnections. This
difference in behavior can be attributed to the dif-
ferent energy landscape for this particular bound-
ary: whereas the other two boundaries have only
two cusps at non-0◦ locations, Boundary 2 has cusps
at θ = ±45◦ as well as at θ = 0◦,±90◦. There-
fore, there is less energetic cost associated with dis-
connection formation. This phenomenon of “dis-
connection dissociation” into what might be called
“partial disconnections” has not, to our knowledge,
been observed in molecular dynamics or experiment.
Therefore we leave this as a model prediction, urg-
ing caution in the interpretation of these results until
they can be confirmed by MD or experiment.

Finally, the 〈1 1 1〉{1 2 3} boundary (Boundary 3),
which has a coupling factor, exhibits similar behav-
ior to Boundary 1. The primary difference between
the two is that Boundary 3 creates much smaller dis-
connections. This effect can again be attributed to
the difference in grain boundary energy landscape.

These results demonstrate that motion by steps,
which we identify as “disconnections” is the mech-
anism by which the boundary moves. In all of the
cases presented here, the planar boundary is immo-
bile; only the steps are able to move. This illus-
trates the proposed mechanism by which disconnec-
tions propagate: steps induce stress that in turn in-
crease the driving force above the threshold value. It
should also be noted that, unlike in [46], there is no
curvature-driven motion. This is a consequence of
the updated flow rule that thresholds the curvature
terms as well as the elastic driving force terms.

It is important to clarify that the step heights
of the disconnections for the different boundaries
is not directly connected to the crystallography of
the bicrystal, but are governed by the model’s cor-
ner energy parameter. The Burgers vector, which is
equal to the (prescribed) coupling factor times the
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step height, is thus similarly determined by the cor-
ner energy in the model. In other words, by ad-
justing the corner energy, both the disconnection
step height and Burgers vector will change accord-
ingly (as seen in [34]) while maintaining a constant
shear coupling factor. Consequently the corner en-
ergy coefficient is effectively a modeling parameter
which could be varied between boundaries in order
to more accurately capture the physical corner en-
ergy. Because model does not distinguish between
facet corners and disconnection corners, additional
enrichment will be required to capture the interac-
tion between facet corners and disconnections. This,
and the calibration of the model’s corner parameter
to physical corner energy (c.f. [73]) are left to future
work.

B. Relaxation of sinusoidal perturbation

The three boundaries are subjected to an initially
sinusoidally perturbed interface to determine the ef-
fect of disconnection migration on interface relax-
ation. Although no load is applied, the primary
driving force in all three cases was the elastic mis-
match. Each boundary is allowed to evolve until
T = 40 (Figure 3). The temperature for all simula-
tions is sufficiently low so that no nucleation events
occurred during the interval, beyond those sponta-
neously generated from the initially smooth cosine
boundary.

All boundaries relax initially due to the substan-
tial curvature at the extrema of the boundary, but
the curvature-driven motion quickly stagnate. Sub-
sequent motion of the interface is driven primarily
by the motion of disconnections. The 〈0 0 1〉{5 1 0}
boundary exhibits a variety of step sizes. Gener-
ally, large steps move slowly and eventually dissoci-
ate into smaller, faster moving steps.

The second boundary 〈0 0 1〉(7 5 0), unlike the
first, retains a faceted configuration even after mo-
tion has begun to stagnate. This is unsurprising, as
the persistence of angled facets is almost certainly
due to the presence of sharp cusps at ±45◦ as well
as 0◦ and ±90◦ (Figure 1). This boundary is the
only boundary to have a negative coupling factor,
but as expected, there is no apparent effect on the
evolution.

The third boundary 〈1 1 1〉(123) differs from the
first two in that it relaxes substantially faster. This
is likely due in part to the greater amount of initial
curvature-driven flow resulting from the higher GB
energy at θ = 0◦. The boundary also exhibits small
cusps, similar to those for the previous case, and con-
sistent with the single pair nucleation results. An
aspect of particular interest is the transient early-

time corners at the extrema, which is markedly dif-
ferent from the usual self-similar curvature-driven
flow. In fact, the results appear qualitatively simi-
lar to those recently obtained by Zhang et al. using
a continuum model for GB migration [37], although
the referenced work was considering disconnections
with no shear character.

In all cases, the boundaries remain nearly per-
fectly flat between steps. This is particularly ap-
parent in the trace plots, since they are exaggerated
in the vertical direction and virtually no slope is vis-
ible. It is also of interest that all of the boundaries
appear to stagnate well before they reach their final
equilibrium position. The implication is that the
relaxation is due entirely to disconnection motion,
and that the driving force is purely elastic. Also,
it appears that the energy barrier (dissipation en-
ergy) is sufficient to hold these boundaries in a non-
trivial meta-stable state. Finally, the substantial dif-
ference between motion-by-curvature and motion by
elastically-driven disconnection clearly indicates the
importance of accounting for this mechanism at the
mesoscale.

C. Thermally-activated shear coupling

Shear coupling has been a subject of interest in
microstructure evolution for multiple decades, and
is one of the motivating examples of the present
work. It is of particular interest in mechanical
modeling because it is a dissipative mechanism
by which permanent microstructure evolution takes
place (i.e. plasticity), yet it is distinct from the
traditional mechanism of dislocation mediated plas-
ticity. Some have coined the mechanism “grain
boundary-mediated plasticity”; one might also think
of it as “disconnection-mediated plasticity.” Indeed,
there are a number of analogues between crystal
plasticity and grain boundary plasticity [45] that are
consistent with this work.

As discussed in the introduction, it is believed
that disconnections act as mediators of grain bound-
ary migration. It has been observed in molecular
dynamics simulations that both the simulation do-
main size and the temperature substantially affect
the shear coupling behavior. This may be the result
of a number of possible thermally activated mech-
anisms, including the activation of alternate dis-
connection modes (and corresponding shuffle pat-
terns) [74]. Since disconnection nucleation is a ther-
mally activated mechanism, it is also a mechanism
by which temperature can affect migration propen-
sity. Indeed, the earlier example (Section IV A) il-
lustrates that without the nucleation of disconnec-
tions, the boundary is immobile (at least up until the
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(a) Relaxation of the 〈0 0 1〉{5 1 0} boundary. (Left) Vertically exaggerated detail of GB profile as a function of
time. Blue lines correspond to ∆T = 5. (Right) Plot of η1 showing the shear deformation.

(b) Relaxation of the 〈0 0 1〉{7 5 0} boundary. Blue lines
correspond to ∆T = 5.

(c) Relaxation of the 〈1 1 1〉{1 2 3} boundary. Blue lines
correspond to ∆T = 4.

FIG. 3. Profile snapshots of boundary relaxation from an initially sinusoidally perturbed boundary.

FIG. 4. Evolution of Boundary 1 (〈0 0 1〉{5 1 0}) under applied shear at intervals of ∆t = 20. The top shows η1 and
the bottom showsσ11.

elastic driving force exceeds the dissipation potential
even without disconnection-induced stress concen-
tration).

Thermal nucleation of disconnection pairs is cer-
tainly not the only mechanism by which they can
form; there are myriad other potential disconnec-
tion sources. The sinusoid relaxation example (Sec-

tion IV B) is one possible example of this. However,
for a large pristine boundary, such as considered in
most molecular dynamics simulations, thermal nu-
cleation is the primary means of disconnection gen-
eration. Such boundaries are the most natural ex-
amples against which this work should be compared.

All three boundaries are subjected to a
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FIG. 5. Detail of Boundary 1 evolution showing dis-
connection nucleation/repulsion (left) and annihilation
(center).

displacement-driven shear stress. The prescribed
shear strain begins at zero and is linearly increased
to 0.125 over a time interval of ∆t = 38 (Recall that
the strain, which would normally be too large to
be valid in traditional elasticity, can be acceptable
when working with special linearized elasticity.)
The simulation was repeated for each boundary
with temperatures ranging from T = 50 to T = 800.

Boundary 1, as expected, exhibits strong posi-
tive shear coupling under the applied load. As the
boundary is subjected to the increasing elastic driv-
ing force, it moves upwards to relieve the stress. Ex-
amination of the boundary migration clearly shows
that the mechanism for motion is the creation, mo-
tion, and annihilation of steps (Figure 5). While
under little or no stress, disconnections generally
annihilated, or in some cases persists for a few
timesteps. As stress increases, “up-down” discon-
nection pairs (corresponding to shear coupling ac-
tion that moves the boundary up) began to repel
sporadically, exhibiting a kind of stick-slip behavior.
Eventually, with increasing stress, all nucleated dis-
connection pairs begin moving quickly and with in-
creasing speed over the course of the simulation. For
high temperature simulations, near the end, discon-
nections move and annihilate so quickly that they
become indistinguishable. A detail of the bound-
ary migration is presented here (Figure 4), and the
reader is referred to the supplementary material for
an animation of the boundary migration along with
the accompanying stress-strain curve.

The stress-strain curves measured for Boundary
1 (Figure 6) indicate the effect of thermally acti-
vated disconnection pair nucleation on boundary mi-
gration. Boundaries that are “cold” (T = 50, 200)
nucleate only a couple of disconnection pairs. As
a result, the boundary is immobile until the stress
reached σ = 0.8. At this point, the driving force
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T=800.0

FIG. 6. Stress-strain plot for Boundary 1 (〈0 0 1〉{5 1 0})
at different temperatures

exceeds the dissipation energy value and causes
the boundary to move even without disconnections.
This is manifested as “elastic-perfectly-plastic” be-
havior, and would correspond to grain boundary
sliding. Generally, most of the boundaries below 200
all exhibit the elastic-perfectly-plastic behavior. A
notable exception is the boundary at T = 200, which
slightly exceeds the yield stress of the T = 50 case.
Upon inspection, this is the result of a single dis-
connection that nucleates at ε = 0.125 and induces
a small amount of curvature, which effectively slows
the boundary motion at that time. As the tempera-
ture increases, the maximum attained stress reduces
as well and the stress-strain curves exhibit softening
similar to thermal softening in plasticity. As discon-
nections nucleate more frequently, it naturally be-
comes easier for the boundary to move, resulting in
a lower overall yield stress. The reader is again re-
ferred to the supplementary material for additional
visualizations of Boundary 2 motion.

Boundary 2 exhibits negative shear coupling, as
expected (Figure 7). Behavior is generally similar to
that of Boundary 1, with the main difference being
the sign of the dominant disconnection pairs and also
the size of the disconnections themselves. Because
of the different energy landscape, there is a lower
energetic penalty for the creation of steps, and so
a greater number of steps is created resulting in a
net greater curvature of the boundary. Moreover,
because of the reduced size of the disconnections,
each nucleation event effectively creates a greater
number of smaller disconnections.

The most substantial difference observed in the
migration of Boundary 2 is the substantially lower
yield stress (Figure 8). Whereas the maximum yield
stress in Boundary 1 ranges from 0.06 to 0.09, the
yield stress in Boundary 2 ranges from 0.03 to 0.06.
(Both boundaries are subjected to the same loading
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FIG. 7. Boundary 2 (〈0 0 1〉{7 5 0}) under applied shear at intervals of ∆t = 20. The top shows η1 and the bottom
shows σ11.

0.00 0.05 0.10 0.15 0.20 0.25

0.00

0.01

0.02

0.03

0.04

0.05

0.06

001 {750}

T=50.0
T=200.0
T=300.0
T=400.0
T=500.0
T=600.0
T=800.0

FIG. 8. Stress-strain plot for Boundary 2 (〈0 0 1〉{7 5 0})
at various temperatures

conditions.) Furthermore, Boundary 2 moves con-
siderably further than Boundary 1 under the applied
strain. In fact, for all of the cases with T > 200,
the boundary reaches the end of the domain, end-
ing the motion and causing the stress curves to col-
lapse onto a single line. There are a number of fac-
tors that affect the yield stress, including the crys-
tallographic elastic anisotropy as well as the grain
boundary energy. However, in this case, the pre-
dominant factor is the shear coupling factor β which
is lower for Boundary 2 (|β| = 0.33) than for Bound-
ary 1 (|β| = 0.4). The lower coupling factor means
that Boundary 2 must move a greater distance than
Boundary 1 in order to relieve the same amount of
stress; therefore, the driving force from the same
elastic loading condition is greater on Boundary 2
than for Boundary 1.

The motion of Boundary 3 was sufficiently similar

0.00 0.05 0.10 0.15 0.20 0.25
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16
111 {123}

T=50
T=100
T=200
T=300
T=400
T=500
T=600
T=800

FIG. 9. Stress-strain data for Boundary 3 ({1 1 1}(1 2 3))
at various temperatures

(qualitatively) to that of Boundary 1 that visualiza-
tions of its motion are not included here; however,
animations of the motion of Boundary 3 are included
in supplementary material.

The behavior of Boundary 3 is entirely consistent
with the conclusions drawn from the motion of the
prior two boundaries. The positive coupling factor
(β = 0.69) induced upwards motion of the boundary,
as expected. For low temperatures, a nearly elastic-
perfectly-plastic behavior is observed (Figure 9), al-
though it appears that disconnection nucleation has
a similar effect as the T = 200 case for Boundary 1–
disconnections induced curvature that temporarily
obstructed boundary motion.

Because of the larger shear coupling factor for
Boundary 3, a substantially higher yield stress is ob-
served, ranging from 0.6 to 1.4. This, and the fact
that the boundary moved a relatively small amount
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under the prescribed strain, is consistent with the
above explanation.

V. CONCLUSIONS

This work aims to understand and model
disconnection-mediated grain boundary migration
as an emergent phenomenon. Rather than build-
ing disconnections into the model as a fundamental
entity, they arise as a consequence of energy non-
convexity and the principle of minimum dissipation
potential. The model combines several mesoscale
modeling approaches: the multiphase field model for
microstructure, the minimum dissipation potential
for grain boundaries, the lattice-matching model for
nonconvex grain boundary energy, and the higher
order regularization for faceted boundaries. The
model is applied to three copper symmetric tilt grain
boundaries, and three cases are considered: (i) nu-
cleation of a single disconnection pair, (ii) relaxation
of a sinusoidally perturbed boundary, and (iii) ther-
mally activated shear coupling. In all three cases,
the results are consistent with experimental and
atomistic observation of boundary migration via dis-
connections.

A number of simplifications were made in the de-
velopment of this model. For each boundary con-

sidered here, only one disconnection mode was en-
abled. This improves the performance and ease of
implementation for the model, but artificially lim-
its the types of migration that the boundary can
experience (in particular, multi-mode migration as
observed in [22]). It should also be noted that the
mobility of the boundary was taken to be constant
across all three boundaries and also with respect to
boundary orientation as well as temperature. By ac-
counting for character and temperature-dependent
mobility it may be possible to improve the model’s
predictions. Temperature effects were also neglected
for the elastic moduli for the grain boundary energy,
both of which can change substantially over the tem-
perature range examined. More generally, the model
does not account for non-stress driven disconnection
migration. It also does not yet account for other
mechanisms such as grain boundary sliding or grain
rotation, both of which are important effects in mi-
crostructure evolution.
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[12] L. Kunz, P. Lukáš, L. Pantelejev, and O. Man, “Sta-
bility of ultrafine-grained structure of copper un-
der fatigue loading,” Procedia Engineering, vol. 10,
pp. 201–206, 2011.

[13] F. Mompiou and M. Legros, “Quantitative grain
growth and rotation probed by in-situ tem strain-
ing and orientation mapping in small grained al thin
films,” Scripta Materialia, vol. 99, pp. 5–8, 2015.

[14] D. Gianola, S. Van Petegem, M. Legros, S. Brand-
stetter, H. Van Swygenhoven, and K. Hemker,
“Stress-assisted discontinuous grain growth and its



14

effect on the deformation behavior of nanocrys-
talline aluminum thin films,” Acta Materialia,
vol. 54, no. 8, pp. 2253–2263, 2006.

[15] O. Glushko and M. J. Cordill, “The driving force
governing room temperature grain coarsening in
thin gold films,” Scripta Materialia, vol. 130,
pp. 42–45, 2017.

[16] O. Glushko and G. Dehm, “Initiation and stagna-
tion of room temperature grain coarsening in cycli-
cally strained gold films,” Acta Materialia, vol. 169,
pp. 99–108, 2019.

[17] K. Chen, J. Han, S. L. Thomas, and D. J. Srolovitz,
“Grain boundary shear coupling is not a grain
boundary property,” Acta Mat., vol. 167, pp. 241–
247, 2019.

[18] J. W. Cahn, Y. Mishin, and A. Suzuki, “Coupling
grain boundary motion to shear deformation,” Acta
materialia, vol. 54, no. 19, pp. 4953–4975, 2006.

[19] F. Mompiou, M. Legros, and D. Caillard, “Smig
model: a new geometrical model to quantify grain
boundary-based plasticity,” Acta materialia, vol. 58,
no. 10, pp. 3676–3689, 2010.

[20] L. Wan and S. Wang, “Shear response of the σ 9¡
110¿{221} symmetric tilt grain boundary in fcc met-
als studied by atomistic simulation methods,” Phys-
ical Review B, vol. 82, no. 21, p. 214112, 2010.

[21] A. Rajabzadeh, F. Mompiou, M. Legros, and
N. Combe, “Elementary mechanisms of shear-
coupled grain boundary migration,” Phys. Rev.
Lett., vol. 110, p. 265507, Jun 2013.

[22] S. Thomas, K. Chen, J. Han, P. Purohit, and
D. Srolovitz, “Reconciling grain growth and shear-
coupled grain boundary migration,” Nature Com-
munications, vol. 8, no. 1, 2017.

[23] J. Han, S. L. Thomas, and D. J. Srolovitz, “Grain-
boundary kinetics: A unified approach,” Progress in
Materials Science, vol. 98, pp. 386–476, 2018.

[24] D. L. Olmsted, S. M. Foiles, and E. A. Holm, “Sur-
vey of computed grain boundary properties in face-
centered cubic metals: I. grain boundary energy,”
Acta Materialia, vol. 57, no. 13, pp. 3694–3703,
2009.

[25] T. Gorkaya, D. A. Molodov, and G. Gottstein,
“Stress-driven migration of symmetrical¡ 1 0 0¿ tilt
grain boundaries in al bicrystals,” Acta Materialia,
vol. 57, no. 18, pp. 5396–5405, 2009.

[26] T. Yu, S. Yang, and C. Deng, “Survey of grain
boundary migration and thermal behavior in ni
at low homologous temperatures,” Acta Materialia,
vol. 177, pp. 151–159, 2019.

[27] E. R. Homer, E. A. Holm, S. M. Foiles, and D. L.
Olmsted, “Trends in grain boundary mobility: sur-
vey of motion mechanisms,” Jom, vol. 66, no. 1,
pp. 114–120, 2014.

[28] M. Ashby, “Boundary defects, and atomistic aspects
of boundary sliding and diffusional creep,” Surface
Science, vol. 31, pp. 498–542, 1972.

[29] W. Bollmann, Crystal defects and crystalline inter-
faces. Springer Science & Business Media, 2012.

[30] J. Hirth and R. Pond, “Steps, dislocations and dis-
connections as interface defects relating to struc-

ture and phase transformations,” Acta materialia,
vol. 44, no. 12, pp. 4749–4763, 1996.

[31] J. Howe, R. Pond, and J. Hirth, “The role of dis-
connections in phase transformations,” Progress in
Materials Science, vol. 54, no. 6, pp. 792–838, 2009.

[32] G. Abrivard, E. P. Busso, S. Forest, and B. Ap-
polaire, “Phase field modelling of grain boundary
motion driven by curvature and stored energy gradi-
ents. part i: theory and numerical implementation,”
Philosophical magazine, vol. 92, no. 28-30, pp. 3618–
3642, 2012.

[33] N. Moelans, B. Blanpain, and P. Wollants, “An in-
troduction to phase-field modeling of microstructure
evolution,” Calphad, vol. 32, no. 2, pp. 268–294,
2008.

[34] J. G. Ribot, V. Agrawal, and B. Runnels, “A new
approach for phase field modeling of grain bound-
aries with strongly nonconvex energy,” Modelling
and Simulation in Materials Science and Engineer-
ing, vol. 27, no. 8, p. 084007, 2019.

[35] S. Torabi, J. Lowengrub, A. Voigt, and S. Wise,
“A new phase-field model for strongly anisotropic
systems,” Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences,
vol. 465, no. 2105, pp. 1337–1359, 2009.

[36] C. Wei, S. Thomas, J. Han, D. Srolovitz, and
Y. Xiang, “A continuum multi-disconnection-mode
model for grain boundary migration,” Journal of
the Mechanics and Physics of Solids, vol. 133, Dec.
2019.

[37] L. Zhang, J. Han, D. J. Srolovitz, and Y. Xiang,
“Equation of motion for grain boundaries in poly-
crystals,” npj Computational Materials, vol. 7, no. 1,
pp. 1–8, 2021.

[38] C. Wei, L. Zhang, J. Han, D. J. Srolovitz, and Y. Xi-
ang, “Grain boundary triple junction dynamics: a
continuum disconnection model,” SIAM Journal on
Applied Mathematics, vol. 80, no. 3, pp. 1101–1122,
2020.

[39] R. Kobayashi, J. A. Warren, and W. C. Carter,
“Vector-valued phase field model for crystallization
and grain boundary formation,” Physica D: Non-
linear Phenomena, vol. 119, no. 3-4, pp. 415–423,
1998.

[40] R. Kobayashi, J. A. Warren, and W. C. Carter, “A
continuum model of grain boundaries,” Physica D:
Nonlinear Phenomena, vol. 140, no. 1-2, pp. 141–
150, 2000.

[41] R. Kobayashi and Y. Giga, “Equations with singular
diffusivity,” Journal of statistical physics, vol. 95,
no. 5, pp. 1187–1220, 1999.

[42] N. C. Admal, J. Segurado, and J. Marian, “A three-
dimensional misorientation axis-and inclination-
dependent kobayashi–warren–carter grain boundary
model,” Journal of the Mechanics and Physics of
Solids, vol. 128, pp. 32–53, 2019.

[43] N. Admal and J. Marian, “A unified framework for
polycrystal plasticity with grain boundary evolu-
tion,” International Journal of Plasticity, vol. 106,
pp. 1–30, Jul 2018.

[44] J. Kim, M. Jacobs, S. Osher, and N. C. Admal,



15

“A crystal symmetry-invariant kobayashi–warren–
carter grain boundary model and its implementa-
tion using a thresholding algorithm,” arXiv preprint
arXiv:2102.02773, 2021.

[45] I. Chesser, T. Yu, C. Deng, E. Holm, and B. Run-
nels, “A continuum thermodynamic framework for
grain boundary motion,” Journal of the Mechanics
and Physics of Solids, vol. 137, p. 103827, 2020.

[46] B. Runnels and V. Agrawal, “Phase field discon-
nections: A continuum method for disconnection-
mediated grain boundary motion,” Scripta Materi-
alia, vol. 186, pp. 6–10, 2020.

[47] C. Carstensen, K. Hackl, and A. Mielke, “Non–
convex potentials and microstructures in finite–
strain plasticity,” Proceedings of the royal society of
London. Series A: mathematical, physical and en-
gineering sciences, vol. 458, no. 2018, pp. 299–317,
2002.

[48] K. Hackl and D. M. Kochmann, “Relaxed potentials
and evolution equations for inelastic microstruc-
tures,” in IUTAM Symposium on Theoretical, Com-
putational and Modelling Aspects of Inelastic Media,
pp. 27–39, Springer, 2008.

[49] M. Ortiz and E. Repetto, “Nonconvex energy mini-
mization and dislocation structures in ductile single
crystals,” Journal of the Mechanics and Physics of
Solids, vol. 47, no. 2, pp. 397–462, 1999.
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