
Violation and Revival of Kramers’ Degeneracy in Open Quantum Systems

Pengfei Zhang1, 2 and Yu Chen3, ∗

1Walter Burke Institute for Theoretical Physics, California Institute of Technology, Pasadena, CA 91125, USA
2Institute for Quantum Information and Matter, California Institute of Technology, Pasadena, CA 91125, USA

3Graduate School of China Academy of Engineering Physics, Beijing, 100193, China
(Dated: August 13, 2021)

Kramers’ theorem ensures double degeneracy in the energy spectrum of a time-reversal symmetric fermionic
system with half-integer total spin. Here we are now trying to go beyond the closed system and discuss Kramers’
degeneracy in open systems out of equilibrium. In this letter, we prove that the Kramers’ degeneracy in interact-
ing fermionic systems is equivalent to the degeneracy in the spectra of different spins together with the vanishing
of the inter-spin spectrum. We find the violation of Kramers’ degeneracy in time-reversal symmetric open quan-
tum systems is locked with whether the system reaches thermal equilibrium. After a sudden coupling to an
environment in a time-reversal symmetry preserving way, the Kramers doublet experiences an energy splitting
at a short time and then a recovery process. We verified the violation and revival of Kramers’ degeneracy in a
concrete model of interacting fermions and we find Kramers’ degeneracy is restored after the local thermaliza-
tion time. By contrast, for time-reversal symmetry T̃ with T̃ 2 = 1, we find although there is a violation and
revival of spectral degeneracy for different spins, the inter-spin spectral function is always nonzero. We also
prove that the degeneracy in spectral function protected by unitary symmetry can be maintained always.

Introduction. – Kramers’ degeneracy theorem tells us for
fermionic systems with half-integer total spin where time-
reversal symmetry (TRS) is presented, all energy levels are
doubly degenerate [1, 2]. This theorem plays a vital role in
the quantum spin Hall effect [3, 4] as well as in the stability
of the superconducting phase with disorder [5].

It is natural to expect that Kramers’ theorem applies to ther-
mal equilibrium systems since the grand canonical distribu-
tion is only related to the hamiltonian where the double de-
generacy is presented. This can be proved straightforwardly
in equilibrium systems [6]. On the other hand, according to
McGeely and Cooper, TRS is not stable in open quantum sys-
tems even through the interactions between the system and
the bath bares TRS [7]. The original statement is for a pure
state as a superposition of Kramers’ states can not maintain
its coherence after coupling to the environment. Its conse-
quences for symmetry protected topological states are later
studied[8, 9]. Even more surprising, by non-Hermitian lin-
ear response theory [10], it is discovered that after coupling
to the environment in a time-reversal symmetry preserving
way, the Kramers’ degeneracy is lifted and two helical topo-
logical edge states in topological insulator will mix with each
other [11]. As a grand canonical ensemble can be understood
as the steady-state of the open quantum system, these two re-
sults seem to be contradicted with each other.

To clarify the seeming paradox, in this work we go beyond
the perturbation theory and study the whole dynamical pro-
cess, focusing on the Kramers’ degeneracy for a time-reversal
symmetric interacting fermion system with a TRS preserving
interaction between the system and the bath. We find that the
Kramers’ degeneracy is locked with thermal equilibrium. We
find a violation of Kramers’ degeneracy after a sudden cou-
pling to an environment and the violation enlarges with time
until a certain time scale when it shrinks. The Kramers’ de-
generacy revives as the system gradually reaches new thermal
equilibrium. Although the Kramers’ degeneracy comes back,
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FIG. 1. Schematics of (a). Spin-1/2 fermionic models (yellow)
coupled to an external bath (gray). The time-reversal symmetry in-
terchanges spin ↑ and ↓, with additional phases. (b). The spectral
function during a quantum quench, with a breaking and restoring of
Kramers’ Degeneracy with characteristic time scale tth. Here we take
the real-part ofA+−.

the irreversibility shows itself in the spectrum change in the
final state.

In the following, we first establish a general relation be-
tween Kramers’ degeneracy and single-particle spectral func-
tions. Then with the help of solvable interacting models, we
can calculate the quench dynamics of the spectral function and
the distribution function with a sudden coupling to a bath. By
checking the time scale of distribution function reaching ther-
mal equilibrium and Kramers’ degeneracy signal in spectral
functions, we can draw our conclusion. We also discussed
how spectral functions evolute for system-to-bath interaction
baring time-reversal symmetry T̃ with T̃ 2 = 1 and unitary
symmetry S as a comparison. We stress that our conclusion
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applies to general interacting fermion systems and is not re-
stricted by the Markovian approximation. By this study, we
find Kramers’ degeneracy only emerges in thermal equilib-
rium systems, which implies TRS is only a good symmetry
in equilibrium system and the breaking extent of Kramers’
degeneracy can be set as a measure of the extent the system
being away from equilibrium.

General Theory. – We consider a quantum many-body sys-
tem with spin-1/2 fermions ĉ j,σ, where σ = ± labels spin
states, and j is the mode index. Under the time-reversal trans-
formation, the fermionic annihilation operator ĉ j,σ satisfies
T̂ ĉ j,σT̂

−1 = σĉ j,−σ and thus T̂ 2 = (−1)Ns . Here Ns is the
fermion number in the system. We prepare the system in ther-
mal equilibruim of initial Hamiltonian Ĥi as ρ̂0 = e−β0Ĥi/Z,
with Z = tr [e−β0Ĥi ]. We assume Ĥi is the system hamilto-
nian with time-reversal symmetry satisfying T̂ ĤiT̂

−1 = Ĥi.
Kramers’ theorem states that the eigenstate of Ĥi with odd
Ns should have a pairwise degeneracy [12]: Given any eigen-
state |ψ1〉, satisfying Ĥi|ψ1〉 = E0|ψ1〉, one can show that for
|ψ2〉 ≡ T̂ |ψ1〉, it satisfies Ĥi|ψ2〉 = E0|ψ2〉 and 〈ψ1|ψ2〉 = 0.
As a comparison, Ĥi|ψ2〉 = E0|ψ2〉, without 〈ψ1|ψ2〉 = 0, also
works in the even Ns subspace and is not sufficient for proving
the existence of the degeneracy.

However, for general interacting quantum systems, it is
hard to probe a specific eigenstate experimentally. It is
Green’s function of local operators that can be measured by
various experimental protocols [13], which in general give the
spectrum and distribution function information of the quasi-
particles. Here we are trying to discuss the Kramers’ degen-
eracy in open quantum systems, where even no eigenstates of
the system are well defined. Therefore we have to introduce
Green’s function form of the Kramers’ degeneracy, which also
works in the open quantum systems. First, we introduce real-
time Green’s functions G≷(t, t′), which are defined as

iG>
σσ′ (t, t

′) ≡ tr
[
ρ̂0ĉ j,σ(t)ĉ†j,σ′ (t

′)
]
,

−iG<
σσ′ (t, t

′) ≡ tr
[
ρ̂0ĉ†j,σ′ (t

′)ĉ j,σ(t)
]
,

(1)

where ĉ j,σ(t) = eiĤitĉ j,σe−iĤit is fermion annihilation operator
in Heisenberg picture. Here tr is over the Hilbert space of
the system. Then it is straighforward to show that there is an
analogy of the Kramers’ theorem G≷++(t, t′) = G≷−−(t, t′) and
G≷+−(t, t′) = G≷−+(t, t′) = 0 in thermal equilibrium [6]. Here,
G≷+−(t, t′) = G≷−+(t, t′) = 0, as an analogy of 〈ψ1|ψ2〉 = 0, is a
signature of having T̂ 2 = (−1)Ns . Using their relation to the
spectral function A = i(G> − G<)/2π, we have A++ = A−−
andA+− = A−+ = 0 in thermal equilibrium.

In this work, we are interested in understanding the
Kramers’ degeneracy in the quench dynamics from the
Green’s function perspective. At t = 0, we change the Hamil-
tonian from Ĥi to Ĥ f , which also satisfies T̂ Ĥ f T̂

−1 = Ĥ f .
In particular, we couple the original system to an additional
bath by taking Ĥ f = Ĥi + V̂ , where V̂ =

∑
j` V j`Ô jξ̂`, satis-

fying T̂ Ô jT̂
−1 = Ô j and T̂ ξ̂ jT̂

−1 = ξ̂ j. Operators Ô j and ξ̂ j

are time-reversal symmetric operators in the system and the

environment. Nevertheless, we also comment on the quan-
tum quench of isolated quantum systems. Previous studies
show the Kramers’ degeneracy is broken when the system is
coupled to the bath [7, 11]. More generally, using the time-
reversal transformation, one can show that for t, t′ > 0 we
have

i(G>
++ −G>

−−) =
〈
tr

[
∆ρ̂(t, t′) eiĤ f (t−t′)c j,−e−iĤ f (t−t′)c†j,−

]〉
B
,

−2iG>
σ,−σ =

〈
tr

[
∆ρ̂(t, t′) eiĤ f (t−t′)ci,σe−iĤ f (t−t′)c†i,−σ

]〉
B
.

(2)
Here ∆ρ̂(t, t′) ≡ ρ̂(−t) − ρ̂(t′) = eiH f tρ̂0e−iĤ f t − e−iĤ f t′ ρ̂0eiĤ f t′

and 〈...〉B = trB (ρ̂B...) is the quantum expectation on the bath
density matrix, which is assumed to be thermal with inverse
temperature βB. Since the bath contains a much larger degree
of freedom, we assume that it does not evolve when coupled
to the small system. Similar relations hold for G<

σσ′ and thus
Aσσ′ .

In the short time limit, we have ∆ρ̂(t, t′) ≈ i(t + t′)[Ĥ f , ρ̂0] +
t′2−t2

2 [Ĥ f , [Ĥ f , ρ̂0]] + O(t3) , 0. For
〈
ξ̂ j

〉
= 0, the leading-

order contribution is from [Ĥ, [Ĥ, ρ̂0]]. Considering that ρ̂0 =

e−β0Ĥi , therefore [Ĥ f , ρ̂0] = [V̂ , ρ̂0] =
∑

j` V j`ξ̂`[Ô j, ρ̂0]. Then
we can see, the time-reversal symmetry of Ô j does not ensure
[Ô j, ρ̂0] = 0, therefore in general [Ĥ, [Ĥ, ρ̂0]] , 0. As a result,
G≷++ , G≷−−, G≷σ,−σ , 0 and the Kramers’ degeneracy is bro-
ken. This generalizes the previous analysis using Markovian
baths [11]. As a comparison, for unitary symmetries inter-
changing + and −, one finds a similar relation for i(G>

++−G>
−−),

but with ∆ρ̂(t, t′) = ρ̂(t′) − ρ̂(t′) = 0. It means the degeneracy
protected by unitary symmetry is stable in dynamical evolu-
tions. We also notice that the condition that ∆ρ̂(t, t′) , 0 is
very general and has a more natural understanding than the
extended Schur Lemma argument given previously.

On the other hand, for t, t′ � tth, where tth is the ther-
malization time, we expect the total system to thermalize and
ρ̂tot(−t) ≈ ρ̂tot(t′) ≈ e−β f (Ĥ f +ĤB)/trB[tr[e−β f (Ĥ f +ĤB)]] under sim-
ple probes. Here ĤB is the Hamiltonian of the bath. Note
that this final density matrix is a thermal ensemble of the cou-
pled system, where the system-bath interaction can be im-
portant. Consequently, we find G≷++ = G≷−−, G≷σσ′ = 0, and
the Kramers’ Degeneracy is restored. For a large system-
bath coupling, the characteristic time scale tth resembles its
counterpart in isolated quantum systems, where tth ∼ β f for
strongly interacting models and tth ∼ 1/Γ with quasi-particle
decay rate Γ for weakly interacting models [14–16].

Before turning to concrete examples, we add a few com-
ments. Firstly, the violation and revival of Kramers’ Degener-
acy also exists in isolated quantum systems, where Ĥ f is only
different from Ĥi by certain parameters. In this case, (2) still
works, without the average over bath density matrix. In the
long-time limit, although the fine-grained density matrix ρ(t)
may differs from the thermal density matrix since the unitary
evolution preserves the total entropy, we expect local thermal-
ization ρ̂(−t) ∼ ρ̂(t′) ∼ e−β f Ĥ f /tr[e−β f Ĥ f ] [17, 18]. Here ∼
means the equivalence under measurement of local operators.

Secondly, it is helpful to compare the above results with
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anti-unitary symmetry with T̃ 2 = 1 or unitary symmetry S.
We choose the single-particle transformation to be T̃ = σxK
or S = iσy. Here K is the operator for taking the complex
conjugate. In both cases, the symmetry imposes G++ = G−−
in thermal equilibrium, while generally G+− , 0. When cou-
pled to the bath, for anti-unitary symmetry T̃ , the G++ = G−−
firstly breaks and then gets restored. While for S , the G++ =

G−− is always preserved during the evolution.
Concrete Model. – We now verify our predictions in in-

teracting fermions using a concrete solvable model. Gen-
erally, the simulation of quench dynamics of chaotic quan-
tum systems is hampered by the exponential growth of the
Hilbert space dimension. Here, we overcome this difficulty
by constructing a time-reversal invariant SYK model [19–23]
by coupling different complex SYK sites [24–28], which is
solvable in the large-N expansion. The initial Hamiltonian Hi

reads

Hi =
∑

jτστ̃σ̃

ĉ†jτσhτστ̃σ̃ĉ jτ̃σ̃ +
∑
τσ{ ja}

Jτσj1 j2 j3 j4

4
ĉ†j1τσĉ†j2τσĉ j3τσĉ j4τσ.

(3)
Here j/ ja = 1, 2, ...N labels different fermion flavors, σ is
a spin index and τ = ± is an additional pseudo-spin in-
dex. Jτσj1 j2 j3 j4

describes intraspecies random interaction be-
tween fermions, which satisfies independent Gaussian distri-
bution with〈

Jτσj1 j2 j3 j4

〉
= 0,

〈∣∣∣Jτσj1 j2 j3 j4

∣∣∣2〉 = 2J2/N3. (4)

Under the time-reversal transformation, we find Jτσj1 j2 j3 j4
→

(Jτ−σj1 j2 j3 j4
)∗. As a result, the interaction term is time-reversal

invariant after ensemble average. The single-particle Hamilto-
nian hτστ̃σ̃ is diagonal in the flavor space. Imposing the single-
particle time-reversal invariance with T = iσyK, we find gen-
erally

h = µ I ⊗ I + Kxτx ⊗ I + Kzτz ⊗ I

+ Jxτy ⊗ σx + Jyτy ⊗ σy + Jzτy ⊗ σz,
(5)

where µ is the chemical potential, Kx, Kz, Jx,y,z are real param-
eters. Non-trivial terms correspond to celebrated γ matrices
wildly used in both condensed matter [12] and high-energy
physics [29]. As a result, the single-particle eigenstates show

pairwise degeneracy at energy µ ±
√

K2
x + K2

y + J2
x + J2

y + J2
z ,

consistent with Kramers’ theorem.
We consider the quench by coupling the system to an exter-

nal bath at t = 0, with system-bath coupling

HSB(t) = θ(t)
∑

j1 j2b1b2

V j1 j1b1b2

∑
τστ̃σ̃

c†j1τσh̃τστ̃σ̃c j2 τ̃σ̃

ψ†b1
ψb2

. (6)

Here, to be concretes, we choose the bath to be an
additional SYK model with M � N fermion modes
(b1, b2 = 1, 2, ...,M) [30–33]. This corresponds to HB =∑

JB
b1b2b3b4

ψ†b1
ψ†b2

ψb3
ψb4

/4. We further choose the distribution
of JB

b1b2b3b4
takes the similar form as (4), with N replaced by

JJ Vh̃Vh̃

FIG. 2. The contribution to the self-energy Σ≷(t, t′) in the large-N
limit. Here the solid lines represent the Green’s function of fermions
in the system and the dashed lines represent the bath Green’s func-
tion. The dotted lines represent the disorder average.

M. Generalizations to other bath models are straightforward.
The coupling strength satisfies〈

V j1 j2b1b2

〉
= 0,

〈∣∣∣V j1 j2b1b2

∣∣∣2〉 = V2/NM2. (7)

This guarantees that HSB does not affect the evolution of the
bath [30–33], consistent with our previous assumption. We
also choose the h̃ to take general form

h̃ = µ̃ I ⊗ I + K̃xτx ⊗ I + K̃zτz ⊗ I

+ J̃xτy ⊗ σx + J̃yτy ⊗ σy + J̃zτy ⊗ σz,
(8)

where µ̃, K̃x, K̃y, J̃x,y,z are independent parameters. The form
of h̃ ensures the ensemble of couplings are also invariant under
the time-reversal symmetry T̂ . Here we have extended T̂ to
the full system by defining T̂ ψ̂bT̂

−1 = ψ̂b.
In the large-N limit, the Green’s functions G≷ of SYK-

like models satisfies the Schwinger-Dyson equation on the
Keldysh contour, and the quench dynamics can be simulated
by solving corresponding integral equations. Explicitly, we
have

(i∂t − h) ◦G≷ = ΣR ◦G≷ + Σ≷ ◦GA,

G≷ ◦ (i∂t − h) = GR ◦ Σ≷ + G≷ ◦ ΣA.
(9)

Here ◦ includes the convolution in real-time, as well as multi-
plication in σ and τ space. The self-energy is given by melon
diagrams shown in Fig. 2, which leads to

Σ≷τσ,τ′σ′ (t, t
′) =J2δσσ′δττ′G≷τσ,τσ(t, t′)2G≶τσ,τσ(t′, t)

+ V2χ≷B(t, t′)(h̃G≷h̃)τσ,τ′σ′ (t, t′)θ(t)θ(t′).
(10)

Here χ≷B(t, t′) = G≷ψ(t, t′)G≶ψ(t′, t) is the bath correlation
function. The retarded/advanced Green’s functions are re-
lated to G≷ by GR(t1, t2) = θ(t12)(G>(t1, t2) − G<(t1, t2)) and
GA(t1, t2) = θ(t21)(G<(t1, t2) − G>(t1, t2)). Similar relations
holds for self-energies. Using these relations, (9) and (10)
become closed. The numerical approach for solving (9) and
(10) with discretized time has been well explained in previous
works [31, 34–36].

Numerical Results. – We now present numerical results of
the quench dynamics. We choose βi = β f , V = J, and arbitrar-
ily chosen parameters in h and h̃. Given the real-time Green’s
function G≷(t, t′), we define the temporal Green’s function
G̃≷(tr, t) at time t by

G̃≷(tr, t) ≡
{

G≷(t + tr, t) tr ≤ 0,
G≷(t, t − tr) tr > 0. (11)



4

(b)
<latexit sha1_base64="b/cMj/3MakpfvQl5kysPOUFaeE8="></latexit>

�=�

�=��

�=��

-� -� � � �
-���

-���

���

���

���

�

�
(�

)

�++

�--

�+-

-� -� -� � � � �-���
���
���
���
���
���
���
���

�

�
(�

)

�=�
�++

�--

�+-

-� -� -� � � � �-���
���
���
���
���
���
���
���

�

�
(�

)

�=��
�++

�--

�+-

-� -� -� � � � �-���
���
���
���
���
���
���
���

�

�
(�

)

�=��
�++

�--

�+-

-� -� -� � � � �
���

���

���

���

���

�

�
(�

)
�=�

�++

�--

�+-

-� -� -� � � � �
���

���

���

���

���

�

�
(�

)
�=�

(c)
<latexit sha1_base64="pv8vlANVt9TpHbOCX8b7JSre/eQ="></latexit>

(d)
<latexit sha1_base64="qTCOY4YA//XfpSaFDXHoS+Qhb+A="></latexit>

(e)
<latexit sha1_base64="4DTUWU9g4Dstl8Py+1JoRAHS02M="></latexit>

(a)
<latexit sha1_base64="7BY/x+VUns3FYonIA1k2e3ngYrc="></latexit>

��

��

|�� ++
> |

� �� �� �� �� ��
-�
-�
-�
-�
-�
-�
�

�

��
�
�

�=�

�=�

�=��

-� -� -� � � � �
-���
���
���
���
���
���

�

��
�

+
-
(�

)

�=�

�=�

�=��

-� -� -� � � � �-����
-����
-����
����
����
����

�

(�
+
+
-
�

-
-
)(
�
)

FIG. 3. Numerical results for the time-reversal invariant SYK model coupled to bath. We choose βi J = βf J = 6, V = J, and we set β = 2π as
the unit of time. We further set (µ,Kx,Kz, Jx, Jy, Jz)/J = (0, 0.1, 0.2, 0.3, 0.15, 0.2) and (µ, K̃x, K̃z, J̃x, J̃y, J̃z)/J = (0, 0.4, 0.4, 0.6, 0.36, 0.2). (a).
The spectral functionA++,A−− and ReA+− as a function of evolution time t. There is a breaking and restoring of Kramers’ Degeneracy. (b).
The quantum distribution F(ω) at different time t. The system almost thermalizes at t = 30. The black dashed curve corresponds to a plot of
tanh πω. (c). The log-plot of ∆1 or ∆2 as a function of time t, which characterize the breaking of the Kramers’ Degeneracy. The dashed lines
correspond to the results of the linear fittings. As a comparison, we also plot the evolution of spectralA for a model [37] with symmetry T̃ in
(d-e).

This definition preserves the causality of the unitary evolution.
Here G̃≷ and G≷ are in matrix form, and the sub-indices are
omitted. We define the Fourier transform with respect to tr.
The temporal spectral functionA(ω, t) then reads

A(ω, t) =
i

2π

∫
dtr eiωtr (G̃>(tr, t) − G̃<(tr, t)). (12)

In numerics, we focus on the first site with τ = + and drop
the corresponding pseudo-spin indices for conciseness. The
results for A++(ω, t), A−−(ω, t), and Re A+−(ω, t) are shown
in Fig. 3 (a). Before the quench, the system is in thermal
equilibrium and the Kramers’ theorem ensures A++(ω, 0) =

A−−(ω, 0) and A+−(ω, 0) = 0. After we couple the system to
the bath (t > 0), the degeneracy is lifted. As an example, we
find a large discrepancy between A++ and A−−, as well as a
non-vanishingA+− at t = 5. When the time t becomes longer,
A++ −A−− andA+− decays, and becomes almost invisible at
t = 30.

Our previous analysis shows the revival of Kramers’ degen-
eracy happens when the system arrives at equilibrium with
the bath. In a quantum many-body system, the local ther-
malization can be diagnosed by quantum distribution function
F(ω, t) at time t. It can then be defined as

F(ω, t)A(ω, t) =
i

2π

∫
dtr eiωtr (G̃>(tr, t) + G̃<(tr, t)). (13)

In thermal equilibrium, we have F(ω) = 1 − 2nF(ω) =

tanh(βω/2), with Fermi-Dirac distribution function nF(ω).

We plot F(ω, t) for different t in Fig. 3 (b). Shortly after
the quench, F(ω, t) significantly deviates from the tanh(βω/2)
and the system is far from equilibrium. At longer time
t = 15, F(ω, t) approaches the tanh(βω/2), although there is
still visible oscillations in low frequency. The system almost
reaches the thermal equilibrium, with F(ω) ≈ tanh(βω/2) at
t = 30. This matches the time scale of restoring A++(ω, 0) =

A−−(ω, 0) andA+−(ω, 0) = 0.
We further introduces ∆1 and ∆2 to quantify the strength of

the Kramers’ degeneracy breaking as

∆1(t) ≡
∫

dtr |G̃>
++(tr, t) − G̃>

−−(tr, t)|,

∆2(t) ≡
∫

dtr |G̃>
+−(tr, t)|.

(14)

The numerical results are shown Fig. 3 (c). We find both ∆1
and ∆2 decays exponentially in the long time. As a compari-
son, we plot the equilibrium Green’s function |G̃>

++(t,∞)|, the
decay rate of which corresponds to the local thermalization
time [38]. We find their decay rates matches, with additional
oscillations due to the peaks in the quasi-particle spectralA.

As a comparison, we also plot results for models with sym-
metry T̃ (T̃ 2 = 1) [37] in Fig. 3 (d) and (e). We find al-
though the diagonal components of the spectral function show
similar behaviors as systems with the symmetry T̂ , we have
A+− , 0 at any time. This is consistent with the absence of
the Kramers’ degeneracy for systems with T̃ 2 = 1.

Summary and Outlook. – To summarize, we find for time-
reversal symmetry T satisfying T 2 = −1, Kramers’ degener-
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acy in open quantum interacting fermionic systems is equiva-
lent fo A++(ω) = A−−(ω) together with A+−(ω) = 0. After a
sudden coupling to an environment in time-reversal symmet-
ric way, the Kramers’ degeneracy experienced a breaking and
restoring process. We find the revival of Kramers’ degeneracy
happens after the local thermalization time tth. Similar result
can be obtained for time-reversal symmetry T with T 2 = 1.
But distinctively, A+−(ω) = 0 is not satisfied at all the time.
It also means A++(ω) = A−−(ω) alone can not be seen as the
condition for Kramers’ degeneracy.

Further, as we see, after coupling to a bath, although
Kramers’ degeneracy can be recovered, there is always a large
portion of time Kramers’ degeneracy is violated. For this rea-
son, if we start from a pure state in Kramers’ space in the ini-
tial hamiltonian, decoherence will happen and be maintained.
The decoherence in the final state can be partially implied by
the line shape change in the final state spectrum compared
with the initial state spectrum. In this sense, we find differ-
ent respects in time-reversal symmetry in open systems. If a
physical result is more sensitive to phase coherence such as
the quantization of the conductance in topological insulators,
we argue that these results can not be protected by the revival
of Kramers’ degeneracy [11, 39, 40]. On the other hand, like
in superconductors, the pairing is more relevant to the energy
degeneracy of the Kramers’ pair. Therefore the superconduct-
ing phenomenon may be more stable against the environment.
Even more, as we see that equilibrium or not is very impor-
tant for time-reversal symmetric systems, but many transport
theories are based on linear response theory which attributes
transport properties as a manifestation of equilibrium correla-
tions. We leave a careful study in these directions to future
works.
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