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CENTRAL ELEMENTS IN AFFINE MOD p HECKE ALGEBRAS

VIA PERVERSE F,-SHEAVES

ROBERT CASS

ABSTRACT. Let G be a split connected reductive group over a finite field of characteristic
p > 2 such that Gger is absolutely almost simple. We give a geometric construction of
perverse F,-sheaves on the Iwahori affine flag variety of G which are central with respect
to the convolution product. We deduce an explicit formula for an isomorphism from
the spherical mod p Hecke algebra to the center of the Iwahori mod p Hecke algebra.
We also give a formula for the central integral Bernstein elements in the Iwahori mod
p Hecke algebra. To accomplish these goals we construct a nearby cycles functor for
perverse [F-sheaves and we use Frobenius splitting techniques to prove some properties of
this functor. We also prove that certain equal characteristic analogues of local models of
Shimura varieties are strongly F-regular, and hence they are F-rational and have pseudo-
rational singularities.
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1. INTRODUCTION

1.1. Motivation. Let E be a local field of characteristic p > 0 with ring of integers Op
and residue field F, where ¢ is a power of p. Let G' be a split connected reductive group
defined over F, and fix a maximal torus and a Borel subgroup ' C B C G. Let X.(T') be
the group of cocharacters of G and let X,(T)* be the monoid of dominant coweights. For
a compact open subgroup H C G(F) let

Hu ={f: G(E) = F, : f has compact support and is H bi-invariant}.

The multiplication on Hpg is by convolution of functions. The mod p Hecke algebras H g
are important in the study of smooth admissible representations of G(E).

As G is split we may let K = G(Og). Then Herzig [Herllb] (and Henniart-Vignéras
[HV15] for more general coefficients) constructed a mod p Satake isomorphism

St Hi S F (X (T)T].

In [Cas19] we constructed a symmetric monoidal category of perverse FF,-sheaves on the
affine Grassmannian of G which gives a geometrization of the inverse of S.

Now let I C K be the Iwahori subgroup determined by B and let Z(#) be the center of
Hy. If 1x € Hj is the function which is 1 on K and 0 elsewhere then by work of Vignéras
[Vig05] and Ollivier [Oll14] there is an isomorphism of [F,-algebras

C: Z(H1) = Hi, frr fxlk.

In this paper we will construct a functor on perverse IF)-sheaves which geometrizes the
inverse of C. This allows us to give geometric proofs of certain combinatorial identities in
Iwahori mod p Hecke algebras.

This paper is the next step in a project aimed at providing a categorification of the
representation theory of affine mod p Hecke algebras. In future joint work with C. Pépin
and T. Schmidt we plan to apply the results in this paper as well as [PS19] to construct a mod
p version of Bezrukavnikov’s equivalence in [Bez16], which we expect will have applications
to a mod p local Langlands correspondence. In particular, we hope to give a geometric
construction of some instances of Grosse-Klénne’s functor [GK16] from supersingular mod
p Hecke modules to Galois representations. We refer the reader to the introduction in
[Cas19] for more information on the relation between the objects studied in this paper and
the p-adic Langlands program.

1.2. Main results. Let G be a connected reductive group over an algebraically closed field
k of characteristic p > 2 such that Gge is almost simple. Fix a maximal torus and a
Borel subgroup T' C B C G. Let I C L*TG be the Iwahori group given by the fiber of B
under the projection LTG — G (see Section 2.1 for the definitions). Let Gr be the affine
Grassmannian of G, let F¢ be the Iwahori affine flag variety, and let w: F¢ — Gr be the
projection.

In [Casl9, §6] we defined the categories of equivariant perverse Fy-sheaves P+ (Gr,F))
and Pr(F(,F,) as well as a convolution product * on P;+5(Gr,F,). The convolution product
on Pp+q(Gr,F,) preserves the full subcategory of semisimple objects Pj+q(Gr,F,)% C
Pr+¢(Gr,Fp). In Section 23] we define the convolution product F§ * F3 € D%(Fly,F,) of
two I-equivariant perverse sheaves F7, Fy € Pr(F(,Fp).
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Let W be the Weyl group of G and let W be the Iwahori-Weyl group of G(k((t)). For
p € Xi(T)" let Gr<,, C Gr be the corresponding reduced LT G-orbit closure, and for w € W
let F¢,, C F{ be the corresponding reduced I-orbit closure. Let IC,, € Pp+q(Gr,F))% be
the shifted constant sheaf Fj[dim Gr<,] supported on Gr<,, (see Theorem [28]).

Given p € X,(T)" let Adm(u) C W be the p-admissible set defined in (ZT)). Set

Ap) = |J FlwcFe
weAdm(u)

Let Z 4, € DY(Fle,F,) be the shifted constant sheaf F,[dim .A(y)] supported on A(u).
Our main theorem is as follows.

Theorem 1.1. There ezists an exact functor Z: Pp+q(Gr,Fp)® — Pr(F(,F)) that satisfies:

(i) For all u € X.(T)" there is a canonical isomorphism
Z(ICu) = ZA(M)'
(ii) For all F* € Pr+q(Gr,Fp)* there is a canonical isomorphism
Rm(Z(F*)) = F*.
(iii) For all FY € Pr+q(Gr,Fp)% and F3 € Pr(FU,F,) the convolution product
Z(F7)* F3

is perverse and I-equivariant.
(iv) For all F} € Pr+q(Gr,Fp)* and F3 € Pi(F{,Fy) there is a canonical isomorphism

Z(FT)x F3 = F3 + Z(F7).
(v) For all FY, F3 € Pp+q(Gr,F,)% there is a canonical isomorphism
Z(F1 + F3) = Z(F) * 2(F3).

Our method is analogous to the case of Q-coefficients considered in [Gai01] and [Zhul4],
but it involves some new ideas because there is no general nearby cycles functor for IF,-
sheaves. As in [Cas19], we exploit subtle properties of the singularities of affine Schubert
varieties. In particular, we use Frobenius splitting techniques to verify that our ad-hoc
construction of the nearby cycles functor satisfies the necessary properties. This requires
us to prove some new results on the F-singularities of affine Schubert varieties, which will
be explained in Section L4l

The relevant facts from the theory of F-singularities are that if X is an integral F-rational
variety of dimension d then the shifted constant sheaf F,[d] € D2(X¢,F,) is a simple per-
verse sheaf by [Casl9, 1.7], and that F-rational singularities are pseudo-rational by a result
of Smith [Smi97]. We will combine these facts with a result of Kovédcs [Kov19] to deduce
that our nearby cycles functor commutes with pushforward along birational morphisms
between certain F-rational varieties.

Remark 1.2. The functor Z in Theorem 1.1 can be defined on the category P;+q(Gr,Fp),
but then it is not clear that this functor is exact. This is the reason we restrict to the
subcategory Pp+q(Gr,F,)%.
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1.3. Applications to mod p Hecke algebras. Let G be a split connected reductive group
defined over a local field E of characteristic p > 2 and residue field F,. Fix a maximal torus
and a Borel subgroup 7' C B C G. We assume that 7" and B are defined over F, and that
Gger is absolutely almost simple. Let K = G(Op) and let ¢ be a uniformizer of E. Then
Hr has a natural basis {1,} indexed by X,(T')* where 1, is the characteristic function
of the double coset Kp(t)K. Similarly if I C K is the Iwahori subgroup determined by B
then H; has a basis {1,,} indexed by W. Let 1x € H; be the function which is 1 on K and
0 elsewhere. In Section ] we will show that a version of Theorem 1.1 also holds when we
view Gr and F/ as ind-schemes over the finite field IF,. Then by applying the function-sheaf
correspondence we will derive the following explicit formula for C™1: Hx — Z(H;).

Theorem 1.3. Let C be the isomorphism Z(Hr) — Hr such that C(f) = f* 1x. Then

cH > )= > L.

A<p weAdm(u)

For p1 € X.(T)" let t,, be the element x regarded as an element of W, and let A, C X.(T)
be the W-orbit of . In [Vig05], Vignéras constructed integral Bernstein elements B(\) € H;
for A € X, (T) and showed that {Z)\EAM B(M)}uex, )+ is an Fp-basis for Z(H ). Ollivier

[Oll14] showed that these Bernstein elements give rise to an isomorphism of [F,-algebras

B: Fy[X.(T)*] = Z(H;), p— Y B(Y).
AEA,

Ollivier also showed that B is compatible with the mod p Satake isomorphism in the sense
that B=C"1oS™ L

For our last application, we note that by [Oll14], 2.3] the coefficient of 1,, appearing in
ZAEAM B(A) € Hris 0if w ¢ Adm(p) and it is 1 if w € Adm(u) and ¢(w) = £(t,), where ¢

is the length function on W. Using Theorem [[3 we can compute the rest of the coefficients
(¢f. [Oll15] 5.2]).

Corollary 1.4. Let u € X.(T)". Then the integral Bernstein elements satisfy

> BN = > L.

AEA, weAdm(p)

Remark 1.5. Let I C I be the pro-p Sylow subgroup. The integral Bernstein elements
are usually defined in the larger Hecke algebra Hj;. There is a central idempotent €1 € H;
such that H; = e;Hj (see [OIl14] 2.14]). The Bernstein elements we are considering in this
paper are the images of the Bernstein elements in [Oll14] after multiplication by €;. The
integral Bernstein elements in [oc. cit. also depend on a choice of a sign (£) and a Weyl
chamber, but the central integral Bernstein elements . A B()\) do not depend on these
choices by [Oll14] 3.4].

1.4. F-singularities of local models. During the course of proving Theorem [[.T] we will
also prove a result about the singularities of equal characteristic analogues of local models of
Shimura varieties. Following the notation in Section [[.3] let Gr be the affine Grassmannian
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of G viewed as an ind-scheme over F,. Then for u € X,(T)" there is an associated local
model M,, — Spec(Og) such that the generic fiber of M, is isomorphic to Gr<,, x Spec(F)
and the reduced special fiber is isomorphic to A(u) (see Definition 2.3)).

Theorem 1.6. Suppose that p > 2 and that Gger is absolutely almost simple and simply
connected. Then for any p € X, (T)", every local ring in M, is strongly F-regular, F-
rational, and has pseudo-rational singularities.

In the mixed characteristic case, local models are used to study the étale local structure
of integral models of Shimura varieties with parahoric level structure. In the equal charac-
teristic case they are related to moduli spaces of shtukas. We refer the reader to [HR19] for
more information on local models.

We prove Theorem by combining Frobenius splittings of global affine Schubert vari-
eties constructed in [Zhuld] with our previous results on the global F-regularity of affine
Schubert varieties in [Cas19]. In fact, we prove that certain global affine Schubert varieties
are strongly F-regular (Theorem 2.T5]) and then we deduce the local statement in Theorem
We also show that Schubert subvarieties in related Beilinson-Drinfeld and convolution
Grassmannians are strongly F-regular in Theorem
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thor visited the University of Paris 13 and the University of Rennes 1, and he would like to
thank these institutions for their hospitality. This material is based upon work supported
by the National Science Foundation Graduate Research Fellowship Program under Grant
No. DGE-1144152.

2. CONSTRUCTION OF THE FUNCTOR Z

2.1. Local affine Schubert varieties. Let k be a perfect field of characteristic p > 0. For
a smooth affine group scheme G over the power series ring k[t] we define the loop group
LG as the functor on k-algebras

LG: R~ G(R(t))-
The positive loop group LG is the functor

LTG: R~ G(R[t]).
For each integer n > 0 we also have the n-th jet group

L"G: R+— G(R]t]/t").

We now specialize to the case where G is a split connected reductive group defined over
k (note that G can also be viewed as a constant group scheme over k[t]). Let T'C B C G
be a maximal torus and a Borel subgroup. Let I C L*G be the Iwahori group given by the
fiber of B under the projection LTG — G. The affine Grassmannian is the fpqc-quotient
Gr := LG/LTG and the affine flag variety is the fpqc-quotient F¢ := LG/I. Both Gr and
F/{ are represented by ind-projective k-schemes.
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The left L™ G-orbits in Gr are indexed by the set of dominant coweights X, (7)" and the
left I-orbits in F¢ are indexed by the Iwahori-Weyl group W of G(k((t))). Given p € X, (T)F
let Gr, = LTG - u(t) be the corresponding reduced orbit. The reduced closure of Gry, is
denoted Gr<,, and it is the union of those Gry for A < pu. For w € W we define C(w)
to be the corresponding reduced I-orbit and we denote its reduced closure by F¥¢,. The
scheme C(w) is isomorphic to Ai(w). If A € X, (T) we denote by t) the element \ viewed
as an element of W. Note that 1 — \ is a sum of positive coroots with non-negative integer
coefficients if and only if ¢y < ¢, in the Bruhat order on W by [Zhul4, 9.4], so there is no
ambiguity in the choice of order on X, (T)". See [Zhul7] or [Cas19l §5.1] for more details
on these affine Schubert varieties. Note that we used the notation Sy, in loc. cit. instead of
Fly.

We now give the definition of the p-admissible set appearing in Theorem [ Given
€ Xu(T)let Ay =W -p C X, (T) be the orbit of p in X, (7) under the action of the Weyl
group W. The p-admissible set is

Adm(p) := {w € W |w <ty for some X € A,}. (2.1)

By [Fal03] and [PROS]|, affine Schubert varieties are normal, Cohen-Macaulay, Frobenius
split and have rational singularities if p { |71(Gqer)|- Additionally, we have the following
theorem.

Theorem 2.1 ([Casl9, 1.4]). If p{ |m1(Gaer)| the affine Schubert varieties Gr<,, and Fly,
are globally F-regular, strongly F-reqular, and F-rational.

We refer the reader to [Smi0O0] for the definition of global F-regularity and to [HH94] for
the definitions of strong F-regularity and F-rationality. Global F-regularity is a property of
projective k-schemes. Strong F-regularity is defined for noetherian rings R of characteristic
p > 0 that are F-finite (meaning Fy R is a finite R-module). If R is reduced then R is
F-finite if and only if RY/? is a finite R-module. A finitely generated k-algebra is F-finite
since k is perfect.

By [HHR9, 3.1 (a)], R is strongly F-regular if and only if Rp is strongly F-regular for
every prime ideal P, so it makes sense to say a locally noetherian scheme is strongly F-
regular if all of its local rings are strongly F-regular. The property of F-rationality is
defined for noetherian rings of characteristic p > 0, and we say that a locally noetherian
scheme is F-rational if all of its local rings are F-rational. If R is a homomorphic image of a
Cohen-Macaulay ring, then R is F-rational if and only if all of its local rings are F-rational
by [HH94) 4.2 (e)]. We have the following chain of implications for projective k-schemes (or
more generally projective schemes over an F-finite field):

[Smio7, 3.1) Peeudo-rational
loball Smi0o, 3.10 1 HHSY, 3.1 . [HHO4, 4.2) + Seudo-tationa
Globally Sl J Strongly | = ] F-rational = singularities, normal,

=N

F-regular F-regular Cohen-Macaulay.
Remark 2.2. We will also use the notion of pseudo-rationality as defined in [Kov19]. Using
[Smi97, 1.13] and the flat base change theorem, one can verify the following: If X is a k-
scheme of finite type such that every local ring of X is pseudo-rational as defined in [Smi97,
1.8], then X is also pseudo-rational as defined in [Kov19l 1.2].
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2.2. Global affine Schubert varieties. We continue using the notation introduced in
Section 2.1 Let C' = Ai. Throughout this paper we will denote by 0 the origin viewed as
a closed point in C. Let Oy be the completed local ring of C at 0 and let C° = C' — 0. Let
G be a Bruhat-Tits group scheme over C equipped with isomorphisms

Gl =G xC°, L+(g|@o) =], (2.2)

See [Zhul4l §3.2] for more information on the construction of G.
For any smooth group scheme H over C' (including G) we let & be H regarded as a trivial
H-torsor. For a k-algebra R let Cr = C Xgpee(r) SPec(R). If x € C(R) let I'; C Cg be the

graph of z, i.e., the closed subscheme Spec(R) m) C Xgpec(k) Spec(R). The global affine

Grassmannian Grg is the functor on k-algebras defined by

Grg(R) = {(x,S,B) |z € C(R), € is a G-torsor on Cg, f3: 5|CR_Fx = EO‘CR_FX} :

In the above definition we really mean the set of such objects up to the equivalence relation
(x,&,8) ~ (x,&,p") if there is an isomorphism £ = £ which respects the trivializations,
but we will suppress this detail. The functor Grg is represented by an ind-projective scheme
over C' by [PZ13, 5.5]. Our choice of isomorphisms in (22)) induces isomorphisms

Grg o = Gr xC°, (Grg)o = Ft. (2.3)

Given = € C(R) let I', be the formal completion of C along Ty and let f; =T, —T,.
The global analogue of LG is the functor
LYG(R) ={(z,B) : x € C(R), B € G(I)}.

Using a Lemma of Beauville-Laszlo [BL95], one can give a natural action of £tG on Grg
(see [Zhul4l §3.1]). Our choice of isomorphisms in (Z2]) induces isomorphisms

LGl =LTGXxC° (LYG)o=1. (2.4)

Via the isomorphisms (Z3]) and (24]), the action of £tG on Grg is compatible with the
action of LTG on Gr and the action of I on F/.
The global analogue of LG is

LG(R) ={(x,B) : = € C(R), § € G(I7)}.
By [Zhul4) 3.1] there is an isomorphism
LG/LTG = Grg .
We define Grg,, to be the reduced closure of Gr<, xC° in Grg. The scheme Grg,, is

stable under the action of LG, and our definition agrees with that in [Zhul4, 3.1] because
G is split. We can now define the local model M,,.

Definition 2.3. The local model M), is the fiber of @g,u over the completed local ring at
0eC.

Thus the generic fiber of M), is isomorphic to Gr<,, x Spec(k((t))). The following theorem
is due to Zhu in the case Ggyer is absolutely almost simple and simply connected and was
extended by Haines-Richarz to the general case.
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Theorem 2.4 ([Zhul4, Thm. 3], [HRI8, 5.14], [HR19, 2.1]). If p 1 |m1(Gaer)| the fiber
(Ggﬂu)o 1s reduced. Without any assumptions on p, the reduced fiber satisfies

(Grg. )0, red = A(p).

For each integer n > 0 let I';, ,, be the n-th nilpotent thickening of I',. The n-th jet group

of G is

LyG(R) ={(z,8) : x € C(R), B€G(Tun)}-
This functor is represented by a smooth affine group scheme over C. For each p € X, (T)"
the action of £LTG on @g# factors through LG for sufficiently large n depending on p. If
x € C°(k) then (£}G), = L"G, and (L}G)y = "(g\@o).

Finally, let G be the constant group scheme G x C. By replacing G with G in the above
definitions we get the ind-scheme Grg, which is naturally isomorphic to Gr xC. There is a
natural morphism G — G which induces a morphism ng: Grg — Grg. By taking the fibers
of mg over C° and 0 we get the following diagram with Cartesian squares:

Grg | e Crg <2 Fo
N
Grg oo = Grg = Gr

2.3. The definition of Z. For this section we assume that k is an algebraically closed
field of characteristic p > 0. We refer the reader to [Cas19l §2] for an introduction to the
category Pcb(X ,Fp) of perverse [F)-sheaves on a separated scheme X of finite type over k.
This is an abelian subcategory of Dg(Xét,Fp) in which every object has finite length. As
in the case of perverse Q;-sheaves, there are operations such as the intermediate extension
functor and pullback along smooth morphisms.

Now suppose X is a separated scheme of finite type over C. Let j: U — X be the
inclusion of the fiber of X over C° and let i: Z — X be the inclusion of the fiber of X over
0. For F* € Pcb (U,F,) we define the nearby cycles of F* by

Ux(F®) := Ri*(ji.F*)[—1].
This defines an additive functor
Ux: PY(U,F,) — Db(Z,TF,).

Proposition 2.5. Suppose f: X' — X is a smooth, separated morphism over C of relative
dimension d and that X' has fibers U' and Z' over C° and 0, respectively. Then there is a
natural isomorphism of functors

R(f|5)"d) o Wx = Wxr 0 R(f|,)"[d]: PY(UFy) = DE(Zs, ).
Proof. This follows from the fact that pullback along a smooth morphism commutes with
taking intermediate extensions by |Cas19 2.16]. O

Remark 2.6. In general Wx may not preserve perversity or commute with pushforward
along a proper morphism.
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By the following lemma, we can naturally extend the definition of the nearby cycles
functor to the ind-scheme Grg.

Lemma 2.7. Suppose h: X' — X is a closed immersion of separated C-schemes of finite
type and that X' has fibers U and Z' over C° and 0, respectively. Then there is a natural
isomorphism of functors

R(h|,)s 0 Uxr = Ux o R(h|,,)s: P2(U',Fy) — DE(Zey, Fy).

Proof. By taking the fibers of h over C° and 0 we get the following diagram with Cartesian
squares:

. .,
U/ J Xl ? Zl

L,k

U—-x<* 7

Because the intermediate extension functor agrees with the usual pushforward functor for
closed immersions then by [Casl9), 2.6] we have

Rh. o ]',* = Jix 0 R(MU/)*-
Now the lemma follows by applying R:i* and the proper base change theorem. O

In [CasI9, §6] we defined the category Pr+g(Gr,F,) of LT G-equivariant perverse F-
sheaves on Gr. We also defined the category Pr(F¥¢,F,) and proved the following theorem.

Theorem 2.8 (|Casl9, 1.5]). The simple objects in Pp+q(Gr,F,) and Pr(F(,F,) are the
shifted constant sheaves

IC,, := F,[dim Gr<,] € D%(Cre,, &, F,), IC7Y = F,[dim F,] € DY(Fly e, Fp),
forpe X ()t weW.

L
Let F* € Pp+(Gr,F,)%. Since C is smooth then F*XF,[1] € P’(Gr xC,F,) by [Cas19,
L
oo = Gr xC° we view F* X Fp[l]

2.15]. Via the isomorphism Grg
Co- We set

(o @S & perverse sheaf

on Grg

L
Z(F*) 1= Ve (F* ®F[1]] o) € DY(Flet, Fp).

In [Casl9, §6] we defined the convolution product F} x F3 of Fy, F3 € Pp+q(Gr,Fp).
We now define the convolution product of two perverse sheaves in Pr(F¢,F,). Since the
situation is analogous to P+ (Gr,F,) we will be brief. To begin, we have the convolution
diagram

Fix FLE&LGx Ft L4 LG x! Ft & Fo. (2.5)

Here p is the quotient map LG — JFY{ on the first factor and the identity map on the
second factor. The map ¢ is the quotient by the diagonal action of I given by g - (g1,92) =
(91971, 9g92), and m is the multiplication map. We will also use the notation F¢ X F¢ for
LG x! Fu.
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Given F}, F3 € Pr(F(,Fp) we claim that there is a unique perverse sheaf 77 X F5 €

Pr(LG x! F,F,) such that Rp*(F}p é F3) = Rq*(Fy R F3). The proof of this is analogous
to the case of the affine Grassmannian in [Cas19l 6.2] so we omit it. We are also suppressing
the fact that because LG x F/ is not of ind-finite type, we must replace the I-torsors p and
q by torsors for a finite type quotient of I depending on the support of 77 and F3.

The convolution of 77 and F3 is

FP o« Fy = Rmu(F} B F3) € DY(Fle, Fp).

We may also write Rm, instead of Rm, because F} X F3 is supported on a proper scheme.
As in the case of Q-coefficients, FJ x F3 is not perverse in general. However, if Fp * F3 is
perverse then it is also I-equivariant by [Cas19] 3.2].

Remark 2.9. Using the method in [Cas19, 3.13] we can define the category Py+g(Grg,Fp)
of L1 G-equivariant perverse F,-sheaves on Grg. By the same reasoning we can define other
categories of equivariant perverse sheaves on ind-schemes we will introduce later, such as
Prig(Grg™, F,) (see Section B.I)). Since £;7G — C has geometrically connected fibers for
every n then Py+g(Grg,F,) is a full subcategory of P(Grg, F,).

2.4. First Properties of Z. In this section we prove parts (i) and (ii) of Theorem [IL.I]
The main ingredient will be the F-rationality of @g,u. We assume that k is a perfect field
of characteristic p > 2 until Proposition .16l where we require k to be algebraically closed.
Throughout this section we also assume that Gge is absolutely almost simple and simply
connected. We will explain how to remove the simple connectedness hypothesis in Remark
B8 To begin, we recall the following results.

Theorem 2.10 ([PZ13| 9.1], [HR19, 2.1]). The schemes Grg, and Grg, are integral,
normal, and Cohen-Macaulay.

Corollary 2.11. The fiber (@gﬂu)o is Cohen-Macaulay and connected of dimension equal
to that of Gre,,.

Proof. Since Grg,, is Cohen-Macaulay and integral then (Grg,)o is also Cohen-Macaulay
by [Sta20, OC6G]. Note that the morphism Grg, — C is flat by [Har77, III 9.7). Now
because the generic fiber of Grg, — C is connected, then so is (Grg,)o by [EGA IVj)|
15.5.4]. Finally, dim (Grg,,)o = dim Gr<,, by [Har77, III 9.6]. O

The following lemmas (2.12] 213] 2.14) are well-known to experts, but because we could
not find detailed proofs in the literature we provide them here. These three lemmas are
also valid if p = 2.

Lemma 2.12. Let A and B be domains that are strongly F-reqular k-algebras of finite type.
Then if A @y B is a domain it is strongly F-regular.

Proof. This is proven in [Has03l 5.2] when A and B are graded rings, but the same proof
works in general. Let R = A®; B and let a € A and b € B be such that the localizations
A, and By are smooth. Then A, ®j By is smooth and hence strongly F-regular by [HH89),
3.1 (c)], so by [HHS9, 3.3 (a)] it suffices to construct a splitting of R[(a ® b)'/?] ¢ RY for
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some ¢ = p°. Because k is perfect, such a splitting can be constructed from splittings of
Ala"/9] ¢ AY9 and B[b'/9] ¢ B'/4, which exist for some common ¢ because A, and B, are
strongly F-regular. O

Lemma 2.13. Let R be a domain that is a strongly F-reqular k-algebra of finite type and
let E be an F-finite field containing k. Then if RQy E is a domain it is strongly F-regular.

Proof. Let Rp = R ®; E and let ¢ € R be such that the localization R. is a smooth k-
algebra. Since R. ®j E is a smooth FE-algebra, it is regular. Hence by [HH89, 3.1 (c)],
R. ®y E is strongly F-regular. Thus, to prove Rp is strongly F-regular, by [HH89, 3.3 (a)]
it suffices to show that the inclusion RE[cl/ 1®1] C R}E/q splits for some ¢ = p®. Because
k is perfect, then such a splitting can be constructed from splittings of R[cl/ 1 C RY4 and
E C EY4. A splitting of R[c'/9) ¢ R/ exists for some g because R is strongly F-regular,
and a splitting of E C E/4 exists because E is F-finite and it is a field. O

Lemma 2.14. Let f: Y — X be a smooth surjective morphism between reduced k-schemes
of finite type. Then X is strongly F-reqular if and only if Y is strongly F-regular.

Proof. If Y is strongly F-regular then X is strongly F-regular by [HH89, 3.1 (b)]. Con-
versely, if X is strongly F-regular then Y is strongly F-regular by [Abe01l, 3.6]. In order to
apply loc. cit. we are using the fact that the local rings of a smooth scheme over a field are
regular, and hence they are Gorenstein and F-rational by [HH94| 3.4]. d

We can now prove that the global Schubert varieties are strongly F-regular.

Theorem 2.15. The schemes GQ,H and Ggw are strongly F-reqular, F-rational, and have
pseudo-rational singularities.

Proof. By the implications following Theorem 2] it suffices to prove these schemes are
strongly F-regular. By [Casl9, 1.4], Gr<, is globally F-regular and hence also strongly
F-regular. As C is smooth then it is strongly F-regular by [HH89, 3.1 (c)]. Thus since
Grg,, = Gre, xC then Grg,, is strongly F-regular by Theorem 210l and Lemma
Since Grg oo then Grg |, is strongly F-regular. Hence by [HH89, 3.3 (a)],

to prove @g,u is strongly F'-regular it suffice to prove Ggw is Frobenius split along the

oo = Grg

effective Cartier divisor (Grg,,)o. As Grg,, is Frobenius split compatibly with (Grg,,)o by
[Zhul4l 6.5] then it is also Frobenius split along (Grg )0 (see, for example, [Cas19, 5.7]). O

Before proceeding we prove Theorem Recall that in the setup of Theorem [LL6] F is
a local field of characteristic p > 2 with ring of integers Op and residue field F,. The group
G is a split connected reductive group defined over F such that Gger is absolutely almost
simple and simply connected. We assume that G is the base extension of a split Chevalley
group over Z and that 7" and B are defined over F,. Let Gr be the affine Grassmannian of
G viewed as a group scheme over F,. After choosing an isomorphism F,[t] = Op we can
view M, as a projective Og-scheme.

Proof of Theorem [1.6l Let x € M, and let O, be the local ring at z. As Of is an
excellent ring and M, is a projective Og-scheme then O, is excellent. Hence by [Smi97,
3.1] pseudo-rationality will follow if we prove that O, is F-rational. The residue field of
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O, is F-finite because it is finitely generated as a field over the perfect field k. Thus O, is
F-finite by [Kun76l 2.6]. By [HH89, 3.1 (d)] it suffices to show O, is strongly F-regular.

First suppose € M, lies in the closed fiber of M, — Spec(OF). The completion O, is
excellent and has an F-finite residue field, so it is F-finite by [Kun76, 2.6]. To prove O,
is strongly F-regular it suffices to prove O, is strongly F-regular by [HHR9, 3.1 (b)]. The
ring O, is isomorphic to the completion of a local ring in Grg,,. Thus, it suffices to take
y € Grg,, and show that the completion @y of the local ring O, is strongly F-regular. Note
that the map O, — @y is a flat map between F-finite noetherian local rings. Since O, is
reduced and excellent then @y is also reduced. Moreover, the fibers of this map are regular
by [EGA TV, 7.8.3 (v)]. Thus, since O, is strongly F-regular (Theorem ZI5) then O, is
strongly F-regular by [Abe01l 3.6]. This shows that O, is strongly F-regular if z lies in the
closed fiber of M, — Spec(Og).

To complete the proof we need to show that the generic fiber M), Xgpec(0,) Spec(E) =
GTF,,<u XSpec(F,) SPec(E) is strongly F-regular. Let X = Grp, <,. The notion of global
F-regularity is defined for projective varieties over F-finite fields, so it suffices to show
Xp = X Xgpec(r,) SPec(E) is globally F-regular. Let £ be an ample invertible Ox-module,
and let R = ®,H"(X,L) be the corresponding section ring of X. Then R ®p, E is a
section ring for Xg, so we need to show this ring is strongly F-regular. Since X is globally
F-regular we can assume R is strongly F-regular. Hence the strong F-regularity of R®p, F
will follow from Lemma once we know that R ®@p, F is a domain.

Since R is strongly F-regular it is reduced. As F is also reduced and k is perfect then
R ®p, E is reduced by [Sta20, 00I4]. Let F, be an algebraic closure of F,. Because Gr<,,
is irreducible then R ®p, F, is irreducible, so R ®p , I is irreducible by [Sta20, 037K]. Thus
R®p, E is a domain, and hence it is strongly F-regular by Lemma .13l Thus Xg is globally
F-regular, and hence strongly F-regular. O

We now begin proving parts (i) and (ii) of Theorem [T For the rest of this section
we assume that k is an algebraically closed field of characteristic p > 2 and that G is a
connected reductive group over k such that Gye, is almost simple and simply connected.

L
Proposition 2.16. The perverse sheaf jg . (1C, XFy[1]
Fpldim Grg,,] supported on Grg,,.

CO) s the shifted constant sheaf

Proof. Since Grg , is integral and F-rational then F,[dim Grg ,] is a simple perverse sheaf
by [Cas19, 1.7]. Now the lemma follows by applying loc. cit. on @g,u and using that

CO
L
76,1 (10, BT [1]

o) is simple by [CasI9] 2.9]. O

Proposition 2.17. The functor Z is exact and preserves perversity, and Z(I1C,) = Z 4(,,).-
Proof. The isomorphism Z(IC,) & Z 4, follows from Theorem 2.4 and Proposition 2.16]
and the fact that dim A(p) = dim Gr<,,. As A(u) is Cohen-Macaulay and equidimensional

(Corollary 2.1T]) then Z 4, is perverse by [Cas19) 1.6]. Since Pp+g(Gr,F))™ is semisimple
then Z is also exact and it preserves perversity. O

Proposition 2.18. Z(F*®) is I-equivariant.
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L
Proof. Note that F* X F,[1] oo = LTG x C° on
Gr oo = Grey xC°. Using the fact that taking intermediate extensions commutes with

CO

L
smooth pullback ([Cas19, 2.16]) one can check that the perverse sheaf jg 1.(F*KFy[1]| ..) €
P(Grg,,,Fp) is LT G-equivariant. By taking the fiber over 0 it follows that Z(F®) is I-
equivariant. O

This completes the proof of the properties of Z asserted in the beginning of Theorem [I.T]
and also part (i).

Proof of Theorem [I.1] (ii). We first show that Rm(Z4,)) = IC,. Since Grg , and Grg
are normal, Cohen-Macaulay, and have pseudo-rational Slngularltles then Rmg, *(OGrg ) &

OGYQ,H by [Kov19, 1.8]. Thus by applying the Artin-Schreier sequence it follows that

L L
Rmg, (g, (1C, W Fp[1] co)) = 1C, WFy[1].

Now by semisimplicity, for general F* € Pr+q(Gr,F,)* there exists an isomorphism

L L
Rng(jo.(F* R, [1]| ) = F* K, [1].

We can select a canonical isomorphism by requiring that it restricts to the identity map over
C°. By restricting this canonical isomorphism to 0 and applying the proper base change
theorem we get a canonical isomorphism

Rm(Z(F*)) = F*.

3. PROOFS

3.1. Beilinson-Drinfeld and convolution Grassmannians. In this section we establish
some F-regularity results that we will use to prove the remaining parts of Theorem [Tl Let
k be an algebraically closed field of characteristic p > 2 and let G be a connected reductive
group over k such that Gge, is almost simple. We also assume that Gge, is simply connected
until Remark B8l In our proofs we will use the same geometric objects as in [Zhuld]. First,
we have the Beilinson-Drinfeld Grassmannian for G over C' defined by the functor

BD _ . : _ . ~
Grg”(R) = {(m,S,B) : x € C(R), € is a G-torsor on Cg, : & ~ & Cg—rx}'

This is an ind-proper scheme over C' by [Zhul4l 6.2.1]. By arguments similar to those in
[GaiO1l Prop. 5],

Cy-Ta

GrgBD

oo = GrxC° x FU, (GrgP)o = Ft.

Let @gﬁw be the reduced closure of Gr<, xC° x F/{,, in GrgD.
The global convolution Grassmannian for G is the functor

conw x € C(R), &1,&; are G-torsors on Cg,
o= {($,51,€2,51,ﬁ2) © P&, r, =é0lg,r, B2 2 s, = &g
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This is an ind-projective scheme over C' by [Zhul4, 6.2.3]. There is a map mg: Grg"” —
GrgD which sends (z, &1, &2, B1, B2) to (x,E, 51 0 B2). The map mg is an isomorphism over
C°. By taking the fibers over C'° and 0 we get the following diagram with Cartesian squares.

G | ., L G L G T Fe (3.1)
-
-BD .
Gr8P | o L GrBP < Fy

We define @gosz to be the reduced closure of Gr<, xC° x Ff,, in Grg™". In Theorem
we will show that @gﬁw and @g’sz are strongly F-regular. Before we can prove this,

we need to show that @gﬁw is Frobenius split compatibly with (@gﬁw)o. Zhu proved
such a splitting exists for w € X,(T)" sufficiently dominant [Zhul4l 6.5], and our argument
will require only a minor modification of Zhu’s argument.

In our proofs we will use the following facts and notation. Recall that for A € X, (T)" we
write t for the element \ viewed as an element of W. If we write W = X, (T) x W, then

7 (Grey) = Flyo,  where V0 = (A wp) € W,
Additionally, for p € X.(T)* we have
b 130 = (1, 1) - (A wo) = (p+ A wo) =19,
In this case, if ¢ is the length function on W we have

t) +0(10) = (222,

This can be proved using the formula for ¢ in [Gor10l §1.1] (see also [Zhul4l §9.1]).

Proposition 3.1. Let u, A € X, (T)" and let w =1\° € W. Then Ggﬁw is normal, and

the fiber (@gﬁw)o is reduced and isomorphic to .7-"€twoA
" nt

Proof. Let GrgD be the functor

~ &

GrgD(R) = {(x,g,ﬂ) : z € C(R), € is a G-torsor on Cg, (B: &

Cs—Ta 9Ty } :

Then by [GaiO1l, 3.1.1], GrgD is ind-projective, and there are isomorphisms

Grg? | .. = GrxC° x Gr, (GrgP)o = Gr.

The map G — G induces a map mpp: GrgD — GrgD . Over closed points in C° this is the

map id x7: Gr xF¢ — Gr x Gr and over 0 this is 7: F¢ — Gr. Let @gi)\ C GrgD be the
reduced closure of Gre<, xC° x Grey.

The fiber (ng)\)o is reduced and isomorphic to Gr<,yy by [Zhu09, 1.2.4] (see also
[Zhul7, 3.1.14]). As @gﬁw C Wé%(ﬁgz)\) then (@QB,ﬁ,w)o,md C f@t:ﬁ). Furthermore,

@gﬁw — C'is flat by [Har77, 9.7], and hence by [Har77) 9.6] the irreducible components of



CENTRAL ELEMENTS IN AFFINE MOD p HECKE ALGEBRAS VIA PERVERSE F,-SHEAVES 15

(@gﬁw)a red all have dimension equal to dim Gr<,, + dim FY, vo. Thus, since dim F¢, o =
" nt
dim Gr<,, + dim ]:Et;uo , then (@gBﬁw)o, red = FL £, and (WBD(GTG,M A)red = Grgﬁ

As Flis a G/ B fibration over Gr, then (ﬂ'BD(GI'G ua))o is a G/ B fibration over (GrG Ao

Since (@gﬁ \)o is reduced, then so is (WBD(Grgi)\)) As (Grg]iw)o is a closed subscheme

——BD BD
of (15 D(GrG L))o, and these two schemes have the same reductions, then (Grg,,,)o is

reduced. Finally, since ]:gtwi R is normal and Grg’ﬁw . = Grey, xC° X ]:Et;vo is also normal
H ° -
then @gﬁw is normal by Hironaka’s lemma [EGA TV, 5.12.8]. O

The following proposition is well-known, but because we could not find a complete proof
in the literature we provide one here.

Proposition 3.2. Let w, w' € W be such that £(w)+£(w) = £(w-w'). Then the convolution
morphism m: LG x! Ft — Fl maps C(w) X C(w') isomorphically onto C(w - w').

Proof. Let Wag be the affine Weyl group of G and let © C W be the subgroup of length 0
elements. Then we have a decomposition W = Wog x Q. First suppose that w, w' € Wg.
Let w = s1---5p(,) and w' = s} - - Sz(w,) be reduced expressions for w and w’ as products
of simple reflections. For each i let P; be the parahoric group scheme corresponding to s;.
Then L*(P;)/I = Fls,, and each Fl, is abstractly isomorphic to PL. There is an affine
Demazure resolution

Moot <§}‘£si> % (%f@;) = Flyw

By [Fal03, §3], since the product of the s; and the s;- gives a reduced expression for w - w’,
the morphism 7., induces an isomorphism

(%(J(si)> < (%(J(s;)) = Ow - ).

AS Ty = mo (my, X my) then by also applying loc. cit. to the factors X Fl, and %]—"68;_

we see that m maps C(w) X C(w') isomorphically onto C(w - w').

For the general case, write w = 7w, and w’ = w7’ for w,, w), € Wag and 7, 7/ € Q.
Then £(w) = £(w,g), L(w') = E( /) and £(w-w') = l(wg-w),). Because 2 normalizes I then 2
acts on both F¢ and LG x! F¢ by right multiplication. Furthermore, any lift 7! € LG (k)
induces isomorphisms on both of these ind-schemes by left multiplication, and all of these
isomorphisms send I-orbits to [-orbits. In particular, there is a commutative diagram as
follows:

*1()

XZ

C(wa) T C(wy)
C(wg - wh)

We have shown the morphlsm on the right is an isomorphism, thus so is the morphism on
the left. O

%

’1()
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Proposition 3.3. For any p € X.(T)t and w € W the scheme @gﬁw s Frobenius split
compatibly with (Ggﬁw)o.

Proof. If w =1, for v € X, (T)" sufficiently dominant then this is [Zhul4, 6.5]. If A < v is
also dominant then this splitting is compatible with the closed subscheme @gﬁt . C @gﬁ,tu

by [nglulél, 6.8] and [BKO5, 1.1.7 (ii)].Bg splitting of @QB,]ZJV con;pgtible with ﬁgﬁ,m and
(vau%u.)o induces a splitting of vauvh compatible with (Grg ,, Jo. This proves the
proposition when w = ¢ for any dominant coweight A.

For the general case, note that for every w’ € W there exists A € X,.(T)*" such that
w' < t1°, so it suffices to show Ggﬁt;ﬂo is compatibly Frobenius split with (@gBi,t;vo )o and

@gﬁw/ for all A € X,(T)* and w’ < ¢{°. Henceforth we fix A € X.(T)" and w = t}° € W.
We will proceed by a similar argument as in [Zhul4, 6.7]. More precisely, we will construct
-~ _conv

an open subscheme U C Grg , ,, such that:

. . o — ——BD
(1) The scheme U maps isomorphically onto its image under m: GrZﬁZf)w = Grg 0

(2) The complement of m(U) in @gﬁw has codimension two.
(3) The scheme U is Frobenius split.

Since @gﬁw is normal, then by [BKO05l 1.1.7] the spitting of m(U) extends to a splitting
of @gﬁw. We will complete the proof of the proposition by showing

(4) The resulting splitting of @gﬁw is compatible with (@gB,g,w)o and @gﬁw, for all
w' < w.

As in [Zhul4], we define Uy C @Zﬂosz to be the open subscheme which is Gr,, xC° x F/,,
over C° and C(t,) X Fl, over 0. We also define U C U; to be the open subscheme which
is Gr, xC° x Fl,, over C° and C(t,) X C(w) over 0. Since the lengths of ¢, and w add
then C(t,) X C(w) maps isomorphically onto C (t;fj)r ») by Proposition Thus (U)o maps
isomorphically onto m(U)q. Hence the morphism from U to m(U) is a bijective birational
morphism between normal integral k-schemes, so it is an isomorphism by Grothendieck’s
reformulation of Zariski’s main theorem [EGA TIT|, 4.4.3].

As Gr<,, — Grj, has codimension two in Gr<,,, the complement of m(U)
Fl,, has codimension two in @gﬁw o= Gr<, xC°xFl,,. By Proposition[3.1] (@gﬁw)o—
m(U)y = F Etfﬁ R —-C (t;fj)r ,) has codimension one, so we conclude that U satisfies (2). Finally,
(3) and (4) follow from the fact that U; is Frobenius split compatibly with (U)g and
Ui N (Gry xC° x Flyy) for all w' < w by [Zhuldl 6.8]. O

— (o]
oo = Gry, xC° x

Corollary 3.4. For any pu € X,(T)t and w € W the scheme (@gBﬁw)o is reduced, Cohen-
Macaulay, Frobenius split, and equidimensional of dimension dim Gr<,, + dim F/,,.

Proof. A Frobenius splitting of @gﬁw compatible with (@gB,ﬁw)o induces a Frobenius
splitting of (@gﬁw)o. Thus (Ggﬁw)o is reduced by [BKO5, 1.2.1]. Furthermore, as
Grg w oo = Gre, xC° x Fl,, is Cohen-Macaulay then @gﬁw is Cohen-Macaulay by
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[BS13, 5.4] (see also [HR19, 5.5]). Thus (@gﬁw)o is also Cohen-Macaulay by [Sta20l,
OC6G]. Finally, the morphism Ggﬁw — C'is flat by [Har77, 111 9.7], so by [Har77, IIT 9.6]
the fiber (Ggﬁw)o is equidimensional of dimension dim Gr<,, + dim F¢,,. O

—~_conv

Theorem 3.5. For any p € X, (T)" and w € W the schemes Grguw and Grg ., are
strongly F-reqular, F-rational, and have pseudo-rational singularities.

Proof. As in the proof of Theorem 2.15] it suffices to prove these schemes are strongly F-

regular. Since @gBﬁ,w = Grey, xC° X Fly, then @gBﬁw‘C is strongly F-regular by

Co
Lemma 212l and Theorem [ZJ1 Now as in the proof of Theorem 2.15]it follows that @gﬁw
. o . . . ... ~—BD
is strongly F-regular because it is Frobenius split compatibly with (Grg7 %w)o.

To prove @Cgosz is strongly F-regular, we first note that @g u X Fly, is strongly F-regular

by Lemma 2121 By the isomorphism proceeding [Zhul4l, 6.2.3], @Cgosz and Grg,, X Fly,
have a common smooth cover. Since the property of strong F-regularity is local in the
smooth topology (Lemma 2.T4]) then Grg?:fw is strongly F'-regular. O

3.2. Proofs of main results. We continue using the notation introduced in Section [B.11
For u € X.(T)* and w € W let Z,, be the shifted constant sheaf F [dlm(GI‘ng)o]
supported on (Grg uw)o' Parts (iii) and (iv) of Theorem [l follow from the following
proposition.

Proposition 3.6. For F} € Pp+q(Gr,F,)* and F3 € Pr(F{,Fy) there are natural isomor-
phisms

L
(1) W (IC, E, 1], mc”> = Zp

L
(i) Ve zo (F7 R[] @ F3) = Z(FT) + F5.

L L
(i) Cepp (FF WFp[1]| 0 MFS) = F3 + Z(F}).

Furthermore, each of these complexes is perverse and I-equivariant.

_ L L
Proof. Since Grgﬁw is integral and F-rational then by [Cas19], 1.7], j2P(1C, X F,[1] oo X
ICZ*) is the constant sheaf [F,[dim @gﬁw] supported on @gﬁw. Hence the isomorphism

in (i) follows. As (@QB’ﬁw)o is Cohen-Macaulay and equidimensional then Z, ,, is perverse
by [Cas19, 1.6].

For (ii), suppose that F7 is supported on Gre, and F3 is supported on F/,. Let
I, = L"(g|@0). As in [Zhul4, 6.2.3], for some n there is an I,,-torsor Grg g, over Grg such
that

Aconv
Grg uw = Grg Xarg Grgon xIn Fo,,
——Conv

Let %™ Grg o XGrg Grgon XFly — Grg , ,, be the resulting I,-torsor over Grg L
By similar reasoning as in [Casl9, 6.2] we can form the perverse sheaf

L
Jg.1«(FT W F 1]

—~_conv )

)‘Zlfz €P£+Q(Grgﬂw,
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L L
The key point is that jg.(F7 K Fp[l]|,.)XF3 is perverse when F} and F3 are simple

L L
because then jg .(F7 KFp[1]|,,) W F3 is a constant sheaf supported on an equidimensional

L L
Cohen-Macaulay scheme. Thus jg 1.(F7 K Fy[1]| . )X F3 is perverse for general 77 and Fy
by induction on their lengths.

We claim there is an isomorphism

L
Ri [ 1] (g 1 (FT K Fp[1]

) RF) = Z(F) R F3. (3.2)

Let ¢ : Grg X crg Grgon — Grg,, be the pullback of Grg o, — Grg along Grg,, — Grg
and let ©g,: (Grgu)on — (Grg,u)o be the fiber of ¢, over 0. By taking the fiber of o™
over 0 we get the following Cartesian diagram:

- (2= P
Grg# XGrg Grg,om ngw D (Grg#)()m X fﬁw

conv
lpgmm l¢mn

Grg O (Grgu)o X Fly
Then ([B.2)) follows from the following calculation:
L ~
R (R [=1)(jg 1 (FT WFp[1]| o) B F3))

L L
= Rip™ [~ 1(Rey, (g 1+ (FT W Fp[1]] o)) K F3)

L L L
= Rep p (Rig[=1](Gg 1« (FT BFp[1][10))) B F3 = Rgg o, (Z2(F7)) BT

To finish the proof of (ii) it suffices to construct a natural isomorphism

L ~ L L
R (R« [=1](jg.1« (FT BFp[1]] o) W F3)) = Wipon (FT BF[1]] 0 W) (3.3)

By the proper base change theorem, to establish an isomorphism as in ([B3.3]) it suffices to
construct an isomorphism

; .z < T BD (1 2 L e
RBimg . (jg.«(FT W Fp[1]| o) ®FZ) = 51 (F7 BFp[1]] o KF3). (3.4)
Since mg is an isomorphism over C° then the left side of (3.4]) is naturally an extension of

L L
FrRF,[1]] . XF3, so we just have to show it is the intermediate extension. Indeed, once we
know the left side is isomorphic to the intermediate extension, then by [Cas19, 2.11] there is

a unique isomorphism as in (3.4)) which restricts to the identity map on F} élﬁ'p[l] co é]—"z'

Since the middle term in an exact triangle is an intermediate extension if the outer
terms are intermediate extensions (see the proof of [Cas19l 7.8]) then by induction on the
lengths of FP and F3 we reduce to the case FP = IC, and F3 = ICL*. Because all of the

o) X ICZ* and

L
schemes appearing are integral and F-rational, then both jg 1.(IC, XF,[1]

L L
JEP(IC, K F,1] oo X IC7*) are constant sheaves.
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The map m: @Zﬂosz — @gﬁw is a birational map between normal, Cohen-Macaulay
k-schemes having pseudo-rational singularities. Thus by [Kov19, 1.8], Rm*((’)ﬁgovw ) =
W

OﬁBD . By applying the Artin-Schreier sequence we complete the proof of (BZI) and
G, pu,w

(ii). Applying (i), this also shows that Z(F}y) * F3 is perverse if F§ = IC,, and F3 = IC7".
Convolution on the left by Z(F7) sends short exact sequences in Pr(F¢,F,) to exact triangles
in D2(Fl,Fp) by a proof analogous to the one in [CasI9, 6.7]. Thus, by induction on the
lengths of 7} and F3 we conclude that Z(F} )« F3 is perverse in general. For equivariance,

we note that because Z(F7) is I-equivariant then Z(F7) X Fy is I-equivariant for the
action of I on the left factor of LG x! F¢. As the map m is I-equivariant then Z(F?) * 73
I-equivariant by [Cas19, 3.2].

To prove (iii) we use the functor

. =&
CR

x € C(R), &1,&; are G-torsors on Cg,
cg Ba: €2|CR—FQC = 51‘03—1“96

Gi™ (R) = {<x,51,52,/31,52> b

By [Zhul4, 7.2.6], Grcg‘m”, is ind-proper over C'. There is also a map m’g: Grcg‘m”, — GrgB b
which sends (x, &1, &2, 81, B2) to (x,&, 1 0 B2). The map my is an isomorphism over C°
and it restricts to the convolution map m: LG x! F¢ — F{ over 0.

Suppose F7 is supported on Gre, and Fy is supported on F¢,. Let n be an integer
large enough so that £1G acts on @g# through the quotient £;7G. Then as in the proof of

——conv’

[Zhul4, 7.4 (ii)] there is an L G-torsor P, over F{,, x C such that P, xﬁig@g,u C Grg
is a closed subscheme with

P, Yy @Q,u o > Fly x C° x Grey,  (Py W« LnG @g,u)o >~ Fl, X (@Q,M)O.

The scheme P, xLigGgw is strongly F-regular by Lemma [2.12] and because this property
is local in the smooth topology by Lemma 2Tl Let ¢ : P, x¢ Grg,, — Pa xLnd Grg,
be the resulting £;} G-torsor.
L
Since jg 1+ (F7 WFy[1]| oo ) is L} G-equivariant (see the proof of Proposition 218), then by
arguments analogous to those in the proof of (ii) we can form the perverse sheaf

L i L ——conv’
(F5 KFp[1]) B g 1 (F7 K Fp[1] € PCb(Grg Fp),

co)

which is supported on P, xLig @g,u. Here we are applying the operation X with respect
to the fiber product of C-schemes rather than k-schemes. If F§ = IC,, and F3 = ICZ" then

L ~ L
(ICTERTF,[1]) K jg 1. (IC, XF,[1] o) is a constant sheaf. Let F/y, 5, be the I-torsor (Py)o
over F4,. By taking the fiber over 0 we get the following Cartesian diagram:
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s ’
ZCO?’LU

'Pn X @g,u -~ ]:fw,n X (Ggﬂu)o

/ ’
conv conv
l(pn lwo,n

s ’
ZCO?’LU

oy ~ =
Pn Xﬁng Gl“g“u -~ ]:fw X (Grg,u)o

Now we can finish the proof by following arguments analogous to those in the proof of
(ii) to establish isomorphisms

Rieom * [ 1]((F3 B F,[1]) B jg 1 (FF B F,[1] ) = FRE(FR),

and

! % . L > - . L ~ o L L d
R (R [=1]((F3 BIFp[1]) W jg 1 (FT BFp[1]] 1)) = Wepo (FT KF[1]| 0 BF).

In this last isomorphism we are applying the natural isomorphism F¢,, x C° x Gre,
Gre, xC° x Fl,,. We leave the details to the reader.

O

Before we finish the proof of Theorem [I.I] we introduce the functor

con” B ~ x € C(R), &,& are G-torsors on Cr
Grg (R) = {(%51,52,51752) " Br: gl‘cR—Fz o 50|CR—F1-’ Bo: 52‘01—{—1“1 o gl‘cR—Fz }

There are isomorphisms

Grg™" | = (LG x279Gr) x C°, (Grg™" ) = LG <! Fe.

C
Moreover, by arguments similar to those proceeding [Zhul4, 6.2.3],

Grgm”” ~ £G x£79 Grg =: Grg X Grg .

Thus Grg’m’” is ind-proper over C. We define @CQOZUA to be the reduced closure of the
SubSCheme Grgu % GrS)\ XCO C Grcgonv”'

Proposition 3.7. The scheme @CQOZUA is Cohen-Macaulay, (@EOZU/\ )o is reduced, and
—=—conv”

Grg,u,)\ = (@g# X ﬁg,)\)rod-

Proof. Note that @g’zv)/\/ is a closed subscheme of Grg,, X Grg,\, and these two schemes are
isomorphic over C°. Thus the isomorphism in the proposition will follow if we show that
Grg,, X Grg,y is irreducible.

To prove that @g,u X @g A is irreducible, fix an integer n large enough so that £TG acts
on @g, » through the quotient £G. Let £LG<,, be the preimage of @g,u under the quotient
map LG — LG/LTG = Grg, and let

— +
Grg un = LG<, x* 9 LG
Then there is a right £ G-torsor ¢g ,: Grg ., — Grg,, such that

N ~ — — 4+
Gl“g“u X Gl“g)\ = Grg’u’n XE"g Grg)\.
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Thus it suffices to show that @g un XC @g y is irreducible.
Because LG has geometrically irreducible fibers, then to prove that Grg um XC Grg A
is irreducible it suffices to prove that Grg,, x¢ Grg,) is irreducible. Since Grg, p and Grg

are flat over C' then Grg, x¢ Grg, is flat over C. Thus since Grg,
Gre, x Grey xC° is irreducible it follows that Grg u Xc GI‘g y is irreducible. Puttlng this

—~_con U

all together, we have shown that Grg, y = (Grg, X Grg )red-

By Corollary 2111 the fibers (Grg,,)o and (Grg)o are reduced and Cohen-Macaulay.
Hence the product (Grg,)o % (Grg)o is also reduced and Cohen-Macaulay. As these
two properties are local in the smooth topology, then (Grg,)o X (Grg)o is reduced and

Cohen- }}/Iacaulay Thus by the isomorphism @EOZUA” >~ (Grg,p X Grg)red it follows that
Grg i )o = (Grgu)o X (Grga)o is reduced and Cohen-Macaulay. As Grg 0, % oo is also

Cohen-Macaulay then Grg7 0, /\, is Cohen-Macaulay. O

Proof of Theorem [I.] (v). There is a morphism mg: Grg’m’” — Grg which sends the
element (x,&1, &, B1, B2) to (z,E, 1 o B2). Over points in C°(k) the morphism mg is the
convolution morphism LG xL"CG Gr — Gr and over 0 the morphism mg is m: LG ><I Fl—
F{. By taking the fibers of m’g’ over C° and 0 we get the following diagram with Cartesian
squares:

"
sconv

(LG xE7C Gr) x ¢° L ey £ 1a x! Fo (3.5)
| K
Gr xC° ad Grg Y Fe

Because the schemes @EOZUAN = (Grg,u X Grg a)rea for p, A € X, (T)* are Cohen-Macaulay,
then by similar reasoning as in [Cas19) 6.2] we can form the perverse sheaf

~ . L
o) B (F2 BF,[1]]

L
T2 = g (FT WFp1] .) € PA(Grg™" Fy).

To complete the proof it suffices to construct natural isomorphisms

(1) Ricm™" = [—1)(Fr,) = Z(F}) R Z(F}),
(2) Bm.(Ric™ *[-1)(F1,)) = Z(FT * F3).
Suppose F7 is supported on Gre, and F3 is supported on Gr<y. As in the proof of

Proposition B, fix an integer n large enough so that £TG acts on Grg, through the
quotient £;7G. Let g n: Grg n — Grg,, be the right right £;7G-torsor such that

N ~ — — 4+
Gl“g“u X Gl“g)\ = Grg’u’n Xﬁng Grg)\.

——conv"’

Let gpc‘”“) (Grg, . xcGrg AMred = Grg o be the resulting L G-torsor over Grg " )\ Over
points in C° the map ¢g ,, : Grg un = Grg u restricts to an L"G-torsor p,: Gre, , — Gre,.
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By taking the fibers of gpf;f"”” over C° and 0 we get a diagram with Cartesian squares:

'CO?’LU” iCO?’LU”

]n -~ ~ n ~__ ~__
Grgu,n X GI‘S)\ x(C° —— (Gl‘ng Xc Grg7,\)md D (Grg,u,n)o X (Grg)\)o

1" "
conv conv
l/ \L@n l‘PO,n
1

N o jconv —conv! iconv” R ~ =
Grey X Grep xC (Grg,u)o X (Grga)o

Grg p.x
An isomorphism as in (1) can be constructed in a manner similar to (3.2]) by pulling every-
thing back to (Grg ,n)o X (Grga)o. We leave the details to the reader. By using the left
side of the above diagram one can also prove that

"y . ~ e o e L
chonv ’ (‘Fl,2) = "Fl ‘X.Fé g}Fp[l] [oLN

By the proper base change theorem, to prove (2) it suffices to construct a natural iso-
morphism

L
(2") Rmg (FT2) = jg 1 ((FT # F3) WFp[1]] o)

By the description of m’é over C° there is a natural isomorphism

" x ° ~ . . L
R(mg| o)« (RF€M " (F2)) = (FT + F3) KF,[1]

ce

L
Thus the left side of (2') is naturally an extension of (F7 * F3)XF,[1]] .., so we just need to
show it is isomorphic to the intermediate extension. By semisimplicity we reduce to the case

Fr =1C,, for p; € X, (T)*". Note that m’é maps @CQOZTM onto @g,u where p = pu1 + po.
Moreover, 1C,,, x1C,, = IC, by [CasI9, 1.2]. Thus, 77, and the right side of (2) are shifted
constant sheaves.

Because the convolution morphism Gre<,, X Gr<,, — Gr<, is birational then the mor-
—=—conv”’ —=—conv’’

phism mf: Grg,, ,, — Grg, is also birational. We claim that mg: Grg ., — Grgu
is projective. To prove this, note that Grg, is protective over C' by [PZ13, 5.5]. As

——conv’’

Grg’"”" =~ Grg X Grg = Grg x¢ Grg (see, for example, [Zhul7, 1.2.14]), then Grg 1y o 18

.. ——conv”’ = . .. . =
also projective over C. Thus myg: Grg ., 4o — Grg, is projective. Therefore, since Grg ,

_ 7
has pseudo-rational singularities and Grgmv is Cohen-Macaulay then Rmf, (O—.opr ) =
S, 2 g7* GI‘Q [

O@g,u by [Kov19, 1.4]. Now (2) follows by applying the Artin-Schreier sequence.

Remark 3.8. We have proved Theorem [[.T] under the hypothesis Gge, is simply connected
and almost simple. We now explain how to remove the simple connectedness hypothesis
using the same technique as in [Casl9l 7.12]. The same idea is also used in [Zhul4, 3.3].

Let G be a connected reductive group over k such that Gge, is almost simple. By [MS82,
3.1] there exists a central extension

1-N->G —-G—1

such that G/, is simply connected and N is a connected torus. Since Gge, is almost simple
then so is G/,,. Let T C B’ C G’ be the maximal torus and Borel subgroup given by
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the preimages of T and B, and let I’ C LTG’ be the preimage of B’ under the projection
LTG" — G'. Let Grg and Grg be the affine Grassmannians for G and G’, respectively.
Similarly, let F¢g and Flg be the Iwahori affine flag varieties.

Because N is connected the map X, (T") — X.(T) is surjective. Hence the maps Grgr —
Grg and Flg — Flg are surjective. Let ¢1: X, (T')" — X,.(T)* be the induced surjection
on dominant coweights and let po: W’ — W be the induced surjection on Iwahori-Weyl
groups. Each connected component of Grgs maps onto its image in Grg via a universal
homeomorphism by [HV18, 3.1]. The same is true of the map Flg — Flg.

There is also a Bruhat-Tits group scheme G’ over C satisfying the conditions (2.3) and
equipped with a natural map G’ — G. This induces a map Grg: — Grg. By restricting
this map to C° and 0 one sees that Grgr — Grg is surjective and maps each connected
component of Grg: into its image via a universal homeomorphism. Similarly, there are
maps Grg,D — GrgD , Grg™ — Grg™" etc., which are surjective and restrict to universal
homeomorphisms on connected components.

All of the diagrams of C-schemes we used in Sections 2] and [3] to prove Theorem 1.1 for
G’ intertwine with the corresponding diagrams for G. For example, we have the following
commutative diagram:

Grg/ —— Grg

GFQ/ —_— GI‘Q

Thus, by the topological invariance of the étale site [Sta20, 04DY], our arguments in Sections
and [3] can be used to simultaneously prove Theorem 1.1 for both G’ and G.

4. APPLICATIONS

4.1. The function-sheaf correspondence. Let X be a separated scheme of finite type
over F, and let 7§ € D%(Xg«,Fp). Fix an embedding of F, into an algebraic closure
F, and let F* € Gal(F,/F,) be the inverse of the map which sends o — 4. Let X =
Xo Xgpec(r,) Spec(Fy) and let F* be the pullback of 7§ to X. For z € Xo(F,) let F} be the
pullback of F* along the composition Spec(F,) — Spec(F,) = Xo. Then each H'(F2) is a
representation of Gal(F,/F,) and it makes sense to take the trace Tr(F*, H'(F2)).

We form a function Tr(FJ): Xo(F,) — F, by setting

Te(F3) () = > (=1)" Te(F*, H'(F3)).
See also [SGA 4%, Ch. 2, §1] for more information on the construction of the function

Tr(FY). As in the case of Qg -coefficients, we have:

Theorem 4.1. Let X and Yy be separated schemes of finite type over IFy.
(i) Let F§ € D%(Xo e, Fp) and G§ € D(Yo e, Fp). If z € (Xo X Spec(Fq) Y0)(Fq) has images
p1(@) € Xo(Fy) and pa() € Yo(F,) then

Tr(Fg ® 90)(x) = Tr(Fg)(pr(x)) Tr(G5) (pa()).
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(ii) Let f: Yo — Xo be a morphism. If F§ € D%(Xo e, Fp) and y € Yo(F,) then

Te(Rf*(F5))(y) = Te(F5) (f(y))-
(iil) If F§ € D%(Xoe,Fp) then

Y T(F)(@) =Y (1) Te(F*, R'T(X, F*)).

z€Xo(Fq) i

Proof. Parts (i) and (ii) are immediate from the definitions, and part (iii) is [SGA 44|
4.1]. 0

4.2. Perverse [F,-sheaves over finite fields. For the rest of Section 4l we assume G is a
split connected reductive group defined over F, and that Gge, is absolutely almost simple.
Let Grp, and F/p, denote the affine Grassmannian and affine flag variety viewed as ind-
schemes over F,. While we restricted to the case of an algebraically closed ground field in
[Cas19], our constructions also work over an arbitrary perfect field of characteristic p > 0.
In particular, we can construct the categories Pp+q(Grp,,F,) and Pr(Ffr,,F,). The main
difference when working over IF,, is that there are more simple objects. In particular, [Cas19,
3.18] needs to be revised in this setting, as there are non-trivial simple étale local systems
on Spec(F,).

As in the case of Q-coefficients in [Zhul7, 5.6], we will restrict ourselves to a certain
subcategory of Pr+q(Gry,, Fp) consisting of normalized perverse sheaves. More precisely, let
L be the étale local system on Spec(F,) corresponding to the representation Gal(F,/F,) —
GL;(F,) which sends F* to —1. If X is a scheme over F, then we can also view L as a
local system on Xy by pulling back along Xo — Spec(F,).

Let p € X.(T)" be such that dim Gr<,, has parity p(u) € {0,1}. Because [Cas19, 1.7]
also holds when £k is perfect (with the same proof), then IC, is isomorphic to the shifted
constant sheaf F)[dim Gr<,] supported on Grp, <,. We define the normalized IC complex

L
ICY :=1C,, @ LW € Ppyg(Grr,, Fp).

Let Pp+q(Grg,,F,)Y C Pp+g(Grp,,Fp) be the Serre subcategory consisting of perverse
sheaves whose simple subquotients are all the form Iny for pe X (T)+.

We claim the subcategory Pp+(Grr,, F,)" is monoidal. To prove this, we first note that
the identity IC,, *IC,, = IC,, 4, in [Cas19, 1.2] also holds over F,. Indeed, this identity is
derived from the result of Kovéacs [Kov19, 1.4] which is independent of the ground field. From
this fact and the projection formula [Sta20, 0B54] it follows that Inyl *IC{YQ = ICfXsz.

Using the same arguments as in [Cas19] one can show that Pp+g(Grg,,F,)Y is a sym-
metric monoidal category. For F* € Pp+c(Grr,,Fp) let F¢. € Pr+o(Gr,Fp) be its pullback
to Gr. Then one can also show that

Pr+g(Grg,, Fp)N = Vecty,, F*— @ RT(FE,)

is an exact, faithful, tensor functor.
For p € X, (T)" let

L
2N = Zag © LW € P(Flg,,Fy).
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Let Pr+q(Grp,, Fp)Vss Pp+(Grp,, F,)" be the tensor subcategory consisting of semisim-
ple objects. If p > 2 the arguments in this paper also work over F, and give rise to a functor

Z: Ppiq(Gry,,Fp)V* — Pr(Ftg,,Fp)

which satisfies all parts of Theorem [[LT] and such that Z (Iny ) = Zﬁf(u).

Remark 4.2. The functor Pp+g(Grr,,Fp)Y — Pr+c(Gr,F,) induced by pullback is faithful
and identifies the simple objects in these two categories, but it is not an equivalence of
categories in general. The issue is that due to the failure of smooth base change, the group

of extensions between two objects depends on the ground field (see the proof of [Casl9l
6.14]).

4.3. Proofs of applications to Hecke algebras. In this section we prove Theorem [I.3]
and Corollary [4l We fix an isomorphism F,[t] = Og. Recall that if H C G(E) is a
compact open subgroup then the multiplication on Hy is defined by

(fxo)@) = > flaygly™).

yeG(E)/H

We now verify that the function-sheaf correspondence respects the convolution of perverse
sheaves and functions.

Lemma 4.3. If 77, F3 € P+c(Grg,,Fp) then

Te(FF « Fy) = Te(Fy) =« Te(Fy) € Hi.
Similarly, if Fy, F3 € P(Flp,,F,) then

Te(FF * Fy) = Tre(F7) * Te(Fs) € Hy.

Proof. We will only consider the case F7, F5 € Pr(F/r,,Fp); the other case can be handled
by similar methods. The proof is essentially the same as that of [Zhul7, 5.6.1] in the case of
Qy-coefficients, but because this lemma is important for our applications we will reproduce
the details. Let m: LG x! F¢ — F{ be the multiplication map and let = € Flg, (F,) =
G(E)/I. There is a natural identification m~(z)(F,) = {(zy,y™!) : y € G(E)/I}. By
Theorem [4.1] (iii) and the proper base change theorem,

To(Fy « Fo)(z) = > Tr(FRFS)(ay.y ).
yeG(E)/I

Now viewing zy and y~! as elements of G(E)/I and using Theorem &1] (i) and (ii) we have

Te(F} 8 F3) (2y,y™ ) = Te(F}) () Te(F3) ().

Lemma 4.4. Let F* € P[(Flg,,Fy). Then
Tr(Rm(F*®)) = Tr(F®) * 1g € Hg.
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Proof. If z € Grg,(Fy) then n~(z)(F,) = {zy : y € K/I}. We claim that

Te(Rm(F*))(x) = Y Te(F)(xy) = Y Te(F*)(@y)le(y™") = (Tr(F*) * i) ().
yeK/I yeG(E) /1
The first equality follows from Theorem [£.1] (iii) and the proper base change theorem. The
other two equalities follow from the definitions. O

Since ICﬁ[1 * ICﬁ[2 = Iny1 +up there is a natural isomorphism of Fp-algebras

f1 Fp[Xu(T)T] = Ko(Pp+g(Gre, Fp)Y) @ Fp, e [ICY].

The next proposition shows that this isomorphism is compatible with the mod p Satake
isomorphism.

Proposition 4.5. The composition

Tr
Fo[X.(T)T] L Ko(Prec(Gre, , F))N) @ F, 5 1y
is the inverse of the mod p Satake isomorphism S.

Proof. When G, is simply connected, Herzig [Herllal 5.1] has computed

ST 1, | =peF X (D))
A<p

While Herzig works with anti-dominant coweights, the formula above can be obtained from
Herzig’s formula by multiplying by the longest element of the Weyl group (see the proof of
[Cas19, 1.3]). Herzig only uses the hypothesis that Gge, is simply connected to reduce to the
case where the weight (a representation of G(F,)) is trivial. As the weight is trivial in our
situation, the above formula is valid for any G. Since IC, is a constant sheaf supported on
Grp,, <, then the lemma now follows from our choice of normalized IC complexes Iny O

Remark 4.6. In [Casl9] we worked over an algebraically closed field and described a
natural map of F,-vector spaces Ko(Pp+q(Gr,F,)) ® F, — Hi which we proved is the
inverse of the mod p Satake isomorphism, and hence also an isomorphism of [Fj-algebras.
It is possible to work over an algebraically closed field because, for F* € Pp+q(Gry,,Fp)",
Tr(F*) essentially counts the dimensions of the stalks of F*. However, one advantage of
working over F, is that Lemma [£.3] allows us to prove the existence of an isomorphism of -
algebras F,[ X, (T)"] = Mk without using the existence of the mod p Satake isomorphism.

Proof of Theorem [1.3] and Corollary [1.4. Theorem/[I.3lfollows immediately from The-
orem [[1] and Lemmas [£3] 44l By [OIl14] the central integral Bernstein elements are
uniquely determined by the identity B = C~' 0 S™!, so Corollary [ follows from Theorem
[L3] and Proposition O
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