
J
H
E
P
1
1
(
2
0
2
1
)
0
6
9

Published for SISSA by Springer

Received: September 18, 2021
Accepted: October 26, 2021

Published: November 10, 2021

Covariant color-kinematics duality

Clifford Cheung and James Mangan
Walter Burke Institute for Theoretical Physics, Division of Physics, Mathematics and Astronomy,
California Institute of Technology,
1200 E California Blvd, Pasadena, CA 91125, U.S.A.

E-mail: clifford.cheung@caltech.edu, james.mangan@northwestern.edu

Abstract: We show that color-kinematics duality is a manifest property of the equations
of motion governing currents and field strengths. For the nonlinear sigma model (NLSM),
this insight enables an implementation of the double copy at the level of fields, as well as
an explicit construction of the kinematic algebra and associated kinematic current. As a
byproduct, we also derive new formulations of the special Galileon (SG) and Born-Infeld
(BI) theory.

For Yang-Mills (YM) theory, this same approach reveals a novel structure — covariant
color-kinematics duality — whose only difference from the conventional duality is that 1/�
is replaced with covariant 1/D2. Remarkably, this structure implies that YM theory is itself
the covariant double copy of gauged biadjoint scalar (GBAS) theory and an F 3 theory of
field strengths encoding a corresponding kinematic algebra and current. Directly applying
the double copy to equations of motion, we derive general relativity (GR) from the product
of Einstein-YM and F 3 theory. This exercise reveals a trivial variant of the classical double
copy that recasts any solution of GR as a solution of YM theory in a curved background.

Covariant color-kinematics duality also implies a new decomposition of tree-level ampli-
tudes in YM theory into those of GBAS theory. Using this representation we derive a closed-
form, analytic expression for all BCJ numerators in YM theory and the NLSM for any num-
ber of particles in any spacetime dimension. By virtue of the double copy, this constitutes
an explicit formula for all tree-level scattering amplitudes in YM, GR, NLSM, SG, and BI.
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1 Introduction

Color-kinematics duality is an astonishing property of scattering amplitudes that links
vastly disparate phenomena in nature: gravitation and the strong interactions. The ear-
liest manifestations of this idea appeared in the pioneering work of Kawai, Lewellen, and
Tye (KLT) [1], who derived explicit formulas relating closed and open string amplitudes.
Decades later, Bern, Carrasco, and Johansson (BCJ) [2, 3] beautifully generalized this
notion to the domain of quantum field theory by expressing gravitational amplitudes as
the “square” of gauge theory amplitudes. In this construction, the mirrored structures of
color and kinematics play a crucial role. Since then, an intricate web of double copies has
emerged, including biadjoint scalar (BAS) theory, Yang-Mills (YM) theory, general relativ-
ity (GR), the nonlinear sigma model (NLSM), the special Galileon (SG), and Born-Infeld
(BI) theory. See [4] for a comprehensive review of the subject.

Color-kinematics duality is a mathematically indisputable fact governing the structure
of scattering amplitudes. But why is it true? A proper answer to this question must
not only explain why the double copy works, but also why it sometimes fails. Alas, the
underlying physical mechanism of this structure remains elusive, apart from some modest
progress in the self-dual sector of YM theory [5–8] and the NLSM [9].

This paper is an attempt to elucidate color-kinematics duality beyond the context of
amplitudes, instead appealing to the more prosaic tools of quantum field theory. Here the
ultimate aspiration might be to derive color-kinematics duality directly from the known
textbook formulations of the double copy theories. To this end we achieve partial progress:
color-kinematics duality — or at least some variant of it — can be made manifest at the
level of equations of motion provided one recasts the dynamics in terms of currents and
field strengths rather than the traditional underlying degrees of freedom. Armed with
this understanding, we construct an explicit implementation of the double copy at the
level of fields and equations of motion. We also deduce the associated kinematic algebras,
together with the corresponding currents whose conservation laws enforce the kinematic
Jacobi identities. As an application of our ideas we derive a closed-form expression for all
tree-level BCJ numerators — and thus all tree-level scattering amplitudes — in YM, GR,
NLSM, SG, and BI. The outline of this paper is as follows.

We begin in section 2 by reviewing BAS theory and its ornamented cousin, gauged
biadjoint scalar (GBAS) theory. In our discussion we reiterate the well-known connec-
tion between equations of motion and tree-level scattering amplitudes, i.e. Berends-Giele
recursion [10]. This preamble will serve as a template for all subsequent analyses.

In section 3 we reformulate the NLSM in terms of the chiral current, whose dynamics
are governed by the equation of motion in eq. (3.4). Remarkably, this description ex-
hibits manifest color-kinematics duality, which is why its associated Feynman rules satisfy
the kinematic Jacobi identities automatically. With this understanding we construct the
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kinematic algebra of the NLSM in eq. (3.12) and recognize it as none other than the dif-
feomorphism algebra. Afterwards, in eq. (3.30) we derive the kinematic current, whose
conservation law enforces the kinematic Jacobi identities and which is equal, curiously, to
the second derivative of the energy-momentum tensor. Using eq. (3.11), we apply the dou-
ble copy at the level of fields to obtain new formulations of the SG in eqs. (3.24) to (3.26)
and of BI theory in eqs. (3.28) and (3.29).

Pursuing an analogous strategy in section 4, we recast the dynamics of YM theory
in terms of an equation of motion for the field strength in eq. (4.3). This setup exhibits
a “covariant color-kinematics duality” that is formally identical to the standard duality
except with the propagator 1/� replaced with covariant 1/D2. Amazingly, we discover
that YM theory is not irreducible but is in fact itself a “covariant double copy” of more
primitive building blocks: GBAS theory and a certain “F 3 theory” of field strengths.
Implementing this covariant double copy at the level of fields with eq. (4.9), we then derive
Einstein’s equations from the equations of motion of Einstein-Yang-Mills (EYM) theory
and F 3 theory. An amusing corollary of this analysis is that any solution of GR has a dual
interpretation as a solution of YM theory in a curved background. Afterwards, we construct
the kinematic algebra of F 3 theory in eq. (4.10) and realize that it is the Lorentz algebra,
with generators given literally by the field strengths themselves, as shown in eqs. (5.4)
and (5.7). In eq. (4.25) we then derive the associated covariant kinematic current, which
enforces the kinematic Jacobi identities appropriate to a theory with covariant propagators
and also happens to be the first derivative of the energy-momentum tensor.

Covariant color-kinematics duality implies a new decomposition of amplitudes in YM
theory and GR into those of GBAS and EYM theory times products of field strengths, as
shown in eqs. (5.12) and (5.15). Happily, these representations can be utilized to derive
eqs. (5.27), (5.28) and (5.41), which are fully analytic, closed-form expressions for all BCJ
numerators in YM theory and the NLSM for any number of external particles in arbi-
trary spacetime dimensions. We emphasize that these formulas do not entail any implicit
recursive definitions, unevaluated integrals, diagrammatic rules, or algorithmic prescrip-
tions. Perhaps surprisingly, these BCJ numerators are also manifestly gauge invariant and
permutation invariant on all but one leg. They also depend on arbitrary reference mo-
menta which are easily chosen to generate BCJ numerators that are Lorentz invariant,
local functions of the kinematics.

With a formula for all BCJ numerators it is literally a matter of multiplication to
derive the numerators for a multitude of other amplitudes via the standard double copy
procedure. Since all BAS amplitudes are known explicitly [11, 12], our closed-form ex-
pressions constitute analytic formulas for all tree-level scattering amplitudes in YM, GR,
NLSM, SG, and BI.

For completeness, we also present alternative formulations of the NLSM and YM theory
in appendix A.1 and appendix A.2. The latter is a particularly compact description of YM
theory defined solely in terms of a field strength, i.e. sans auxiliary fields, endowed with
a single cubic self-interaction. Last but not least, in appendix B we present a simple
derivation of the fundamental BCJ relations using equations of motion.
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2 Biadjoint scalar theory

In this section we present a brief review of BAS theory which will function as a warmup
for our later discussion of the NLSM and YM theory. BAS theory describes a biadjoint
scalar field φaa with the Lagrangian,1

LBAS = 1
2∂µφ

aa∂µφaa − 1
3!f

abcfabcφaaφbbφcc + φaaJaa. (2.1)

Using the conventions of [13], we have introduced the structure constant fabc and generator
T a of the color2 algebra, which are related by

[T a, T b] = ifabcT c and tr
[
T aT b

]
= δab, (2.2)

and similarly for the dual color algebra encoded by fabc and T a. We assume throughout
that the external source Jaa is localized at asymptotic infinity so as to produce on-shell
external states.

By construction, BAS theory is invariant under the global symmetry transformations

φaa → φaa + fabcθbφca and φaa → φaa + fabcθbφac, (2.3)

for arbitrary constant parameters θa and θa. The corresponding conserved currents are

J aα = fabcφba
↔
∂ αφ

ca and Kaα = fabcφab
↔
∂ αφ

ac. (2.4)

It is instructive to see how these currents are conserved on the support of the equations of
motion. In the absence of external sources, the divergence of the color current is

∂αJ aα = fabcφba
↔
�φca = −fadef ebcfabcφdaφbbφcc = 0, (2.5)

and similarly for the dual color current, for which ∂αKaα = 0. Here the antisymmetric
indices abc contract into the indices of the scalars, thus imposing a cyclic symmetry on
bcd. The resulting expression is then proportional to the color Jacobi identity, fabef ecd +
facef edb + fadef ebc = 0.

2.1 Scattering amplitudes

As is well-known, tree-level scattering amplitudes are encoded in the solutions to equations
of motion in the presence of an arbitrary source. In other words, equations of motion are
Berends-Giele recursion relations [10] which implicitly define a set of Feynman rules that
can be used to construct a perturbative solution or, alternatively, any tree-level scatter-
ing amplitude. See [14] for earlier approaches investigating color-kinematics duality with
equations of motion.

1We employ mostly minus metric conventions and index notation in which V
↔
∂ αW = V∂αW −W∂αV,

while ∂[µVν] = ∂µVν −∂νVµ for a vector and ∂[ρVµν] = ∂ρVµν +∂µVνρ +∂νVρµ for an antisymmetric tensor.
We also use natural units in which all coupling constants are set to one.

2We adopt an abuse of notation common amongst amplitudes practitioners in which “color” refers to
any internal index, global or gauged.
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Let us review the mechanics of this procedure in the case of BAS theory. We are
interested in the perturbative solution of the BAS equation of motion,

�φaa + 1
2f

abcfabcφbbφcc = Jaa, (2.6)

expanded order by order in the source Jaa. The resulting solution 〈φaa(p)〉J is the one-
point correlator in momentum space, which is also equal to the functional derivative of the
connected partition function W [J ],

〈φaa(p)〉J = 1
i

δW [J ]
δJaa(p) . (2.7)

The n-point correlator is obtained from n − 1 functional derivatives of the one-point cor-
relator,

〈φa1a1(p1)φa2a2(p2) · · ·φanan(pn)〉J=0 =
[(

n−1∏
i=1

1
i

δ

δJaiai(pi)

)
〈φanan(pn)〉J

]
J=0

. (2.8)

Diagrammatically, each n-point correlator describes n − 1 sources which propagate and
fuse according the equations of motion, ultimately terminating at a single field which is the
argument of the original one-point correlator. Here and throughout, we choose a convention
in which the n-th leg of the n-point correlator is that field. On account of the tree structure
of this correlator, we refer to this n-th leg as the “root” leg and the other n− 1 legs as the
“leaf” legs.

The Feynman rules for BAS theory can be trivially derived by inspection from the
equations of motion in eq. (2.6). The propagator is

φa2ā2φa1ā1 = iδa1a2δa1a2

p2 , (2.9)

while the cubic interaction vertex is

φa3ā3

φa2ā2

φa1ā1

= −ifa1a2a3fa1a2a3 . (2.10)

To compute the n-point correlator we simply sum over all Feynman diagrams connecting
n−1 leaf legs to the root leg. To obtain the n-point scattering amplitude we then amputate
all external propagators.

As defined in eq. (2.8), the n-point correlator exhibits manifest permutation invariance
on n − 1 leaf legs. However, Bose symmetry enforces full permutation invariance on all n
legs, so the root and leaf legs are in actuality interchangeable. This only happens because
the BAS equation of motion is derived from a Lagrangian whose sole degree of freedom is
the scalar. In general this is not guaranteed: that is, not every equation of motion can be
derived from a Lagrangian whose only degrees of freedom are those already visible in the
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equations of motion. In fact, this is possible if and only if the equations of motion satisfy
a set of Helmholtz integrability conditions [15]. Later on, we will encounter theories whose
equations of motion simply fail these conditions. In such circumstances the associated
Feynman rules and n-point correlators are manifestly permutation invariant on the leaf
legs but not the root leg.

2.2 Gauged formulation

Last but not least we define GBAS theory, which is simply BAS theory with the color
symmetry gauged. The scalar sector of this theory is described by the Lagrangian,

LGBAS = 1
2Dµφ

aaDµφaa − 1
3!f

abcfabcφaaφbbφcc + φaaJaa, (2.11)

where Dµφ
aa = ∂µφ

aa + fabcAbµφ
ca, so the dual color it not gauged.3 The equation of

motion for GBAS theory is

D2φaa + 1
2f

abcfabcφbbφcc = Jaa. (2.12)

The scalar propagator and self-interactions in GBAS theory are the same as in BAS theory.
On the other hand there are of course additional interactions involving the gauge field which
we do not bother recapitulating here. GBAS theory exhibits the conserved currents

J aα = fabcφba
↔
Dαφ

ca and Kaα = fabcφab
↔
Dαφ

ac, (2.13)

which are exactly the same as in eq. (2.4) except with covariant derivatives rather than
partial derivatives. Since color is gauged but dual color is not, the associated conservation
equations are DαJ aα = 0 and ∂αKaα = 0, respectively.

3 Nonlinear sigma model

We are now equipped to study the NLSM. The textbook formulation of this theory revolves
around the traditional and well-studied Lagrangian for the NLSM scalar. Here we instead
reframe the dynamics of the NLSM in terms of the chiral current.

3.1 Equations of motion

To begin, let us introduce an adjoint vector field jaµ with vanishing field strength, so

∂[µj
a
ν] + fabcjbµj

c
ν = 0. (3.1)

This condition implies that the vector is a pure gauge configuration, so

jµ = jaµT
a = ig−1∂µg, (3.2)

3GBAS theory is equivalent to the single trace sector of the “YM + φ3 theory” of [16, 17], i.e. sans the
quartic scalar interaction which necessarily enters at double trace order or higher.
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where g is an element of the color group which will ultimately encode the scalar field of
the NLSM. From this viewpoint, jaµ is nothing more than the chiral current of the NLSM.
With this in mind we also impose the equation of motion for the NLSM,

∂µjaµ = Ja, (3.3)

which says that the chiral current is conserved up to insertions of an external source Ja

that generates on-shell NLSM scalars at asymptotic infinity.
Eqs. (3.1) and (3.3) comprise a first-order formulation of the NLSM.4 A similar starting

point was adopted in [20], which proposed a novel representation of the NLSM in terms of
the chiral current and an additional auxiliary antisymmetric tensor field. By integrating out
the latter those authors reproduced the canonical textbook Lagrangian for the NLSM. Here
we pursue a different strategy and do not attempt to reproduce any particular Lagrangian
formulation, for several compelling reasons. First of all, the theory space of putative
auxiliary field completions is unbounded, so without any underlying guiding principles this
exercise is infinitely open-ended. Secondly, we need only reproduce the on-shell dynamics,
so matching to any particular Lagrangian is actually highly over-constraining. This is true
because Lagrangians are inherently off-shell, nonunique objects, freely transformed via field
redefinitions and integration by parts identities without altering on-shell observables. For
these reasons we opt to instead manipulate the equations of motion directly rather than
reverse engineer a particular Lagrangian.

With this in mind we use eqs. (3.1) and (3.3) to derive an equation of motion for the
chiral current itself. The combination of equations ∂µ [eq. (3.1)]µν + ∂ν [eq. (3.3)] yields5

�jaµ + fabcjbν∂νj
c
µ = ∂µJ

a. (3.4)

Here we have discarded nonlinear terms which are simultaneously proportional to both
the source and the chiral current. As is well-known, such couplings have no influence on
on-shell scattering because the corresponding external sources are localized at asymptotic
infinity, where fields linearize. Indeed, this is precisely why on-shell scattering amplitudes
are invariant under field redefinitions in the first place.

The NLSM equation of motion in eq. (3.4) describes a dynamical chiral current ex-
hibiting a single cubic self-interaction and sourced by the derivative of the original NLSM
scalar source. It bears an uncanny resemblance to the equation of motion of BAS theory in
eq. (2.6), and is in fact identical to that of the “colored fluid” [21] — theories which both,
notably, exhibit manifest color-kinematics duality. This observation will play an important
role later on.

Last but not least, we note the existence of an alternative description of the NLSM in
which the chiral current is dualized to an antisymmetric tensor field. For more details, see
appendix A.1.

4To be precise, this setup describes the NLSM of a symmetric coset space whose structure constants
automatically satisfy the Jacobi identities and whose amplitudes exhibit the Adler zero condition [18, 19].

5Of course, the derivative of an equation admits spurious solutions which will no longer be valid
solutions of the original equation. However, we avoid these pathologies when we solve perturbatively from
the free theory.
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3.2 Asymptotic states

An immediate confusion now arises. Even though we have formulated the NLSM in terms
of the chiral current rather than the scalar, we ultimately care about the scattering of the
latter and not the former. How are the correlators of the NLSM scalars related to those
of the chiral currents? Naively, to answer this question we need an explicit formula for
the NLSM scalar in terms of the chiral current. However, eq. (3.1) only implicitly defines
eq. (3.2), so the precise field basis of the NLSM scalar is actually ambiguous. Said another
way, eq. (3.1) does not actually specify the precise mapping between g and the NLSM
scalar field,

π = πaT a. (3.5)

So for example, g might be in the exponential basis, g = eiπ, or the Cayley basis, g = 1+iπ/2
1−iπ/2 .

For the purposes of calculating on-shell amplitudes it is actually unnecessary to specify
this field basis. To understand why, simply expand eq. (3.2) perturbatively in the NLSM
field,

jaµ = −∂µπa + · · · , (3.6)

where the ellipses denote terms that are nonlinear in the fields. To invert this equation we
introduce an arbitrary reference momentum q and contract it with both sides to obtain

πa = −
qµjaµ
q∂

+ · · · . (3.7)

For generic q, the inverse derivative operator 1/q∂ is well-defined. Crucially, the identities
of the on-shell degrees of freedom are fully dictated by the linearized equations of motion.
Thus if the field is on-shell then the nonlinear terms in ellipses can be dropped. In this
case eq. (3.7) implies that an on-shell NLSM scalar is equivalent to a peculiar reference-
dependent polarization of an on-shell chiral current.

In perfect analogy with BAS theory, we then construct the scattering amplitudes of the
NLSM by perturbatively solving the equation of motion for the chiral current in eq. (3.4)
in the presence of sources. From eq. (3.7) we learn that the one-point correlators of the
chiral current and the NLSM scalar are related by

〈πa(p)〉J = ε̃µ(p)〈jaµ(p)〉J , (3.8)

where the polarization of the root leg is

ε̃µ(p) = iqµ
pq
. (3.9)

Note again that we have assumed that the root leg is on-shell so that the nonlinear terms
in eq. (3.7) can be disregarded. Meanwhile, the n-point correlator is given by

〈πa1(p1)πa2(p2) · · ·πan(pn)〉J=0 =
[(

n−1∏
i=1

1
i

δ

δJai(pi)

)
ε̃µ(pn)〈janµ (pn)〉J

]
J=0

, (3.10)

where the functional derivatives are with respect to the NLSM scalar source. In conclusion,
one can extract the n-point correlator of NLSM scalars from the one-point correlator of
the chiral current in the presence of sources.
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3.3 Kinematic algebra

The equations of motion for BAS theory and the NLSM in eqs. (2.6) and (3.4) are struc-
turally identical. By comparing them side by side we can derive the kinematic algebra by
inspection. In particular, BAS theory is mapped to the NLSM via three simple replacement
rules,

Va
NLSM
→ Vµ

fabcVbWc
NLSM
→ Vν∂νWµ −Wν∂νVµ

Ja
NLSM
→ ∂µJ,

(3.11)

which substitute color for kinematics. First, we send any color index to a spacetime index.
Second, we map color structure constants to kinematic structure constants. Third, we
replace any color sources with the derivative of a source. Any indices unrelated to color —
for instance those corresponding to the dual color — should be treated as spectator labels,
left untouched.

The above replacement rules substitute the color algebra of any theory with the kine-
matic algebra of the NLSM, thus implementing the double copy at the level of fields. For
this reason we dub eq. (3.11) the “⊗ NLSM replacement rules”. This formulation of the
double copy can be applied directly at the level of the fields in the equations of motion or,
equivalently, at the level of Feynman rules derived from those equations of motion.

The kinematic algebra of the NLSM is literally the diffeomorphism algebra. This is
confirmed by computing the commutator of generators,

[Vµ∂µ,Wν∂
ν ] = (Vν∂νWµ −Wν∂νVµ)∂µ, (3.12)

which exactly reproduces the kinematic structure constants in eq. (3.11). An identical
construction of the kinematic algebra also appeared in the colored fluid of [21]. It would be
interesting to explore the precise connection between the diffeomorphism algebras which
appear here and in self-dual YM theory [5–8].

3.4 Double copy

3.4.1 BAS ⊗ NLSM = NLSM
It is illuminating to see how the procedure described above mechanically implements the
double copy of BAS theory with the NLSM. To accomplish this we apply the ⊗ NLSM
replacement rules to the dual color indices of BAS theory. In particular, eq. (3.11) sends
the biadjoint scalar to the chiral current via

φaa
NLSM
→ jaµ, (3.13)

where the spectator color index is unaffected by the replacement. Eq. (3.11) also sends

�φaa + 1
2f

abcfabcφbbφcc = Jaa
NLSM
→ �jaµ + fabcjbν∂νj

c
µ = ∂µJ

a, (3.14)

thus deriving the equations of motion of the NLSM from those of BAS theory.
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Any mapping between equations of motion is equivalent to a mapping between the
Feynman rules derived from those equations of motion. In particular, the ⊗ NLSM replace-
ment rules in eq. (3.11) send the propagator of BAS theory in eq. (2.9) to that of the NLSM,

ja2µ2
ja1µ1

= iδa1a2ηµ1µ2

p2 , (3.15)

and the Feynman vertex of BAS theory in eq. (2.10) to that of the NLSM,

ja3µ3

ja2µ2

ja1µ1
p1

p2

= −ifa1a2a3(ipµ1
2 ηµ2µ3 − ipµ2

1 ηµ1µ3). (3.16)

Curiously, the NLSM interaction vertex is only permutation invariant on legs 1 and 2, while
leg 3 is actually special. This is peculiar, but as noted previously it is also perfectly consis-
tent because the NLSM equation of motion in eq. (3.4) cannot originate from a Lagrangian
that depends solely on the chiral current.

Last of all we consider the external polarizations. The ⊗ NLSM replacement rule in
eq. (3.11) sends the leaf leg polarizations of BAS theory — which are normally trivial — to

⊗
p

= εµ(p) = ipµ, (3.17)

which are longitudinal sources for the chiral current of the NLSM. As described earlier, the
root leg polarization of the NLSM is

⊗
p

= ε̃µ(p) = iqµ
pq
, (3.18)

which is needed to map the one-point correlator of the chiral current to that of the NLSM
scalar.

Eqs. (3.15) to (3.18) define a new set of Feynman rules for the NLSM, and we have
verified that they correctly reproduce all amplitudes up to eight-point scattering. More-
over, the resulting Feynman diagrams automatically satisfy the kinematic Jacobi identities.
This can be proven simply by computing the off-shell four-point subdiagram of chiral cur-
rents embedded inside an arbitrary correlator. Here legs 1,2, and 3 denote off-shell chiral
currents that siphon into the remainder of the diagram. Each of these external legs can be
interpreted as a placeholder for some chiral current that will continually branch into others
via the nonlinear self-interactions in the equations of motion, ultimately terminating at the
leaf legs. Meanwhile, we define leg 4 to be the root leg of this subdiagram, also taken to
be off-shell. The four-point subdiagram receives contributions from Feynman diagrams in

– 10 –
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the s, t, and u channels,

ja1µ1
(p1)

ja2µ2
(p2) ja3µ3

(p3)

ja4µ4
(p4)

= csns
s

ja1µ1
(p1)

ja2µ2
(p2) ja3µ3

(p3)

ja4µ4
(p4)

= ctnt
t

ja1µ1
(p1)

ja2µ2
(p2) ja3µ3

(p3)

ja4µ4
(p4)

= cunu
u

,

(3.19)

where the circular blobs represent the off-shell chiral currents flowing to the rest of the
diagram. Note that the root leg, depicted in red, defines an orientation for the diagram
which is important because the Feynman vertex in eq. (3.16) treats the root leg as special.
The color structures of the s, t, and u channel diagrams are

cs = fa1a2bf ba3a4 , ct = fa2a3bf ba1a4 , cu = fa3a1bf ba2a4 , (3.20)

and cs + ct + cu = 0 by the color Jacobi identity. Using the Feynman rules in eqs. (3.15)
to (3.18), we obtain the kinematic numerators,

ns = pµ2
1 (p1 + p2)µ3ηµ1µ4 + pµ1

2 pµ2
3 ηµ3µ4 − {1↔ 2}

nt = pµ3
2 (p2 + p3)µ1ηµ2µ4 + pµ2

3 pµ3
1 ηµ1µ4 − {2↔ 3}

nu = pµ1
3 (p3 + p1)µ2ηµ3µ4 + pµ3

1 pµ1
2 ηµ2µ4 − {3↔ 1},

(3.21)

which are trivially related to each other by relabeling and algebraically satisfy

ns + nt + nu = 0. (3.22)

Hence, the kinematic Jacobi identities are automatically satisfied by the Feynman rules
defined in eqs. (3.15) to (3.18). As a check, we have verified this claim up to eight-point
scattering by explicit calculation. These diagrammatic features reflect the underlying color-
kinematics duality of the NLSM equations of motion in eq. (3.4).
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3.4.2 NLSM ⊗ NLSM = SG

The double copy of the NLSM is the SG, which was first discovered in the context of
scattering amplitudes [22, 23] and then later understood in terms of symmetry [24]. To
implement this construction we apply the ⊗ NLSM replacement rules to the color indices
of the NLSM. Eq. (3.11) then sends the chiral current to

jaµ
NLSM
→ jµµ, (3.23)

which we dub the “chiral tensor”. Now consider the first-order formulation of the NLSM,
which is defined by the vanishing field strength condition in eq. (3.1), together with the
conservation equation in eq. (3.3). Eq. (3.11) maps the field strength condition of the
NLSM to

∂[µj
a
ν] + fabcjbµj

c
ν = 0

NLSM
→ ∂[µjν]µ + j ν

µ ∂νjνµ − j ν
ν ∂νjµµ = 0, (3.24)

which we interpret as the statement that the generalized field strength of the chiral tensor
is zero. Meanwhile, the conservation equation of the NLSM is sent to

∂µjaµ = Ja
NLSM
→ ∂µjµν = ∂νJ, (3.25)

so the chiral tensor is also conserved, modulo external sources.
Eqs. (3.24) and (3.25) define a new first-order formulation of the SG theory. In this

description the scalar of the SG emerges as a pure gauge, longitudinal configuration of
the chiral tensor. This beautifully mirrors what happens in the NLSM, where the scalar
emerges as a pure gauge, longitudinal configuration of the chiral current. It would be
interesting to explore whether this new formulation offers any new geometric insight into
the SG theory or has any direct connection to massive gravity.

Taking the combination ∂ν [eq. (3.24)]µνµ + ∂µ [eq. (3.25)]µ, we obtain a new equation
of motion for the SG theory,

�jµµ + jνν∂ν∂νjµµ − ∂νjµν∂νjνµ = ∂µ∂µJ, (3.26)

which can also be obtained more directly by applying the ⊗ NLSM replacement rules to
the NLSM equation of motion in eq. (3.4).

It is straightforward to derive the Feynman rules for the SG directly from eq. (3.26).
By construction they are the literal square of the Feynman rules of the NLSM. Concretely,
the propagator and interaction vertex of the SG are given by eqs. (3.15) and (3.16), except
with all color structures replaced with yet another factor of the kinematic structures.
Meanwhile, the leaf and root leg polarizations of the SG are simply the squares of those in
the NLSM shown in eqs. (3.17) and (3.18). We have verified that the resulting Feynman
diagrams reproduce the known amplitudes of the SG up to eight-point scattering.
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3.4.3 YM ⊗ NLSM = BI

Next, let us implement the double copy of YM theory with the NLSM, which is BI theory.
To this end we apply the ⊗ NLSM replacement rules to the color indices of YM theory.
Eq. (3.11) maps the gauge field and field strength of YM theory to

Aaµ
NLSM
→ Aµµ

F aµν
NLSM
→ Fµνµ.

(3.27)

As one might expect, the resulting tensor fields are not actually independent. To see why,
simply apply eq. (3.11) to the relation between the gauge field and field strength of YM
theory,

F aµν = ∂[µA
a
ν] + fabcAbµA

c
ν

NLSM
→ Fµνµ = ∂[µAν]µ +A ν

µ ∂νAνµ −A ν
ν ∂νAµµ. (3.28)

Meanwhile, eq. (3.11) also maps the YM equations of motion to

∂µF aµν + fabcAbµF cµν = Jaν
NLSM
→ ∂µFµνµ +Aµν∂νFµνµ − ∂νAµµF

ν
µν = ∂µJν . (3.29)

Eqs. (3.28) and (3.29) constitute a new first-order formulation of BI theory. By con-
struction, this representation of BI theory is structurally identical to YM theory, e.g. the
interaction vertices truncate at quartic order. A similar feature arose in the versions of BI
theory described in [25].

As before, it is trivial to derive the Feynman rules for BI theory from its equations
of motion in eqs. (3.28) and (3.29). The diagrammatics are a doppleganger of YM theory
except with all color structure constants replaced with the kinematic numerators of the
NLSM. Going to the analog of Feynman gauge, we have verified up to six-point scattering
that the resulting BI amplitudes agree with known expressions.

3.5 Kinematic current

As reviewed in section 2, the existence of a color algebra is inextricably linked to the
conservation of a corresponding color current. This current is conserved precisely as a
consequence of the color Jacobi identities.

While the kinematic algebra is far more mysterious, we have at our disposal a new
tool: an implementation of the double copy at the level of fields. Applying the ⊗ NLSM
replacement rule in eq. (3.11) directly to the dual color current of BAS theory in eq. (2.4),
we obtain

KNLSM
µα = jaν∂ν

↔
∂ αj

a
µ, (3.30)

which is the kinematic current of the NLSM. Taking the divergence of eq. (3.30), we find
that the kinematic current is conserved on the support of the NLSM equations of motion, so

∂αKNLSM
µα = jaν∂ν

↔
�jaµ = −fabc

[
jaν∂ν(jbρ∂ρjcµ)− ∂νjaµjbρ∂ρjcν

]
= 0, (3.31)
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neglecting all external sources. We emphasize that the conservation of the kinematic cur-
rent should come as no surprise. In fact, this is mandated in our formulation of the NLSM,
since color-kinematics duality is manifest and the corresponding Feynman rules automat-
ically satisfy the kinematic Jacobi identities.

We also observe that the kinematic current is itself the derivative of yet another tensor,

KNLSM
µα = ∂νKNLSM

µνα where KNLSM
µνα = jaν

↔
∂ αj

a
µ, (3.32)

where we have used the conservation equation for the chiral current in eq. (3.3). Since
KNLSM
µνα is antisymmetric in its µν indices, we learn that

∂µKNLSM
µα = ∂µ∂νKNLSM

µνα = 0, (3.33)

so the kinematic current is conserved on both of its spacetime indices.
The fact that the kinematic current is a color singlet tensor conserved on both indices

is an important hint as to its true identity. Perhaps unsurprisingly, the kinematic current
is intimately related to the energy-momentum tensor of the NLSM,

TNLSM
µν = jaµj

a
ν −

1
2ηµνj

a
ρj
aρ. (3.34)

On the support of eq. (3.1), the tensor in eq. (3.32) can be written as

KNLSM
µνα = ∂[µT

NLSM
ν]α −

(
fabcjaµj

b
νj
c
α + 1

2ηα[µ∂ν](jaρjaρ)
)
. (3.35)

Notably, this quantity is not conserved because of the second term. However, eq. (3.32)
then implies that the kinematic current is equal to

KNLSM
µα = ∂ν∂[µT

NLSM
ν]α − ∂ν

(
fabcjaµj

b
νj
c
α + 1

2ηα[µ∂ν](jaρjaρ)
)

= −�TNLSM
µα + improvement terms,

(3.36)

where we have discarded contributions that vanish by energy-momentum tensor conserva-
tion and set aside improvement terms that are trivially conserved by antisymmetry. Thus,
the kinematic current is nothing more than the second derivative of the energy-momentum
tensor.

Is the kinematic current associated with a symmetry? Strangely, the answer appears to
be no. In fact, this is a general feature of any current which is also the derivative of another
current. To understand why, consider a theory whose symmetries induce a conserved
Noether current, Jα. The associated conservation equation, ∂αJα = 0, implies that the
charge, Q =

∫
d3xJ0(x), is constant in time, so ∂0Q = 0. Now consider the derivative of

the Noether current, ∂µJα, which is also conserved, albeit trivially. Since ∂α∂µJα = 0, we
can also define a new charge, Qµ =

∫
d3x ∂µJ0(x), which is also a constant of motion, so

∂0Qµ = 0. This quantity is secretly zero, however. One can see this via explicit calculation,
since Q0 = ∂0Q = 0 and Qi = 0 is the volume integral of a total derivative in Cartesian
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coordinates.6 Physically, this triviality arises because Qµ measures the change in Q across
an infinitesimal interval, which is to say that aµQµ = lim

a→0

∫
d3x [J0(x+ a)− J0(x)]. Since

the integration surface is assumed to be translationally invariant and Q is constant, the
first and second terms exactly cancel. In other words, if Q is a constant of motion then so
too is any infinitesimal change in Q — in which case the corresponding constant of motion
also happens to be zero. We thus conclude that the kinematic current, like any derivative
of a conserved current, corresponds to a charge that acts trivially on all physical states.
Still, it would be interesting to explore whether the relationship between the kinematic
current and the energy-momentum tensor has any link to the fact that scalar double copy
theories are actually fixed by conformal invariance [26, 27].

4 Yang-Mills theory

Our analysis of the NLSM offers a clear roadmap for generalization to YM theory. For
the NLSM, we repackaged all of the dynamics in terms of the chiral current rather than
the underlying scalar. The analogous strategy for YM theory would be to reformulate the
dynamics in terms of the field strength rather than the gauge field.

Surprisingly, this is easily achievable. In fact, it is trivial to derive equations of motion
for YM theory in terms of the field strength alone, i.e. sans auxiliary degrees of freedom.
Furthermore, in this representation the field strength interacts solely through a single cubic
vertex. While the resulting cubic formulation of YM theory is exceedingly compact, it does
not exhibit any obvious manifestation of color-kinematics duality, and for this reason we
relegate any discussion of it to appendix A.2.

For the remainder of this section we pursue an alternative path which incorporates both
the field strength and the gauge field, albeit with the latter entering far more mildly. In par-
ticular, we derive an equation of motion for the field strength in which the gauge field enters
solely through the kinetic term. In this formulation the 1/� propagators that play such a
central role in color-kinematics duality are formally replaced with covariant 1/D2 propa-
gators. This representation of YM theory exhibits a covariant version of color-kinematics
duality that preserves gauge invariance at every step. As we will see, this new duality
implies that YM theory is itself a covariant double copy of more basic building blocks.

4.1 Equations of motion

Parroting our earlier analysis of the NLSM, we adopt a first-order formulation of YM theory
as our starting point. In this description the gauge field Aaµ and the field strength F aµν are
treated as a priori independent objects. First, we assume the Bianchi identity,

D[ρF
a
µν] = 0, (4.1)

6Since Qµ is the volume integral of a tensor it is not actually coordinate invariant, i.e. its value depends
on the choice of coordinates. This is certainly peculiar. However, in any particular choice of coordinates it
will still be a constant of motion and thus operationally useful for solving the initial value problem.
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Figure 1. A typical Feynman diagram that might appear in GBAS theory, where the solid and
curly lines depict biadjoint scalars and gauge fields, respectively. This has a dual interpretation in
YM theory, where the solid and curly lines depict field strengths and gauge fields, respectively. The
root leg is depicted on the left, with all leaf legs to the right.

where the covariant derivative acts as DρF
a
µν = ∂ρF

a
µν +fabcAbρF

c
µν . Second, we impose the

usual equations of motion of YM theory,

DµF aµν = Jaν , (4.2)

where Jaµ is an external source for the gauge field. As before, we stipulate that this source
only generates on-shell quanta localized at asymptotic infinity.

Taking the combination of equations Dρ [eq. (4.1)]ρµν + D[µ [eq. (4.2)]ν], we derive an
equation of motion for the field strength,

D2F aµν + fabcF bρ[µF
cρ
ν] = D[µJ

a
ν], (4.3)

where we have used that D[ρDσ]F
a
µν = fabcF bρσF

c
µν . Notice that the gauge field only appears

through covariant derivatives acting on the kinetic term and the source term. However, we
have assumed that Jaµ is localized at asymptotic infinity, so all nonlinear field interactions
involving the current can be dropped. Hence, the D[µJ

a
ν] source term is, for the purposes of

on-shell scattering, the same as ∂[µJ
a
ν], though we maintain the covariant form throughout.

Eq. (4.3) offers a new angle on the dynamics of YM theory. The field strength is
minimally coupled to the gauge field precisely like a charged scalar. Furthermore, it exhibits
a single cubic self interaction and is externally sourced by the derivative of the gauge
field source. Said another way, the equation of motion for YM theory in eq. (4.3) is
structurally identical to that of GBAS theory in eq. (2.12). This is no accident. It is the
harbinger of covariant color-kinematics duality and has an elegant physical interpretation:
field strengths evolve exactly like charged, self-interacting scalars. Notably, this implies an
isomorphism between the Feynman diagrams of YM and GBAS theory which are derived
from their respective equations of motion. See figure 1 for an illustration of this connection.

4.2 Asymptotic states

The equation of motion in eq. (4.3) governs the dynamics of the field strength but our end
goal is to understand the scattering amplitudes of the underlying gauge field. Fortunately,
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we already encountered and the very same problem in the NLSM and solved it. For YM
theory, the analogous strategy is clear: rewrite the gauge field in terms of the field strength.
To this end, recall that the Bianchi identity in eq. (4.1) is automatically satisfied when

F aµν = ∂[µA
a
ν] + fabcAbµA

c
ν , (4.4)

which is the familiar relationship between the gauge field and field strength. Of course, it
is only possible to invert eq. (4.4) if we also fix a gauge. For example, in axial gauge we
have that

qµAaµ = 0, (4.5)

in which case eq. (4.4) can be solved to obtain

Aaµ = −
qνF aµν
q∂

, (4.6)

for an arbitrary reference vector q. Thus, in axial gauge one can entirely eliminate the gauge
field in favor of the field strength. We do precisely this in appendix A.2 in order to derive
a purely cubic reformulation of YM theory in terms of a self-interacting field strength.

For the present discussion, however, we adopt a more agnostic approach that is pur-
posely noncommittal to the precise choice of gauge fixing. Our motivations here are the
same as for the NLSM, where the nonlinear map connecting the NLSM scalar and the chiral
current was not actually specified by the equations of motion. Rather than designate an
arbitrary choice there, we fixed the NLSM field basis unambiguously at linear order and sim-
ply discarded any residual nonlinear differences. This was permitted because the nonlinear-
ities in the map are field basis dependent and thus evaporate from physical on-shell scatter-
ing. Those differences would have persisted had we instead computed off-shell correlators.

In the case of YM theory, the selection of axial gauge — or any gauge for that matter
— is as arbitrary as fixing a particular field basis in the NLSM. For these reasons, we make
the weaker assumption that the gauge field and field strength are related at linear order by
eq. (4.6), but differ at nonlinear order by arbitrary contributions that depend on the gauge
fixing. Hence, the gauge field is on-shell equivalent to a particular exotic polarization of
the field strength and consequently the one-point correlators are related by

〈Aaµ(p)〉J = ε̃ν(p)〈F aµν(p)〉J , (4.7)

provided the root leg is on-shell. Note the similarity of this expression to eq. (3.8).
Given the one-point correlator of the field strength we can extract the n-point correlator

of the gauge field in the usual way via functional differentiation,

〈Aa1
µ1(p1)Aa2

µ2(p2) · · ·Aanµn(pn)〉J=0 =
[(

n−1∏
i=1

1
i

δ

δJaiµi(pi)

)
ε̃νn(pn)〈F anµnνn(pn)〉J

]
J=0

. (4.8)

To summarize, any n-point correlator of gauge fields is encoded within the one-point cor-
relator of the field strength in the presence of sources. We emphasize again that when
evaluated on-shell, eqs. (4.7) and (4.8) are independent of any arbitrary choices of gauge
fixing and field basis that appear at nonlinear order in the fields.
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To compute the right-hand side of eq. (4.7) one perturbatively solves eq. (4.3) to
obtain the one-point correlator of the field strength as a functional of the external source.
An immediate confusion now arises because the perturbative solution for the field strength
does not just depend on the external source. It also depends on the gauge field, which
enters eq. (4.3) through covariant derivatives. There is, however, no cause for concern.
We simply realize that the one-point correlator of the gauge field also evolves by its own
equation of motion, and like the field strength should be solved for perturbatively. Due to
gauge symmetry, there is immense freedom in explicitly solving for this gauge field. But
the simplest procedure is to plug eq. (4.4) directly into eq. (4.2), yielding the standard
equations of motion for the gauge field of YM theory in the presence of a source. The
perturbative solution to this equation encodes the one-point correlator for the gauge field
computed using standard Berends-Giele recursion [10]. In this prescription, gauge fields
which are emitted by the field strength will never branch back into field strengths. Hence,
this one-point correlator should then be treated like a background gauge field to be inserted
into eq. (4.3) when solving for the field strength. This is highly reminiscent of restricting to
the sector of GBAS theory which is single trace in the dual color, and relates intimately to
the covariant double copy structure we will discuss later on. See figure 2 for a representative
Feynman diagram that would arise from this procedure.

The need to compute the one-point correlator of the gauge field would seem to defeat
the purpose of recasting perturbation theory in terms of the one-point correlator of the
field strength. Indeed, the Feynman diagrams encoded in eq. (4.3) are, in practice, just
as complicated as in standard perturbation theory, due to the appearance of the gauge
field in the covariant derivatives. In spite of this, however, we will see that organizing the
equations of motion in this way will reveal a new structure within YM theory that will
ultimately enable us to derive analytic expressions for all BCJ numerators.

4.3 Kinematic algebra

The equations of motion for GBAS and YM in eqs. (2.12) and (4.3) are isomorphic, with
the former mapped onto the latter via three simple substitutions,

V a
F3

→ Vµν

fabcVbWc
F3

→ VρµW ρ
ν −WρµV ρ

ν

Ja
F3

→ ∂[µJν],

(4.9)

which we dub the “⊗ F 3 replacement rules”, for reasons which will soon become apparent.
First, we send any color index to a pair of antisymmetric spacetime indices. Second, we
substitute all color structure constants with kinematic structure constants. Third, we send
any color source to the antisymmetric derivative of a vector source. As before, any indices
distinct from color are spectators to the above replacements. Moreover, if any of these
spectator indices are gauged, then the derivative on the right-hand side of the replacement
rule for the source can be made covariant with impunity. This is permitted because all
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AYM
3 =

AYM
4 =

+ t-channel + u-channel

Figure 2. The three- and four-point scattering amplitudes of YM theory derived from the one-
point correlator of the field strength in eq. (4.8) using the Feynman rules derived from the equation
of motion in eq. (4.3). The solid and curly lines depict field strengths and gauge fields, respectively.
Embedded within in each diagram is a subdiagram of solid lines describing a field strength that
branches purely through F 3 interactions. Like minimally coupled scalars, these field strengths
repeatedly emit gauge fields that in turn cascade down into other gauge fields via the nonlinear
interactions of YM theory. Since the gauge fields never branch back into field strengths, they are
effectively background fields and induce no back-reaction. Note that the root leg is always a field
strength, while the leaf legs can be either gauge fields or field strengths, since these are generated
at asymptotic infinity by the source and its derivative, respectively.

external sources are localized at asymptotic infinity, where partial and covariant derivatives
are interchangeable.

The kinematic structure constant in eq. (4.9) is quite literally the Feynman vertex
for a theory of cubically interacting, antisymmetric tensor fields. This F 3 theory is the
natural tensorial generalization of BAS theory, differing only in that dual color indices are
replaced with pairs of antisymmetric spacetime indices. Viewed purely as a description of
generic antisymmetric fields, the F 3 theory is perfectly consistent, albeit trivial. However,
we will see how the plot thickens when we ultimately identify the antisymmetric fields as
field strengths.

Another alias for the F 3 vertex is the “anomalous triple gauge boson coupling”, which
traditionally appears as the leading higher-derivative correction to YM theory. However,
we stress emphatically that our discussion here pertains to the standard renormalizable
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interactions of YM theory.7 As we will see later on, the naive mismatch between numbers
of derivatives is resolved because GBAS theory has fewer derivatives per interaction than
YM theory while F 3 theory has more. We dub eq. (4.9) the ⊗ F 3 replacement rules because
it sends color structures to the kinematic structures of F 3 theory.

The substitutions described above are reminiscent of the usual double copy prescription
of color-kinematics duality. But they differ in a critical respect. The traditional formulation
of the double copy instructs us to swap color for kinematics in a representation of the
amplitude in which all propagators are of the form 1/�. By contrast, the equations of
motion for GBAS and YM theory in eqs. (2.12) and (4.3) carry kinetic terms with D2

rather than �. Thus, the ⊗ F 3 replacement rules implement a covariant version of the
double copy that applies to amplitudes whose propagators are effectively 1/D2. Since
gauge invariance is preserved by this procedure, we refer to this structure as covariant
color-kinematics duality.

Amusingly, the kinematic algebra of F 3 theory is actually the Lorentz algebra. To
understand why, we simply observe that eq. (4.9) is exactly reproduced by the commutator

[VµνSµν ,WρσS
ρσ] = (VρµW ρ

ν −WρµV ρ
ν )Sµν , (4.10)

where Vµν and Wµν are antisymmetric tensor fields parameterizing infinitesimal spin
Lorentz transformations generated by Sµν , appropriately normalized. These transforma-
tions are boosts and rotations which act on the spacetime indices of fields while leaving
the coordinate arguments within those fields untouched. This is why the right-hand side of
eq. (4.10) does not include any derivatives of fields. It would be interesting to understand
if there is any link between the kinematic algebra described above and the spin Lorentz
symmetries of [29–31].

4.4 Double copy

4.4.1 GBAS ⊗ F3 = YM

Covariant color-kinematics duality implies that YM theory is the covariant double copy of
GBAS theory and F 3 theory. Eq. (4.9) sends the biadjoint scalar to the field strength,

φaa
F3

→ F aµν , (4.11)

and maps the equation of motion of GBAS theory to

D2φaa + 1
2f

abcfabcφbbφcc = Jaa
F3

→ D2F aµν + fabcF bρ[µF
cρ
ν] = D[µJ

a
ν], (4.12)

which is precisely the YM equation of motion in eq. (4.3). The physical interpretation of
this result is that YM theory is secretly equivalent to GBAS theory but with the charged
scalars dressed with additional spacetime indices.

7The F 3 theory which has emerged here is similar but not identical to the dimension-six gauge theory
which double copies to conformal gravity [28]. It would be interesting to further explore this relationship.
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Any feature of equations of motion is also a feature of the associated Feynman rules.
Thus eq. (4.9) defines a map from the Feynman rules of GBAS theory to those of YM
theory. For example, the scalar propagator in eq. (2.9) is sent to the propagator for the
field strength,

F a2
µ2ν2

F a1
µ1ν1

= iδa1a2Πµ1ν1µ2ν2

p2 , (4.13)

where we have defined the identity operator for antisymmetric tensor fields

Πµ1ν1µ2ν2 = 1
2(ηµ1µ2ην1ν2 − ηµ1ν2ην1µ2). (4.14)

Meanwhile, the cubic scalar vertex in eq. (2.10) is sent to

F a3
µ3ν3

F a2
µ2ν2

F a1
µ1ν1

= 4 ifa1a2a3Πµ1ν1α
βΠµ2ν2β

γΠµ3ν3γ
α, (4.15)

and the trivial leaf leg polarizations of scalars are mapped to field strength polarizations,

⊗
p

= εµν(p) = ip[µεν]. (4.16)

As discussed earlier the root leg polarization for the field strength is

⊗
p

= ε̃µν(p) =
iq[µεν]
pq

, (4.17)

as required to extract the one-point correlator of the gauge field from that of the field
strength.

Crucially, the ⊗ F 3 replacement rules trivially map all of the Feynman rules linking
the scalar and gauge field of GBAS theory to those linking the field strength and gauge
field of YM theory. This is obvious from eq. (4.12) because the gauge field appears solely
in the kinetic terms, which are D2φaa and D2F aµν . Said another way, in this formulation
the field strength couples to the gauge field exactly as if it were a minimally coupled scalar.

This all implies that the Feynman rules of GBAS and YM theory are nearly iso-
morphic, modulo two important caveats. First of all, as noted earlier, the field strengths
in our formulation of YM theory emit gauge fields which can readily cascade into other
gauge fields but never branch back into field strengths. Consequently, YM amplitudes
are mapped to amplitudes in GBAS theory which are single trace in dual color, so gauge
bosons never branch back into biadjoint scalars. Second, in YM theory the external
sources generate both field strengths and gauge fields, so in the corresponding amplitudes
in GBAS theory, the external legs can be either biadjoint scalars or gauge fields. See
figure 2 for the Feynman diagrams that contribute to three- and four-point scattering in
this alternative formulation of YM theory.
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Next, consider the subset of Feynman diagrams in which the gauge field does not
appear, i.e. diagrams involving field strengths only and no gauge fields. This effectively
replaces D2 with � in eq. (4.3). Amusingly, these diagrams satisfy color-kinematics duality
off-shell. To understand why, let us compute the off-shell four-point subdiagram of field
strengths currents embedded within a larger diagram. The Feynman diagrams in the s, t,
and u channel take the form of eq. (3.19) but with kinematic numerators given by

ns = 8 Πµ1ν1α
βΠµ2ν2β

γΠµ3ν3γ
δΠ

µ4ν4δ
α − {3↔ 4}

nt = 8 Πµ2ν2α
βΠµ3ν3β

γΠµ1ν1γ
δΠ

µ4ν4δ
α − {1↔ 4}

nu = 8 Πµ3ν3α
βΠµ1ν1β

γΠµ2ν2γ
δΠ

µ4ν4δ
α − {2↔ 4}.

(4.18)

The numerators are trivially related by relabeling and sum to

ns + nt + nu = 0, (4.19)

so the kinematic Jacobi identities are satisfied automatically. Said another way, the F 3

theory exhibits manifest color-kinematics duality as expected.
The amplitudes of F 3 theory are perfectly consistent if the external polarizations are

interpreted as generic antisymmetric tensors. However, when these antisymmetric tensors
are equated with field strengths, the resulting amplitudes are no longer gauge invariant.
To restore gauge invariance one must of course include all interactions involving both the
field strengths and the gauge fields. Formally, this is equivalent to a replacement of � with
D2. This is precisely what is meant when we say that the formulation of YM theory in
eq. (4.3) exhibits covariant color-kinematics duality.

4.4.2 EYM ⊗ F3 = GR

Covariant color-kinematics duality implies that GR is the covariant double copy of EYM
theory and F 3 theory. Eq. (4.9) maps the gauge field and field strength of EYM to

Aaµ
F3

→ ωµµν

F aµν
F3

→ Rµνµν ,

(4.20)

which we recognize immediately as the spin connection and Riemann curvature tensor.
The barred and unbarred indices should be interpreted as tetrad and metric indices, re-
spectively, and can in principle be independent. However, since we are interested in GR
here, i.e. gravity sans dilaton and two-form, we will eventually impose the usual symmetry
of the Riemann tensor on the exchange of the barred and unbarred indices.

As a sanity check we apply eq. (4.9) to the relation between the gauge field and field
strength,

F aµν = ∂[µA
a
ν] + fabcAbµA

c
ν

F3

→ Rµνµν = ∂[µων]µν + ωµρµω
ρ

νν − ωνρµω
ρ

µν , (4.21)
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thus deriving the familiar relation between the spin connection and the Riemann tensor.
Last but not least, we find that eq. (4.9) maps the EYM equations of motion to

∇µF aµν + fabcAbµF cµν = Jaν
F3

→ ∇′µRµνµν +ωµρµR
ρ

µνν −ω
µ ρ
ν Rµνρµ = ∇[µTν]ν , (4.22)

where the color current is mapped to the derivative of the energy-momentum tensor.
Note that the derivative ∇ appearing in eq. (4.22) is a gravitational covariant derivative

which depends implicitly on the graviton through the Christoffel symbol. Furthemore,
we have defined ∇′ as a gravitational covariant derivative which acts on the Riemann
tensor as if its barred spacetime indices were absent. This object only appears because our
replacement rules simply append indices onto the field strength in order to generate the
Riemann tensor.

As one might expect, the ∇′ and spin connection terms in eq. (4.22) combine to form
a bona fide ∇ with appropriate connection terms for all the indices of the Riemann tensor.
Contracting eq. (4.22) into the tetrads eµρeνσ, we obtain

∇µRµνρσ = ∇[ρTσ]ν . (4.23)

Now imposing that the Riemann tensor is symmetric under swapping its µν and ρσ indices,
we find that eq. (4.23) is equivalent via the second Bianchi identity to the derivative of
Einstein’s equations in natural units where 8πG = 1. Hence, GR is equivalent to EYM
theory with the gauge field and field strength dressed with additional spacetime indices.8

So in the context of gravity, covariant color-kinematics duality is a trivial manifestation of
the tetrad formalism.

4.4.3 Classical double copy

The entirety of our analysis holds at the level of equations of motion. So it is natural to
ponder its implications for the classical double copy [33–42]. Amusingly, covariant color-
kinematics duality enforces a trivial version of the classical double copy which applies to
any vacuum solution of Einstein’s equations and is covertly a restatement of the tetrad
formalism. The claim is as follows. For any vacuum solution of GR, compute the corre-
sponding spin connection and Riemann curvature tensor. Now simply define these objects
to be the gauge field and field strength of some exotic gauge theory, as shown in the map-
ping in eq. (4.20). Each antisymmetric pair of spacetime indices should be interpreted as an
internal color index. Then eq. (4.22) guarantees that these fields will automatically satisfy
the equations of motion for YM theory propagating in a background spacetime defined by
the original GR solution. Bear in mind, this variant of the classical double copy applies to
solutions in which color plays a critical role.

8It is also possible to derive GR directly from a theory of biadjoint scalars that are minimally coupled to
gravity and doubly gauged with respect to color and dual color. Here we apply the ⊗ F 3 replacement rules
to both colors. Equating the spin and dual spin connections and projecting out trace modes, we obtain
an equation for the Riemann tensor of the form ∇2R + R2 ∼ ∇2T , which is by construction isomorphic
to the equation of motion for the field strength, D2F + F 2 ∼ DJ . Amusingly, this covariant double copy
formulation of GR is literally “textbook”: it is the de Rham wave equation (see exercise 15.2 of Misner,
Thorne, and Wheeler [32]).
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For this to work one must actively ignore the back-reaction of the YM dynamics on
the underlying spacetime metric. Diagrammatically, these effects correspond to scattering
processes in which gravitons are emitted and then reabsorbed by the YM field. These are
exactly analogous to the amplitudes of GBAS theory in which gauge fields are emitted
and then reabsorbed by the biadjoint scalar. As described earlier, such contributions go
beyond the single trace contributions for which covariant color-kinematics duality applies.
Thus, spacetime curvature dynamically evolves precisely as if it were a “probe” gauge field
propagating in that very same background spacetime. Note that an analogous procedure
also maps solutions of pure YM theory onto those of GBAS theory in a color background.

Even though any solution of GR can be recast as a solution of YM theory in curved
spacetime, the converse is not true, at least in general. Indeed, the opposite procedure only
applies to a very special class of solutions of YM theory in which the gauge field coincides
exactly with the spin connection of the background. Consequently, this construction is as
general as it is useless for building new solutions of GR.

Nevertheless, it is entertaining to study this version of the classical double copy in its
most basic incarnation: a four-dimensional, Euclidean black hole. In order to map the
spin connection ωµµν to the gauge field Aaµ, we simply repackage the antisymmetric pair
of four-dimensional spacetime indices µν as a single internal six-dimensional color index a.
Concretely, we define ωµµν = Aaµλ

a
µν , where the antisymmetric matrices λaµν parameterize

the six generators of four-dimensional Euclidean rotations. In Euclidean Schwarzschild
coordinates, the gauge field configuration corresponding to a black hole is

Aaµ ∼


−RS

2r2 0 0 0 · · ·
0 0 0 0 · · ·
0

√
1− RS

r 0 0 · · ·
0 0

√
1− RS

r sin θ cos θ · · ·

,
(4.24)

where the rows and columns correspond to the µ and a indices, respectively, and RS is the
Schwarzschild radius. Here we haven chosen a convenient basis for the generators λaµν in
which the vanishing components of the gauge field are the rightmost entries of eq. (4.24)
denoted by ellipses. It is straightforward to verify that eq. (4.24) indeed satisfies the
equations of motion of YM theory in a Euclidean Schwarzschild background, as expected.
Furthermore, it is easy to see that the associated color electric and magnetic fields scale as
∼ RS/r3 at long distances.

To summarize, we have shown that the spin connection of a Euclidean black hole be-
haves like a dipolar, probe gauge field configuration stabilized by the background spacetime
curvature. From this perspective, the Schwarzschild solution of GR has an alternative in-
terpretation as a “chromo-gravitational atom” in which the roles of the proton and electron
are played by the background metric and gauge field, respectively.

4.5 Kinematic current

The framework we have just described implements the covariant double copy at the level of
fields. By applying the ⊗ F 3 replacement rule directly to the dual color current of GBAS
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theory in eq. (2.4), we can elegantly derive the corresponding covariant kinematic current
of YM theory,

KYM
µνα = F aρµ

↔
DαF

aρ
ν . (4.25)

This object is necessarily conserved by virtue of the fact that the kinematic structure
constants of F 3 theory automatically satisfy the kinematic Jacobi identities. We can verify
this assertion via explicit calculation, where we find that

∂αKYM
µνα = F aρµ

↔
D2F aρν = −fabc(F aρµF bσ[νF

cσ
ρ] − F

aρ
ν F bσ[ρF

cσ
µ] ) = 0, (4.26)

on the support of the YM equations of motion eq. (4.3) and in the absence of external
sources.

Just like for the NLSM, the covariant kinematic current of YM theory is secretly related
to the energy-momentum tensor, which for YM theory is

TYM
µν = F aρµF

aρ
ν + 1

4ηµνF
a
ρσF

aρσ. (4.27)

After a bit of algebra, we find that eq. (4.25) is

KYM
µνα =−∂[µT

YM
ν]α +DρF aραF

a
µν−DρF aρ[µF

a
ν]α−∂

ρ(F aραF aµν−F aρ[µF
a
ν]α)− 1

4ηα[µ∂ν](F aρσF aρσ)

=−∂[µT
YM
ν]α + improvement terms. (4.28)

In the second line we have dropped all terms proportional to the YM equations of mo-
tion and set aside improvement terms that are automatically conserved by antisymmetry.
Eq. (4.28) implies that the covariant kinematic current of YM theory is the derivative of the
energy-momentum tensor. As discussed earlier, any current which is itself the derivative
of another current corresponds to a trivial charge. Hence, the covariant kinematic current
for YM theory cannot arise from a traditional symmetry in the usual sense.

5 Applications

We have shown from first principles how YM theory is the covariant double copy of GBAS
theory and F 3 theory. In this section we utilize this insight to derive a novel decomposition
of YM amplitudes of the schematic form,

AYM ∼
∑

AGBAS F · · ·F, (5.1)

i.e. as a sum over GBAS amplitudes weighted by products of field strengths. Meanwhile,
the inverse decomposition is encoded in the unifying relations [43], which are of the form

AGBAS ∼ T · · · T AYM. (5.2)

Here the transmutation operators T are simply differentials acting on the space of kinematic
invariants. By applying T repeatedly to eq. (5.1) and using eq. (5.2), we can solve for all
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GBAS amplitudes purely in terms of BAS amplitudes. Plugging back into eq. (5.1), we
obtain a formula for all YM amplitudes of the form

AYM ∼
∑

ABAS T · · · T F · · ·F. (5.3)

As we will see, the kinematic functions multiplying the BAS amplitudes in eq. (5.3) au-
tomatically satisfy the kinematic Jacobi identities, i.e. they are BCJ numerators. Conve-
niently, we are able to derive a compact, closed-form expression for all such BCJ numerators
in YM theory, and similarly in the NLSM. By the standard double copy prescription, these
explicit formulas generate closed-form expressions for all amplitudes in YM, GR, NLSM,
SG, and BI.

Another avatar of color-kinematics duality is the fundamental BCJ relation, which
reduces the naive number of independent color-ordered amplitudes [2]. Amusingly, this
relation is rather straightforwardly derived from equations of motion, which we also describe
in appendix B.

5.1 Color structures

Earlier we described how the ⊗F 3 replacement rules directly map color structure constants
onto kinematic structure constants. Let us now apply this substitution to arbitrary color
topologies. In particular, eq. (4.9) sends a generic color half ladder [44] to

fa1a2a3
F3

→ (−i) tr[[F1, F2]F̃3]

fa1a2a3a4
F3

→ (−i)2 tr[[[F1, F2], F3]F̃4]
...

fa1a2a3···an
F3

→ (−i)n−2 tr[[· · · [[F1, F2], F3], · · · , Fn−1]F̃n],

(5.4)

where fa1a2a3···an = fa1a2b1f b1a3b2 · · · f bn−3an−1an and we have by convention designated the
last leg in each half ladder to be the root leg. Here we have also defined linearized field
strength tensors for each leg,

[Fi]µν = piµεiν − piµεiν for i 6= n

[F̃n]µν = 1
pnq

(qµεnν − qµεnν) ,
(5.5)

as well as a trace over spacetime indices

tr (O) = 1
2Oµνη

µν . (5.6)

The nested commutators in eq. (5.4) implement the Feynman vertex in eq. (4.15). Mean-
while, the field strengths Fi are the leaf leg polarizations in eq. (4.16) and the field strength
F̃n is the root leg polarization in eq. (4.17).
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As per the usual relations governing color structure constants and generators in
eq. (2.2), eq. (5.4) implies a mapping between trace color structures and field strengths,

tr [T a1T a2T a3 ]
F3

→ tr[F1F2F̃3]

tr [T a1T a2T a3T a4 ]
F3

→ tr[F1F2F3F̃4]
...

tr [T a1T a2T a3 · · ·T an−1T an ]
F3

→ tr[F1F2F3 · · ·Fn−1F̃n],

(5.7)

so the field strength tensors are themselves generators of the kinematic algebra in the
fundamental representation.

Since these field strength traces appear ubiquitously throughout our analysis, it will
be worthwhile to define a bit of convenient shorthand notation. For an arbitrary ordered
set σ = σ1σ2σ3 · · ·σ`, we define the corresponding trace of field strengths,

F [σn] = tr[FσF̃n], (5.8)

where the product of field strength tensors,

Fσ =
|σ|∏
i

Fσi , (5.9)

should be evaluated in the specific ordering σ, and where |σ| = ` is the size of the set.
Throughout our discussion, an ordered set στ will denote the concatenation of the ordered
sets σ and τ , so for example σn = σ1σ2σ3 · · ·σ`n.

5.2 Field strength decomposition

We are now prepared to derive the field strength decomposition of YM amplitudes into
GBAS amplitudes and field strengths. First, recall the standard color decomposition of
the GBAS amplitude (see [45–48] for reviews),

AGBAS
φn =

∑
σ∈S(φ)

A[σn] tr [T aσ1 · · ·T aσ`T an ] . (5.10)

Here φn = φ1 · · ·φ`n denotes the set of all biadjoint scalars in the amplitude, which by
convention will always include the root leg. All gauged color structures, i.e. the color indices
shared by both the gauge fields and biadjoint scalars, are implicit and so we should think
of eq. (5.10) as color-stripped on those indices. In contrast, the explicit trace structures
in eq. (5.10) correspond to the ungauged color index that is only carried by the biadjoint
scalars.

From eq. (4.3) we saw that the equation of motion for the field strength of YM theory
is the same as that of GBAS theory in eq. (2.12) upon application of the ⊗F 3 replacement
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rule. At the same time, the field strength in eq. (4.3) is sourced by the derivative of the
same external current that sources the gauge field. Thus, the ⊗F 3 replacement rule sends

∑
φ∈P+(1···n−1)

AGBAS
φn

F3

→
∑

φ∈P+(1···n−1)

∑
σ∈S(φ)

A[σn]F [σn]. (5.11)

Here the left-hand side is the sum over all GBAS amplitudes with the root leg taken to
be a scalar and all leaf legs taken to be either a gauge field or a scalar. Recall that we
saw this earlier in the Feynman diagrams for YM theory shown in figure 2. The first sum
in eq. (5.11) runs over P+(x), which is the nonempty power set, i.e. set of all nonempty
subsets, of the set x. The second sum runs over permutations S(x) of the set x.

The left-hand side of eq. (5.11) would ordinarily be a nonsensical quantity, since it is
a sum of amplitudes with different numbers of gauge fields and thus different little group
weights. But crucially, the kinematic structures introduced by the ⊗F 3 replacement rule
carry the exactly appropriate little group weight to cancel this. Consequently, the right-
hand side of eq. (5.11) is perfectly well-defined and homogenous under little group scaling.
In fact, as a consequence of covariant color-kinematics duality, it is precisely an expression
for the YM amplitude,

AYM
n =

∑
φ∈P+(1···n−1)

∑
σ∈S(φ)

A[σn]F [σn], (5.12)

decomposed into GBAS amplitudes times products of field strengths. This formula is
reminiscent of a similar decomposition discovered in [49, 50], which marked two rather
than one leg as special and involved a different function of the field strengths. Evaluated
for the three-point YM amplitude, eq. (5.12) becomes

AYM
3 = A[123]F [123] +A[213]F [213] +A[13]F [13] +A[23]F [23], (5.13)

while the four-point YM amplitude is

AYM
4 = A[1234]F [1234] +A[1324]F [1324] +A[2134]F [2134]

+A[2314]F [2314] +A[3124]F [3124] +A[3214]F [3214]
+A[124]F [124] +A[214]F [214] +A[134]F [134]
+A[314]F [314] +A[234]F [234] +A[324]F [324]
+A[14]F [14] +A[24]F [24] +A[34]F [34],

(5.14)

and so on for five-point scattering and higher. We have verified the validity of eq. (5.12)
up to seven-point scattering in YM theory.

Last but not least, one can doubly apply the ⊗F 3 replacement rule to derive a similar
field strength decomposition for gravitational amplitudes,

AGR
n =

∑
φ∈P+(1···n−1)
φ̄∈P+(1···n−1)

∑
σ∈S(φ)
σ̄∈S(φ̄)

A[σn|σ̄n]F [σn] F̄ [σ̄n], (5.15)
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where the barred field strength trace depends on a new set of barred polarizations. On the
right-hand side is the doubly ordered amplitude of biadjoint scalars, gauge fields, and the
extended gravity multiplet, i.e. the graviton, dilaton, and two-form. The intersection σ∩ σ̄
denotes the scalars, the difference sets σ − σ̄ and σ̄ − σ denote the gauge fields, and the
remainder denotes the gravitational states. We have checked via explicit calculation that
eq. (5.15) is valid up to six-point scattering in gravity.

The field strength decompositions for YM theory and gravity in eqs. (5.12) and (5.15)
are some of the main results of this paper. These equations reflect the intriguing physical
picture encountered earlier: field strengths evolve like charged, self-interacting scalars and
curvatures evolve like gravitating, self-interacting field strengths.

5.3 Inverse transmutation

As discussed in [43], transmutation is a differential operation that maps the amplitudes of
YM theory onto those of GBAS theory,

A[123 · · · `n] = T [123 · · · `n]AYM
n . (5.16)

Here the transmutation operator is a product of sequential operations,

T [123 · · · `n] = T1n

`−1∏
i=1
Ti i+1n, (5.17)

which are differentials in the space of kinematic invariants,

Ti j = ∂

∂(εiεj)
and Ti j k = ∂

∂(pkεj)
− ∂

∂(piεj)
. (5.18)

As is obvious from the basic structure of eq. (5.16), transmutation is a tool for building
amplitudes with fewer gauge fields from those with more. However, it should also be self-
evident that the reverse operation would be of far greater use for practical applications.
Here we use the field strength decomposition to derive precisely such a procedure, dubbed
“inverse transmutation”, which constructs amplitudes with more gauge fields from those
with fewer.

Inserting the field strength decomposition of YM theory in eq. (5.12) directly into
eq. (5.16), we obtain the lengthy expression,

A[123 · · · `n] =
∑

θ∈P(`+1···n−1)

∑
τ∈S(θ)

∑̀
i=1

∑
ρ∈τ�(i+1···`)

A[1 · · · iρn] ξ(i, τ) T [1 · · · in]F [1 · · · iτn]

=
∑

θ∈P(`+1···n−1)

∑
τ∈S(θ)

∑̀
i=1

∑
ρ∈τ�(i+1···`)

A[1 · · · iρn]
{
−piFτq

pnq

}
, (5.19)

where we have defined the parameter

ξ(i, τ) =
{

1 , i = 1 and |τ | = 0
2 , else

, (5.20)
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and P(x) is the power set, i.e. the set of all subsets including the empty set, of the set x.
Here x�y denotes the shuffle product of x and y, which is the set of all sets in which x and
y are merged so as to maintain the relative order of all elements within x and y separately.
These shuffle products appear because the transmutation operator Ti i+1n generates the
sum of amplitudes in which scalar leg i + 1 is inserted between scalar legs i and n in all
possible positions amongst the scalar legs already residing between i and n.

To derive the first line of eq. (5.19) we have used the fact that a sequence of transmuta-
tion operators of the form Ti i+1n will annihilate the field strength trace unless the sequence
is a contiguous set of adjacent legs. This happens because Ti i+1n extracts the kinematic
invariants piεi+1 and pnεi+1, which only appear in the field strength trace if Fi+1 appears
either adjacent to Fi or F̃n. The second line of eq. (5.19) is then obtained by plugging in
the explicit formulas for the transmutation operators and the field strength trace.

Now we observe that A[123 · · · `n] appears on both the left- and right-hand sides of
eq. (5.19), appearing in the latter through the summand in which θ is the empty set. Thus
we can shuffle all dependence on A[123 · · · `n] to the left-hand side of the equation and
solve for it, yielding

A[123 · · · `n] =
∑

θ∈P+(`+1···n−1)

∑
τ∈S(θ)

∑̀
i=1

∑
ρ∈τ�(i+1···`)

A[1 · · · iρn]
{
− piFτq

(p1 + · · ·+ p` + pn)q

}
.

(5.21)
Since the sum now runs over the nonempty power set, the right-hand side only involves am-
plitudes with strictly fewer gauge fields than the right-hand side. Note also that eq. (5.21)
holds only if ` < n − 1. If ` = n − 1, then the left- and right-hand sides of eq. (5.19) are
trivially equal to the same pure BAS amplitude. In this case eq. (5.19) is automatic and
one cannot solve for the left-hand side, which is why eq. (5.21) has a division by zero when
` = n− 1.

Next, let us generalize eq. (5.21) to an arbitrary ordering of scalars σn = σ1σ2σ3 · · ·σ`n,
yielding an inverse transmutation relation

A[σn] =
∑

θ∈P+(σn)

∑
τ∈S(θ)

|σ|∑
i=1

∑
ρ∈τ�σ>i

A[σ≤iρn]
{
−pσiFτqσ

pσnqσ

}
, (5.22)

which decomposes an amplitude with more gauge fields into those with fewer. In eq. (5.22)
we have defined σn to be the complement of σn, and

pσ =
|σ|∑
i

pi, (5.23)

to be the total momentum flowing through any set of external legs σ. Meanwhile, σ<i is
the set of elements in σ to the left of σi, and σ>i is the set of elements in σ to the right of
σi. We similarly define σ≤i and σ≥i as the corresponding inclusive sets. In this notation
the full ordered set is σ = σ<iσiσ>i. As before, eq. (5.22) applies only if |σ| < n− 1, since
the degenerate case of |σ| = n− 1 reduces to the pure BAS amplitude.

As written, eq. (5.21) depends on a single reference q, but we are actually permitted to
use a different reference for each possible GBAS amplitude. Consequently, for the general
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formula in eq. (5.22) we have lifted the single reference q to a distinct reference qσ specific
to each ordering σ. This immense freedom will come in handy later on.

For reasons that will soon become clear, let us now reorganize the terms in eq. (5.22)
according to whether they are “in order” or “out of order” with respect to a canonical
ordering of our choice. For concreteness, we take this canonical ordering to be the literal
numerical ordering of the natural numbers. Thus, we are interested in separating out those
terms in eq. (5.22) for which the legs in A[σ≤iρn] are numerically ordered. This is only
possible if all the elements of ρ are numerically greater than all the elements of σ≤i. Since
τ is a subset of ρ this implies that τ is numerically greater than all the elements of σ≤i.
Regrouping terms in eq. (5.22) then yields

A[σn] =
∑

τ∈P+(σn)
A[sort(σ, τ)n] G[σ<τ , τ, σ>τn] + out of order, (5.24)

where sort(σ, τ) is the union of σ and τ sorted in numerical order, σ<τ is the set of elements
in σ which are numerically less than the minimal element of τ , and σ>τ is the set of elements
in σ which are numerically greater than the minimal element of τ . The terms not shown
explicitly all involve amplitudes whose legs are not in numerical order. In eq. (5.24) we
have introduced the kinematic function

G[σ, τ, ρn] = −pσFτqσρ
pσρnqσρ

, (5.25)

where Fτ is defined as in eq. (5.9), pσ and pσρn are defined as in eq. (5.23), and qσρ is the
reference momentum for that particular ordering. Throughout, we either assume that qσρ
is constant, i.e. identical for all orderings, or that it depends only on the momenta in the
set σρ. Either choice ensures that permuting the ordering in the subscript argument of qσρ
is equivalent to permuting the kinematic variables within.

5.4 Analytic formulas for amplitudes

There has been considerable effort dedicated to the explicit evaluation of BCJ numera-
tors [8, 49, 51–68]. However, a completely general, closed-form, analytic expression has
proven elusive.9 In this section, we show how our field strength decomposition, together
with inverse transmutation, enables an analytic derivation of all BCJ numerators in YM
theory and the NLSM. Our resulting expressions constitute closed formulas for the scat-
tering amplitudes for these theories for any number of external legs and in arbitrary di-
mensions.10 Via the usual double copy procedure these also generate closed formulas for
all scattering amplitudes in GR, SG, and BI theory.

9Of course, it has long been known how to obtain BCJ numerators from known YM amplitudes taken
as input, [69].

10While there exist several formulas for all tree-level YM amplitudes in the literature [70, 71], these all
apply specifically to four dimensions and are expressed in terms of sums over paths.

– 31 –



J
H
E
P
1
1
(
2
0
2
1
)
0
6
9

5.4.1 Yang-Mills theory and gravity

By applying eq. (5.24) repeatedly on eq. (5.12), one can reduce any GBAS amplitude into
a basis of pure BAS amplitudes. The resulting formula is

AYM
n =

∑
σ∈S(1···n−1)

A[σn]K[σn], (5.26)

where A[σn] are pure BAS amplitudes and K[σn] are the BCJ numerators of YM theory,
expressed here in trace basis rather than the usual half ladder basis [44]. Crucially, K[σn]
is permutation invariant on the n − 1 legs in σ, i.e. the BCJ numerator for general σ is
obtained by permuting the kinematic variables for a single ordering. Thus we need only
define this expression for a single representative BCJ numerator, which we choose to be in
numerical ordering,

K[123 · · ·n] =
∑

τ∈part(1···n−1)
F [τ1n]

|τ |∏
i=2

G[(τ1 · · · τi−1)<τi , τi, (τ1 · · · τi−1)>τin]. (5.27)

For convenience, let us again write the explicit formulas for the trace of field strengths and
the kinematic function derived previously in eqs. (5.8) and (5.25),

F [σn] = tr[FσF̃n] and G[σ, τ, ρn] = −pσFτqσρ
pσρnqσρ

, (5.28)

where all subscripts either denote a set or concatenations of sets. We defined earlier the
trace in eq. (5.6), the fields strengths in eqs. (5.5) and (5.9), and the momentum of a set
in eq. (5.23).

In eq. (5.27) we have introduced part(x), which is the set of all ordered partitions of
the set x into subsets whose elements are in numerical order. We also require that the first
subset of every partition contains leg 1. For example at low orders, part(x) is

part(12) = {12}, {1, 2}
part(123) = {123}, {12, 3}, {13, 2}, {1, 23}, {1, 2, 3}, {1, 3, 2}

part(1234) = {1234}, {134, 2}, {124, 3}, {123, 4}, {14, 3, 2}, {14, 2, 3}, {14, 23}, {13, 4, 2},
{13, 2, 4}, {13, 24}, {12, 4, 3}, {12, 3, 4}, {12, 34}, {1, 4, 3, 2}, {1, 4, 2, 3},
{1, 3, 4, 2}, {1, 3, 2, 4}, {1, 2, 4, 3}, {1, 2, 3, 4}, {1, 34, 2}, {1, 24, 3}, {1, 23, 4},
{1, 4, 23}, {1, 3, 24}, {1, 2, 34}, {1, 234}, (5.29)

and so on and so forth.
The argument of the kinematic function in eq. (5.27) depends on (τ1 · · · τi−1)<τi , which

is the set of elements in τ1 · · · τi−1 which are numerically less that the minimal element of
τi, and (τ1 · · · τi−1)>τi , which is the set of elements in τ1 · · · τi−1 which are numerically
greater that the minimal element of τi. We emphasize here that numerical ordering is
the relevant one for eq. (5.27) simply because our representative BCJ numerator has been
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chosen to be in numerical ordering. For the case of three-, four-, and five-point scattering,
this numerator is

K[123] = F [123]+F [13]G[1,2,3]
K[1234] = F [1234]+F [124]G[12,3,4]+F [134]G[1,2,34]

+F [14]G[1,23,4]+F [14]G[1,2,4]G[12,3,4]+F [14]G[1,3,4]G[1,2,34]
K[12345] = F [12345]+F [1345]G[1,2,345]+F [1245]G[12,3,45]+F [1235]G[123,4,5]

+F [145]G[1,2,345]G[1,3,45]+F [145]G[1,2,45]G[12,3,45]+F [145]G[1,23,45]
+F [135]G[1,2,345]G[13,4,5]+F [135]G[1,2,35]G[123,4,5]+F [135]G[1,24,35]
+F [125]G[12,3,45]G[12,4,5]+F [125]G[12,3,5]G[123,4,5]+F [125]G[12,34,5]
+F [15]G[1,2,345]G[1,3,45]G[1,4,5]+F [15]G[1,2,45]G[1,4,5]G[12,3,45]
+F [15]G[1,2,345]G[1,3,5]G[13,4,5]+F [15]G[1,2,35]G[1,3,5]G[123,4,5]
+F [15]G[1,2,5]G[12,3,45]G[12,4,5]+F [15]G[1,2,5]G[12,3,5]G[123,4,5]
+F [15]G[1,2,345]G[1,34,5]+F [15]G[1,24,5]G[12,3,45]
+F [15]G[1,23,5]G[123,4,5]+F [15]G[1,4,5]G[1,23,45] (5.30)
+F [15]G[1,3,5]G[1,24,35]+F [15]G[1,2,5]G[12,34,5]+F [15]G[1,234,5],

where all terms are arranged in the same order as in eq. (5.29). All other BCJ numerators
can be obtained from the above expressions by literally permuting the arguments of the field
strength traces and kinematic functions. Since these objects only depend on the kinematic
variables, one can also just permute the momenta and polarizations directly.

The BCJ numerators in eq. (5.27) automatically satisfy the kinematic Jacobi identities.
This is perhaps not so surprising given that these numerators were obtained by transmuting
field strength traces which already manifestly exhibit the kinematic algebra and obey the
kinematic Jacobi identities. As a result, we can immediately insert our BCJ numerators
into the usual double copy prescription to obtain

AGR
n =

∑
σ∈S(1···n−1)

∑
σ̄∈S(1···n−1)

A[σn|σ̄n]K[σn] K̄[σ̄n], (5.31)

which is the gravitational scattering amplitude. Here the barred BCJ numerator is also
given by eq. (5.27), but with all polarizations barred.

Eqs. (5.26), (5.27) and (5.31) are some of the principal results of this paper. Altogether,
they comprise explicit analytic expressions for all tree-level YM and gravity amplitudes for
any number of external legs in arbitrary dimensions. We have checked that these formulas
correctly reproduce the amplitudes in YM theory up to seven-point scattering and in gravity
up to six-point scattering.11

With respect to computational or algorithmic complexity, standard Feynman diagrams
exhibit a hierarchy of the form GR � YM� BAS. The double copy procedures of KLT or

11The ancillary materials for this paper include Mathematica code computing all BCJ numerators assum-
ing a universal choice for the reference momenta. Code for computing all amplitudes in BAS theory can be
found in [12] and the supplemental files therein.
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BCJ drastically alleviate this computational burden for gravity, sending GR ∼ YM� BAS.
On the other hand, our formula for all BCJ numerators in eq. (5.27) is a literal algebraic
expression. It does not secretly entail any recursive definitions, algorithmic procedures,
sums over graphs, or unevaluated auxiliary integrals. Thus, with the aid of eq. (5.27), the
amplitudes of YM and GR are no more complicated to calculate than those of BAS theory,
thus placing GR ∼ YM ∼ BAS on equal footing.

The BCJ numerators in eq. (5.27) have a number of advantageous properties. First
of all, for n-point scattering they manifest gauge invariance on n − 1 leaf legs — though
not for the root leg. This happens because covariant color-kinematics duality preserves
gauge invariance at every step. At a technical level, this property arises because the BCJ
numerators depend on the field strength trace F [σn] and kinematic function G[σ, τ, ρn],
which only depend on the polarizations of the n − 1 leaf legs through field strengths.
As a result, the Ward identities are trivially satisfied on those legs. Note that this does
not contradict the results of [72], since our BCJ numerators have spurious poles which
depend on arbitrary reference momenta. While the reference dependence does not cancel
automatically within each BCJ numerator, it can still be chosen to eliminate all spurious
poles, as we will see later on.

Second, as previously noted, the BCJ numerators for n-point scattering are trivially
related to each other by permuting the kinematic variables of the n − 1 leaf legs. Conse-
quently, all BCJ numerators can be derived from the numerator for a single ordering, thus
sidestepping the need to solve large systems of equations in order to enforce the kinematic
Jacobi identities.

5.4.2 Local representation
The BCJ numerators in eq. (5.27) have spurious poles on account of the denominator factors
in the field strength trace F [σn] and kinematic function G[σ, τ, ρn]. We can, however,
eliminate these nonlocalities by exploiting the immense freedom afforded by the choice of
reference momenta that appear in these quantities, q and qσρ. We have not exhaustively
explored the space of possible reference momenta. Nevertheless, there are some obvious
choices which substantially simplify our expressions for the BCJ numerators. For example,
one option is to set q = qσρ together with

pnq = 1 and piq = − 1
n− 1 for i 6= n, (5.32)

and εiq = 0 for all i. The numerical factors in eq. (5.32) are fixed so as to maintain
total momentum conservation. Only the root leg is special, so the corresponding BCJ
numerators are manifestly permutation invariant on the n− 1 leaf legs. By design, F [σn]
and G[σ, τ, ρn] are both local functions of the kinematic variables, albeit at the expense of
manifest gauge invariance.

Another interesting choice for the reference momenta is

p1q = −pnq = 1 and piq = 0 for i 6= 1, n, (5.33)

with εiq = 0 for all i and qσρ unspecified. In this case the resulting BCJ numerators
only exhibit permutation invariance on n− 2 legs. Here the field strength traces take the
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particularly compact forms, F [1σn] = 1
2ε1Fσεn and F [σ1n] = 1

2εnFσε1, and otherwise zero.
Half ladder objects of this type also appeared in the amplitudes decompositions of [49, 50].

5.4.3 Spinor helicity representation

Our expressions simplify further when we restrict to four dimensions. To begin, let us
consider a reference momentum vector q which is null, so

q = |q]〈q|. (5.34)

In principle, the reference momenta qσρ can be distinct for each ordering, but we instead
set them all to equal to a single null momentum r, so

qσρ = |r]〈r|. (5.35)

Without loss of generality we also assume that the root leg has positive helicity and choose
its polarization to depend on the same reference spinor q as in eq. (5.34), so12

ε̃n = |n]〈q|
〈nq〉

. (5.36)

Plugging this back into eq. (5.5), we obtain

Fi± = |i][i|, |i〉〈i| for i 6= n

F̃n = |q〉〈q|
〈nq〉2

,
(5.37)

where the field strengths in the first line depend on the helicity of the corresponding leg.
For later convenience we also define the Parke-Taylor denominator factors,

PT(123 · · · `) = 〈12〉〈23〉 · · · 〈`1〉 and PT(123 · · · `) = [12][23] · · · [`1]. (5.38)

Acting on a single element, these functions evaluate to PT(i) = PT(i) = 0, while for the
empty set PT() = PT() = 2, which is the trace of the identity matrix.

Since the field strength trace and kinematic function in eq. (5.28) are valid in any
spacetime dimension, we can evaluate them in four dimensions to obtain

F [σn]
d=4
→ PT(σ−q)PT(σ+)

〈qn〉2

G[σ, τ, ρn]
d=4
→ − 1

〈r|pσρn|r]

|σ|∑
i=1

PT(σiτ−r)PT(σiτ+r)
〈r|pσi |r]

.

(5.39)

Here σ− and σ+ are the subsets of σ with minus and plus helicity legs kept in the same
canonical order as in σ, and likewise for τ− and τ+ as subsets of τ . Again, we emphasize
that the null reference momenta q and r are arbitrary.

12To simplify our expressions we normalize our polarization vectors without factors of
√

2, unlike those
in [13].
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5.4.4 Nonlinear sigma model

We can also derive a formula for all BCJ numerators in the NLSM by transmuting [43] the
BCJ numerators of YM theory. To accomplish this task we exploit that the amplitudes of
YM theory and NLSM are related by the simple kinematic replacement,

piεj
NLSM
→


pipj , j 6= n

0 , j = n

εiεj
NLSM
→


0 , i, j 6= n

− piq
pnq

, j = n
,

(5.40)

where q is an arbitrary reference momentum. The above substitution is a close cousin
of the transmutation relations of [43] and is equivalent to the ⊗ NLSM replacement rule
described earlier, albeit at the level of kinematic invariants. We opt for this version of
transmutation because it treats all legs on equal footing except the root leg. Applying the
transmutation operation in eq. (5.40) to eq. (5.28), we map the field strength trace and
kinematic function to

F [σn]
NLSM
→


tr[ΠσΠ̃n] , |σn| even

0 , |σn| odd

G[σ, τ, ρn]
NLSM
→


−pσΠτqσρ
pσρnqσρ

, |τ | even

0 , |τ | odd

.

(5.41)

Here we have implicitly assumed that the reference momenta in eq. (5.28) are arbitrary
combinations of the external momenta, so they should be treated as such when applying
eq. (5.40). In analogy with eqs. (5.5) and (5.9) we have also defined symmetric momentum
tensors,

[Πi]µν = piµpiν for i 6= n

[Π̃n]µν = qµqν
(pnq)2 ,

(5.42)

as well as the ordered product,

Πσ =
|σ|∏
i

Πσi . (5.43)

In conclusion, we find that the all NLSM amplitudes are given by eqs. (5.26) and (5.27) with
the field strength trace and kinematic function defined in eq. (5.41). As per the standard
double copy prescription, inserting two copies of the BCJ numerators of the NLSM into
eq. (5.31) produces the amplitudes of the SG, while inserting one BCJ numerator from YM
theory and one from the NLSM generates the amplitudes of BI theory.

Curiously, eq. (5.41) is identical to eq. (5.28) but with field strengths replaced with
symmetric momentum tensors. Since the latter are quadratic in momenta, the resulting
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BCJ numerators manifestly exhibit an Adler zero condition for all but the root leg. This
creates an elegant parallel between the NLSM and YM theory. In particular, recall that
YM theory and GR are uniquely fixed by gauge symmetry, while the NLSM, SG, and BI
are uniquely fixed by soft theorems [22, 73–76]. We have derived BCJ numerators for the
NLSM and YM theory which manifest these defining properties term by term.

6 Conclusions

We have derived a formulation of color-kinematics duality and the double copy implemented
at the level of fields and equations of motion. Our principal insight has been to recast the
dynamics in terms of currents and field strengths rather than the usual underlying fields,
thus eliminating the intrinsic redundancy incurred by field redefinitions. This approach
makes color-kinematics duality manifest in the NLSM, and a new structure — covariant
color-kinematics duality — manifest in YM theory. The corresponding kinematic algebras
are the diffeomorphism and Lorentz algebras, respectively. In both cases the kinematic
current, whose conservation law enforces the appropriate kinematic Jacobi identities, is
equal to derivatives of the energy-momentum tensor.

A surprising outcome of our analysis is that YM theory is the covariant double copy of
GBAS theory and the F 3 theory of field strengths. Similarly, GR is the covariant double
copy of EYM theory and F 3 theory. The physical interpretation of this result is self-
evident from the equations of motion and easy to state: the field strength evolves like a
charged biadjoint scalar and spacetime curvature evolves like a gravitating field strength.
This understanding implies a new decomposition of all tree-level scattering amplitudes in
YM theory into those of GBAS theory. From this representation we derive a closed-form,
analytic expression for all tree-level BCJ numerators in the NLSM and YM theory for
any number of external legs in arbitrary spacetime dimension. Via the standard double
copy procedure, these constitute explicit formulas for all tree-level amplitudes in YM, GR,
NLSM, SG, and BI.

The present analysis leaves numerous avenues for future inquiry. First and foremost is
the question of loops. Obviously, we have articulated all of our results squarely in terms
of classical equations of motion and tree-level scattering. However, it may be feasible to
generalize our approach to include radiative corrections. If so, a key step will be to reframe
the dynamics in terms of currents and field strengths where possible.

Also worthy of study is the topic of higher-dimension operators. Previous works [77–79]
have explored the corrections of YM theory and the NLSM which are compatible with color-
kinematics duality. Following [80], it would be interesting to implement the double copy —
at the level of fields and equations of motion — to those higher-dimension operators in BAS
and GBAS theory to derive the corresponding corrections in the NLSM and YM theory.

The present analysis has focused entirely on those theories directly linked to YM
theory and the NLSM via the double copy. Nevertheless, it may certainly be possible to
extend these results to a broader web of theories, e.g. including supersymmetry. Another
natural question is whether there exist new covariant double copy constructions based on
the product of the F 3 theory with other gauged variations of BAS theory and the NLSM.
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Last but not least is the question of color-kinematics duality beyond flat space, which
has enjoyed a recent resurgence of interest [81–85]. Since our approach leans heavily on
equations of motion, it seems straightforward to lift our framework to curved spacetime.
However, once the natural observables are off-shell correlators, it remains to be seen how
much can be accomplished without the aid of on-shell conditions which were so crucial for
our analysis.
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A Alternative formulations

A.1 Nonlinear sigma model

There is another representation of the NLSM that also manifests color-kinematics duality.
This formulation has the advantage that the leaf and root legs are treated more equitably.
To begin, let us introduce an adjoint antisymmetric tensor field jaµν that satisfies the
Bianchi identity,

∂[ρj
a
µν] = 0. (A.1)

Furthermore, we demand that jaµν is related to the chiral current jaµ by

∂µjaµν = jaν −
qν
q∂
Ja. (A.2)

By construction, the divergence of the above equation, ∂ν [eq. (A.2)]ν , exactly reproduces
the NLSM equation of motion in eq. (3.3).

Using eq. (A.1) and eq. (A.2), we substitute jaµν for jaµ into the pure gauge condition
of eq. (3.1) to obtain a new formulation of the NLSM in terms of an equation of motion
for the antisymmetric tensor field,

�jaµν + fabc∂ρjbρµ∂
σjcσν =

∂[µqν]
q∂

Ja. (A.3)

We do not present the Feynman rules for this theory here but they are trivially obtained
from the above equations of motion in the usual way. In this representation the polariza-
tions of the leaf legs and the root leg are the same, placing them on the same footing.

As before, we can again read off the structure of the kinematic algebra by directly com-
paring eq. (A.3) against eq. (2.6). In this alternative formulation, the ⊗ NLSM replacement
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rules of eq. (3.11) become

Va
NLSM
→ Vµν

fabcVbWc
NLSM
→ ∂ρVρµ∂σWσν − ∂ρWρµ∂

σVσν

Ja
NLSM
→

∂[µqν]
q∂

J.

(A.4)

Applying these substitutions to the dual color current of BAS theory, we obtain

KNLSM
µνα = ∂ρjaρµ

↔
∂ α∂

σjaσν , (A.5)

which is the kinematic current for this alternative formulation of the NLSM. This current
is conserved on the support of the equation of motion in eq. (A.3).

A.2 Yang-Mills theory

It is possible reformulate YM theory purely in terms of a dynamical field strength that self-
interacts via a single cubic vertex. Taking the particular combination of partial derivatives,
∂ρ [eq. (4.1)]ρµν + ∂[µ [eq. (4.2)]ν], we obtain

�F aµν + fabc
[
∂ρ(Ab[ρF

c
µν])− ∂[µ(AbρF cν]ρ)

]
= ∂[µJ

a
ν] where Aaµ = −

qνF aµν
q∂

. (A.6)

By choosing the axial gauge condition from eq. (4.6), we have mandated that the gauge field
is linearly related to the field strength. Hence we can eliminate the gauge field altogether,
and eq. (A.6) is actually an equation of motion for the field strength alone. Furthermore,
this field strength exhibits a single cubic self-interaction.

It is straightforward to derive Feynman rules from eq. (A.6) in the usual way. The
propagator is the same as in eq. (4.13), while the polarizations for the leaf and root legs
are the same as in eqs. (4.16) and (4.17). Meanwhile, the cubic Feynman vertex is

F a3
µ3ν3

F a2
µ2ν2

F a1
µ1ν1

=
[
ifa1a2a3qµ1ηµ2µ3

4qp1

(1
2p

ν1
3 η

ν2ν3 − pν2
3 η

ν3ν1 + pν3
3 η

ν1ν2

)]
antisym

+ {1↔ 2}, (A.7)

where the expression in square brackets is separately antisymmetrized over each pair of
spacetime indices, µ1ν1, µ2ν2, and µ3ν3, sans additional numerical normalization factors.
The symmetrization on legs 1 and 2 simply swaps all color and kinematic labels for those
states. Much like our other formulations of the NLSM, this representation of YM theory
only manifests permutation invariance on the leaf legs.

We have verified that the above Feynman rules correctly reproduce the amplitudes of
YM theory through six-point scattering. However, the contributing Feynman diagrams do

– 39 –



J
H
E
P
1
1
(
2
0
2
1
)
0
6
9

not manifest color-kinematics duality, i.e. they do not automatically satisfy the kinematic
Jacobi relations. As is well-known [4], one can still obtain a valid double copy from the
BCJ product of two amplitudes provided at least one of them satisfies the kinematic Jacobi
identities. Thus, by taking the product of the Feynman rules for YM described above,
together with those of the NLSM, one obtains a new cubic formulation of BI theory.

It is striking that the entirety of YM theory is encoded in a single cubic interaction
of the field strength. It would be interesting to see whether this formulation offers any
computational advantages over existing implementations of Berends-Giele recursion for
YM theory [10].

B Fundamental BCJ relation

The fundamental BCJ relation [2] can actually be derived directly from equations of mo-
tion. The key ingredient in this approach follows from [86], whose authors discovered an
intriguing “color factor symmetry” of on-shell scattering which enforces the fundamental
BCJ relation. Our only insight here is to realize that this color factor symmetry is actually
an invariance of the equations of motion themselves.

For concreteness, consider the case of BAS theory. The color factor symmetry is defined
by an infinitesimal shift of the color structure constant,

fabc → fabc + δfabc, (B.1)

by a perturbation that induces kinematic dependence when contracted with fields, so

δfabcVbWc = εaδbcVb
↔
�Wc, (B.2)

for an arbitrary reference color vector εa. This perturbation preserves permutation invari-
ance on the leaf legs but not the root leg. Applying eq. (B.1) to the BAS equations of
motion in eq. (2.6), we see that the kinetic term is trivially invariant while the interaction
term shifts by

δfabcfabcφbbφcc = εa∂αKaα = 0, (B.3)

which vanishes on-shell on account of conservation of the dual color current in eq. (2.4).
Hence, the equations of motion are invariant under the color factor symmetry. As an

immediate corollary, any perturbative solution to the equations of motion — and thus any
on-shell scattering amplitude — is also invariant. Indeed, in terms of the cubic Feynman
vertex of BAS theory in eq. (2.10), the perturbation of the color structure constant becomes

δfa1a2a3 = εa3δa1a2(p2
1 − p2

2), (B.4)

which coincides exactly with the color factor symmetry of [86] when the root leg is on-shell.
To derive the fundamental BCJ relation we simply repeat the strategy of [86]. In

particular, consider an amplitude of BAS theory expressed in the half ladder representation
of [44]. Color factor symmetry implies that this object should be invariant under the
transformation in eq. (B.1). With the benefit of hindsight, we choose the color reference
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vector in eq. (B.4) to be orthogonal to all color indices in the amplitude except for that of
a single external leg of our choice. For our purposes this special leg can be any external leg
that is not at either end of the half ladders. In the resulting shift of the amplitude, each term
includes a color half ladder with the special leg removed, multiplying the difference of the
inverse propagators on either side of that leg, as dictated by eq. (B.4). Setting the coefficient
of each independent color structure to zero, we obtain the fundamental BCJ relation.

The above discussion has centered purely on BAS theory, but our manipulations apply
to any theory whose equations of motion manifest color-kinematics duality and whose
Feynman rules automatically satisfy the kinematic Jacobi identities.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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