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Abstract. We construct quantum K-invariants in non-archimedean analytic
geometry. Our approach differs from the classical one in algebraic geometry
via perfect obstruction theory. Instead, we build on our previous works on the
foundation of derived non-archimedean geometry and Gromov compactness. We
obtain a list of natural geometric relations of the stacks of stable maps, directly
at the derived level, with respect to elementary operations on graphs, namely,
products, cutting edges, forgetting tails and contracting edges. They imply
immediately the corresponding properties of K-theoretic invariants. The derived
approach produces highly intuitive statements and functorial proofs, without the
need to manipulate perfect obstruction theories. The flexibility of our derived
approach to quantum K-invariants allows us to impose not only simple incidence
conditions for marked points, but also incidence conditions with multiplicities,
which we discuss in the final section of the paper. This leads to a new set of
enumerative invariants, which is not yet considered in the literature, to the best
of our knowledge. For the proofs, we had to further develop the foundations of
derived non-archimedean geometry in this paper: we study derived lci morphisms,
relative analytification, and deformation to the normal bundle. Our motivations
come from non-archimedean enumerative geometry and mirror symmetry.
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1. Introduction

Let X be a smooth projective complex variety. Its quantum K-invariants are
the collection of linear maps

IXg,n,β : K0(X)⊗n −→ K0(M g,n),

for all g, n ∈ N and β ∈ H2(X), defined by

IXg,n,β(a1 ⊗ · · · ⊗ an) := st∗
(
Ovir
Mg,n(X,β) ⊗ ev∗1a1 ⊗ · · · ⊗ ev∗nan

)
,

where M g,n(X, β) is the moduli stack of n-pointed genus g stable maps into X of
class β, Ovir is its virtual structure sheaf, st is the stabilization of domain, and evi
are the evaluation maps (see [36]). Coupling with classes in K0(M g,n), we obtain
numerical invariants that are non-negative integers, which manifests (in a subtle
way) the geometry of curves in X.

Quantum K-invariants were first studied by Givental [18] in the case g = 0
and X convex. In this case the moduli stack M g,n(X, β) is smooth with expected
dimension, the virtual structure sheaf is thus equal to the structure sheaf. The
virtual structure sheaves in the general case are constructed by Lee [36], using
the techniques of perfect obstruction theory and intrinsic normal cone developed
by Behrend-Fantechi [8]. We refer to [37, 21, 26, 19, 53] for further developments
of quantum K-theory in algebraic geometry, and to [20, 11, 46] for more specific
examples and applications.

Motivated by the non-archimedean approach to mirror symmetry (see [34, 35, 44]),
in this paper we construct quantum K-invariants in non-archimedean analytic
geometry, more precisely, for proper smooth rigid analytic spaces over any discrete
valuation field k of residue characteristic zero. Non-archimedean geometry comes
into play naturally as we study degenerations of Calabi-Yau varieties in mirror
symmetry. It has special features in comparison with classical approaches by
symplectic geometry and complex geometry. In particular, we now have a rigorous
foundation of non-archimedean SYZ (Strominger-Yau-Zaslow) fibration (see [44]),
whose original archimedean version is yet far beyond reach. More importantly, the
enumerative invariants responsible for instanton corrections in the SYZ conjecture
[56] cannot be well-defined in the archimedean setting; while the non-archimedean
enumerative invariants are more promising candidates, as already demonstrated
in special cases of log Calabi-Yau varieties in [61, 62, 27, 23]. Via formal models
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of non-archimedean analytic spaces, non-archimedean enumerative invariants are
intimately related to logarithmic enumerative invariants of the special fiber (see
the works of Abramovich, Chen, Gross, Siebert [13, 1, 22, 2]).

Our approach to the construction of non-archimedean quantum K-invariants
differs from the classical one in algebraic geometry via perfect obstruction theory.
Instead, we build upon our previous works on the foundations of derived non-
archimedean geometry [49, 52, 50, 51]. The results of this paper are supposed to
bring powerful techniques from derived geometry into the study of mirror symmetry
quantum corrections via non-archimedean enumerative methods along the lines of
[61, 62, 27, 23].

Now let us sketch the results of this paper. Recall that in order to construct any
satisfactory theory of enumerative invariants, there are two main issues to be solved:
compactness and transversality (see the excellent expository paper [47] on the two
issues for various enumerative theories). The same applies to non-archimedean
quantum K-invariants.

In this case, the issue of compactness is solved in [63] via non-archimedean Kähler
structures and formal models of non-archimedean stable maps, referred to as the
non-archimedean Gromov compactness theorem, which we will review in Section 7.
We treat the issue of transversality in the current paper using derived geometry as
explained below.

Fix X a smooth rigid k-analytic space.

Theorem 1.1 (see Theorems 4.13 and 4.15). The moduli stack M g,n(X) of n-
pointed genus g stable maps into X admits a natural derived enhancement RM g,n(X)
that is a derived k-analytic stack locally of finite presentation and derived lci.

Now assuming X proper and endowed with a Kähler structure, combining
with the non-archimedean Gromov compactness theorem (Theorem 7.5), we can
immediately obtain the non-archimedean quantum K-invariants

IXg,n,β : K0(X)⊗n −→ K0(M g,n)

a1 ⊗ · · · ⊗ an 7−→ st∗
(
ev∗1a1 ⊗ · · · ⊗ ev∗nan

)
,

where the maps st and evi all depart from the derived moduli stack RM g,n(X, β).

Next we prove that the non-archimedean quantum K-invariants satisfy all the
expected properties analogous to the algebraic case. Instead of manipulating perfect
obstruction theories as in [36, 7], our proofs of the properties of the invariants will
follow directly from a list of natural and intuitive geometric relations between the
derived moduli stacks, which we explain below.
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In order to state the geometric relations, instead of working with n-pointed genus
g stable maps, one has to work with a slight combinatorial refinement called (τ, β)-
marked stable maps for an A-graph (τ, β), introduced by Behrend-Manin [9] for
the study of Gromov-Witten invariants. The A-graph (τ, β) imposes degeneration
types on the domains of stable maps as well as more refined curve classes (see
Section 4.3). We have the associated moduli stack of (τ, β)-marked stable maps, the
corresponding derived enhancement, and thus the (more refined) non-archimedean
quantum K-invariants IXτ,β.

Theorem 1.2 (see Theorems 5.1, 5.2, 5.4, 5.7 and 5.19). Let S be a rigid k-analytic
space and X a rigid k-analytic space smooth over S. The derived moduli stack
RM(X/S, τ, β) of (τ, β)-marked stable maps into X/S associated to an A-graph
(τ, β) satisfies the following geometric relations with respect to elementary operations
on A-graphs:

(1) Products: Let (τ1, β1) and (τ2, β2) be two A-graphs. We have a canonical
equivalence

RM(X/S, τ1 t τ2, β1 t β2) ∼−−→ RM(X/S, τ1, β1)×S RM(X/S, τ2, β2),

where the projections are given by the natural forgetful maps.

(2) Cutting edges: Let (σ, β) be an A-graph obtained from (τ, β) by cutting an
edge e of τ . Let i, j be the two tails of σ created by the cut. We have a derived
pullback diagram

RM(X/S, τ, β) RM(X/S, σ, β)

X X ×S X

c

eve evi×evj

∆

where ∆ is the diagonal map, eve is evaluation at the section se corresponding to
the edge e, and c is induced by cutting the domain curves at se.

(3) Universal curve1: Let (σ, β) be an A-graph obtained from (τ, β) by forgetting
a tail t attached to a vertex w. Let Cpre

w →M
pre
σ be the universal curve corresponding

1We mention a slight discrepancy of terminology: our “universal curve” property corresponds
to the “forgetting tails” property of [36, §3.4]; while our “forgetting tails” property corresponds
to the “fundamental classes” property of loc. cit.. As the geometry becomes more transparent in
our derived approach, we have adapted our terminology accordingly.
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to w. We have a derived pullback diagram

RM(X/S, τ, β) RM(X/S, σ, β)

C
pre
w M

pre
σ .

(See Section 5.3 for the construction of the maps.)

(4) Forgetting tails: Context as above, we have a derived pullback diagram

RM(X/S, τ, β) M τ ×Mσ
RM(X/S, σ, β)

C
pre
w M τ ×Mσ

M
pre
σ .

(5) Contracting edges: Let (σ, β) be an A-graph obtained from (τ, β) by con-
tracting an edge (possibly a loop) e. Let (σ̃, β) be an A-graph obtained from (σ, β)
by adding k tails. Let (τ il , β

ij
l ) denote the A-graphs obtained from (τ, β) by replacing

e with a chain of l edges then attaching tails and curve classes in a compatible way
(see Section 5.5 for details). We have a natural equivalence

colim
l

∐
i,j

RM(X/S, τ il , β
ij
l ) ∼−−→M τ ×Mσ

RM(X/S, σ̃, β).

We would like to point out that in the particular case where τ is a point, the
statement (3) above asserts that the forgetful map

RM g,n+1(X/S) −→ RM g,n(X/S)

is equivalent to the universal curve RCg,n(X/S)→ RM g,n(X/S). Note that such
an intuitive statement in fact incorporates all the information about virtual counts
with respect to forgetting a tail, which is classically expressed and proved in terms
of pullback properties of perfect obstruction theories and intrinsic normal cones
(see [36, Proposition 8], [7, Axiom IV]).

The construction of the forgetful map above is in fact nontrivial. Intuitively, we
simply forget the last marked point then stabilize. We construct the stabilization
étale locally, then we need to exhibit gluing data which are typically cumbersome to
build in the derived setting. We prove a universal property (see Proposition 4.29),
which solves the issue of gluing, as well as the independence of all the choices
involved in the construction.

Next we state the properties of non-archimedean quantum K-invariants:
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Theorem 1.3 (see Propositions 8.2, 8.6 to 8.8 and 8.11). Let X be a proper smooth
rigid k-analytic space equipped with a Kähler structure. Let (τ, β) be an A-graph
and Tτ the set of tail vertices. The associated quantum K-invariants

IXτ,β : K0(X)⊗|Tτ | −→ K0(M τ )

satisfy the following properties:

(1) Mapping to a point: Let (τ, 0) be any A-graph where β is 0. Let p1, p2 be
the projections

M τ ×X X

M τ .

p2

p1

For any ai ∈ K0(X), i ∈ Tτ , we have

IXτ,0
(⊗

iai
)

= p1∗p
∗
2

(
(⊗iai)⊗ λ−1

(
(R1π∗OCτ

� Tan
X )∨

))
,

where λ−1(F ) := ∑
i(−1)i ∧i F .

(2) Products: Let (τ1, β1) and (τ2, β2) be two A-graphs. For any ai ∈ K0(X), i ∈
Tτ1 and bj ∈ K0(X), j ∈ Tτ2, we have

IXτ1tτ2,β1tβ2

(
(⊗iai)⊗ (⊗jbj)

)
= IXτ1,β1

(⊗
iai
)
� IXτ2,β2

(⊗
jbj
)
.

(3) Cutting edges: Let (σ, β) be an A-graph obtained from (τ, β) by cutting an
edge e of τ . Let v, w be the two tails of σ created by the cut. Consider the following
commutative diagram

M τ Mσ

RM(X, τ, β) RM(X, σ, β)

X X ×S X.

d

stτ

c

eve

stσ

evv×evw

∆

For any ai ∈ K0(X), i ∈ Tτ , we have

d∗I
X
τ,β

(⊗
iai
)

= IXσ,β
(
(⊗iai)⊗∆∗OX

)
.

(4) Forgetting tails: Let (σ, β) be an A-graph obtained from (τ, β) by forgetting
a tail. Let Φ: M τ → Mσ be the forgetful map from τ -marked stable curves to
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σ-marked stable curves. For any ai ∈ K0(X), i ∈ Tσ, we have

IXτ,β
(
(⊗iai)⊗ OX

)
= Φ∗IXσ,β

(⊗
iai
)
.

(5) Contracting edges: Let (σ, β) be an A-graph obtained from (τ, β) by con-
tracting an edge (possibly a loop) e. We follow the notations of Section 5.5. Let
Φ: M τ → Mσ, Ψi

l : M τ i
l
→ M τ and Ω: M σ̃ → Mσ be the induced maps on the

moduli stacks of stable curves. For any av ∈ K0(X), v ∈ Tσ̃, we have

Φ∗Ω∗IXσ̃,β
(⊗

vav
)

=
∑
l

(−1)l+1∑
i,j

Ψi
l∗I

X

τ i
l
,β
ij
l

(⊗
vav

)
.

The properties (2-5) in Theorem 1.3 follow readily from the corresponding
properties in Theorem 1.2, with arguments given in Section 8. Nevertheless, the
first property “mapping to a point” requires extra effort, whose proof is based
on the construction of deformation to the normal bundle. We develop relative
derived analytification in Section 6.1, which allows us to borrow the algebraic
construction of deformation to the normal bundle from Gaitsgory-Rozenblyum [17].
Due to the lack of A1-invariance of G-theory in analytic geometry (see [28, 29] for
related discussions), we had to extend the construction in [17] over a projective
line, and then apply the GAGA theorem for stacks [49] to rely on the A1-invariance
in algebraic geometry.

Another consequence of our relative derived analytification theory is a GAGA-
type result for analytic vs algebraic formal moduli problems, which may deserve
independent interest:

Theorem 1.4 (see Theorem 6.12). Let X ∈ dAfdk be a derived k-affinoid space
and let A := Γ(Oalg

X ). There is a canonical equivalence

FMP/Spec(A)
∼−−→ FMPan

/X .

The list of Kontsevich-Manin axioms as in [36, §4.3] holds also for the non-
archimedean quantum K-invariants, which are immediate consequences of Theo-
rem 1.3. We do not repeat those axioms here, as the properties above with respect
to elementary operations on A-graphs are more fundamental properties of the
invariants.

In the final section of this paper, we take advantage of the flexibility of our derived
approach to introduce a generalized type of quantum K-invariants that allow not
only simple incidence conditions for marked points, but also incidence conditions
with multiplicities. They satisfy a list of properties parallel to Theorem 1.3. To
the best of our knowledge, such invariants are not yet considered in the literature,
even in algebraic geometry. We expect them to have intriguing relations with some
K-theoretic version of logarithmic Gromov-Witten invariants (see [13, 1, 22]).
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All of our constructions and statements in Sections 4, 5, 8 and 9 carry over
almost verbatim to algebraic geometry, which provide alternative constructions
and proofs of the algebraic quantum K-theory by Lee [36]. We remark that the
derived approach towards Gromov-Witten theory in algebraic geometry dates back
to Kontsevich [33] and Ciocan-Fontanine-Kapranov [14] using dg-manifolds, a
precursor of derived algebraic geometry. The derived stack of stable maps are later
studied by Toën [57, 59, 58], Schürg-Toën-Vezzosi [54] and Mann-Robalo [42, 43].
Nevertheless, the geometric relations as in Theorem 1.2 have never really been
proved, even in algebraic geometry.

We end the introduction with a few remarks comparing our derived approach
with the classical approach in algebraic geometry via perfect obstruction theory:

(1) It is difficult to apply the classical approach in analytic geometry, because the
classical approach relies on the global resolution of the perfect obstruction
theory, which is an unnatural assumption in analytic geometry.

(2) The derived approach allows us to work relatively over any base space S.
(3) As we have seen in Theorem 1.2, the derived approach gives more intuitive

and transparent proofs of the geometric properties of quantum K-invariants.
(4) The derived approach completely separates the issue of transversality from

the issue of compactness mentioned in the beginning, while in the classical
approach, the compactness is involved in the solution of transversality, due
to the global resolution assumption.

Notations and terminology. We refer to [52, 50, 51] for the foundations on
derived non-archimedean analytic geometry.

We denote by S the ∞-category of spaces. We denote by An
k the k-analytic

n-dimensional affine space, by Dn
k the k-analytic n-dimensional closed unit polydisk,

and by Pn
k the k-analytic n-dimensional projective space.

We use homological indexing convention, i.e. the differential in chain complexes
lowers the degree by 1.

Acknowledgments. We are very grateful to Federico Binda, Antoine Chambert-
Loir, Benjamin Hennion, Maxim Kontsevich, Gérard Laumon, Y.P. Lee, Jacob
Lurie, Etienne Mann, Tony Pantev, Francesco Sala, Carlos Simpson, Georg Tamme,
Bertrand Toën and Gabriele Vezzosi for valuable discussions. We would like to thank
Marco Robalo in particular for many detailed discussions and for his enthusiasm
for our work. The authors would also like to thank each other for the joint effort.
This research was partially conducted during the period when T.Y. Yu served
as a Clay Research Fellow. We have also received supports from the National
Science Foundation under Grant No. 1440140, while we were in residence at the
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Mathematical Sciences Research Institute in Berkeley, California, and from the
Agence Nationale de la Recherce under Grant ANR-17-CE40-0014, while we were
at the Université Paris-Sud in Orsay, France.

2. Derived lci morphisms

We fix k a complete non-archimedean field with nontrivial valuation. In this
section we study properties of derived lci morphisms in derived analytic geometry.
We prove that derived lci morphisms have finite tor-amplitude. We introduce
the notion of virtual dimension, and prove that a derived lci k-analytic space
is underived if and only if its virtual dimension is equal to the dimension of its
truncation.

Definition 2.1. A morphism f : X → Y of (underived) k-analytic stacks is called:
(1) a regular embedding if it is a closed immersion and locally on Y the ideal

defining X can be generated by a regular sequence;
(2) lci if locally on X it can be factored as a regular embedding followed by a

smooth morphism.

Definition 2.2. A morphism f : X → Y of derived k-analytic stacks is called
derived lci if its analytic cotangent complex Lan

X/Y is perfect and in tor-amplitude
[1,−∞).

Remark 2.3. Let X be a derived k-analytic stack. Recall from [51, Definition
7.5] that a coherent sheaf F ∈ Coh+(X) is called a perfect complex if there exists
a derived k-affinoid atlas {Ui} of X such that Γ(F|Ui) belongs to the smallest full
stable subcategory of Γ(Oalg

Ui
)-Mod closed under retracts and containing Γ(Oalg

Ui
). By

[51, Lemma 7.6], F ∈ Coh+(X) is perfect if and only if it has finite tor-amplitude.
By [50, Corollary 5.40], Lan

X/Y belongs to Coh+(X). Hence Lan
X/Y is automatically

perfect as soon as it has tor-amplitude [1,−∞).

Lemma 2.4. A morphism f : X → Y of (underived) k-analytic stacks is lci as in
Definition 2.1 if and only if it is derived lci as in Definition 2.2.

Proof. The question being local on both X and Y , we may assume that X and Y
are both affinoid. Write X = Sp(B) and Y = Sp(A), and factor f as

X Y ×Dn
k Y,

j p

where j is a closed immersion and p is the canonical projection. Using [50, Propo-
sition 5.50] and the transitivity fiber sequence of analytic cotangent complex, we
see that f is derived lci if and only if j is derived lci. We are therefore left to
check that j is derived lci if and only if the ideal defining X = Sp(B) inside
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Y ×Dn
k = Sp(A〈T1, . . . , Tn〉) can be generated by a regular sequence. Since j is a

closed immersion, [50, Corollary 5.33] implies that there is a canonical equivalence

Γ(X;Lan
X/Y×Dn

k
) ' LB/A〈T1,...,Tn〉,

where the right hand side denotes the algebraic cotangent complex. As both
A〈T1, . . . , Tn〉 and B are noetherian, the conclusion now follows from Avramov’s
second vanishing theorem [6, Theorem 1.2]. �

Here are some basic properties of derived lci morphisms:

Lemma 2.5. (1) If f : X → Y and g : Y → Z are derived lci morphisms, then
so is the composition g ◦ f : X → Z.

(2) Let
X ′ X

Y ′ Y

f ′ f

be a pullback square of derived k-analytic stacks. If f is derived lci, then so
is f ′.

(3) Let f : X → Y be a smooth morphism and s : Y → X a section. Then s is
derived lci.

Proof. Statement (1) follows from the transitivity sequence of analytic cotangent
complex [50, Proposition 5.10]. Statement (2) follows from [50, Proposition 5.12].
For statement (3), the transitivity sequence yields a fiber sequence

s∗Lan
f −→ Lan

idY −→ Lan
s .

As Lan
idY ' 0, we obtain Lan

s ' s∗Lan
f [1]. The conclusion now follows from [50,

Proposition 5.50]. �

2.1. The local structure of derived lci morphisms. Let X be a derived k-
analytic stack, π : E → X a vector bundle, s : X → E a section, and s0 : X → E

the zero section. Let ZX(s) denote the derived pullback

ZX(s) X

X E.

p s

s0

Note that t0(Z(s)) coincides with the usual zero locus of s.

Lemma 2.6. The morphism p : ZX(s) → X is derived lci and of finite tor-
amplitude.
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Proof. Lemma 2.5(2) and (3) imply that p : ZS(s) → X is derived lci. Now we
prove that it has finite tor-amplitude. The question being local on X, we can
assume X = Sp(A) to be affinoid. Up to shrinking X, we can assume that E is free
of rank n over X. Then E is the analytification relative to A of a free rank n vector
bundle Ealg on SpecA (see Section 6.1); moreover, s0 and s are analytifications of
algebraic sections salg

0 and salg from SpecA to Ealg. Let Zalg
X (salg) be the derived

intersection of salg
0 and salg. Then ZX(s) is the analytification relative to A of

Zalg
X (salg). By [50, Proposition 4.17], we are left to check that Zalg

X (salg) has finite
tor-amplitude. This follows from direct computation of Zalg

X (salg) using the Koszul
resolution of salg

0 . �

Lemma 2.7. Let f : X → Y be a derived lci closed immersion of derived k-
analytic stacks. Then locally on Y , there exists a vector bundle E on Y and a
section s : Y → E such that X is equivalent to ZY (s).

Proof. This proof is inspired by [5, Proposition 2.1.10]. The question being local,
we may assume that Y is affinoid. Since f is a closed immersion, then X is also
affinoid. Set

A := Γ(Y ;Oalg
Y ) , B := Γ(X;Oalg

X ).
Observe that

B ' Γ(Y ; f∗Oalg
X ).

As f∗Oalg
X is a coherent sheaf on Y , the t-exact equivalence in [51, Theorem 3.4]

implies that the canonical map A → B is a surjection on π0. Therefore, [50,
Corollary 5.33] provides us with a canonical equivalence

Γ(X;Lan
X/Y ) ' LB/A.

[51, Theorem 3.4] implies that LB/A is perfect and in tor-amplitude [1, 0]. Let

E := Spec(SymB(LB/A[−1])),

and Ean the analytification of E relative to A. Then locally on A we can find
elements a1, . . . , an ∈ ker(π0(A)→ π0(B)) whose differentials generate LB/A[−1]⊗B
π0(B). Up to shrinking Y , we can lift these elements to a function

g = (g1, . . . , gn) : Y → An
k .

Let Z be the derived fiber product

Z Y

Sp(k) An
k .

g

0



12 MAURO PORTA AND TONY YUE YU

Then f induces a canonical map X → Z, which is a closed immersion and whose
relative cotangent complex is zero, in other wordsX ∼−→ Z, completing the proof. �

Proposition 2.8. Let f : X → Y be a morphism of derived k-analytic stacks. The
following are equivalent:

(1) the morphism f is derived lci;
(2) locally on X and Y we can factor f as

X W Y,
j p

where j is a closed immersion, p is smooth, and there exists a vector bundle
E on W and a section s such that X ' ZW (s).

Proof. The implication (2) ⇒ (1) is the content of Lemma 2.6. For the converse,
observe that locally on X and Y we can factor f as

X Y ×Dn
k Y,

j p

where j is a closed immersion and p is the canonical projection (see [50, Lemma
5.48]). As p is smooth and f is derived lci, the transitivity sequence for the
analytic cotangent complex implies that j is derived lci. Thus we conclude from
Lemma 2.7. �

Corollary 2.9. Let f : X → Y be a derived lci morphism of derived k-analytic
stacks. Then f has finite tor-amplitude. In particular, if OY is locally cohomologi-
cally bounded, then so is OX .

Proof. This follows from Proposition 2.8 and Lemma 2.6. �

2.2. Virtual dimension.

Definition 2.10. Let X = (X,OX) be a derived lci k-analytic space, x ∈ t0(X) a
rigid point, and ιx : Sp(κ(x))→ t0(X) ↪→ X the associated morphism. The virtual
dimension of X at x, written vdimx(X), is the Euler characteristic of ι∗x(Lan

X ).

Lemma 2.11. Let X be a derived k-analytic space such that t0(X) is connected.
Let F ∈ Perf(X) be a perfect complex on X. Then the Euler characteristic of ι∗x(F)
for any rigid point x ∈ t0(X) is independent of x.

Proof. We may assume that t0(X) = Sp(A) for some affinoid algebra A. Let
j : t0(X) ↪→ X denote the canonical inclusion. Then j∗F is a perfect complex on
Sp(A). By [51, Theorem 3.4], j∗F is induced by a perfect complex M in A-Mod.
Since A is discrete, [55, Tag 0658] shows that we can represent M by a bounded
complex of projective A-modules:

· · · → 0→ F n → F n−1 → · · · → F 0 → 0→ · · · .
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Then for any rigid point x ∈ Sp(A), the perfect complex ι∗xF is quasi-isomorphic to
the complex
· · · → 0→ F n ⊗A κ(x)→ F n−1 ⊗A κ(x)→ · · · → F 0 ⊗A κ(x)→ 0→ · · · .

Since each F i is a projective A-module and Sp(A) is connected, we have
rankA(F i) = rankκ(x)(F i ⊗A κ(x)).

It follows that

χ(ι∗xF) =
n∑
i=0

(−1)i rankκ(x)(F i ⊗A κ(x)) =
n∑
i=0

(−1)i rankA(F i),

and therefore the left hand side is independent of the rigid point x. �

Corollary 2.12. Let X be a derived lci k-analytic space such that t0(X) is con-
nected. Then the virtual dimension of X at any rigid point x ∈ t0(X) is independent
of x.

Lemma 2.13. Let X be a derived lci k-analytic space. Assume that vdimx(X) =
dimx(t0(X)) for any rigid point x ∈ t0(X). Then t0(X) is derived lci.

Proof. The question being local on X, by [50, Lemma 5.48], we can assume that
there exists a closed immersion

f : X ↪→ Dn
k .

By [50, Corollaries 5.26 and 5.37], Lan
Dn
k
is free of rank n; in particular, it is perfect

and in tor-amplitude 0. Therefore, the transitivity fiber sequence
f ∗Lan

Dn
k
−→ Lan

X −→ Lan
X/Dn

k

shows that Lan
X/Dn

k
is perfect and in tor-amplitude [1, 0]; in other words, f is derived

lci. Let g := t0(f), we have a similar transitivity fiber sequence
g∗Lan

Dn
k
−→ Lan

t0(X) −→ Lan
t0(X)/Dn

k
.

Therefore, in order to prove that t0(X) is derived lci, it suffices to prove that g is
derived lci.

Set A := Γ(X;Oalg
X ) and B := π0(A). We have t0(X) ' Sp(B). By [50, Corollary

5.33] and [51, Theorem 3.4], it is enough to check that the algebraic cotangent
complex LB/k〈T1,...,Tn〉 is perfect and in tor-amplitude [1, 0]. By [50, Corollary 5.40],
we only need to check that it is in tor-amplitude [1, 0]. This condition can be
checked after base change to the local rings at the maximal ideals of B. For this, it
is enough to check that for every rigid point x ∈ Sp(B), the local ring B(x) is cut
out by a regular sequence. Let

I := ker
(
k〈T1, . . . , Tn〉(x) → B(x)

)
.
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Let n be the maximal ideal of k〈T1, . . . , Tn〉(x), and m the maximal ideal of B(x).
Then I/mI is a κ(x)-vector space of finite dimension. Let m denote the dimension.
Choose elements g1, . . . , gm ∈ I mapping to a basis of I/mI. Notice that we can
furthermore assume that I ⊂ m2. Then the Nakayama lemma implies that

I = (g1, . . . , gm).

We claim that this is a regular sequence. Let

M := LB(x)/k〈T1,...,Tn〉(x) .

Then [50, Corollary 5.33 and Lemma 5.51] imply that

π1
(
M ⊗B(x) κ(x)

)
' I/mI , π0

(
M ⊗B(x) κ(x)

)
' n/n2.

Using the long exact sequence associated to

j∗Lan
X/Dn

k
−→ Lan

t0(X)/Dn
k
−→ Lan

t0(X)/X

we deduce that

dimκ(x)
(
π1(ι∗xLan

X/Dn
k
)
)
≥ dimκ(x)(I/mI),

dimκ(x)
(
π0(ι∗xLan

X/Dn
k
)
)

= dimκ(x)(n/n2).

Therefore

dimx(t0(X)) = vdimx(X) = dimκ(x)
(
π0(ι∗xLan

X/Dn
k
)
)
− dimκ(x)

(
π1(ι∗xLan

X/Dn
k
)
)

≤ dimκ(x)(n/n2)− dimκ(x)(I/mI) = n−m.

But since I = (g1, . . . , gm), we see that dimx(t0(X)) ≥ n − m. It follows that
dimx(t0(X)) = n−m, hence (g1, . . . , gm) is a regular sequence. �

Proposition 2.14. Let X be a derived lci derived k-analytic space, and j : t0(X)→
X the canonical closed immersion. The following are equivalent:

(1) j is an equivalence;
(2) the relative analytic cotangent complex Lan

t0(X)/X vanishes;
(3) t0(X) is derived lci and the canonical map π1(j∗Lan

X ) → π1(Lan
t0(X)) is an

isomorphism;
(4) vdimx(X) = dimx(t0(X)) for every rigid point x ∈ t0(X).

Proof. The equivalence (1) ⇔ (2) follows directly from [50, Corollary 5.35].
If (2) holds, then the fiber sequence

j∗Lan
X → Lan

t0(X) → Lan
t0(X)/X

yields a canonical equivalence j∗Lan
X ' Lan

t0(X). In particular, t0(X) is derived lci
and π1(j∗Lan

X )→ π1(Lan
t0(X)) is an isomorphism. So (2) implies (3).
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For the converse implication, the above fiber sequence yields for any i ≥ 0 a long
exact sequence

πi+1(j∗Lan
X )→ πi+1(Lan

t0(X))→ πi+1(Lan
t0(X)/X)→ πi(j∗Lan

X )→ πi(Lan
t0(X)).

If i ≥ 1, the fact that both X and t0(X) are derived lci forces

πi+1(Lan
t0(X)/X) = 0.

When i = 0, we have π1(j∗Lan
X ) ' π1(Lan

t0(X)) by hypothesis; while [50, Corollary
5.35] guarantees that

π0(j∗Lan
X ) ' π0(Lan

t0(X)).
Therefore we deduce

π1(Lan
t0(X)/X) ' π0(Lan

t0(X)/X) ' 0.

Hence (3) implies (2).
It follows from Lemma 2.4 that (1) implies (4). Now we will complete the proof

by showing that (4) implies (3). First of all, t0(X) is derived lci by Lemma 2.13.
In order to show that the map π1(j∗Lan

X )→ π1(Lan
t0(X)) is an isomorphism, we can

reason locally on X. We can thus assume that X is derived affinoid. In virtue of
[52, Lemma 6.3], we can furthermore suppose that X admits a closed embedding
f : X ↪→ Dn

k for some n. Using [51, Theorem 3.4] and [50, Lemma 5.51], we can
represent j∗Lan

X and Lan
t0(X) respectively as two perfect complexes on t0(X) of the

form

j∗Lan
X ' (0→ E−1 → j∗f ∗Ωan

Dn
k
→ 0),

Lan
t0(X) ' (0→ F−1 → j∗f ∗Ωan

Dn
k
→ 0).

Let

KE := ker
(
j∗f ∗Ωan

Dn
k
→ π0(j∗Lan

X )
)
,

KF := ker
(
j∗f ∗Ωan

Dn
k
→ π0(Lan

t0(X))
)
.

We have a morphism of short exact sequences

0 KE j∗f ∗Ωan
Dn
k

π0(j∗Lan
X ) 0

0 KF j∗f ∗Ωan
Dn
k

π0(Lan
t0(X)) 0.

It follows from [50, Corollary 5.35] that the map π0(j∗Lan
X )→ π0(Lan

t0(X)) is an iso-
morphism. We conclude that the canonical map KE → KF is also an isomorphism.
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Thus, we can consider the morphism of short exact sequences

0 π1(j∗Lan
X ) E−1 KE 0

0 π1(Lan
t0(X)) F−1 KF 0.

Using once again [50, Corollary 5.35] we deduce that the map π1(j∗Lan
X )→ π1(Lan

t0(X))
is surjective. Hence the snake lemma implies that E−1 → F−1 is also surjective.
Finally, since vdim(X) = dim(t0(X)) and t0(X) is derived lci, we conclude that
rank(E−1) = rank(F−1). In particular, E−1 → F−1 is an isomorphism. It follows
that π1(j∗Lan

X ) → π1(Lan
t0(X)) is also an isomorphism. In particular, (3) holds,

completing the proof. �

3. The stack of derived k-analytic spaces

In this section, we study the deformation theory of derived k-analytic spaces. We
prove that the moduli functor of derived k-analytic spaces is cartesian, convergent
and has a global analytic cotangent complex.

Let (dAfdk, τét) be the ∞-site of derived k-affinoid spaces equipped with the
étale topology (see [52, §7]). Let

St(dAfdk) := Sh(dAfdk, τét)∧

denote the ∞-category of stacks (i.e. hypercomplete sheaves) on this site. Consider
the functor

St : dAfdop
k −→ Cat∞

given by
X 7→ St(dAfdk)/X .

The general theory of descent for∞-topoi (see [38, 6.1.3.9]) implies that the functor
St satisfies descent for the étale topology. By Corollary 10.4, the functor St admits
a subfunctor F which sends X ∈ dAfdk to the full subcategory (dAnk)flat

/X of the
overcategory (dAnk)/X spanned by flat morphisms Y → X. It follows from [52,
Propositions 8.5 and 8.7] that F also satisfies étale descent.

Lemma 3.1. Let X → S, X ′ → S and Y → S be flat morphisms of derived
k-analytic spaces. Let i : X ↪→ X ′, j : X ↪→ Y be closed immersions, and Y ′ :=
Y qX X ′ the pushout (see [50, Theorem 6.5] for the construction). For any
T ∈ dAfdk and any map T → S, define

XT := X ×S T, X ′T := X ′ ×S T, YT := Y ×S T, Y ′T := Y ′ ×S T.
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Then the canonical map
X ′T qXT YT −→ Y ′T

is an equivalence.

Proof. Notice that the squares

XT X

X ′T X ′

iT i ,

XT X

YT Y

jT j

are derived pullback diagrams. In particular the morphisms iT and jT are closed
immersions. So by [50, Theorem 6.5], the pushout X ′T qXT YT exists in the ∞-
category dAnk of derived k-analytic spaces. Since Y ′T ∈ dAnk, by the universal
property of pushout we obtain a canonical morphism

f : YT qXT X ′T −→ Y ′T .

Now we show that it is an equivalence. By [50, (6.7)], Y ′ is flat over S. Using
Corollary 10.4, we deduce that XT , X ′T and YT are also flat over T , and therefore
X ′T qXT YT is flat over T . Moreover, the same result implies that Y ′T is flat over
T . It follows from [50, Lemma 5.47] that the canonical map f is strong. We are
therefore left to check that f is an equivalence on the truncation.

Let R be an affinoid algebra, A, A′ and B affinoid R-algebras, A′ → A and
B → A surjective morphisms, and B′ := A′ ×A B. Note B′ is an affinoid R-algebra
by [50, Lemma 6.3]. Let R → R′ be a morphism of affinoid algebras. Then it
suffices to check that

B′ ⊗̂RR′ B ⊗̂RR′

A′ ⊗̂RR′ A ⊗̂RR′

is pullback in CAlgk, the ∞-category of simplicial commutative k-algebras. By
[10], we can choose formal models for the affinoid algebras preserving the flatness.
Now the conclusion follows directly from the analogous algebraic statement. �

Remark 3.2. The lemma should hold without the flatness assumption. One may
prove it by reducing to the algebraic case via derived formal models (see António
[4]).

Lemma 3.3. Let f : X → Y be a morphism of derived k-affinoid spaces. Let

A := Γ(Y ;Oalg
Y ), B := Γ(X;Oalg

X ).
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Then f is an equivalence if and only if the induced map A→ B is an equivalence
in CAlgk.

Proof. The “only if” direction is obvious. Now assume that A→ B is an equivalence.
Then π0(A)→ π0(B) is an isomorphism, which implies that f0 := t0(f) : t0(X)→
t0(Y ) is an isomorphism. So it suffices to verify that f is strong. For this, we only
have to check that the canonical map

f ∗0 (πi(Oalg
Y )) −→ πi(Oalg

X )

is an equivalence for every i. As both sides are coherent sheaves on t0(X), the
conclusion readily follows from the assumption that A→ B is an equivalence and
[51, Theorem 3.4]. �

Proposition 3.4. The functor F : dAfdop
k → Cat∞ is cartesian, in the sense that

for any pushout diagram

X01 X0

X1 X

j0

j1

in dAfdk where j0 and j1 are closed immersions, the canonical functor

Ψ: (dAnk)flat
/X −→ (dAnk)flat

/X1 ×(dAnk)flat
/X01

(dAnk)flat
/X0

is an equivalence.

Proof. We first construct a left adjoint

(3.5) Φ: (dAnk)flat
/X1 ×(dAnk)flat

/X01
(dAnk)flat

/X0 −→ (dAnk)flat
/X

of Ψ as follows. Let
Span := {∗ ← ∗ → ∗}

denote the span category. Consider the composition of the natural functors

(dAnk)/X1 ×(dAnk)X01
(dAnk)/X0

φ−→ Fun(Span, dAnk)→ Fun(Span, TopR (Tan(k))).

We can informally describe the functor φ on objects as follows. An object in the
fiber product on the left is the given of a diagram

(3.6)
Y1 Y01 Y1

X1 X01 X0

i0 i1

j1 j1
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where both squares are cartesian. Then φ sends this diagram to the top line
Y1 ← Y01 → Y0. Notice that i0 and i1 are again closed immersions. Therefore, it
follows from [50, Theorem 6.5] that we can form the pushout Y in TopR (Tan(k)) of

Y1 Y01 Y0;i1 i0

moreover, the result is a derived k-analytic space. The universal property of pushout
provides a canonical map Y → X, and hence a functor

(dAnk)/X1 ×(dAnk)/X01
(dAnk)/X0 −→ (dAnk)/X ,

which is left adjoint to the canonical functor

(dAnk)/X −→ (dAnk)/X1 ×(dAnk)/X01
(dAnk)/X0 .

We claim that this functor restricts to the full subcategories spanned by flat
morphisms. Indeed, the claim being local, we can assume that Y0, Y1 and Y01 are
all derived k-affinoid. In this case, the conclusion follows from [51, Theorem 3.4]
and [41, 16.2.3.1(4)].

Next we claim that both the unit and the counit of this adjunction

u : id −→ Ψ ◦ Φ, v : Φ ◦Ψ −→ id

are equivalences. For v, this is a direct consequence of Lemmas 3.1. Now we show
that u is also an equivalence. Consider an object in the fiber product

(dAnk)flat
/X1 ×(dAnk)flat

/X01
(dAnk)flat

/X0

which we depict as the diagram (3.6). Let Y be the pushout of that diagram. Then
we have to check that the canonical morphisms

Y0 −→ X0 ×X Y, Y1 −→ X1 ×X Y

are equivalences. The question being local, we can assume that Y (and therefore
Y0, Y1 and Y01) are derived k-affinoid spaces. Write

A := Γ(X,Oalg
X ), B := Γ(Y,Oalg

X ),

Ai := Γ(Xi,O
alg
Xi

), Bi := Γ(Yi,Oalg
Yi

).

By Lemma 3.3, it is enough to check that the canonical map Yi → Xi×X Y induces
an equivalence in CAlgk after passing to global sections. By [51, Proposition 4.2],
we can compute the global sections of Xi×X Y as the tensor product Ai⊗AB. We
are therefore left to show that the canonical map

Ai ⊗A B −→ Bi
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is an equivalence. Combining diagram (6.7) in the proof of [50, Theorem 6.5] with
[51, Theorem 3.4], we conclude that the diagram

B B1

B0 B01

is a pullback diagram in CAlgA/, and hence in A-Mod. The conclusion now follows
from [41, Proposition 16.2.2.1]. �

Proposition 3.7. The functor F : dAfdop
k → Cat∞ is convergent, in the sense that

for any X ∈ dAfdk the canonical map

F (X) −→ lim
n∈N

F (t≤nX)

is an equivalence.

Proof. Let m be a non-negative integer. We say that a derived k-analytic space
X = (X,OX) is m-truncated if πi(Oalg

X ) ' 0 for i > m. Let dAn≤m/X denote the
full subcategory of dAn≤mX spanned by m-truncated derived k-analytic spaces. It
follows from [52, Theorem 3.23] that the natural inclusion dAn≤m/X ↪→ dAn≤m+1

/X

admits a right adjoint t≤m. Observe that the natural morphism

(3.8) dAn/X −→ lim
n∈Nop

dAn≤m/X ,

where the transition maps are given by the truncation functors, is an equivalence.
Therefore, the vertical maps in the following commutative square

dAn/X limn∈Nop dAn/t≤nX

limm∈Nop dAn≤m/X limn∈Nop limm∈Nop dAn≤m/t≤nX .

are equivalences. Moreover, for every n ≥ m we have a canonical equivalence

dAn≤m/t≤nX ' dAn≤m/t≤mX .

It follows that the bottom horizontal morphism in the diagram above is also an
equivalence, thus completing the proof. �

Consider now the maximal ∞-groupoid functor (−)' : Cat∞ → S. It is right
adjoint to the inclusion S ↪→ Cat∞, and in particular it commutes with limits. Let
F' denote the composite functor

dAfdop
k Cat∞ S.F (−)'
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We deduce that F' satisfies étale descent and that it is cartesian and convergent.
To compute the analytic cotangent complex, we rely on the following lemma:

Lemma 3.9. Let G ∈ St(dAfdk) and let x : X → G be a morphism with X ∈ dAfdk.
Let ΩxG := X ×G X and δx : X → ΩxG the induced diagonal map. Assume that G
is infinitesimally cartesian. Then G has an analytic cotangent complex at x if and
only if ΩxG has an analytic cotangent complex at δx. If this is the case, then there
is a natural equivalence

Lan
G,x ' Lan

ΩxG,δx [−1].

Proof. For any F ∈ Coh≥1(X), we have
Deran

ΩxG(X;F) ' ΩDeran
G (X;F) ' ΩDeran

G (X;F[−1][1]).
Since G is infinitesimally cartesian, we can use [50, Lemma 7.8] to rewrite this as

Deran
G (X;F[−1]) ' MapCoh+(X)(Lan

G,x[1],F).
Therefore, Lan

ΩxG,δx ' Lan
G,x[1]. �

Proposition 3.10. Let X ∈ dAfdk and let x : X → F' be a point classifying a
flat map p : Y → X from a derived k-analytic space Y . If p is proper, has finite
coherent cohomological dimension and locally of finite presentation, then F' admits
an analytic cotangent complex at x, given by the formula

Lan
F,x ' p+(Lan

Y/X)[−1],
where p+(Lan

Y/X) := (p∗((Lan
Y/X)∨))∨.

Proof. Consider the derived k-analytic stack
G := X ×F' X

and let δx : X → G be the diagonal morphism induced by x. Since F' is infinitesi-
mally cartesian, Lemma 3.9 shows that F' has an analytic cotangent complex at
x if and only if G has an analytic cotangent complex at δx; moreover, in this case
we have

Lan
F',x ' Lan

G,δx [1].
Fix F ∈ Coh≥0(X). Unraveling the definitions, we have

Deran
G (X;F) ' Map(X[F], G)×Map(X,G) {x}

' Map/X[F](Y [p∗F], Y [p∗F])×Map/X(Y,Y ) {idY }
' Map/X(Y [p∗F], Y )×Map/X(Y,Y ) {idY }
' Deran

Y/X(Y ; p∗F)
' MapCoh+(Y )(Lan

Y/X , p
∗F).
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Since p : Y → X is locally of finite presentation, Lan
Y/X is perfect. Since p is also

proper flat and has finite coherent cohomological dimension, [51, Proposition 7.11]
allows us to rewrite

MapCoh+(Y )(Lan
Y/X , p

∗F) ' MapCoh+(X)(p+(Lan
Y/X),F),

completing the proof. �

For application to the moduli stack of curves with marked points, we generalize
the previous results concerning deformations of spaces to deformations of morphisms
(varying source and target). Let T ∈ dAfdk and let p : X → T , q : Y → T be two
proper flat derived k-analytic spaces over T . Let f : X → Y be a morphism in
dAn/T . Let

Deff : dAfdop
T//T −→ S

be the moduli functor of deformations of f . In other words, for T ′ ∈ dAfdT//T ,
Deff (T ′) is the space of commutative diagrams

X Y

X ′ Y ′

T

T ′

f

p
q

f ′

p′ q′

where p′ and q′ are proper and flat and the side squares are pullbacks.

Proposition 3.11. The functor Deff is infinitesimally cartesian and convergent.
Moreover, let x : T → Deff be the point corresponding to the trivial deformation. If
p and q have finite coherent cohomological dimension, then Deff admits an analytic
cotangent complex at x, which fits in the following pushout diagram:

p+f
∗(Lan

Y/T )[−1] q+(Lan
Y/T )[−1]

p+(Lan
X/T )[−1] Lan

Deff ,x.

Proof. Using Propositions 3.4 and 3.7, we deduce that Deff is infinitesimally
cartesian and convergent. Let G be the fiber product

G := T ×Deff T,

and δx : T → G the diagonal morphism. Then Lemma 3.9 shows that Deff has an
analytic cotangent complex at x if and only if G has an analytic cotangent complex
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at δx; in this case they are related by the formula

Lan
Deff ,x ' Lan

G,δx [−1].

Let us compute Lan
G,δx . Let F ∈ Coh≥0(T ). Unraveling the definitions, we have

Deran
G (T ;F) ' MapX/(X[p∗F], X)×MapX/(X[p∗F],Y ) MapY/(Y [q∗F], Y )
' MapCoh+(X)(Lan

X/T , p
∗F)×MapCoh+(X)(f∗L

an
Y/T

,p∗F) MapCoh+(X)(Lan
Y/T , q

∗F).

Since p and q are proper, flat and have finite coherent cohomological dimension,
we can rewrite the fiber product above as

MapCoh+(X)(p+(Lan
X/T ),F)×MapCoh+(X)(p+f∗(Lan

Y/T
),F) MapCoh+(X)(q+(Lan

Y/T ),F).

The conclusion now follows from the Yoneda lemma. �

4. The derived moduli stack of non-archimedean stable maps

In this section, we introduce the derived moduli stacks of non-archimedean
(pre)stable curves and (pre)stable maps. We prove that the derived moduli stack
of stable curves is equivalent to the embedding of the classical moduli stack (see
Proposition 4.5). This is not the case for stable maps. We prove that the derived
moduli stack of stable maps is a derived k-analytic stack that is derived lci (see
Theorems 4.13, 4.15).

4.1. The derived stack of (pre)stable curves.

Definition 4.1. Let T ∈ dAnk be a derived k-analytic space. An n-pointed genus
g (pre)stable curve over T is a proper flat morphism p : C → T in dAnk together
with n distinct sections si : T → C such that every geometry fiber is an n-pointed
genus g (pre)stable curve.

Remark 4.2. By definition, given T ∈ dAnk, the ∞-category of n-pointed genus
g (pre)stable curves over T is a full subcategory of dAnTqn//T .

Observe that for any T ′ → T in dAnk, the pullback of any n-pointed genus g
(pre)stable curve over T is an n-pointed genus g (pre)stable curve over T ′. Hence
we obtain the derived stacks

RMpre
g,n,RM g,n : dAfdop

k −→ S

of n-pointed genus g prestable (resp. stable) curves. We denote

M
pre
g,n := t0(RMpre

g,n) j
↪−→ RMpre

g,n, M g,n := t0(RM g,n) i
↪−→ RM g,n.

Note that by the flatness condition, if T is underived, any (pre)stable curve over T
is also underived. Hence Mpre

g,n and M g,n parametrizes underived (pre)stable curves.
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Lemma 4.3. Let T ∈ dAnk and let [p : C → T, (si)] be an n-pointed genus g
prestable curve over T . Then p is derived lci, and smooth outside the nodes.
Moreover, the sections si are derived lci.

Proof. Since p : C → T is flat, the square

t0(C) C

t0(T ) T

jC

t0(p) p

jT

is a pullback square. So we have
j∗CLan

C/T ' Lan
t0(C)/t0(T ).

Since the map t0(p) : t0(C)→ t0(T ) is lci, it follows that Lan
t0(C)/t0(T ) is perfect and in

tor-amplitude [1, 0]. Therefore, the same goes for Lan
C/T . Moreover, t0(p) is smooth

outside the nodes; so by [50, Proposition 5.50], Lan
t0(C)/t0(T ) has tor-amplitude [0, 0]

outside the nodes. Thus, the same goes for Lan
C/T ; and applying the same proposition

again, we conclude that p : C → T is smooth outside the nodes.
Let U ⊂ C be the open complementary of the nodes. For every i = 1, . . . , n, we

see that t0(si) : t0(T )→ t0(C) factors through t0(U), and hence si factor through
U . In other words, the sections si are also sections of the smooth map U → T . So
it follows from Lemma 2.5(3) that they are derived lci. �

Lemma 4.4. The derived stack RMpre
g,n is a derived k-analytic stack.

Proof. Using Proposition 3.11, we deduce that RMpre
g,n is infinitesimally cartesian,

convergent and admits a global analytic cotangent complex. Moreover, its trunca-
tion is geometric, so [50, Theorem 7.1] implies that RMpre

g,n is a derived k-analytic
stack. �

Proposition 4.5. The morphisms j : Mpre
g,n → RMpre

g,n and i : M g,n → RM g,n are
equivalences.

Proof. As M g,n is an open substack in Mpre
g,n and RM g,n is the corresponding open

substack in RMpre
g,n, it is enough to prove that j is an equivalence. Since Mpre

g,n is
smooth, j is an equivalence if and only if RMpre

g,n is smooth. Therefore, by [50,
Proposition 5.50], it is enough to check that Lan

RMpre
g,n

is perfect and in tor-amplitude
[0,−1]. By Remark 2.3, tor-amplitude [0,−1] implies perfectness. Hence it is
enough to prove that for every (underived) k-affinoid space T ∈ Afdk and every
map x : T → RMpre

g,n, one has

(4.6) πi
(
x∗Lan

M
pre
g,n

)
' 0 for every i ≥ 1.
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Let [p : C → T, (si)] be the n-pointed genus g prestable curve classified by x. Let
Tan
C/T (−∑ si) be given by the fiber sequence

(4.7) Tan
C/T (−∑si) −→ Tan

C/T −→
n⊕
i=1

si∗s
∗
iTan

C/T .

By Proposition 3.11 we have

(4.8) x∗Lan
RMpre

g,n
'
(
p∗
(
Tan
C/T (−∑si)))∨[−1].

Since p : C → T is a curve, in order to check (4.6), it suffices to check that

π−2
(
p∗
(
Tan
C/T (−∑si))) = 0.

Applying p∗ to the fiber sequence (4.7) and passing to the long exact sequence of
homotopy groups, we are left to check the vanishings

π−2(p∗Tan
C/T ) = 0 and π−2(p∗si∗s∗iTan

C/T ) = 0 for every i = 1, . . . , n.

By Lemma 4.3, p : C → T is derived lci, hence Tan
C/T is in tor-amplitude [0,−1].

As T is underived, s∗iTan
C/T is in homological amplitude [0,−1]. Moreover, as T is

affinoid, [51, Theorem 3.4] implies that the second vanishing holds. As for the first
vanishing, using the hypercohomology spectral sequence, we are left to check that

π0(p∗(π−2Tan
C/T )) ' π−1(p∗(π−1Tan

C/T )) ' 0.

Since p : C → T is derived lci, π−2Tan
C/T = 0. Moreover, since p : C → T is smooth

outside the nodes, π−1(Tan
C/T ) is supported on finitely many sections of p. As T is

affinoid, it follows that π−1(p∗(π−1Tan
C/T )) ' 0, completing the proof. �

Corollary 4.9. Let Cpre
g,n → M

pre
g,n, Cg,n → M g,n, RC

pre
g,n → RMpre

g,n and RCg,n →
RM g,n be the universal curves. We have equivalences

C
pre
g,n RCpre

g,n

M
pre
g,n RMpre

g,n

∼

∼

and
Cg,n RCg,n

M g,n RM g,n

∼

∼

.

Proof. By definition, the vertical maps are all flat. By Proposition 4.5, the stacks
RMpre

g,n and RM g,n are underived. Hence the stacks RCpre
g,n and RCg,n are also

underived, from which the conclusion follows. �
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4.2. The derived stack of (pre)stable maps. Fix S a rigid k-analytic space
and X a rigid k-analytic space smooth over S.

Definition 4.10. Let T ∈ dAn/S be a derived k-analytic space over S. An n-
pointed genus g prestable map into X/S over T consists of an n-pointed genus g
prestable curve [C → T, (si)] over T and an S-map f : C → X. It is called stable
if every geometric fiber [Ct, (si(t)), ft : Ct → X] is a stable map, in the sense that
its automorphism group is a finite analytic group.

Remark 4.11. An equivalent characterization for [Ct, (si(t)), ft : Ct → X] to be
stable is that every irreducible component of Ct of genus 0 (resp. 1) which maps to
a point must have at least 3 (resp. 1) special points on its normalization, where
by special point, we mean the preimage of either a marked point or a node by the
normalization map. We refer to [33, 16] for the theory of stable maps in algebraic
geometry.

Remark 4.12. By definition, given T ∈ dAn/S, the∞-category of n-pointed genus
g (pre)stable maps into X/S over T is a full subcategory of dAnTqn//T×SX .

Observe that for any T ′ → T in dAnk, the pullback of any n-pointed genus g
(pre)stable map into X/S over T is an n-pointed genus g (pre)stable map into X/S
over T ′. Hence we obtain the derived stacks

RMpre
g,n(X/S),RM g,n(X/S) : dAfdop

k −→ S

of n-pointed genus g prestable (resp. stable) maps into X/S. We denote

M
pre
g,n(X/S) := t0(RMpre

g,n(X/S)), M g,n(X/S) := t0(RM g,n(X/S)).

Note that by the flatness condition, if T is underived, any (pre)stable map into X/S
over T is also underived. Hence Mpre

g,n(X/S) and M g,n(X/S) parametrize underived
(pre)stable maps into X/S.

Theorem 4.13. The derived stacks RMpre
g,n(X/S) and RM g,n(X/S) are derived

k-analytic stacks locally of finite presentation over S.

Proof. By definition,

RMpre
g,n(X/S) 'MapRMpre

g,n×S(RCpre
g,n × S,X × RMpre

g,n).

By Corollary 4.9, we have

MapRMpre
g,n×S(RCpre

g,n × S,X × RMpre
g,n) 'MapMpre

g,n×S(Cpre
g,n × S,X ×M

pre
g,n).

By [51, Theorem 1.1], the right hand side is a derived k-analytic stack locally of
finite presentation over S. We conclude that RMpre

g,n(X/S) is a derived k-analytic
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stack locally of finite presentation over S. Since the stability condition is an open
condition, the inclusion

RM g,n(X/S) ↪→ RMpre
g,n(X/S)

is Zariski open. We deduce that RM g,n(X/S) is also a derived k-analytic stack
locally of finite presentation over S. �

Remark 4.14. If S is an algebraic variety over k and X is an algebraic variety
over S, then by [25], we have

RMpre
g,n(X/S)an ∼−−→ RMpre

g,n(Xan/San),
and hence

RM g,n(X/S)an ∼−−→ RM g,n(Xan/San).

Theorem 4.15. The derived k-analytic stacks RMpre
g,n(X/S) and RM g,n(X/S) are

derived lci over S.

Proof. Since RM g,n(X/S) ↪→ RMpre
g,n(X/S) is Zariski open, it suffices to prove that

RMpre
g,n(X/S) is derived lci over S.

We start by computing explicitly the relative analytic cotangent complex of
RMpre

g,n(X/S) over S. Let T ∈ dAn/S and x : T → RMpre
g,n(X/S). Recall Mpre

g,n '
RMpre

g,n by Proposition 4.5. Let y : T →M
pre
g,n × S be the composition of x with the

map RMpre
g,n(X/S)→M

pre
g,n × S taking domain curves. Let

C X

T

p

f

si

be the n-pointed genus g stable map classified by x. Then [51, Lemma 8.4] implies
that we have a canonical equivalence

x∗Lan
RMpre

g,n(X/S)/(Mpre
g,n×S) ' p+(f ∗Lan

X/S).

The transitivity fiber sequence for the analytic cotangent complex now yields
y∗Lan

M
pre
g,n×S

−→ x∗Lan
RMpre

g,n(X/S)/S −→ x∗Lan
RMpre

g,n(X/S)/(Mpre
g,n×S).

By (4.8), we obtain

x∗Tan
RMpre

g,n(X/S)/S ' p∗
(
cofib

(
Tan
C/T (−∑si)→ f ∗Tan

X/S

))
.

At this point, in order to check that RMpre
g,n(X/S) is derived lci over S, it suffices

to verify that for every x : T → RMpre
g,n(X/S) with T underived over S, we have

πj

(
x∗Tan

RMpre
g,n(X/S)/S

)
' 0 for every j ≤ −2.
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By Lemma 4.3, the map p : C → T and the sections si : T → C are all derived
lci. Therefore, the fiber sequence (4.7) implies that Tan

C/T (−∑ si) is in homological
amplitude [0,−1]. As p : C → T is a relative curve, we have

πj
(
p∗
(
Tan
C/T (−∑si))) ' 0 for every j ≤ −3.

Moreover, since X is smooth over S, f ∗Tan
X/S is concentrated in degree 0, thus

πj(p∗f ∗Tan
X/S) ' 0 for every j ≤ −2, whence the conclusion follows. �

4.3. Stable maps associated to A-graphs. The stack of stable maps has a
natural refinement indexed by combinatorial data which we describe below:

Definition 4.16. A cycle on a rigid k-analytic space X is a finite formal integral
linear combination of closed irreducible reduced analytic subspaces. Two cycles Z
and Z ′ on X are called analytically equivalent if there is a connected smooth rigid
k-analytic curve T and a cycle V on X × T flat over T , such that

[Vt]− [Vt′ ] = [Z]− [Z ′]

for two rigid points t, t′ on T . Let A(X) denote the group of one-dimensional cycles
on X modulo analytic equivalence.

For every class β ∈ A(X), we denote by M g,n(X/S, β) the connected component
of M g,n(X/S) consisting of stable maps such that the fundamental class of the
domain curve maps to β, and we define RM g,n(X/S, β) similarly.

Definition 4.17 (see [9, Definition 1.5]). A modular graph consists of the following
data:

(1) A finite graph τ .
(2) A subset Tτ of 1-valent vertices of τ called tail vertices, such that each edge

e of τ contains at most one tail vertex; an edge containing a tail vertex
is called a tail; we denote by Vτ the set of non-tail vertices of τ , and by
Eτ the set of non-tail edges of τ . The tails are numbered, i.e. a bijection
between Tτ and {1, . . . , |Tτ |} is fixed.

(3) For each v ∈ Vτ , a non-negative integer g(v) called genus.
For every non-tail edge e, we choose a point p in the middle and will consider the
two half-edges incident to p. Given v ∈ Vτ , we denote by Ev the set of tails and
half-edges connected to v; we call the cardinality of Ev the valence of v, and denote
it by val(v). The genus g(τ) of the modular graph τ is the genus of the underlying
graph plus the sum of all g(v). An A-graph is a pair (τ, β) consisting of a modular
graph τ and a map β : Vτ → A(X).
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Definition 4.18. Let τ be a modular graph and T ∈ dAnk a derived k-analytic
space. A τ -marked derived k-analytic space [Xv, (sv,e)e∈Eτ ]v∈Vτ over T is a collection
of separated derived k-analytic spaces Xv over T equipped with sections sv,e : T →
Xv for every e ∈ Ev.

Note that τ -marked derived k-analytic spaces over T form naturally an ∞-
category dAnτT , which is a full subcategory of the product ∏v∈Vτ dAnTq val(v)//T .

Construction 4.19. Let τ be a modular graph and let [Xv, (sv,e)e∈Eτ ]v∈Vτ be a
τ -marked derived k-analytic space over T . Since each Xv is separated over T , the
sections sv,e : T → Xv are closed immersions. For each non-tail edge e of τ , let e1
and e2 be the two corresponding half-edges, and v1, v2 the two endpoints (v1 = v2
if e is a loop). Using [50, Theorem 6.5], we glue these sections and obtain a new
derived k-analytic space over T . The universal property of the gluing induces a
functor

γτ : dAnτ/T −→ dAn/T .
We refer to γτ as the τ -gluing functor.

Definition 4.20. Given an n-pointed genus g prestable curve [C, (si)] over an
algebraically closed field, let Γ be the dual graph of C. For each vertex v of Γ, let
g(v) be the genus of the corresponding irreducible component Cv of C. For each
marked point si, we add a vertex vi to Γ, and an edge ei connecting vi and the
vertex of Γ corresponding to the irreducible component of C containing si. Then
we obtain a modular graph τ with Tτ = {vi}, which we call the modular graph
associated to [C, (si)].

Definition 4.21. Let τ be a modular graph and T ∈ dAnk a derived k-analytic
space. A τ -marked (pre)stable curve over T consists of a τ -marked derived k-
analytic space [Cv, (sv,e)e∈Ev ]v∈Vτ over T such that for every v ∈ Vτ , [Cv, (sv,e)e∈Ev ]
is a val(v)-pointed genus g(v) (pre)stable curve over T .

Definition 4.22. Let τ be a modular graph and T ∈ dAnk a derived k-analytic
space. Let [Cv, (sv,e)]v∈Vτ be a τ -marked (pre)stable curve over T . Let C be its
τ -gluing (see Construction 4.19). It inherits sections se for every non-tail edge e
of τ and si for every tail edge i of τ . We call [C, (si)i∈Tτ , (se)e∈Eτ ] the glued curve
associated to the τ -marked (pre)stable curve [Cv, (sv,e)e∈Ev ]v∈Vτ . Note that the
arithmetic genus of C is equal to the genus of τ . Given any geometric point t ∈ T ,
consider the geometric fiber [Ct, (si(t))i∈Tτ , (se(t))e∈Eτ ]. By construction, every si(t)
lies in the smooth locus of Ct, and every se(t) is a node of Ct. We also remark that
the modular graph associated to the pointed (pre)stable curve [Ct, (si(t))i∈Tτ ] is
not τ in general, but it admits a contraction to τ .
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Remark 4.23. Let Mpre
τ and RMpre

τ denote respectively the underived and the
derived stack of τ -marked prestable curves. Let M τ and RM τ denote respectively
the underived and the derived stack of τ -marked stable curves. By definition, we
have natural equivalences

M
pre
τ '

∏
v∈Vτ

M
pre
g(v),val(v), M τ '

∏
v∈Vτ

M g(v),val(v),

RMpre
τ '

∏
v∈Vτ

RMpre
g(v),val(v), RM τ '

∏
v∈Vτ

RM g(v),val(v).

Let Cpre
τ , RCpre

τ , Cτ and RCτ be the universal glued curves over the moduli stacks
M

pre
τ , RMpre

τ , M τ and RM τ respectively. They are well-defined by Lemma 3.1.
Then by Corollary 4.9, we obtain natural equivalences

C
pre
τ RCpre

τ

M
pre
τ RMpre

τ

∼

∼

and
Cτ RCτ

M τ RM τ

∼

∼

.

Definition 4.24. Let (τ, β) be an A-graph and let T ∈ dAn/S be a derived k-
analytic space over S. A (τ, β)-marked prestable map into X/S over T consists of
a τ -marked prestable curve [Cv, (sv,e)e∈Ev ]v∈Vτ over T and an S-map f from the
associated glued curve [C, (si)i∈Tτ , (se)e∈Eτ ] to X such that for every geometric
point t ∈ T and every v ∈ Vτ , the composite map Cv,t → Ct

ft−→ X has class β(v).
It is called stable if every geometric fiber [Ct, (si(t))i∈Tτ , ft] is a stable map.

Note that (τ, β)-marked (pre)stable maps into X/S over T form naturally an
∞-category, which is a full subcategory of the fiber product

dAn/T×SX ×dAn/T dAnτ/T ,
where the functor dAnτ/T → dAn/T is the τ -gluing functor γτ of Construction 4.19.

Remark 4.25. Let Mpre(X/S, τ, β) and RMpre(X/S, τ, β) denote respectively the
underived and the derived stack of (τ, β)-marked prestable maps into X/S. Let
M(X/S, τ, β) and RM(X/S, τ, β) denote respectively the underived and the derived
stack of (τ, β)-marked stable maps into X/S. As in the proof Theorem 4.13, we
have Zariski open embeddings

M(X/S, τ, β) ↪−→M
pre(X/S, τ, β) ' t0MapMpre

τ ×S(Cpre
τ × S,X ×M

pre
τ ),

RM(X/S, τ, β) ↪−→ RMpre(X/S, τ, β) 'MapMpre
τ ×S(Cpre

τ × S,X ×M
pre
τ ).

Hence M(X/S, τ, β) is a rigid k-analytic stack over S, and RM(X/S, τ, β) is a
derived k-analytic stack over S. Similar to Theorem 4.15, the derived k-analytic
stack RM(X/S, τ, β) is moreover derived lci over S.
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Let Cpre(X/S, τ, β), RCpre(X/S, τ, β), C(X/S, τ, β) and RC(X/S, τ, β) be the
universal glued curves over the moduli stacks Mpre(X/S, τ, β), RMpre(X/S, τ, β),
M(X/S, τ, β) and RM(X/S, τ, β) respectively; in other words, they are respectively
the pullbacks of Cpre

τ , RCpre
τ , Cτ and RCτ along the maps taking domains.

4.4. The stabilization map. The goal of this subsection is to construct the
stabilization of prestable maps in families

stab: RMpre(X/S, τ, β) −→ RM(X/S, τ, β).
We begin by constructing the stabilizing contraction in the sense of the following
definition:

Definition 4.26. Let T ∈ dAn/S be a derived k-analytic space over S. Let
f := ([Cv, (sv,e)e∈Ev ]v∈Vτ , f) and f ′ := ([C ′v, (s′v,e)e∈Ev ]v∈Vτ , f ′) be two τ -marked
prestable maps into X/S over T . We say that a morphism p : f → f ′ is a stabilizing
contraction if f ′ is stable and for every other τ -marked stable map f ′′ the morphism

Map/T (f ′, f ′′) −→ Map/T (f , f ′′)
is an equivalence. Here the mapping spaces are computed in the ∞-category of
τ -marked prestable maps into X/S over T (see Definition 4.24).

4.4.1. A criterion for stabilization. Before constructing the stabilizing contraction,
we describe a criterion for checking its universal property.

Lemma 4.27. Let Y ∈ dAn/T be a derived k-analytic space over T , and p : C → C ′

a morphism in dAn/T . Assume the following:
(1) p is proper and has finite coherent cohomological dimension;
(2) both C and C ′ are proper and flat over T ;
(3) the canonical map

O
alg
C′ −→ p∗O

alg
C

is an equivalence;
(4) Y → T is flat, separated and locally of finite presentation.

Then Map/T (C, Y ) and Map/T (C ′, Y ) are derived k-analytic stacks locally of finite
presentation over T , and the induced map

(4.28) π : Map/T (C ′, Y ) −→Map/T (C, Y )
is étale. In particular the diagram

Map/T (C ′, Y ) Map/t0(T )(C ′0, t0(Y ))

Map/T (C, Y ) Map/t0(T )(C0, t0(Y ))
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is a pullback square.

Proof. Let U ∈ dAn/T , and assume that it is underived. Since C and Y are flat
over T , we have

Map/T (C, Y )(U) ' Map/T (C ×T U, Y ×T U)
' Map/t0(T )(t0(C)×t0(T ) U, t0(Y )×T U)
'Map/t0(T )(t0(C), t0(Y ))(U).

In other words, we have a canonical equivalence
t0(Map/T (C, Y )) ' t0(Map/t0(T )(t0(C), t0(Y )).

Therefore, by [15, Proposition 5.3.3], the truncation of Map/T (C, Y ) is repre-
sentable. Then it follows from [51, Proposition 8.5] that Map/T (C, Y ) and
Map/T (C ′, Y ) are derived k-analytic stacks locally of finite presentation over
T .

In order to prove that the map (4.28) is étale, it is enough to show that the
relative analytic cotangent complex of is zero. Denote F := Map/T (C, Y ) and
F ′ := Map/T (C ′, Y ). Then it is enough to check that for any (underived) k-affinoid
space U over T and any u : U → F ′, the map

u∗π∗Lan
F/T −→ u∗Lan

F ′/T

is an equivalence. Write CU := U ×T C and C ′U := U ×T C ′. Let f : CU → Y and
f ′ : C ′U → Y be the morphisms corresponding to π ◦ u and u, respectively. Let

qU : CU → U, q′U : C ′U → U, pU : CU → C ′U

be the induced morphisms. Then f ' f ′ ◦ pU and qU ' q′U ◦ pU . Using [51, Lemma
8.4] we can rewrite

u∗Tan
F/T ' qU∗(f ∗(Tan

Y )), u∗π∗Tan
F/T ' q′U∗(f ′∗(Tan

Y )).
Since pU : CU → C ′U is proper, by assumption (3) and the projection formula ([51,
Theorem 1.4]), we have
qU∗(f ∗(Tan

Y )) ' q′U∗(pU∗(p∗U(f ′∗Tan
Y ))) ' q′U∗(pU∗O

alg
CU
⊗ f ′∗Tan

Y ) ' q′U∗(f ′∗(Tan
Y )),

completing the proof. �

Proposition 4.29. Let T ∈ dAn/S be a derived k-analytic space over S. Let f =
([Cv, (sv,e)e∈Ev ]v∈Vτ , f) and f ′ = ([C ′v, (s′v,e)e∈Ev ]v∈Vτ , f ′) be two τ -marked prestable
maps into X/S over T and let p : f → f ′ be a morphism between them. Assume
that:

(1) the canonical map O
alg
C′v
→ p∗O

alg
Cv is an equivalence;

(2) the truncation p0 : f0 → f ′0 is a stabilizing contraction.
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Then p is a stabilizing contraction as well.

Proof. It follows from the definition that f ′ is stable if and only if its truncation f ′0
is stable. Let now f ′′ be any other τ -marked stable map into X/S over T . Write
T0 := t0(T ). By assumption (2), it is enough to prove that the diagram

(4.30)
Map/T (f ′, f ′′) Map/T0(f ′0, f ′′0 )

Map/T (f , f ′′) Map/T0(f0, f ′′0 )

is a pullback square. Write

f = ([Cv, (sv,e)e∈Ev ]v∈Vτ , f), C := [Cv, (sv,e)e∈Ev ]v∈Vτ ,
f0 = ([(Cv)0, ((sv,e)0)e∈Ev ]v∈Vτ , f0), C0 := [(Cv)0, ((sv,e)0)e∈Ev ]v∈Vτ .

Let [C, (si)i∈Tτ , (se)e∈Eτ ] and [C0, ((si)0)i∈Tτ , ((se)0)e∈Eτ ] be the associated glued
curves. We introduce analogous notations for f ′ and f ′′. By Definition 4.24, we
have

Map/T (f , f ′′) ' Map/T×SX(C,C ′′)×Map/T (C,C′′) MapdAnτ
/T

(C,C′′).

The other mapping spaces appearing in diagram (4.30) have analogous descriptions.
We are therefore left to check that the diagrams

(4.31)
Map/T (C ′, C ′′) Map/T0(C ′0, C ′′0 )

Map/T (C,C ′′) Map/T0(C0, C
′′
0 )

,

(4.32)
Map/T×SX(C ′, C ′′) Map/T0×SX(C ′0, C ′′0 )

Map/T×SX(C,C ′′) Map/T0×SX(C0, C
′′
0 )

,

(4.33)

MapdAnτ
/T

(C′,C′′) MapdAnτ
/T0

(C′0,C′′0)

MapdAnτ
/T

(C,C′′) MapdAnτ
/T0

(C0,C′′0)

are pullback squares.
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For diagram (4.31), the statement follows directly from Lemma 4.27. For diagram
(4.32), we rewrite

Map/T×SX(C,C ′′) ' fib
(

Map/T (C,C ′′)→ Map/T (C, T ×S X)
)
,

where the fiber is taken at the given map f : C → T×SX. The other mapping spaces
appearing in diagram (4.32) admit analogous descriptions. Applying Lemma 4.27
twice, we deduce that diagram (4.32) is also a pullback.

We are left to prove that diagram (4.33) is a pullback. Unraveling the definition
of the ∞-category dAnτ/T , we can rewrite

MapdAnτ
/T

(C,C′′) '
∏
v∈Vτ

MapTq val(v)//T (Cv, C ′′v ).

Fix v ∈ Vτ and let n := val(v). It is then enough to prove that the diagram

(4.34)
MapTqn//T (C ′v, C ′′v ) MapTqn0 //T0((C ′v)0, (C ′′v )0)

MapTqn//T (Cv, C ′′v ) MapTqn0 //T0((Cv)0, (C ′′v )0)

is a pullback. Consider the diagram

MapTqn//T (C ′, C ′′) MapTqn//T (C,C ′′) ∗

Map/T (C ′, C ′′) Map/T (C,C ′′) Map/T (Tqn, C ′′),

where the right vertical arrow selects the sections of C ′′v . The outer and the right
squares are pullbacks by definition. It follows that the left square is also a pullback.
Similarly,

MapTqn0 //T0((C ′v)0, (C ′′v )0) Map/T0((C ′v)0, (C ′′0 )v)

MapTqn0 //T0((Cv)0, (C ′′v )0) Map/T0((Cv)0, (C ′′v )0)

is a also pullback square. Therefore, in order to prove that diagram (4.34) is a
pullback it is enough to prove that

Map/T (C ′v, C ′′v ) Map/T0((C ′v)0, (C ′′v )0)

Map/T (Cv, C ′′v ) Map/T0((Cv)0, (C ′′v )0)
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is a pullback square. This follows from Lemma 4.27, completing the proof. �

We remark that it is enough to check assumption (1) of Proposition 4.29 at the
level of truncations, by the following lemma:

Lemma 4.35. Let T ∈ dAnk, and let p : C → C ′ be a morphism in dAn/T . Assume
that:

(1) p : C → C ′ is proper and has finite coherent cohomological dimension;
(2) both C and C ′ are flat over T ;
(3) let p0 : C0 → C ′0 denote the truncation of p, the canonical map

O
alg
C′0
−→ p0∗O

alg
C0

is an equivalence.
Then the canonical map

O
alg
C′ −→ p∗O

alg
C

is an equivalence as well.

Proof. Since both C and C ′ are flat over T , the diagram

C0 C

C ′0 C ′
j

is a pullback square. Since p is proper and has finite coherent cohomological
dimension, we see that p∗Oalg

C belongs to Coh+(C ′). Therefore, the map α : Oalg
C′ →

p∗O
alg
C is an equivalence if and only if j∗(α) is an equivalence. Since p is proper, by

derived base change ([51, Theorem 1.5])), j∗(α) is canonically identified with the
map O

alg
C′0
→ p0∗O

alg
C0 . The conclusion follows. �

4.4.2. Construction of stabilization. Now let us construct the stabilizing contraction
in Definition 4.26 for any τ -marked prestable map f := ([Cv, (sv,e)e∈Ev ]v∈Vτ , f) into
X/S over T . We first reason étale locally on T . Let t ∈ T be a geometric point and
let ([(Cv)t, (sv,e(t))e∈Ev ]v∈Vτ , ft) denote the associated stable map. Up to replacing
T by a connected étale neighborhood of t, we can assume that for every geometric
point u = ([(Cv)u, (sv,e(u))e∈Ev ]v∈Vτ , fu) ∈ T0 := t0(T ) and every v ∈ Vτ , the
following conditions are satisfied:

(1) (Cv)u is a partial smoothing of (Cv)t, in the sense that the deformation
from (Cv)t to (Cv)u does not create any new nodes.

(2) Let D be an irreducible component of (Cv)u specializing to a union E of
irreducible components of (Cv)t. If ft is not constant on one component of
E, then fu is not constant on D.
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To every irreducible component of (Cv)t on which ft is not constant, we add three
new marked points away from the nodes and the existing marked points. In this
way we obtain a new τ -marked prestable map ([(Cv)t, (sv,e(t), pv,j(t))]v∈Vτ , ft). By
[50, Proposition 5.50(3)], up to shrinking T , we can extend the marked points pv,j(t)
to disjoint sections pv,j of Cv → T , away from the nodes and the existing sections.
Using the equivalenceMpre

τ ' RMpre
τ , we apply stabilization for τ -marked prestable

curves (see [55, 0E8A]) to the family [Cv, (sv,e, pv,j)]v∈Vτ , and obtain a τ -marked
stable curve [C ′v, (s′v,e, p′v,j)]v∈Vτ together with stabilization maps cv : Cv → C ′v. This
induces a stabilization map of glued curves c : C → C ′, and let c0 : C0 → C ′0 be its
truncation. By construction, on every geometric fiber, the map c0 contracts only
irreducible components on which f0 is constant. So the map f0 : C0 → X factors
as C0

c0−→ C ′0
f ′0−→ X. Moreover, since only rational components are contracted, the

natural map
O

alg
C′0
−→ c0∗O

alg
C0

is an equivalence. Using Lemma 4.35, we deduce that the natural map

(4.36) O
alg
C′ −→ c∗O

alg
C

is also an equivalence. Therefore Lemma 4.27 implies that the map f ′0 : C ′0 → X

can be lifted in a unique (up to a contractible space of choices) way to a map
f ′ : C ′ → X making the diagram

C X

C ′ S

f

c
f ′

commutative. Forgetting the new marked points, we obtain a τ -marked prestable
map

f ′ := ([C ′v, (s′v,e)e∈Ev ]v∈Vτ , f ′)

into X/S over T , together with a morphism

c : f −→ f ′

We claim that c is a stabilizing contraction. Since the canonical map (4.36) is an
equivalence, Proposition 4.29 implies that it is enough to show that the truncation
c0 : f0 → f ′0 is a stabilizing contraction. This follows from the uniqueness statement
in [55, Tag 08EA].

In order to glue this construction over T , it is enough to show that it is compatible
with base change. In other words, we have to prove that if c : f → f ′ is the
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stabilizing contraction over T constructed above and T ′ → T is any morphism,
then the induced morphism

c×T T ′ : f ×T T ′ −→ f ′ ×T T ′

is also a stabilizing contraction. Using once again Proposition 4.29, we are left to
prove the same statement at the level of truncation, where it follows from [55, Tag
08EB]. At this point, we obtain the following proposition, the goal of Section 4.4.

Proposition 4.37. There is a morphism of derived k-analytic stacks

stab: RMpre(X/S, τ, β) −→ RM(X/S, τ, β)

which sends every τ -marked prestable map f over any T ∈ dAn/S to the stabilization
f ′ of f in the sense of Definition 4.26.

Proof. This follows from the construction of stabilizing contraction and its compat-
ibility with base change. �

5. Geometry of derived stable maps

In this section, we prove a list of geometric relations between derived moduli
stacks of k-analytic stable maps with respect to elementary operations on A-graphs,
namely, products, cutting edges, universal curve, forgetting tails and contracting
edges. These relations are very natural and intuitive, and help replace the study of
compatibilities of perfect obstruction theories in the classical approach (cf. [7, 36]).
They will give rise to the geometric properties of quantum K-invariants in Section 8.

We fix S a rigid k-analytic space, and X a rigid k-analytic space smooth over
S. For any A-graph (τ, β), let RM(X/S, τ, β) denote the derived stack of (τ, β)-
marked stable maps into X/S as in Remark 4.25. We prove in the following a list
of geometric properties of RM(X/S, τ, β) with respect to operations on (τ, β).

5.1. Products. Let (τ1, β1) and (τ2, β2) be two A-graphs. Let (τ1 t τ2, β1 t β2) be
their disjoint union.

Theorem 5.1. We have a canonical equivalence

RM(X/S, τ1 t τ2, β1 t β2) ∼−−→ RM(X/S, τ1, β1)×S RM(X/S, τ2, β2),

where the projections are given by the natural forgetful maps.

Proof. The forgetful maps

pi : M
pre
τ1tτ2 −→M

pre
τi
, i = 1, 2
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exhibit Mpre
τ1tτ2 as the product of Mpre

τ1 and Mpre
τ2 . Let p∗iC

pre
τi

be the pullback of the
universal curve Cpre

τi
→M

pre
τi

along pi. Then we have a canonical equivalence

C
pre
τ1tτ2 ' p∗1C

pre
τ1 q p

∗
2C

pre
τ2 .

Note that the disjoint union on the right is also a disjoint union of (representable)
stacks. So MapMpre

τ1tτ2×S
(Cpre

τ1tτ2 × S,X ×M
pre
τ1tτ2) is canonically equivalent to

MapMpre
τ1tτ2×S

(p∗1C
pre
τ1 ×S,X×M

pre
τ1tτ2)×Mpre

τ1tτ2×S
MapMpre

τ1tτ2×S
(p∗2C

pre
τ2 ×S,X×M

pre
τ1tτ2).

As Mpre
τ1tτ2 'M

pre
τ1 ×M

pre
τ2 , we have

MapMpre
τ1tτ2×S

(p∗1C
pre
τ1 ×S,X ×M

pre
τ1tτ2) 'MapMpre

τ1 ×S
(Cpre

τ1 ×S,X ×M
pre
τ1 )×Mpre

τ2 ,

and similarly

MapMpre
τ1tτ2×S

(p∗2C
pre
τ2 ×S,X ×M

pre
τ1tτ2) 'MapMpre

τ2 ×S
(Cpre

τ2 ×S,X ×M
pre
τ2 )×Mpre

τ1 .

Therefore, MapMpre
τ1tτ2×S

(Cpre
τ1tτ2 × S,X ×M

pre
τ1tτ2) becomes canonically equivalent

to

MapMpre
τ1 ×S

(Cpre
τ1 × S,X ×M

pre
τ1 )×MapMpre

τ2 ×S
(Cpre

τ2 × S,X ×M
pre
τ2 ).

Note that on the level of truncations, the inclusions

M(X/S, τ1, β1) ↪−→ t0MapMpre
τ1 ×S

(Cpre
τ1 × S,X ×M

pre
τ1 ),

M(X/S, τ2, β2) ↪−→ t0MapMpre
τ2 ×S

(Cpre
τ2 × S,X ×M

pre
τ2 ),

M(X/S, τ1 t τ2, β1 t τ2) ↪−→ t0MapMpre
τ1tτ2×S

(Cpre
τ1tτ2 × S,X ×M

pre
τ1tτ2)

are all open, and we have a canonical isomorphism

M(X/S, τ1 t τ2, β1 t β2) 'M(X/S, τ1, β1)×M(X/S, τ2, β2).

Therefore, the conclusion follows from the equivalence of sites of [52, Lemma
7.16]. �

5.2. Cutting edges. Let (σ, β) be an A-graph obtained from (τ, β) by cutting an
edge e of τ . Let i, j be the two tails of σ created by the cut. The edge e gives a
section se of the universal curve Cpre

τ →M
pre
τ . Each geometric fiber of se gives the

node corresponding to e.

Theorem 5.2. We have a derived pullback diagram

RM(X/S, τ, β) RM(X/S, σ, β)

X X ×S X

c

eve evi×evj

∆
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where ∆ is the diagonal map, eve is evaluation at the section se, and c is induced
by cutting the domain curves at se.

Proof of Theorem 5.2. In this case, we have naturally M
pre
τ ' M

pre
σ , which we

denote by Mpre for simplicity.
Let si, sj : Mpre → C

pre
σ denote the two sections corresponding to the tails i and

j. By Remark 4.23, we have a derived pushout square

M
pre qMpre

C
pre
σ

M
pre

C
pre
τ .

sitsj

se

Then for any T ∈ dAn/S and T →M
pre, by Lemma 3.1, the diagram above remains

a pushout after base change to T . Therefore, we deduce that
(5.3)

MapMpre×S(Cpre
τ × S,X ×M

pre) MapMpre×S(Cpre
σ × S,X ×M

pre)

X X ×S X

evi×evj

∆

is a derived pullback square.
In order to complete the proof, it is enough to prove that the diagram

RM(X/S, τ, β) RM(X/S, σ, β)

MapMpre(Cpre
τ , X ×Mpre) MapMpre(Cpre

σ , X ×Mpre)

is a derived pullback square as well. By Remark 4.25, the two vertical maps are
Zariski open immersions, so it is enough to check that the diagram above is a
pullback after passing to the truncations. At the truncated level, it follows directly
from the definitions. �

5.3. Universal curve. Let (σ, β) be an A-graph obtained from (τ, β) by forgetting
a tail. By forgetting the marked point associated to the tail, we obtain a map of
derived k-analytic stacks

RMpre(X/S, τ, β) −→ RMpre(X/S, σ, β).

Let π : RM(X/S, τ, β)→ RM(X/S, σ, β) be the composition

RM(X/S, τ, β)→ RMpre(X/S, τ, β)→ RMpre(X/S, σ, β) stab−−→ RM(X/S, σ, β),
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where stab is the stabilization map in Proposition 4.37.
Assume that the forgotten tail was attached to the vertex w of σ. Let Cpre

w →M
pre
σ

be the universal curve corresponding to the vertex w, in other words, Cpre
w is defined

by the following pullback diagram:

C
pre
w M

pre
σ

C
pre
g(w),val(w) M

pre
g(w),val(w).

For any derived k-analytic stack F and any map f : F → M
pre
σ , we have a fiber

sequence

Map
(
F, F ×Mpre

g(w),val(w)
C

pre
g(w),val(w)

)
−→ Map(F,Cpre

w ) −→ Map(F,Mpre
σ ).

In other words, the space of maps F → C
pre
w over Mpre

σ is equivalent to the space
of sections of the prestable curve over F corresponding to the vertex w. Taking
F = RM(X/S, τ, β) and the map f to be the composition

RM(X/S, τ, β) π−−→ RM(X/S, σ, β) −→M
pre
σ ,

and using the section associated to the forgotten tail in τ , we obtain a canonical
map

λ : RM(X/S, τ, β) −→ C
pre
w .

We can now state the main result of this subsection:

Theorem 5.4. The diagram

RM(X/S, τ, β) RM(X/S, σ, β)

C
pre
w M

pre
σ

π

λ

is a derived pullback square.

Proof. The diagram commutes by construction. Write

RCw(X/S, σ, β) := C
pre
w ×Mpre

σ
RM(X/S, σ, β).

We need to prove that the natural map

RM(X/S, τ, β) −→ RCw(X/S, σ, β)

is an equivalence. Let T ∈ dAn/S be any derived k-analytic space over S. We first
show that the functor of ∞-groupoids

(5.5) RM(X/S, τ, β)(T ) −→ RCw(X/S, σ, β)(T )
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is fully faithful. Let f = ([Cv, (sv,e)]v∈Vτ , f) and f̃ = ([C̃v, (s̃v,e)]v∈Vτ , f̃) be two
τ -marked stable maps into X/S over T . Let f ′ = ([C ′v, (s′v,e)]v∈Vσ , f ′) and f̃ ′ =
([C̃ ′v, (s̃′v,e)]v∈Vσ , f̃ ′) be their images via π. Let s′ : T → C ′v and s̃′ : T → C̃ ′v be the
images of the extra sections corresponding to the forgotten tail. So the pairs (f ′, s′)
and (f̃ ′, s̃′) are the images of f and f̃ in RCw(X/S, σ, β) under the map (5.5). Given
any α : (f ′, s′)→ (f̃ ′, s̃′), denote by Mapα/T (f , f̃) the fiber of

Map/T (f , f̃) −→ Map/T ((f ′, s′), (f̃ ′, s̃′))

at α. In order to prove the full faithfulness of (5.5), it is enough to prove that for
every equivalence α : (f ′, s′)→ (f̃ ′, s̃′), the space Mapα/T (f , f̃ ′) is contractible. This
question is local on T , so we are free to replace T by an étale covering. Let U ′v be
the complement in C ′v of all the sections and all the nodes, and let

Uv := Cv ×C′v U
′
v.

Define similarly Ũ ′v and Ũv. Note that the equivalence α restricts to an equivalence
U ′v ' Ũ ′v. Moreover, the canonical morphisms Uv → U ′v and Ũv → Ũ ′v are also
equivalences. It follows that α induces an equivalence β : Uv ' Ũv. Up to replacing
T by an étale covering, we can add extra sections (p′v,j) to U ′v in such that C′ex :=
[C ′v, (s′v,e, p′v,j)]v∈Vτ is a stable pointed curve. Via the equivalence Uv ' U ′v, we lift
the sections p′v,j of U ′v to sections pv,j of Uv. Write

Cex := [Cv, (sv,e, pv,j)]v∈Vτ
and

f ex := (Cex, f), f ′ex := (C′ex, f ′).
Then the map f → f ′ induces a map f ex → f ′ex, and the underlying map Cex →
C′ex is a stabilizing contraction of pointed curves (see Section 4.4.2). Using the
equivalences α and β, we add compatible sections p̃v,j and p̃′v,j to Ũv and Ũ ′v. We
define similar notations f̃ ex, f̃ ′ex, C̃ex, C̃′ex. As above, the map f̃ → f̃ ′ induces a
map f̃ ex → f̃ ′ex, and the underlying map C̃ex → C̃′ex is a stabilizing contraction of
pointed curves. Write

fU := ([Uv]v∈Vτ , f), f ex
U := ([Uv, (pv,j)]v∈Vτ , f),

f̃U := ([Ũv]v∈Vτ , f̃), f̃ ex
U := ([Ũv, (pv,j)]v∈Vτ , f̃).

Let Wv denote the complement in Cv of the sections pv,j, and define similarly W̃v.
Set

fW := f ex
W := ([Wv, (sv,e)]v∈Vτ , f),

f̃W := f̃ ex
W := ([W̃v, (s̃v,e)]v∈Vτ , f̃).
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We also introduce the notations fU∩W , f ex
U∩W , f̃U∩W and f̃ ex

U∩W in the same way as
above.

Observe that the diagrams

Mapα/T (f , f̃) Mapα/T (fW , f̃W )

Mapα/T (fU , f̃U) Mapα/T (fU∩W , f̃U∩W )

and
Mapα/T (f ex, f̃ ex) Mapα/T (f ex

W , f̃ ex
W )

Mapα/T (f ex
U , f̃ ex

U ) Mapα/T (f ex
U∩W , f̃ ex

U∩W )

are pullback squares. Unraveling the definitions, we see that the natural maps

Mapα/T (f ex
U , f̃ ex

U ) −→ Mapα/T (fU , f̃U)

Mapα/T (f ex
W , f̃ ex

W ) −→ Mapα/T (fW , f̃W )

Mapα/T (f ex
U∩W , f̃ ex

U∩W ) −→ Mapα/T (fU∩W , f̃U∩W )

are equivalences. It follows that the induced map

Mapα/T (f ex, f̃ ex) −→ Mapα/T (f , f̃)

is an equivalence as well. By [38, Corollary 2.3.2.5], the forgetful map

Mapα/T (f ex, f̃ ex) −→ Mapα/T (Cex, C̃ex)

is an equivalence. As Cex and C̃ex are stable pointed curves, it follows from [31,
Corollary 2.6] that Mapα/T (Cex, C̃ex) is contractible. We deduce that Mapα/T (f , f ′)
is contractible, and conclude the full faithfulness of the functor of ∞-groupoids
(5.5).

Now it remains to prove that the functor (5.5) is also essentially surjective. Since
this functor is fully faithful, we can reason locally on T . At this point, using the
equivalence M τ ' RM τ , the same proof of [9, Proposition 4.5] applies. �

Corollary 5.6. The forgetful map

RM g,n+1(X/S) −→ RM g,n(X/S)

canonically factors through the universal curve RCg,n(X/S), and the resulting
morphism

RM g,n+1(X/S) −→ RCg,n(X/S)
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is an equivalence.

Proof. By definition, RCg,n(X/S) fits in the pullback diagram

RCg,n(X/S) RM g,n(X/S)

C
pre
g,n M

pre
g,n.

So the corollary follows directly from Theorem 5.4. �

5.4. Forgetting tails. Let (σ, β) be an A-graph obtained from (τ, β) by forgetting
a tail. Consider the commutative diagram

RM(X/S, τ, β) RM(X/S, σ, β)

M τ Mσ,

π

Φ

where the upper map π is constructed in Section 5.3. This induces a map

Ψ: RM(X/S, τ, β) −→M τ ×Mσ
RM(X/S, σ, β).

Theorem 5.7. The diagram

RM(X/S, τ, β) M τ ×Mσ
RM(X/S, σ, β)

C
pre
w M τ ×Mσ

M
pre
σ

Ψ

λ

ρ

is a derived pullback square. Moreover, the canonical map

O
alg
Mτ×Mσ

RM(X/S,σ,β) −→ Ψ∗
(
O

alg
RM(X/S,τ,β)

)
is an equivalence.

Proof. Consider the diagram

RM(X/S, τ, β) M τ ×Mσ
RM(X/S, σ, β) RM(X/S, σ, β)

C
pre
w M τ ×Mσ

M
pre
σ M

pre
σ

M τ Mσ.

Ψ

λ µ

ρ

Φ
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The right outer rectangle and the right lower square are pullbacks by definition.
Hence the right upper square is also a pullback. The top outer rectangle is a
pullback square in virtue of Theorem 5.4. It follows that the left upper square is a
pullback, which shows the first statement in the proposition.

Now by derived base-change ([51, Theorem 6.8]), the canonical map

µ∗ρ∗
(
O

alg
C

pre
w

)
−→ Ψ∗λ∗

(
O

alg
C

pre
w

)
is an equivalence. Moreover, since ρ is a blow-down of rational curves (fiberwise
over Mpre

σ ), we have
O

alg
Mτ×Mσ

M
pre
σ

∼−−→ ρ∗
(
O

alg
C

pre
w

)
.

Since pullbacks of structure sheaves are always structure sheaves, we conclude that
the canonical map

O
alg
Mτ×Mσ

RM(X/S,σ,β) −→ Ψ∗
(
O

alg
RM(X/S,τ,β)

)
is an equivalence, completing the proof. �

5.5. Contracting edges. Let σ be a modular graph obtained from τ by contract-
ing an edge (possibly a loop) e, and ve ∈ Vσ the vertex of σ corresponding to the
contracted edge e. Let σ̃ be a modular graph obtained from σ by adding k tails,
and ke the number of extra tails attached to ve.

The main result here is Theorem 5.19. In order to rigorously construct the
colimit diagram in (5.18), we start with the following:

Construction 5.8. For each integer l ≥ 1, let τl denote the modular graph
obtained from τ by replacing e with a chain γl of l edges and l+1 vertices such that
all the (l − 1) new vertices have genus 0. Let cl : τl → σ be the map contracting γl.
For every map i : {1, . . . , ke} → Vγl , let τ il be the graph obtained from τl by adding
k extra tails in the unique way compatible with i, cl and σ̃. Let cil : τ il → σ be the
composition of forgetting tails τ il → τl with the contraction cl : τl → σ. Let MG be
the category of modular graphs whose morphisms are compositions of forgetting
tails and contractions. Let D be the full subcategory of MG/σ spanned by the
morphisms cil : τ il → σ. Define

Λ := Λτ→σ,σ̃ := D/τ→σ.

An object in Λ consists of an integer l ≥ 1, a function i : {1, . . . , ke} → Vγl and a
map a : τ il → τ in MG making the diagram

τ il

τ σ

a
cil
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commutative. Note that the commutative diagram above can be extended in a
unique way to

τ il σ̃

τ σ.

a

Construction 5.9. We functorially attach to every object (a : τ il → τ) in Λ the
natural commutative diagram

(5.10)
M

pre
τ i
l

M
pre
σ̃

M
pre
τ M

pre
σ .

Combining the universal properties of stabilization (see Definition 4.26) and of
gluing along closed immersions, the diagram

(5.11)
M

pre
τ M

pre
σ

M τ Mσ

canonically commutes. Therefore we obtain a canonical map

(5.12) colim
(a : τ i

l
→τ)∈Λ

M
pre
τ i
l
−→M τ ×Mσ

M
pre
σ̃ .

Lemma 5.13. The canonical map (5.12) is an equivalence in dAnk.

We will prove the following lemma first:

Lemma 5.14. For any modular graph τ , the stabilization map

stab: Mpre
τ −→M τ

is smooth.

Proof. Since both M
pre
τ and M τ split as products as in Remark 4.23 and the

stabilization map preserves the product, it is enough to prove the lemma in the
case when τ has a single non-tail vertex. Fix T ∈ dAfdk and x : T → M

pre
τ .

Let [p : C → T, (si)] be the associated prestable pointed curve over T . Let y :=
stab ◦ x : T → M τ , [q : C ′ → T, (s′i)] the associated prestable pointed curve, and
c : C → C ′ the stabilizing contraction. Then we have a fiber sequence

(5.15) x∗Tan
stab −→ x∗Tan

M
pre
τ
−→ y∗Tan

Mτ
.
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To prove that the map stab is smooth, it is enough to show that πi(x∗Tan
stab) ' 0

for every i < 0. By (4.8), we have

x∗Tan
M

pre
τ
' p∗(Tan

C/T (−∑si))[1], y∗Tan
Mτ
' q∗(Tan

C′/T (−∑s′i))[1].

By Lemma 4.35, we have a canonical equivalence c∗(Oalg
C ) ' O

alg
C′ . So by the

projection formula, the unit transformation

Tan
C′/T −→ c∗c

∗Tan
C′/T

is also an equivalence. In particular, the canonical map φ : Tan
C/T → c∗Tan

C′/T induces
a morphism

α : c∗Tan
C/T −→ Tan

C′/T .

On the other hand, φ also induces a morphism

β :
⊕

c∗si∗s
∗
iTan

C/T −→
⊕

s′i∗s
′∗
i Tan

C′/T .

The morphisms α and β fit in the following commutative diagram

c∗Tan
C/T

⊕
c∗si∗s

∗
iTan

C/T

Tan
C′/T

⊕
s′i∗s

′∗
∗ Tan

C′/T .

α β

We complete the diagram as follows:

fib(γ) fib(α) fib(β)

c∗Tan
C/T (−∑si) c∗Tan

C/T

⊕
c∗si∗s

∗
iTan

C/T

Tan
C′/T (−∑s′i) Tan

C′/T

⊕
s′i∗s

′∗
i Tan

C′/T .

γ α β

Comparing the fiber sequence (5.15) with the leftmost column of the above diagram,
we obtain a canonical identification

q∗(fib(γ))[1] ' x∗Tan
stab.

Therefore, in order to prove that πi(x∗Tan
stab) ' 0 for i < 0, it suffices to prove that

πi(q∗(fib(γ))) = 0, i ≤ −2.

The fiber sequence (5.15) immediately implies that this vanishing holds for
i ≤ −3. We can therefore check that π−2(q∗(fib(γ))) = 0 on the geometric points
of T . In other words, we are left to prove the vanishing when T is the spectrum of
an algebraically closed field. We now make the following observations:
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(1) The sheaf fib(α) is supported on finitely many points of C ′. Indeed, applying
c∗ to the fiber sequence Tan

C/C′ → Tan
C → c∗Tan

C′ , we obtain an equivalence
fib(α) ' c∗Tan

C/C′ , and the right hand side is supported on finitely many
points of C ′.

(2) The sheaf fib(β) is supported on finitely many points of C ′.
These two observations imply that

fib(γ) ' fib
(
fib(α)→ fib(β)

)
is also supported on finitely many points of C ′. Hence, in order to obtain the
vanishing π−2(q∗(fib(γ))) ' 0, it suffices to show that π−2(fib(γ)) ' 0. As
π−2(c∗Tan

C (−∑ si)) ' 0, we are then left to prove that the natural map

π−1(c∗Tan
C (−∑si)) −→ π−1(Tan

C′(−
∑
s′i)).

is surjective. We have

π−1(c∗Tan
C (−∑si)) � π0

(
c∗π−1(Tan

C (−∑si))) ' c∗

( ⊕
ν node of C

iν∗Oν

)
�

⊕
ν′ node of C′

iν′∗Oν′ ' π−1(Tan
C′(−

∑
s′i)),

where iν and iν′ denote the inclusion of points. This completes the proof. �

Proof of Lemma 5.13. The map Mpre
σ̃ →Mσ factors as

M
pre
σ̃ −→M

pre
σ −→Mσ,

where the first map is forgetting tails at the level of prestable curves, and the
second map is stabilization. The first map is flat because forgetting each tail is
isomorphic to the projection from the universal curve. The second map is flat by
Lemma 5.14. So Mpre

σ̃ →Mσ is flat, and therefore the fiber product M τ ×Mσ
M

pre
σ̃

is underived. By the construction of gluing along closed immersions (see [50, (6.7)]),
the colimit is also underived. Therefore, it is enough to prove the lemma at the
underived level. Observe that the normal crossing substack

M τ ×Mσ
M

pre
σ̃ ⊂M

pre
σ̃

is stratified by the images of ∐
(a : τ i

l
→τ)∈Λ

M
pre
τ i
l
,

and the stratum given by Mpre
τ i
l

has codimension l. Note it is enough to prove the
lemma étale locally on Mpre

σ̃ . After an étale base change, M τ ×Mσ
M

pre
σ̃ ⊂ M

pre
σ̃

becomes a simple normal crossing divisor. At this point, the conclusion follows by
induction from [50, Theorem 6.5]. �
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Next we upgrade Construction 5.8 to take into account curve classes.

Construction 5.16. Notation as in Construction 5.8. Given β : Vσ → A(X), we
define a category Λβ as follows. An object of Λβ consists of an object (a : τ il → τ) of
Λ and a map βijl : Vτ i

l
→ A(X) that adds up to β under the contraction cil : τ il → σ.

A morphism in Λβ is a morphism between the underlying objects in Λ that is
compatible with the curve classes. Note we have a forgetful functor Λβ → Λ. (In
the special case when σ has a single non-tail vertex, g(σ) = 0 and k = 0, the
category Λβ is equivalent to the one considered in [42, §4.2].)

Using the description via mapping stacks as in Remark 4.25, we can functorially
attach to every object (a : τ il → τ, β

ij
l ) ∈ Λβ a commutative diagram

(5.17)
RM(X/S, τ il , β

ij
l ) RM(X/S, σ̃, β)

M
pre
τ i
l

M
pre
σ̃ .

Combining with diagrams (5.10) and (5.11), we obtain a natural map

p
ij
l : RM(X/S, τ il , β

ij
l ) −→M τ ×Mσ

RM(X/S, σ̃, β).

By the functoriality of diagrams (5.17) and (5.10), we obtain a canonical map

(5.18) colim
(a : τ i

l
→τ)∈Λ

∐
j

RM(X/S, τ il , β
ij
l ) −→M τ ×Mσ

RM(X/S, σ̃, β).

Theorem 5.19. The canonical map (5.18) is an equivalence in dAnk. Moreover,
we have ∑

l

(−1)l+1∑
i,j

p
ij
l∗

[
O

RM(X/S,τ i
l
,β
ij
l

)

]
=
[
OMτ×Mσ

RM(X/S,σ̃,β)

]

in K0
(
Cohb

(
M τ ×Mσ

RM(X/S, σ̃, β)
))
.

Lemma 5.20. For every (a : τ il → τ) ∈ Λ, the diagram

∐
j RM(X/S, τ il , β

ij
l ) RM(X/S, σ̃, β)

M
pre
τ i
l

M
pre
σ̃

is a pullback.
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Proof. By Remark 4.23, we have an underived pullback square

C
pre
τ i
l

C
pre
σ̃

M
pre
τ i
l

M
pre
σ̃ .

It is also a derived pullback square as the vertical maps are flat. Hence we obtain
a derived pullback square

MapMpre
τi
l

×S(Cpre
τ i
l
× S,X ×Mpre

τ i
l

) MapMpre
σ̃
×S(Cpre

σ̃ × S,X ×M
pre
σ̃ )

M
pre
τ i
l

M
pre
σ̃ .

Now it is enough to prove that the diagram∐
j RM(X/S, τ il , β

ij
l ) RM(X/S, σ̃, β)

MapMpre
τi
l

×S(Cpre
τ i
l
× S,X ×Mpre

τ i
l

) MapMpre
σ̃
×S(Cpre

σ̃ × S,X ×M
pre
σ̃ )

is a pullback square. By Remark 4.25, the two vertical maps are Zariski open
immersions, so it is enough to check the pullback property after passing to the
truncations. At the truncated level, it follows directly from the definitions. �

Proof of Theorem 5.19. The first statement follows combining Lemmas 3.1, 5.13
and 5.20. For the second one, consider the diagram

colim
(a : τ i

l
→τ)∈Λ

∐
j

RM(X/S, τ il , β
ij
l ) M τ ×Mσ

RM(X/S, σ̃, β)

colim
(a : τ i

l
→τ)∈Λ

M
pre
τ i
l

M τ ×Mσ
M

pre
σ̃ ,

dil
d

where d : RM(X/S, σ̃, β) → M
pre
σ̃ and dil :

∐
j RM(X/S, τ il , β

ij
l ) → M

pre
τ i
l

are the
maps induced by taking domain. It follows from [36, Lemma 3], that[

OMτ×Mσ
M

pre
σ̃

]
=
∑
l

(−1)l+1∑
i

qil∗
[
OM

pre
τi
l

]
in K0(Mpre

σ̃ ), where
qil : M

pre
τ i
l
−→M τ ×Mσ

M
pre
σ̃ .
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Let
pil :

∐
j

RM(X/S, τ il , β
ij
l ) −→M τ ×Mσ

RM(X/S, σ̃, β)

be induced from all pijl . We have[
OMτ×Mσ

RM(X/S,σ̃,β)

]
= d∗

[
OMτ×Mσ

M
pre
σ̃

]
=
∑
l

(−1)l+1∑
i

d∗qil∗
[
OM

pre
τi
l

]
=
∑
l

(−1)l+1∑
i

pil∗d
i∗
l

[
OM

pre
τi
l

]
=
∑
l

(−1)l+1∑
i,j

p
ij
l∗

[
O

RMpre(X/S,τ i
l
,β
ij
l

)

]
,

where the third equality follows from the derived base change theorem (see [51,
Theorem 1.5]) and Lemma 5.20. �

6. Deformation to the normal bundle

In this section we construct the deformation to the normal bundle of the inclusion
t0(X) ↪→ X for any derived k-analytic space X. This is worked out in derived
algebraic geometry by Gaitsgory-Rozenblyum in [17, §9.2]. Although it is possible
to give a parallel treatment in the analytic setting, it is more straightforward to
obtain this deformation via analytification relative to X of its algebraic counterpart.
For this reason, we begin this section by discussing analytification relative to a
derived k-analytic space.

6.1. Relative derived analytification. In [50, §3] we introduced and studied
the derived analytification functor in derived non-archimedean geometry in the
absolute case. Here we extend the construction to the relative setting, first over
any derived k-affinoid space.

Let dAffaft
k be the ∞-category of derived affine k-schemes almost of finite pre-

sentation, and j : dAffaft
k ↪→ dAffk the inclusion into the ∞-category of all derived

affine k-schemes. Equipping both sides with the étale topology, j becomes a con-
tinuous and cocontinuous morphism of sites (see [49, §2.4] for the terminology).
We denote

dStlaft
k := Sh(dAffaft

k , τét)∧, dStk := Sh(dAffk, τét)∧,

the ∞-categories of stacks (i.e. hypercomplete sheaves) on these sites. We refer to
objects in dStlaft

k as derived stacks locally almost of finite type. Left Kan extension
along j induces a fully faithful functor

js : dStlaft
k ↪−→ dStk,
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which has a right adjoint js.
Recall from Section 3 that

St(dAfdk) := Sh(dAfdk, τét)∧.

The derived analytification functor (in the absolute case) introduced in [50, §3]
induces a functor

(−)an : dAffaft
k −→ St(dAfdk).

Left Kan extension along dAffaft
k ↪→ dStlaft

k induces a functor

(−)an,laft : dStlaft
k −→ St(dAfdk).

On the other hand, right Kan extension along j : dAffaft
k ↪→ dAffk induces a functor

(−)an : dAffk −→ St(dAfdk).

Example 6.1. Let Spec(A) ∈ dAffk be a derived affine k-scheme, not necessarily
almost of finite type. Then

Spec(A)an ∼−−→ lim
B→A

Spec(B)an,

where the limit ranges over all the morphisms B → A with B almost of finite
presentation.

Lemma 6.2. Let U → V be an étale covering in dAffk and let U• be its Čech
nerve. The canonical map

|Uan
• | −→ V an

is an equivalence in St(dAfdk).

Proof. It follows from [39, Remark 2.2.8] that we can assume there exists V ′ ∈
dAffaft

k and an étale covering U ′ → V ′ such that

U V

U ′ V ′

is a pullback square. Let U ′• be the Čech nerve of U ′ → V ′. Since

(−)an : dAffaft
k −→ dAnk

is a morphism of sites, we see that

|(U ′•)an| −→ (V ′)an
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is an equivalence in St(dAfdk). Since colimits are stable under pullbacks in
St(dAfdk), the diagram

|Uan
• | V

|(U ′•)an| (V ′)an

is a pullback square. It follows that the top horizontal morphism is an equivalence,
completing the proof. �

The above lemma guarantees that left Kan extension along (−)an : dAffk →
St(dAfdk) induces a colimit preserving functor

(−)an : dStk −→ St(dAfdk).

The following lemma ensures that there is no ambiguity when analytifying a derived
stack locally almost of finite type:

Lemma 6.3. For any F ∈ dStlaft
k , there is a canonical equivalence

F an,laft ' (js(F ))an.

Proof. As both js : dStlaft
k → dStk and (−)an : dStk → St(dAfdk) commute with

colimits, it is enough to check that the two constructions agree when F ∈ dAffaft
k . In

this case, the result follows from the full faithfulness of the functors dAffaft
k ↪→ dAffk

and dAffaft
k → dStlaft

k . �

Fix now X ∈ dAfdk a derived k-affinoid space. Let A := Γ(Oalg
X ). For any

Spec(B) ∈ dAffafp
k , we have

MapdStk(Spec(A), Spec(B)) ' Map TopR (Tét(k))(Spec(A), Spec(B))
' Map TopR (Tét(k))(Xalg, Spec(B))
' MapdAnk(X, Spec(B)an)

When Spec(B) ∈ dAffk, we get

MapdStk(Spec(A), Spec(B)) ' lim
Spec(B′)→Spec(B)

MapdStk(Spec(A), Spec(B′))

' lim
Spec(B′)→Spec(B)

MapSt(dAfdk)(X, Spec(B′)an)

' MapSt(dAfdk)(X, Spec(B)an),

where the colimits range over all the morphisms Spec(B′) → Spec(B) with B′

almost of finite presentation. In particular, taking B = A, we obtain a canonical
morphism

ηX : X → Spec(A)an.
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Pulling back along ηX gives a functor

η∗X : dAnSt/ Spec(A)an×Y an −→ dAnSt/X×Y an .

At this point, we can give the following definition.

Definition 6.4. Let X ∈ dAfdk be a derived k-affinoid space and let A := Γ(Oalg
X ).

The functor (−)an
X of analytification relative to X is the composition

dSt/ Spec(A)
(−)an

−−−→ dAnSt/ Spec(A)an
η∗X−−−→ dAnSt/X ,

Lemma 6.5. Let X ∈ dAfdk be a derived k-affinoid space, A := Γ(Oalg
X ) and

S := Spec(A). The following hold:
(1) The analytification of S relative to X coincides with X itself.
(2) The analytification of An

A relative to X coincides with An
X .

(3) The analytification of t≤nS relative to X coincides with t≤nX.
(4) The analytification of Sred relative to X coincides with Xred.

Proof. (1) follows directly from the definition. Let us prove (2). Since (−)an : dStk →
St(dAfdk) commutes with finite limits, we have

(An
A)an ' (An

k)an × San ' An
k × San.

Thus we deduce that
(An

A)an
X ' An

X .

For (3), we start by considering the composite functor

(dAffaft
k )S/ → (dAffaft,≤n

k )t≤nS/ → (dAffaft
k )t≤nS/,

where (dAffaft,≤n
k )t≤nS/ denotes the full subcategory of (dAffaft

k )t≤nS/ spanned by
n-truncated derived affine schemes almost of finite type. The universal property of
the truncation shows that the second functor is final.

Since the functor t≤n(−) commutes with limits, the equivalence

S ' lim
S′∈(dAffaft

k )S/
S ′,

implies
t≤nS ' lim

S′∈(dAffaft
k )S/

t≤nS ′.

For any n-truncated derived affine scheme almost of finite type T ∈ dAffaft
k , [40,

7.2.4.26] shows that the canonical map

colim
S′∈(dAffaft

k )S/
MapdAffk(t≤nS

′, T ) −→ MapdAffk(t≤nS, T )

is an equivalence. This implies that (dAffaft
k )S/ → (dAffaft,≤n

k )t≤nS/ is final as well.
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Combining with Example 6.1, we deduce that

(t≤nS)an ' lim
S′∈(dAffaft

k )S/
(t≤nS ′)an.

At this point, for any n-truncated k-affinoid space U ∈ dAfdk, we have

MapSt(dAfdk)(U, (t≤nS)an) ' lim
S′∈(dAffaft

k )S/
MapSt(dAfdk)(U, (t≤nS ′)an)

' lim
S′∈(dAffaft

k )S/
MapSt(dAfdk)(U, t≤n(S ′an))

' lim
S′∈(dAffaft

k )S/
MapSt(dAfdk)(U, S ′an)

' MapSt(dAfdk)(U, San).

The second equivalence follows from the fact that B is almost of finite type and the
flatness of the analytification (see [48, Corollary 5.15] and [50, Proposition 4.17]).
The third equivalence follows from the universal property of the n-truncation. This
implies that

MapSt(dAfdk)(U, (t≤nS)an
X ) ' MapSt(dAfdk)(U,X).

Therefore, by the universal property of the n-truncation again, we conclude that
(t≤nS)an

X coincides with t≤n(X).
Finally, (4) follows along the same lines of the proof of (3). �

Proposition 6.6. Let X ∈ dAfdk be a derived k-affinoid space, A := Γ(Oalg
X ), and

Y a derived algebraic stack locally almost of finite type over Spec(A). Then Y an
X is

a derived k-analytic stack.

Proof. It follows by induction on the geometric level combining Lemma 6.5(2-3) as
in the proof of [50, Proposition 3.7]. �

We can further extend the definition of relative analytification over global (i.e.
non-affinoid) bases as follows: Given X ∈ dAnk any derived k-analytic space, let
Xafd

ét denote the full subcategory of the étale site Xét spanned by étale morphisms
U → X where U is derived k-affinoid. For every U ∈ Xafd

ét , write AU := Γ(Oalg
U ).

Then the derived analytification functors

(−)an
U : dSt/ Spec(AU ) −→ dAnSt/U

glue together to provide

(−)an
X : lim

U∈Xafd
ét

dSt/ Spec(AU ) −→ lim
U∈Xafd

ét

dAnSt/U ' dAnSt/X ,

where the last equivalence is a consequence of the descent theory for ∞-topoi, see
[38, 6.1.3.9].
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6.2. Formal moduli problems in derived analytic geometry. As an appli-
cation of the relative derived analytification introduced above, we prove here that
all formal moduli problems over a given derived k-affinoid space are algebraic, see
Theorem 6.12.

Definition 6.7. For any derived k-analytic space X ∈ dAnk, we define Xred :=
t0(X)red, called the reduced k-analytic space associated to X.

Definition 6.8. A morphism Y → X in dAnk is called a nil-isomorphism if the
induced morphism Yred → Xred is an isomorphism. We denote by Nilan

/X the full
subcategory of (dAnk)ft

/X spanned by nil-isomorphisms Y → X of finite type.

LetX be a derived k-affinoid space. If Y ∈ dAnk is a derived k-analytic space and
Y → X is a nil-isomorphism, then Y is also a derived k-affinoid space. Moreover,
we have the following basic result:

Lemma 6.9. Let Y → X be a nil-isomorphism of derived k-affinoid spaces. Let
A := Γ(Oalg

X ) and B := Γ(Oalg
Y ). Then:

(1) The morphism A→ B is a nil-isomorphism almost of finite type.
(2) Let Lan

B/A := Γ(Lan
Y/X); the canonical morphism

LB/A −→ Lan
B/A

is an equivalence.
(3) If Y → X is of finite type, then so is A→ B.

Proof. It follows from [51, Theorem 3.4] that Ared and Bred are the global sections
of Xred and Yred, respectively. This implies that the morphism A → B is a nil-
isomorphism. Let us show that it is also almost of finite type. Since both A

and B are noetherian in the derived sense (see [40, 7.2.4.30]), the derived Hilbert
basis theorem [40, 7.2.4.31] implies that A → B is almost of finite presentation
if and only if π0(A) → π0(B) is of finite presentation. Since Ared → Bred is an
isomorphism, we can find a map

φ : π0(A)[X1, . . . , Xn] −→ π0(B)

which becomes surjective after composing with π0(B) → π0(B)red = Bred. Since
π0(B) is noetherian, its nilradical Nilπ0(B) is generated by finitely many elements
b1, . . . , bm ∈ π0(B). We now consider the extension of φ

π0(A)[X1, . . . , Xn, Y1, . . . , Ym] −→ π0(A)

which sends Yi to bi. This map is surjective, and hence π0(B) is of finite type as
π0(A)-algebra.



56 MAURO PORTA AND TONY YUE YU

We now prove (2). Let i : Spec(Bred)→ Spec(B) be the natural inclusion. Since
A→ B is almost of finite type, [40, 7.4.3.18] implies that LB/A is almost of finite
presentation. Using [50, Corollary 5.40] and [51, Theorem 3.4], we deduce that
Lan
B/A is almost of finite presentation too. Therefore, by Nakayama’s lemma, it is

enough to check that i∗LB/A → i∗Lan
B/A is an equivalence. Consider the following

diagram:
i∗LB/A LBred/A LBred/B

i∗Lan
B/A Lan

Bred/A
Lan
Bred/B

.

Since Y → X is a nil-isomorphism, the map Yred ' Xred → X is a closed immersion.
Therefore, [50, Corollary 5.33] implies that both the middle and right vertical arrows
are equivalences. As the horizontal lines are fiber sequences, it follows that the left
vertical arrow is also an equivalence.

Finally, (3) follows immediately from (2). �

Let X ∈ dAfdk be a derived k-affinoid space and let A := Γ(Oalg
X ). Denote by

Nil/ Spec(A) the ∞-category of nil-isomorphisms of finite type Spec(B)→ Spec(A).
By the above lemma, taking global sections and applying Spec, we obtain a
canonical functor

(−)alg
X : Nilan

/X −→ Nil/ Spec(A).

The following result is a generalization of [48, Proposition 8.2].

Proposition 6.10. Let X ∈ dAfdk be a derived k-affinoid space and let A :=
Γ(Oalg

X ). The functor (−)alg
X : Nilan

/X → Nil/ Spec(A) is an equivalence.

Proof. Consider the relative analytification functor introduced in Section 6.1:

(−)an
X : (dStk)laft

/ Spec(A) −→ dAnSt/X .

Let Spec(B)→ Spec(A) be a nil-isomorphism of finite type. Set Y := Spec(B)an
X .

By the transitivity property for pullback squares ([38, 4.4.2.1]), given any Spec(B′)→
Spec(B), we have a canonical equivalence

Spec(B′)an
Y ' Spec(B′)an

X .

In particular, Lemma 6.5(4) implies that the functor (−)an
X restricts to a functor

(−)an
X : Nil/Spec(A) −→ Nilan

/X .

It is then enough to see that (−)alg
X and (−)an

X form an equivalence of∞-categories.
First we observe that (−)alg

X is left adjoint to (−)an
X . Moreover, (−)alg

X is conservative:
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indeed, let Y ′ → Y be a morphism in Nilan
/X such that the morphism B → B′

obtained by passing to global sections is an equivalence. By Lemma 6.9, we have

Γ(Y ′,Lan
Y ′/Y ) ' Lan

B′/B ' 0.

Using [51, Theorem 3.4], we conclude that Lan
Y ′/Y ' 0, and hence Y ′ → Y is étale.

As Y ′red → Yred is an isomorphism, we conclude that Y ′ → Y is an equivalence.
At this point, we are left to prove that for any Spec(B) ∈ Nil/ Spec(A) the unit

morphism
Spec(B) −→ (Spec(B)an

X )alg
X

is an equivalence. This follows from the compatibility of (−)an
X and (−)alg

X with
the Postnikov tower decomposition, which are respectively guaranteed by [50,
Proposition 4.17] and [52, Theorem 3.23]. �

Definition 6.11. Let X ∈ dAfdk be a derived k-affinoid space. An analytic formal
moduli problem over X is a functor

F : (Nilan
/X)op −→ S

satisfying the following conditions:
(1) The space F (Xred) is contractible;
(2) Let

S S ′

T T ′

f

be a pushout square in Nil/X where f : S → S ′ is a k-analytic square-zero
extension. Then the canonical map

F (T ′) −→ F (T )×F (S) F (S ′)

is an equivalence.
We denote by FMPan

/X the ∞-category of analytic formal moduli problems over X.

Theorem 6.12. Let X ∈ dAfdk be a derived k-affinoid space and let A := Γ(Oalg
X ).

There is a canonical equivalence

FMP/Spec(A)
∼−−→ FMPan

/X .

Proof. It follows from [17, Proposition 5.1.2.2(c)] and Proposition 6.10. �
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6.3. The deformation to the normal bundle in the algebraic setting. Here
we review the deformation to the normal bundle in the algebraic setting following
Gaitsgory-Rozenblyum [17]. Let

Bifurc•scaled : ∆op −→ dSt/A1
k

be as in [17, §9.2.2.6], which we will denote by B• to simplify the notation. Recall
that Bn is obtained by gluing together n+1 copies of A1

k along 0. Let X ∈ dStlaft
k be

a derived algebraic stack locally almost of finite type over k, and j : t0(X) ↪→ X the
inclusion of its truncation. Consider the following fiber product in Fun(∆op, dSt/A1

k
):

D•X X × A1
k

Map/A1
k
(B•, X0 × A1) Map/A1

k
(B•, X × A1

k),

where X×A1
k is viewed as a constant simplicial object in dSt/A1

k
. It is proven in [17,

Lemma 9.2.3.4] that D•X is a groupoid object in dSt/A1
k
. In particular, Theorem

5.2.3.2 in loc. cit.2 allows to associate to D•X a formal moduli problem DX under
X0 × A1

k and over X × A1
k. Observe that this construction is functorial in X. The

following proposition summarizes the main properties of DX .

Proposition 6.13. Let X ∈ dStlaft
k be a derived algebraic stack locally almost of

finite type over k. The following hold:
(1) The total space DX is a derived algebraic stack locally almost of finite type

over X × A1
k. If X is a derived Deligne-Mumford stack (resp. a derived

scheme, a derived affine scheme), then so is DX .
(2) There is a canonical equivalence

t0(DX) ' t0(X)× A1
k.

(3) There is a canonical equivalence

DX ×A1
k
Gm ' X ×Gm.

(4) There is a canonical equivalence

DX ×A1
k

0 ' Spect0(X)

(
SymOt0(X)

(Lt0(X)/X [−1])
)
.

Moreover, given any morphism f : X → Y , let f : DX → DY denote its
deformation. Then the fiber of f at 0 ∈ A1

k

f0 : DX ×A1
k

0 −→ DY ×A1
k

0

2See also [12, Theorem 3.9] and [45].
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coincides with the morphism induced by the map

f ∗Lt0(Y )/Y −→ Lt0(X)/X .

Proof. Property (2) follows from the canonical identification

t0(Map/A1
k
(B•, X × A1

k)) ' Hom/A1
k
(B•, t0(X)× A1

k),

which holds because B• is flat over A1
k. Property (4) follows from [17, Proposition

9.2.3.6].
Let us prove property (1). Proceeding as in §9.5.1 in loc. cit. and using Theorem

9.5.1.3 as main input, we constructs sequence

X(0) ↪→ X(1) ↪→ X(2) ↪→ · · ·

of derived stacks enjoying the following properties:
(i) We have X(0) = X0 × A1

k, and X(n+1) is obtained as a square-zero extension
of X(n) by an element in Coh≥n(X(n)). In particular, each X(n) is geometric,
and the connectivity assumption guarantees that the colimit colimnX

(n) is
also geometric. If X is a Deligne-Mumford stack (resp. a derived scheme, a
derived affine scheme), then the same goes for each X(n) and for the colimit.

(ii) The above sequence is equipped with compatible maps X(n) → DX , and the
induced morphism

colim
n

X(n) −→ DX

is an equivalence. This is the content of Proposition 5.2.2 in loc. cit.
We are left to prove property (3). Observe that Bn ×A1

k
Gm ' Gtnm . Unraveling

the definitions, we obtain

D•X ×A1
k
Gm ' Č(t0(X)×Gm → X ×Gm).

Example 5.2.3.3 in loc. cit. shows that the formal moduli problem associated to
this formal groupoid coincides with the formal completion of t0(X)×Gm inside
X ×Gm. This formal completion can be written as

(t0(X)×Gm)dR ×(X×Gm)dR (X ×Gm).

As
(t0(X)×Gm)dR −→ (X ×Gm)dR

is an equivalence, the conclusion follows. �

Remark 6.14. By Proposition 6.13(3) we can extend the deformation DX → A1
k

to a deformation
D̃X → P1

k,

which is trivial near infinity.



60 MAURO PORTA AND TONY YUE YU

Remark 6.15. The construction of D̃X in Remark 6.14 induces a functor

D̃ : dAffaft
k −→ (dStk)/P1

k

sending every X ∈ dAffaft
k to D̃X . Right Kan extension along dAffaft

k ↪→ dAffk
provides a functor

D̃ : dAffk −→ (dStk)/P1
k
.

Moreover, for every X ∈ dAffk, the deformation

DX := D̃X ×P1
k
A1
k

inherits all the properties of Proposition 6.13.

6.4. Analytifying the deformation. Let X ∈ dAnk be a derived k-analytic
space. As in Section 6.1, we denote by Xafd

ét the full subcategory of the small étale
site Xét of X spanned by étale morphisms U → X, where U is derived k-affinoid.
For any U ∈ Xafd

ét , put AU := Γ(Oalg
U ) and Ualg := Spec(AU).

Lemma 6.16. For any morphism V → U in Xafd
ét , the diagram

D̃V alg D̃Ualg

V alg Ualg

is a pullback square, where D̃ denotes the extended deformation introduced in
Remark 6.15.

Proof. By construction, it suffices to prove the analogous statement for DV alg and
DUalg . Choose a cofiltered diagram F : I → (dAff ft

k )∆1 whose limit limi∈I F (i) is
equivalent to V alg → Ualg. We write

F (i) : Ui −→ Vi.

Then, unraveling the definition, we find canonical equivalences

DUalg ' lim
i∈I

DUi , DV alg ' lim
i∈I

DVi .

Applying Proposition 6.13(2) to each DUi and DVi , and passing to the limit, we
see that

t0(DUalg) ' t0(Ualg)× A1
k, t0(DV alg) ' t0(V alg)× A1

k.

Therefore, the natural map

DV alg −→ V alg ×Ualg DUalg
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induces an equivalence on the truncation. By Proposition 6.13(1), both DV alg and
V alg ×Ualg DUalg are affine derived schemes, almost of finite presentation over V alg.
Write

DV alg ' Spec(R), V alg ×Ualg DUalg ' Spec(R′).

By [51, Theorem 1.3], AV is noetherian in the sense of [40, Definition 7.2.4.30].
Since R and R′ are AV -algebras almost of finite presentation, Proposition 7.2.4.31
in loc. cit. implies that they are noetherian as well. Therefore applying the same
result again, we see that the maps R→ π0(R) and R′ → π0(R) are almost of finite
presentation. At this point, [24, Lemma 3.1.1] implies that the map R′ → R is an
equivalence if and only if the induced map of Čech nerves

Č
(
t0(V alg)× A1

k → DV alg

)
−→ Č

(
t0(V alg)× A1

k → V alg ×Ualg DV alg

)
is an equivalence of simplicial objects. We have

Č
(
t0(V alg)× A1

k → DV alg

)
' lim

i∈I
Č
(
t0(Vi)× A1

k → DV alg
i

)
,

and similarly for the other Čech nerve. It follows from the construction of DVi (via
[17, Theorem 5.2.3.2]) that we can identify this Čech nerve with

D•V alg := lim
i∈I

D•Vi .

Similarly, we can identify the other Čech nerve with

V alg ×Ualg D•Ualg := lim
i∈I

Vi ×Ui D•Ui .

We are thus reduced to prove that for every [n] ∈∆, the diagram

Dn
V alg Dn

Ualg

V alg Ualg

is a pullback square. Unwinding the definitions, we see that it is enough to prove
that the diagram

Map/A1
k

(
Bn, t0(V alg)× A1

k

)
Map/A1

k

(
Bn, V alg × A1

k

)

Map/A1
k

(
Bn, t0(Ualg)× A1

k

)
Map/A1

k

(
Bn, Ualg × A1

k

)
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is a pullback square. For this, it is enough to verify that

t0(V alg) V alg

t0(Ualg) Ualg

is a pullback. Since V → U is étale, Lemma 10.2 implies that AU → AV is flat and
therefore the previous square is indeed a pullback. The conclusion follows. �

Thanks to the above lemma, we can interpret the assignment U 7→ D̃Ualg as an
element in the limit

lim
U∈Xafd

ét

dSt/Ualg .

We can therefore apply the relative analytification functor

(−)an
X : lim

U∈Xafd
ét

dSt/Ualg −→ dAnSt/X ,

and obtain an analytic deformation

D̃X −→ X ×P1
k,

which enjoys the analytic version of all the properties given in Proposition 6.13.

7. Non-archimedean Gromov compactness

In this section, we review the compactness results from [63]. Starting from this
section until the end of the paper we will assume that the base field k has discrete
valuation and residue characteristic zero.

In order to obtain a proper moduli stack of stable maps, we need to equip the
ambient space X a Kähler structure. Let us recall the definition of Kähler structure
in non-archimedean geometry following [63, §3].

Let X be a quasi-compact smooth rigid k-analytic space, X an snc formal model
of X, and SX the associated Clemens polytope, i.e. the dual intersection complex
of the special fiber Xs. Let {Di}i∈IX be the set of irreducible components of the
reduction (Xs)red of Xs, and multi the multiplicity of Di in Xs for every i ∈ IX.
For every non-empty subset I ⊂ IX, let DI := ⋂

i∈I Di. Let N1(DI ,R) denote
the vector space of codimension-one cycles in DI with real coefficients modulo
numerical equivalence (with respect to proper curves in DI).

Definition 7.1. A simple function ϕ on SX is a real valued function that is affine
on every face of SX. For i ∈ IX, let ϕ(i) denote the value of ϕ at the vertex i of SX.
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Definition 7.2. Let ∆I , I ⊂ IX be a face of SX. For any simple function ϕ on SX,
we define the derivative of ϕ with respect to ∆I as

∂Iϕ =
∑
i∈IX

multi · ϕ(i) · [Di]|DI ∈ N1(DI ,R),

where [Di] denotes the divisor class of Di. The function ϕ is said to be linear (resp.
convex, strictly convex) along the open simplicial face (∆I)◦ if ∂Iϕ is trivial (resp.
nef, ample) in N1(DI ,R).

Let LinX (resp. ConvX, sConvX) denote the sheaf of linear (resp. convex, strictly
convex) functions on SX.

Definition 7.3. A virtual line bundle L on the k-analytic space X with respect to
the formal model X is a torsor over the sheaf LinX. A strictly convex metrization L̂
of a virtual line bundle L is a global section of the sheaf sConvX⊗LinX

L, where LinX

acts on sConvX via additions ψ 7→ (ϕ 7→ ϕ+ ψ). Given L̂, we obtain a collection
of numerical classes ∂iϕi ∈ N1(DI ,R) for every i ∈ IX, which we call the curvature
of L̂, and denote by c(L̂).

Definition 7.4. A Kähler structure L̂ on X consists of a choice of an snc formal
model X of X, a virtual line bundle L on X with respect to X equipped with a
strictly convex metrization L̂.

Now we can state the Gromov compactness theorem in non-archimedean geometry,
one main result of [63]:

Theorem 7.5. Let X be a proper smooth k-analytic space equipped with a Kähler
structure L̂. For any A-graph (τ, β), the (underived) stack M(X, τ, β) of (τ, β)-
marked stable maps into X is a proper k-analytic stack.

Proof. This follows from [63, Theorem 1.3] and the remark below. �

Remark 7.6. For any closed 1-dimensional irreducible reduced analytic subspace
C ⊂ X, we define C · L̂ to be the degree of the pullback of L̂ to the normalization
C̃ of C (see [63, §5]). This extends to any 1-dimensional cycle Z of X by linearity,
and factors through analytic equivalence, so β · L̂ is well-defined for any β ∈ A(X).
Indeed, for any connected smooth k-affinoid curve T , t, t′ ∈ T two rigid points,
and any closed 2-dimensional irreducible reduced analytic subspace V of X × T
flat over T , we take a formal model T of T and a formal model V of V flat over
T. Let ts, t′s ∈ Ts be the specializations of t and t′ respectively. Flatness implies
that [Vs,ts ] · c(L̂) = [Vs,t′s ] · c(L̂). By [63, Propositions 4.3 and 5.7], we have
[Vs,ts ] · c(L̂) = Vt · L̂ and [Vs,t′s ] · c(L̂) = Vt′ · L̂, hence we obtain Vt · L̂ = Vt′ · L̂.
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Let (τ, β) be an A-graph. Without loss of generality, we assume it to be connected.
Let g be the genus of τ and n the number of tails of τ . Recall β is a map Vτ → A(X);
let β · L̂ := ∑

v∈Vτ β(v) · L̂. Let M g,n(X, β · L̂) denote the stack of n-pointed genus
g k-analytic stable maps into X whose degree with respect to L̂ is at most β · L̂
(as in [63]). We conclude that M(X, τ, β) is a closed substack of M g,n(X, β · L̂).

Lemma 7.7. Let f : X → Y be a morphism of formal Deligne-Mumford stacks
locally finitely presented over k◦. Assume that X is proper. Let f : X → Y denote
the induced map between the generic fibers. Then the higher direct image functor
f∗ sends Cohb(X) to Cohb(Y ).

Proof. The question being étale local on the target, we can assume that Y is affine.
Let |Xs| and |X| denote the coarse moduli spaces. Then the map f : X→ Y factors
as X p−→ |X| f−→ Y, so f : X → Y factors as X p−→ |X|η

f−→ Y . By [3, Proposition 3.6],
étale locally over |Xs| the Deligne-Mumford stack Xs is isomorphic to the quotient
of an affine scheme by a finite group. Using the equivalence between the étale sites
of |Xs| ' |X|s and of |X|, we deduce that étale locally over |X|η, the k-analytic
Deligne-Mumford stack X = Xη is isomorphic to the quotient of an affinoid space
by a finite group. Since the base field is assumed to have characteristic zero, we
deduce that the map p : X → |X|η has cohomological dimension zero. By [15, §B.2],
the generic fiber |X|η of the formal algebraic space |X| is a k-analytic space. Since
X is proper, so is |X|η. Therefore, by Kiehl’s proper mapping theorem [30], the
higher direct image functor f ∗ sends Cohb(|Xη|) to Cohb(Y ). As f∗ = f ∗ ◦ p∗, the
conclusion follows. �

Proposition 7.8. Let X be a proper smooth k-analytic space equipped with a
Kähler structure L̂. Let (τ, β) be an A-graph. Let st denote the composite map

st : M(X, τ, β) −→M
pre
τ −→M τ ,

taking domain of stable map and then stabilizing the τ -marked prestable curve.
Then the higher direct image functor st∗ sends Cohb(M(X, τ, β)) to Cohb(M τ ).

Proof. Let g be the genus of τ , n the number of tails of τ , and A := β · L̂. By
Remark 7.6, it suffices to prove the proposition forM g,n(X,A) instead ofM(X, τ, β).
By [63, Theorem 8.9], the moduli stack M g,n(X, A) of n-pointed genus g formal
stable maps into X with degree bounded by A is a formal model of the k-analytic
stack M g,n(X,A). Moreover, the moduli stack Mg,n of n-pointed genus g formal
stable curves over k◦ is a formal model of M g,n. Let

st : M g,n(X, A) −→Mg,n
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be the map taking domain and then stabilizing. The generic fiber of st is canonically
equivalent to st. Now the statement follows from [63, Theorem 1.3] and Lemma 7.7.

�

8. Quantum K-invariants

In this section, we introduce the quantum K-invariants in non-archimedean
analytic geometry, and prove a list of natural geometric properties, namely, mapping
to a point, products, cutting edges, forgetting tails and contracting edges. They
are analogous to the axioms in algebraic quantum K-theory in the work of Lee [36],
and to the Behrend-Manin axioms [9] for Gromov-Witten invariants. The proof of
the mapping to a point property relies on the theory of deformation to the normal
bundle that we studied in Section 6. The remaining properties are consequences of
the corresponding geometric relations of the derived moduli stacks established in
Section 5.

Fix X a proper smooth k-analytic space. For any A-graph (τ, β), let RM(X, τ, β)
denote the derived stack of (τ, β)-marked stable maps into X as in Remark 4.25. It
is a proper derived k-analytic stack by Theorem 7.5. Let st denote the composite
map

st : RM(X, τ, β) −→M
pre
τ −→M τ ,

taking domain of stable map and then stabilizing the τ -marked prestable curve.
For every tail i ∈ Tτ , we have a section si of the universal curve

RC(X, τ, β) X

RM(X, τ, β).

f

si

Composing with the universal map f , we obtain the evaluation map of the i-th
marked point

evi : RM(X, τ, β) −→ X.

Definition 8.1. The quantum K-invariants of X are the collection of linear maps

IXτ,β : K0(X)⊗|Tτ | −→ K0(M τ )⊗
i∈Tτ

ai 7−→ st∗
( ⊗
i∈Tτ

ev∗i (ai)
)
,

where (τ, β) is any A-graph. Proposition 7.8 ensures that the image of st∗ lies in
K0(M τ ).
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8.1. Mapping to a point.

Proposition 8.2. Let (τ, 0) be any A-graph where β is 0. Let p1, p2 be the projec-
tions

M τ ×X X

M τ .

p2

p1

For any ai ∈ K0(X), i ∈ Tτ , we have

IXτ,0
(⊗

iai
)

= p1∗p
∗
2

(
(⊗iai)⊗ λ−1

(
(R1π∗OCτ

� Tan
X )∨

))
,

where λ−1(F ) := ∑
i(−1)i ∧i F .

Let us introduce some notations before the proof. Consider the universal under-
ived τ -marked stable map

C(X, τ, 0) X

M(X, τ, 0) .

p

q2

p2

Note β = 0 implies that every stable map above is constant, so the dashed
arrow p2 uniquely exists. Combining p2 with st : M(X, τ, 0)→M τ , we obtain an
isomorphism

M(X, τ, 0) ∼−−→M τ ×X.
Similarly, we have C(X, τ, 0) ' Cτ ×X. Now we consider their derived enhance-
ments:

(8.3)
Cτ Cτ ×X RC(X, τ, 0) X

M τ M τ ×X RM(X, τ, 0) .

π

q2

q1

p

i

p1 j

p2

Note that contrary to the underived situation, in general, there is no map from
RM(X, τ, 0) to X making the diagram commutative.

Lemma 8.4. Let j : M(X, τ, 0) ↪→ RM(X, τ, 0) be the canonical inclusion of the
truncation. There is a canonical equivalence

Lan
j [−1] '

(
R1π∗OCτ

� Tan
X

)∨
[1].
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Proof. Consider the fiber sequence

Tan
j −→ Tan

M(X,τ,0) −→ j∗Tan
RM(X,τ,0).

As in Theorem 4.15, we have

j∗Tan
RM(X,τ,0) ' p∗

(
cofib

(
Tan
C(X,τ,0)/M(X,τ,0)(−

∑
si)→ q∗2Tan

X/S

))
.

Since C(X, τ, 0) ' Cτ ×X and M(X, τ, 0) 'M τ ×X, we obtain

p∗
(
Tan
C(X,τ,0)/M(X,τ,0)(−

∑
si)
)
' p∗1π∗Tan

Cτ/Mτ
(−∑si).

Moreover, the canonical map

p∗1π∗Tan
Cτ/Mτ

(−∑si) −→ p∗q
∗
2Tan

X

is nullhomotopic, and therefore

j∗Tan
RM(X,τ,0) ' p∗1π∗Tan

Cτ/Mτ
[1]⊕ p∗q∗2Tan

X .

On the other hand, using the equivalence M(X, τ, 0) 'M τ ×X, we find:

Tan
M(X,τ,0) ' p∗1Tan

Mτ
⊕ p∗2Tan

X ' p∗1π∗Tan
Cτ/Mτ

[1]⊕ p∗2Tan
X .

Using the projection formula, we obtain:

Tan
j ' fib

(
p∗2Tan

X → p∗q
∗
2Tan

X

)
' fib

(
p∗2Tan

X → p∗1π∗OCτ
⊗ p∗2Tan

X

)
' fib

(
p∗2Tan

X → π∗OCτ
� Tan

X

)
.

The conclusion follows. �

Proof of Proposition 8.2. Notation as in diagram (8.3), we observe that

M τ ×X RM(X, τ, 0)

M τ

j

p1
st

commutes. Let Fi ∈ Perf(X), i ∈ Tτ be representatives for the classes ai ∈ K0(X).
Lemma 8.4 implies the following equality in K0(M τ ×X):

λ−1
(
(R1π∗OCτ

� Tan
X )∨

)
=
[

SymO
Mτ×X

(
Lan
j [−1]

)]
.

It is therefore enough to check that[
p1∗
(
p∗2
(⊗

iFi
)
⊗ SymO

Mτ×X

(
Lan
j [−1]

))]
=
[
st∗
(⊗

iev∗iFi
)]

in K0(M τ ). Let M(X, τ, 0) be the P1
k-deformation to the normal bundle associated

to j : M τ × X → RM(X, τ, 0) we constructed in Section 6.4. The functoriality
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of this construction allows to deform also the maps evi : RM(X, τ, 0) → X and
st : RM(X, τ, 0) → M τ . Since the targets of these maps are underived, their
associated deformations are constant. Thus we obtain maps

ẽvi : M(X, τ, 0) −→ X ×P1
k, s̃t : M(X, τ, 0) −→M τ ×P1

k.

Proposition 6.13(3) implies that the fibers ẽvi|1 and s̃t|1 at 1 ∈ P1
k of ẽvi and s̃t

coincide with the maps evi and st we started from. On the other hand, Proposi-
tion 6.13(4) shows that the fibers ẽvi|0 and s̃t|0 at 0 ∈ P1

k of ẽvi and s̃t fit in the
following commutative diagram:

(8.5)
SpecMτ×X(SymO

Mτ×X
(Lan

j [−1]))

M τ M τ ×X X,

rs̃t|0 ẽvi|0

p1 p2

where the vertical map is the natural projection. Let q : X × P1
k → P1

k be the
projection and consider the perfect complex

G := s̃t∗
(⊗

iẽv∗i (q∗(Fi))
)
∈ Perf(M τ ×P1

k).

Since M τ × P1
k is algebraic and proper, the GAGA theorem ([49, Theorem 1.3])

implies that G is an algebraic perfect complex. In particular, its restriction to
M τ ×A1

k is also algebraic; and therefore the A1-invariance for K-theory (see [60,
Theorem 6.13]) implies that [

G|Mτ×0

]
=
[
G|Mτ×1

]
in K0(M τ ). By proper base change ([51, Theorem 1.5]), we have

G|Mτ×1 ' st∗
(⊗

iev∗i (Fi)
)
.

On the other hand, diagram (8.5) together with proper base change implies that

G|Mτ×0 ' p1∗r∗r
∗p∗2
(⊗

iFi
)

' p1∗

(
p∗2
(⊗

iFi
)
⊗ SymO

Mτ×X

(
Lan
j [−1]

))
.

Combining the isomorphisms and the equality above, we achieve the proof. �

8.2. Products.

Proposition 8.6. Let (τ1, β1) and (τ2, β2) be two A-graphs. Let (τ1 t τ2, β1 t β2)
be their disjoint union. For any ai ∈ K0(X), i ∈ Tτ1 and bj ∈ K0(X), j ∈ Tτ2, we
have

IXτ1tτ2,β1tβ2

(
(⊗iai)⊗ (⊗jbj)

)
= IXτ1,β1

(⊗
iai
)
� IXτ2,β2

(⊗
jbj
)
.
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Proof. For i ∈ Tτ1 , j ∈ Tτ2 , we denote the evaluation maps by

ev1
i : RM(X, τ1, β1) −→ X,

ev2
j : RM(X, τ2, β2) −→ X,

ev12
i , ev12

j : RM(X, τ1 t τ2, β1 t β2) −→ X.

By Theorem 5.1, we have the following commutative diagram

RM(X, τ1, β1)× RM(X, τ2, β2) RM(X, τ1 t τ2, β1 t β2) X

M τ1 ×M τ2 M τ1tτ2 .

∼

st1×st2

ev12
i ,ev12

j

st12

∼

Let

p1 : RM(X, τ1 t τ2, β1 t β2) −→ RM(X, τ1, β1),
p2 : RM(X, τ1 t τ2, β1 t β2) −→ RM(X, τ2, β2)

denote the projection maps. For any i ∈ Tτ1 , j ∈ Tτ2 , we have ev12
i = ev1

i ◦ p1,
ev12

j = ev2
j ◦ p2. Hence we obtain

IXτ1tτ2,β1tβ2

(
(⊗iai)⊗ (⊗jbj)

)
= st12∗

(
(⊗iev12∗

i ai)⊗ (⊗jev12∗
j bj)

)
= (st1 × st2)∗

(
(⊗iev1∗

i ai) � (⊗jev2∗
j bj)

)
= st1∗

(⊗
iev1∗

i ai
)
� st2∗

(⊗
jev2∗

j bj
)

= IXτ1,β1

(⊗
iai
)
� IXτ2,β2

(⊗
jbj
)
,

completing the proof. �

8.3. Cutting edges.

Proposition 8.7. Let (σ, β) be an A-graph obtained from (τ, β) by cutting an edge
e of τ . Let v, w be the two tails of σ created by the cut. Consider the following
commutative diagram

M τ Mσ

RM(X, τ, β) RM(X, σ, β)

X X ×S X.

d

stτ

c

eve

stσ

evv×evw

∆
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For any ai ∈ K0(X), i ∈ Tτ , we have

d∗I
X
τ,β

(⊗
iai
)

= IXσ,β
(
(⊗iai)⊗∆∗OX

)
.

Proof. For each i ∈ Tτ , we denote the evaluation maps by

evτi : RM(X, τ, β) −→ X,

evσi : RM(X, σ, β) −→ X.

We have evτi = evσi ◦ c. By Theorem 5.2, the lower square of the commutative
diagram in the statement is a derived pullback. Hence we obtain

d∗I
X
τ,β

(⊗
iai
)

= d∗stτ∗
(⊗

ievτ∗i ai
)

= d∗stτ∗
(
(⊗ievτ∗i ai)⊗ ev∗eOX

)
= stσ∗c∗

(
c∗(⊗ievσ∗i ai)⊗ ev∗eOX

)
= stσ∗

(
(⊗ievσ∗i ai)⊗ c∗ev∗eOX

)
= stσ∗

(
(⊗ievσ∗i ai)⊗ (evv × evw)∗∆∗OX

)
= IXσ,β

(
(⊗iai)⊗∆∗OX

)
,

where the fourth equality follows from the projection formula [51, Theorem 1.4],
and the fifth equality follows from proper base change [51, Theorem 1.5]. �

8.4. Forgetting tails.

Proposition 8.8. Let (σ, β) be an A-graph obtained from (τ, β) by forgetting a tail.
Let Φ: M τ →Mσ be the forgetful map from τ -marked stable curves to σ-marked
stable curves. For any ai ∈ K0(X), i ∈ Tσ, we have

IXτ,β
(
(⊗iai)⊗ OX

)
= Φ∗IXσ,β

(⊗
iai
)
.

Proof. Consider the commutative diagram as in the proof of Theorem 5.7:

RM(X, τ, β) M τ ×Mσ
RM(X, σ, β) RM(X, σ, β)

C
pre
w M τ ×Mσ

M
pre
σ M

pre
σ

M τ Mσ.

Ψ

λ

π

stτ

η

µ κ

stσ
ρ

ξ θ

Φ
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For each i ∈ Tσ, we denote the evaluation maps by

evτi : RM(X, τ, β) −→ X,

evσi : RM(X, σ, β) −→ X.

We have evτi = evσi ◦ π. By Theorem 5.7, all the rectangles in the commutative
diagram above are pullbacks; moreover, we have an equivalence

(8.9) O
alg
Mτ×Mσ

RM(X,σ,β)
∼−−→ Ψ∗

(
O

alg
RM(X,τ,β)

)
.

Let t ∈ Tτ denote the forgotten tail. We obtain

IXτ,β
(
(⊗iai)⊗ OX

)
= stτ∗

(
(⊗ievτ∗i ai)⊗ ev∗tOX

)
= ξ∗µ∗Ψ∗

(
Ψ∗η∗(⊗ievσ∗i ai)⊗ O

alg
RM(X,τ,β)

)
= ξ∗µ∗

(
η∗(⊗ievσ∗i ai)⊗Ψ∗

(
O

alg
RM(X,τ,β)

))
= ξ∗µ∗η

∗
(⊗

ievσ∗i ai
)

= Φ∗θ∗κ∗
(⊗

ievσ∗i ai
)

= Φ∗stσ∗
(⊗

ievσ∗i ai
)

= Φ∗IXσ,β
(⊗

iai
)
,

where the third equality follows from the projection formula [51, Theorem 1.4], the
fourth equality follows from (8.9), and the fifth equality follows from proper base
change [51, Theorem 1.5]. �

Remark 8.10. This property is called “fundamental class” in [36, §3.5, §4.3]
because the name originates from [32, §2.2.3]. We chose to call it “forgetting tails”
because it corresponds to the operation of forgetting a tail.

8.5. Contracting edges.

Proposition 8.11. Let (σ, β) be an A-graph obtained from (τ, β) by contracting an
edge (possibly a loop) e. We follow the notations of Section 5.5. Let Φ: M τ →Mσ,
Ψi
l : M τ i

l
→ M τ and Ω: M σ̃ → Mσ be the induced maps on the moduli stacks of

stable curves. For any av ∈ K0(X), v ∈ Tσ̃, we have

Φ∗Ω∗IXσ̃,β
(⊗

vav
)

=
∑
l

(−1)l+1∑
i,j

Ψi
l∗I

X

τ i
l
,β
ij
l

(⊗
vav

)
.
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Proof. For every l, i, j consider the following commutative diagram

RM(X, τ il , β
ij
l ) RM(X, σ̃, β)×Mσ

M τ RM(X, σ̃, β)

M σ̃

M τ i
l

M τ Mσ.

st
ij
l

q
ij
l

p
ij
l λ

µ

st̃
σ

Ω
Ψil Φ

For each v ∈ Tσ̃, we denote by v again the corresponding tail of τ il , and we denote
the evaluation maps by

evl,ijv : RM(X, τ il , β
ij
l ) −→ X,

evσ̃v : RM(X, σ̃, β) −→ X.

We have evl,ijv = evσ̃v ◦ q
ij
l . By Theorem 5.19, we have

(8.12)
∑
l

(−1)l+1∑
i,j

p
ij
l∗

[
O

RM(X,τ i
l
,β
ij
l

)

]
=
[
OMτ×Mσ

RM(X,σ̃,β)

]

in K0
(
Cohb

(
M τ ×Mσ

RM(X, σ̃, β)
))

. We obtain

Φ∗Ω∗IXσ̃,β
(⊗

vav
)

= Φ∗Ω∗stσ̃∗
(⊗

vevσ̃∗v av
)

= µ∗λ
∗
(⊗

vevσ̃∗v av
)

= µ∗

(
λ∗
(⊗

vevσ̃∗v av
)
⊗
∑
l

(−1)l+1∑
i,j

p
ij
l∗

[
O

RM(X,τ i
l
,β
ij
l

)

])

=
∑
l

(−1)l+1∑
i,j

µ∗

(
λ∗
(⊗

vevσ̃∗v av
)
⊗ pijl∗

[
O

RM(X,τ i
l
,β
ij
l

)

])

=
∑
l

(−1)l+1∑
i,j

µ∗p
ij
l∗

(
p
ij∗
l λ∗

(⊗
vevσ̃∗v av

)
⊗
[
O

RM(X,τ i
l
,β
ij
l

)

])
=
∑
l

(−1)l+1∑
i,j

Ψi
l∗st

ij
l∗q

ij∗
l

(⊗
vevσ̃∗v av

)
=
∑
l

(−1)l+1∑
i,j

Ψi
l∗st

ij
l∗

(⊗
vevl,ij∗v av

)
=
∑
l

(−1)l+1∑
i,j

Ψi
l∗I

X

τ i
l
,β
ij
l

(⊗
vav

)
,
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where the second equality follows from proper base change [51, Theorem 1.5], the
third equality follows from (8.12), and the fifth equality follows from the projection
formula [51, Theorem 1.4]. �

9. Quantum K-invariants with multiplicities

The flexibility of our derived approach to quantum K-invariants allows us to
impose not only simple incidence conditions for marked points as in the last
section, but also incidence conditions with multiplicities. This leads to a new set
of enumerative invariants, which is not yet considered in the literature, even in
algebraic geometry, to the best of our knowledge.

Fix a proper smooth k-analytic space X and an A-graph (τ, β). Let i ∈ Tτ be a
tail vertex and mi a positive integer. Let si : M

pre
τ → C

pre
τ be the i-th section of the

universal curve, Ii the ideal sheaf on Cpre
τ cutting out the image of si, (Cpre

τ )(smii )

the closed substack given by the mi-th power of the ideal Ii, and RC(X, τ, β)(smii )

the pullback of (Cpre
τ )(smii ) along the map RM(X, τ, β) → M

pre
τ taking domains.

Let Xmi
i (τ, β) denote the mapping stack

MapRM(X,τ,β)

(
RC(X, τ, β)(smii ), X × RM(X, τ, β)

)
.

Let evmii denote the composition of the natural map

RM(X, τ, β) −→MapRM(X,τ,β)

(
RC(X, τ, β), X × RM(X, τ, β)

)
and the restriction map

MapRM(X,τ,β)

(
RC(X, τ, β), X × RM(X, τ, β)

)
−→ Xmi

i (τ, β).

We call
evmii : RM(X, τ, β) −→ Xmi

i (τ, β)

the evaluation map of the i-th marked point of order mi.
Note that when mi = 1, we have

(Cpre
τ )(smii ) 'M

pre
τ , RC(X, τ, β)(smii ) ' RM(X, τ, β)

and
Xmi
i (τ, β) ' X × RM(X, τ, β).

So we have ev1
i ' evi × id.

Given any closed analytic subspace Zi ⊂ X such that the inclusion is lci, let

Zmi
i (τ, β) := MapRM(X,τ,β)

(
RC(X, τ, β)(smii ), Zi × RM(X, τ, β)

)
.
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Lemma 9.1. The diagram

t0Z
mi
i (τ, β) t0X

mi
i (τ, β)

Zmi
i (τ, β) Xmi

i (τ, β)

t0(ι)

ι

is a pullback square. Moreover, the morphisms ι : Zmi
i (τ, β) ↪→ Xmi

i (τ, β) and
its truncation t0(ι) are derived lci. Therefore ι∗OZ

mi
i (τ,β) is a perfect complex on

Xmi
i (τ, β).

Proof. Consider the diagram

t0Z
mi
i (τ, β) t0X

mi
i (τ, β) M(X, τ, β)

Zmi
i (τ, β) Xmi

i (τ, β) RM(X, τ, β).

The maps
Xmi
i (τ, β) −→ RM(X, τ, β)

and
Zmi
i (τ, β) −→ RM(X, τ, β)

are flat. This implies that the right and the outer squares in the above diagram
are pullbacks. Therefore, so is the left square.

Let us now prove that the relative analytic tangent complex Tan
ι is perfect and in

tor-amplitude [0,−1]. Let j : Zi × RM(X, τ, β)→ X × RM(X, τ, β) be the closed
immersion induced by Zi ⊂ X. Consider the diagram

RC(X, τ, β)(smii ) ×RM(X,τ,β) Z
mi
i (τ, β) Zi × RM(X, τ, β)

Zmi
i (τ, β)

e

q

where e is the universal evaluation map and q is the projection. The construction
in the proof of [51, Lemma 8.4] shows that

Tan
ι ' q∗e

∗Tan
j .

Since Zi → X is lci, Tan
j has tor-amplitude [0,−1], and thus the same goes for

e∗Tan
j . The canonical map (Cpre

τ )(smii ) →M
pre
τ is flat, so Corollary 10.4 implies that

the map q is also flat. Moreover observe that q has relative dimension 0. These
two properties of q imply that the functor q∗ has cohomological dimension 0 and
preserves the tor-amplitude. We conclude that Tan

ι has tor-amplitude [0,−1], and
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therefore ι is derived lci. Combining Corollary 2.9 and [51, Proposition 7.8], we
deduce that ι∗OZ

mi
i (τ,β) is a perfect complex on Xmi

i (τ, β). �

Definition 9.2. Given any A-graph (τ, β), mi = (mi)i∈Tτ with mi ∈ N>0, and
Z = (Zi)i∈Tτ with Zi ⊂ X closed lci, we define the associated quantum K-invariants
of X with multiplicities

QX
τ,β,m(Z) := st∗

( ⊗
i∈Tτ

(evmii )∗OZ
mi
i (τ,β)

)
∈ K0(M τ ),

where the pullback (evmii )∗ is well-defined by Lemma 9.1, and Proposition 7.8
ensures that the image of st∗ lies in Cohb(M τ ), thus gives an element in K0(M τ ).

The quantum K-invariants with multiplicities satisfy the following list of natural
geometric properties exactly parallel to the previous section. As the proofs are also
parallel to the previous section, we do not repeat them here.

9.1. Mapping to a point.

Proposition 9.3. Let (τ, 0) be any A-graph where β is 0. Let p1, p2 be projections

M τ ×X X

M τ .

p2

p1

Given any m = (mi)i∈Tτ and Z = (Zi)i∈Tτ as in Definition 9.2, for each i ∈ Tτ ,
consider the truncations

t0(evmii ) : t0RM(X, τ, 0) 'M τ ×X −→ t0X
mi
i (τ, 0),

and
t0(ι) : t0Z

mi
i (τ, 0) ↪−→ t0X

mi
i (τ, 0).

We have

QX
τ,β,m(Z) = p1∗

((⊗
i∈Tτ t0(evmii )∗Ot0Z

mi
i (τ,0)

)
⊗ p∗2λ−1

(
(R1π∗OCτ

� Tan
X )∨

))
,

where λ−1(F ) := ∑
i(−1)i ∧i F .

9.2. Products.

Proposition 9.4. Let (τ1, β1) and (τ2, β2) be two A-graphs. Let (τ1 t τ2, β1 t β2)
be their disjoint union. Given any m = (mi)i∈Tτ1 , Z = (Zi)i∈Tτ1 , n = (nj)j∈Tτ2 ,
W = (Wj)j∈Tτ2 as in Definition 9.2, we have

QX
τ1tτ2,β1tβ2,mtn(Z tW) = QX

τ1,β1,m(Z) �QX
τ2,β2,n(W).
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9.3. Cutting edges.

Proposition 9.5. Let (σ, β) be an A-graph obtained from (τ, β) by cutting an edge
e of τ . Let v, w be the two tails of σ created by the cut. Consider the following
commutative diagram

M τ Mσ

RM(X, τ, β) RM(X, σ, β)

X X ×S X.

d

stτ

c

eve

stσ

evv×evw

∆

Given any m = (mi)i∈Tτ and Z = (Zi)i∈Tτ as in Definition 9.2, let

m′ := m t (mv = 1,mw = 1).

We have
d∗Q

X
τ,β,m(Z) = QX

σ,β,m′(Z⊗∆∗OX),
where the right hand side means

st∗
((⊗

i∈Tτ
(evmii )∗OZ

mi
i (σ,β)

)
⊗ (evv × evw)∗∆∗OX

)
∈ K0(Mσ).

9.4. Forgetting tails.

Proposition 9.6. Let (σ, β) be an A-graph obtained from (τ, β) by forgetting a tail
t. Let Φ: M τ →Mσ be the forgetful map from τ -marked stable curves to σ-marked
stable curves. Given any m = (mi)i∈Tσ and Z = (Zi)i∈Tσ as in Definition 9.2, and
any positive integer mt, let

m′ := m t (mt).
We have

QX
τ,β,m′(Z t (X)) = Φ∗QX

σ,β,m(Z).

9.5. Contracting edges.

Proposition 9.7. Let (σ, β) be an A-graph obtained from (τ, β) by contracting an
edge (possibly a loop) e. We follow the notations of Section 5.5. Let Φ: M τ →Mσ,
Ψi
l : M τ i

l
→ M τ and Ω: M σ̃ → Mσ be the induced maps on the moduli stacks of

stable curves. Given any m = (mv)v∈T
σ̃
and Z = (Zv)v∈T

σ̃
as in Definition 9.2, we

have
Φ∗Ω∗QX

σ̃,β,m(Z) =
∑
l

(−1)l+1∑
i,j

Ψi
l∗Q

X

τ i
l
,β
ij
l
,m

(Z).
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10. Appendix: Flatness in derived k-analytic geometry

Definition 10.1. Let f : X → Y be a morphism of derived k-analytic spaces and
let F ∈ Coh+(X). We say that F is flat relative to Y if F is flat as f−1O

alg
Y -module.

Lemma 10.2. Let f : X → Y be a morphism of derived k-analytic spaces. Let
F ∈ Coh+(X). The following are equivalent:

(1) F is flat relative to Y .
(2) F has tor-amplitude [0, 0] relative to Y in the sense of [51, Definition 7.1].
(3) For every G ∈ Coh♥(Y ), F ⊗OX f

∗(G) belongs to Coh♥(X).
(4) Consider the pullback square

X0 X

t0(Y ) Y,

i

f0 f

j

where j is the inclusion of the truncation. Then i∗(F) is flat relative to
t0(Y ).

Proof. We start by proving the equivalence (1) ⇔ (4). Write X = (X,OX) and
Y = (Y,OY ). Since j is a closed immersion, [52, Propositions 3.17(iii) and 6.2(iv)]
imply that

f−1O
alg
Y O

alg
X

f−1(π0(Oalg
Y )) O

alg
X0

is a pushout square in CAlgk(X). Then F is flat as f−1O
alg
Y -module if and only

if the base change F ⊗f−1Oalg
Y
f−1(π0(Oalg

Y )) is flat as f−1(π0(Oalg
Y ))-module. The

derived base change implies that

F ⊗f−1Oalg
Y
f−1(π0(Oalg

Y )) ' F ⊗
O

alg
X

O
alg
X0 .

Therefore (1) is equivalent to (4).
Next, we prove the equivalence (4) ⇔ (2). Since (4) is local on both X and Y ,

we may assume that X and Y are derived k-affinoid spaces. Write

A := Γ(X,Oalg
X ), A0 := Γ(X0,O

alg
X0), B := Γ(Y,Oalg

Y ), M := Γ(X,F).

Note that i∗(F) is flat relative to t0(Y ) if and only if i∗(F) ∈ Coh♥(X0) '
Coh♥(t0(X)) and as a coherent sheaf on t0(X) it is flat relative to t0(Y ) in the
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underived sense. Using [51, Theorem 3.4], we conclude that i∗(F) is flat relative to
t0(Y ) if and only if the module

Γ(X0, i
∗(F)) 'M ⊗A A0

is flat as π0(B)-module. By [51, Proposition 4.2], the diagram

B A

π0(B) A0

φ

is a pushout diagram in CAlgk. This implies that

M ⊗A A0 'M ⊗B π0(B).

If (4) is satisfied, then M ⊗B π0(B) is flat as π0(B)-module. Hence, it has tor-
amplitude [0, 0] as π0(B)-module, which implies that M has tor-amplitude [0, 0] as
B-module, and hence M is flat as B-module. Thus (2) holds. Conversely, if (2) is
satisfied, then M is flat as B-module, hence M ⊗A A0 is flat as π0(B)-module, so
(4) holds.

We finally prove the equivalence (2) ⇔ (3). Once again, we can assume X
and Y to be derived k-affinoid spaces. Keeping the same notations as above, let
G ∈ Coh♥(Y ) and let N := Γ(Y,G). By [51, Theorem 3.1], F ⊗OX f

∗(G) is discrete
if and only if M ⊗A φ∗(N) is discrete. On the other hand, M ⊗A φ∗(N) is discrete
if and only if

φ∗(M ⊗A φ∗(N)) ' φ∗(M)⊗B N
is discrete. This completes the proof. �

Proposition 10.3. Let
X ′ X

Y ′ Y

q

g

p

f

be a pullback square of derived k-analytic spaces. Let F ∈ Coh+(X). If F is flat
relative to Y , then g∗(F) is flat relative to Y ′.

Proof. Consider the extended diagram

X ′0 X ′ X

t0(Y ′) Y ′ Y.

q0

i

q

g

p

j f



NON-ARCHIMEDEAN QUANTUM K-INVARIANTS 79

By Lemma 10.2, it is enough to check that i∗(F) is flat. We factor t0(Y ′) → Y

through t0(Y ), which yields the following diagram

X ′0 X0 X

t0(Y ′) t0(Y ) Y.

q0

i′ i′′

p0 p

Since F is flat relative to Y , Lemma 10.2 shows that (i′′)∗(F) is flat relative to
t0(Y ). We are therefore left to prove the proposition assuming that X, Y and Y ′
are underived. Using the theory of formal models (see [10]), we see that π0(g∗(F)) is
flat relative to Y ′. Therefore, we are left to check that g∗(F) ∈ Coh♥(X ′). Working
locally, we can assume that Y and Y ′ are affinoid and that the map Y ′ → Y factors
as

Y ′ Dn
Y Y,i π

where i is a closed immersion and π is the canonical projection. We can therefore
decompose the pullback square as

X ′ Dn
X X

Y ′ Dn
Y Y.

q

πX

p′ p

i πY

As i is a closed immersion, [52, Proposition 3.17(iii) and 6.2(iv)] imply that it
is enough to check that π∗X(F) is flat relative to Dn

Y . For this, it is enough to
check that π∗X(F) is discrete. By [51, Proposition 4.10], we see that πX is flat, and
therefore π∗X is t-exact. The conclusion follows. �

Corollary 10.4. Let
X ′ X

Y ′ Y

q p

be a pullback square of derived k-analytic stacks. If p is flat, then so is q.
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