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1 Methodology and Computational Details

1.1 MRSF method

MRSF not only alleviates the problem of spin-contamination of SF-TDDFTS1 but also re-

moves the problematic identification process of spin state.S2 In addition, an important

advantage of MRSF before the usual linear-response TDDFTS3–S5 is that MRSF enables

proper computation of the S1/S0 conical intersections (since both states belong to the

same response states in MRSF);S6 which is crucial for the accurate description of the dy-

namics of the excited states. Additionally, MRSF not only includes singly but also some

important doubly excited configurations in its approximate wavefunctions. The latter is

completely missing in the LR-TDDFT, limiting its descriptions of excited states.

Detailed discussion of MRSF-TDDFT can be found else where.S7,S8 The main concept

is summarized in this section. Derivation of the MRSF-TDDFT methodologyS7 is based

on the density-matrix formulation of time-dependent Kohn-Sham theory.S9 In MRSF-

TDDFT, the zeroth-order mixed-reference reduced density matrix (MR-RDM), ρMR
0 (x, x′),

is defined by satisfying an idempotence relation,

ρMR
0 (x, x′) =

∫
ρMR

0 (x, x′′)ρMR
0 (x′′, x′)dx′′, (1)

and its density, ρMR
0 (x) = ρMR

0 (x, x), is same as an equiensemble density of MS = +1 and

MS = −1 components of a triplet state, e.g.,

ρMR
0 (x) =

1
2

{
ρ

MS=+1
0 (x) + ρ

MS=−1
0 (x)

}
. (2)
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Within the Tamm-Dancoff approximation,S10,S11 the use of MR-RDM in the linear-response

formalism yields completely decoupled two linear-response equations for singlet and

triplet excited states, respectively,S7

(
A(0)

(k) + A
′
(k)

)
XX
(k) = XX

(k)Ω
X
(k), (3)

where k = S, T labels singlet and triplet states, A(0)
(k) is an orbital Hessian matrix derived by

the linear response, and A′(k) is a coupling matrix between configurations originating from

different components, MS = +1 and MS = −1, of the mixed reference.S7,S8 XX
(k) and ΩX

(k)

are the amplitude vectors and the excitation energies of the X-th excited state from the

reference state, respectively. Because the singlet and triplet response states are generated

by different response equations, there is no mixing between the two different groups of

responses. This is a great advantage of MRSF-TDDFT over SF-TDDFT, since only one

group of response states is produced by the latter theory, requiring further identification

of spin state of its response states.

It was shown that a linear response of MRSF-TDDFT can be represented as configu-

rations from MS = +1 and MS = −1 references depicted as those with black and red

arrows, respectively, in Fig. S1.S7 The configurations with the red arrows are missing in

the conventional SF-TDDFT; their absence leads to spin contamination of the response

states. These are recovered in MRSF-TDDFT and the spin contamination of the response

states is nearly eliminated.S7 Configurations with the blue arrows are originated from

both MS = +1 and MS = −1 components of the mixed reference. Although not all

electronic configurations can be recovered by using the MR-RDM, the missing C → V

configurations (depicted with gray arrows in Fig. S1) represent high-lying excited states

and their effect on the lower part of the excitation spectrum is insignificant.S7
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Figure S1: Electronic configurations of the MS = +1 and MS = −1 components of triplet
reference in the upper panel and a complete set of configurations for MRSF-TDDFT in
the lower panel. Response states are described by configurations represented with blue,
black, and red arrows in MRSF-TDDFT, while with blue and black arrows in SF-TDDFT.

1.2 Analytical energy gradient

Analytic energy gradient of the excitation energy of the X-th excited state is derived from

the Lagrangian for singlet (m = S) and triplet response states (m = T),

LX
(m) = ΩX

(m)(1− tr XX
(m)X

X
(m)) + XX

(m)(A
(0)
(m)

+ A
′
(m))X

X
(m) + tr ZX

(m)F
r − 2 tr WX

(m)(S− I).

(4)

where the Lagrange multipliers ZX and WX are determined from the orbital stationary

conditions, Fr is the Fock matrix of the reference (triplet) state, A(0)
(m)

is the orbital Hes-

sian of the reference state, and A
′
(m) is the Hessian of the spin-pairing part of the MRSF

energy.S8 For brevity, we shall omit the index (m) in the following.
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The resulting analytic energy gradient of the excitation energy ΩX is given by

∂ΩX

∂ξ
= tr hξPX − tr SξWX + tr UξΓX, (5)

where the superscript ξ denote the derivative with respect to the nuclear coordinate, hξ ,

Uξ , and Sξ are the derivatives of the one- and two-electron integrals and the overlap

integrals, respectively. PX is the contribution to the relaxed one-particle density matrix

and ΓX is the two-particle density matrix. To obtain the full relaxed density matrix DX

and the Lagrangian W̃X, the contributions of the reference triplet state have to be added

to PX and WX.S8

DX = PX + Pr (6)

W̃X = WX + Fr (7)

1.3 Extended Koopmans’ Theorem in connection with MRSF

The extended Koopmans’ theoremS12 enables obtaining the electron binding energies and

the respective Dyson orbitals from solving the following generalized eigenvalue equa-

tionS13,S14

W̃X CX = DX CX εX , (8)

where W̃X is the Lagrangian for the state X, DX is the (relaxed) density matrix for the

same state, and εX and CX are the (negatives of the) electron binding energies and the

expansion coefficients of the Dyson orbitals in terms of the basis functions, respectively.

The overall cost of obtaining the relaxed density matrix and the Lagrangian in the context

of the MRSF method is lower than the cost of solving for the vertical excitation energies;

see ref. S8 for the detail of the MRSF computation of the relaxed density matrix and the

Lagrangian.

As the density matrix is nearly singular (it has a large number of near zero or strictly

S-5



zero eigenvalues), eq. (8) is solved by projecting the Lagrangian and the density matrices

on the subspace of the eigenvectors (natural orbitals) corresponding to the eigenvalues

greater than a certain threshold value.S13,S15 In this work, the threshold is set to 10−2.

Then, the secular problem (8) is solved using the usual symmetric orthogonalization pro-

cedure.S13 The norm of the Dyson orbital CX
k

|γX
k |2 = tr((CX

k )
† DX (DX)† CX

k ) . (9)

is calculated as a proxy of the ionization probabilityS13,S16,S17 and the Dyson orbitals with

non-zero norms are normalized by dividing by the square roots of the respective norm

|γX
k |2.

The employed method of bypassing the singularity of the density matrix in eq. (8)

is known as the deflation method.S18 As a number of near-zero eigenvalues of the DX

matrix are neglected, this may slightly disturb the normalization of the density matrix.

As a consequence, some Dyson’s orbitals may acquire norms slightly exceeding the unit

norm. The deviations are rather small and do not distort the shapes of the Dyson orbitals.

For example, in Figure S2 as well as in Figure 2 of the main text the norm of the 6a′′ DO

in the S1 state slightly exceeds unity. This problem can be alleviated by using alternative

approaches to solving generalized eigenvalue problems with nearly singular metric, e.g.,

the shifting method.S18 The utility of these approaches in connection with the EKT-MRSF

method will be investigated in the future work.
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2 Full DO diagram of the S0, S1, and S2 states of thymine
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Figure S2: DO diagram of the S0, S1, and S2 states of thymine calculated using MRSF-
BH&HLYP/6-311G(d,p) at the optimized S0 equilibrium geometry. The experimental
ionization energies of the ground stateS19,S20 are shown by the green markers on the
(logarithmic) energy axis. The eBEs of the DOs are given outside parentheses and the
respective norms |γ|2 are given parenthetically. The valence DOs partaking in the elec-
tronic transitions are shown by the red lines. The red dashed curves show the electronic
transitions. The DO symmetry labels correspond to the Cs symmetry group. The calcu-
lated vertical excitation energies (VEE) and the differences between the first ionization
potentials of the ground and excited states (∆IP) are given below the graph. In the semi-
occupied orbitals, the arrowheads of the electron symbols were removed to underline that
the depicted electronic configurations are not broken-symmetry single determinants, but
configuration state functions with the proper spin, 〈S2〉 = 0.
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Figure S3: DO diagram of the S0, S1, and S2 states of thymine calculated using MRSF-
QTP17/6-311G(d,p) at the MRSF-BH&HLYP/6-311G(d,p) optimized S0 equilibrium ge-
ometry. See the legend to Figure S2 for more detail. The shake-up satellite DO 7a′′ is
shown in the grey color.
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3 Comparison between DO, NTO, and canonical MO
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Figure S4: Comparison of the Dyson orbitals (DO) of the S1 and S2 states of thymine ob-
tained with EKT-MRSF with the respective natural transition orbitals (NTO) and canoni-
cal MO (CMO) from the conventional LR-TDDFT calculation. For CMOs, the amplitude
of the leading orbital transition is shown, in %. The iso-surfaces are plotted with the
threshold of 10−1 bohr−3

For comparison, the S1 and S2 states of thymine were calculated using the conven-

tional LR-TDDFT method with the BH%HLYP functional and the 6-311G(d,p) basis set.

The same ground state geometry as in the MRSF calculations was used. The calculations

were performed using the Gaussian16© program.S21 The obtained vertical excitation en-

ergies are 5.55 eV and 5.76 eV. Electron densities and density differences were calculated

using the ChemCraft© program.S22 The obtained NTOs of the LR-TDDFT S1 and S2 states,

as well as the respective canonical MOs, are compared in fig. S4 with the Dyson orbitals

obtained from the MRSF calculations. For the canonical MOs, the amplitude of the re-

spective orbital transition is also shown in fig. S4.

Fig. S5 shows the total electron density differences ∆ρ(r) = ρSn(r)− ρS0(r) between

the excited and ground states obtained by the MRSF and the LR-TDDFT methods. For

both excited states, there is a close match of the difference densities obtained by the two

computational methodologies. As seen in fig. S5, excitation to the S1 (nOπ∗) state leads to

much greater redistribution of the electron density than excitation to the S2 (ππ∗) state.

The main contribution to the difference density ∆ρ originates from the orbitals in-

volved in the one-electron transitions. Transitions to excited states can be represented
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Figure S5: Comparison of the difference densities ∆ρ of the excited and the ground states
obtained from MRSF and TDDFT. While the S0 density of TDDFT is from the reference
DFT, that of MRSF is a response state. The Dyson orbital density differences ∆DO ob-
tained with MRSF, the canonical molecular orbital differences ∆CMO, as well as the NTO
and NO density differences ∆NTO and ∆NO from LR-TDDFT, mapped with iso-values
equal 2× 10−2 bohr−3 are also shown in the right panel. See text for more detail.

in the form of a difference between the dominant canonical (or natural, or natural tran-

sition) orbitals as ∆MOSn = |MOa|2 − |MOi|2 where a and i label orbitals participating

in the electronic transition. When the excited state Sn comprises several orbital transi-

tions, their contributions to ∆MOSn can be combined weighted by the respective tran-

sition amplitudes. For example, in Fig. S4, S1 = 96%|HOMOi → LUMOa〉 while S2 =

75%|(HOMO− 1)j → LUMOvac
a 〉+ 10%|(HOMO− 1)j → (LUMO+ 1)b〉+ 8%|(HOMO−

3)k → LUMOa〉; although the first dominant contribution should be sufficient for a cor-

rect visual representation, as the other contributions are less then 10%.

Assuming that the rest of the orbital is not strongly affected by the excitation and

taking into account Γ(r, r′) = ∑k |γk|2 φk(r)φ∗k (r
′), the difference densities of the S1 and

S2 states can be approximated as ∆ρS1−S0 ≈ |φ
S1
π∗ |2 + |φ

S1
nO |2 − 2 |φS0

nO |2 and ∆ρS2−S0 ≈

|φS2
π |2 + |φS2

π∗ |2 − 2 |φS0
π |2, where both the excited DOs are chosen according to their half-

integer norms |γk|2 ≈ 0.5 As seen in the figure, the so-defined DO density differences

∆DO indeed closely approximate the total difference densities ∆ρ; which confirms that

the main orbital relaxation occurs in the orbitals involved in the electronic transition.
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