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This paper is concerned with beamlike space frames that include a large number of bistable elements, and exploit

the bistability of the elements to obtain structures with multiple stable configurations. By increasing the number of

bistable elements, structures with a large number of different configurations can be designed. A particular attraction

of this approach is that it produces structures able to maintain their shape without any power being supplied. The

first part of this paper focuses on the design and realization of a low-cost snap-through strut, whose two different

lengths provide the required bistable feature. A parametric study of the length-change of the strut in relation to the

peak force that needs to be applied by the driving actuators is carried out. Bistable struts based on this concept have

beenmade by injection molding nylon. Next, beamlike structures based on different architectures are considered. It

is shown that different structural architectures produce structures with workspaces of different size and resolution,

when made from an identical number of bistable struts. One particular architecture, with 30 bistable struts and

hence over 1 billion different configurations, has been demonstrated.

Introduction

A requirement that is common tomanyfields of engineering is the
need for low-cost, reliable, reconfigurable structures. Potential

applications include robotic manipulator arms, surfaces that control
ventilation in buildings, and active facades that control the sunlight
entering a building. Additionally, there are applications involving,
for example, radioactive or toxic environments where it may be
cheaper to use low-cost disposable manipulators than high-cost
manipulators that have to be decontaminated after use.

Focusing on robotic manipulators, the relatively high cost of
traditional devices results from the use of continuous actuation and
the ancillary need for feedback control systems. A novel approach to
these requirements is to combine two known structural concepts: a
variable geometry truss and a bistable structural element.

Variable geometry trusses (VGTs) were first introduced in the
context of cranelike devices that could be used to help build large
orbital stations or planetary exploration vehicles [1,2]. A VGT is a
three-dimensional assembly of struts connected only at the ends
(hence a truss structure), whose configuration is determined by the
length of the struts. For the configuration of the structure to be
uniquely determined by the lengths of the struts, kinematically
determinate architectures are adopted. Similarly, statically
determinate architectures are adopted to ensure that any change in
length of the struts does not induce stresses in the structure, i.e., the
structure does not fight against the imposed change in length of the
strut [3].

The idea of using bistable structural elements in robotic devices
was proposed quite some time ago [4,5]. Further work has been done
in the area in the last ten years, especially at MIT [6–8] and Johns
Hopkins University [9–11]. As has been recognized by previous
researchers, if the number of bistable elements in a VGT is large
enough, the freedom of movement of the truss approaches that of a
system with continuous actuators. However, the control require-

ments for the binary VGT would be much simpler, as the current
configuration of the structure would be determined simply by the
state of its bistable elements.

The majority of the work done at Johns Hopkins University has
been focused on the macroscopic control of VGTs, such as forward
and inverse kinematics. Prototype trusses have been built using
pneumatic actuators as bistable elements. The research presented in
this paper was motivated by the need to provide bistable structural
elements that may be coupled with the Electrostrictive Polymer
ArtificialMuscles (EPAM) actuators that have been developed in the
Field and Space Robotics Laboratory at MIT. Compared with
pneumatic actuators, EPAMs have the potential of being cheaper and
lighter, as well as avoiding the requirement for compressed air lines.

This paper consists of two parts. The first part focuses on the
design and realization of a low-cost snap-through strut, whose two
different lengths provide the required bistable feature. A parametric
study of the change in length (i.e., the stroke) of the strut in relation to
the peak force that needs to be applied by the driving actuators is
carried out. Bistable struts based on this concept have been made by
injection molding nylon.

In the second part, beamlike structures based on different VGT
architectures are considered. It is shown that different structural
architectures produce structures with workspaces of different size
and resolution when the same number of identical bistable struts are
incorporated into these structures. The only actuation that is required
is that needed toflip the struts between their two states.One particular
architecture, with 30 bistable struts and hence around 109 different
configurations, has been demonstrated bymeans of a physicalmodel.

Von Mises Truss

The proposed bistable snap-through strut is based on the simple
two-bar structure shown in Fig. 1a. The apex joint has an initial rise
w0 and the two bars have equal initial lengths. This is a well-known
structure, known as the von Mises truss.

Assuming that the struts are initially straight, that their Euler
buckling load is so large that they never buckle, and furthermore that
they remain linear-elastic throughout, the deformation is symmetric.
The classical analysis of the von Mises truss (see [12,13] for details)
gives the following relationship between the applied load, 2F, and
the rise of the apex from a horizontal line through the side joints, w,
defined as positive downwards:

F��EA
�

1������������������
w2 � L2
p � 1������������������

w2
0 � L2

p
�
w (1)

where EA is the axial stiffness of the inclined elements.
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Plotting the equilibrium path, i.e., the locus �w;F� of equilibrium
configurations/loads, produces the characteristic up-down-up path
shown in Fig. 2. Note that both axes have been normalized, the x-axis
with respect to w0 and the y-axis with respect to Fmax; this is the
magnitude of F at which the slope of the path becomes zero. Also
note that the unstable part of the path, where dF=dw < 0, has been
shown dashed.

In the figure, points Q and S, with w��w0, correspond to two
different, stable configurations of the structure whenF� 0. There is
also a third equilibrium configuration, point R, which, however, is
unstable. Hence, it can be concluded that the von Mises truss is a
bistable structure.

Next, we will consider the process through which the structure
jumps from one configuration to the other. Consider the behavior of
the structure starting from the initial configuration shown in Fig. 1a,
which corresponds to pointQ in Fig. 2.As the downwards, positiveF
is gradually increased, the struts are initially under compression.
When F reaches the maximum value, Fmax, the truss jumps from
point T to point U, where it can support increasing values of F
through tension in the struts.

Snap-Through Strut

Geometry

A bistable structure with the same snap-through behavior of the
vonMises truss is shown in Fig. 3. The idea is to use a pair of identical
von Mises trusses, which provide the required snapping behavior, to
connect the two stiff elements AG and CFHE. The reason why a pair
of trusses is used, instead of only one, is to constrain element AG
against rotation. Out-of-plane stiffness is imparted by giving the

structure some depth; this means that the pin-jointed connections
shown in the diagram are in fact revolute joints. Hence, in three
dimensions each joint allows only a single degree of rotational
freedom about an axis orthogonal to the plane of the diagram.
However, although attractive, this concept has some important
limitations.

A key problem is that snap-through struts designed in such a way
as to satisfy all of the assumptions of the classical von Mises truss
analysis, e.g., the elements CD, DE, etc., do not buckle or yield, have
relatively small axial stiffness in comparison with the force at which
they snap through. This follows from the smooth variation of F with
w, as shown in Fig. 2, which leads to a gradual reduction in the
stiffness of the structure even for small changes of w. Another
problem is that only relatively small values of w0 can be
accommodated without inducing large strains in the material. This is
an important limitation, because 2w0 is the stroke of the strut.

An alternative is to design struts with much larger values of 2w0,
but made from thin elements that buckle elastically (similar concepts
have been proposed for MEMS devices [14,15]). Such struts will
snap by bifurcation buckling instead of by reaching a limit point, and
their design involves considering the Euler buckling load of the
inclined elements. This approach affords much greater freedom to
the designer, and allows the snap-through load of a relatively stiff
vonMises truss to be reduced to the required level. A typical plot ofF
vs w for a truss whose members are allowed to buckle as classical
Euler struts is shown in Fig. 4.

Another alternative is to insert stops that limit the travel of the
moving element AG. This has the advantage of conferring higher
stiffness at the cost of some complexity in the design, and a reduction
in the stroke of the snap-through strut.

Maximum Force

In most practical designs of snap-through struts, the inclined
elements CD, DE, etc., buckle very early on. This observation can be
exploited to set up a simple analytical model that predicts the
maximum force that can be supported by a snap-through strut.
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Fig. 1 Von Mises truss.
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Fig. 2 Force vs rise of a typical Mises truss.
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Fig. 3 Concept of snap-through strut.
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Fig. 4 Force vs rise of vonMises truss with elements allowed to buckle.
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Themaximum axial force in themembers CD,DE, FG,GH is their
Euler buckling load, PE, where

PE �
�2EI

s20
(2)

The maximum force on the strut, 4Fmax, is readily obtained from
vertical equilibrium, which gives

Fmax � PE
w

s
(3)

and, assuming the inclined elements to have rectangular cross section
of height t and breadth b

Fmax �
�2Ebt3

12s20

w

s
(4)

An approximate expression for Fmax can be obtained with the
assumption that the vertical movement of the apex joint before
buckling is negligible, so that s� s0 and w� w0, then

Fmax �
�2Ebt3

12

w0

�w2
0 � L2�32

(5)

To find the value ofw0 that produces the maximum possible value
of Fmax, for any given material and cross-sectional dimensions,
consider

dFmax

dw0

� �
2Ebt3

12

�w2
0 � L2�32 � 3w2

0�w2
0 � L2�12

�w2
0 � L2�3 (6)

Setting dFmax=dw0 � 0 gives

�w2
0 � L2�32 � 3w2

0�w2
0 � L2�12 (7)

from which

w0 � L=
���
2
p

(8)

Substituting Eq. (8) into Eq. (5) gives the corresponding value of
Fmax, hence

max�Fmax� �
�2

18
���
3
p Ebt3

L2
(9)

For design purposes it is useful to consider the ratio
Fmax=max�Fmax�, which has been plotted against w0=L in Fig. 5.

The preceding analysis can be refined by accounting for the
shortening of the inclined elements, but this time the solution is not in
closed form. The results of the numerical solution, for several values
of t=L, have been plotted in Fig. 6. This figure shows that for high
values of w0=L, inclined elements with t=L up to 0.1 still
approximate closely to inextensional elements for the purpose of
estimating Fmax. At lower values of w0=L the approximation is less

good and an analysis considering the extension of these elements is
required to get an accurate estimate for Fmax.

Constraint Due to Yielding

It is also necessary to ensure that the maximum strains induced in
the structural members remain lower than the yield strain of the
material. For any design of the strut, the maximum strain occurs
when the ends of the inclined elements are closest to each other, and
hence when w� 0 as shown in Fig. 7. Assuming the inclined
elements to be slender, the strains along the centerline can be
neglected in comparison with the maximum bending strains. Also, it
is assumed that the apex joint moves only vertically and that the
elements deform into circular arcs.

The bending strains can be calculated from

"� t

2r
(10)

where

L� 2r sin
�

2
� 2r sin

s0
2r

(11)

Rearranging Eq. (11) gives

r� L=2

sin�s0=2r�
(12)

which can be solved iteratively to find r for any given value of L and
w0. Once r is known, " can be found using Eq. (10). Figure 8 shows a
plot of " against w0. The design for which the maximum strain is
largest is that for which the inclined elements form semicircles when
w� 0. Hence, the values of the parameters defined in Fig. 7 are
�� �, L� 2r, and s0 � �r, and so
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Fig. 5 Variation of snapping force, assuming inextensional behavior.
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w0 �
����������������
s20 � L2

q
� r

��������������
�2 � 4

p
� 1:211L (13)

Asymmetric Buckling

So far it has been assumed that the vonMises trusses that make up
the snap-through strut buckle symmetrically. Although the snap
through of the classical vonMises truss is indeed symmetric, it is not
obvious that this is still the case when the members are allowed to
buckle.

We are interested in the question of symmetry for two reasons.
Firstly, we want to know whether or not Fmax might be reduced.
Secondly, if the behavior is asymmetric, this would have to be taken
into account when calculating the maximum strain.

Regarding the first question, because the structure remains
symmetric until at least onemember reaches the Euler buckling load,
it can be concluded that Eq. (5) is correct, provided that the inclined
elements are initially straight.

The question of whether the structure remains symmetric in the
postbuckling regime requires a more detailed analysis. Figure 9a
shows a von Mises truss in a symmetric state where w is fixed.
Depending on the value ofw, the inclined elements may be either in
tension or compression, and may of course be buckled.

To examine the stability of the symmetric configuration, we will
consider a small horizontal displacement, �u. For stability, the
horizontal stiffness has to be positive, and hence

dFH
du

> 0 (14)

In general, FH is the resultant of FHL and FHR, i.e., the horizontal
components of the forces acting on the left- and right-inclined
elements, respectively. Figure 9b shows the right-hand inclined
element of the truss, as the apex joint is moved a distance �u to the
right. From horizontal equilibrium

FHR � PR cos�R (15)

where PR denotes the force acting on the right-hand element.
Differentiating Eq. (15),

dFHR
du
� dPR

du
cos�R � PR

d�cos�R�
du

(16)

Notice, from Fig. 9b, that

dsR
du
� cos�R (17)

hence we can rewrite the first term on the right-hand side of Eq. (16)
as

dPR
du

cos�R �
dPR
dsR

dsR
du

cos�R �
dPR
dsR

cos2�R (18)

Regarding the second term, note from Fig. 9b that

d�R
du
� sin�R

sR
(19)

hence

d cos�R
du

� d cos �R
d�R

d�R
du
�� sin2�R

sR
(20)

Substituting Eqs. (18) and (20) into Eq. (16), we get

dFHR
du
� cos2�R

dPR
dsR
� PR

sin2�R
sR

(21)

The same approach can of course be applied to the left-hand
inclined element to obtain an equivalent expression for FHL. Then,
because FH is the sum of FHL and FHR

dFH
du
� dFHL

du
� dFHR

du
� cos2�R

dPR
dsR
� cos2�L

dPL
dsL
� PR

sin2�R
sR

� PL
sin2�L
sL

(22)

Exploiting the fact that the structure remains geometrically
essentially unchanged and symmetric until it buckles,�L � �R � �0,
sL � sR � s0, and PL � PR (the common value will be denoted by
P). Hence Eq. (22) can be simplified to

dFH
du
� cos2�0

�
dPR
dsR
� dPL

dsL

�
� 2P

sin2�0
s0

(23)

The simplest way of showing that the postbuckling behavior of the
snap-through strut is symmetric throughout is to first determine the
symmetric configuration where dFH=du is smallest, and then check
the sign of dFH=du in this particular configuration. Because the snap-
through strut contains two von Mises trusses, the lateral stability of
each truss has to be analyzed separately. Minimizing Eq. (23)
requires maximizing P and �0 while minimizing dPR=dsR and
dPL=dsL.

Let us start with a truss with perfect, slender inclined elements in
an unloaded state. P is equal to zero, and the axial stiffness of the
inclined elements is

dPR
dsR
� dPL

dsL
� AE
s0

(24)

Aswe increase the vertical load on the truss, initially the axial stiff-
ness of the inclined elements does not change, butwhenPR and/orPL
reach the critical Euler buckling load, then the axial stiffness of the
element that buckles suddenly changes to
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Fig. 8 Maximum bending strain during snap through.
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dPL
dsL
� PE

2s0
and=or

dPR
dsR
� PE

2s0
(25)

The preceding result, summarized in Fig. 10, is based on a standard
small-rotation, asymptotic expansion of the postbuckling behavior of
a beam-column [13,16]. Note that this postbuckled stiffness is much
smaller than the prebuckled value. As an example, inclined elements
with the properties given in Table 1 have a prebuckling stiffness,
from Eq. (24), that is 1097 times higher than the postbuckling
stiffness, from Eq. (2) and (25). Hence, clearly the horizontal
stiffness of a vonMises truss is much reduced once buckling occurs.

As jwj is further decreased, the horizontal stability generally
increases, as the dominant terms in Eq. (22) are the sin2 terms, which
decrease more rapidly than P increases. Thus, the critical
configuration is the one that occurs immediately after the onset of
buckling, and the smallest horizontal stiffness is obtained when both
inclined elements are buckled. Hence, substituting Eq. (25) into
Eq. (23) gives

dFH
du
� PE
s0
�cos2�0 � 2sin2�0� (26)

It follows that dFH=du > 0, and hence the truss is horizontally stable
when symmetric, for

�0 < tan�1

���
1

2

r
� 35:3 deg (27)

If, instead of being perfectly straight, the inclined element has an
initial bow, the axial loads in the inclined elements will be reduced
and the minimum value of dPR=dsR will be increased. Both of these
effects will increase the stability of the symmetric configurations,
and hence it can be concluded that for trusses made from linear-
elastic material, Eq. (27) provides a bound, below which all trusses
will behave in a symmetric manner.

Physical Realization

To provide an effective demonstration of the proposed concept, a
key requirement was to design a snap-through strut with a large
stroke relative to its overall length. This called for a material with
high yield strain, both for the inclined elements and the “living”
hinges.

A suitable material is Nylon 6, and it was decided to injection-
mold the whole strut as a single piece (apart from the transverse
straps, described in the following paragraph). Figure 11 shows a
sketch of the chosen design. The characteristics of this strut are set
out in Table 1. Note that in this particular implementation the strut
has a stroke of about 5mm, corresponding to about 10%of its overall
length.

Figure 12 shows a complete prototype, including the injection-
molded internal piece and four straps, two on each face of the strut,
glued to the side members. The straps prevent lateral movement of
the side walls when the inclined elements are placed under
compression; without the straps, the side members would simply
bend outwards and the snap-through behavior would be lost.

Several snap-through struts were tested in a materials testing
machine. Figure 13 shows a typical, measured force-displacement
relationship; here the upper dotted line corresponds to the strut being
shortened and the lower dotted line to the strut being extended. The
theoretical response, derived by assuming linear-elastic axial
shortening andEuler buckling of the inclined elements, is shown by a
solid line.

As can be seen, the analytical model gives quite good results, but
does not capture the difference between the extension and shortening
curves. To explain and model this behavior a more realistic,
viscoelastic model of nylon is required; a more detailed analysis can
be found in [17]. It is, however, confirmed that the strut does have
two stable configurations and if moved from one will either return to
it or jump to the alternative configuration.

∆s

P

PE

O

1

AE/s0

1
PE/2s0

Fig. 10 Pre- and postbuckled axial stiffness.

Table 1 Snap-through strut prototype characteristics

Symbol Description Value

b Width of plate 5 mm
E Young’s modulus 3000 N=mm2

L Half span of truss 7 mm
t Plate thickness 0.35 mm
w0 Rise of truss 2 mm

Length of hinge section 0.4 mm
Thickness of hinge section 0.15 mm

5 mm

46.5 mm

Fig. 11 Design of snap-through strut prototype.

Fig. 12 Prototype.
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Multiconfiguration Structures

Evaluation of Workspace

A space frame architecture suitable for a VGT must be both
statically and kinematically determinate [3]. If this is not the case, the
structure will either be a mechanism, and hence too floppy for most
practical applications, or it will develop a state of self-stress opposing
actuation, when the length of its members is changed.

Only trusses with repeating units were considered, to simplify the
process of constructing low-cost physical demonstrators. Figure 14
shows three architectures that were considered; in each case a unit
cell is highlighted. Three elements of each unit cell were replaced
with snap-through struts.

Figure 14a shows a structure made up of a number of octahedra.
This is a common geometric unit in space structures and has been
researched extensively [1,2]. It has the advantage that all of its
members have equal length; another advantage is that of having end
faces normal to the axis of the structure. The snap-through strutswere
placed in three of the six elements that connect the triangles that lie in
horizontal planes (as in a Stewart platform).

Figure 14b shows a structure made up of tetrahedra. The
highlighted unit cell is made up of three such tetrahedra. The snap-
through strutswere located along the three helices that form the edges
of this structure.

Figure 14c is another tetrahedral truss which has been “untwisted”
by extending some of the elements. As this truss form is frequently
used in the booms of tower cranes, this truss typewill be referred to as

a crane structure. In each unit cell there is now one element that is
���
2
p

times longer than all of the other elements. Additionally, every other
diagonal bracing element has been rotated by 90 deg.Hence, two unit
cells rather than one have been highlighted. Here, the snap-through
struts have been located in all of the vertical elements in the truss.

Space frames made up of ten units, based on each of these three
architectures, were compared with the aim of finding the structure
that has the largest possible workspace as well as the most regular
distribution of points within the workspace. Having a large
workspace is beneficial as it allows the truss to manipulate objects
over a larger area. Having uniformly spaced points is advantageous
as it means that inside the workspace a good approximation to any
given point is likely to be found.

Because of the relatively short overall length of these structures,
their workspaces extendmainly in two dimensions and are rather thin
in the third dimension. If the length of the structures is increased by
adding more and more units, they will be able to bend back on
themselves and thus reach a “volume” of points. If a short truss has
the ability to reach a relatively large area itmeans that it has the ability
to exhibit a relatively large curvature, and the same functionality is
also required for a larger truss to achieve a large work volume.

Each of the three structures incorporates 30 snap-through struts
and thus each has 230 � 1:07 � 109 unique configurations. Around
10,000 of these were plotted for each structure and superimposed on
top of each other (see Fig. 15). Note that for each structure, the snap-
through struts were defined as having a length of either 1 or 1.1. As
can be seen from Fig. 15, the crane structure gives the best spread of
points; it was therefore decided to use this design for themanufacture
of a working prototype.

Prototype Structure

A ten-unit crane structure was constructed using snap-through
struts and lightweight polymer tubing and joints from the
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Microframe Kit by Tecna Display. Details are shown in Fig. 16. The
prototype structure has a total mass of 87 g and a length of 557 mm.

Figure 17 shows a photo of the prototype where all of the elements
along one side have been actuated. For the purposes of comparison, a
kinematic simulation that predicts any configuration of the structure
is also shown; details can be found in [17]. It can be seen that the two
shapes correlate well. Note that all snap-through struts are nominally
identical to those described in the section “Physical Realization”;
also note that in the prototype each strut is actuated by hand.

For a more detailed comparison, the predicted total horizontal
displacement of the prototype was 319 mm as opposed to the
measured value of 338 mm. Imperfections in manufacturing the
model, as well as ignoring gravity effects account for this small
discrepancy. What is more significant, though, is that the prototype
displays the expected shape.

Conclusions

A novel, bistable structural element based on the snap-through
properties of the von Mises truss has been presented in this paper.
This element, the snap-through strut, consists of a stiff, U-shaped
piece connected to a stiff plunger by four thin, inclined plates. When
a sufficiently large compression force is applied to the snap-through
strut, the plates suddenly buckle, allowing the plunger to move
further into the U-shaped piece, and thus reach an alternative
configuration. The strut maintains the shorter configuration until a
sufficiently large tensile force is applied.

A simple analysis of the maximum compressive force that can be
applied to the snap-through strut without causing it to snap to the
alternative stable configuration has been presented, initially
assuming the behavior of this element to be symmetric. On this
basis, an estimate of the maximum strain that the plates have to
withstand without permanent deformation has been obtained. Based
on this analysis, we have derived general expressions of these
quantities, in terms of four design parameters: the rise, thickness,
breadth, and length of the plates. These expressions can be used for
design purposes.

An alternative approach would be to use bistable struts with
inclined plates that are initially bowed, as, for example, in [18], to
decrease the force required to snap the strut.

An analysis of the stability of the assumed symmetric buckling and
postbuckling behavior of the snap-through strut has shown that, for
linear-elastic material response, the assumed symmetric buckling
mode is in fact symmetric for a rise angle less than 35.3 deg. This
result is not valid for nonlinear material behavior, as in this case
dPR=dsR and dPL=dsL can no longer be calculated using Eq. (25)
and a more general analysis is needed [17]. Indeed, asymmetric
responsewas observed during tests carried out on snap-through struts
made of nylon, with a rise angle of about 16 deg. The asymmetry
leads to higher maximum strains in the inclined plates, but does not
affect the maximum compressive load before snap through.

These snap-through struts have been incorporated into space
frames with several different configurations, and, although by no
means exhaustive, our search (restricted to structures that are both
statically and kinematically determinate) has shown a “crane” truss
to be the best.A prototype armwas constructed to this design andwas
found to display the shape characteristics predicted using a kinematic
simulation.

Finally, it should be noted that the study of asymmetric buckling
modes presented in this paper did not consider the possibility of the
bottom Mises truss moving differently from the upper truss. This
alternative bucklingmode has been investigated in [17] and has been
found to be of no practical consequence.
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