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ABSTRACT
The mean size (effective radius Re) of massive galaxies (MGs; Mstar > 1011.2 M�) is observed to increase steadily with cosmic
time. It is still unclear whether this trend originates from the size growth of individual galaxies (via, e.g. mergers and/or AGN
feedback) or from the inclusion of larger galaxies entering the selection at later epochs (progenitor bias). We here build a
data-driven, flexible theoretical framework to probe the structural evolution of MGs. We assign galaxies to dark matter haloes via
stellar mass–halo mass (SMHM) relations with varying high-mass slopes and scatters σ SMHM in stellar mass at fixed halo mass,
and assign sizes to galaxies using an empirically motivated, constant and linear relationship between Re and the host dark matter
halo radius Rh. We find that (1) the fast mean size growth of MGs is well reproduced independently of the shape of the input
SMHM relation; (2) the numbers of compact MGs grow steadily until z � 2 and fall off at lower redshifts, suggesting a lesser
role of progenitor bias at later epochs; (3) a time-independent scatter σ SMHM is consistent with a scenario in which compact
star-forming MGs transition into quiescent MGs in a few 108 yr with a negligible structural evolution during the compact phase,
while a scatter increasing at high redshift implies significant size growth during the star-forming phase. A robust measurement
of the size function of MGs at high redshift can set strong constraints on the scatter of the SMHM relation and, by extension, on
models of galaxy evolution.

Key words: galaxies: abundances – galaxies: fundamental parameters – galaxies: high-redshift – galaxies: star formation.

1 INTRODUCTION

There is now substantial evidence that galaxies of a given stellar
mass are smaller at higher redshift than in the local Universe (e.g.
Daddi et al. 2005; Trujillo et al. 2007; Buitrago et al. 2008; van
Dokkum et al. 2010, 2015; Cassata et al. 2011; Cimatti, Nipoti &
Cassata 2012; Newman et al. 2012; Huertas-Company et al. 2013;
Kawamata et al. 2015; Shibuya, Ouchi & Harikane 2015). The size
evolution of the galaxy population in a given stellar mass bin is well
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fitted by a relation of the type

Re(z) ∝ (1 + z)−α, (1)

where Re is defined as the radius that encloses half of the galaxy
light (see e.g. van der Wel et al. 2014 for a different fitting function).
It is found that in general star-forming galaxies follow shallower
trends (lower values of α) than quiescent galaxies (e.g. van der Wel
et al. 2014). Notably, the size growth rate of star-forming galaxies
increases with stellar mass, becoming comparable to that of quiescent
galaxies (with α ∼ 1) for Mstar > 1011.2 M� (Faisst et al. 2017;
Mowla et al. 2019b). Moreover, in this mass regime, as pointed out
in several studies (e.g. Bernardi et al. 2011a,b; Cappellari 2016),
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the behaviour of the scaling relations and the stellar kinematics
differ from that of less massive galaxies (MGs). Thus, the mass
scale Mstar ≈ 1011.2 M� is critical to understanding galaxy evolution.
In this paper, we focus on the structural evolution of galaxies in
this high mass regime, which we simply label in what follows as
‘MGs’.

There is no consensus yet as to why MGs were a factor of 3 to
5 smaller in the past. Minor dry mergers have been invoked as an
efficient channel to promote substantial size increase with relatively
modest change in stellar mass (e.g. Naab, Johansson & Ostriker
2009; Oser et al. 2010; Shankar et al. 2013; van Dokkum et al.
2015) to accommodate for the limited evolution in the high-mass
end of the stellar mass function (SMF) since z ∼ 1.5 (e.g. Andreon
2013; Muzzin et al. 2013; McDermid et al. 2015; Kawinwanichakij
et al. 2020). However, the rate of minor dry mergers may not be
sufficient by themselves to account for the entire size evolution of
MGs through cosmic time (Newman et al. 2012; Nipoti et al. 2009,
2012). More generally, the exact contribution of dry mergers to the
mass assembly of MGs is still a matter of intense debate among both
theoretical studies (e.g. De Lucia & Blaizot 2007; Hopkins et al.
2010b; Wilman et al. 2013; Rodriguez-Gomez et al. 2015; Qu et al.
2017; Tacchella et al. 2019; Grylls, Shankar & Conselice 2020b;
O’Leary et al. 2021) and observational works (e.g. Man, Zirm &
Toft 2016; Mundy et al. 2017; Mantha et al. 2018; Duncan et al.
2019).

It has often been debated in the literature whether the size evolution
of galaxies of a given stellar mass stems from the size growth of
individual galaxies or it is a consequence of a ‘population effect’
where newly formed, larger galaxies enter the mass selection at later
epochs thus increasing the mean size distribution (e.g. Carollo et al.
2013; Shankar et al. 2015; Gargiulo et al. 2017). This ‘progenitor
bias’ effect (van Dokkum & Franx 1996) has been usually invoked to
explain the size evolution of passive galaxies with Mstar < 1011 M�
(e.g. Fagioli et al. 2016; Faisst et al. 2017). Most studies agree on the
lesser role of progenitor bias in the size evolution of MGs at z � 1,
in favour of a more predominant role of (dry) mergers in increasing
the sizes of individual galaxies (e.g. Saglia et al. 2010; Carollo et al.
2013; van der Wel et al. 2014; Fagioli et al. 2016; Faisst et al. 2017;
but see also Gargiulo et al. 2017). In particular, the disappearance of
compact (e.g. Cassata et al. 2011; Barro et al. 2013) galaxies as the
Universe ages is interpreted as a sign that they must have grown in
size individually (van der Wel et al. 2014) while a constant abundance
of compact galaxies implies that progenitor bias dominates the size
growth (Saracco, Longhetti & Gargiulo 2010; Gargiulo et al. 2016,
2017). In this respect, the full distribution of galaxy sizes at fixed
stellar mass, i.e. the size function φ(Re|Mstar), is an invaluable tool
to disentangle galaxy evolution scenarios, providing simultaneous
information on the mean size Re and the number density of compact
galaxies (e.g. Shankar et al. 2010; Carollo et al. 2013; Zanisi et al.
2020, hereafter Z20).

In addition to mergers and progenitor bias, active galactic nuclei
(AGNs) feedback during the compact star-forming stages of the
evolution of MGs (both in a submm-FIR phase, e.g. Barro et al.
2016, and an optical ‘blue nugget’ phase, e.g. Martig et al. 2009;
Damjanov et al. 2011; Barro et al. 2013; Fang et al. 2013; Zolotov
et al. 2015; Tacchella et al. 2016, which are potentially linked in
an evolutionary sequence, e.g. Gómez-Guijarro et al. 2019; Puglisi
et al. 2021) may also contribute to both size growth and quenching
(Fan et al. 2008, 2010; Kocevski et al. 2017; Lapi et al. 2018a; van
der Vlugt & Costa 2019), and the relative evolution of compact star-
forming and quiescent galaxies can provide tight constraints on these
processes, as we will further discuss below.

Due to their flexibility and relatively lower number of free
parameters, semi-empirical models have become a popular route
to study the mass assembly, star formation, and merger histories
of galaxies (e.g. Conroy & Wechsler 2009; Hopkins et al. 2010a,b;
Behroozi, Wechsler & Conroy 2013; Moster, Naab & White 2013;
Shankar et al. 2013; Gu, Conroy & Behroozi 2016; Matthee et al.
2017; Rodrı́guez-Puebla et al. 2017; Tinker 2017; Lapi et al. 2018a;
Grylls et al. 2020a,b; Chen et al. 2020; O’Leary et al. 2021).
The main ingredient in semi-empirical models is the input stellar
mass–halo mass (SMHM) relation, which is extracted from the
cumulative equivalence between the number densities of the stellar
mass and (sub)halo mass functions (e.g. Shankar et al. 2006; Vale
& Ostriker 2006; Dutton et al. 2010; Firmani & Avila-Reese 2010;
Guo et al. 2011; Leauthaud et al. 2012; Rodrı́guez-Puebla, Avila-
Reese & Drory 2013; Mandelbaum et al. 2016; Kravtsov, Vikhlinin
& Meshcheryakov 2018; Moster, Naab & White 2018; Pillepich et al.
2018; Behroozi et al. 2019; Erfanianfar et al. 2019). However, the
systematic uncertainties in the input data, most notably in the SMF,1

have yielded discrepant results along the years. For example, some
groups (e.g. Behroozi et al. 2013; Moster et al. 2013; Rodrı́guez-
Puebla et al. 2017) proposed a shallower high-mass slope in the
SMHM relation, while others have argued in favour of a steeper
slope (e.g. Shankar et al. 2014; Tinker et al. 2017; Kravtsov et al.
2018; Grylls et al. 2019). In turn, the high-mass end of the SMHM
relation plays a crucial role in, e.g. the number of galaxy pairs, and
thus on galaxy merger rates (Grylls et al. 2020b; O’Leary et al. 2021).

Some works also highlighted a further correlation between the
size of a galaxy, Re, and that of its host dark matter halo, Rh (e.g.
Fall 1983; Mo, Mao & White 1998; Kravtsov 2013; Huang et al.
2017; Desmond et al. 2017; Somerville et al. 2018; Lapi, Salucci &
Danese 2018b; Hearin et al. 2019; Mowla et al. 2019a; Z20, but see
also Desmond 2017). When coupled together in a semi-empirical
model, the SMHM and Re–Rh relations become powerful tools to
simultaneously probe the mass and structural evolution of galaxies
in a full cosmological context. For instance, Somerville et al. 2018
found a non-trivial redshift and stellar mass dependence of the mean
Re–Rh relation at Mstar � 1011.2 M�. Z20, found that, in the MGs
regime and at z ∼ 0.1, the Re–Rh relation must be very tight with
a total scatter (inclusive of observational statistical uncertainties) of
only ≈0.1 dex,2 Stringer et al. (2014, hereafter S14) combined the
Moster et al. (2013) SMHM relation and a constant Re–Rh relation
to build a semi-empirical model which proved capable to reproduce
the size evolution of MGs in the COSMOS field (Huertas-Company
et al. 2013). S14 attributed the mean size growth of the population
of MGs at z � 2 to a cosmological effect for which (i) the size
of the host dark matter haloes of a given mass become larger as
the Universe expands and its density decreases and (ii) MGs of the
same mass form in more massive, extended dark matter haloes at

1Ultimately, the reasons for these discrepancies are thought to originate
from the way stellar masses are estimated. The initial mass function,
dust attenuation curve, stellar population synthesis models and assumed
star formation histories, the inclusion of intra-cluster light and even the
photometry choice and background subtraction algorithms all contribute to the
various determinations of the stellar mass functions found in the literature (see
e.g. Bernardi et al. 2010, 2013, 2016, 2017; Kravtsov et al. 2018; Guarnieri
et al. 2019; Kawinwanichakij et al. 2020; Leja et al. 2020; Lower et al.
2020 among many others), which result in different estimates of the SMHM
relation (e.g. Shankar et al. 2017).
2This was necessary to reproduce the full size distribution of early- and late-
type MGs in the local Universe as measured in the Sloan digital Sky Survey
(SDSS).
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The sizes of compact MGs 4557

Figure 1. The effect of different SMHM relations on the halo occupation distribution (HOD) of MGs and the size functions implied by a linear Re–Rh relation
(equation 4). We show that SMHM relations with different high-mass slope δ and scatter σ SMHM (shown as shaded areas in the left-hand panel) can produce the
same number density for MGs (the mass threshold for MGs is shown as a red horizontal line). However, the HOD for the two models is remarkably different
(central panel). This translates in very different size functions. In particular, the number density of compact galaxies differs by almost a factor of 2 (we use the
Cassata et al. 2013 definition of compactness, i.e. 0.4 dex below the z = 0 mean size, against which we calibrated the two models following Appendix B). The
model indicated with dashed grey lines is shown to help appreciate the effect of a lower σ SMHM, at fixed δ, on the halo occupation distribution and on the size
function (compare to the dot–dashed model). Although we show results only at a given redshift as an example, the same arguments apply at any epoch for some
choices of δ and σ SMHM.

lower redshift. While these results are encouraging, the effects of
assuming a different SMHM relation in the framework outlined by
S14 have remained relatively unexplored. The only notable exception
is the work by Mowla et al. (2019a), where, however, only the
shape of the SMHM was considered and not its scatter, σ SMHM.
The parameter σ SMHM is notoriously degenerate with the high-mass
slope of the SMHM relation in retrieving the number density of
MGs (Shankar et al. 2014; Wechsler & Tinker 2018). As we will
show, instead, σ SMHM has a seizable effect on the number density
of the population of compact galaxies, and therefore it is a signif-
icant novelty that we include in the semi-empirical framework set
out in S14.

In this paper, we put forward a phenomenological, transparent
methodology to probe the size evolution of MGs that expands on the
works by S14, Somerville et al. (2018), and Mowla et al. (2019a).
Following the approach of Grylls et al. (2020b), we build mock
catalogues of galaxies in dark matter haloes using data-driven toy
models where SMHM relations with different shapes and dispersion
are coupled with linear Re–Rh relations characterized by different
normalizations. The main objective of this paper is to probe the
impact of varying the input SMHM relation and its dispersion σ SMHM

on: (1) the mean size evolution of MGs, (2) the full size function
of MGs across cosmic time, and (3) the number density of compact
MGs. The latter point is particularly original and powerful as the time
dependence of the number density of compact MGs is closely linked
to progenitor bias: less compact galaxies at fixed stellar mass would
be observed at later epochs if they grow in size via, e.g. mergers. We
will show, in particular, that the scatter in the SMHM relation plays a
major role in setting the number density of compact MGs, allowing
to break the degeneracy between the scatter and the high-mass slope
of the SMHM (see e.g. Fig. 1). Our present work lays out an effective
strategy to unveil the evolutionary pathways of MGs by exploiting
the increased statistics of MGs that will become available from future
observations. Data for MGs are in fact at present quite sparse and
uncertain at z � 1 (e.g. Kawinwanichakij et al. 2020), and effective
radii have been measured for only a handful of MGs at z � 2 (e.g.

Faisst et al. 2017; Kubo et al. 2017; Patel et al. 2017; Mowla et al.
2019b; Lustig et al. 2021; Stockmann et al. 2021).

The outline of the paper is as follows. In Section 2, we provide the
backbone of our framework. In Section 3.1, we explore the role of the
scatter in the SMHM relation and we present toy models inspired to
these findings in Section 3.2. In Sections 3.3, 3.4, and 3.5, we show
how the different SMHM implied by the toy models results in a range
of possible determinations of the size distributions of MGs. We give
an interpretation of the evolutionary pathways of MGs implied by the
different toy models in Section 4.1, and we show how our framework
can be used to constrain the shape and scatter of the SMHM relation
in Section 4.2. In Section 4.3, we discuss the possibility that the
SMHM and Re–Rh relations are correlated, and in Section 4.4 we
discuss an extension of the model of the Re−Rh connection based on
halo concentration, and discuss its limitations and strengths. Finally,
we draw our conclusions in Section 5. Further material is available
in the Appendices.

2 METHODS

2.1 The galaxy–halo connection

To study the size distribution and evolution of MGs (Mstar >

1011.2 M�), at any redshift of interest we build a catalogue of dark
matter haloes with mass Mh and size Rh, to which we assign a stellar
mass Mstar (via an input SMHM relation) and an effective radius
Re (via a Re–Rh relation). The detailed modelling approach that we
use here closely follows the one outlined in Z20, which we briefly
summarize below for convenience:3

(i) We use the Despali et al. (2016) halo mass function to obtain
large catalogues of dark matter haloes at all the redshifts of interest.
Note that the Despali et al. (2016) halo mass function is defined

3We make extensive use of the COLOSSUS Python package (Diemer 2018).
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for central galaxies only, as it does not include subhaloes (e.g. van
den Bosch et al. 2014). Thus, all MGs in this study are modelled as
central galaxies.4 In this paper, we model dark matter haloes with a
Navarro, Frenk & White (1996) density profile with scale radius Rs,

ρ(r) ∝ 1

r
Rs

[
1 + r

Rs

]2 , (2)

and with Rh = cRs defining the concentration parameter c. Rh is the
dark matter halo radius,

Rh =
(

3Mh

4π	ρ	

) 1
3

(3)

where 	 is the virial overdensity with respect to the cosmological
critical density (Bryan & Norman 1998). Both 	 and ρ	 are
decreasing functions of cosmic time (e.g. Mo, van den Bosch &
White 2010). Thus, a dark matter halo of a given mass has a smaller
size at higher redshift, owing to the higher density of the Universe.

(ii) We model the link between galaxies and dark matter via the
SMHM relation. The mean SMHM ≡ Mstar(Mh) is a monotonically
increasing function of halo mass. We include a lognormal scatter
σ SMHM at fixed halo mass that takes into account both the intrinsic
dispersion σ intr in the relation and the uncertainty in stellar mass
estimates σ ∗ (i.e. σ 2

SMHM = σ 2
intr + σ 2

∗ ; see Behroozi et al. 2013;
Shankar et al. 2014; Rodrı́guez-Puebla et al. 2017; Tinker et al.
2017). In the next section, we will present ‘toy’ SMHM relations,
which vary in both shape and dispersion, to probe their impact on our
galaxy mocks and on their size distributions at different epochs. In
particular, we will focus on the slope above the knee of the SMHM
relation, δ (see Fig. 1), which is the parameter in the SMHM relation
controlling the number density of MGs at a given dispersion. The
precise value of δ, or better of the underlying abundances of MGs
in the local and high redshift Universe, still suffer from substantial
systematic uncertainties and that are hotly debated in the literature
(see Section 1).

(iii) We assign a half-light radius Re to each galaxy according to
the ansatz:

Re = AKRh, (4)

which is based on the empirical findings by Kravtsov (2013), and
that we call the K13 model. Here, AK is the normalization which in
principle may vary with halo mass, galaxy stellar mass and/or star
formation activity (e.g. Huang et al. 2017; Somerville et al. 2018;
Z20). We add to equation (4) an intrinsic lognormal scatter σ K, which,
as AK, is a free parameter. We stress that, effectively, Re is a function
of Mh, since there is a direct proportionality between halo mass and
halo radius (see equation 3). While in the remainder of the paper we
will mostly comment on the K13 model, in Section 4.4 we discuss
another model of galaxy sizes in which the relation between virial
radius and galaxy size is also mediated by the halo concentration (e.g.
Desmond 2017; Jiang et al. 2019; Z20). Moreover, other definitions
of galaxy sizes, such as R80 (Miller et al. 2019) or R1 (Trujillo,
Chamba & Knapen 2020), have been proposed to correlate to Rh

equally well or even better than effective radius. We will discuss
these models in Appendix E.

4In our model all MGs are considered central galaxies, since satellites are
negligible in this extreme mass range (e.g. Peng et al. 2010). Using the
Statistical Semi-Empirical Model STEEL (Grylls et al. 2019), we find that
the satellite contribution to MGs is less than 20 per cent at z∼0.1, and it
declines steeply at earlier times. The subdominant population of satellite
MGs is studied in a companion paper (Z20).

2.2 Quenching

To provide a fair comparison to observations, which have so far
always distinguished between star-forming and quiescent MGs (e.g.
Mowla et al. 2019b), we need to include a recipe for quiescence in our
galaxy mocks. To this purpose, following the empirical calibration
of Rodrı́guez-Puebla et al. (2015) at z ∼ 0.1, we assume that the
probability of a galaxy being quenched in a dark matter halo of mass
Mh is given by the fraction

fQuench(Mh) = 1

b0 + [M0 × 1012/Mh(M�)]
(5)

with b0 ∼ 1 and M0 ∼ 0.68 at z ∼ 0.1. fQuench is a monotonically
increasing function of halo mass, with a characteristic mass scale
M0 above (below) which more (less) than 50 per cent of galaxies
are quiescent (star-forming).

The fraction of quenched MGs is observed to evolve with redshift
(e.g. Huertas-Company et al. 2016; Mowla et al. 2019b). While it
is beyond the scope of this work to set specific constraints on the
physical processes that drive quenching (see Somerville & Davé
2015 for a review), we note that quenching is thought to be more
likely to occur in more massive haloes at higher redshift (e.g. see the
empirical models by Rodrı́guez-Puebla et al. 2017; Behroozi et al.
2019). In our model, this is achieved by replacing M0 with

M(z) = M0 + (1 + z)μ, (6)

where μ > 0 is a free parameter, which regulates the increase in
characteristic quenching halo mass in the younger Universe. Fig. A1
shows examples of the evolution in fQuench for μ = 1, 3, 5. We note
that quiescence is defined in the literature according to different
methods (e.g. 1σ below the main sequence, different cuts in the
colour–colour planes, a hard cut in specific star formation rate, see
e.g. Donnari et al. 2019) that can lead to different results (Sherman
et al. 2020). Therefore, the value of μ will depend on the method
assumed. For this reason, in the following we simply show different
values of μ, which we will adapt to the specific method used once
the comparison data are fixed.

Quiescent and star-forming MGs of similar mass appear to grow
in size at the same rate with redshift, with quiescent galaxies
being systematically smaller at all times (Mowla et al. 2019b). We
assume that the two populations live on two separate K13 relations.
The normalizations AK,SF and AK,Q, for star-forming and quenched
MGs, respectively, are calibrated at z ∼ 0.1 following Appendix B.
Following Z20, we also assume that the scatters in the two K13
relations, σ K,SF and σ K,Q, are equal to 0.1 dex. In the remainder of
this paper, we assume that this value of σ K holds at all times.

2.3 Target observables

Using the methodology outlined above, we will present the results
of some toy models (described in Section 3.2) for the following
observables:

(i) the evolution of the galaxy size distribution of MGs [i.e. the
size function φ(Re, z|Mstar > 1011.2 M�)] and its integral, the number
density of MGs

nMGs(z) =
∫ ∞

−∞
φ(Re, z|Mstar > 1011.2 M�)dlogRe; (7)

(ii) the mean size of the population of MGs as a function of
redshift, 〈Re(z)〉;

(iii) the evolution in the number density of compact MGs
ncompact(z). A range of definitions of compactness have been proposed
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in the literature (e.g. Saracco et al. 2010; Barro et al. 2013, 2017;
Carollo et al. 2013; Fang et al. 2013; van der Wel et al. 2014;
Damjanov et al. 2015; van Dokkum et al. 2015; Charbonnier et al.
2017; Tacchella et al. 2017; Buitrago et al. 2018; Tortora et al. 2018;
Luo et al. 2020 among many others). Here, we define galaxies as
compact systems if their size is 0.4 dex below the z ∼ 0 Re–Mstar

relation of quenched galaxies (Cassata et al. 2011, 2013),

ncompact(z) =
∫ −0.4

−∞
φ(Re/Re(z = 0), z)dlog(Re/Re(z = 0)). (8)

In particular, we focus on compact quenched MGs (CQMGs) and
compact star-forming MGs (CSFMGs).

Fig. C1 shows that adopting other definitions of compactness
based on the effective radius yields qualitatively similar results to
the Cassata et al. (2011) definition. Other popular definitions of
compactness based on, e.g. the stellar mass density in the central
kiloparsec, would require information on the light/mass profile of
galaxies (e.g. the Sérsic index), which we are not including here.
This requires further modelling which we defer to future work.

3 RESULTS

3.1 At the core of the model

The methodology outlined in Section 2 makes use of only two
ingredients: (i) the K13 relation (equation 4) and (ii) the SMHM
relation (most notably the high-mass slope δ and the scatter σ SMHM).

Fig. 1 shows that two SMHM relation with different high-mass
slope δ and scatter σ SMHM are able to produce the same number
density for MGs. The degeneracy between δ and σ SMHM in producing
the same abundances of MGs was already identified in previous
studies (e.g. Behroozi, Conroy & Wechsler 2010; Shankar et al.
2014). What we emphasize here, for the first time to the best of
our knowledge, is that the corresponding halo mass distributions
(middle panel, see also Shankar et al. 2014), and thus the implied
size functions computed via the linear Re–Rh relation (right-hand
panel), remain, however, significantly distinct, especially below the
peaks of the distributions. The larger abundances of compact MGs are
mostly driven by a larger scatter in the input SMHM relation, as can
be inferred by comparing black dot–dashed and grey dashed lines in
Fig. 1. Thus, the abundance of compact galaxies represents a valuable
observable to break the degeneracy between δ and σ SMHM, allowing
to set constraints on the degree of progenitor bias and ultimately to
discriminate between different models of galaxy formation.

3.2 Toy models

Motivated by the discussion above, we devise four toy models to
show the effect of varying δ and σ SMHM on our target observables
(Section 2.3):

(i) Model 1: δ = 0.5 (steep slope), σ SMHM = 0.15 dex at all
redshifts;

(ii) Model 2: δ = 0.5 (steep slope), σSMHM =
√

(0.1z)2 + 0.152;
(iii) Model 3: δ = 0.35 (shallow slope), σ SMHM = 0.15 dex at all

redshifts;
(iv) Model 4: δ = 0.35 (shallow slope), σSMHM =√
(0.1z)2 + 0.152.

The slope of Model 1 (Model 2) is inspired to the Grylls et al.
(2020a) ‘PyMorph’ (‘cmodel’) SMHM relation, which was obtained
by fitting the Bernardi et al. (2017) ‘PyMorph’ (‘cmodel’) SMF at

z ∼ 0.1 and the Davidzon et al. (2017) SMFs at z � 0.2 where their
masses have been corrected by 0.15 dex to bring the two studies in
agreement5 (see also Bernardi et al. 2016).6

Although some authors point to distinct SMHM relations for
quiescent and star-forming galaxies (e.g. Rodrı́guez-Puebla et al.
2015; Moster et al. 2018; Behroozi et al. 2019; Posti & Fall 2021),
the relative content of stars in star-forming and quiescent galaxies at
fixed halo mass is still highly debated (e.g. Wechsler & Tinker 2018).
We here adopt throughout the simplest assumption that quiescent and
star-forming galaxies share the same underlying SMHM relation,
and note that of our core results do not qualitatively depend on this
working assumption.

3.3 Halo occupation and implied size function

As a first step, in Fig. 2 we show the SMHM relation and its scatter
for the four toy models, as well as the distribution of the host
haloes (i.e. the halo occupation distribution) and the implied size
functions. Fig. 2 reveals that different SMHM relations and their
scatter σ SMHM provide significantly different size functions, which
necessarily stem from distinct host halo occupation distributions.
Thus, the size functions are completely regulated by the way the
SMHM relation maps galaxies into haloes. In particular, it is relevant
to highlight the following features when comparing different models
for the input SMHM relation:

(i) Model 1 versus Model 3. A change in the high-mass slope
of the SMHM relation generates an overall lower number density of
MGs, but the mean of the halo occupation distributions and related
size functions are fairly similar in the two cases.

(ii) Model 1 versus Model 2 and Model 3 versus Model 4. Even
when the shape of the SMHM relation is identical, if we allow for the
scatter σ SMHM to evolve with redshift, and in particular to increase at
earlier epochs, then the implied halo occupation distribution drasti-
cally changes compared to the case with constant scatter. In the for-
mer case, a higher proportion of small MGs are hosted in less massive
haloes at higher redshift, and the mean halo occupation and galaxy
size exhibit a stronger evolution, as quantitatively described below.

3.4 Implied size evolution

S14 showed that, on the assumption that Re ∝ Rh at all epochs, the
progressive increase in virial radii and in the number densities of
massive dark matter haloes, were sufficient conditions to produce,
when averaging over the full population, a strong size evolution in
the sizes of MGs.

Fig. 3 confirms and further extends the claim by S14. By using,
for each of our four toy models, a constant proportionality Re =
AK × Rh calibrated at z = 0.1 (see Appendix B), as labelled, we
are always able to reproduce the strong redshift evolution seen in
the available data (Faisst et al. 2017; Patel et al. 2017; Mowla et al.
2019b), irrespective of the exact input SMHM relation. Models with
an evolving σ SMHM tend to predict up to less than 50 per cent faster
size evolutions, well within the variance currently found in the data.
We distinguish between star-forming and quiescent galaxies via the
fQuench model with μ = 2. Varying the μ parameter has little effect
on our results, as it can be easily compensated by a relative variation

5This was done only for the ‘PyMorph’ SMF. The factor of 0.15 dex takes
into account the difference in M/L used in the two studies.
6We also shift by −0.1 dex the knee of the SMF resulting from the Grylls
et al. (2020a) SMHM to better match the SDSS SMF.
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Figure 2. Left column: The SMHM relation of the four models outlined at the beginning of Section 3.2. The red line indicates the stellar mass selection for
MGs. The green shaded regions indicate the scatter of the SMHM, which increases at higher redshift for Models 2 and 4. The grey line in the centre-bottom and
bottom panels indicates the SMHM for Models 1 and 2 as a reference. Central and Right column: The redshift evolution of the HOD φ(Mh|Mstar > 1011.2 M�)
and the implied size functions φ(Re|Mstar > 1011.2 M�) of MGs for the four models. We display results for z = 0, 0.5, 1, 1.5, 2, 2.5, 3. Darker colours indicate
higher redshift. The grey band in the right column shows the Cassata et al. (2013) definition for compact galaxies. It can be seen that the increasing σ SMHM of
Models 2 and 4 results in broader distributions, which have a median lower Mh and normalized Re compared to Models 1 and 3, where σ SMHM = 0.15 dex at
all times. An evolving σ SMHM also results in a higher number density of MGs at earlier times. Contrariwise, the flatter high-mass-end slope of the SMHM in
Model 3 results in overall fewer MGs and slightly larger median halo masses compared to Model 1.
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Figure 3. The size evolution from the K13 model for star-forming (left) and quiescent (right) MGs. The black lines indicate the four toy models outlined at
the beginning of Section 3.2 and coupled with the fQuench model introduced in Section 2.2 with μ = 3, as an example. Data are the sizes of MGs from Mowla
et al. (2019b) (diamonds), Faisst et al. (2017) (circles), Patel et al. (2017) (triangles). We also add SDSS estimates for the sizes of Massive Late type and Early
type galaxies (green and orange stars, respectively) from Z20. The normalization AK in each panel is chosen to match SDSS observations. Notably, a constant
normalization AK is able to reproduce observations. Moreover, AK is lower for shallower high-mass-end slopes of the SMHM (Models 1 and 2), while the
opposite is true for steeper SMHM relations. This indicates that AK and δ are degenerate in our model.

in AK and/or in the SMHM relation. Indeed, the AK retrieved for star-
forming and quenched MGs appear to be systematically different
and such difference persists even when adopting distinct SMHM
relations as, for example, in Moster et al. (2018), for which we find
AK,SF ≈ 0.023 and AK,Q ≈ 0.016.

3.5 Implied statistics of compact MGs

In Fig. 2, we showed that the shape and scatter of the SMHM have
a significant impact on the number density of compact galaxies,
a feature that was not investigated by previous studies. We explore
these trends more quantitatively here for our toy models. The top and
bottom panels of Fig. 4 show the predictions of Model 1 (constant
scatter) and Model 2 (evolving scatter) for the number density of MGs
(left-hand panels) and for only compact MGs (right-hand panels),
separately for quiescent (red) and star-forming (cyan) galaxies and
for different values of the quenching parameter μ, as labelled (the
predictions for Models 2 and 3 are very similar and reported in
Appendix D). All models predict a similarly sharp rise in the number
density of compact quiescent MGs (red lines) up to z ∼ 1.5–2 and
a subsequent more or less fast drop depending on the exact value of
μ adopted. All models also predict the abundances of star-forming
compact MGs (cyan lines) to peak around the same redshift z ∼ 2.5
with a weak dependence on μ but a strong one on scatter: a larger
σ SMHM at early epochs can increase by up to a factor of 10 the pre-
dicted number densities of star-forming compact MGs (bottom right

panel). In Appendix C, we show that adopting other definitions of
compactness (e.g. Barro et al. 2013; van der Wel et al. 2014; Gargiulo
et al. 2017) does not alter the main qualitative trends of Fig. 4.

The evolution of ncompact that we predict for compact quiescent
MGs is in qualitative agreement with observations of compact
galaxies in a lower mass range (10.5 < logMstar M� < 11.5; Cassata
et al. 2011, 2013; Barro et al. 2013; van der Wel et al. 2014).
However, at present, current observations provide rather uncertain
constraints on nMGs at high redshift (see Kawinwanichakij et al. 2020
for a detailed discussion of the systematics). In addition, a secure
determination of the number density of, especially compact, MGs
is hampered by the seizable but still unknown number of optically
dark star-forming galaxies at high redshift (e.g. Franco et al. 2018;
Wang et al. 2019; Zhou et al. 2020; Smail et al. 2021). Nevertheless,
the results presented in Fig. 4 provide clear predictive trends for
the evolution of compact and large MGs that, when compared with
data from the next generation of observing facilities, will set tight
constraints on the quenching mechanisms (μ parameter) and on the
level of progenitor bias in the size evolution of MGs.

4 DISCUSSION

4.1 Progenitor bias scenarios and continuity equation

We have demonstrated that all our models are able to produce a
strong evolution in the average effective radius of the MG populations
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