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Abstract: In this paper we use Euclidean gravity to derive a simple formula for the

density of black hole microstates which transform in each irreducible representation of

any finite gauge group. Since each representation appears with nonzero density, this

gives a new proof of the completeness hypothesis for finite gauge fields. Inspired by

the generality of the argument we further propose that the formula applies at high

energy in any quantum field theory with a finite-group global symmetry, and give some

evidence for this conjecture.
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1 Introduction

Black holes which are charged under a finite gauge group have so far received sub-

stantially less attention than their brethren with continuous charge. Indeed most work

which has been done has insisted on embedding the finite gauge group into a continuous

one using the Higgs mechanism [1–4], which leads to various inessential complications.

In this paper we use Euclidean gravity coupled directly to a finite gauge field to study

the following question: in a quantum gravity theory with a long-range gauge symmetry

with finite gauge group G, at fixed energy how many black hole microstates transform

in each irreducible representation of G? This is a natural question in black hole physics,

which as far as we know has not been studied outside of a few particular examples in

string theory [5–7]. In this paper we give the following general answer: the density

ρα(E) of black hole microstates transforming in each irreducible representation α of G

is given by

ρα(E) =
d2
α

|G|
ρ(E), (1.1)

where dα is the dimension of α, |G| is the number of elements of G, and

ρ(E) =
∑
α

ρα(E) (1.2)

is the total density of states. We further propose that (1.1) holds as a general statement

about the high-energy density of states in any quantum field theory with a finite-group

global symmetry, and we give some evidence for this conjecture.

A few years ago a formula quite similar to (1.1) appeared in the context of BF

gauge theory with continuous gauge group G coupled to Jackiw-Teitelboim gravity in
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Figure 1. The Euclidean calculation of the twisted black hole partition function: we fill in

a boundary temporal circle of length β with the Euclidean Schwarzschild geometry, but with

an asymptotic symmetry operator U(g) inserted.

1 + 1 dimensions [8]. Indeed using results from [9], the authors of [8] showed that the

disk partition function restricted to states in representation α is given by

Zα(β) =
d2
α

Vol(G)
e−βc2(α)/2ZJT (β), (1.3)

where Vol(G) is the volume of G, ZJT (β) is the disk partition function of Jackiw-

Teitelboim gravity, and c2(α) is the quadratic Casimir invariant of α. Our formula (1.1)

can be thought of as a discrete version of this formula, but the topological ingredients

underlying (1.3) hold with much more generality when G is finite so (1.1) holds much

more broadly than (1.3).

2 Counting microstates with finite gauge charge

The main novelty of finite hair on black holes is that it does not contribute to the

energy-momentum tensor, and thus does not change the geometry of the black hole.1

In studying the microstates of a black hole which carries finite gauge charge, a natural

object to consider is the twisted partition function

Z(β, g) ≡ Tr
(
e−βHU(g)

)
. (2.1)

1If the finite gauge group is obtained from Higgsing a continuous group there is some backreaction

right around the black hole [1–4], but for big enough black holes this backreaction decays exponentially

with distance so the only hair which is detectable far away is that which is described by the pure finite

gauge theory we study here.
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Figure 2. The rule for moving an asymptotic symmetry operator past a Wilson line endpoint.

Here U(g) is the unitary operator at spatial infinity which implements the finite gauge

symmetry. In the continuous case Z(β, g) can be thought of as a grand canonical

partition function with an imaginary chemical potential. Computing Z(β, g) directly

from (2.1) requires detailed non-perturbative information about quantum gravity, but

we can compute it without such knowledge by using the magic of Euclidean quantum

gravity.

The Euclidean expression for Z(β, g) is illustrated in figure 1. We will evaluate it

by inserting a Wilson line Wα, where α indicates an irreducible representation of G,

and then using the defining property of U(g), which is that moving U(g) across the

endpoint of a Wilson line Wα multiplies Wα on the left by the representation matrix

Dα(g) (see figure 2). For more on why this is the correct rule, see e.g. section 3 of [10].

In particular we can use this rule to show that the thermal expectation value of the

Wilson line is proportional to the identity:

〈Wα,ij〉 = Cαδij, (2.2)

with

Cα > 0. (2.3)

We show the argument in figure 3.

We now use these observations to compute Z(β, g). We can do so by using the fact

that the Wilson line is a topological operator, which can be freely deformed away from

other operators in the path integral, to show that for any α we have

CαδijZ(β, g) = CαDα,ij(g)Z(β, g). (2.4)

Since Cα > 0 for all α, and for any g 6= e we can always find some α such that

Dα,ij(g) 6= δij (this is a consequence of the Peter-Weyl theorem, see e.g. appendix A of
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Figure 3. Showing that 〈Wα,ij〉 = Cαδij . By introducing a trivial factor of U(g)U(g−1) and

then moving U(g) around the thermal circle using the rule from figure 2 (and its conjugate),

we see that 〈Wα,ij〉 must be invariant under conjugation. Since α is irreducible, by Schur’s

lemma 〈Wα,ij〉 must therefore be proportional to the identity. We can interpret 〈Wα,ij〉Z(β, e)

as the norm of the unnormalized thermofield double state with a background charge inserted,

so Cα is positive semi-definite. In fact it is strictly positive, as we are assuming that the

gauge field is in a deconfined phase so this norm should be nonzero.

[10]), we see that we must have

Z(β, g) = Z(β)δ(g), (2.5)

where

δ(g) ≡

{
1 g = e

0 g 6= e
(2.6)

and

Z(β) ≡ Z(β, e) (2.7)

is the usual thermal partition function. The proof of (2.4) is shown in figure 4. Note the

key role of the contraction of the thermal circle in this argument: otherwise the Wilson

line could not be deformed in this manner. As emphasized in [11], this contraction

lies at the heart of the ability of Euclidean quantum gravity to compute partition

functions such as (2.1) without knowing the full set of microstates, and allowing it is
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Figure 4. Deriving (2.4). Since G is a finite group the Wilson line Wα,ij is a topological

operator, so we can move one endpoint around the thermal circle, picking up a group transfor-

mation along the way. In the first and last steps we use cluster decomposition/locality: when

the Wilson line is arbitrarily small and far from U(g), we can replace it by its expectation

value 〈Wα,ij〉 = Cαδij .

an assumption about the non-perturbative nature of quantum gravity. In [11] it was

argued that the justification for this is ultimately holographic in nature.

Let’s now see what (2.5) tells us about the spectrum of charged states. We will

assume that the spectrum of states is dense enough that to a good approximation we

can compute the partition function using a smooth density of states ρ(E),

Z(β, e) =

∫ ∞
0

dEρ(E)e−βE, (2.8)

and we will further assume that we can decompose this density of states by irreducible

representation as

ρ(E) =
∑
α

ρα(E), (2.9)

where each ρα(E) is itself a smooth (and in fact probably analytic) function of E.2

2If these smoothness assumptions don’t hold then Z(β, g) will not be a well-behaved function of β,

which is contrary to our expectations from Euclidean gravity (or just generic quantum chaos).
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From (2.1) we then have

Z(β, g) =
∑
α

1

dα

∫ ∞
0

dEρα(E)χα(g)e−βE, (2.10)

where χα(g) is the character

χα(g) ≡ TrDα(g), (2.11)

and so from (2.5) we have∑
α

1

dα

∫ ∞
0

dEρα(E)χα(g)e−βE = δ(g)

∫ ∞
0

dEρ(E)e−βE. (2.12)

Multiplying each side of this equation by χ∗α′(g) and then averaging over the group

element g using the Schur orthogonality relation (see e.g. appendix A of [10])

1

|G|
∑
g

χ∗α′(g)χα(g) = δαα′ , (2.13)

we have ∫ ∞
0

dE
ρα′(E)

dα′
e−βE =

∫ ∞
0

dE
χ∗α′(e)

|G|
ρ(E)e−βE

=

∫ ∞
0

dE
dα′

|G|
ρ(E)e−βE, (2.14)

so taking the inverse Laplace transform we at last find

ρα(E) =
d2
α

|G|
ρ(E). (2.15)

We emphasize that (2.15) does not say that all representations appear with equal

multiplicities, it instead says that higher-dimensional representations are favored by

a factor of dα. We can check that (2.9) indeed holds, which follows from the usual

relation ∑
α

d2
α = |G|, (2.16)

which is again a consequence of Schur orthogonality and the Peter-Weyl theorem.

It may be helpful to illustrate the connection between (2.5) and (2.15) more con-

cretely. Indeed say we have N states transforming in representations of Z2, with αN

in the trivial representation and (1− α)N in the sign representation. We can think of

N as being very large. The twisted partition function is given by

Z(g) =

{
N g = 1

(2α− 1)N g = −1
. (2.17)

– 6 –



This is maximized at the identity for any value of α, but the ratio of Z(1) to Z(−1)

will not be large unless α is very close to 1/2: we indeed need the states to obey

(2.15) in order for (2.5) to hold. Similarly if we instead have N states transforming

in representations of Z3, with α1N states in the defining representation, α2N states in

its complex conjugate, and (1−α1−α2)N states in the trivial representation, then we

have

Z(g) =


N g = 1

(α1e
2πi/3 + α2e

−2πi/3 + 1− α1 − α2)N g = e2πi/3

(α1e
−2πi/3 + α2e

2πi/3 + 1− α1 − α2)N g = e−2πi/3

. (2.18)

The second two of these will both be much smaller than the first if and only if α1 ≈
α2 ≈ 1/3, again as predicted by (2.15). These examples hopefully make it clear that

our formula (2.15) is not merely a consequence of generic phase cancellations in the

twisted partition function when g 6= e.

3 A general conjecture

The argument which led to (2.15) used almost no features of the quantum gravity

theory: we did not have to use the Einstein action or assume anything about what

matter fields might be present, and we could even have changed the boundary spatial

manifold. The only real assumption is that we are in a regime where the dominant

saddle has the property that the thermal circle contracts to zero size, and at least in

AdSd this should always be true on any compact boundary manifold for sufficiently

high energy. Inspired by this generality we propose the following conjecture:

Conjecture 1. In any quantum field theory with a finite-group global symmetry G, on

any compact spatial manifold at sufficiently high energy the density of states ρα(E) for

each irreducible representation α of G obeys (1.1).

As evidence for this conjecture we will now argue that it is true in any conformal

field theory in 1 + 1 dimensions, and thus also any 1 + 1 dimensional quantum field

theory which flows from a conformal field theory at short distances. In 1+1 dimensions

the only compact spatial manifold is the circle, which we take to have circumference

L. We use the same modularity argument as goes into deriving the Cardy formula

[12]: the partition function Z(β, g) defined by (2.1) at high temperature is related to

a low-temperature thermal partition function in a sector which is twisted by g as we

go around the spatial circle (see figure 5). The latter limit is dominated by its ground

state, which if we gauge the G symmetry leads to twisted operator of scaling dimension
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Figure 5. Proving conjecture 1 for 1 + 1 dimensional CFTs. By modular invariance, the

high-temperature limit of Z(β, g) is the same as the low-temperature limit of the thermal

trace in a sector twisted by g.

∆g, and the energy of this ground state is given by

Eg =
2π

β

(
∆g −

c

12

)
, (3.1)

where the constant shift is the usual Casimir energy which comes from the Schwarzian

derivative [12]. Therefore at high temperature we have

Z(β, g) ≈ e
2πL
β ( c

12
−∆g). (3.2)

In particular if we set g = e then the “twisted” ground state is just the vacuum, which

corresponds to the identity operator with ∆e = 0, and we recover the usual Cardy

formula

Z(β) = Z(β, e) ≈ e
πLc
6β . (3.3)

More generally we have

Z(β, g) ≈ Z(β)e−
2πL
β

∆g . (3.4)

Finally we observe that we should have ∆g > 0 for any g 6= e, as the twisted boundary

conditions will introduce field gradients which cause the energy to increase (though we

do not know of a rigorous derivation of this statement for a general conformal field

theory, it is certainly true in all known examples and in fact typically ∆g ∼ c [13–17]),

and thus at high temperature we have

Z(β, g) ≈ Z(β)δ(g), (3.5)
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which is precisely the same as (2.5) and thus implies (1.1) by the same steps as be-

fore. The fact that we can obtain (2.5) both from this argument and also from the

gravity argument of the previous section can be viewed as a check of the AdS/CFT

correspondence with two boundary spacetime dimensions.3

We can also give a heuristic combinatoric argument for (1.1).4 Namely let’s imagine

that we have some finite collection of “fundamental” operators transforming in a faithful

representation ρ of G, with the property that all states of the theory are obtained by

acting repeatedly on the vacuum with these operators and their hermitian conjugates.

As a model of the set of states with some large fixed energy, we will take the set of

states which we obtain by acting 2n times with either the identity, an element of ρ, or

an element of ρ†. The Reeh-Schlieder theorem tells us that no linear combination of

these operators can annihilate the vacuum, so this gives a set of nonzero states which

transform in the representation

ρn ≡
(
1⊕ ρ⊕ ρ†

)2n
. (3.6)

The character of this representation is

χρn(g) =
(
1 + 2Re(χρ(g))

)2n
, (3.7)

so we can count the number of times some particular irreducible representation α

appears in ρn by

N{n}α =
1

|G|
∑
g

χα(g)
(
1 + 2Re(χρ(g))

)2n
. (3.8)

Noting that (
1 + 2Re(χρ(g))

)2 ≤ (1 + 2dρ)
2 (3.9)

with equality if and only if g = e, we see that at large n we have

lim
n→∞

(
1 + 2Re(χρ(g))

)2n∑
g

(
1 + 2Re(χρ(g))

)2n = δ(g). (3.10)

3It is interesting to note that this derivation of (3.4) also works if G is a continuous group, and

there we can explicitly confirm that ∆g > 0 for g 6= e thanks to the expression of the Noether currents

in terms of free bosons and parafermions [18]. In higher dimensions we do not expect this to happen

with the same generality however, as from the bulk point of view there are perturbative corrections

to Maxwell theory. For AdS3 however long-range bulk gauge theories with continuous gauge group

inevitably include Chern-Simons terms, which make the gauge field topological in the infrared and thus

gives the same robustness we found in the finite case. Similar comments apply also to the derivation

of (1.3) in two bulk dimensions.
4This argument is based on the proof of theorem A.11 in [10], which is originally due to [19].
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Therefore at large n the ratio of N
{n}
α to N

{n}
0 , where N

{n}
0 is the number of times the

trivial representation appears in ρn, is given by

lim
n→∞

N
{n}
α

N
{n}
0

=
∑
g

χα(g) lim
n→∞

(
1 + 2Re(χρ(g))

)2n∑
g

(
1 + 2Re(χρ(g))

)2n

= χα(e)

= dα, (3.11)

so the multiplicity of each irreducible representation is indeed weighted by dα just as

predicted by (1.1) (in (1.1) we have d2
α since there we are counting states instead of

representations).

Our formula (1.1) can also be checked microscopically in string theory using ex-

isting results about certain extremal black holes with N = 4 supersymmetry which

are charged under a ZN gauge symmetry [5–7]. There the twisted partition function

Z(β, g) with g 6= e was shown to be exponentially smaller than Z(β, e), both from a

gravity computation and also directly by computing the twisted index from the world-

sheet description. Thus these results are compatible with (2.5), and therefore (1.1).

It would be interesting to test (1.1) for more stringy black holes with discrete gauge

charge, and also to test conjecture 1 in more quantum field theories. Perhaps it could

even be tested experimentally in condensed matter systems.

Acknowledgments We thank Luca Iliesiu, Juan Maldacena, Subir Sachdev, and

Joaquin Turiaci for pointing out an error in a discussion of the weak gravity conjecture

which appeared in the first version of this paper, and we particularly thank Luca and

Joaquin for many useful explanations. We also thank Chris Akers, Ben Heidenreich,

Gary Horowitz, Henry Lin, Hong Liu, Don Marolf, Matt Reece, Tom Rudelius, and

Ashoke Sen for useful comments and discussion. DH is supported by the Simons Foun-

dation as a member of the “It from Qubit” collaboration, the Sloan Foundation as a

Sloan Fellow, the Packard Foundation as a Packard Fellow, the Air Force Office of Sci-

entific Research under the award number FA9550-19-1-0360, and the US Department of

Energy under the task C grant DE-SC0012567. The work of HO is supported in part by

the US Department of Energy, Office of Science, Office of High Energy Physics, under

the award number DE-SC0011632, by the World Premier International Research Center

Initiative, MEXT, Japan, and by JSPS Grant-in-Aid for Scientic Research 20K03965.

This work was performed in part at Aspen Center for Physics, which is supported by

National Science Foundation grant PHY-1607611.

– 10 –



References

[1] L. M. Krauss and F. Wilczek, Discrete Gauge Symmetry in Continuum Theories, Phys.

Rev. Lett. 62 (1989) 1221.

[2] M. G. Alford, J. March-Russell, and F. Wilczek, Discrete Quantum Hair on Black

Holes and the Nonabelian Aharonov-Bohm Effect, Nucl. Phys. B 337 (1990) 695–708.

[3] S. R. Coleman, J. Preskill, and F. Wilczek, Quantum hair on black holes, Nucl. Phys.

B 378 (1992) 175–246, [hep-th/9201059].

[4] I. Garcia Garcia, Properties of Discrete Black Hole Hair, JHEP 02 (2019) 117,

[arXiv:1809.03527].

[5] A. Sen, A Twist in the Dyon Partition Function, JHEP 05 (2010) 028,

[arXiv:0911.1563].

[6] A. Sen, Discrete Information from CHL Black Holes, JHEP 11 (2010) 138,

[arXiv:1002.3857].

[7] I. Mandal and A. Sen, Black Hole Microstate Counting and its Macroscopic

Counterpart, Class. Quant. Grav. 27 (2010) 214003, [arXiv:1008.3801].

[8] D. Kapec, R. Mahajan, and D. Stanford, Matrix ensembles with global symmetries and

’t Hooft anomalies from 2d gauge theory, JHEP 04 (2020) 186, [arXiv:1912.12285].

[9] E. Witten, On quantum gauge theories in two-dimensions, Commun. Math. Phys. 141

(1991) 153–209.

[10] D. Harlow and H. Ooguri, Symmetries in quantum field theory and quantum gravity,

Commun. Math. Phys. 383 (2021), no. 3 1669–1804, [arXiv:1810.05338].

[11] D. Harlow and E. Shaghoulian, Global symmetry, Euclidean gravity, and the black hole

information problem, JHEP 04 (2021) 175, [arXiv:2010.10539].

[12] J. L. Cardy, Operator Content of Two-Dimensional Conformally Invariant Theories,

Nucl. Phys. B 270 (1986) 186–204.

[13] C. Vafa and E. Witten, Bosonic String Algebras, Phys. Lett. B 159 (1985) 265–268.

[14] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, Strings on Orbifolds, Nucl. Phys. B

261 (1985) 678–686.

[15] D. Gepner, Exactly Solvable String Compactifications on Manifolds of SU(N)

Holonomy, Phys. Lett. B 199 (1987) 380–388.

[16] R. Dijkgraaf, C. Vafa, E. P. Verlinde, and H. L. Verlinde, The Operator Algebra of

Orbifold Models, Commun. Math. Phys. 123 (1989) 485.

[17] B. R. Greene and M. R. Plesser, Duality in Calabi-Yau Moduli Space, Nucl. Phys. B

338 (1990) 15–37.

– 11 –

http://arxiv.org/abs/hep-th/9201059
http://arxiv.org/abs/1809.03527
http://arxiv.org/abs/0911.1563
http://arxiv.org/abs/1002.3857
http://arxiv.org/abs/1008.3801
http://arxiv.org/abs/1912.12285
http://arxiv.org/abs/1810.05338
http://arxiv.org/abs/2010.10539


[18] D. Gepner, New Conformal Field Theories Associated with Lie Algebras and their

Partition Functions, Nucl. Phys. B 290 (1987) 10–24.

[19] T. Levy, Wilson loops in the light of spin networks, J. Geom. Phys. 52 (2004) 382–397,

[math-ph/0306059].

– 12 –

http://arxiv.org/abs/math-ph/0306059

	1 Introduction
	2 Counting microstates with finite gauge charge
	3 A general conjecture

