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Abstract

We construct the defining data of two-dimensional topological field theories (TFTs)

enriched by non-invertible symmetries/topological defect lines. Simple formulae for

the three-point functions and the lasso two-point functions are derived, and crossing

symmetry is proven. The key ingredients are open-to-closed maps and a boundary

crossing relation, by which we show that a diagonal basis exists in the defect Hilbert

spaces. We then introduce regular TFTs, provide their explicit constructions for the

Fibonacci, Ising and Haagerup H3 fusion categories, and match our formulae with

previous bootstrap results. We end by explaining how non-regular TFTs are obtained

from regular TFTs via generalized gauging.
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1 Introduction and summary

Topological defects generalize the notion of finite group global symmetries to higher sym-

metries [1, 2] and non-invertible symmetries. In two dimensions, non-invertible topological

defect lines (TDLs) [3–8] are captured by fusion categories, so such generalized symmetries

are sometimes called fusion category symmetries [7–9]. We will denote a fusion category by

C and use abbreviations such as C-symmetry.

Lately, there has been a burgeoning body of work [8–12] exploring the constraints on

renormalization group flows by fusion category symmetries. On the lattice, non-invertible

symmetries can be directly built into the construction of anyon chains [13] and related

statistical models [14,15]; in continuum field theory, symmetry-preserving flows are triggered

by relevant operators that are invariant under C, i.e. commute with the TDLs in C. In either

case, the deep infrared in a gapped phase must be described by a C-symmetric topological

field theory [7, 8] that incorporates the structure of the fusion category symmetry.

There is a vast literature [16–28, 7–10, 29] on two-dimensional topological field theories

(TFTs) with varying amounts of structure. Like other types of TFTs, C-symmetric TFTs

can be formulated axiomatically, either in the language of transition amplitudes associated

to cobordisms [7], or in terms of the correlators of point-like operators [8]. In the latter

formulation, the defining data of a closed C-symmetric TFT consists of a fusion category

C, the spectra of point-like operators, their three-point functions, and a set of generalized

C-actions on point-like operators called lassos. The most general correlator can be built from

such defining data, and as long as the crossing symmetry of the four-point functions and the

modular invariance of the torus one-point functions are satisfied, different ways of building

the same correlator give rise to the same result [30–34,8].

In [9], it was argued that C-symmetric TFTs are in one-to-one correspondence with mod-

ule categories over C. On the one hand, they examined the consistency of the C-symmetry

in the presence of boundaries. On the other hand, they realized two-dimensional TFTs as

three-dimensional Turaev-Viro [35] theories on a thin strip, and studied the consistency at

the boundary of the strip. In both cases, they found the consistency to be equivalent to

the axioms of a module category. However, exactly how a module category determines the

above defining data of a C-symmetric TFT was not expounded, except in the special case

of fiber-functors—TFTs with one-dimensional bulk Hilbert spaces. Later in [10], the bulk

Frobenius algebra of local operators was constructed for any given module category, but the

correlators of point-like defect operators were not considered. In earlier work, constructions

of TFTs were given for general invertible symmetries [36, 37], and for concrete examples of

non-invertible symmetries by bootstrap [8, 38].

The purpose of this paper is to provide the full construction of the defining data of a
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unitary/reflection-positive (and more generally semisimple) C-symmetric TFT for any given

fusion category C and any given module category. The key formulae are summarized in

section 3.6. It is remarkable that while module categories naturally describe the admissible

boundary conditions in the open sector of a C-symmetric TFT, it also completely determines

the closed sector, echoing the sentiments of [26] in the context of open/closed TFT.

1.1 Overview of the construction

A summary of the heart of this paper, section 3, is now presented. In section 3.1, we

explain how the open sector of a C-symmetric TFT is already captured by the structure of

a module category over C, and how the closed sector can be constructed by open-to-closed

maps. In section 3.2, we show that the module trace allows the computation of arbitrary

correlators of boundary-changing operators on the disc. We then move on to considering

correlators in the closed sector. In an open/closed TFT without C-symmetry, it was shown

in [26] that simple boundary conditions under the open-to-closed map land on the diagonal

basis (also called the projector or idempotent basis) of the bulk Frobenius algebra. In the

present C-symmetric case, we see that a very similar structure arises. This structure can be

understood intuitively via a boundary crossing relation, which we formulate in section 3.3,

both from a physical cutting-and-sewing perspective, and mathematically from the axioms

of a module category with a module trace. Sections 3.4 and 3.5 delineate how the boundary

crossing relation allows the straightforward derivation of compact formulae expressing the

three-point functions (including the bulk Frobenius algebra) and the lassos purely in terms

of the module categorical data. In section 3.5, we mathematically prove that our formula

for the four-point function, which manifests crossing symmetry, has the correct cutting-and-

sewing decomposition into three-point functions. A summary of our formulae can be found

in section 3.6.

The other sections are organized as follows. In section 2, we review the fusion category

of topological defect lines, the module category of boundary conditions, along with the trace

and adjoint structures. In section 4, we introduce the notion of a regular C-symmetric TFT

corresponding to the regular module category, apply our formulae to construct the regular

TFTs for three concrete fusion categories, Fibonacci, Ising, and Haagerup H3 [39–41], and

match with previous bootstrap constructions [8, 38]. In section 5, we review the notion of

generalized gauging, and explain how all non-regular TFTs can be obtained from gauging

regular TFTs.
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2 Categories of topological defect lines and boundary

conditions

In quantum field theory (QFT), in addition to local operators, there also exist extended

objects such as codimension-one walls. An example of such a wall is an interface separating

two QFTs. When the theories on the two sides of the interface are identical, we get a self-

interface which we call a defect. And when the theory on one side is trivial, we get a boundary

condition.

One can consider the fusion of two defects by bringing them parallel and close together.

This defines a fusion structure on defects, similar to the operator product expansion (OPE)

of local operators. Moreover, defects can form junctions, and extended junctions can form

junctions-of-junctions, and so on. Putting all these structures together, defects form a kind

of category [42,43] as opposed to an algebra like the OPE of local operators. A special class

of defects are topological defects, which encompass and generalize the notion of finite global

symmetries in QFT [5,6, 1, 44,2, 7, 8, 45].

In two dimensions, topological defect lines (TDLs) when finitely generated (and under an

additional condition) are mathematically described by fusion categories [46,47]. The subject

of this paper is on two-dimensional topological field theories (TFTs), where not only the

defect lines, but also the boundaries are topological. The goal of this section is to describe

the mathematical structure behind these objects; in particular, we will explain the meaning

of a category and its underlying data.

We mainly focus on unitary/reflection-positive TFTs, but our results are generally valid

for semisimple ones. Relatedly, our discussion is valid not only for unitary fusion categories

but for general fusion categories. The notion of semisimplicity will be introduced later.

2.1 Category of topological defect lines

We first review the fusion category C describing a finitely generated set of TDLs. Since C
generalizes the notion of global symmetries, it is also called a fusion category symmetry [7–9].

In a TFT, C is different from the category of all TDLs. In the situation where the TFT

is the endpoint of a symmetry-preserving RG flow, C describes the symmetries not just at

the endpoint, but along the RG trajectory. On the one hand, the category of all TDLs in the

TFT can be larger than C since accidental symmetries can emerge. On the other hand, some

TDLs in C can become identical at the endpoint, in which case C does not act faithfully on

the TFT.1

1The symmetry C is sometimes called the extrinsic symmetry in the literature [45], while the category of
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Below we review the various structures of C.

Direct sum and simple objects

Given any two TDLs, we can construct another TDL by taking the direct sum, an operation

denoted by ⊕. Any TDL that cannot be decomposed into a direct sum of more than one

TDL is called a simple (or indecomposable) TDL. We use a, b, c, . . . to label simple TDLs

a , (2.1)

and denote the unit by 1. In the categorical language, they are the simple objects of C.

Let us explain the physical meaning of the direct sum operation. When two TDLs are

supported on the same space-like curve γ, they become line operators Ua(γ) and U b(γ) acting

on the Hilbert space H(γ). In this case, Ua⊕b(γ) = Ua(γ) + U b(γ). But when the TDLs

are time-like, they impose twisted boundary conditions and define defect(-twisted) Hilbert

spaces Ha and Hb, and we get Ha⊕b = Ha⊕Hb. More generally, a correlator involving a⊕ b
is the sum of the same correlator involving only a and that involving only b.

Note that there is no notion of taking non-integral linear combinations of TDLs. Such

linear combinations lead to ill-defined defect Hilbert spaces with non-integral dimensions.

Such is the reason that the space of TDLs is a category, and not a vector space. The same

remark applies to the boundary conditions introduced later.

Junctions and morphisms

We use x, y, z, . . . to denote the junction vectors of TDLs, which in the categorical language

correspond to the morphisms in C. For instance, a junction vector between TDLs a and b

corresponds to a morphism x ∈ HomC(a, b)

a

b
x . (2.2)

Given any two junction vectors x ∈ HomC(a, b) and y ∈ HomC(b, c), we can fuse them to get

a new junction vector between a and c.

all TDLs is called the intrinsic symmetry.
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In the categorical language, this corresponds to composing morphisms, and the new

junction vector is denoted by y ◦ x ∈ HomC(a, c). Under direct sum, Hom(a ⊕ b, c) =

Hom(a, c)⊕ Hom(b, c) and Hom(a, b⊕ c) = Hom(a, b)⊕ Hom(a, c).

Note the distinction between HomC(a, b) and the space of all a → b line-changing op-

erators in a TFT. Whereas the former is a property of the symmetry alone, the latter is

theory-dependent. For instance, HomC(1,1) is always one-dimensional, but the space of

all 1 → 1 line-changing operators certainly does not have to be one-dimensional. This is

related to the aforementioned fact that physically, the symmetry C is not the category of

all TDLs in the TFT, but rather the category of TDLs that are preserved on a nearby RG

trajectory. Mathematically speaking, there is a tensor functor from C to all the TDLs of the

theory, which means that there is a map between the objects and morphisms of C into the

full category of TDLs and line-changing operators of the theory, while preserving the fusion

categorical structure of C. Moreover, this map is not required to be injective or surjective.2

We have now introduced enough categorical structure to explain the meaning of semisim-

plicity. A semisimple category is one in which the notions of simplicity—an object a sat-

isfies Hom(a, a) ∼= C—and indecomposability—a cannot be written as the direct sum of

two objects—are equivalent. In Appendix A we show that in a unitary/reflection-positive

TFT, both the category of TDLs and the category of boundary conditions are semisimple.3

Throughout this paper we conflate simplicity and indecomposability.

Fusion rules, junctions and F-moves

Fusion rules describe the fusion of parallel loops of TDLs on a flat cylinder

b

a →

a⊗ b

. (2.3)

We denote the fusion rule of the TDLs in C by

a⊗ b =
⊕
c

N c
ab c , (2.4)

2If this functor is not injective, then the symmetry C is not faithful. Although a non-faithful symmetry

is sometimes regarded as an unauthentic symmetry of a QFT, in the TFT context it is useful to consider

non-faithful symmetries. For instance, for any non-anomalous finite group G, one can endow the trivial TFT

with a non-faithful symmetry G, and gauge G to produce a nontrivial TFT with Rep(G) symmetry [7].
3Note that a semisimple tensor category with finitely many simple objects is by definition a multifusion

category. If the unit is also simple, then it is by definition a fusion category.
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where the non-negative integers N c
ab are the fusion coefficients.

When TDLs form junctions among themselves, each junction is endowed with a junction

vector space. The fusion coefficient N c
ab counts the dimensionality of the vector space V c

ab =

HomC(a⊗b, c) at the three-way junction of a, b and c. We emphasize again that the junction

vector space V c
ab can be smaller than the full defect Hilbert space Ha⊗b⊗c̄. A gauge of C is a

choice of bases for all junction vector spaces.

When multiple junctions are joined together, the splitting-and-joining isomorphisms are

captured by the F-moves4

x
e

a

b c

y

d

=
∑
f,z,w

(F a,b,c
d;e,f )z,wx,y

z

f

cb

a
w

d

. (2.5)

In other words, a four-way junction of TDLs can be built out of two three-way junctions in

two different ways, and the F-move characterizes the relation between them. The consistency

of five-way junctions then imposes a constraint on the F-moves called the Pentagon identity,

which when satisfied, the consistency of arbitrary-way junctions follows [48].

The fusion coefficients N and the F-symbols F capture the full data of the fusion category

C. When the TDLs in C are invertible, C describes an ordinary finite group symmetry, and the

fusion rule and the F-moves reduce to the group law and the ’t Hooft anomaly, respectively.

Dual structure and folding

The dual, or orientation-reversal,5 of a simple TDL a is denoted by ā, such that

ā := a . (2.6)

Note that ¯̄a = a.6 An algebraic characterization of ā will also be given momentarily. A dual

structure can also be defined on junctions: given a junction vector x ∈ Hom(a, b), we can

4We assume that the cyclic-permutation map captured by F a,b,c
1

is trivial, and ignore the specification of

cyclic ordering at each trivalent junction. The generalization to nontrivial cyclic-permutation is straightfor-

ward.
5For junction vectors, the dual and the orientation-reversal refer to different maps, but for TDLs, the two

notions are interchangeable.
6In the categorical language, the identification between a and ¯̄a is given by a pivotal structure which we

assume exists.
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rotate the junction by 180 degrees to get the dual junction vector x∨ ∈ Hom(b̄, ā).7 More

precisely, there exists a linear map

∨ : HomC(a, b)→ HomC(b̄, ā) . (2.7)

Given a junction x ∈ Hom(a, b), we can fold it in four different ways to get junction

vectors in Hom(a ⊗ b̄,1), Hom(b̄ ⊗ a,1), Hom(1, ā ⊗ b), and Hom(1, b ⊗ ā). In particular,

starting from the identity junction 1a ∈ Hom(a, a), we can obtain a junction between a⊗ ā
and the unit 1. Conversely, we can unfold a junction a ⊗ ā → 1 into a junction between a

and itself. Hence we conclude that N1

aā = Na
a1 = Na

1a = 1, where we used a = a⊗1 = 1⊗ a.

We can thus characterize ā algebraically as the TDL whose fusion with a contains 1.

A TDL a is called self-dual if a ' ā, meaning that there exists a topological junction

connecting a and ā. This junction cannot be trivialized if the so-called Frobenius-Schur

indicator [49, 50] is nontrivial. We assume trivial Frobenius-Schur indicator throughout the

main text, and remark on the nontrivial case in appendix B.

Quantum dimensions

The quantum dimension of a TDL a is defined as the expectation value of an empty loop,

da ≡ a . (2.8)

In more precise terms, shrinking the loop to a point produces a topological local operator

proportional to the identity, and the proportionality constant is the quantum dimension da.
8

The quantum dimensions must cohere with fusion. Given two parallel loops of TDLs,

taking their fusion first and then shrinking them must give the same answer as shrinking

7Note that in most of the main text, we denote x∨ simply as x. When Hom(a, b) 6= Hom(b̄, ā), their

distinction is clear from the context. However, in the case of b = ā ' a, we have Hom(a, b) = Hom(b̄, ā) 6= 0,

and we should be careful with differentiating x and x∨. This subtlety is addressed in appendix B.
8The reader may wonder why the topological local operator must be proportional to the identity and

cannot be some other topological local operator when the TFT has degenerate vacua. Recall that when we

regard the TFT as the infrared limit of a renormalization group (RG) flow, C does not describe the full set

of TDLs in the TFT, but only the subset that is preserved on the RG trajectory. If we assume that the QFT

away from the TFT point has the identity as its unique topological local operator, then a loop of TDL in

C must shrink to the identity. By continuity, this is also true in the TFT. If one prefers not to consider the

TFT in the context of RG flows, then the above property follows from the fact that C is defined to be a fusion

category. Mathematically, the full structure of a TFT including all the TDLs and the extra topological local

operators is described by a multifusion category, where a loop does not need to shrink to the identity. The

statement that all loops of TDLs shrink to the one-dimensional 1→ 1 morphism follows from the fact that

we are considering a fusion category, and not a multifusion category.
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them successively,

a b

a⊗ b
∑

cN
c
ab dc

da b dadb

, (2.9)

giving rise to the constraint ∑
c

N c
ab dc = dadb (2.10)

saying that the quantum dimensions solve the abelianzied fusion rules. Alternatively, we

say that the vector d is a simultaneous eigenvector, and at the same time the eigenvalues of

the fusion coefficient matrices Na. This constraint generally has multiple solutions, among

which the choice of d is part of the fusion categorical data. However, if C is a unitary fusion

category (see below), which must be the case in a unitary/reflection-positive QFT, then the

choice of d is fixed by the fusion coefficients: it is given by the unique Frobenius-Perron

eigenvector of the fusion coefficient matrices.

Finally, we define the (global) dimension of C to be9

dim(C) ≡
∑
a

d2
a , (2.11)

Adjoint structure and orientation-reversal

For a given junction vector x, there exists an adjoint junction x† given by the orientation-

reversal of the junction (orientation-reversal also changes every TDL label a to ā)

a

x

b

7→
b
x†

a

. (2.12)

More precisely, there exists an antilinear map10

† : HomC(a, b)→ HomC(b, a) , (2.13)

9In condensed matter literature, D =
√

dim(C) is called the total quantum dimension of C, which is the

square root of the global dimension.
10Changing b to b⊗ c gives † : HomC(a, b⊗ c)→ HomC(b⊗ c, a).

9



which defines a bilinear form on the junction vector spaces,

〈y†x〉 ≡ c a

y†

b

x

, u, v ∈ HomC(a, b⊗ c) . (2.14)

If this bilinear form is positive-definite, then the underlying fusion category is a unitary

fusion category.11 The TDLs in a unitary/reflection-positive QFT must be described by a

unitary fusion category.

We are now ready to discuss boundary conditions.

2.2 Category of boundary conditions

Let us consider the category formed by all boundary conditions (BCs) in a unitary/reflection-

positive TFT with fusion category symmetry C, and denote it by M. The fusion of TDLs

with BCs defines an action of C on M, thereby making M a module category over C [7].

Below we review the various structures of M.

Simple objects and direct sum

We use m,n, k, . . . to label simple BCs

m , (2.15)

which correspond to the simple objects in M. Our convention is that the empty theory,

indicated by the gray filling, is always to the right of a boundary marked with an upwards

arrow, and to the left of one marked with a downwards arrow.

Just like TDLs, we can construct non-simple BCs by taking direct sums of simple BCs.

11More precisely, this positive-definiteness defines a pseudo-unitary fusion category; a unitary fusion cat-

egory further requires that the F-symbols are unitary. There is no proof that every pseudo-unitary fusion

category is gauge-equivalent to a unitary one, but there is also no known counter-example [47]. Therefore,

we do not differentiate between the two notions in this paper.
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When a BC m is on a closed space-like boundary, it corresponds to a boundary state |m〉

|m〉
. (2.16)

Under direct sum, |m⊕ n〉 = |m〉+ |n〉.12 When two parallel boundaries are time-like, they

define an open Hilbert space on the interval, denoted by Hm,n

m n . (2.17)

Under direct sum, Hm⊕n,k = Hm,k ⊕Hn,k.

Boundary changing operators and morphisms

A junction between two BCs m and n corresponds to a morphism x ∈ HomM(m,n)

m

n

x . (2.18)

Here, sinceM is the category of all boundary conditions, the above junction vector space is

the same as the Hilbert space Hm,n of all boundary-changing operators between m and n,13

HomM(m,n) = Hm,n . (2.19)

The meaning of semisimplicity for M is completely parallel to that for TDLs discussed

earlier. By assuming semisimplicity, any BC in M is equivalent to a direct sum of simple

ones m with HomM(m,m) ∼= C.

12Boundary states do not reside in a projective vector space like usual states in quantum mechanics do,

so one cannot arbitrarily rescale their normalization.
13By contrast, the junction vector spaces for TDLs in C can be proper subspaces of defect Hilbert spaces.
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Fusion rules, junctions and F-moves

Similar to the fusion of TDLs among themselves, we denote the fusion of TDLs with BCs by

a⊗m =
⊕
n

Ñn
am n , Ñn

am ∈ Z≥0 . (2.20)

Each non-negative integer Ñn
am counts the dimension of the vector space HomM(m, a ⊗ n)

of all boundary-changing defect operators at the junction of a with m and n,

m

n

a
x , x ∈ HomM(m, a⊗ n) . (2.21)

Under the operator-state map, this vector space is the same as the defect Hilbert space on

an interval with BCs m and n, and twisted by the TDL a in between. We denote this Hilbert

space by Ha
m,n, and therefore

Ñn
am = dimHa

m,n . (2.22)

Since the action of TDLs on BCs is associative, the matrices Ña with (Ña)m,n = Ñn
am

furnish a nonnegative-integer-valued matrix representation (NIM-rep) of the fusion algebra

(2.4),14 ∑
c

N c
abÑc = ÑbÑa . (2.23)

We fix a gauge for M by choosing a basis for each Hilbert space Ha
m,n. The associator of

the action of TDLs on BCs provides the F-moves for the action of C on M

x
c

a

b m

y

n

=
∑
k,z,w

(F̃ a,b,n
m;c,k)

z,w
x,y

z

k

mb

a
w

n

. (2.24)

The NIM-rep matrices Ñ and the F-symbols F̃ capture all the data of the category M
of BCs. In the categorical language, M is called a module category over C or a C-module

category.

14In the context of rational conformal field theory, NIM-reps of the Verlinde fusion algebra [51] have been

studied in [52–55].
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Boundary OPE

By the state-operator correspondence, the space of boundary-changing operators between

BCs m and n is given by Hm,n := H1

m,n. One can fuse different boundary-changing operators

and get an associative OPE algebra

m

n

k

→
m

k

: Hm,n ×Hn,k → Hm,k . (2.25)

In the categorical language, this OPE corresponds to the composition of morphisms in M
since Hm,n = HomM(m,n).

We next introduce the disc partition functions (quantum dimensions) and disc one-point

functions, which together form a trace structure on M.

Quantum dimensions

We denote the quantum dimension of a BC m by the value of its disc partition function, and

denote it by d̃m,

mm = d̃m . (2.26)

These quantum dimensions have to be compatible with the action of TDLs on BCs. Namely,

the partition function of a loop of TDL a parallel to a disc boundary with BC m can be

evaluated in two ways: we can first fuse a with m and evaluate the partition function or we

can can first shrink a and then evaluate the disc partition function,

∑
n

Ñn
am

nn = mm a = mm da (2.27)

Thus we find ∑
n

Ñn
am d̃n = dad̃m , (2.28)
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which says that the boundary quantum dimensions d̃ form a simultaneous eigenvector of

the NIM-rep matrices Ña. Unitarity/reflection-positivity requires the boundary quantum

dimensions to be positive, and fixes d̃ to be proportional to a Frobenius-Perron eigenvector

of the NIM-rep matrices, which is unique for an indecomposable module category [46]. More

generally, d̃ of any indecomposable module category is unique up to an overall normalization

[56]. The ambiguous overall normalization physically reflects the fact that it can be rescaled

by adjusting the coefficient of the Euler counter-term. As we will see, this overall rescaling

is also related to a rescaling of the trace in the bulk Frobenius algebra.

Disc one- and two-point functions

More generally, we can compute the disc one-point function of boundary-changing operators,

which gives a collection of linear maps

θm : Hm,m → C , x 7→ mm

x

. (2.29)

In a unitary/reflection-positive, or more generally semisimple TFT, the Hilbert spaceHm,m is

one-dimensional for a simple BC m. Therefore, these linear maps are essentially determined

by the boundary quantum dimensions d̃m. Combining these linear maps with the OPE

structure in (2.25), we get the disc two-point function of boundary-changing operators.

The collection of linear maps in (2.29) is called a trace on the category M.15 When

the trace is furthermore compatible with the C-module structure, i.e. satisfying equation

(2.28), it is called a module trace [56]. The trace defines a symmetric non-degenerate pairing

between Hom spaces

HomM(m,n)× HomM(n,m)→ C , (f, g) 7→ θm(g ◦ f) = θn(f ◦ g) . (2.30)

As was argued in [26], a unitary TFT (without C-structure) is completely determined by

the category M of BCs and the trace. Thus, forgetting the symmetry C, the category M
is enough to determine the observables in the TFT. Taking into account the TDLs in C, we

can ask if knowing the C-module category M is enough to construct all the observables of

the C-symmetric TFT, including defect correlators. The answer is yes, as we will show in

section 3.

15Categories equipped with a trace are called Calabi-Yau categories in the literature [57].

14



A category M of BCs that always exists for any C is one isomorphic to C itself: we can

take the NIM-reps Ñ and the F-symbols F̃ of M to be the same as the fusion coefficients

N and the F-symbols F of C. Formally, this corresponds to viewing C as a module category

over itself, which is known as the regular module category. In this case, the d̃ ofM coincide

with the d in C, and defines a trace structure on M.

Adjoint structure and orientation-reversal

We can insert a TDL in the middle of a disc and compute the two-point function of boundary-

changing defect operators

Ha
m,n ×Hā

n,m → C . (2.31)

Similar to the TDL case, one can define an antilinear adjoint map

† : Ha
m,n → Hā

n,m , (2.32)

such that the disc two-point functions defines a positive-definite bilinear form on the junction

vector spaces

〈y†x〉 := n m

y†

a

x

, (2.33)

where x, y ∈ Ha
m,n. The relation between x and x† can again be understood physically as

an orientation-reversal on the junction. In a non-unitary TFT, this bilinear form is not

positive-definite but is still required to be non-degenerate.

3 Construction of topological field theories with non-

invertible symmetries

The data of a TFT (without C structure) consists of the Hilbert space of bulk local operators,

the Hilbert spaces of boundary-changing operators, together with their correlators which can

generally be built by cutting-and-sewing from a set of defining data. When there is a fusion

category symmetry C acting on the theory, the TFT data also includes the correlators in

the presence of TDLs in C. Therefore, the data of a C-symmetric TFT consists of open and

closed defect Hilbert spaces and their general correlation functions, which can also be built

from the defining data.
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Given a symmetry C and a C-module category M describing all possible BCs, we now

explicitly construct the defining data of a TFT.

3.1 Open and closed Hilbert spaces

The open defect Hilbert space Ha
m,n is a vector space of point-like boundary-changing defect

operators at the junction of the bulk TDL a with BCs m and n

a
m n

. (3.1)

Under the operator-state map, this vector space is the same as the defect Hilbert space of

the TFT on an interval, with BCs m and n and twisted by the TDL a in between,

m

n

a
x ↔ na

Ba;x
m,n

m
. (3.2)

As was discussed in the previous section, this is identified with HomM(m, a ⊗ n) in the

categorical language. In other words, for any junction vector x ∈ HomM(m, a⊗ n), there is

a boundary-changing defect operator that we denote by

Ba;x
m,n ∈ Ha

m,n . (3.3)

The closed defect Hilbert space Ha is the vector space of point-like bulk (as opposed

to boundary-changing) defect operators at the end of a TDL a. This space cannot be

immediately identified with a junction vector space in C or in M. Instead, a closed Hilbert

space is to be constructed from an open Hilbert spaces via the open-to-closed map, which

is the following. First, we remove a disc around some point in the bulk and impose the BC

m on the boundary of the disc. Then we attach the TDL a to the BC m via the boundary-

changing defect operator Ba;x
m,m. Finally, shrinking the boundary disc to a point results in a

bulk defect operator, which we denote by Oa;x
m ∈ Ha,

a

x

m

∼

a

Oa;x
m

. (3.4)
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For any TDL a, this construction gives the open-to-closed linear map⊕
m

Ha
m,m → Ha , Ba;x

m,m 7→ Oa;x
m , (3.5)

which we show to be an isomorphism below.

For the Hilbert space of local operators, i.e. when a = 1, the isomorphism property has

been proven in [26] from the definition thatM is the category of all BCs, or in other words,

the maximal category of BCs. We will borrow their result to prove the isomorphism property

for a 6= 1. In particular, we construct a closed-to-open map from Ha to
⊕

mHa
m,m for any

a, and show that the open-to-closed and closed-to-open maps are both injective. Note that

because they are maps between finite-dimensional vector space, two-sided injectivity already

implies that the open-to-closed and closed-to-open maps are isomorphisms. The injectivity

of the open-to-closed maps will be shown in section 3.3 to follow from boundary crossing

relations, while the injectivity of the closed-to-open maps is shown below.

A closed-to-open map is defined by taking a bulk defect operator in Ha and pushing it

to a BC m, to obtain a defect operator in Ha
m,m. Assume that there is a nonzero defect

operator O ∈ Ha in the kernel of the closed-to-open map. Since O is nonzero, there exists

another defect operator O ∈ Hā such that the local operator

OO =
O O

a
∈ H (3.6)

is nonzero. Since the closed-to-open map is injective for all local operators (a = 1) by [26,

theorem 2], there must exist some BC m such that when we push the local operator OO
to the boundary, we get a nonzero boundary-changing operator. But we can alternatively

first push O towards the BC m to get zero by the initial assumption that O is in the kernel

of the closed-to-open map. A contradiction is thus reached, showing that O cannot exist.

Therefore, we have proven that the closed-to-open map is injective for any a.

All in all, we get the isomorphism Ha ∼=
⊕

m HomM(m, a ⊗ m), which in particular

implies that

dimHa =
∑
m

Ñm
am . (3.7)

After introducing the action of TDLs on bulk local operators, we will see that this is con-

sistent with torus modular invariance. In the following we omit the superscript 1 for the

Hilbert space of local operators, and set H := H1.
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3.2 Open correlators

Correlators of purely boundary-changing operators can be computed from the module cate-

gory M and its trace in the following way.

First we compute disc correlators. On the boundary of the disc, pick an arbitrary segment

with BC m, and regard the correlator as a trace over a morphism in HomM(m,m). Then

use the OPE of boundary operators, i.e. the composition of morphisms in M, to produce a

single operator on the boundary. This reduces the correlator to a disc one-point function,

which is nothing but the module trace (2.29). Hence disc correlators are completely captured

by the module category M and its trace.

Open correlators on more general topologies can be decomposed via cutting-and-sewing

into disc correlators and closed correlators. Given that we have already constructed the

disc correlators, the construction of general open correlators amounts to the construction of

general closed correlators, which we subsequently undertake. But before that, we need to

introduce a key ingredient, the boundary crossing relation.

3.3 Boundary crossing relation

For two simple BCs m and n, the open-sector Hilbert spaceH1

m,n is one-dimensional if m = n,

and empty if m 6= n. Hence, the cutting-and-sewing of a strip bounded by two simple BCs

implies that

n m =
δm,n

d̃m m

m

, (3.8)

which we call the boundary crossing relation. Since the boundaries are topological, this

relation can also be interpreted as an F-move in a larger categorical structure that contains

C and M.

Let us interpret the boundary crossing relation in module category terms. Suppose the

lefthand side of (3.8) is the local configuration of a general disc

n m , (3.9)
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where each blob represents a general boundary with an arbitrary configuration of TDLs

attached, and importantly, that the two blobs have no TDL stretched between. By regarding

the above as the module trace of

m

n

m

y

x

(3.10)

where x ∈ HomM(m,n) and y ∈ HomM(n,m) are morphisms corresponding to the blobs,

it is immediately clear that if m and n are simple, then it is zero unless n = m. Moreover,

because HomM(m,m) is one-dimensional, we can write x = X1m and y = Y 1m where

X, Y ∈ C×. Then (3.9) evaluates to

XY d̃m . (3.11)

On the other hand, performing (3.8) on (3.9) and then evalating the module traces gives

1

d̃m
(Xd̃m) (Y d̃m) , (3.12)

which is obviously equal to (3.11). Since the blobs are general, we have proven (3.8).

We can prove a stronger boundary crossing relation. Consider the configuration on the

lefthand side of (3.8), but with an extra TDL a parallel to the boundaries. In this situation,

we can interpret the lefthand side as the identity map from the Hilbert space Ha
m,n to itself.

But we can insert a complete set of basis states on a horizontal cut, and rewrite this identity

map as ∑
x,y

∣∣Ba;x
m,n

〉
Gxy

〈
Bā;y
n,m

∣∣ , (3.13)

where x and y in the summation run over complete bases of Ha
m,n and Hā

n,m, respectively,

and the matrix G is the inverse disc two-point function

(
G−1

)yx
=
〈
Bā;y
n,m Ba;x

m,n

〉
D2 = n m

y

a

x

. (3.14)
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Thus, we have proven

a
m n

=
∑
x,y

Gxy

a
x

m n

a
y

m n

. (3.15)

As promised earlier in this section, we now use the boundary crossing relation to prove

that the open-to-closed map (3.5) is injective. Assume the contrary, that there exists a

boundary-changing defect operator
∑

m Ba;xm
m,m ∈

⊕
mHa

m,m in the kernel for some junction

vectors xm. Then the bulk defect operator
∑

mOa;xm
m ∈ Ha vanishes, and hence any two-

point function involving it must vanish as well.16 Thus for any Oā;y
n ∈ Hā we get

〈

(∑
m

Oa;xm
m

)
Oā;y
n 〉 = 0 . (3.16)

Using the boundary crossing relation (3.8), we can rewrite this correlator as a disc two-point

function of boundary operators,

∑
m

a
xm y

nm →
∑
m

δm,n

d̃n

n

xm y

a

→ 1

d̃n
n n

y

a

xn

, (3.17)

and conclude that
1

d̃n

〈
Oa;xn
n,n Oā;y

n,n

〉
D2 = 0 . (3.18)

But this violates the non-degeneracy of the two-point function (see near (2.33)) unless xn = 0

for all BCs n. Therefore, the open-to-closed map is injective.

3.4 Closed correlators without defects

The correlators of bulk local operators in a TFT is famously captured by a commutative

Frobenius algebra [19, 20]. Here we review how it is derived from the boundary data M.

The C-structure is not crucial here and will be ignored.

16The correlator 〈O1O2 · · ·〉 without any subscript always stands for the (bulk) sphere correlator, i.e.

〈O1O2 · · ·〉 = 〈O1O2 · · ·〉S2 .
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Frobenius Algebras

A commutative Frobenius algebra is a commutative associative algebra that is equipped

with a trace. In the TFT context, the commutative associative algebra structure is given

by the OPE of bulk operators, and the trace is given by the S2 one-point function. In

a unitary/reflection-positive TFT, the algebra is moreover semisimple. Such semisimple

algebras decompose into decoupled copies of one-dimensional algebras. In other words, a

unitary TFT without any defect decomposes into decoupled TFTs, which we label by i,

with one-dimensional Hilbert spaces Hi = {πi} [18, 19]. By decoupled we mean that πi are

mutually orthogonal, and since each Hilbert space is one-dimensional, π2
i is proportional to

πi (π2
i = 0 violates semisimplicity). It is conventional to normalize πi into a complete set of

idempotents (orthogonal projectors) satisfying

πiπj = δijπi . (3.19)

These idempotents form a basis of the Hilbert space H on the circle. Each one-dimensional

TFT is almost trivial, with the trace/one-point function πi 7→ 〈πi〉 = λi being the only

parameter, whose logarithm times the Euler number gives (twice) the action. Putting the

decoupled copies together, the partition function of the full TFT on a genus g surface is

given by

Z[Σg] =
∑
i

λ1−g
i . (3.20)

In particular, we have 1 =
∑

i πi and therefore Z[S2] = 〈1〉 =
∑

i λi. A unitary TFT further

satisfies λi > 0.

Idempotents from Boundary Conditions

Now we use the open-to-closed map to construct the Frobenius algebra from boundaries.

The map gives the isomorphism

H '
⊕
m

Hm,m . (3.21)

EachHm,m is one-dimensional, hence for each simple BC m, we get a basis operator Om ∈ H
created by a circular BC m.17

To obtain the Frobenius algebra structure, we have to compute the OPE of basis operators

Om. We insert two such operators near each other, which corresponds to putting BCs m and

n on the boundary of two nearby empty discs. From the boundary crossing relation (3.8),

17In the notation we used around (3.4), Om := O1;1mm where 1m ∈ HomM(m,m).
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we have

n m =
δm,n

d̃m

m

. (3.22)

Using the module trace, we deduce that the Frobenius algebra is given by

OmOn =
δm,n

d̃m
Om , 〈Om〉 = d̃m . (3.23)

We see that the one-point function, which is called the trace of the bulk Frobenius algebra,

is rescaled accordingly when the overall normalization of d̃ is rescaled. As mentioned before,

this overall normalization is unphysical because it can be changed by adjusting the coefficient

of the Euler counter-term.

The local operators Om form an orthonormal basis, i.e. 〈OmOn〉 = δmn, which is some-

times called the Cardy basis in analogy with boundary states in conformal field theories.

With a slight change of normalization, we can relate the Cardy basis to the idempotents

(orthogonal projectors) introduced earlier,{
πm ≡ d̃mOm

}
, 〈πm〉 = d̃2

m . (3.24)

The above construction of the Frobenius algebra of a C-symmetric TFT was originally given

in [10, appendix A.3]. The partition function of the TFT is given by

Z(Σg) =
∑
m

d̃2(1−g)
m . (3.25)

Action of TDLs on Frobenius algebra

It follows from the fusion (2.20) of parallel TDLs and BCs that

â · Om =
∑
n

Ñn
amOn , (3.26)

where â denotes an operator on the bulk Frobenius algebar representing the encircling and

shrinking of a closed TDL a on O ∈ H,

O
a = â · O . (3.27)
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In other words, H is a module over the fusion algebra of TDLs in C. The torus partition

function dressed with a TDL a supported on a spatial cycle

Z

(
a

)
= TrH(â) (3.28)

equals
∑

m Ñ
m
am. Comparing with (3.7), interpreted as the torus partition function with a

along the temporal circle

Z

(
a

)
= TrHa(1) , (3.29)

we see that torus modular invariance is always satisfied!

3.5 Closed correlators with defects

First, we derive general correlators on the sphere. Correlators on general surfaces are then

obtained by cutting-and-sewing. Moreover, we rigorously prove that our formula for the

three-point function solves crossing symmetry.18

Correlators on the sphere

In the closed Hilbert space Ha of point-like defect operators, we have learned that Oa;x
m is

created by a circular BC m that is twisted by a with junction vector x. A general closed-

sector correlator on the sphere can be computed by the following prescription.

1. Merge all boundaries into one by the use of F-moves (2.5) and (2.24) and the boundary

crossing relation (3.15).

1a. For any two disconnected boundaries, after using isotopy and the F-move (2.5)

in C, we can assume that on a certain segment of the strip, two boundaries are

separated by a single TDL. We illustrate this procedure for initial separation by

two TDLs a and b:

a b →

a

a

b

b

c (3.30)

18As for the torus one-point modular invariance, which is also needed to show that the general correlator

is independent of how the cutting-and-sewing is done, we presently do not have a mathematically rigorous

proof. However, our formula is a necessary consequence of the full consistency of the TFT. See [9] for an

alternative physical argument for why the full consistency is expected.
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1b. Merge two boundaries into one by use of the boundary crossing relation (3.15).

c

→

c

c

(3.31)

1c. Repeat 1a and 1b until all disconnected boundaries are merged.

2. Regard the sphere with one boundary as a disc with a certain BC and dressed with a

network of TDLs, and evaluate it using F-moves and the module trace.

We now use this prescription to compute up to four-point correlators on the sphere, and

prove that the three-point function satisfies crossing symmetry.

Consider (the TDL types are implicit in the superscripts of the defect operators)

〈Oa;x
m Ob;yn O

c;z
k 〉

w ≡

S2

wOa;x
m

Ob;yn

Oc;zk

. (3.32)

We view the small discs as boundaries resulting from blowing up point-like bulk defect

operators. Since all the boundaries are connected in the sense of not being separated by

TDLs, we can skip step 1a and perform step 1b twice (with no TDL in between, i.e. c = 1)

to get a sphere one-point function (accompanied by some factors), which is then rearranged

by step 2 into

δm,n,k

d̃2
m

m

m

m

w
a

x

c

z

b

y

(3.33)

and can be evaluated purely using the data of C, M and the module trace.
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The two- and four-point function derivations are completely analogous, and are therefore

omitted. In summary, we have arrived at the following formulae:

〈Oa;x
m Ob;yn 〉 ≡

S2

Ob;ynOa;x
m =

δa,b̄δm,n

d̃m
m m

x

a

y

,

〈Oa;x
m Ob;yn O

c;z
k 〉

w ≡

S2

wOa;x
m

Ob;yn

Oc;zk
=
δm,n,k

d̃2
m

m

m

m

w
a

x

c

z

b

y

〈Oa;x
m Ob;yn O

c;z
k O

d;w
` 〉

u,v
e ≡

S2

u
e

v

Oa;x
m

Ob;yn Oc;zk

Od;w
`

=
δm,n,k,`

d̃3
m

u
e

v

a

x

b
y

c
z

d

w

m

m

m

m

.

(3.34)

Crossing symmetry

Crossing symmetry is the statement that first, four-point functions can be built from three-

point functions via cutting-and-sewing,

〈Oa;x
m Ob;yn O

c;z
k O

d;w
` 〉

u,v
e =

∑
U ,V∈He

〈Oa;x
m Ob;yn U †〉u ×N−1(U ,V)× 〈V Oc;zk O

d;w
` 〉

v , (3.35)

and second,

〈Oa;x
m Ob;yn O

c;z
k O

d;w
` 〉

u,v
e =

∑
f,s,t

(F a,b,c

d̄;e,f
)u,vs,t 〈Ob;yn O

c;z
k O

d;w
` O

a;x
m 〉

s,t
f . (3.36)

The second condition is automatic according to our formula on the last line of (3.34), together

with the symmetric property (2.30) of the module trace.
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We now present the proof of the first condition. Let us regard the four-point function (up

to factors of d̃m) as the module trace of a HomM(m,m), and perform an F-move between e

and m,

m

b

c

e

a

d

u

v

x

y

z

w

=
∑
m′,s,t

(F̃ ē,e,m
m;1,m′)

u,v m′

b

c

a

d

e

e

u

v

x

y

z

w

. (3.37)

The simplicity of m forces m′ = m, and moreover, just like in our derivation of the boundary

crossing relation in section 3.3, the module trace factorizes,

u
e

v

a

x

b
y

c
z

d

w

m

m

m

m

=
∑
u,v

(F̃ ē,e,m
m;1,m)u,v

d̃m
m

m

m

w
a

x
ē

u

b

y

m

m

m

w
c

z

e

v

d

w

.

(3.38)

By relating U † = Oē;um,m and V = Oe;vm,m, and using the generalized boundary crossing relation

(3.15), we have proven (3.35).

Lassos and correlators on general surfaces

A general observable in a closed C-symmetric TFT is the expectation value of a network of

TDLs and point-like bulk defect operators on a closed oriented Riemann surface. Sewing

theorems guarantee that any such observable can be built from the sphere three-point func-

tions and the lassos, to be defined shortly, as long as the sphere four-point crossing and the

torus one-point modular invariance are satisfied.

A lasso is a two-point function of defect operators separated by TDLs. More precisely,

consider two defect operators Oa;x
m ∈ Ha and Ob;yn ∈ Hb that are separated by TDLs c
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and d as shown below (the TDL types attached to the defect operators are implicit in the

superscripts)

d

c

Oa;x
m Ob;ynu v . (3.39)

Now we can derive a formula for the lasso. As before, we view the small discs as bound-

aries resulting from blowing up point-like bulk defect operators. Then using the boundary

crossing relation (3.15), we can merge the two disc boundaries and rewrite the lasso in terms

of a disk correlator

S2d

c

Oa;x
m Ob;ynu v =

∑
z,t

Gzt × u
c

v

a

x

d
z

b
y

d̄

t

m

n

n

m

, (3.40)

where z ∈ Hd
m,n and t ∈ Hd̄

n,m sums over appropriate bases of the Hilbert spaces, and G is

the inverse two-point function defined in (3.14).

3.6 Summary

To recap, any observable in a C-symmetric TFT can be constructed from a set of defining data

and performing cutting-and-sewing. In the open sector, the disc correlators can almost be

identified with the module category structure and the trace. In the closed sector, the defining

data consists of the one-point, two-point, and three-point functions of defect operators on

the sphere, together with the lasso two-point functions.19 In the above, they have been

completely determined in terms of module categorical data. For convenience, we summarize

the formulae below.

19The one- and two-point functions are tied to the normalization of 〈 〉 and the normalization of the

point-like operators. Hence, under a fixed normalization, the defining data consists of just the three-point

functions and the lasso two-point functions.
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We remind the reader that a, b, c, . . . label simple TDLs, m,n, k, . . . label simple BCs,

with d̃ the quantum dimension, x, y, z, . . . are basis junction vectors,20 and finally Oa;x
m

denotes the point-like defect operator in the Hilbert space Ha created by a hollow disc

boundary with BC m and junction vector x.

1-point : 〈Om〉 = d̃m ,

2-point :
〈
Oa;x
m Oā;y

n

〉
=
δm,n

d̃m
m m

y

a

x

,

3-point :
〈
Oa;x
m Ob;yn O

c;z
k

〉w
=
δm,n,k

d̃2
m

m

m

m

w
a

x

c

z

b

y

, (3.41)

Lasso :

〈
d

c

Oa;x
m Ob;ynu v

〉
=
∑
z,t

Gzt


u

c
v

a

x

d
z

b
y

d̄

t

m

n

n

m

,

(
G−1

)yx
= n m

y

d

x

.

If we interpret the expressions on the righthand side not as abstract traces of morphisms

in a module category, but as physical disc correlators in the open sector, then the general

philosophy of the open sector’s completely determining the closed sector cannot be more

obvious. This not only echoes the sentiments of [26] in the context of open/closed TFT, but

also appears to be a simplified version of the structure [58] in rational conformal field theory.

20Recall that a gauge choice fixes a set of basis junction vectors.
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4 Regular topological field theories and examples

For any fusion category C, there is a canonical C-symmetric TFT known as the regular TFT,

where the category M of BCs is isomorphic to C itself.21 There is a sense in which once we

understand regular TFTs, we understand all TFTs. Namely, as will be explained in section 5,

instead of applying our general formulae (3.41) to non-regular module categories, we could

also start from a regular TFT for a different fusion category C ′, and perform generalized

gauging.

In the following, we first summarize our general recipe to construct regular TFTs. Then

we explicitly construct the regular TFTs for several fusion categories. The defining data

of some of these examples were previously obtained by bootstrap [8, 38]. However, the

natural bootstrap convention is where the expectation value of the identity local operator 1

is normalized to one, the action of TDLs on local operators is as diagonal as possible, and the

point-like defect operators have orthonormal two-point functions. We use 〈〈 〉〉 to denote the

expectation value in the bootstrap normalization. In the following, we adopt the notation

of [8, 38] as much as possible to make our results directly comparable.22

Recipe

The observables of a regular TFT can be constrcuted from the defining data whose formulae

are summarized in section 3.6. In the case of the regular TFT, the category of boundary con-

dition is the same as C itself. Therefore, simple TDLs a, b, c, . . . and simple BCs m,n, k, . . .

are both labeled by simple objects in C. Moreover, the boundary quantum dimensions coin-

cide with defect quantum dimensions; thus we set d̃m = dm in (3.41).

Note that for the case of the regular TFT, the righthand sides of the equations in (3.41)

become just diagrams in the fusion category C. Therefore, one can evaluate them by the

F-moves of C, and construct the TFT purely from the fusion categorical data.

4.1 Fibonacci fusion category

We denote the simple TDLs in the Fibonacci fusion category by 1 and W , so that the

nontrivial fusion rule and quantum dimension are

W 2 = 1 +W , dW = ζ ≡ 1 +
√

5

2
. (4.1)

21Since C acts on itself by fusion, it can be thought as a module category over itself and is known as the

regular module category.
22However, here we denote the unit TDL by 1 instead of I.
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Moreover, we work in a gauge where the nontrivial F-symbols are

FW,W,W
W =

(
ζ−1 ζ−1

1 −ζ−1

)
, (4.2)

such that

= ζ2 , = −ζ2 , = ζ2 . (4.3)

In the regular TFT, the closed Hilbert spaces are spanned by the point-like operators

H : O1, OW ,

HW : OWW ,
(4.4)

and the TDL W acts on the local operators in H by

Ŵ · O1 = O1 , Ŵ · OW = O1 +OW . (4.5)

The bulk Frobenius algebra (3.23) is

O1O1 = O1 , OWOW =
1

ζ
OW , O1OW = 0 , 〈O1〉 = 1 , 〈OW 〉 = ζ , (4.6)

while the rest of the defining data (3.34), (3.40) are

〈OWWOWW 〉 = ζ , 〈OWWOWWOW 〉 =
1

d2
W

= 1 ,

〈OWWOWWO1〉 = 0 , 〈OWWOWWOWW 〉 =
1

d2
W

= −1 ,

(4.7)

and

〈 O1OWW 〉 =
1

dW
= ζ , 〈 OWOWW 〉 = = −1 ,

〈 OWW OWW 〉 = = 1 .

(4.8)
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Let us now convert to the bootstrap convention, where the local operators 1, vx diago-

nalize the TDL action,

Ŵ · 1 = ζ , Ŵ · vx = −ζ−1vx , (4.9)

and the point-like defect operator in HW is vµ. The basis transformation is

1 = O1 + ζOW , vx = ζO1 −OW , vµ =
√
ζ + ζ−1OWW =

4
√

5OWW . (4.10)

A straightforward calculation gives

〈〈vxvxvx〉〉 = 1 , 〈〈vµvµvx〉〉 = −ζ−1 (4.11)

and

〈〈 vµ
vµ

vµ

〉〉 = −

√
3
√

5

2
− 5

2
, 〈〈 vxvµ 〉〉 =

4
√

5 ,

〈〈 vµ vµ 〉〉 = ζ−1 ,

(4.12)

reproducing the bootstrap result of [8].

4.2 Ising fusion category

The Ising fusion category has an invertible TDL η and a non-invertible TDL N , with the

fusion rules and quantum dimensions

η2 = 1 , ηN = Nη = N , N2 = 1 + η , 〈η〉 = 1 , 〈N〉 =
√

2 . (4.13)

We work in unitary gauge in which the nontrivial F-symbols are

FN,N,N
N =

1√
2

(
1 1

1 −1

)
, F η,N,η

N = −1 . (4.14)

In the following, solid lines represent N , and dashed lines represent η. From the F-symbols,

one can derive that

=
√

2 , = −
√

2 . (4.15)
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In the regular TFT, the nonempty closed Hilbert spaces are spanned by the point-like

operators

H : O
1
, Oη , ON , (4.16)

Hη : OηN , (4.17)

and the TDLs act on the local operators in H by

η̂ · O1 = Oη , η̂ · Oη = O1 , η̂ · ON = ON ,
N̂ · O1 = ON , N̂ · Oη = ON , N̂ · ON = O1 +Oη .

(4.18)

The bulk Frobenius algebra (3.23) is

O
1
O
1

= O
1
, OηOη = Oη , ONON =

1√
2
ON , (4.19)

while the rest of the defining data (3.34), (3.40) are

〈ONONON〉 =
1

d2
N

=
1√
2
, 〈OηNO

η
NON〉 =

1

〈N〉2
=

1√
2
, (4.20)

and

〈 O1OηN 〉 = = 1 , 〈 OηOηN 〉 = = −1 ,

〈 OηN OηN 〉 =
“ ”

= 0 .

(4.21)

Let us now convert to the bootstrap convention, where the local operators 1, vε, vσ diag-

onalize the TDL action,

η̂ · 1 = −1 , η̂ · vε = vε , η̂ · vσ = −vσ ,
N̂ · 1 =

√
2 , N̂ · vε = −

√
2vε , N̂ · vσ = 0 ,

(4.22)
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and the point-like defect operator in Hη is vµ. The basis transformation is

1 = O1 +Oη +
√

2ON , vε = O1 +Oη −
√

2ON ,
vσ =

√
2O1 −

√
2Oη , vµ = 2OηN .

(4.23)

A straightforward calculation gives

v2
ε = 1 , v2

σ = 1 + vε , vεvσ = vσ ,

vµvµ = 1− vε , vεvµ = −vµ , vσvµ = 0 ,
(4.24)

and

〈〈 vεvµ 〉〉 = 0 , 〈〈 vσvµ 〉〉 = 1 ,

〈〈 vµ vµ 〉〉 = 0 .

(4.25)

In fact, the lasso action of N (up to a factor of
√

2) becomes a unitary symmetry operator

U(N) acting on H⊕Hη,

U(N) · 1 = 1 , U(N) · vε = −vε , U(N) · vσ = vµ , U(N) · vµ = vσ . (4.26)

This can be generalized to any TDL in an arbitrary fusion category: every TDL a gives rise

to a unitary symmetry operator

U(a) : Ha⊗ā → Hā⊗a . (4.27)

4.3 Haagerup H3 fusion category

We label the simple TDLs in the Haagerup H3 fusion category by 1, α, α2, ρ, αρ, α2ρ. The

nontrivial fusion rules are

α3 = 1 , αρ = ρα2 , ρ2 = 1 + Z , Z ≡
2∑
i=0

αiρ , (4.28)

and the quantum dimensions are

{d1, dα, dα2 , dρ, dαρ, dα2ρ} = {1, 1, 1, ζ, ζ, ζ} , ζ =
3 +
√

13

2
. (4.29)
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In the gauge of [38] for the F-symbols,23 we can derive the identities

≡ ρ ρ
ρ

= ζ2 , ≡ ρ

ρ

ρ

ρ
ρ

ρ
=
−29− 8

√
13

3
,

≡
ρ

ρ

ρ ρ

ρ

ρ

ρ

ρ

ρ

=
307 + 85

√
13

18
,

(4.30)

which will be used in the following.

In the regular TFT, the closed Hilbert spaces are spanned by the point-like operators

H : O1, Oα, Oα2 , Oρ, Oαρ, Oα2ρ ,

Hρ : Oρρ, Oραρ, O
ρ
α2ρ ,

Hαρ : Oαρρ , Oαραρ, O
αρ
α2ρ ,

Hα2ρ : Oα2ρ
ρ , Oα2ρ

αρ , O
α2ρ
α2ρ ,

(4.31)

and the TDL ρ acts on the local operators in H by

ρ̂ · O1 = Oρ , ρ̂ · Oρ = O1 +Oρ +Oαρ +Oα2ρ ,

ρ̂ · Oα = Oαρ , ρ̂ · Oαρ = Oα +Oρ +Oαρ +Oα2ρ ,

ρ̂ · Oα2 = Oα2ρ , ρ̂ · Oα2ρ = Oα2 +Oρ +Oαρ +Oα2ρ .

(4.32)

We now convert to the bootstrap convention, where the local operators 1, v, u1, ū1, u2, ū2

are defined such that

ρ̂ · 1 = ζ , ρ̂ · v = −ζv , ρ̂ · ui = ūi , ρ̂ · ūi = ui ,

α̂ · 1 = 1 , α̂ · v = v , α̂ · ui = ω ui , α̂ · ūi = ω2 ūi ,
(4.33)

with i = 1, 2 and ω = e
2πi
3 . This basis almost diagonalizes the TDL action, except that ρ̂

23Note that the gauge used in [38] is slightly different from the unitary gauge of [59].
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acts as charge conjugation on ui. The basis transformation is given by

O1 =
1

dim(C)

(
1 + ζv +

4
√

13
√
ζ(u2 + ū2)

)
,

Oα =
1

dim(C)

(
1 + ζv +

4
√

13
√
ζ(ωu2 + ω2ū2)

)
,

Oα2 =
1

dim(C)

(
1 + ζv +

4
√

13
√
ζ(ω2u2 + ωū2)

)
,

Oρ =
1

dim(C)

(
1− ζ−1v +

4
√

13
1√
ζ

(u1 + ū1)

)
,

Oαρ =
1

dim(C)

(
1− ζ−1v +

4
√

13
1√
ζ

(ωu1 + ω2ū1)

)
,

Oα2ρ =
1

dim(C)

(
1− ζ−1v +

4
√

13
1√
ζ

(ω2u1 + ωū1)

)
,

(4.34)

where the global dimension is

dim(C) =
3

2

(
13 + 3

√
13
)
. (4.35)

As a result, the bulk Frobenius algebra in the bootstrap basis is

v × v = 1 + 3v , u1 × ū1 = 1− ζ−1v , u2 × ū2 = 1 + ζv ,

u1 × ū2 = 0 , u1 × u1 =
√

1 + ζ−2 ū1 , u2 × u2 =
√

1 + ζ2 ū2 ,
(4.36)

matching [38].

There is a large amount of data involving defect operators, so here we only match a

subset that involves Oρρ. To match the defect three-point function, consider the two- and

three-point functions

〈OρρOρρ〉 =
1

dρ
= ζ , 〈OρρOρρOρρ〉 =

1

d2
ρ

=
−7−

√
13

6
. (4.37)

In the defect Hilbert space Hρ, it is fortunate that the basis chosen in [38] (up to some

redefinition freedom) is proportional to Oρρ, Oαρρ ,Oα2ρ
ρ . Following the notation there, we

denote by o11 the defect operator proportional to Oρρ in the natural bootstrap normalization.

We can deduce from (4.37) that Oρρ and o11 are related by

o11 = ±

√
dim(C)
ζ
Oρρ , (4.38)
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where the sign is mere convention. Using (3.34) and (3.40), we compute

〈〈 o11

o11

o11

〉〉 = ∓

(
−

√
dim(C)
ζ

)3

1

dim(C)
〈OρρOρρOρρ〉 = ∓

√
17
√

13− 52

3
,

〈〈 o11 o11 〉〉 =

(
−

√
dim(C)
ζ

)2

1

dim(C)
=
−1 + 5

√
13

18
,

(4.39)

reproducing the bootstrap result of [38] under the minus sign convention for (4.38).

5 Non-regular topological field theories from general-

ized gauging

An ordinary finite group global symmetry is captured by invertible TDLs (in a so-called

pointed fusion category). In the absence of ’t Hooft anomalies, such a symmetry can be

gauged. For non-invertible TDLs, there is a generalized notion of gauging, sometimes refered

to as a generalized orbifold, which was introduced in [60–62] and expanded in [7].

In this section, we show how to get all non-regular TFTs from regular TFTs via gen-

eralized gauging. We first introduce the notion of algebra objects that are central to the

procedure, construct the gauged theory, and finally explain how every non-regular TFT is

related to a regular TFT by generalized gauging. The exposition follows [7] closely.

5.1 Algebra objects

To begin, it is instructive to reformulate the gauging of finite group symmetries in the

language of TDLs. To gauge a finite group symmetry, we first couple the theory to a flat

background gauge field and then make the gauge field dynamical, i.e. sum over distinct

configurations. In the TDL language, coupling the theory to a flat background gauge field

configuration is equivalent to inserting a network of simple TDLs, and making the gauge

field dynamical amounts to summing over inequivalent networks.

In more precise terms, to gauge a non-anomalous finite group symmetry G, we do the

following. We first consider the TDL A =
⊕

g∈G g obtained by taking the direct sum of all

TDLs in G. Inserting a fine-enough trivalent mesh of A onto the spacetime achieves summing
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over all background gauge field configurations. Here, a fine-enough mesh is a graph that is

dual to a given triangulation of the spacetime manifold. Note that we also need to fix a

choice of the junction vector µ ∈ HomC(A ⊗ A,A) at the trivalent vertices of the graph.

A consistent choice, satisfying conditions described below such as (5.2) and (5.3), exists if

and only if G is non-anomalous. There may be multiple choices corresponding to different

discrete torsion [63] elements of H2(G,U(1)), or equivalently corresponding to coupling to

different two-dimensional G symmetry-protected topological phases.

The above procedure can be generalized to arbitrary fusion categories. To perform a

generalized gauging, we need a choice of a (non-simple) TDL A ∈ C, and a trivalent junction

vector µ ∈ HomC(A⊗ A,A)

A

A A

µ . (5.1)

For the gauging procedure to be consistent, we need to require that the gauging is indepen-

dent of the chosen triangulation. Any two triangulations of a two-dimensional surface are

related by a sequence of two basic moves. In terms of the dual graph of the triangulation,

the two moves correspond to the fusion and bubble moves of the mesh, and the requirement

that any observable is invariant under these moves translates to the following conditions:

µ
A

A

A A

µ

A

=
µ

A

AA

A
µ

A

↔ FA,A,A
A;A,A · |µ〉 ⊗ |µ〉 = |µ〉 ⊗ |µ〉 . (5.2)

A

A

AA

µ

µ†
=

A

↔ µ ◦ µ† = 1A ∈ HomC(A,A) . (5.3)

In the categorical language, A along with µ satisfying (5.2) and (5.3) is called an associative

and separable algebra object in C.

To make the gauging consistent, one has to further require that this algebra has a unit

u ∈ HomC(1, A) satisfying

µ

A

A

A

u

= A . (5.4)
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This guarantees that the theory after gauging has a vacuum. Requiring a few more subtle

properties makes (A, µ) into what is called a symmetric special Frobenius algebra [64].24 From

now on, we follow common practice and drop the adjective “symmetric special Frobenius”

and refer to a gaugeable algebra simply as an algebra object. We also often just write A

instead of the pair (A, µ).

Generally there can be multiple algebra objects in a given fusion category C. In particular,

there is always the trivial algebra object A = 1, which corresponds to gauging nothing. When

C = VecωG is a finite group symmetry, where ω ∈ H3(G,U(1)) captures the ’t Hooft anomaly,

gauging an algebra object corresponds to gauging a non-anomalous subgroup of G. However,

for non-invertible symmetries, gauging an algebra object is not to be thought of as “gauging

a fusion subcategory”; the latter notion does not make sense unless the fusion subcategory

admits a fiber functor.

5.2 Gauged theory

Generalized gauging is performed by inserting a fine-enough mesh of an algebra object A

onto the spacetime. More precisely, observables of the gauged theory can be computed from

the observables of the ungauged theory in the presence of the mesh. In particular, the torus

partition function of the gauged theory T ′ := T /A is given by the torus partition function

of the ungauged theory T as follows:

ZT ′


 = ZT

 A
A

A

µ

µ†

 . (5.5)

To construct the gauged theory T ′, we need a recipe for its defining data. The intuitive

guilding principle is that the mesh must be “invisible” to the new physical items in T ′.
Roughly speaking, we demand the following conditions:

1. A can end on the new physical items.

2. The correlation functions do not depend on the details of the mesh as long as the mesh

is fine enough.

Guided by these conditions, below we construct the local operators, BCs and TDLs in the

gauged theory T ′.
24Non-invertible topological defect lines can also be gauged in higher dimensions. See [65] for a discussion

in three dimensions, and [66] for a more general discussion in the context of category theory.
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Local operators of the gauged theory

A local operator in the gauged theory T ′ corresponds to a point-like defect operator in T
living at the end of A,

A

OA;x
m

, OA;x
m ∈ HA . (5.6)

But not all such operators should be allowed due to condition 2; we require

A

OA;x
m

A

µ†

µ

=

A

OA;x
m

, (5.7)

which means that only the operators invariant under A are kept. Note that in the usual

orbifolding of a finite group G, one adds G-twisted sectors and projects to the G-invariant

states. Adding twisted sectors corresponds to consideringHA, and projecting to the invariant

states corresponds to keeping the operators that satisfy (5.7).

BCs of the gauged theory

A BC of the gauged theory is given by a (not-necessarily-simple) BC M ∈M such that the

mesh can end on it freely and consistently.25 Condition 1 requires the existence of a junction

x ∈ HomM(A⊗M,M) such that A can end on M ,

M

M

A
x , (5.8)

and condition 2 requires the following consistency:

µ
A

A

A M

x

M

=

x

M

MA

A
x

M

,

M

M

Au
x = M . (5.9)

25Since lowercase is reserved for simple objects, here we use the uppercase M to stress that it can be

non-simple. Similarly, the not-necessarily-simple TDL below is denoted by C.
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A pair (M,x) satisfying (5.9) is called a left A-module inM. We have learned that the BCs

of the gauged theory are given by the category of left A-modules in M, denoted AM.

TDLs of the gauged theory

The construction of the TDLs of the gauged theory is similar to that of the BCs, except

that the mesh can now end both from the left and from the right. Therefore, the TDLs

of the gauged theory correspond to the category of A-bimodules in C. An A-bimodule is a

(not-necessarily-simple) TDL C ∈ C with left and right junctions xL ∈ HomC(A⊗C,C) and

xR ∈ HomC(C ⊗ A,C) satisfying

C

C

A
xR

C

A

xL

=

C

C

A
xL

C

A

xR

(5.10)

and the left and right associativity conditions analogous to (5.9). The category of A-

bimodules in C is commonly denoted by ACA,26 and is called the dual or quantum sym-

metry.27

Thus we have learned that the gauged theory generally possess a dual ACA symmetry,

which is a generalization of the well-known fact that the ZN orbifold of a two-dimensional

QFT has a dual Z̃N symmetry [67]. In the ZN case, it is also well-known that gauging the dual

Z̃N symmetry recovers the original theory; in other words, gauging finite abelian symmetries

is an invertible operation on the space of two-dimensional QFTs. The situation for fusion

category symmetries is completely parallel: there is a dual algebra object A′ = Ā ⊗ A in

C ′ = ACA such that A′C ′A′ = C, and the gauging of A′ in C ′ is the inverse operation of gauging

A in C.

5.3 Non-regular topological field theories and dual symmetry

To explain why all non-regular TFTs can be obtained from regular TFTs, we invoke the

following theorem:

26Note that ACA is a fusion category when C is a fusion category and A an indecomposable algebra.

Generally, ACA is a multifusion category.
27Just like C was not the set of all TDLs to begin with in the ungauged theory, here we are not presenting

the recipe for all TDLs in the gauged theory. We are simply asking what happens to the TDLs in C after

gauging.
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Given a fusion category C, there is one-to-one correspondence between distinct ways of

gauging C and module categories over C [68, 7]. More precisely, for any algebra object A

in C, the category of right A-modules in C denoted by CA is a left module category over C.

Moreover, any C-module category M can be realized as CA for some algebra object A.28

Suppose we want to construct a C-symmetric TFT whose BCs are described by a module

category M. The above theorem tells us that there exists an algebra object A such that

M = CA. Now, take the dual fusion category C ′ = ACA, and consider the regular C ′-
symmetric TFT whose category of BCs is isomorphic to C ′. If we gauge the dual algebra

object A′ = Ā⊗A in C ′, then the category of BCs becomes A′C ′. But in fact A′C ′—which is

a C-module category since C = A′C ′A′—is the same as CA.

The TFT constructed from a fusion category C and a left module category M = CA
always has an extra C ′op symmetry, where the superscript op denotes orientation-reversing

all TDLs, or equivalently taking the complex conjugation of all F-symbols. The point is that

a left module category CA over C is at the same time a right module category A′C ′ over C ′, and

the two structures together form a (C, C ′)-bimodule category. A natural physical picture for

a bimodule category is that it captures an interface between a theory with C symmetry on

the left and one with C ′ symmetry on the right. However, we can fold along the interface to

obtain a boundary with C� C ′op symmetry on the left and nothing on the right. Restricting

to the unit object 1′ ∈ C ′op recovers the original TFT structure with only the C symmetry,

and restricting to the unit object 1 ∈ C gives (the parity-reversal of) the gauged TFT with

only the C ′op symmetry. Note that C� C ′op is generally not a faithful symmetry of the TFT.
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A Semisimplicity from unitarity/reflection-positivity

In this appendix, we prove that the category of all TDLs and the category of BCs in a

unitary/reflection-positive TFT are semisimple.

A.1 Category of topological defect lines

Let C̃ denote the category of all TDLs and topological point-like defect operators in a

unitary/reflection-positive TFT. As was repeatedly emphasized in the main text, the cate-

gory C̃ is generally different from the fusion category symmetry C. We will show that C̃ is

semisimple, i.e. any indecomposable TDL a ∈ C̃ is simple, meaning that HomC̃(a, a) ∼= C.

If C̃ is generated by finitely many TDLs, then what we will have proven is that C̃ is a mul-

tifusion category. If it turns out that the unit TDL is simple, then C̃ is in fact a fusion

category.

We proceed by first showing that HomC̃(a, a) forms a (not-necessarily-commutative)

Frobenius algebra for any TDL a. Then we use unitarity/reflection-positivity to prove that

this Frobenius algebra is semisimple. Then we are done, because any semisimple algebra

has a complete set of idempotents (orthogonal projectors), and we can use them to project

a onto its simple components, thereby decomposing any TDL into simple TDLs.

The Frobenius algebra HomC̃(a, a)

To show that HomC̃(a, a) form a Frobenius algebra, we invoke the state-operator correspon-

dence to identify HomC̃(a, a) with the defect Hilbert space on the circle twisted by a⊗ ā

HomC̃(a, a) ≡ Ha⊗ā . (A.1)

Defining a Frobenius algebra structure on Ha⊗ā amounts to defining the multiplication, unit,

and trace. Such structures on Ha⊗ā can be defined almost the same way as on H, except

that now we have to dress different two-dimensional cobordisms connecting collections of

circles with the TDL a⊗ ā:

µ : Ha⊗ā ×Ha⊗ā → Ha⊗ā ↔ , (A.2)

1 ∈ Ha⊗ā ↔ , θ : Ha⊗ā → C ↔ . (A.3)
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Let us show that the bulk Frobenius algebra H, namely the a = 1 case, is semisimple.

This was already proven in [18],29 but we repeat it here in order to to generalize it to the

a 6= 1 case. It is well-known that a finite-dimensional algebra is semisimple if and only if

the following trace in the regular representation is non-degenerate:30

tr(O1O2) :=
∑
x

〈x|O1O2|x〉 . (A.4)

However, this trace is nothing but the torus two-point function, which is positive-definite by

unitarity/reflection-positivity. Hence the Frobenius algebra H is semisimple.

For an arbitrary TDL a, we can again take the trace of the Frobenius algebra Ha⊗ā in

its regular representation. Similar to the a = 1 case, this trace is a torus two-point function

in the presence of a⊗ ā wrapping a one-cycle

tr(O1O2) =

a

a
O1 O2

T 2

. (A.5)

Such a torus two-point function is again positive-definite by unitarity/reflection-positivity,

which finishes the proof that the Frobenius algbera Ha⊗ā is semisimple.

This proof can be easily extended to QFTs. The only difference is that HomC̃(a, a) is not

with the full defect Hilbert space Ha⊗ā, but the topological subspace on which the Frobenius

algebra structure can be defined.

An alternative proof for TFTs is as follows. First note that any two-dimensional TFT

has a state sum construction [17, 25], which can be interpreted as saying that a TFT with

bulk Frobenius algebra H can be obtained from a generalized gauging of the trivial theory.

The TDLs of the trivial theory are given by the category of finite-dimensional vector spaces,

commonly denoted by Vec. Then H can be thought of as an algebra object in Vec, and we

can gauge H in the trivial theory to obtain the desired TFT with bulk Frobenius algebra H.

Based on the discussion in section 5.2, C̃ is identified with the category of bimodules over

H, commonly denoted by HVecH. It is a theorem that if H is semisimple, then its category

of bimodules is also semisimple [68].

29See [19] for a discussion of similar statements in higher-dimensional TFTs.
30See [26, footnote 11] or [69, proposition 5.5.3].
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A.2 Category of boundary conditions

In the above, if we set a = 1, then we find that the bulk Frobenius algebra is semisimple

in unitary/reflection-positive theories. But the category of BCs is nothing but the category

of modules over the bulk Frobenius algebra [26, theorem 2]. Since the category of modules

over a semisimple algebra is always semisimple [68], we have proven semisimplicity for BCs.

B Remarks on the orientation-reversal anomaly

We have assumed the triviality of Frobenius-Schur indicators throughout the main text to

simplify the discussion. This appendix provides some short remedial remarks.

Consider a self-dual TDL a ' ā, and choose an isomorphism

a
ζ

a

, ζ ∈ Hom(a, ā) . (B.1)

The choice of ζ is not canonical, and relatedly we cannot always identify a with ā. Consider

the dual junction ζ∨ ∈ Hom(a, ā) given by a 180-degree rotation.31 Since Hom(a, ā) is

one-dimensional for self-dual a, ζ∨ is proportional to ζ,

ζ∨ = χaζ , (B.2)

and the proportionality constant χa is known as the Frobenius-Schur indicator of a. Note

that χa does not depend on the choice of ζ, and is an invariant of the isomorphism class of

a. Moreover, since (ζ∨)∨ = ζ, the possible values for the Frobenius-Schur indicator are

χa = ±1 . (B.3)

In the case of χa = 1, the junction ζ can be consistently trivialized, and one can ignore the

arrows and truly identify a with ā. However, when χa = −1, the junction is non-trivial, and

we should keep track of the orientation on a.

The physical meaning of the Frobenius-Schur indicator in the context of two-dimensional

QFT is as follows [8, 70]. Any TDL comes with the freedom of an extrinsic curvature

31The dual on morphisms given by a rotation is a linear map, whereas the adjoint given by a reflection is

an antilinear map. One can think of the dual as the transpose, in the following sense. For the representation

category of a finite group, ζ is a similarity transformation between a representation a and its complex

conjugate representation ā. The dual ζ∨ corresponds to taking the transpose of the similarity matrix, and

the adjoint ζ† corresponds to taking the adjoint.
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improvement term (ECIT). Only for a specific choice of the ECIT coefficient is a TDL a

truly isotopic on a curved Riemann surface; otherwise, upon an isotopy deformation from

path P to P ′ = P+∂R, the correlator changes by a phase proportional to the integral of the

curvature over R, signifying an isotopy anomaly.32 If the ECIT coefficients for a and ā can

be chosen independently, then the isotopy anomaly can always be eliminated. However, such

a choice may forbid us from truly identifying a with ā even when a is self-dual, signifying

an orientation-reversal anomaly. This happens precisely when the Frobenius-Schur indicator

for a is nontrivial.

Normally, one is free to choose whether to eliminate the orientation-reversal anomaly and

suffer the isotopy anomaly, or the other way around. However, since a topological field theory

should not require a metric structure, it is more natural to forbid the the isotopy anomaly

and live with the possible presence of an orientation-reversal anomaly. Thus, if a self-dual

TDL a has a nontrivial Frobenius-Schur indicator, then a, ā should be distinguished. This is

not to say that a and ā become independent simple objects, but just that we use the extra

labeling to keep track of the orientation-reversal anomaly. In particular, Ha and Hā are still

the same Hilbert space, just in different bases.
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